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Computer Generation of the Symmetry 
Elements of Non-rigid Molecules 

K. Balasubramanian · 

Department of Chemistry 
and 

Lawrence Berkeley Laboratory 
University of California 

Berkeley, CA 94720 

Abstract 

Algorithms and computer. programs are developed for 

generating the symmetry elements of non-rigid molecules. 

These programs are based on the wreath product formalism 

for the symmetry groups of non-rigid molecules·developed 

by the present author. Several examples are given to 

illustrate the procedures·. Applications to weakly bound 

van der Waal complexes synthesized by supersonic beam 

expansion are also presented. 
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I. Introduction 

The symmetry groups of non-rigid molecules contain permutation 

and inversion operations (PI operations) induced by large amplitude 

motions. This permutation-inversion group approach to describe the 

symmetry of non-rigid molecules was essentially formulated by Longuet

Biggins.1 Since this formulation several other authors2- 9 have developed 

10-12 equivalent formulations. The present author has shown that the 

symmetry groups of molecules which exhibit internal rotations can be 

represented by wreath product groups or in general, generalized wreath 

product groups. The symmetry groups of non-rigid molecules have several 

applications in chemical physics. A review of these applications can· 

be found in the author's article13 and several other articles that appear 

in Ref. 13. 

The symmetry of permutation processes in non-rigid molecules can 

be represented by associated diagrams known as isomerization graphs. 

14 16 17 . 18 19 
Randi~, ' Randi~ and Klein and Balaban ' studied the symmetry 

properties of these graphs. The symmetry gr_oups of some of these graphs 
the symmetry group of the 

are wreath product groups. For example,/isomerization graph of propane 

is a generalized wreath product group as shown by Randic
16 

recently. 

A computer program to generate the symmetry elements of these groups 

will be of great use in understanding these permutational processes. 

The number of symmetry elements of non-rigid molecules increase in 

an exponential order, exponent being the number of internal. rotors in 

the molecule. Even a simple non-rigid molecule like isobutane has 

162 symmetry elements. Therefore, it will be advantageous to have a 

computer program that will generate the symmetry elements of non-rigid 

molecules. We develop a computer program which generates the symmetry 
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product 

nuclear 

of non-rigid molecules (with symmetry groups that can be 

into wreath products) from the symmetry groups of much smaller 

For example, the symmetry group of isobutane can be generated 

program using the symmetry elements of c
3

v group. The wreath 

20-22 groups have several elegant applications to NMR spectroscopy, 

spin statistics, 23 ' 24 symmetry of chemical graphs, 25 CI calcu-

26 lations .etc. For these reasons we undertake the present investigation. 

Section II describes the basic algorithm, computer programs and 

illustra~ive examples. Section III gives applications such as appli-

cation ,to symmetry groups of weakly bound van der Waal complexes generated 

by supersonic molecular beam expansion. 

II. Computer Generation of the Symmetry Elements of Non-rigid Molecules 

A. Preliminaries and Definitions 

Before we consider computer algorithms we will first review 

our formulation of the symmetry groups of non-rigid molecules as gen-

eralized wreath product groups. 
. 10 12 

The present author ' showed that 

the symmetry groups ~f non-rigid molecules exhibiting internal rotation 

are expressible as wreath product groups. 

Consider the non-rigid hydrazine molecule. This molecule is non-

rigid in that at room temperature the protons of each nitrogen atom are 

rapidly permuted by a twisting operation. This non-rigid molecule can 

be modeled by a particle-in-box model as shown in Figure 1. The pro-

tons attached to each nitrogen atom can be thought of as particles in 

a box. The particles in each box can be permuted by the twisting opera-

tion. The boxes can also be permuted as a consequence of the symmetry 

of the rigid molecule. The resulting operations generated by switching 

the particles and boxes are shown in Figure 1. Suppose G is the 
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permutation group of boxes and H i~ the permutation group of particles 

in each box then the permutation group of all the particles and boxes· 

is simply the wreath product of G and H. denoted as G[H]. It is 

formally defined as follows. Let n be the set n = {1,2 •••• n}. Let 

·c be a permutation group acting on n and let H be another permutation 

group. Then the wreath product G[H] is the set 

f(g;~> I ~=n • H. g€G} 

such that the product of two maps ~ 
1 

and ~ 
2

: n + H is defined as 

-
The map ~ is defined as follows: 

2gl 

It can be shown that the above set forms a group and it is called the 

wreath product of G and H. For the hydrazine molecule G and H are both 

the symmetric group s2 so that the permutation group of the non-rigid 

molecule is s2[s2]. Several illustrative examples of wreath product 

10 12 groups can be found elsewhere. • 

Let Hi be the group defined as follows. 

Hi • { (e;~) I ~(j) .. la. j ; i} 

where la is the identity of H. Note that Hi.is isomorphic to H. Let 

' G be the group defined as follows. 

4 
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G
1 

• {(g;e
1

) I e' (j) • ~ Vj}. 

Then the wreath product of G[H] has the following permutation representation. 

' G[H] • (Hl x H2 x ••• xHn) G 

where n. • In I, the number of elements. in the set n. 

In this paper we develop computer programs which generate the 

symmetry elements of non-rigid molecules using the wreath product formalism. 

We will use the following notation for a permutation. Any permu-

tation of n objects is characterized by a 2 x n matrix in which the fir.st 

row the elements 1,2, ••• n are in their natural position and the second 

row contains the elements to which they are permuted. To illustrate, 

the permutation (123) takes the following form. 

(123) 

An element i in the first row goes to the element P(i) in the second row. 

We will use the right-to-left multiplication convention. For example, 

the product of (123) and (12) is shown below in this convention. 

2 
2 

For the sake of convenience we will omit the first row in which the 

column j is always j. For example, the permutation (123) can simply 

be denoted as 231. 

B. Algorithms' 

This section outlines the basic algorithms used to generate_ 

the symmetry ~lements of non-rigid molecules. First we describe the 

algorithm PROPER which generates the product of m permutations of the 

same length n. Let {Pij} (j=l,m; i=l,n) be the set of m permutations 
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Algorithm Proper. 

Initialise: Ni + i, for i • l,n • 

...---~for j • 1, m DO 

~ for i • 1, n DO 

k + pij 

c for i • 1, n DO 

> 
The final array (qi)(i=l,n) obtained after the execution of the algorithm 

gives the permutation which is the product of m permutations in the 

array ( (P ij)).. 

We will now illustrate this algorithm with an example of product 

of two permutations 231 and 213 used in an earlier example. Thus m and 

n are 2 and 3 respectively. The array N is initialized to 123. With this 

value the various steps of the algorithm are now executed. 

Pl: j - 1 

i - 1 • k - p 11 
.. 2 • q 

1 • N2 • 2 

i- 2 • k - p21 - 3 
• q 

2 • N • 3 3 

i- 3 • k - p 31 - 1 
• q 

3 • Nl - 1 

Nl • ql - 2 • N • q 2 2 - 3 • N 3 - q3 - 1 

6 
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P2: j • 2 

i • 1 • k • p 
12 - 2 

• q 
1 • N • 3 2 

i • 2 • k • p 
22 - 1 • q 

2 • N 
1 

• 2 

i • 3 • k • p 
32 - 3 

• q 
3 • N 3 

• 1 

N • 3 1 N • 2 2 N3 • 1 

The final result is contained in the array (q) which is 321. Thus the 

product of two permutations 231 and 213 is 321. In cycle notation this 

corresponds to (123)(12)(3) == (13)(2). 

Now we describe the algorithm WREATH which generates the elements 

of the symmetry group of the non-rigid molecule. Let G and H be the" 

groups whose wreath product G[Hl is under consideration. Let G act on 
t:hc. 

nand H act on T. Let hij and gij beJpermutations of G and H. Let lsi 
denote the number of elements in the set S. Let n be the total number 

7 

of nuclei in the molecule. o";;l 

for k • 1, !Gil DO 
for jlnl • 1, HI 

r-------)'~ for j In -1 • 1, IHI, DO 



l > 

Call PROPER . 

for i • 1, n DO 

pil + qi 

pi2 + 8ik 

CALL PROPER 

PRINT (qi, i • 1, n) 

The array (qi) of length n printed every time is a permutation 

in the symmetry group of the non-rigid molecule. 

The two algorithms described above can be coded into Fortran. A 

Fortran program obtained thus is shown in Table I. This program 

requires the elements of G' and H as input and it generates the ele

mente of non-rigid molecules. The program can handle both permutation 

and permutation inversion operations. The program actually reads in 

the elements of G' (cf. sec DA) rather than G since this is more con

venient. Nevertheless, G' is isomorphic to G. Table II gives the 

input description for this program. 

We will now illustrate the use of this program with two examples. 

First consider the non-rigid isobutane molecule. The symmetry group of 

this molecule contains 162 operations. The input to generate the s~ 

metry elements of this molecule is shown in Table III. The output 

corresponding to this input is shown in Table IV. Note that the tertiary 

proton (10) is not permuted by any operation of the symmetry group of 

the non-rigid.molecule. Hence it is omitted from the list. 

8 



III. Applications 

The programs described here have applications in several areas. 

Firstly, of course, in characterizing the symmetry of molecules exhibiting 

large amplitude motions, this program will be of potential use. This 

program will be of further use in computer generation of the 
the 

character tables of/symmetry groups of non-rigid molecules, their 

projection operators, etc. 

Topological representation of isomerization processes and the 

elucidation of modes of rearrangements etc. are of great interest to 

several workers like Randic,.Klein, Balaban and the present author. The 

computer programs developed here could be used in listing the sym-

metry elements of the associated chemical graph. 

Finally, we give an application to molecular beam deflection experi-

ments of weakly bound van der Waal complexes. It is possible to generate 

weakly b~und complexes of molecules like NH3, H2o, c
6
H6 , etc. by a super-

27-29 sonic jet ~xpansion. Molecules created this way are non-rigid in 

that they exhibit rapid tunneling motions at room temperature since they 

are very weakly bound polymers. It is important to know the nature of 

their symmetry groups in order to analyze their spectra etc. ·We will 

use benzene dimer (C6H6) 2 as an example to illustrate the use of our 

program. Since the PI group of this molecule is a direct product of P 

and I groups we will use our computer program to generate only the elements 

of its permutation group. Table V shows the computer output for this 

molecule. 
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P ~.J ~ ·U~ w R EAT H 76/76 OPT•l 
12 

FTN •• 8+5Jd/045 

Table I. 
1 

5 

10 

15 

zo 

zs 

30 

35 

50 

55 

Computer Program for the Symmetry Elements o( Non-rigid Molecules 

*~ECK WAE4 TH 

80 

79 

81 

~0 

PROGRAM "'AEATH CINPUT, OUTPUT, TAP E5•JNPUT, TAPE 6&0UTPUT) 
INTEGER PGClOJ,5JJ,PHU0,100),PClOChlOI,I ... ~C100),PPROC lOOOJ.JLI. 

C, TITLEC 101 
READ C 5, 8 0 J CT IT L E C U • 1•1 tl 0 I 
FORI44 TC 1 CA 8) 

WRITE C 6 ,79 J · ----- ------------
FORMAT i lHU 
WR IT E ( 6, 8 0 J C T I TL E C I ) ,.I a 1 , 1 0 J 

WAITE (6,81) 
FOR~ATC 6X,•~O-,ft.X ,•PI OPERATION•) 
READC5,90JN,'1JOOM,MOOT,~OOH,'f~JG 
FOA>tATC2JJ•a - -·----- - ---·--·-· 
READC 5,:JJJICPGCI,JI,J•1,~J ,J•1,'10)~) 
II E: A 0 ( 5 , 9 2 J C I NV C I J , I• 1, 114 0 OG I 
FOR'14TC 31lAU 
REAOC 5, 90) ((PH( I ,J J ,Ja1 ,MOl TJ tJ•l,MOOHI 

DC 700 11•1,10 
100 JlC II J•l 

~OJ 

21 

22 

Zl 

25 

DG 8 50 J•lt ~000!4 
JLC JI•MCDH 

JL lOa Jl C 101 SJL 9•JL C 9) SJL8•JLC 81 SJL 7•JL C 7) SJL6•JL C 6) S JL5•JLC 5) 
JL.•JL C4) SJLl• JLC3) SJL2•JL 12) SJL 1• JL C 1 J 

INO•O 
DO 200 K•l.~UOG 

DO lOC JlOal, Jll 0 
DO 100 J91al,JL9 
OC 100 J8•1 ,JL8 
00 100 .J7•1,JL7 
00 100 J6a 1tJL6 
00 100 J5•l,Jl5-
00 100 J ~ t.JL it 
00 100 Jl-l,JL 3 
00 100 J2•1 ,JL2 
00 100 J 1•1,JL l 

00 800 J•l,~COC~ 
DO 800 l•l.N 

PCJ,JJ•I 
00 50 Il•ltN 

IfACT• C ll-li/MOOT+1 
IT• C I FACT-lJ *MOOT 
IK•JI-1 T 

------· ···- ------·--·· 

. GO TOC21.22,23.2 .. 2Sp2f».27,28,Z9,30UF4:J -
PCIJ,IFACTJ•PHCIK,Jl)+IT 

GO TO 50 
PCJI,IFACTI•PHCIK,J2)+1T 

GO TO 50 
PC IJ,IFACT )•PHC IK,J3J+IT 

GO TC 50 ----- ... -
PCII,IFACTJ•PHCIK,J41+JT 

GC T 0 50 
PCII,IF4CTI•PHCIKrJ51+1T 

GO TO 50 
PCIJ,IF~CTJ=PrlCI~,J6J+IT 

GO TO SJ 



,., 

<it 

·'tJ 

27 

23 

60 29 

!0 
50 

65 

250 

70 
n 
100 
200 

75 

. 

13 

76/76 CPT•1 Table I (cont'd) FT ... 4.8+508. 

PC U, IFACT I• PHI IK,J7 )+IT.~---------------'----· 
GO TO 50. 

PI Jl, IFACT J•PHIIK, J 8 I+IT 
GO TO 50 

PIJJ,JFACTJ•PHIIK,J9t+IT 
GC TO 50 

Pf II ,JF4CT)•P•U lktJlOt+IT-· 
CONf INUE 
CALL PROPER(P,h,HOOCH,PPROt 
DO 250 t l•l,N 
PI II, U•PPAO U U 

PCilt2J.aPGC lJ,K) 
CALL PROPEfUP,H,.2,PPitOt 
H~D•I ND+l 
WRITE(6,93tii'«>.INVCiO ,CPPROCIU ,11•1,NJ 
FC~~ATCZX,Io,2X,A1,2014) . 

CON-TI hUE 
CONTINUE 
STOP ----· ---· · -- · 
ENO 

S~R~JJflfE ~ROPER 76176 OPT•1 FTN 4.8+508/04 

1 

5 

10 

•~ECI( PROPER ------
SUBROUT 1-. e· PRJ PER ( P ,~,.JK, PPRO) 
I ,..TEGER PUOO,lO) ,PPROUDOGhNPROHOJO) 
00 SO 1•1,N 

5 J ,_PAO U )•I - - ··· ·· ·-···· - · ·-·------ ·---- · · 
00 200 J•1.,JK 

DO 100 1•1,~ - ---· -----··--- ----
100 PPROCIJ•NPROCPCI,JI) 

00 150 l'•l,N 
15J ,..PAOC IJ•PPAO(IJ 
ZOO CONTINUE 

RETURN 
EttO ---·-

.... -· 



Table II. Input Description for the Program Wreath Which Generates 
the Symmetry Elements of Non-rigid Molecule 

Card 

1 

2 

3* 

4 

5 

* 

Format 

10A8 

20I4 

20I4 

80Al 

20I4 

Input 
Variables 

Title 

N 

MODOM 

MODT 

MODB 

MODG 

PG(I,J) 

J•l, lei, 

INV(I)' 

PB(I,J), 

I•l,MODT 

Description 

Alphanumeric title 

Total number of Nuclei 

Permutations of the group G' 

Inversion variable. If the ith 
operation in G is a pure permu
tation INV(i)· • blank. If it 
is a permutation-inversion 
operation INV(i) • * 
Permutations of the group H 

The elements of G and H may need more than one card, depending 
on the number of elements in them. 

14 
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Table III. Input for Generating the Symmetry Elements of Non-rigid 
'"' Isobutane 

Card 

1' Symmetry Elements of Non-rigid Isobutane 

2 9 3 3 3 6 

3 1 2 3 4 5 6 7 8 9 4 5 6 7 8 9 1 2 3 7 8 

4 9 1 2 3 4 5 6 7 9 8 4 6 5 1 3 2 1 3 2 7 

5 9 8 4· 6 5 4 6 5 1 3 6 7 9 8 

6 ~ ~ ~' * * *t 
\ 

7 1 2 3 2 3 1 3, 1 2 

t 11 denotes blank. 



SYfi''4FTRl LE~E~TS C~ NON-RI~lO t SOBJT4NE'- Table IV 16 
~, "' CIP!=AATtn~ 

1 1 2 3 It ~ 6 1 8 9 
2 2 3 1 4 5 !» 1 8 9 
l ~ 1 2 4 5 6 1 8 9 
4 1 2 l 5 6 4 1 8 9 
~ 2 3 1 5 6 4 1 8 9 
6 l 1 2 5 6 4 1 8 9 

-~ 

7 1 2 3 6 It 5 1 8 9 
8 2 3 t 6 It . -~ 7 8 iJ 
9 3 1 2 6 4 ~ 1 8 9 

10 1 2 3 4 I§ 6 8 9 7 
11 2 '3 1 4 5 6 8 9 1 
12 '3 1 2 4 5 6 8 9 ., 
13 1 2 3 II§ 6 It 8 q 7 
14 2 '3 1 5 6 4 8 9 7 
115 3 1 'l 5 ft It 8 9 7 
16 1 2 '? 6 It 5 8 9 1 
17 2 3 1 6 4 5 8 9 1 
1~ 3 1 2 6 • I§ 8 9 1 
19 l 2 3 "4 5 6 ~ 1 8 
20 2 3 1 4 5 6 9 1 8 
21 3 1 2 4 5 6 9 1 8 

'-'- 1 2 '3 I§ 6 4 9 1 9 
'-3 l 3 1 5 6 4 9 7 8 
24 3 1 2 I§ 6 4 9 7 8 
~5 1 2 3 6 4 5 ~ 1 A 
26 2 '3 1 6 4 15 9 7 8 
'-1 1 1 2 ,. 4 5 9 1 8 
~ .. It 5 6 7 8 q 1 2 3 
29 4 5 6 7 8 9 '- 3 1 
30 4 5 6 7 8 9 3 1 2 
'31 5 6 4 7 8 9 1 2 3 
'3'- ~ 6 4 1 8 9 2 3 1 
'33 5 6 4 1 8 9 3 1 2" 
~4 6 4 ' 7 8 9 1 2 '3 
35 6 4 5 1 8 9 2 3 1 
36 6 4 5 7 8 9 3 1 2 
37 4 5 6 8 9 1 1 2 l 
3~ 4 ' 6 8 9 1 2 3 1 
39 4 5 6 8 9 1 3 1 2 
40 5 6 4 8 q 1 1 2 3 
41 ' 6 4 8 9 1 2 3 1 
42 5 ,. 4 8 9 7 3 1 2 
43 ,. 4 5 8 ·9 1 1 2 ~ 
44 ~ 4 5 8 9 1 2 3 1 
45 6 4 5 8 9 1 3 1 2 
46 4 5 6 9 1 8 1 2 3 

., 
47 4 5 6 q 7 8 2 3 1 
48 4 ' 6 9 1 8 3 1 2 
4q ~ ~ 4 q 7 8 1 2 3 
~0 c; 6 4 9 7 8 2 l 1 
~1. ~ 6 4 q 7 8 3 1 2 
152 , 4 15 9 7 -. 1 2 3 
5' 6 4 5 9 1 8 2 3 1 
'54 6 4 115 9 1 ~ 3 1 2 
~~~ 7 ~ q 1 2 ~ 4 5 , 
c;~ 7 " q z 3 1 4 5 6 
}1 1 A 9 3 1 2 4 5 6 

'" 1 9 9 1 2 3 5 6 4 
I§Q 1 A q 2 3 1 5 6 4 



~ll 1 A CJ 3 1 '- 5 6 4 17 
~t 7 .. CJ 1 2 ~ 6 4 5 
,.2 1 A q 2 3 1 6 4 15 
63 7 s Q 3 1 2 6 4 5 
64 IJ CJ 1 1 2 3 4 5 6 
t!t~ 8 CJ 7 ., 3 1 It 5 6 .. 
66 8 CJ 1 3 1 ~ 4 5 6 
67 " 9 1 1 2 3 5 6 4 
68 8 9 7 2 3 1 5 6 4 ,. 69 8 CJ 7 3 1 2 5 6 4 
70 8 9 7 1 2 3 6 4 5 
11 8 9 7 2 3 l 6 4 5 

"' 72 .. 9 7 ] 1 2 6 4 5 
71 CJ 1 A l 2 ] 4 5 6 
74 9 7 JJ 2 ' 1 4 5 6 
75 9 7 " 3 l 2 4 5 6 
76 CJ 7 8 1 '- 3 5 6 4 
77 9 7 A 2 ·~ 1 5 , 4 
78 ') 1 A 3 1 2 I§ 6 4 
79 Q 1 e 1 2 3 6 4 5 
JJI) 9 7 8 2 3 1 " 4 5 
IJl 9 7 ~ 3 1 2 6 4 5 
82 • t 3 2 1 • 8 4 6 5 
83 • 2 1 "! 1 9 IJ 4 6 5 
.. 4 • 3 2 1 7 9 8 4 6 5 

"' • 1 3 2 7 9 8 15 4 f..· ... , • '- 1 3 1 9 8 5 4 , 
111 • ~ '. 1 7 9 8 5 4 6 
'19 • 1 3 2 1 q 8 6 5 4 

BtJ • l 1 3 7 q I) 6 5 4 
9~ • 3 2 1 7 CJ· A 6 5 4 
91 • 1 3 2 8 7 9 4 6 5 
92 • 2 1 3 8 7 9 4 6 5 
93 • '3 2 1 IJ 7 9 4 6 5 
94 • 1 3 2 R 7 CJ 5 4 6 
1115 • 2 1 ! 8 .., 9 5 4 6 
96 • 3 2 1 " 1 9 5 4 6 
97 • 1 3 2 " 1 9 6 5 4 
CJIJ • '- t 3 A 1 9 6 5 4 
99 • 3 2 1 8 1 9 6 5 4 

tOO • 1 3 . 9 8 1 ,. 6 5 ( 

101 • 2 l 3 9 8 1 4 6 5 
102 • 3 2 1 9 8 1 4 6 IJ 
to~ • 1 3 2 CJ 8 1 5 4 6 
104 • 2 1 3 9 .. 7 5 4 6 
t015 • 3 2. 1 9 8 1 ' 4 6 
l'l6 • 1 3 2 9 A 7 6 5 4 
107 • 2 1 3 9 8 1 6 ' 4 

.. 10" • 3 2 1 q 9 7 6 ' 4 
119 • 1 Q A 4 6 5 1 1 ~ 

1111 • 7 q 8 4 6 I§ 2 1 3 
111 • 1 9 A 4 6 5 3 2 1 
1.! 2 • 7 9 A 5 4 6 1 3 2 
113 • 1 9 8 15 4 6 2 1 3 
114 • 7 -o 8 5 .. 6 3 2 1 
1115 • 7 9 8 6 5 ,. 1 3 2 
11'> • 1 9 A ~ 5 ,. 2 1 3 
111 • 7 Q 8 6 c; 4 ~ 2 l 
11~ • 8 7 .; 4 ,., 5 1 3 ? 
119 • " 7 9 4 6 5 2 1 3 
1.20 • .. 7 CJ 4 6 5 3 2 J 
121 • ~ 1 q 15 4 6 1 3 2 

·- -- .. - ---···· .. ~- -



122 • $J 1 c; 5 4 , ~ 1 ~ 18 
12~ * B 1 ~ t; 4 6 3 2 1 
1~4 • $J 1 ~ , 

' 4 1 3 2 
125 • .. 1 q , 5 4 2 1 3 
126 • ,. 1 q 6 .5 4 ] 2 1 
127 • q ! 1 4 6 5 1 3 2 
128 • 9 8 1 4 6 ~ 2 1 3 
129 * q $J 7 4 6 5 3 2 1 
131 .. q 8 7 5 4 6 1 3 2 
131 • c; IJ 1 5 4 6 2 1 3 
132 • q 8 1 5 4 6 3 2 I 
11~ • q .. 7 6 ~ 4 1 3 2 
114 • q 8 7 , 5 4 2 1 3 

jj 

1'315 • q 8 1 6 5 4 3 2 1 
136 • 4 6 5 1 1 2 7 q 8 
137 • 4 6 I§ 2 1 3 7 9 B 
133 • It , 5 3 '- 1 1 9 8 
139 * t; 4 , 1 ] 2 1 q 8 
14'] • llj 4 t! 2 1 3 1 9 8 
141 • 5 4 6 3 2 1 7 9 8 
142 • l!t 5 4 1 3 2 7 9 8 
141 • 6 5 4 2 1 l .7 9 8 
1'•4 • 6 5 4 1 2 1 7 9 8 
145 • 4 6 5 1 3 2 8 7 9 
146 • 4 6 ~ 

, 1 3 8 7 9 
147 • 4 6 5 '] 2 1 8 7 9 
148 • 5 4 , 1 1 2 ! 7 9 
149 • ~ 4 6 2 1 3 8 7 q 

150 • llj 4 ~ ! 2 1 8 7 9 
111it • 6 5 4 1 ·1 2 8 7 q 

152 • 6 5 4 2 1 3 8 7 q 

151 • 6 5 4 3 2 1 8 7 "9 
154 • 4 6 5 1 3 2 9 a 1 
155 • 4 6 5 2 1 3 9 " 7 
156 • 4 6 ' 3· 2 1 9 a 7 
157 • 15 4 6 1 3 z 9 8 7. 

1"" * 5 4 , 2 1 3 9 8 7 
111i9 • 5 4 ! 3 2 1 9 8 1 
161) • ~ 5 4 1 3 2 9 8 7 
161 • , 5 4 2 1 3 9 8 7 
16~ * 6 ' 4 3 2 1 9 a 7 



SYMMETRY fLEM:~r ~ UF P GROUP OF BENZE~E OIHER- Table V 
19 

NO .,, a ;a: ~AT l CN 
1 1 2 3 • 5 6 1 . .. 8· --·-~- -lo- --ll·-12 ...... ·---····--~ ·-·- ··--· 

2 l ) ~ 5 6 1 1 8 9 10 11 12 
3 ) ~ 5 6 1 2 1 8 9 10 11 12 
4 It 5 6 1 2 .) 1 8 9 10 .ll 12 
5 5 6 1 2 3 It 1 8 9 10 11 12 

·" 6 6 1 2 3 It 5 7 8 9 10 11 12 
7 2 ~- t---(r----· 5--.-] 1 8 9 t·o-tl 1 
8 It 3 2 1 6 5 7 8 9 10 ·11 12 

'10 9 6 5 ~ 3 2 1 1 8 9 10 11 12 
10 1 J 2 it 6 5 7 8 9 10 11 12 
11 ) 2 1 6 5 It 1 8 9 10 11 12 
12 ' ~ l 2 1 6 7 8 9 10 11 12 
13 1 l ) it 5 6 8 -9 10 ·11 12 -- 7·· ... --. --·-- . 
lit l J It 5 6 1 8 9 1~ 11 12 7 
15 ) ~ ~ 6 1 2 8 9 10 11 12 1 
16 It ; 6 1 2 3 a 9 10 11 12 1 
17 ' ; 1 2 3 4 ,8 9 10 11 12 1 
18 6 1 4 3 4 5 8 9 10 11 12 1 
19 2 1 6 s • --3·--.. -t 9 -to--·t-t--·J:-~·-'1 ------ --------------··· .. ·-

20 It 3 2 1 • 5 8 9 10 11 12 7 
21 6 ; .. 3 2 1 8 9 10 11 12 1 
22 1 3 2 it 6 5 8 9 10 11 12 7 
23 3 z 1 6 ,_ 

4 IJ 9 u u 12 7 
24 ; 4 l 2 1 1: 8 9 '10 11 12 1 
25 1 z 3 it 5 6 . ···9 10 11 12 . 1- ... 8 .... " 

26 2 J .. 5 6 1 9 10 11 lZ 1 9 
27· 3 .. 5 6 1 2 9 10 11 12 1 8 
28 It ; 6 1 2 3 9 10 11 12 7 8 
29 ' 6· 1 2 3 + 9 10 11 12 7 8 
30 6 1 2 3 4 5 9 10 11 12 7 8 
ll 2 l ... 6· - S-- -- _. --3----+--tO---l·t--tZ 1 & -----·-· 
32 It 3 2 1 6 5 9 10 11 12 7 8 
33 6 ; It 3 2 1 9 10 11 12 7 8 
34 1 ) 2 4 6 5 9 10 11 12'. 7 8 
35 3 2 1 6 5 4 9 10 11 12 7 8 
36 5 !t ] 2 1 6 9 10 11 12 1 8 
37 l 2 3 4 s ···6' ·lo- ·ll·-lt--- 1·- . 8-·-··-9------ --·-
38 2 1 4 5 6 1 10 11 12 7 8 9 
39 ) .. ! 6 1 2 10 u 12 7 8 ~ 

ItO 4 5 ! 1 2 3 10 11 12 7 8 9 
41 5 6 1 2 3 4 10 11 12 7 8 9 
42 6 1 2 3 4 5 10 u 12 7 8 9 
It) 2 1 6 5 4 3· -1~- -11--ll·- -- 1·-8-- -9-----·--·-····· ... 
44 It 1 l 1 6 5 10 11 12 1 8 ~ 

ItS 6 ; It 3 2 1 10 11 12 7 8 9 
46 1 1 2 4· 6 5 10 u 12 1 8 9 
lt>7 3 2 l 6 5 4 10 11 12 7 8 9 
48 5 4 l 2 1 6 10 11 12 7 8 9 

" lt>9 1 2 3 4 5 6 u 12 1 8 9 10 
50 2 J .. 5 6 1 11 12 7 8 9 10 
51 3 It 5 6 1 2 11 12 7 8 9 10 
52 It ;, ~ 1 2 3 11 12 7 8 9 10 
53 5 ; 1 2 3 It 11 12 1 a 9 10 
51t ~ 1 ~ 3 It 5 11 12 7 a 9 1J 
55 l 1 6 5 4 3 11 12 7 8 9 10 
56 .. ) 2 1 6 5 11 l2 1 8 9 10 
57 6 ; .. 3 2 1 11 12 1 a 9 lJ 
58 1 ) 2 4 .6 5 11 12 7 8 9. 10 
59 3 z 1 0 5 It 11 12 1 8 9 10 



60. 5 It ! 2 1 6 11 12 7 8 9 10 20 
61 1 l 3 4 5 6 12 7 8 9 10 11 
62 l J It 5 6 1 12 7 8 9 1l 11 
63 ) 4 ' 6 1 2 12 7 -8 9 10 11 . --- .. ~-·- .. 

64 4 ; ~ 1 2 3 12 7 8 9 10 11 
65 5 6 1 2 ] 4 12 7 8 9 10 11 
66 6 1 2 3 4 5 12 7 8 9 10 11 
67 2 1 6 5 4 3 12 7 8 9 10 11 
68 ' l 2 1 6 5 12 7 8 9 1l 11 
69 6 s " 3 2 l ·-12- :--7------9--10-- 11----;·-------·--. 
70 1 1 2 4 6 5 12 7 8 9 ll 11 
71 l ~ 1 6 5 4 12 7 8 9 10 11 ... 
72 5 ~ 3 2 1 6 12 7 8 9 10 11 
73 1 l 3 4 5 6 8 7 12 11 10 9 
74 2 3 4 5 6 1 8 7 12 11 10 .9 
75 J 4 5 6 1 2 .. 8. -7-- 12 11. 10·- 9-
76 It 5 6 1 2 ] 8 7 12 11 10 9 
77 5 ~ 1 2 3 It 8 7 12 11 10 9 
78 ~ 1 2 3 4 5 8 7 12 11 10 9 
79 l 1 6 5 4 3 8 7 12 11 10 9 
80 It 3 2 1 6 5 8 7 12 11 10 9 
81 6 ; • 3 ... 2 .. 1 -·· --...J--12---11---- 10 ---~------ - ...... - ·-··- ,._, ..... 

82 1 1 2 4 6 5 8 7 12 11 10 9 
83 ·3 2 1 6 5 4 8 1 12 11 10 9 
84" 5 4 1 2 1 6 8 7 12 11 10 9 
85 1 2 3 " 5 6 10 9 8 7 12 11 
86 2 '1 4 5 6 1 10 9 8 7 12 11 
d7 J ~ 5 6 1 2 10 ... 9 . • 7 12 11 
88 It 5 6 1 2 3 10 9 8 7 12 11 
89 5 ~ 1 ·2 3 It 10 9 8 7 12 11 
90 6 l 2 3 4 5 10 9 8 7 12 11 
91 2 1 6 5 4 3 10 9 8- 7 12 11 
92 4 j 2 1 6 5 10 9 8 7 12 11 
93 6 s . 4- ~ --2 --l-lG---9 8 ~ l2--41- ------- --··- --
94 1 l 2 " 6 5 lC 9 8 7 12 11 
95 ) 2 1 6 5 It 10 9 8 7--- 12 ,11 
96 5 ' l 2 1 6 10 9 8 7 12 11 
97 1 2 3 4 5 6 12 11 10 9 8 7 
98 2 ) It 5 6 1 12 11 10 9 8 7 
99 J It 5 6 1 2 12 -11- . 10 - 9---- -8 -1--

100 ~ 
, 6 1 2 3 12 11 10 9 8 7 

101 5 6 1 2 3 4 12 11 10 9 8 7 
102 6 1 2 3 4 5 12 11 10 9 8 1 
103 2 1 6 5 It 3 12 11 10 9 8 7 
104 ft ) 2 1 6 5 1_2 11 10 9 8 7 
105 • 5 • 3 2 1· 12 . u - 1 0-- . - 9-- - 8 --1------' .. ·----- ---- -· .. 
106 1 ) 2 4 6 5 12 11 10 9 8 1 
107 3 ~ 1 6 5 It 12 11 10 9 8 1 
108 5 It 3 2 1 • 12 11 10 9 8 7 
109 1 2 1 4 5 6 1 9 8 1.0 12 11 
110 z ) 4 5 6 1 7 9 8 10 12 11 
111 1 -~ 5 6 1 2 1 9 a 10 12 11 

.. 
112 It 5 6 1 2 3 7 9 8 10 12 11 
113 s 6 1 2 3 4 7 9 8 10 12 11 
114 6 1 2 3 It 5 7 9 8 10 12 11 
115 l 1 6 5 4 3 7 9 8 10 12 11 
116 !. 1 z 1 6 5 1 9 8 10 12 11 
117 6 5 • 3 2 1 1 9 a 10 12 L1 
118 1 ' 2 It 6 5 1 9 8 10 12 11 
119 1 2 l 6 5 It 1 9 8 10 12 11 
120 ' It 1 2 1 6 1 9 8 10 12 11 
121 1 '- 1 4 5 6 C) 8 7 12 11 10 

... ···-··-- ---- ---·--··· .. -- -······-



122 z ) ~ 5 6 1 9 8 7 12 11 10 21 
123 ) ~ • 6 1 2 9. 8 7 ll 11 1l ~ 

124 ~ 5 ~ 1 2 3 9 8 7 12 11 10 
125 ; ~ 1 2 3 It 9 - 8 ···-· ., ·12 11 .. lc> ··----c··-•-•••- '' ·-~· -· -· . 

126 ~ 1 2 3 It 5 9 8 1 12 11 10 
127 2 1 6 5 It 3 9 8 1 12 11 10 
128 ~ 3 2 1 6 5 9 8 7 12 1.1 10 
129 6 ; It 3 2 1 9· 8 1· 12 11 10 
130 1 3 2 It 6 5 9 8 1 12 11 10 .. 

-5--+- 9 8 1 l~H--1-131 ) -2-- -l-6 
132 5 ~ 3 2 1 6 9 8 1 12 11 10 
133 1 2 3 It 5 6 11 10 9 8 1 12 

'" 134 2 ) 4 5 6 1 11 10 9 8 7 12 
135 ) It • 6 1 2 11 10 9 8 1 12 • 
136 It 5 6 1 2 3 •11 10 9 a 1 12 
137 5 !t 1 2 3 • u-- -to -9- ·- -8 -- 7 - 12·- ·---·--- ··-·· ·- ·- -- -
138 6 1 2 3 It 5 11 10 9 8 1 12 
139 ~ 1 6 5 It 3 11 10 9 8 7 12 
140 4 J 2 1 6 5 11 10 9 a 1 12 
141 6 5 It 3 2 1 11 10 9 .. 8 1 12 
142 1 ) 2 It 6 5 11 10 9 8 1 12 
143 ) 2 1 ·- 5- +- 11-lG 9 &--7-12---- ·--···· -· ... 
144 5 It 3 2 1 6 11 10 9 8 1 12 
145 7 a 9 10 11 12 1 2 3 It 5 ~ 

146 7 ~ 9 10 11 12 2 3 4 5 6 1 
147 7 i 9 10 11 12 3 4· 5 6 1 2 
11t8 7 a ~ 10 11 12 It 5 6 1 2 3 
149 1 .-I 'i 10 11 12 ~ ... 6-- --1- ---· 2 -3- -It 
150 7 8 ~- 10 11 12 0 1 2 3 It 5 
151 7 9 c; 10 11 12 2 1 6> 5 ,. 3-
152 7 i 9 10 u 12 It 3 2 1 6 5 
153 1 9 9 1,0 u 12 6 5 • 3 2 1 
151t 1 8 c;·. 10 11 12 1 3 2 • 6 5 
155 7 ~ ~ 10 u -12--J--~-1---Ir--;--+-··----------· 

156 7 J 9 10 11 12 5 It 3 2 1 6 
157 8 9 10 11 12 1 1 2- -~ -· s 6 
158 :t 9 10 11 12 '7 2 3 It 5 6 1 
159 8 ~ 1l u 1'2 1 3 • s 6 1 2 
160 a 9 1C 11 12 7 It 5 6 1 2 3 
161 a IJ 10 11 12 1 -- s--... -l-- 2 --- ~ ___ .,._ ____ .. 
162 a 9 10 11 12 7 6 1 2 3 ~ 5 
163 ~ l 10 11 12 7 2 1 6 5 • 3 
161t 3 } 10 11 12 7 It 3 2 1 6 5 
165 a 9 10 11 12 7 6 5- •• . 3- 2 1 
166 ~ 9 10 11 12 7 1 3 2 It 6 5 
167 ! ~ 1'0 ll 12 1-·~ 2 ·- 6 s-- It 
168 9 9 10 11 12 7 5 It 3 2 1 ~ 

169 9 11 11 12 7 8 1 2 3 It 5 6 .. 170 9 11 11 12 7 9 2 3 It 5 6 1 
171 ; 10 11 12 7 8 3 4 ; 6 1 2 
172 .. 11 11 12 7 8 It 5 6 1 2 3 
173 .. 1;') 11 12 7 8 s 6--·· 1 2 .. 3 • 174 ·) 1l 11 12 7 8 6 1 2 3 It 5 
175 ~ 1l 11 12 1 8 2 1 6 5 It 3 
176 9 10 11 12 7 8 It 3 2 1 !) 5 
177 ... 11 11 12 7 8 6 5 It 3 ·2 1 
178 ~ 1 J 11 12 1 a 1 3 2 it 6 5 
179 ~ l ) d 1~ 7 a 3 2 1 6 5 t. 
180 ~ ll 1 1 12 7 a s it l 2 1 6 
181 10 11 12 1 8 9 1 2 3 4 5 6 
182 1l 11 12 7. 8 9 2 3 ,. 5 !. 1 
U3 10 11 12 7 8 9 3 It 5 6 1 2 

r 



184 1~ 11 12 1 8 9 It 5 6 1 2 3 
22 185 10 11 12 1 8 9 5 6 1 2 3 4 

186 1·) 11 12 7 8 9 6 1 2 3 4 5 
187 1J 11 12 1 8 9 2 1 6 -S 4· - 3-- . --·. -- . 

188 10 11 12 7 8 9 4 3 2 1 6 5 
189 10 11 12 7 8 9 6 5 4 3 2 1 
190 10 11 12 1 8 9 1 3 2 4 •6 5 
191 10 11 12 7 8 ~ 3 2 1 6 5 4 
192 10 11 12 7 8 9 5 4 3 2 1 6 .. 
193 11 12 1 8 9 10 -·-1 - . - 2-· --~--4- --s--- -6---· ------ -·.- ---- .. ·~ -· -·-· 

194 11 12 1 8 9 10 2 3 4 5 6. 1 
195 ll 12 1 8 9 10 3 4 5 6 1 2 
196 11 12 1 8 9 10 4 5 6 1 2 3 
197 11 12 . 7 8 9 10 5 6 1 2 3 4 
198 11 12 1 8 9 10 6 1 2 3 It 5 
199 11 12 1 8 9 10 2 l 6-- 5 4 3-
200 11 12 1 8 9 10 4 3 2 1 !1. 5 
201 11 lZ 1 8 9 10 6 5 4 3 2 1 
202 11 12 7 8 9 10 1 3 2 4 6 5 
203 11 12 l 8 9 10 3 2 1 6 5 4 
204 11 12 1 8 CJ 10 5 4 3 2 1 6 
205 12 1 a 9 10 11 . --l --2 J +--4--·.,_ ________ .. __ ---
206 12 1 e CJ 10 11 2 3 4 5 !I 1 
207 12 ., J 9 1~ 11 3 • s 6 1 2 
208 12 1 a 9 10 11 4 5 ' 1 2 3 
21lCJ 12 1 8 t; 10 11 5 6 1 2 3 4 
210 12 1 3 9 ll 11 6 1 2 3 4 5 
211 12 1 a 9 10 11 2 _, - l- ----6 -- -s ---- • 3 
212 12 , a 9 10 11 4 3 2 1 6 5 
213 12 1 J 9 10 11 6 5 • 3 2 1 
214 12 , 8 CJ 10 11 1 3 2 4 61 5 
215 12 1 8 9 10 11 3 2 1 -- 6 5 4 
216 lZ 1 8 9 10 11 5 4 3 2 1 6 
217 8 .,. 12 11 10 9---~a- 3 4 ->----~---------
218 ' 1 12 11 10 9 2 3 • 5 ' 1 
219 I) , 12 11 10 9 ~ ·- 5 6 1 2 
220 s 1 12 11 10 4i 4 5 ' 1 . 2 3 
221 3 ., 12 11 10 9 5 6 1 2 3 4 
222 ~ 1 12 11 10 9 6 1 2 3 4 5 
223 8 1 12 11 10 t; 2 .. -- 1 --· -· -- s-- . 4 3· ........... -

224 ~ 1 12 11 10 ~ 4 3 2 1 6 5 
225 a 1 12 11 10 9 -6 5 4 3 2 1 
226 3 1 12 11 10 CJ 1 3 2 4 6 5 
227 ., 1 12 11 10 9 3 2 1 6 5 4 
228 a 1 . 12 11 10 9 5 4 3 2 1 !I 
229 1J ~ 8 7 12 11 1 2 --3--·4 5 6 • _.a .. ••· -·• •· 

230 11 9 9 7 12 11 2 3 4 5 6 1 
2~1 1J oi e 7 12 11 3 4 5 6 1 2 

"' 232 10 l 9 7 12 11 4 5 6 1 2 3 
233 10 9 8 7 12 11 5 6 1 2 3 It 
234 10 l s 7 12 11 6 1 2 3 4 5 .. 
235 10 ~ 8 1 12 11 2 1 -6 -5 4 3 
236 10 ~ e 7 12 11 It 3 z 1 !» 5 
237 10 ~ a 7 12 11 6 5 4 3 2 1 
238 10 9 , 7 12 11 1 3 2 4 6 5 
239 10 l e 7 12 11 3 2 l 6 5 4 
240 ll '} i 7 12 11 5 4 3 2 1 b 
241 12 11 10 c; 9 7 1 2 3 4 5 6 
242 12 11 10 9 8 7 2 3 4 5 6 l 
243 12 l1 10 9 8 7 3 4 5 6 1 2 
244 12 11 1J 9 8 7 It 5 6 1 2 3 
245 l2 ll 10 9 8 1 5 6 1 2 3 4 



2~6 12 11 11 9 8 1 b 1 2 3 It 5 23 
2~7 12 11 10 9 8 7 2 1 6 5 ~ 3 
2it8 12 ll 10 9 8 7 4 3 2 1 6 5 

. 249 12 ll 10 9 8 -7 . ·6 --s--- --··-·- l -2--- -----····-- . -- -· 

2SO l2 11 10 9 8 7 1 3 z 4 6 5 
251 12 11 .10 9 8 7 3 2 1 6 ·5 --4 
252 12 11 10 9 8 7 5 It 3 2 1 6' 
253 7 y 8 10 12 11 1 2 -3- 4 5- - 6 -
254 7 9 3 10 12 11 2 3 4 5 6 1 .. 255 J --- -l-- ---8-· -10 12 -- 11-----3 4 5 6 1 2 
256 7 9 e 10 12 11 4 5 • 1. 2 3 
257 7 -~ 8 10 12 11 5 6 1 2 3 4 .. 258 7 1 8 10 12 11 6 1 2 3 it 5 
259 7 9 8 10 l2 11 2 1 6· 5 4 3 
260 7 ~ 8 10 12 u 4 3 2 1 6 5 
261 1 9 t 10 12 11 ---6---+ ___ ..,.__ -3·- 2- --1- .. ..... - .. ---- . 

262 7 ~ a 10 12 11 1 3 2 4 6 5 
263 , -l 8 10 12 11 ) 2 1 6 5 ~ 

264 7 ~ a 10 12 11 5 4 3 z 1 !t 
265 9 i 1 12 11 10 1 2 3 4 5 6 
266 ~ 3 7 12 11 10 2 3 4 5 6 l 
267 4j i -l . 12 11-- 10---3-- 4 5 !» 1 z -- ----- --- ·---

268 i 3 , 12 11 10 ~ 5 6 1 2 3 
269 4j 1 1 12 11 10 5 6 -1 2 3 • 270 9 3 7 12 11 10 6 1 2 3 4 5 
271 ~ -~ 1 12 11 10 2 1 6 5 4 3 
272 ~ i l 12 11 10 4 3 z 1 6 5 
273 IJ 8 1 12 11 10 - 6 -----s ., .. ...... ~ --- 2 1 
274 '} :1 1 12 11 10 1 3 2 4 6 5 
275 c; a l 12 u 10 3 2 1 6 5 4 
276 l i 7 12 11 10 5 4 3 2 1 6 
277 11 10 ~ 8 7 12 1 2 3- ~ 5· 6 
278 11 lJ c; 8 1 12 2 3 4 5 6 1 

-279 11 l•) .. -). - 8- - .. ·7 --12 l 4 5 6 l---2-- ---- ---·· ------~ 

280 11. l'l 9 8 7 12 " 5 6 1 2 3 
281 11 ll 9 8 7 12 5 --6- ··1 _._ 2· .. -· 3 4--· 
282 11 10 9 8 1 12 6 1 2 3 4 5 
283 11 1·) c; 8 7 12 2 1 6 5 ·it 3 
284 11 l;) 9 8 1 12 It 3 ·2 1 6 5 
285 11 11 .. 8 1 12 ---6·--s-- --4-----~----~-.. -.-!----·-·-- ------
286 11 1J ~ 8 1 12 1 3 2 4 6 5 
287 11 1J 9 8 1 12 3 2 1 6 5- 4 
288 11 10 c; 8 7 12 5 4 3 2 1 6 

. ---- --- ... 

---· --· -- . -·--- .. 



Figure Caption 

Figure L Particle-in-box model for hydrazine. 'The permutation 

group of the non-rigid molecule is a wreath product of the 

permutation gro.up of boxes (5
2

) with the permutation group 

of particles in a box (5
2
). 
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