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'IBE ElASTIC TBEORY OF 'IBE DEFECT SOLID SOLunON

1. W. Morris. lr.1. A. G. Khatchaturyan Z and Sheree H. Wen 3

1Department of Materials Science and Mineral Engineering and
Molecular and Materials Res. Div.. Lawrence Berke ley Labora tory.
Univers ity of California. Berkeley. California 94720.
ZInstitute of Crystallography.
USSR Academy of Sciences. Moscow. USSR.
3IBM Thomas J. Watson Research Center.
Yorktown Heights, New York 10598

This paper reviews the linear elastic theory of the defect solid
solution. It is tutorial in nature. and is primarily intended to
outline the development of the theory into the mathematical form
that is most suitable for the solution of practical problems. The
theory treats solid solutions containing distributions of solute
defects that distort the solvent lattice and interact elastically
with one another. It determines the total strain of the solvent
lattice and the elastic contribution to the free energy of the
solution in the strong harmonic approximation~ The theory is
specifically developed for a binary solution of point defects in
the absence of external stress. It can be extended to treat multicomponent solutions. stressed solutions. and solutions of finite
defects or macroscopic inclusions~ the equations governing these
complex systems are also presented. The model is finally used to
consider ordering and decomposition reactions in solutions whose
components interact elastically.
I. IN'D.ODUcrImf

Most of the i~portant phase transformations in solids involve
the formation or reconfiguration of atoms, defects, or elements of
new phase that introduce elastic strains into the parent lattice.
These elastic strains influence the thermodynamics and kinetics of
phase transformations. and often have a striking effect on the
product microstructure. Elastic interactions can be specifically
important in creating or modifying .the complex solid structures
that are a central theme of this meeting.
Because many of the more important lattice distortions occur
at the atomic level where the details of the interatomic interaction are important. the formulation of a complete elastic theory is
no less difficult than the creation of an atomistic theory of the
solid itself. It is, however. possible to construct simple models
that contain important elements of the elastic effect and include
many of its qualitative consequences. A number of theoreticians
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have participated in the development of such models~ Cahn [1,2] has
perhaps been the most influentia~ in establishing their relevance
to the behavior of real solutions. The simplest general model is
based on a combination of two kinds of theory: the continuum elastic theory of macroscopic inclusions in elastic media, developed
originally by Eshelby [3,4], and the theory of lattice vibrations
in the harmonic approximation. as presented, for example. by Born
and Huang [5]. The specific formulation that is most widely used
was originally proposed by Khatchaturyan [6.71. and. in later but
largely independent work, by Cook and de Fontaine [8].
The present paper is intended to provide a brief tutorial
. review of the elastic theory of the solid solution. For notational
simplicity the detailed theoretical development is confined to the
case of binary solutions of point defects. It is reasonably simple
to generalize the model to include more complex systems such as
multicomponent solutions, interstitial solutions, solutions of
defects with finite siz~ and shap~, and distributions of macroscopic inclusions. These extensions are discussed briefly; more
thorough treatments are available elsewhere [9-12].
II. DIE FDB ENEIGY OIl 'IDE DEllEC'r SOLID SOLUTIC»f

A. The Proble.

The fundamental problem that is considered here is illustrated
in Figure 1. The figure shows a configuration of point defects on
a simple square lattice. Since the defects do not 'fit' properly.
each of them distorts the parent lattice in its neighborhood. The
elastic distortions of the lattice cause·an interaction between the
defects that adds to the chemical interaction they would experience
if the lattice were rigid. The problem is to compute the net lattice strain and the total increase in free energy due to the inter~
action of an arbitrary distribution of such defects.
B. Ass"ptions

1. The Refere.ce Lattice
The development of the theory is simplest when the undistorted
lattice of the solvent is used as the reference state. The solution is then made by adding solute defects. The positions (x) of
the lattice points in the solution are related to their positions
(r) in the reference state by the equations
x(r)

=

r + ll(r) ,

(1)

where ll(r) is the vector displacement of the lattice point r. Any
field over the lattice of the solution can then be written as a
function of the reference position. r. In particular. the defect
concentration is described by the function c(r). which has the
value one if there is a defect at the lattice site whose reference

- 3 position is r, and is zero otherwise. The average of c(r) over the
lattice is
The concentration field may be expressed by the sum

c.

c(r)

=c

+ Ac(r) ,

where the concentration fluctuation at r, Ac(r)
either (l-c) or (-c).

(2)

= c(r)

~

c, is

1. The Elastic Defect
The magnitude of the elastic defect is specified by g1v1ng the
'transformation strain', .-, that relates its effective size and
shape to that of an equivalent element of the host lattice. A
simple definition was suggested by Eshelby [3], and may be phrased
as follow$. Let a relaxed crystal of the solvent be transmuted
into a relaxed crystal of the solute (as illustrated in Figure 2).
The transmutation will usually change the overall crystal size and
shape. The distortion can be expressed as a linear strain that
defines the 'transformation strain', .-.
While its definition is straightforward, the evaluation of the
transformation strain can be subtle. The relaxe"d (reference) state
of the solute is not unambiguously defined, and may be a metastable
structure of the pure solute or even an element of an ordered
compound. Unless the reference shape of the solute differs from
that of the solvent by a simple dilatation there is a further
complication, since the transformation strain depends on the precise crystallographic orientation between the solute and solvent
lattices. In that case there are several distinct variants of the
solute that correspond to symmetrically equivalent choices bf the
orientation relation.
The preferred state of the solute is that which m1n1mizes the
total free energy (chemical plus elastic) of the solid solution.
The preferred reference state can be identified by comparing the
various ways of introducing the defects into the solution through
the Eshelby cycle described below. It defines the transformation
strain to within a choice of variant. The transformation strain
can also be measured experimentally. provided that the types and
variants of the solutes are known. As we shall see, the transformation strain is simply related to the average strain of the
reference lattice. It can be found from the overall deformation of
the reference crystal when the solution is made, or, in the case of
a homogeneous solution, from the composition dependence of the
lattice parameters.
3.

ne

StroBl DaDionic Approxiaation

The defect solid solution is derived from the pure solvent by
introducing the defect distribution c(r) and the lattice displacement field u(r). The composition and displacement are functionally
independent, since the instantaneous value of the displacement at a
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lattice site is determined by external forces and lattice vibrations as well as by the composition field. It follows 'that the
free energy of solution is a functional of the functions c(r) and
u(r). We shall assume that its values are adequately approximated
by the harmonic series:
4G[u{r).c(r)]

= lr GCc(r) + (1/2)~r.r' Gcc(r-r')c{r)c(r')
+ "Lr.r' G~C(r-rR)c{r)u.
(r')
1
1

(3)

+ (1/2) lr.r' Gij(r-r')ui (r)u j (r')
where the sums are taken over _the reference lattice. The coefficients are independent of composition and displacement. The absence of a term linear in the displacement. _. follows from the
mechanical equilibrium of the reference lattice.
The second order tensor coefficient that appears in the last
term of the harmonic series (6 u .) is. the dynamical matrix of the
reference lattice~ and is usually given the symbol A. It is assumed to be independent of composition and, sufficient to describe
the response to lattice vibrat ions. These assumptions have three
important consequences:
(1) In general. the instantaneous displacement. u. is the sum
of a static displacement that shifts the equilibrium lattice positions and a dynamic displacement that is due to vibrations about
the equilibrium positions. But since the dynamical matrix is
constant the vibrational free energy of the solution is equal to
that of the pure solvent~ It follows that u(r) need only represent
the static displacement.
(2) The constant value of the dynamical matrix implies that
the elastic constants of the solution are independent of composition and equal to those of the reference lattice.
(3) A matrix of macroscopic elastic constants can be derived
from the dynamical matrix by probing the response of the lattice to
homogeneous strains. The relevant equations are given below. But
this procedure will not generate the full set of elastic constants.
In the important case of a primitive lattice with cubic symmetry
the dynamical matrix yields only two independent elastic constants •
.. hi 1 e there are. in f ac t. thre e. Thi s prob 1 em is inherent to the
harmonic approximation [13]. and arises from the failure of the
model to include the many-body. anharmonic and thermal effects that
influence the elastic rigidity of real crystals. The shortcomings
of the model can be overcome in part by using the true elastic
constants of the reference crystal in place of the computed constants wherever they appear.
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4. Macroscopic Boaoaeneity
The static displacement, .(r), is divisible into a uniform
displacement that is due Eo the homogeneous strain, 8, of the
reference lattice and a local displacement, vCr), that varies from
point to point:
ui(r)

=

Bijrj + vier) •

(4)

The field vCr) depends on precisely where the external boundary of
the crystal is placed, with the result that the internal elastic
field is sensitive to the overall shape of the solid. If. however,
the solution is macroscopically homogeneous, in the sense that
every part of it is like every other when viewed on a sufficiently
coarse scale, then vCr) is an oscillatory function whose mean is
constant on any particular surface. The local displacement, vCr),
may therefore be assumed constant on the boundary, neglecting only
terms that contribute to the surface' energy and the strain in, the
surface layer.
C. Bval. .Uon of the Pree Eneray: The Modified· Bahelby Cycle

The final state of the solution can, hypothetically, be constructed by performing a series of elementary steps along the lines
suggested by Eshelby [3]. This procedure naturally yields an
expression for the free' energy that is the sum of terms that are
individually well de·finedandpermit a consistent s·eparation be,.tween the 'chemical' and 'elastic' contributions.
In the modified Eshelby cycle an arbitrary distribution of
solute defects is introduced into the reference lattice by performing the series of six steps that is diagrammed in Figure 3:
(1) Given a pure~ stress-free solvent crystal of N lattice
sites, identify an internal cluster of NO atoms, where N° (= Ne)is
the number of solute d~fects in the solution (if the defects are
interstitial, the cluster contains N° interstitial sites of the
proper type). Let this cluster be cut out of the parent lattice.
The only change in the free energy of the assembly is a surface
effect that will be neglected.
(2) Let solute atoms be substituted for each of the N° solvent
atoms in the separated cluster (or placed in each of the N° interstitial sites) and let the transformed cluster relax into its
stress-free r~ference state. The transmutation causes the free
energy change
AG 2

= N°AJ,tc = NeAJlc

,

(5)

where AJlc is the chemical energy difference per atom between the
solvent and the solute in their 'reference states. The stress-free
relaxation of the cluster deforms it with respect to the solvent

- 6 lattice by the transformation strain • • -; but adds no energy since
no mechanical work is done.
(3) Let a set of surface tractions be applied to the cluster
to restore i t to the shape i t had before the chemical change. The
required strain is s = -s·. Since the cluster is macroscopic its
deformation is governed by the usual formulae of continuum elasticity. Neglecting the work done on the loading mechanism, which is
recovered in a later step, the net free energy change is equal to
the mechanical work done on the cluster:
AG3

=

Nvc[(1/2)l.ijk1 8 tj 8{1]

=

(V 12) catj 8tj ,

(6)

where v is the volume per lattice site and V is the volume of the
reference crystal, A is the fourth order tensor of elastic constants, and 0'. is the 'transformation stress':
(7)
At the end of this step the cluster is strained with respect to its
own relaxed state, but is unstrained with respect to the reference
lattice.
(4) Let the cluster be reintroduced into the solvent crystal.
Since the cluster just fits into the hole from which it was drawn
there is no free energy change.
(S) Let the cluster be broken up and dispersed through the
host lattice to create the solid solution, while maintaining the
size and shape of the atoms or elementary volumes of the solute.
The associated free energy change defines the chemical part of the
free energy of mixing. In the h~rmonic approximation the free
energy of mixing is the sum of two terms: a free energy per defect,
All s, that resul t s from chang ing the phase surrounding the solute
(if the defect were an element of new phase with bulk properties
this term would be the chemical contribution to its surface free
energy), and a configurational energy that is due to the chemical
interaction between defects. The total free energy change is
AG S

= NcAll s + (1/2)lr,r' Vch(r-r')c(r)c(r') ,

(8)

where Vch(r-r') is the binary chemical interaction potential.
(6) Lastly, let the distributed defects relax, introducing
static displacements into the lattice. During the relaxation each
defect acts as a center of force that tends to displace the lattice
around it. The deformation is opposed by the elastic resistance of
the lattice. The associated energy is

- 7 AG 6

=-

lr.r' F i (r-r')u i (r)c(r')

(9)

+ (1/2) lr.r' Aij (r-r')u i (r)u j (r') •
where the symmetric second-order tensor. A. is the Born-von Karman
tensor (dynamical matrix) of the host lattice.' and the vector. F.
is the 'Kanzaki force' that relates the lattice distortion at
position r to the defect concentration at position r'. The fr~e
energy change. 4G 6, represents the elastic relaxation of the. solution. and is less than or equal to zero •. Its net effect is to
remove part of the elastic ~nergy that was introduced when the
solute was deformed to fit into the host lattice.
The sum of the free energies added in the six steps of the
modified Eshelby cycle is the total free energy change on introducing the specific defect distribution c(r) and static displacement
u(r) into a pure. stress-free solvent lattice. The free energy is
divisible into chemical and elastic contributions. and can be
written
(

(10)
"here
4G chem

"i th 4J1 o

= 4J1c
40 el

= 4G 2 + 4G S
= NC4J10 + (1/2) lr,r' Vch(r-r') c(r) c(r') ,

(11)

+ 4J1 s • and

= 4G 3
=

+ 4G 6

(V/2)

ca 1j

8

1j -lr.r,Fi(r-r')c(r)u.i(r')

(12)

+ (1/2) lr.r' Aij (r-r')ui (r)u j (r') •
Equation (10) has the form required by the strong harmonic approximation. The coefficients are independent of composition. Their
symmetry is that of the reference crystal.

D. The Blastic Strain aDd Blastic EnerlY
The next step in the development of the theory is the simplification of the equation (12) that governs the elastic energy.
Since the static displacemenLof the crystal is induced by the
solute defects. its value is determined by the concentration field
through the conditions of mechanical equilibrium. It follows that
the static displacement can be eliminated from equation (12). To
accomplish this. the macroscopic strain. •• and the mean composition. C. are separated from the internal displacement. vCr). and
the composition variation. 4c(r). The macroscopic strain is found
as a ·function of c from the condition that the solution obey the
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laws of linear elasticity when it issubj ected to external stress.
The internal displacement is evaluated as a function of ac(r) from
the condition that the elastic energy be stable with respect to
local displacements. The elastic energy can then be expressed as
the sum of contributions from the mean concentration. C. and the
concentration deviation. ac(r). Finally. the mean field approximation is introduced to find the elastic contribution to the free
energy of a solid solution of mobile defects.
To separate the macroscopic and microscopic strains equations
(2) and (4) are substituted into equation (12). The result is
a0 el

=

(V 12)C0'9. 8° . .

1J

1J

- NcLtj 8ij + (N/2)Ll j Im 8 ij 81m

(13)

- 2r.r' F i (r-r')v i (r)ac(r')

+

(1/2) lr.r'

Aij (r-r')v i (r)v j (r') •

where
Ltj

= (1/2)~

Llj 1m

=

[Fi(r)r j + Fj(r)r i ] •

(14)

(l/N)lr.r' Aij (r-r')rl rm

= -(1/2)~

(15)

Aij(r)rlr m •

The terms involving the macroscopic strain depend only on the mean
composition.
Those containing the local displacement involve
only the composition deviation. ac(r).

c.

1. The .acroscopic Straia

The macroscopic strain is evaluated by requiring that the
solution obey Hooke's Law.
(16)

In this equation a is the applied elastic stress. and. el is the
elastic strain measured with respect to the relaxed state of the
solution.

-a

•

(17)

where • is the total strain with respect to the reference lattice
and -a is the stress-free strain of the solution.
If equation (13) is differentiated with respect to 8·.
the
1J
result is
(18)
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This relation is equivalent to equation (16) if we make the identification (recalling the discussion following equation (3»
(19)
and define the stress-free strain by the relation
Ll j1m 81 m
Since i

=

= Ltjc

a e when C

= 1.

•

(20)

equation (20) has the' solution

i = cae •

(21)

It follows that the defect solid solution obeys a tensor form of
Vegard's Law in which the constant of proportionality is just the
transformation strain. a e • Hence the effective transformation
strain is measured by the concentration dependence of the lattice
parameters.
Equat ions (19-21) yield the resu1t6
LtJ

= vatj

(22)

•

which completes the evaluation of the macroscopic terms in equation
(13). The elastic energy of the solution in its stress-free state
can now be written
9 '.a 9 .]c(1-c) + termsin'v(r) •
A0 e '1 = (V/2)[a 1J
1J

(23)

2. The IAternal Strain

The equilibrium v8.1ues of the local displacement. v(r). must
provide a minimum of the elastic energy. The condition
(24)

yields the linear equations

lr' Aij (r-r')v j (r') =.lr' F i (r-r')Ac(r')

•

(25)

Since. by the assumption of macroscopic homogeneity. vCr) is constant on the boundary (or on the boundary of a periodic subvo1ume).
this system of equations can be solved by taking the Fourier transform of both sides, where tlie Fourier transform of a function. fer)
is

f(k)

=

lrf(r)exp[-ik·r]

(26)

Letting the (Green's) tensor, G(k). be the tensor inverse to the
Fourier transform of the dynamical matrix,
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(27)

the internal displacement is given by
(28)

It follows that the Fourier components of the internal strain are

= (1/2)[v,1,J
..
=

+

V •• ]

J,1

(29)

(l/2)[k j Gim (k) + kiGjm(k)]Fm(k)Ac(k) •

The total elastic strain energy of the stress-free solution
can now be written
AGel

=

(V/2)[alj s lj]c(l-c)
(30)
- (l/2N)b[F i (k)G ij (k)Fl(k)lIAC(k)12 ,

where ll.(k) is the complex conjugate of ll(k) and the summation is
taken over the N wave vectors in the first Brillouin zone of the
crystal.
3. SeparatiOD. of the CoafiluratiOD.-DepoDdont ,Tor.
Equation (30) shows that only part of the elastic energy is
sensitive to the configuration of the solute defects~ the remainder
depends only on the mean defect concentration.
But equation (30)
does not completely separate the two kinds of elastic energy. Part
of the configuration-independent contribution is embedded in the
second term on the right-hand side. The identity
(l/N)lkIAc(k) 12

= Nc(l-c)

(31)

has the consequence that the average value of the coefficient of
IAc(k)1 2 adds configuration-independent terms to the elastic energy. To separate out the average interaction we define the quantity
(32)

and the potentials

00 = [va9.so .. - Q] ,
1J

0(k)

=

[Q - F. (k)G .. (k)F'(k)]
1
1J
J

with the convention that 0(0)
written
A0 el

=

(33)

1J

=

O.

,

(34)

The elastic energy can then be

(N/2)0°c(1-c) + (l/2N)

b

0(k) IAc(k) 12 •

(35)

The first term on the right hand side is the part of the elastic

- 11 energy that is determined by the average defect concentration.
second term depends only on the configuration of the defects.

The

4. The Elastic hersy as a Lattice Sua

To express the elastic energy as a sum over the reference
lattice in real space we take the reverse Fourier transform of the
second term on the right in equation (35). The result is
A0 el

= (N/2)0°C'(1-C') +

(1/2) lr.r' 0(r-r')Ac(r)Ac(r')

(36)

where 0(r-r') is the reverse Fourier transform of 0(k):
0(r)

=

(1/N)~0(k)exp[ik'r] •

(37)

This form of the equation preserves the separation between the
configuration-dependent and the configuration-independent terms.
The equation can also be written as the conventional lattice sum:
A0 el

=

(N/2) lr 0°c(r)

+ (1/2)lr.r' 0 E (r-r')c(r)c(r') •

(38)

where
0 E (r-r')

=

0(r-r') .+ 0/N •

(39)

5. The Mean Field Approl[i.atioa

Equation (35) or (36) gives the elastic contribution to the
free energy of a solid solution that has a specific distribution of
elastic defects. If the defects are mobile their configuration is
not specified. and the elastic en~rgy must be averaged over the
appropriate ensemble to compute the free energy of the crystal. In
the mean field approximation this average is made by replacing the
discrete variables. c(r). by their ensemble (or time) averages.
nCr). which may take any value between zero and one. The resulting
equation for the elastic energy is
(40)

In the particular case of a random solution. n(k) = 0 when k ::J: O.
and only the configuration-independent term contributes to the
energy.
The total free energy in the mean field approximation is the
sum of the elastic and chemical free energies of the solution (eq.
11). plus a contribution from the configurational entropy of the
ensemble. The result can be written
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~G

= NcVo

+ (1/2) lr.r' V(r-r')n(r)n(r')
(41)

+ kTlr(n(r)ln(n(r)] + [1-n(r)]ln[1-n(r)]}
where VO and V(r-r') are found from the sum of equa t ions (11) and
(38) •

B. Eval. .tiOll of the Coefficients GoverJliDs the El •• tic EaerlY
In order to calculate the elastic energy of a distribution of
defects one needs solvable expressions for the coefficients appearing in equation (30) or (35). We have already discussed the determination of the transformation strain. The remaining coefficients
are the Green's tensor. G(k). and the Kanzaki force. P. As we
shall show below. the Green's tensor can be found from the phonon
dispersion relation for the reference crystal and the Kanzaki force
can be approximated hy considering interactions with first and
second nearest neighbors. Alternatively. the whole coefficient in
equation (30) can be evaluated in the -long-wavelength limit. in
which case it is given in terms of the transformation stress and
the matrix elastic constants.
1. The Greea's Teasor
If the phonon dispersion relations for the reference crystal
are known then the dynamical matrix. A(k). can be diagonalized.
Its principal axes are the three polarization vectors. eCl(k) (a =
1.2.3). of the acoustic phonons of wave vector k. and its diagonal
elements are [mw a (k)]2. where wa(k) is the frequency of the a th
acoustic mode of wave vector k and m is the mass of the host atom.
It follows that the Green's tensor inverse to A(k) can also be
evaluated from the phonon dispersion relation. Its dyadic form is
(42)
2. The I&JlZaki Force

Equations (14) and (22) show that the Kanzaki force is related
to the transformation stress by the equation
(43)

a-.

Since there are six independent components of
the equation is
solvable for six independent values of F i (r). It follows that the
forceP(r) can be evaluated from equation (43) if it is assumed
that the only important interactions are with the first and second
nearest neighbors. Krivoglaz [14] and Khatchaturyan and Shatalov
[15] have used this approach to write specific expressions for the
Kanzaki force that governs the interactions of either octahedral or
tetrahedral defects in BCC lattices. Others. particularly Kanzaki
[16] and Cook [17]. have described more general techniques for
interpreting and evaluating the Kanzaki force.
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3. The Lonl Yavelenlth ApproxiaatiOD

If the defects are large on the scale of the crystal lattice,
if the wavelength of the dominant composition fluctuations is long,
or if one is prepared to accept approximations in the spirit of the
Debye approximation in lattice dynamics, then the potential governing the elastic interaction can be evaluated in terms of the macroscopic elastic constants. In the long-wavelength limit (11:1 - 0),
(44)

and
(45)

where e is a unit vector in the direction of 1: and O(e) 1S a second
order tensor whose elements depend on the matrix elastic constants
through the relation
-1

=

Qij(e)

(46)

Aikljekel •

The potential [F i (1:)G ij (1:)F. (1:)] that appears in equation (29) can
then be replaced by the scai ar
B'(e)

=

ei O'tjOjk(e)~bem '

(47)

and the coefficient 0(1:) becomes
0(1:)

=

<B(e)

>-

B'(e)

•

(48)

Equations (35) and (46) have the consequence that in the longwavelength limit the elastic energy of a composition wave. 4C(k).
is independent of its wavelength; the energy depends only on the
direction of the wave vector. 1:.
III. COIIPLEI. SYS'l1DIS

For simplicity. the derivation of the elastic contribution to
the free energy has been restricted to the case of a single type of
elastic point defect in a stress-free solvent lattice. This restriction is unnecessary.
It is relatively simple to reformulate
the equations for solutions that are externally stressed. solutions
containing several defect types (or several variants of a single
defect type). solutions of defects that have finite size and shape,
and solutions of macroscopic inclusions. The relevant equations
are given below. Their derivations are only briefly sketched;
there are detailed presentations elsewhere [9-12].
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EZteraally

Stressed~Solutioas

The change in the Gibbs free energy on application of an
external stress is the sum of the mechanical work done on the
solution by the loading mechanism and the virtual work done on the
loading mechanism by the solution. If the free energy is measured
with respect to the relaxed state of the pure solvent crystal the
total strain is aij = 8~~ + iij (eq. 17). The additional free
energy is
AGCJ

el
= VCJij(8ij

+ 8ij)

= VCJij8ij •

(49)

One-half of this energy adds to the internal internal energy of the
solution, while one-half is stored in the potential energy of the
loading mechanism. Note that the external stress does not interact
with the internal strain, 8i,j (eq. 29).
There are two situations in which the external stress has an
important influen~e on the structure of the solution: when the
defects are particles of new phase and when the defect has several
variants that are mutually interconvertible. In the former case
the external stress influences the conditions under which the new,
phase will appear, since it adds to or subtracts from the free
energy of formation. In the latter case the external stress interacts differently with the distinct variants of the defect, breaking
their degeneracy and promoting the formation of the more favored
types.
B• •u1ticoapoaeat Sol.tioas (.u1tiple Defect Types)

Let there be m distinct defects in the solution, designated by
the index a (a = 1, •• ~,m). The distinct defects may represent
different solute species or distinguishable variants of a given
solute. Each is characterized by its transformation strain, a·a,
and is the source of a Kanzaki force, pa. The free energy of the
assembly can be found [10,11] by performing a modified Eshelby
cycle in which m differe~t clusters are removed from the reference
lattice, transformed into reference clusters of each of the m
defects, deformed, reinserted into the lattice, distributed, and
permitted to relax. A treatment that parallels the one above shows
that the homogeneous lattice strain is
(50)

while the internal strain is

The elastic energy is given by the equation
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Af) el

=

(N/2) ~J5[0~J5ca(&aJ5-cJ5)]

(52)

+ (1/ 2N) laJ5 [0 aJ5 (k)AC a (k)AC *(k)] •
J5
where &aJ5 is the Kronecker delta.

0~J5 = [VA.ijk18tj8{~ - QaJ5]
0 aJ5 (k) = [Q A - F~(k)G .. (k)F~*(k)]
a~
1 · 1J
J
Q·

a ~A

=

<F~(k)G .. (k)F~*(k) >
1

1J

J

•

(53)
/'

(54)

(55)

and 0 aJ5 (k) is zero when JkJ = O. The elastic energy of a multicomponent solution in the mean field approximation is found from
equation (52) by replacing the compositions. ca(r). by their ensemble averages. na(r).

c.

Defects of FiDite Size

The size and shape of an elastic defect influence the internal
strain and the elastic energy. While the finite size of a solute
atom can often be ignored. size and shape are almost always important when the defect is an inclusion. precipitate. or elementary
volume of a new structure.
The size and shape of the defect is incorporated into the
theoTY by redefining the concentration field and also. if necessary. redefining the reference lattice [18.19]. If the particle is
centered at a lattice position denoted by R. the region of space it
occupies is given by the function ~(r-R). which is equal to 1 when
the vector r-R is within the particle and is zero otherwise. The
distribution of defect volume over the elements of space. r. in the
reference configuration is then specified by the function
&(r)

=

1t[c(R)~(r-R)] •

(56)

If the defect is larger than a lattice site it is often useful to
let R designate the points of a superlattice whose cells correspond
in size and shape to the elementary volume of the defect.
A solution of identical defects of finite size has the internal strain

where the shape factor.

~(k).

is the Fourier integral.
(58)

while the remaining terms are Fourier lattice sums (eq. 26). The
elastic contribution to the free energy of the solution is given by
equation (35). but with the new definitions
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fHk)
Q

=

=

[Q - F (k)G ij (k)Fj(k)le(k)1 2 ]
i

<F i (k)G ij (k)Fl (k) 1e(k) 12)

•

•

(59)
(60)

The formal expression for 0° remains the same. The generalization
of this result to multicomponent solutions is straightforward
[18.19] and can be inferred from equations (51)-(55).

D. Distributions of Macroscopic Iaclusioas
When the solutes are macroscopic inclusions the discrete reference crystal can be replaced by a continuum. and the elastic
strain evaluated in the continuum limit. In the continuum limit
the solute distribution is described by the field &(r) (eq. 56).
which is a function of the continuous vector variable. r. Whenever
r fa·lls on a lattice point. c(r)=&(r). Hence
the volume fraction of the inclusions. is equal to
It follows via the long
wavelength approximation (eqs. 42-45) that the internal strain is

c.

e.

where e is a unit vector in the direction of k.
is

=

(V/2)a9.a'.iH1-e)
1J 1J

- (11161(3)/, [B'( e) 1&(k) 12] d 3 k

The elastic energy

(62)

where the integral is primed to indicate that its principal value
is meant. excluding the singularity at the origin. Alternatively.
(63)
where
(64)

Note that the kernal of the integral in either equation is the
product o~ two terms that separate the elastic energy and the
particle geometry. The function B(e) is independent of the inclus ion geome try and is al so independent of the magni tude of k. The
function &(k) is a shape factor that is wholly determined by the
size. shape and distribution of the inclusions.
IV. APPLICATIONS
A. Overview

The linear elastic model has been widely used in the theory of
phase transformations. microstructure. and material behavior. Many
of the applications that are relevant to the topic of this meeting

- 17 are discussed in recent reviews by Khatchaturyan [9.11] and de Fontaine [12]. to which the reader is referred. There is. however. a
simple organization to the common applications of the theory that
is worth recognizing. Most of them address one of two generic
problems with one of three theoretical techniques.
The first set of applications is to solids that contain quasimacroscopic inclusions. The theory can be used to compute the
strain andela~tic energy introduced by isolated or distributed
inclusions of one or many types. When the elastic moduli are
uniform the generic problem has a straightforward solution that was
provided by Khatchaturyan and Shatalov [10.11.20]. Some progress
has also been made in finding particular solutions that account for
the difference between the moduli of the phases present
[4.10.11.21.22]. The computation of the elastic strain and energy
has been used to explain the shapes. habit planes. internal structures. and apparent symmetries of precipitate phases [10.11.23-25].
to interpret the spatially ordered configura~ions of new phase
particles that sometimes arise during decomposition [19.26]. and to
clarify the influence of external stress on the nature and morphology of structural phase transformations [3.18.27.28].
The second set of applications concerns the behavior of solid
solutions. The elastic theory has been used to supplement chemical
models to explain and predict the structures of equilibrium phases
and the conditions that lead to ordering or phase separation. The
fundamental successes of the theory include interpreting the difference between the 'coherent' and 'incoherent' phase diagrams of
multicomponent solids [2]. explaining the preferred directions of
spinodal waves during spinodal decomposition [1,10]. and predicting
the ordering observed in interstitial solid solutions [9.15.29-31].
The common theoretical approaches include the direct computation of the strain and energy of specific defect configurations.
the analytic identification of the preferred mode of ordering or
decomposition. and the computer simulation of solute reconfigu~a
tions and structural phase transformations. The direct computation
of the elastic energy of a given defect configuration may proceed
from either equation (35) or (36). depending on whether the defect
distribution is more simply described in real or reciprocal space.
In the former case the computation requires the evaluation of the
two-body potential 0(r-r'). Once this potential is known any
discrete distribution of defects can be analyzed in a computer. and
the agglomeration of defects into particles of new phase can be
treated by defining elementary volumes of the new phase that fit
together to fill space. as in equation (56). For that reason the
real-space formulation is well suited for the simulation of ordering. decomposition and structural phase transformations in solids.
The two-body potential can be used to identify the preferred motion
of a diffusing species or the most favorable location for an elementary particle of a new phase. the indicated change in the defect
configuration made in the computer, and the process iterated to
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model the path of a change of state. This approach has been used.
for example. to simulate martensitic transformations [18.27] and
solute reconfigurations [19.26] in model systems.
"hen the solute distribution has a simple representation in
reciprocal space. as. for example. when it can be described by one
or a few 'static concentration waves' with given wave vectors. k.
then the energy is easily computed from equation (35). A simplified form of the equation forms the basis of Cahn's [1] original
presentation of the theory of spinodal decomposition in solids.
The same equation can be used· to identify the preferred modes of
ordering or decomposition in a solid solution whose interatomic
potential includes a strong elastic contribution. This latter
point has been particularly emphasized by Khatchaturyan [9.11]. and
is discussed below because of its importance to the subject of this
meeting.

B. Or4eria& ...

Deco~ositioa

ia Soli4 Solutioas

There is a well-developed,theory of ordering and decomposition
reactions in solutions that obey both the harmonic and mean field
approximations •. The theory is based on the method of 'static
concentration waves'. and has been recently reviewed by Khatchaturyan [9.11] and by de Fontaine [12]."e will sketch only the outline of the theory here to indicate so.e of the ways that the
elastic interaction can promote behavior that falls within the
subject of this meeting. It should-be clear from the outset that
the theory is in no sense peculiar to the elastic model of the
solution.
The method of static concentration waves is applicable
to any solution whose elementary particles interact in pairs.
irrespective of the physical source of the interaction.

1. The Stability of a Raadoa Solid Solution
The Gibbs free energy of a solid solution in the harmonic and
mean field approximations is given by equation (41). This equation
can be used to determine the equilibrium occupation probabilities.
n(r). by requiring that the set n(r) provide a minimum of AG for a
given value of the mean composition. c. The technique of Lagrange
multipliers yields the result
(65)

where
ll(r)

=

lr'

V(r-r')n(r')

(66)

and J1 is a constant chemical potential that can be found from the
normalization condition

lr

n(r)

= Nc.

(67)

- 19 Equation (65) is a set of N equations for the N values n(r).
Its right hand side depends on n(r) through ~(r). so the set is
difficult to solve directly. In the high temperature limit. however. n(r)=c. and the solution is random. We may. therefore. gain
some insight into the equilibrium states of the solution by beginning from the high temperature limit and identifying the solute
redistributions that lead to instabilities in the random solution
as the temperature is lowered. Instability results if a small
perturbation in the defect distribution. 6n(r). leads to a decrease
in the free energy.
The free energy change associated with the ,redistribution
6n(r) is. to second order.

which is equal to zero when
&n(r) = - (1/kT) [c(l-C)]lr,V(r-r')6n(r') •

(69)

The Fourier transform of equation (69) is
&n(k) = - (llkT) [c(1-c)]V(k)6n(k) •

(70)

which has the solution
(71)

The critical temperature. Tc(k)' is the temperature at which the
random solution becomes unstable with respect to the appearance of
a st.tic composition wave of vector L
If V(k) is defined to have a zero mean value (by the procedure
leading to eq. (34). if necessary) then. barring the trivial case
in which all V(k) are zero. there are negative values of V(k).
These induce instabilities at positive temperatures. Tc(k). The
first instability encountered as the solution is cooled is that
which corresponds to the minimum value of V(k). V(k e ). It promotes
the spontaneous appearance of a static composition wave with the
wave vector k e •
This result suggests that a random solid solution will inevitably either order or a decompose as the temperature is lowered.
If k e is near the edge of the Brillouin zone then the composition
fluctuation is short-range and the solution orders. If k e is near
the origin then the solution decomposes into two phases of different composition.

2. COIlstra:iJats OIl tlae hstability Waves
As Khatchaturyan [9] has emphasized. there are constraints on
the nature of the static composition waves that arise from insta-

<
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bilities in the random solution. The first constraint has its
source in the degeneracy of the potential V(k). This potential
must have the same value at all points of reciprocal space that are
connected by the symmetry operations in the symmetry group of the
random solution. The solution is simultaneously unstable with
respect to all wave vectors contained in the 'star' of k·, that is.
all vectors that are related to k· by symmetry operations and do
not differ from it by a reciprocal lattice vector. (For example.
the vector -}:. is a member of the star of k· unless 21:· is a
reciprocal lattice vector.) The instability wave is always a
linear combination of waves in the star of k·. The development of
the theory in terms of sta:rs of the wave vectors is straightforward. though notationally complex. and is given in ref. [9].
The star of k· also determines the order of the transformation
through the Landau [32] symmetry rules. These may be rephrased [9]
to state that a second-order transformation is only possible if no
th:ree vectors of the star of }:. can be combined to yield a reciprocal lattice vector. Otherwise the transformation is fir.st-order.
and equation (71) determines the instab il i ty tempera ture ra ther
than the equilibrium temperature of the phase transformation.
It should be noted. however. that the symmetry of the potential V(k) in a defect solid solution is the Joint symmetry of the
oriented reference states of the solvent and defect rather than the
symmetry of the solvent lattice alone. The symmetry of the defect
enters V(k) through" the Kanzaki forc~. F(k). as can be seen from
equation (43) or (44).
A second constraint on the instability wave concerns its
ability to specify an ordered state of the solution. A single
composition wave introduces a single order parameter [9]. and hence
necessarily divides the solution into two sublattices. If the wave
. that is derived froiD the star of k· introduces more than two values
of the occupation probability. n(r), i.e •• if it divides the solution into more than two sublattices. then it cannot completely
determine the ordered structure and other. less favored waves must
participate. The common ordered structures are discussed from this
perspective in ref. [9].
3. The Two Classes of IDstabilities: Modulated Structures
The minima of V(k) that lead to instabilities in the random
solution may be usefully divided into two classes: special point
minima and accidental minima. The special point minima are those
that fall at the Lifshitz [33] special points of the Brillouin zone
of the solution. These are points where two or more symmetry
operations intersect. forcing an extremum
dV(k)/dk

=

0 •

(72)

The accidental minima fall at other points in the Brillouin zone
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where equation (72) is satisfied because of the particular physical
form' of V(k).
The distinction between the two types of m1n1ma is particularly relevant to the theory of long-period superlattices and modulated structures. The Lifshitz special points are fixed by the
symmetry of the disordered solution and are commensurate with -its
lattice. It follows that special point minima give rise to relatively simple, stable ordered structures. Accidental minima, on
the other hand, may fall anywhere wi thin the Brillouin zone, and
may change their location with minor variations in temperature or
composition. They need not be commensurate with the parent lattice. As Khatchaturyan has emphasized [9], the ordered phases that
arise from accidental minima are likely to be long-period structures that are unstable with respect to the formation of antiphase
boundaries and have very narrow stability ranges. Moreover, even a
small perturbation in the position of an accidental minimum,
caused, for example, by a change in temperature or.compos.ition,
will usually induc~ a first-order phase transformation since a
small change in n(k) causes a finite change in nCr).

4. Deviatioas fro. Stoichio.etry: Secondary OrderiD,
While the critical temperature, Tc(k), depends on the concentration of the solution, the potential V(k) is independent of
composition when the strong harmonic approximation applies. If i t
is further a.sumed, for simplicity, that V(k) is independent of
temperature, then the hierarchy of the minima of V(k) is fixed by
the nature of the solvent and defect. The instability wave that
develops first on cooling is independent of the defect concentration. If this wave induces ordering rather than decomposition
it will generally lead to a non-stoichiometric ordered phase. 'If
the temperature is lowered further, the solution also becomes
unstable with respect to static composition waves with other wave
vectors. These may interact with the initial ordered structure to
relieve the deviation from stoichiometry, either through secondary
ordering or through decomposition into stoichiometric phases. Indeed, either secondary ordering or decomposition must happen eventually and must lead to a stoichiometric phase or phase mixture.
the Nernst principle forbids a non-stoichiometric equilibrium phase
as T approaches zero.
When the solution obeys both the harmonic and mean-field
approximations the equations governing secondary ordering may be
easily written down [9]. If nO(r) specifies the composition of the
non-stoichiometric phase that exists at high temperature, the perturbed composition is
nCr) = nO(r) + &n(r) •

(73)

If this composition field is introduced into equation (41), i t is
easily shown that the variation in the free energy remains positive
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until
&n(r)

=-

(kT)-l {nO (r) [l-nO (r)]} lr.V(r-r')&n(r').

(74)

but is negative at lower temperatures. The solution to the set of
equations (74) that yields the highest critical temperature defines
the preferred secondary ordering (if the high temperature phase is
stoichiometric. the only solution is the trivial result &n(r)=O.)
The equations .(74) are often difficult to solve. A much
simpler set results if it is assumed that the secondary ordering
involves only one sublattice of the high temperature phase. as will
often be the case. Letting R designate the sites of this sublattice. the condition of instability is given by equation (74) with r
replaced by'" But since n(R) is constant the Fourier transform of
the equation yields the simple result
(75)
where the capital K indicates the Fourier transform
f (I:)

= 1t

f (R) exp [ - iI'R] •

(76)

and nO is the constant initial concentration on the sublattice.
The preferred secondary ordering is determined by the value. I-.
that establishes the minimum of V(I). and occurs at the critical
temperature that solves equation (75).
If the secondary ordering predicted by equation (75) does not
establish a stoichiometric phase. then the process must be iterated
through successive ordering reactions until the solution either
settles into a stoichiometric structure or decomposes. From this
perspective it is not surprising that non-stoichiometric compounds
often form complex structures. Pokrovskii and Khatchaturyan [34]
have. for example. recently used the sequential ordering of static
concentration waves to predict both the stable phases of the common
oxides and the Magneli phases that occur in the non-stoichiometric
oxides of titanium and vanadium.

c.

Particul.r Properties of the Defect Solid Solution
1.

Deco~o.ition

....ction.

The interaction potential. V(k). is the sum of chemical and
elastic interaction terms:
V(k)

=

Vchem(k) + 0(k) •

(77)

where Vchem(k) is the Fourier transform of the chemical interaction
potential that is defined in equation (8) and 0(k) is the elastic
potential. The chemical interaction dominates when the solution is
substitutional and the species it contains do not differ greatly in
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electronic interaction, as in the case of an ionic solution. But
even when the chemical interaction is responsible for the equilibrium structure, the elastic potential may still influence the
kinetics and morphology of the phase transformations that establish
the equilibrium structure. Its importance is due to its long
range, which has the consequence that the elastic energy is sensitive to the coherence of the lattice, and its anisotropy, which
contrasts to the relative isotropy of typical chemical intera~tions.
Both properties of the elastic potential affect the
decomposition of solid solutions. The elastic energy determines
the difference between the 'coherent.' and 'incoherent' phase boundaries in the phase diagrams of solid solutions [2], and usually
fixes the habit planes of the precipitates or spinodal waves that
are the product of decomposition [1,10~.
The physical source and significance of the difference between
the coherent and incoherent phase boundaries may be easily seen.
The configuration-independent part of the elastic energy (eq. 35),
(78)

is constant so long as the mean defect concentration does not
change and the solution remains coherent, but decreases substantially if the solution decomposes into two disconnected lattices
that are respectively very rich and very poor in the solute species. Hence this energy promotes decomposition. But decomposition
into disconnected lattices requires the creation of a sharp interface, usually through the accumulation of interfacial dislocations,
and is not energetically favored until the second-phase particles
have grown to appreciable size. As a consequence most decomposition reactions initiate on a coherent lattice. The energy G1
remains constant during the reaction, and decomposition cannot
begin until the solution is cooled to a temperature below the
coherent phase boundary.

.'

Conversely, the energy 0 1 inhibits the formation of the solution from disconnected phases. If a solid solution is decomposed
and allowed to age until the product phases lose coherency, the
solution will not reform until ,the two-phase mixture is heated to a
temperature high enough for the entropy of mixing to overcome the
elastic energy increase that is required to reestablish a coherent
lattice, that is, until it is heated to a temperature above the
incoherent phase boundary.
The physical reason that elastic effects determine the shapes
and habits of the product phases lies in the anisotropy of the
elastic interaction. The static concentration waves that accomplish decomposition have long wavelengths. Their chemical energy
depends on the wavenumber primarily because the imposition of a
concentration wave introduces an incipient interface that has an
'effective surface tension [1]. Since the surface tension is gener-
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orientation. the chemical term depends mainly on the magnitude.
Ikl. of the wave vector. The elastic interaction. on the other
hand. loses its dependence on the magnitude of k in the long wavelength limit (eq. 47>. but usually retains a strong dependence on
the direction. e. of k because of its anisotropy. Even if the
chemical interactions dominate the thermodynamics of the solution.
elastic anisotropy may still determine the orientation of the
preferred concentration wave. The experimental observations confirm this. the orientations of spinodal waves and the habit planes
of initial precipitates are well predicted by the elastic theory
[1.10.11.23-2S].
2. Gr.erilll Re.ctioas
There are at least two cases in which the elastic interaction
has an important influence on the equilibrium structure: solutions
of intersti tials in metals. where the elastic interaction between
the defects is very strong. and ordering reactions involving a
periodic structural distortion that is associated with a strong
minimum in the phonon spectrum of the parent phase. While it is
difficul t to predict the phonon spectra. predictive theories have
been formulated for the interstitial solutions [9.11].
It is useful to distinguish the primary ordering of an interstitial solution. which determines the preferred interstitial site.
from the secondary ordering ~hat fixes the precise arrangement of
the interstitial defects over the lattice of preferred sites.
Primary ordering usually affects the variant of the defect. In the
Bee metals. for example. the distorted symmetry of the interstitial
sites has the consequence that the defect strain differs from one
to another. In particular. there are three distinct sub lattices of
octahedral sites in Bee. They are distinguished by the direction
of the short axis. which lies along one of the three orthogonal
axes of the cube. The three distinct sites lead to three distinct
variants of the solute defect. that are interconvertible through a
simple diffusive jump of the interstitial atom from one sublattice
to another. The relative populations of interstitial defects on
these sub lattices can be predicted through the use of equation (S2)
[9]. The theory has been used to explain the tendency of octahedral interstitials such as carbon and nitrogen in Bee iron to
populate a single sublattice. The theory was also used to compute
the relative sublattice populations and explain anomalies in the
measured lattice constants of fresh martensites [30].
The secondary ordering of interstitial solutions usually leads
to a specific arrangement of defects over a sublattice of interstitial sites. Note first that this type of interstitial ordering
cannot be treated with the simple elastic theory of point defects
in the long wavelength limit. In this limit (eq. 47) the interaction depends only on the direction. e. in reciprocal space. and
cannot yield a static concentration wave with a finite wavelength.

..
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To predict an ordered phase from the elastic theory one must either
evaluate the elastic potential from the Kanzaki force and the
phonon spectrum of the refe%ence lattice (eqs. 42 and 43) or one
must let the defects have finite size and shape and obtain the
interaction potential from equation (59). Interestingly. both
approaches have been used with some success. Khatchaturyan and
Shatalov [15] used the tensor form of Vegard's Law (eq. 21) to find
th~ stress-free strain of a carbon defect i~ tantalum. and then
employed the phonon spectrum of the Ta lattice to predict the
ordered interstitial phases of carbon in Ta. Mori, Cheng and Mura
[31] used the bulk elastic constants of BCC Fe together with the
size and strain of a nitrogen atom in an octahedral interstitial
site to predict the structure of the coherent nitride phase.
Fe16N2' The success of the latter approach is surprising. since
the wavelength of the preferred configuration is determined by the
size and shape of the defect. but the simplicity and success of the
model suggests that it deserves further exploration.

v.

CONa..USION

The linear elastic theory of the solid solution is based on
strong assumptions. and cannot possibly contain the whole truth.
Nonetheless it has been used with considerable success to explain
and predict many of the important elastic effects in solution
thermodynamics and phase t.ransformations. The theory is reasonably
simple to learn and apply. and can be a powerful tool in attacking
the behavior of real solutions.
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Figure 1.

A square lattice distorted by substitutional impurities.
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Figure 2.

A tetragonal distortion of a cube.
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Figure 3.

The modified Eshelby cycle.
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