
Lawrence Berkeley National Laboratory
Recent Work

Title
THE MESON MASS RATIO AND ENERGY BALANCE IN PI-MU DECAY

Permalink
https://escholarship.org/uc/item/4gq4q3vz

Author
Birnbaum, Wallace.

Publication Date
1954-03-01

eScholarship.org Powered by the California Digital Library
University of California

https://escholarship.org/uc/item/4gq4q3vz
https://escholarship.org
http://www.cdlib.org/


UCRL2522 
•I i ·~ . . . . t ;- . .. . .II' 
; ., I • ~ ., L ' I - ' . . .;...; 

UNIVERSITY OF 

CALIFORNIA 

. . 

' 

. ' 

BERKELEY. CALIFORNIA 

':.. 
"-:!( 

~···~;. 

•I 

i 

' 



DISCLAIMER 

This document was prepared as an account of work sponsored by the United States 
Government. While this document is believed to contain correct information, neither the 
United States Government nor any agency thereof, nor the Regents of the University of 
California, nor any of their employees, makes any warranty, express or implied, or 
assumes any legal responsibility for the accuracy, completeness, or usefulness of any 
information, apparatus, product, or process disclosed, or represents that its use would not 
infringe privately owned rights. Reference herein to any specific commercial product, 
process, or service by its trade name, trademark, manufacturer, or otherwise, does not 
necessarily constitute or imply its endorsement, recommendation, or favoring by the 
United States Government or any agency thereof, or the Regents of the University of 
California. The views and opinions of authors expressed herein do not necessarily state or 
reflect those of the United States Government or any agency thereof or the Regents of the 
University of California. 



UNIVERSITY OF CALIFORNIA 

Radiation Laboratory 

Contract No. W -7405 -eng-48 

UCRL-2522 

THE MESON MASS RATIO AND ENERGY BALANCE 

IN PI-MU DECAY 

Walla:c;e Birnbaum 
(The sis) 

March~ 1954 

Berkeley, California 

.. 



I. 

II. 

III. 

IV. 

v. 

- 2 - UCRL-2522 

THE MESON MASS RATIO AND ENERGY BALANCE 

IN PI-MU DECAY 

TABLE OF CONTENTS 

ABSTRACT 

INTRODUCTION . 

A. History and Background 

1. Cosmic Rays .• 

2~ The Artificial Production of Mesons ... 

B. The Mass -Ratio Method ..... . 

THEORY OF MASS NORMALIZATION .. 

THE PARTICLE MOMENTUM .. 

A. Orbit Calculations .... 

B. Effects of the Finite Size of Target and of Detector. 

THE PARTICLE RANGE. 

A. ·Energy Loss Processes 

B. 

c. 

1. Energy Loss by Radiation . 

2. Energy Loss to Nuclei . . . ... 

3. Energy Loss to Electrons. 

The Range-Energy Relation . 

Range Straggling ...... . 

1. Bohr Straggling ..•. 

2. Heterogeneity Straggling. 

3. Effect of Finite Grain Spacing and Grain Size. o 

4. Effect of Shrinkage Factor ... o ••• 

D. The Normalized Range Distribution Function. o 

STATISTICAL CALCULATION OF MASS RATIOS 

~ 0 

5 

6 

6 

8 

10 

12 

16 

16 

20 

23 

23 

24 

26 
26 
27 

27 

29 
30 

30 

32 

34 



-3 - UCRL-2522 

' e.:·: '~· .. , . 
• • < • : •• ~ 

YI. 

VII. 

VIII. 

·, . ) ~ ... 

IX. 

THE DYNAMICS OF PION -MUON DECAY " 
'.. . i 

A" Absolute Meson Masses and Related Quantities" 

B. The Absolute Muon Decay Momentum .. 

EXPERIMENTAL TECHNIQUES 

A. Geometrical Arrangement 

1. 

2. 

Exposures within the Cyclotron . 

Target and ,Detecto'r Assembly~ . ·. " .. 

B. Photographic Development Procedures. 

C. Microscope Scannihg Procedures . 

D. Magnetic Measurements ...• " . 

ANALYSIS OF EXPERIMENTAL DATA ". 

0 • 

38 

38 

40 

44 

44 

45 

48 

48 

50 

53 

A. Range Straggling of Mu-Completes 53 

B. The Normalized Range Distribution Functions, Rp -q 54 

C. Derived Experimental Values 

1. 
2. 

3. 

4. 

5. 

6. 

The Pi-Mu Mass Ratio 

The Absolute Dycay Momentum of the Muon 

The Pi-Mu Mass Difference " .•. " .... 
•. 

" 

The Masses of the Positive Pion and Muon. 

The Aqsolute Kinetic Energy. of the Muon. 
. :· 

The Mass of the Neutrino" , • " . " " " " 

. CONCLUSIONS 

:! 

.· ' } ~ 

57 

58 

59 

59 

59 

60 

61 



-4 - UCRL-2522 

APPEN.DICES . . . . . . . . . . . . . . . . . . . . . . 

A. Correction for the Motion of a Particle out of the 

Median Plane of the Magnetic .Field .• • 8 0 8 0 0 . • • 0 0 D 

B. Effects of the Finite Size of the Target and of the Detector 

in the Momentum Calculation ...•... 

C. Statistical Calculation of the Mass Ratio •. 

62 

62 

64 

69. 

D. Dynamics of 11'1-'- Decay. . . . . • • . . . . . . . . . . . 75 

E .. Correction to the Mean Range of the Mu-Completes . . . . 79 

F. The Prop&gation of Errors . • • • • . • . . • . . . . . • . • . . 82 

ACKNOWLEDGMENTS • • • . . . • . . . . . . .. . . . . . . . . 91 

TABLES ••••••• D'Ooee•••••o•• 92 

FIGURES. . 112 

REFERENCES. . . . . . . . o • • •. • • • • • • . • . • • • • • • • • e 132 



- 5 - UCRL-2522 

THE MESON MASS RATIO AND ENERGY BALANCE 

IN PI-MU DEGA Y 

Wallace Birnbaum 

R d . . b lThesis) · f Ph . . a 1at1on La or'atory, Department o · ys1cs 
University of California, Berkeley, California 

ABSTRACT 

The mass-normalization method of measuring meson masses is 

extended to a determination of the positive pion-muon mass ratio. Ranges 

and momenta of the comparison particles produced in the 184-inch cyclotron 

are measured, employing the nuclear emulsion technique. 

The different energy-loss processes in nuclear emulsion are con

sidered, and various range -straggling effects are evaluated and s~udied 

experimentally. 

The energetics of the tT -IJ. + v decay scheme are also studied in 

detail. From precise determinations of the absolute decay momentum p
0 

of the muon and the tT /!J. mass ratio, various meson mass and related 

experimental-values are obtained: m + / + = 1. 321±0. 002; 
tT m 

p = 29. 80±0. 07 Mev/ ; a new probable IJ. upper limit to the mass, m , 
0 c . v 

of the neutral decay particle of :::: 6 to 7 m
0

; and a muon center-of-mass 

kinetic energy of 4. 12.±0. 02 Mev. With the positive-pion mass value 

found by Smith, the m f / + ratio yields m + = 206 J 9±0. 4 m . The 
1r m IJ. o 

following values in parenthhis are insensitive to m and have been 
+ + v 

determined assuming m = o: m - m ::::: (66. 41±0. 07 m ); 
v tT IJ. 0 

m!J. + = (206. 9~0. 2 m
0

) from the Smith "pion value and the mass difference 

r·eported here; .m.,/ :::: (273. 5:!::1. 2m ) and m + = (207. 1::1::1. 1m ) derived 
. 0 IJ. 0 

solely from the pion-muon ~ass ratio and mass difference. 

A summary of many of the important pion and muon mass deteTmina

tions by other researchers is compiled and presented for comparison. 
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THE MESON MASS RATIO AND ENERGY BALANCE 

IN PI.;.MU DECAY 

Wallace Birnbaum 

R .d .. L·btThesis)D' a 1at1on a o'iafory, epartment 
University of California, Berkeley, 

March; 1954 

I. INTRODUCTION 

A. History and Background 

1. Cosmic Rays 

of Physics 
California 

The scalar meson field the.ory was introduced by Yukawa1 in 1935 

in an attempt to explain the nature of nuclear ·forces. The usual inverse

square Couloumb forces are repulsive. and could not account for nuclear 

stabilities. Furthermore, it was known from accurate mass determinations 

that the binding energy per nucleon within nuclei did not vary greatly as a 

function of mass number. This saturation property indicated the short

range character of the nuclear force field. Developing his theory in a 

procedure analogous to that of the quantization of the electromagnetic 

field, Yukawa predicted that a quantum of finite rest mass might exist. 

rhis particle, later to be termed a "meson,·" then would play a role in the 

theory of nuclear forces similar to that of the zero-rest-mass photon in the 

electromagnetic theory. The range of nuclear forces, X., could then be 

identified with the Qompton wave length.of this meson of mass m: 

1i 
'X.=

me 
(1) 

This gave a value for the rest mass of this new quantum of approximately 
I 

200 electron masses, depending upon the value chosen for the range of 

nuclear forces. 

Early absorption experiments with cosmic rays indicated the 

possibilitythat they might contain particles of mass intermediate between 

those of the electron and the proton. In 1937, direct -experimental proof 

of the existence of the meson was obtained by Neddermeyer and Anderson~ 
and independently by Street and Stevenson~ from cloud chamber measure

ments of momentum, momentum loss, and specific ionization. Soon 

thereafter, other experi;menters
4

• 
5

• 6 were reporting mass values of this 
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penetrating component of cosmic rays. The values obtained appeared to 

be centered about 200 m
0 

(electron masses), with fairly wide fluctuations 

due to the preliminary nature of the experiments. 

Shortly after the war Fretter? utilizing a cloud chamber technique 

and employing momentum-range relations? obtained the first of the more 
. 8-ll 

accurate mass determinations. Brode and co-workers further developed 

and refined this method, producing a series of mass measurements. Their 

values, and those obtained from the subsequent cosmic-ray experiments to 

be S\lrveyed briefly in this introduetion, are listed in Table I. 

Although Yukawa' s predictfon of the existence of a particle of 

intermediate mass seem·ed t:o have; beje:n substantiated, a serious difficulty 

arose as to its exact relation to nuclear forces. Indeed, if one expected 

these mesons to be the quanta of the nuclear field, strong meson inter

actions with nuclei should have been observed. However, the experiment 

of Convers:l et al. 12 gave strong indication that the cross sections for these 
. 12 . 

me sons were of the order of 10 times too small to account for nuclear 

forces. 

In an attempt to resolve this paradox, it was suggested that there 

might be two types of mesons, one of which would be strongly interacti~g 

"th 1 ° !3, 14•15 Sh l h f L 1 16 od d . Wl nuce1. ' ortyt ereater, 'atteseta·. prov1.e. experl-

mental evidence for the existence of two species. It was found that approxi

mately lOo/o of the mesons that carne to rest within nuclear emulsions 

exposed at high altitudes decayed into another kind of meson of lighter mass. 

The mesons were identified by the grain densities and deviations in the 

tracks caused by multiple Couloumb scattering. The ranges of these 

secondary particles appeared to be constant except for the usual range 

stragglingi indicating a two-body decay process, the other secondary being 

of neutral charge. Furthermore, it was observed that some of the heavier 

mesons, upon reaching the ends of their· ranges, produced nuclear dis

integrations with the emis8ion of heavy particles such as protons and alphas. 
' . 16 . 

Lattes et al. suggested that the heavier mesons (now called 

Tr-mesons or pions) were to be associated with nuclear forces. Within the 

emulsion, positive pions --unable to interact with nuclei at low velocities 

because of repulsion of like char_ges --decay into secondary lighter mescns 

{tJ.-mesons or muons). On the other hand, there is high probability that the 

negative pions will be captured before decay, giving rise to the observed 
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The pions were presumed to have been created 

Because of their short mean lifetime (""' 2. 5 x 10-Ssec), 

most of these pions decay in flight before reachirg sea level, thus the mesons 

that had for some time been known to be associated with the penetrating 

component of cosmic rayscan be accounted for. 

Lattes et al. 
17 

made the first measurements of the mass of the 

1T-meson by the correlation of grain density with residual range, obtaining 

a value for the ratio m1r/mf.L. 

Subsequent mass determinations with cosmic rays,
18 

using relations 

of scattering angle vs. range, grain density vs. range, momentum vs. range, 

and grain density vs. scattering angle, are tabulated in Table I. 

2. The Artificial Production of Mesons 

With the availability of high-energy accelerators as a means for 

producing mesons,19 controlled experiments with higher meson intensities 

have yielded better values for the meson masses. 

The Film Program group at University of California Radiation 

Laboratory have been the pioneers in the ''direct'' measurement of the 

masses of the artificially produced pions and muons. The early experiments 
19-22 . of Gardner, Lattes, and Barkas and collaborators apphed a method 

s,imilar in principle to the cosmic-ray experiments of Brode and his group. 

The mass of the meson was evaluated by the simultaneous measurement of 

the momentum of the particle, as determined by its magnetic rigidity Hp 

in the magnetic field of the 184-inchcyclotron, and its range in the nuclear

emulsion detector. The detailed discussion of the range-momentum relation 

employed in their work is discussed more fully in a later section. The 

results of these experiments, as well as of other mass determinations 

using artificial sources, are listed in Table II. This emulsion technique 

is limited to positive and negative pions and to positive muons, owing to 

the high probability of capture of negative pions before decay. 

Lederman et al. 
23 

obtained the negative pion-muon mass 

difference by studying the decay in flight of the '!f-in a cloud chamber with 

an associated magnetic field. Determination of the momenta of the two 

particles and the angle between the traJectories gives the desired mass 

difference upon application of the relativisitic energy and momentum 

equations. 
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Parallel to .the developmen~ of the so-called direct measurements 

of mesori masses, certain indirect ~ethods have also yieldeq accurate 

values. These methods for the moJt part employ the conservation laws in 

reactions involving .either th.e creation of the decay of the several types of 

mesons. 
. . ·24 2~ 

Panofsky et al, and later Crowe, have analyzed the gamma.-ray 

f!pecd:-a associated with the 11'- capture in hydrogen. This work has yielded 

a veryaccurate determination of the mass. Use has been made of the 

following reactions: 

' * w-+ p - n ..,.. p. + y, 
.... . o. .: 

w + p -:n' + n '"t 2·y + n. (1. ~) 
i . 

The mass difference between, the hegative and neutral pions has been cal

culated from the Doppler-shift spe.c.tr:um originating from the decay of the 
o · t- t .·f 10· M - h c· · 1 1 26 · · · · .11" -ln o wo .gammas .o z · . ev eac . . ar son eta . , us1ng cosm1c rays, 

have performed a similar .analysis in deriving a value fo.r the neutral pion. 

The mass of the p.ositive muon has been calculated from the value 

of the end point of the positron energy spectrum arising from its natural 
·. . 27-32 . ., 

decay, 

+ ++2 lJ. ..... e r 
However, the breadth of the various experimental resolution curves 

introduced a fair amo.unt of uncertainty in the determinations of the maximum 

positron energy. 
. • • 33 . 34 

-. Cartwnght and Peterson et al. independently have investigated 

the proton-protonproduction of w+ -mesons with the nuclear-emulsion 

technique. Here one applies the conservation laws to the reaction, 

p + p ~ d + ~~ + Q, (1. 3) 

and having _ _mea·sured-,Q from a determination of the kinetic energies of the 

pion and that of the incident proton, one then obtains a value for the mass of 
+ the 1f • 

An experiment .has recently been reported by Rainwater 
35 

which may 

yield .still another independent estimate of the mass of the negative muon. 

This is. a.ccomplished by the determination with crystal detectors of the 

energies of. mesonic atom x-ray transitions. 
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The very fact that these indirect methods have yielded masses 

consistent with the more direct measurements confirms the validity of the 

postulated processes. 

At this point it may be well to summarize the basic pion-muon 

decay schemes as they are presumed at present to exist. 

In vacuo: 
.::1: ::1: 

'II' -JJ. +v 
::1: .::1: 

f.L - e + 2v 
0 

11' . - 2y 

~y+e++e-

In an absorbing medium: 
+ + 

'IT - }L' + v, 

- A A* 
'if + ~ - (.l:' -1) (excited), 

(or) - 0 'IT+p -n+1T, 
::1: ::1: 

JJ. - e + 2v, 

Lor) JJ.- + p - n + v, 

where v represents the neutrino, and n is. the neutron. 

B. The Mass -Ratio Method 

( 1. 4a) 

(1. 4b) 

(1. 4c) 

(1.5a) 

(1. 5b) 

( 1. 5c) 

(1. 5d) 

( 1. 5e) 

The early experiments of the University of California Radiation 

Laboratory Film Group, briefly discussed above, contained several systematic 

uncertainties that limited the accuracy of the final results. The chief sourceS 

of possible error were the following: uncertainty in the range-energy 

relation for protons in emulsions; variation of the stopping power of the 

emulsion from plate to plate; and uncertainties in the absoiute value of the 

cyclotron ·magnetic field. 

Fortunately, it can be shown that certain experimentally measurable 

quantities can be normalized by the mass of a particle. 
36 

This in effect 

eliminates the need for absolute measurements; relative mea$urements are 

all that are required. For particles of the same charge the momentum, the 

energy, the range, the range variance, the reciprocal of the mean scattering 

angle, and the total ionization when divided by the .mass become functions 

only of velocity. The nuclear -emulsion technique offers two more such 

quantities: the total number of developed grains and their "integrated 
. 37 38 

emptlness." ' 



- 11 - . UCRL-2522 

ln the Lattes et aL 
17 

experiment mentioned previously» this 

normalizable property was employed in the comparison of the number of 

developed grains as a function of residual range for both the 'IT-: and .!J. -mesons. 

A mass ratio for the two particles was thereby derived. However, large 

systematic errors were involved. Later experiments indicate that this 

value was too high. 

In 1949. Ba rkas 
39 

suggested the use of the proton as a comparison 

particle with which to determine the meson mass .. 'rhe ratio of the momenta 

of the proton and of the meson was chosen to 'be equal to the ratio of the ·, 

'respective mean ranges ofthe two pa_rticles. thus requiring their velocities 

to be equal. Consequently,, the meson-to-proton mass ratio could be, cal

culated directly fr.6m the firs;t two rat.ios. Preliminary results of the pion

,proton mass matio have been published by Barkas, Smith and.Gardner. 40 

At this writing the final analysis of this experiment has just been com-
41 42 

pleted. ' The latest mass values are quot.ed in Table II. 

* 
The experiment discussed in this paper is a logical extension of the 

~'proton comparison" method. The theoretical basis of the experiment has 

been discussed by Barkas, 
43 

and we shall follow his analysis closely in 

subsequent sections. The positive pion .and the positive muon have been 

chosen as comparison particles and the tr/tJ. meson mass ratio is determin.ed. 

At the same time, a critical quantitative analysis has been made of the 

energetics of the decay scheme. All the mass and kinetic-energy relations 

connected with the dynamics of the decay involve .functions of the mass ratio 

and the .center-of-mass momentum acquired by the muon at the time of its 

creation. This phase of the work has yielded a new value for the .mass 

difference between positive pion.,and-muon. Clld a new estimate of the upper 

limit of the mass of the neutral particle {presumably a neutrino) that is 

involved in the two-body decay. 44 . 
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II. THEORY OF MASS NORMALIZATION 

As a particle at low energy passes through matter, it loses energy 

principally by the excitation and ionization of the absorber atoms. Losses 

due to other interactions such as bremsstrahlung and nuclear collisions 

may be neglected, as is shown later. The theory of energy la;;s by a particle 

of mass much greater than that of the electron, aside from very small 

correction:~ lead4:et:~:eNexpre{ssi::
45

v2 2 2} 
-d; = ~- vz: - Zi ln i ' -ln ( 1 -13 ) -13 - ck 

0 

(2. 1) 

dT 
where- is the kinetic energy loss per unit distance traversed, ·ze is the 

dx 
electric charge of the incident particle, ~0 is the electron mass, v is the 

velocity of the particle, N is the number of atoms of stopping material per 

unit volume, I is the effective ionization··potential of the stopping material, 

Z is the atomic number of the absorber, l3 ::: v/ c where c is the velocity of 

light, and Ck is a correction term for low velocities depending only upon v 

andthe particular absorbing medium. 

Equation (2. 1) can then be written in. the functional manner 

(2. 2) 

where f(l3) is a function only of velocity. 

Since the kinetic energy T is equal to the mass m of the incident 

particle times a function of velocity, the above expression may be 

integrated, 

R 
m = + g (13). 

z 

where R is the residual range of the particle in the absorber, and g(j3) is 

another function dependent on the velocity. 

(2. 3) 

One may now introduce the momentum p. which, when divided by 

the mass, also becomes a function only ofvelo~ity. Therefore, we can 

express the relation: 

..1L 
m (2. 4) 
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In this study, the ranges and momenta of the positive pion and 

.muon are compared. Since, to th-e hes_t-·of-ouT ·knuwie·dge, the charges of 

b h . 1 0 22, 46. 4 7 d .. ~ h l f t ot mesons are equa· to un1ty, we may ro~ t ·e--.:....... ac or 
.' . 2 

and write z 

R 
; _JL 

m. 
1'1-

(2o 5) 

48 
·Bradner et al. have measured the ranges of protons of energies 

up to 40 Mev in Ilford.C-2 .nuclear emulsions, and have obtained a range-. 
energy relation which can be expressed as a simple power law 

n 
T = KR , 

p p 
(2. 6) 

where K =b. 25i, n = 0. 581, are empirically determined numbers remaining 

remarkably constant in the 25-'to-40-Mev region!, Rp is the residual range of 

the proton expressed in microns, and Tp is the kinetic energy expressed 

-in Mev. 

Equation (2. 6) may easily be transformed to the range-:mbmentum 

relation 

R = Cp q 
p p • 

2 . 
where q ~ / n and C is a constant. 

Employing the mass-normalization properties of Eq. (2. 5), one 

can write, in the case of equal velocities, 

,R 
1T 

.·R. 
p 

Hence, one obtains 

= 
m p 

:n- 'If 
ril=-p 

p p 

R 
jJ. 

-r- = 
p 

R = Cr:~ )q-1 q 
jJ. \ p pj:L 

(2. 7) 

(2. 8) 

(2. 9) 



Dividing, 

R 
__:[_ 

R 
fJ. 

Or, solving for the mas~ ratio, 
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(2. 1 0) 

(2. 11) 

Two important features are to be noted. Firstly, when the ratio 

of the momenta is equal to the ratio of the ranges, the true m1r/m mass 
fJ. 

ratio can be found regardless of the value chosen for q, since the sum of 

the exponents on the right-hand side of the equation is exactly equal to unity. 

This ideal situation is attained when the velocities of the two particles being 

compared are exactly equal. Because the value of the mass ratio, as a 

function of q, is relatively insensitive to small changes in q we can apply 

the method of nsuccessive approximations:•* The momenta of the two particles 

selected for study were chosen to give approximately equal velocities based 

upon the best previous experimental estimate of the value of the mass ratio. 

Theoretically, one could repeat this procedure several times, each successive 

analysis converging closer to the condition of equal velocities. In this 

experiment, the initial momentum intervals chosen were such that the un

certainty in the value of q had an essentially negligible effect in the final 

determination of the mass ratio. Hence, further nar!rowing of ·the mom-entum 

intervals was unnecessary. This is shown in a later section. The mass -ratio 

method is then limited principally by the inherent range straggling of the 

particles in the absorbing medium. 

Secondly, in Eq. (2. 11) one has an expression in which only, ratios 

of_ranges and momenta appear. The ranges of the two types of mesons were 

measured in the same body of nuclear emulsion and their momenta were 

, measured in the same magnetic field. Neither the absolute intensity of the 

magnetic .field nor the absolute stopping power of the emulsion then entered 

into the calculation of the mass ratio. 

* The application of the concept of "successive approximations'' to this 
study was first suggested by E. Gardner. 49 
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Equation (2. 11) may be rewritten in the following mam:t.er: 

1-q 

= 

-q 
R p 

11' 'I!' 

R p -q, 
fJ. fJ. 

(2. 12) 

For the statistical treatment of the data, we chose to study the di~trl.butions 

. of the quantity Rp-q i Experimentalconditions attained were such that this 

quantity had an essentially normal distribution with calculable moments about 
1 

the .mean value. 
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III. THE PARTICLE MOMENTUM 

A. Orbit Calculations 

The dynamical problem of the motion of a charged particle moving 

through an axially symmetric nonuniform magnetic field has been treated 

by Barkas~ · 
50

• 
43 

We shall follow his general solution for the equations of 

motion and apply it to our more specific case. 

In this situation we used nuclear emulsions to detect the particles 

emitted from a thin target bombarded by the inte~al proton beam of the 

cyclotron. The :JPO'sition with respect to the target of the entrance point of the 

meson at the surface of the nuclear plate and the projected angle of entrance 

of the meson could then be determined easily at a later time. This entrance 

angle will later be re.ferred to as Q. Accordingly, if the shape of the relative 

magnetic field intensity as a function of cyclotron radius is known, one can 

calculate the relative momenta of the two comparison particles. 

The motion of the meson is best described by use of the cylindrical 

coordinates r, ¢, -+ coaxial with the field of the cyclotron. The problem of 

median-plane orbit will be treated first. In this case, His a function only 

of the radius r, the radial distance from the center of the cyclotron. 

Empirical measurements have shown that ~n assumption of axial symmetry 

is valid over the small region of the magnetic field used to define our meson 

trajectories. In the median plane of this slowly varying nonuniform field, 

the mesons with small momentum described trochoidal paths 5
1 

as shown in 

Fig. 1, reaching Imi'nimum and maximum radii of R 1 and R
2

, respectively 

(the libration limits). We define (r
1
, ¢1) to be at the target, and (r 2 , ¢

2
) to 

be at the point of detection. The Lagrangian of the particle motion is 

where 

and 

( 
. 2 2 2 )1/2 r 

L = -mc
2 

1 - r + z .'1 + f- ~ l rH(r) dr 
' c 0 

2 2•2 2 2 
r + r ~ = J3 c is a constant of the motion~ 

Since% is a cyclic or ignorable coordinate, ....£.../ aL ~ = 0, 
dt \a~ ) 1 

2 . 
mr ~ . + 

2 1/2 
(1 -13) 

e 
c. £ rHdr 

1 

{ 3. 1) 

(3. 2)' 

is also a constant of the.motion. If we further define tan A. ;f-. «~¢; and let 
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2 -1/2 L eHp) b d T,./ b. · the momentum, ml3c (1 - J3 ) . ~ c ·., e expresse as erv c, we o tam 

for the median plane Jr2 
rH dr 

rl 
K= . , · (3. 3) 

r
1 

cos >..
1 

- r
2

'cos >..
2 

where the point of detection lies on the orbit. 

In the 'above equation, the angle >.1 . represents the angle of emission. 

of the particle from the target, and thus it is not directly measurable. All 
• I 

other parameters are observable, thereby reducing the problem to art analytic 

determination of >..
1 

. 

The equation of the orbit is 

cot X 
r 

dr (3. 4) 

The integration is carried out by the introduction of the parameter 'T, given by 

cos 'T = 
R 2 + R· 2 _ 2 2 

2 . 1 . . ~ . 

R 2 - R- .2 
2 1 

· The integrated 'form of the orbit becomes 

- . ) p sin "T oo 
¢ = arc sin { 0 r . · +. a "f + l:. 

\ 0 n.=l 
a. sin n T, 

n 

where the a, and p are defined below. n o 
The cyclotron magnetic field may be expanded in powers of r .. 

From the integrated form of Maxwell's equatipns, it is easily shown that 

such an expansion is represented by an even polynomial: 

H (.r) = H
0 

tl + h
0
_ + h r 

2 + h r 
4 + -- h r 2¥ --) r 2 4 2n 

Therefore 

·When 

H{rf "'H 
J o h · 2 4 . · 2n . 

__ H _ __.;;_ = o + :h2r + h4r + "'- h2nr .:. h(r) I . 
0 ( 

l 
·Ho- R 2 R 2 

2 - 1 

(R2 . 
.-1t rH(r)dr, 

1 . 
we have ..1'-R ... 

2 
rh (r) dr = 0. 

. 1 

(3. 5) 

(3. 6) 

(3. 7) 

(3. 8) 
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-
::: R2 R 1 . H K d R Rl + R2 p ·=. , an . =---=--= 

2 0 0 2 

The various a.n may now be evaluated in terms of the quantities p
0

, Rand 

the h 2n; For example: 

2 ·[ . :h 2 2 . - 4 It 2 2 4 a
0

.:: p 
0 

· h 2 + 2 4 (R + p·
0 

) + 3h6 (R + 3 · p 
0 

+ p 
0 

) (3. 9) 

2 2 . 22 4 J - 3p
0 

h 2 - h 2h 4 (7R po + 6p
0 

) + ---

Equation (3. 6) describes the trochoidal path ~f the particle as the 

sum of three terms. The first simply represents a circle; the second supe.r

imposes a precession around the axis of symmetry; and the third is a Fourier 

sum which adds an harmonic perturbation to the precessing orbit. As shown 

in Fig. (1), the orbit is periodically tangent to the libration circles .of radii 

R 1 and R
2

. 

In our experiment, the mesons accepted by the momentum-defining 

channel underwent approximately 180° bending·. As illustrated in Fig. (1), 

this represents the situation where ¢1 = ¢
2 

::::: 0 In this case, a simple 

geometrical analysis shows that 

- R (11' - 'T 2) 
'If - A.2 - . • 

r2 
(3. 10) 

where 'T 1 is the value of 'T at the target position, and 'T 
2 

is at the detection 

point. If the magnetic field were unifo~m. X1 would be equal to 1f - A- 2 when 

¢1 = ¢2 . Because of the nonuniformity, we define the small correction angle 
o. RT 

A. , such that A. 1 = Tl' - A.2 + A. . For the .180 traJ'ectory, A- 1 "f A. ~ ~ o o o ·· r · 
- ' 1 
From the integrated orbitEq~3.,6)A.0 :::::R_p

0 
1f h

2 
Finally, therefore, 

1f H(r 2).-H{r 1) 
).. :::::- - -

o 2 H (rz:} + H (r 1) 

Substituting, we obtain 

K 
~·fr 2· rH dr 
- rl 

r
1 

cos (1r -).if A.
0

) f r 2 cos (11' - X2) 

(3.11) 

(3.12) 
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.In Eq. (3. 12) all quantities necessary for the determination of the 

momentum are measurable. Bending of 180° enables one to measure 

momenta with the minimum error, for if x.
2 

z 1f .and A.
1 

z 0, the calculated 

value of K becomes quite insensitive to the observed angle x.2 . 

To furtrnr simplify the momentum calculation, rectangular 

coordinates ar~ introduced with the x-axis along a radial line of the cyclotron, 

and the :z; -axis parallel to the direction of the magnetic field. In the experi

mental setup, the center of the target and the center of the detector plate 

wen~ made to lie in the x.,z plane. One measures the angle Q, which is tre 

angle to the y-axis in the xy plane at which the orbit enters the emulsion. 

The x and y coordinates (x'; y') at this point are also recorded. The trajec-
. I 

tory is now extended m~thematically so that it crosses the x-axis at the 

point x = x
0 

at an angle c:1 wit:h respect to the y-axis. Since the magnetic 

field is nearly uhi'form in this region, the extrapolation of the orbit is 

accomplished by assuming that this very small increment of the total 

trajectory is circular. The error introduced by this mathematical as

sumption is .completely negligible, since the calculation of the momentum up 

to the point x = x 1 , y = yi takes into account the slow variation of the mag- · 

netic field. Figure 3 shows _the simple geometrical relation between Q and (j; 

and.x as.a function of {xi, y') ~).Furthermore, r1 is defined so that it is 
0 

positive when the orbit has not yet reached the outer libration limit, R
2

, and 

negative -beyond that point. The entire apparatus was placed in the slowly 

varying region of the field. Consequently A. is quite small (A. = lOi) and 
. 0 0 

may be neglected in the calculation. 

For a particle starting at the center of the target with its orbit 

confined to the median plane, we finally arrive at the expression: 

f
r

1 
+ x 

sec fi1 ° rH dr 
K = rl ~;:;,_ ____ _ 

Zr1 + x
0 

(3.13) 

In Eq. {3. 13), _ r
1 

is the radial distance from the center of the cyclotron to 

the center- of the target. li the actual orbit for a particle leaving the center 

of the target is inclined at the nominal angle ofy
0 

with the median or xy-plane•, 

the .. total momentum becomes 

eK 
p = '""'C'" sec 'Yo. -

e 
-sec c 

f
r

1 
f x

0 

r . . · rH dr 
y

0 
sec (J _..:;1 __ . ___ _ (3. 14) 

2r 1- f x 
.0 
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For convenience, the quantity 

f
r + x 

sec 'Yo 1 0 rH dr t: A sec y
0

) 
rl 

was nurrerically integrated (Tables III and IV) and plotted graphically (Fig. 4) 

as a function of x
0

o To a high degree of approximation a straight line could 

be fitted to represent this function, somewhat simplifying the lengthy momentum 

calculations. 

It is important to examine the validity of the U$e of the factor sec y
0 

in Eq. (3. 14). We have assumed that the z-component of the velocity is small, 

and the composition of it with the median-plane velocity can be accomplished 

by multiplying by a constant sec y o However., it must be shown that the 
0 

z-component remains essentially constant over the entire orbit. 

In Appendix A, the following relation is derived: 

(3. 15) 

where .6.~ is the maximum change in the velocity in the vertical direction, ~ 
. h ... 1 1 . h t · t, d r aH 1s t e 1n1t1a . ve oc1ty at t e targe p01n an n = - H ~ In this 

experiment, p /R. __ 1_ and n·::: 0. 07. .The maximum relative change in 
0 

- 20. 
the component of the velocity parallel to the z-axis is ::: 2. 0 x 10-

3 

Consequently, the two velocity components may be treated as independent of 

each other,· and therefore the use of the sec y
0 

factor in Eq. {3. 14) seems 

justified. 

B. Effects of Finite Size of Target and of Detector 

Employing Eq.(3. 14,\ we calculate the apparent momentum of a 

particle, assuming that it came from the center of the target and that its 

orbit crossed the x& plane at a definite value _. = o&o withy = y o In 
0 0 

actuality, however, the target used in this particular study was in the shape 

of a rectangular parallelopiped of dimensions 2a, 2b, and 2c in the x, y, and 

~ directions, respectively .. Furthermore, the area of the nuclear emuls.ion 

scanned under the microscope was obviously finite,. being distributed 

symmetrically ~bout the, x-axis. Mesons were accepted for measurement if 
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Q•· lay within a certain-.angular interval centered .about Q' = 0. 'Consequently, 

particles with a distribution of true momenta p
1 

contribute to the group 

with apparent momentum p .. We must study the distribution function U (pl' p),. 

which gives the probability U{p1, p) dp1 that the true momentum lies between 

p 1 and p 1 + dp1 when the apparent momentum is p. It is important in the 

general analysis of these "finite effects 11 to calculate 

(3.16) 

It is desirable to keep Ca) .as small as possible, and yet maintain adequate , 
statistics. 

1'he evaluation of .CD'rl is carried out in detail in Appendix B. The 

origin of our rectangular coordinate system is placed .at the target center. 

The detector plate, which in t~e experiment was inclined at a slight angle 

with respect to the xy plane, is assumed to lie in the plane 3 = - z. - ey', 
0 

with x >>9. , and e<< 1. 
0 0 

The orbit is as 1:1umed to begin at some point (x, y, z) and to cross 

the x-axis .at x = x , making .an angle fJ with the y-axis. The. particle is 
0 

observed to enter the emulsion at the point (x', yi) in the xy-plane .. We also 

define· x>o in the direction of increasing cyclotron radius. 

~ ·-

Expanding to the third order of small quantities, we obtain: 

- , 0 .t {'Q 
X 

, 
0 

\ 

+ 4, .g.. 
I· 0, -(-&), 

2 
1f 'X 

'0 

. . 2. 
.f. 4T} ,:~,. (x" ·o.. I 

2 3 
'If X 

0 

2 

- 1) !?'2i 
2x 

0 

f 

X 
0 

+_.n~ 
X 

0 

+ ,~ 
X 

0, 

1'f X 
0 
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0 0 
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2 3 

'If X 

1) (!] - 1) (!] - 2) (x3
) 

6 X 
3 

0 0 
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( 3. 17) 

The distributions of rJ and y' are observed directly, whereas the 

distributions of x, y, and .z . must be inferred from the geometry of the target. 

The momentum interval chosen for the J..L-mesons coming from the target lay 

close to the full center-of-mass momentum for 'If -J..L decay. All.these selected 

muons are therefore assumed to have· come from the decay of the pions that 

stopped in a very thin layer on the surface of the target, . Consequently no 

positive values of Q' can be associated with the target surface x = -a,. and no 

negatitv~ values with the 'sur~ace ·:X = + a, One actually observes a num~er N+ 

with <l positive and a number N- with rJ negative, 

For the case of the pions it is assumed that the orbits started with 

equal probability from anywhere in the target. . The low-energy Tr-meson 

spectrum is fairly well described by stating that the number of mesons per 

unit range interval is approximately constant. Hence, energy losses within 

the target have little effect upon the apparent distribution of the starting 

points of the orbits, The uniform irradiation of the target is discussed in 

Sec, VIIA, Table V lists the various mean values required for the evaluation 

of w In general these finite target corrections proved to be comparatively , 
smalL 
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IV. THE PARTICLE RANGE 

A. Energy 'Loss Processes 

We wish to examine more closely the various processes by which 

charged particles lose energy during passage through matter. As mentioned 

previously [Eq. (2.1)) , the predominant cause of energy loss is collisions 

with electrons (ionization). We shall discuss this effect as well as those 

energy losses associated with radiation and nuclear collisions. 

1. Energy Loss by Radiation 

As is well known. this is a most important effect at high energies. 

However, at the lower energies, radiatimlosses become quite rtegligible. 

The rate at which energy is radiated by a nonrelativistic particle of charge e, 

traveling through the emulsion, is :52 

= J.Q... 
3 

2 
e 

1ic 
.g.2 

i 
(in m c 2 /ern) 

0 

(4. 1) 

where rn is the mass of the particle, rn the electron mass, N. is the 
0 \ 1 

number of nuclei of atomic number .g., per c. c. in the emulsion, 
2 1 

e /rn c 2 is the classical electron radius. Table VI lists the composition 
0 

of the Ilford ,C ":"2 nuclear -track emulsion employed in the experiment. 

Placing the proper numerical values in the equation, one obtains 

6. 05 X 10-2 

rn 
Mev/ ern 

For a '!l";..rneson of T :::: 5. 2 Mev with a range of :::: 780 microns, or 

for a JJ.-rneson of the same velocity, the energy lost by radiation in· 

coming to rest is only:::: 1. 5 x 10-S Mev .. At the lowest velocities, the Born 

approximation employed in the derivation of Eq. ( 4. l)no longer applies. 

The order of magnitude of the energy loss is not affected by the more 

exact calculations, however. 
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2. Energy Loss to Nuclei 

In a manner similar to that employed in the development of the familiar 

ionization-loss formula Eq. (2. 1) one may, by a classical description, obtain 

a relation estimating the energy loss due to transfer of momentum to nuclei. 

For a nonrelativistic particle of charge e traversing a distance .6.R through 

the emulsion, one has 

4'11' 
4 

z.2 

(~)n 
N. b. e l l .ln _l_ (4. 3) = .6.R ~ 

f32c 2 M. a. 
l l 

where Ni is the number of atoms per cc having atomic number -ti and mass 

M. in the emulsion, and b. and a. are the maximum and minimum impact 
l l l th 

parameters, respectively, of the i type of nucleus in the stopping 
. 1 53 mater1a . 

The mean-square angle of scattering
53 

due to the interaction of 

charged particles with the Couloumb fields of nuclei is given by (neglecting 

single large -angle scatters): 

b. 
2 N. 6-. .ln 

l 1: 

l 

--a:-
1 

(4. 4) 

with (¢:,)in the units of (radians)~ This scattering angle is observable, 

whereas the actual energyl,oss to nuclei is difficult to measure directly. 

The energy loss to nuclei may be related to the multiple Couloumb scattering 

by combining the last two equations. For convenience, one can define an 

effective mass M, as follows: 

N. -6-. 
2 .. 2 

a. N. .g., 
~ 

1 l. .ln .. _1_ 1:. 1 1 
1 1 M. b. M. 

1 1 1 
{4.5) M =· ~·· 

:!; :N. ;g., 2 ln 
a. 

~ N.~. 
2 

1 
i 1 1 r 1 1 

1 
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·Referring to Tabe V1 one obtains M:::: 75 M where M is the proton mass. 
p p 

Therefore, from Eqs. (4. 3)and(4. 4) 

T 

:m -"M 
(4.6) 

In order to evaluate this effect, one can employ the empirical quantity, (a), 
which is the mean projected angle between successive chords. From 

tt " . ' . 1 . 54 th sea enng exper1ments 1n emu s1ons, en: 

(~
. 1/2 

< ) 25 .,6. (4. 7) 
\a :::: p(3 c 100 ' 

with a in degrees, .6.R in microns, and pf3 c in Mev. In the Gaussian 

approximation, .it is easily shown that 

Combining Eqs. (4. 6) and (4. 8), assuming the nonrelativistic 

approximation, we finally obtain 

(AT) . 
n 

6,4xl0-8 
:::: 

132 
Mev (4. 9) 

We now have an expression for the energy loss to nuclei that is 

dependent only on velocity, preserving the form of Eq. (2. 1 ). The very few 

tracks that appeared to suffer large --angle scattering were excluded from the 

final measurements. 

Examination of Eq. (4. 9) indicates that the actual energy loss in 

this type of process is certain~y negligible. Assuming 

2 
T:::: 469 m 8 , and employing the range-energy relationfor protons in 

M 
p 

emulsion, T :I! .• 25 ltD 58 , we obtain 

-4(. R )-.58 
(.6.T)n :::: 1. .2 x 1q \ m/M~ . .6.R Mev (4. 1 0) 
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Integrating the above equation, 

T 
n 

m/M 
p 

-4 
::::: 2.8x 10 

UCRL-2522 

Mev (4. 11) 

In this experiment l3 was chosen to be ::::: 0. 26. 

amounts only to·::::: 1. 5 x 10- 3 Mev. 

Therefore for a 'II' meson, T 
n 

3. Energy Loss to Electrons 

Since the emulsion is a composite medium, we write our expression 

f th f 1 d t . . . 45 f 11 or e mean rate o energy .oss . ue o 10n1zahon as. o ows: 

2 
e 

2 
in c 

0 

We define T by the equation 

.tnT~ 
!: · N. Z. ln I. 1 1 1 

:fl. 
1
• N . .;;:. 

1 1 

.ln 

(4. 12) 

{ 4. 13) 

Whe.re I is the effective ionization potential of the ith atom. If the data 
i 55 

of Bakker and Segr~, and the assumed composition of the emulsion are 

used) I = 270 ev . 

B. The Range :..Energy Relation and the Value of q. 

As shown in Fig .. 5, a logarithmic plot of range vs. momentum for 

protons gives a straight line over a fairly wide momentum interval. The 

· slope of this line is simply the value of the parar:peter q, ( l p /R ~~ ~ 
. 43 ' ' 

in the relation R = Cpq. Barkas, by integrating Eq. (4. 1~, analyzed the 

variation of q in the proton energy interval 23 to 42 Mev, and has verified 

that q remains quite constant pass;ing through a very broad maximum near 

33.6 Mev. In this experiment, the velocity chosen for the mesons cor

responded to a proton energy of about 33 to 34 Mev. 
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In the actual calculations, the value chosen for q was equal to 

* 3. 44±0. 03. As is shown in the final analysis, the uncertainty introduced 

by -the small error in q has a negligible effect in the evaluation of the 

mass ratio. 

C. Range Straggling 

1. Bohr Straggling and the Lewis Effect 

The energy loss of a charged particle in matter is a statistical Iftenom

enon, because the successive collisions giving rise to discrete transfers of 

energy are independent events. Thus the expected range in matter for a 

group of monoenergetic particles exhibits a dispersion about a mean. The 

magnitude of this range straggling was first calculated by Bohr. 
57 

For a 

composite medium such as the nuclear emulsion, one may express his result: 

( 4. 14) 

In this case, in which very many individual events are combined, one can 

show from the central-limit theorem of statistics 58 that the distribution of 
59 the stochastic variable will tend toward a Gaussian. Recently, Lewis has 

reanalyzed the range straggling of a nonrelativistic charged particle. He 

has evaluated the first five moments (13 1 , 13 2 , 133' 13 4 , 135 ) of the range 

distributio~ obtaining the familiar Bohr formula for the second moment or 
. . ** range variance, 13

2 
. 

* Since the above stopping effects were calculated, Vigneron56 concluded 
from a more elaborate study of the empirical information at lower velocities 
that the Bakker and Segre potentials a.re too low. A better fit to the semi
empirical proton range data is obtained for q = 3. 46 .. This small change in 
q, however, does not affect any of the final calculated results. 

** Lindhard and Scha:rff60 in a very recent article show that for a relativistic 
particle of velocity l3 a more exact expression for the second .moment is given 
by the relation 

l3z = 4'!T ' . 1:r !;:_N. z. e 
l 'l l 

0 

dT 

In this study the maximum value of 13 is:::: 0. 26. This correction to the 
theoretical Eq. (4. 14) is less than the uncertainty in the known value of 
the effective ~ . . 

i Ni Zi m the fundamental stoppmg-power formula. It also 

turns out to be less than one-half of the experimental probable error in 13 2 
for 4-Mev 1-1-mesons. 
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If one employs the. empirical :range eene r gy relation 

T = 0. 251 MO. 419 (Rl) 0. 581 (2. 6) 

with T in Mev, M the mass of the particle in units of the proton mass, and 

R 1 the measured mean range in microns, one may integrate Eq. (4. 14). 

' 
Differentiating Eq. (2. 6), 

~ = O. 146 MO. 419 <R ·)-0. 419 
~\ .J.'\.1/ 1 

Substituting in Eq. (4, 14) a.nd integrating, 

.!:L = 
M 

'. (I.RR.\) 1..838 
7, 1 X 10-4 ..s:.1L 

M . 

where (3 2 is expressed in units of (~icronsf.. 

(4. 15) 

(4. 16) 

Two corrections to Eq. {2.1) mu:st be considered now. The more exact 

Eq. (4. 12) for the rate of energy loss to electrons contains the particle mass 

in an explicit :rpanner •. For most application in physics, one usuallyneglects 

this mass dependence for the so<alled heavy particles. However, in this 

particular study the effect mus't be:evaluated, as we are dealing with the 

intermediate -mass particles. The second correction is necessitated by the 

. fact that, in the integration .of Eq. (2. 1) to obtain the range, one incorrectly 

assumes tha,t the mean length traversed per unit energy loss is equal to the 

.inverse of the mean energy loss per unit lengt};t .. This inequality exists 

because the energy loss occurs in discrete steps during electron collisions 

of small impact parameters. Taking these two effects into account, Lewis 59 

obtained 

R 1 "~ 1 + ::1 + _ --) 
(4. 17) 

where 
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R
1 

is the measured mean range; R is the range appearing in Eq. (2. 3); 

4m 
0 E 1 : _ __, ____ ""':!:""---. 

mc+:nr4mo 
4m 

:::::1 ___Q.; and A :::::1 2 J. n E 1 T. 
m 

I 

Evaluating this for the application herein, 

- 5e / 
1/2 . 

2. Straggling Due to the Heterogeneous Composition of Emulsion 

{4. 18) 

The emulsion is composed of silver halide bodies embedded in gelatin. 

Additional range straggling occurs because the stopping powers of the two 

materials are not the same. Barkas 
43 

has estimated this effect, assuming 

that the silver halide is present in the form of small spheres of diametyr d, 
I 

distributed uniformly throughout the gelatirl. The detailed calculation gives 

for the range variance arising from the heterogeneity effect: 

( t: -1)
2 

(S -1) (S.' +8) d /n > 
,. ( '1'2 ~1. ;12 1 + r (S ~ 1) . . 

( 4. 19) 

where S is the ratio of emulsion volume to gelatin volume (approximately 

the shrinkage factor), r is the ratio of the ranges that would be found in 

gelatin and silver bromide separately, and d is the mean grain diameter. 

El . t . d 0 2 . 61 A · ectron m1croscope measuremen s g1ve · ::=:: , m1crons. ssum1ng 

r ::=:: 4 and S ::=:: 2, then 

(4. 20) 
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3. ~£feet of Finite Grain Spacing and Grain Size 

If the particle, upon entering the emulsion detector, is of such energy 

that it. is not strongly ionizing, the grains rendered developable may be 

separated by distances that are not negligible. In the usual manner, if the 

mean grain spacing is>.., the probability of not producing a grain in the 

distance x is e -x7>.. . This introduces a 'systematic shortening of the 

range by an amount >.., and an .additional range v:ariance_ of u ).2 ::: x2
. 

By the time the end of the track is reached where 'the grain 'density is high • 

this correction is not I?-ecessary. The value of >... was determined experimentally-, 

and for this study was found to. be ~o. 9 microns for pions and muons .coming 

directly from the target. This .correction is not applied for fl.-mesons 

originating from the decay at rest of 1T-mesons within the emulsion itself, 

since the track terminus of the parent meson clearly defines the beginning 

of the muon track. 

The finite size of the grain (::=: 0. 2 microns) causes an additional 

uncertainty in the true range of the particle. However, this effect is not 

systematic, and its order of magnitude is much too small to warrant further 

consideration. 

Optical tests have been made to check the flatness of the emulsion 

surface, since any roughness would cause errors in the determination of 

the points of entry of the incoming particles. An optically flat piece of 

glass laid upon the surface gave widely spaced interference fringes indicating 

that no corrections were necessary. 

4. Effect of Shrinkage Factor 

When a nuclear emulsion undergoes processing, its thickness is 

significantly reduced owing to the removal of the silver halide that was 

not rendered developable. The ratio between the t}lickness at the time of 

exposure and the thickness after processing is commonly termed the 

"shrin~age factor," S
0

• Clearly the shrinkage fa,ct or will vary with the 

relative humidity of the atmosphere and with the moisture content of the 

emulsion. 

S
0 

has been determined ·expe:timentally in several ways. Plates 

were exposed at an angle 45° to the external alpha-particle beam of the 

184-inch cyclotron. The ratio of the length of the particle-track segment 

{as measured in the plane parallel to the emulsion surface} to that of the 
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vertical change in depth from the beginning to the end of the track segment 
I 

gives a measure of the shrinkage factor. In another measurement, x-rays 

were allowed to impinge on the emulsion at a 45 ° angle and similar measure

ments were carried out. Oliver62 has made lengthy humidity-controlled 

measurements, determining emulsion thicknesses directly with a specially 

designed gauge. All three of these measurements indicate that S = 2. 3% 0. 1 
0 

for the humidity conditions present in this study. 

An incorrect choice of S will obviously introduce an error in the 
0 

measurement of an element of range. Thus, if 5
0 

is the true shrinkage 

factor and S is the incorrectly assumed value, then 

sR' = ( 

: 2' 2 
oR 1 +( 

5 
... - ~~· 

' ' s 
., ' 0 

1/2 

. 2 ) sm '(l. 
(4.21) 

where oR is the true length of an element of path, oR'~ is the calculated 

length, and '( 1 is the angle between the element of path and the plane of 

the unprocessed emulsion surface (the so-called dip angle). 

Consequently one obtains for the error in an average range <R1) , 

arising from an error in the shrinkage factor, 

s - s 
= -----'0"'- ~· 2 ) \~m '11 , (4. 22) 

where (sin:
2 y1) is the mean value of sin

2 y 
1 

along the path, and is easily 

determined experimentally. 

An incorrect choice of the shrinkage also introduces an additonal 

range variance. However p in this experiment, owing to the small value of '~l' 

thl. s var1'ance a· 
2 · 't 1' 'bl h d t th th f 1s qu1 e neg 1g1 e w en compare o e o er sources o 

s 
range straggling. 

(4. 23) 



- 32 - UCRL-2522 

D. The Range. Distribution Function 

The topics discussed above allow one to estimate the mean range and 

]J:"ange variance to.be expected in the experiment for the different particles 

under study. One may summarize as follows: 

(a) Let R 1 be a typical measured track .after adding the small 

correction X. ne'Cessitated by the finite git'ain spacing. The actual mean value 

<R1) differs from the quantity R, ·~whi~h satisfies Eq. 2. 3. The relation 

between the two is expressed as 

R 1 •/R(l+T1 +T2) ;:.R(l +1') (4.24) 

.1 
where T1 = --------....,-

612 Mln 3780 132 
and 'l 

2 
s- s = 0 s 

0 

(b), 'The variance of R
1 

for a particle of momentum p 1 will be, in 

good approximation, 

u R 2 = ~/') -(Rl/2 = 132 + uhz + uX. 2 + u e 2 + us 2 + u d 2 (4. 25) 

2 
where u represents .the variance introduced by the personal human e 
factor. This effect was measured for the different observers engaged in 

scanning the plates and found not to exceed 10-
2 

<Rl>· As stated above, 

of the several known causes of variance 13 2 is the dominant term, the 

other effects remaining small. 

In addition, there remains a further source of variance which is 

difficult to estimate a priori. This has been included in Eq. (4. 25)by the 

additive term u d 
2

.- ~t represents the straggling arising from emulsion 

a~is.tor'tions introduced during development procedures. The total dis

tertian may be considered as being comprised of these two effects: 

a) Large -scale distortions from strains occurring during the 

drying of the emulsion. These may be directional. 

rb) Random, small-scale disti:xrtions arising from the dissolving 

out of the silver halide crystals during the fixing process, causing the 

gelatin to collapse into the empty volume left behind. 
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The large -scale distortions naturally do not lend themselves to any 

theoretical analysis; , They are best treated by careful development of the 

emulsion. The small-scale distortions are an inherent result of photographic 

processing, and cannot be avoided. If one assumes that these individual 

regions o£ distortion are small compared to the total track length, one can 

deduce an expression for estimating.u d
2 • One can apply a statistical 

analysis analogous to that used in the de.rivation of the heterogeneity 

straggling effect Eq. (4. 20), tt> obtain <T d 
2 

= K1 <Rl)' where K1 is a constant. 

Since <Th 
2 

and •& d 
2 

are both proportional to ~l>' tliey are not experimentally 

distinguishable. 

The range straggling of the presumably monoenergetic p.~mesons 

originating and ending within the emulsion provided the empirical means 

for the study of Eq. (4. 2.5). 
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we have the basic relation for the determination of the pion-muon mass 

ratio. As has also been discussed previously, the quantity R ..q is the . . p 
one used for statistical analysis. The range straggling; the finite target 

_size, and the finite area. o£ the detector are to be included in this normalized 

r'ange -distribution function. 

H one employ~ the observed empirical quantity R 1 p -q in Eq.( 2. 12)one 

obtains an apparent mass :ratio a.' defined by 

1 
·- q 

where pTr and pf.L are the respective apparent momenta of the ;mesons, 

assuming the target to be a point source. The relation between the true 

mass ratio a. and the apparent ratio a' can be derived by employing the 

information one h.as. regarding the various distribution functions. 

(5 ~ 1) 

As in Sectip~ IIIB, let U(p
1
, p) dp

1 
be the probability that the true 

momentum is equal top. ·Now, let V (R
1

, p
1
) dR

1 
be the probability that 

the observed track length lies between R
1 

and R
1 

+ dR
1
, when the momentum 

is p 1; and let W(p) dp be the fraction of the measured values of the apparent 

momentum that li~ between p and p + dp. Then the mean values of tre 

various powers ; of the quantity R 1p-<I may be caiculated in the usual manner. 

((Rlp, IJ[ il (i\P -q) g W(p)iJ(pl' p)V(Rl' pi) dp dpl dRl 
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The integrations for s = 1 aml ~ = 2 ·are carried outin detail in A}:pendix C. 

We assume that the exact expression for the- ideal quantity R of Eq. (.2. 3) 

is given by the relation R = C~ Ml- qo p
1 

qo , where C
0 

is a constant; 

M is the mass of the particle in units of the proton mass. Because .of the 

Lewis Effect, q
0 

differs in principle from the q obtained from the proton 

range -energy relation by 
dTl 

~pl~p 
. 1 

In this study, this difference is 

much smaller than the uncertainty (~ 1 %) in q caused by the uncertainty 

in the experimental range -energy relation. The following relations 

are derived: 

a) The mean value of R
1
p -q: 

q -q 
Q + (l)q + T + _ _,z"'"· - (5' 3) 

where wq_ and 'T have previously been evaluated ~~uations(3. 1 7)and(4. 24U 
and are both.<< 1. We have defined a p 

2 =f (p -<p) )
2 

W (p) dp and 

<P) =f p W(pJ dp. I11: this exf'e~iment a p<<p . As the sign in the difference 

(q - q) is unknown, we let <q - q) = Q with an uncertainty given by a . 
0 ;:\ 0 . . . . .. q 

Similarly we take {s
0 

- ~ = 0 with a standard deviation as . . Therefore 

Eq. (5, 3)reduces to': 
I 

(5. 3a) 

o· 2 = (R/ p -2q)-(R1p -qy" (P}q [u Rz +(R1:):co2q- 2coJ] (5' 4) 

The experim.ent is designed so that the .range .straggling v R 
2 

is by f?Lr the 

largest contributor to the total variance of R
1

:B -q. . 
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If we define the quantity r by the equation 

~· \P:). =. a ( .1 + r) , (50 5) 

we obtain the following relation: 

[ 
. 

1. T bT -:- 'f'l jJ. 
a. = a' +;------ + 

! 'q - 1 
i ~·~· 

(5. 6) 
' q - 1 

Hence, if there are n observations of R
1 

p -q ani n observations of 
'If 2 'TI'1T l.l 

R 1 p -q' then the variance (J of the calculated mass ratio is 
l.l l.l a 

t 

(5. 7) 

Equations (5. 6) and (5. 7) allow one to calculate the value of the mass 

ratio and its statistical uncertainty, There exists a possibility of the con

tamination by stray mesons (L e,, those not entering the detector directly 

from the target, but arising from scattering off the channel walls, decay in 

flight, etc.); Eqs. (5. 3) and (5, 4) provide measures of the distributions of 

R 1p -q which can be compared to those actually observed. In this manner, 

we can distinguish the small percentage of cOntamination from the direct 

target mesons, This is described in a subsequent section and distributim 

functions are shown (Figs, 14, 15, and 17), 
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In the entire discussion ·above, dne assumes that the stopping of 

charged particles in an absorber is purely an electromagnetic effect, and 

that the absolute value .of the charge of the proton, and of either kind of 

positive meson, is unity. Obviously, if these assumptions are not strictly 

valid, an error will have been made. 
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VI. THE DYNAMICS OF PION -MUON DECAY 

A. Abso1ute Meson Masses and Related Quantities, 

A careful study of the energy and momentum balance of the assumed 

mode of pion decay, 44 
1T._,.I.l. + v, not only tests the validity of this assumption, 

but also yields accurate meson mass relations, in terms of certain observ

ables .. HoV~.ever, the process of decay involving the sudden acceleration of the 

newly created .muon is necessarily accompanied by a continuous soft-photon 

spectrum. This process is the analogue of the inner bremsstrahlung accom

panying nuclear beta decay. 
63 

Therefore, kinetic energies of the muon from 

zero to the full energy T 
0 

are possible. Several authors
64 -6 6 have obtained 

expressions for the probability distribution function . P(T ,e) dT dE. where E 

refers to the energy of the photon. Thus, if one integrates with respect to E, 

one obtains the probability, P(T) dT, of the muon's: possessing a kinetic 

energy lying between T and T + dT, The ratio of the probability of s.oft'

photon decay to radiationless decay for T < 3. 5 Mev is calculated to be 
- 4 67 . 

:::: 1. 3 - 2. 0 x 10 . Fry, examining anomalously short muon tracks that 

cannot be explained by a clecay-in-flight analysis, has obtained an experimental 

value for this probability of (3. 3 ± 1. 6.) x 10
4

, which is in agreement as to 

order of magnitude. In any event,. the probability of obtaining a "low-Elnergy" 

1.1.-meson is very small. If one calculates the mean energy of the muon 

arising from the presence of the cor:nplete bremsstrahlung spectrum, it is 

found to be but a few hundred electron volt$ less than the radiationless 

value of:::: 4 Mev. Further.more, as no an,omalously shortl.range tracks are 

included in the present analysis, the effect of the inner bremsstrahlung 

process will be felt even less. The difference of a few hundred electron 

volts is too small to be detected in this study. Therefbre, for the purposes 

of this dis~ussion, the decay of the pion resolves itself into a simpie two-

body problem. Thus we may write the relativistic equations for the con

servation of energy and momentum for a pion de.caying while at rest as 

follows: 

c
2 + m 

2 
c 

4 = m c
2 + T + m c

2 + T ; 
v (J. 1.1. v v 

(6. 1) 

(6. 2) 
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The algebraic derivations of the following relations are pres-ented 

in Appendix D. For future clarity of notation, we distinguish between the 
I 

momentum p of a fl.-meson coming from the _target and entering the 
fl 

emuls:ipn, and the momentum p
0 

that the fl-meson,acquires at the instant 

of decay. We shall also define 
m 

o. : ---lt- and 
m 

IJ. 

a) .Mass of Neutral. Part,icle 

m 
13 = --lf' m 

'IJ. 

[ 

' " Ffi?' . ·.· .· . 2 ]1/2 
m = m. ci + 1·- 2a. . t ..E2_ · v IJ. m c . 

IJ. 

.. 
(6. 3) 

One cannot hope by this experiment to obtain a value of the mass of 

the presumed neutrino with an accuracy compal'able to that obtained in the 

beta-decay studies. 68 -6 9 As shown in Eq. (6. 3,), the mass of the n~.utrino 
is a function of a large mass value multiplied by the difference between two 

comparatively large numbers. Figure 6 shows the sensitivity of the derived 
I 

neutrino mass to small changes in a., p
0

, and the :mu:on,mass. One can 

merely arrive at a new upper limit to the mass of the neutral particle a:nd 

note if any inconsistencies exist in the presumed mode o~ decay. 

On the other hand, certai~ quantities can be derived that arce very 
' ' 

insensitive to the mass of the
1
neutrino, if it is indeed quite small. 

Assuming in . = 0, we have s.e
1

veral important relations. 
v 

b) The :Pion-Muon Mass Difference 

m. m c =-~ ) 

2 2a. 
1T - ll a. .+ 1 

p c 
0 

As is shown later, in Section VIIIC and in Appendix F, ver;y high 

accuracy can be obtained in the estimate of the mass difference. This 

difference, coupled withthe value of the mass ratio a., enables one to 

(6. 4) 

. derive absolute values of the positive pion and muon masses, independent 

of any other c.omparison particl~ such as .the proton. 



c) Mass of the -Pion and Muon 

2 ' 2a2 
m c :: p c 

1T a2 - 1 0 ' 

2 
m c = IL. 

2a.· . 
2 1' a -

p c 
0 . ,~ 

d) Kinetic Energy of the Muon 

.T 
0 

T 
0 

= a - 1 
·' p c 

0 • . a+ ~-

2 = (a - ll 
2a

2 

2 
m c 

1T 
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(6. 5) 

(6. 6) 

(6. 7a) 

(6. 7b) 

From the usual relativistic relations, one can also obtain a value of 

the kinetic energy where EtJ. is the total energy of the muon, with no assump

tions being made regarding the mass of the neutrino. 

(6. 8) 

B. The Absolute Muon-Decay Momentum 

All the mass and kinetic-energy relatibns connected with the dynamics 

of the decay scheme involve functions of the mass ratio a and the full decay 

momentum p . We have already discussed in Section _V the specific details 
0 

of determining a., and now concern ourselves with the evaluation of the other 

important parameter» p . 
0 

Those tJ.-mesons entering the detector from the target no longer have 

their full decay energy; owing to small losses within the target. The tJ.-mesons 

created wi~hin the emulsion, however, and expending their entire energy 

therein, ldnd themselves to this phase of the study. These mesons are 

referred to as tJ.-completes, with motnentum p
0

, while those muons coming 

from the target are termed p-mesons with .momentum p . 
tJ. 
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Once again, we utilize the range -momentum relation and the mass

normalization property. As outlined in Section II, we can write lor two 

partides 

Two methods, involving this fundamental equation, can be employed t6 

determine p . 
' 0 

(2. 12) 

In the first method, the !J.<Ompletes are to be compared with the target 

p-mesons. Therefore, m 1 = m 2 = ml-1. Let p 1 = p
0

, and p 2 = pl-1 with 

associated ranges R and R , respectively. So1ving for the absolute decay 
, .. o- 1-1 

momentum, we get 

(6. 9) 

Now, however, the determination of an absolute value for p requires 
. . 0 

an abs.olute measurement of the magnetic field of the cyclotron. As before, 

the velocities of the two .sets of mesons .are to be chosen as nearly equal as 

possible and still have adequate statistics for the analysis. This is desirable 

in order that the uncertainty in q, once again, is not a significant source of 

error. Thus, by determining the mean range of the 11-<::ompletes; and the 

absolute mean value of the normalized range< Rlf.l, p!J. -q>· andintroducing _ 

the effects of the finite sizes of the target and detector (as shown in Appendix C), 

one obtains 

t -.,. 
1 f lJL lo 

. q 
+ ~d (6. 1 0) 

where the various parameters have been defined : .. previously- in Sections _IIIB 

and IVC. 
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H we define < by the relatiQ!L .E ""(P..)p- Po , where tPI') is the mean 
.o \ 

momentum of the p-mesons that are selected from the detector for range 

measurements, the uncertainty in p may be expressed by 
. . 0 ' 

2 
2 

{ z 
2 ~2 +2~ 

(]' uR i (1 

Po (1 p 

= q~ ~o~o) + ··~ . . +. ~ 2. 2 < -;'2 p .. n R p 
' p jJ. .0 jJ. 1 1-'- 1-'- . 

2 

~ 
H 

2 
where u R is the variance or :range straggling of the !-'--completes, and 

2 . 0 
u is the spread in the value of the momentum of the p-mesons. The 

PI-'- 2 
additional terms, uH , represents the uncertainty in the absolute 

H2 
magnitude of the magnetic field. 

(6.11) 

1.,-: th~-s-·econd method the mean :range and momentum d the 1-'- completes 

are compared with the ranges and absolute momenta of '11'-mesons originating 

at the target and entering the emulsion detector. Once again the velocities · 

of the two particles are to be chosen approximately equal. Employing the 

fundamental Eq. (2. 12), we solve for p , obtaining . . . 0 

Thus, knowing the value of mass ratio a from an independent study, we 

have another method of evaluating the absolute decay momentum of the 

muon. If we let <!J. · =. a. ( 1 - 5 ) , we now express the uncertainty in p 

as follows, 

(6.12) 

0 
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2 

{ 2 

2 2 
(]' 

1 crR · cr.} (1 2 2 2 

~:/ + z6) 
Po - q} (]' (]' 

2 ~~·· --z . z+ z+ __a_ +· q 

q no\Ro) <Rhr P1f -9 2 4 Po a. 

+ ~ [~in2 v1~) -(•in2 
v10)r i 

·,'2 
+ 

(]' / 

H (6. 13) 
Hz 

where cr 2 is the uncertainty in the value of the TT/ mass ratio. 
a. ~ 

I 
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Vll. EXPERIMENTAL TECHNIQUES 

A. Geometrical Arrangement 

1. . Exposures within the Cyclotron 

The mesons under study are produced by the internal circulating 

proton .beam of. the 184-inch cyclotron. The geometrical arrangement is 

shown schematically in Fig. 7. The protons (~ 290 Mev) strike a thin 

coppertarget, producing Tl'.,.mesons .. Those positive pions leaving the 

target with energies acceptable to the defining channel spiral down under 

the Influence of the cyclotron magnetic field and enter a 200 -micron thick 

Ilford .C -2 nuclear -emulsion detector. The points of entry of the pions are 

distributed more or less uniformly over the entire plate. 

At the same time, positive pions coming to rest within the target 

decayintomuons. Those muons created near the surface of the target 

leave with only small energy losses and ,can be accepted by the channel 

if their angles of emission are "proper'', entering the emulsion in a more 

defined region of the plate. The pions reaching the detector lose energy 

and stop within the emulsion, giving rise to muons, approximately 17 

percent of which come to the ends of their ranges before leaving the plate. 

These are the tJ.-mesons previously referred to as "f.L-completes." The 

target muons or· ••p-rnesons 11 coming to rest decay into an electron plus two 

neutrinos. Since the C=2 emulsion is insensitive to electrons, one can 

quickly distinguish betwee:n.a pion and a muon by simply observing whether 

or not another track appears .at the end of the range of the particle. 

The experimental apparatus is mounted on a cart and run into the 

main vacuum tank of the cyclotron by means of t.he so-called "proton probe. 11 

The cart is stopped along its track at a point that places the meson target at 

a cyclotron radius of 73 inches. This is the maximum allowable radius 

at which the trajectories of the particles under study remain within the 

fairly uniform region of the magnetic field. The diameters of the pion 

orbits are approximately 7 inches. Figure 12 gives the magnetic field 

intensity as a function of cyclotron radius, showing the change in slope at 

the 80-inch point. 
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2. Target and Detector Assembly 

A perspective sketch showing the arrangement of the target, channel, 

and detector plate is given in Fig,. 8. The entire apparatus is mounted and 

fixed upon a dural base and later placed on the proton probe cart. Consider

able care is given to the establishment of a median reference line {Central 

Radial~Line) passing throughthe centers of the target and plate holder. 

In the first set of exposures, Run I, the meson target of copper had 

the dimensions 0. 0111:1 x 1/4 x 1/2 inch, and was attached to a narrow copper 

stem. To increase the solid angle, the target center was located at a 

heigh,t of 0. 44 :i: 0. 06 in::hes above the sur.face of the emulsion. A wedge

shaped carbon absorber was placed in the channel, effectively casting a 

g~ometrical shadow and preventing mesons that originated in the stem from 

reaching the detector. 

In a subsequent experimental run, Run II ·(see Fig. 9), the mounting 

of the 40-mil target was improved. It was supported from a brass C-shaped 

holder by one -mil tungsten wires looped thr.ough small holes in the targe_t. 

These wires fit into accurately milled grooves, facilitating the centering 

of the target. The upper set of wires was wrapped around a pin at the top 

of the target holder, while the bottom pair had a small lead weight attached. 

This arrangement proved quite satisfactory in preventing perturbation of 

the target position. The need for a shadow in the channel was eliminated, 

as .the contributions from' the 1-mil wires were negligible. 

It was desirable to have ilniform irradiation of the target to facilitate 

the identification of the effective geometric center of meson production. 

Preliminary tests were made to locate the median plane of the circulating 

proton beam as well as its intensity _half~width in the vertical direction. 

Bowker, 
70 

employing thin polyethyle~e monitors, has measured the vertical 

profile of the beam. Readings with the aid of a Lauritsen electroscope of 

the ~ activity from the C 
12 

(p, pn) C" reaction indicated that the beam 

intensity dropped to half--maximum in a vertical distance of 0. 25 inch ... •. 

The median plane of. the beam was also checked by irradia~fng a 3 -inch-long 
I .• 

gra.p~ite cylinder of l6 -mil ~iam~ter, and locating the poi~t of maximum 

a-ct1v1ty. At the 73-lln.ch radlUs, 1t was found to be :::: 0. 25 mch below the 
I 

median plane of the ~ap between the pole faces of the cyclotron magnet. A 

mock target, consistling of four 10-Fil slices pressed together, was bombarded 

to check the relativei irradiation across the target by the beam. All four 

sections, when separated, showed e.ssentially the same activity. 
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The original philosophy regarding the channel was to have the 

minimum amount of shielding that appeared feasible. Background problems 

inside the vacuum tank of the cycfotron are .rather severe and ordinarily 

call for considerable sh,ielding. On the other hand, using a g:reat deal of 

shielding can increase the possibility of contamination from mesons 

scattering off the .channel walls. Preliminary runs were made with wide

open channels and comparatively little shielding. Exposures had to be 

limited to ten seconds to prevent the heavy neutron-proton background from 

completely obscuring the ·desired mesons; consequently, statistics were 

poor. Moreover, as the plates were placed in the apparatus without any 

outer paper wrapping, any source of light within the tank could blacken 

the film surfaces. Arcing from the dee and light emanating from the 

tungsten filament in the cyclotron ion source clearly called for some 

light shielding. 

The final channel, therefore, represents the inevitable compromise. 

More shielding is employed to permit longer exposure times {'30 to 45 

seconds) and to decrease the ever-present light hazards. The channel is 

designedto accept mesons leaving the target within specified angular 
' 

intervals (1r-mesons with angles in the backward direction with respect to 

the incident proton heath. of ±10° and p-rnesons with angles of -15° to+ 10°). 

Mesons produced in the shielding by protons, and target. mesons scattered in 

the channel are effectively minimized. The shape for the channel was 

developed empirically, meson trajectories being drawn from all points of 

the channel. Any unwanted meson that does manage to get through will 

either enter the detector with the wrong angle, or will have a considerably 

lower or higher energy and consequently can easily be distinguished 

from·the niain dfs.tributior/by its·:range measurement. The 

copper walls are lined with 1/8-inch polyethylene to lower the atomic 

number of the surface material and thereby possibly reduce the scattering. 

A c~rtain arriount of·de.cay in flight takes place, the products of which 

cannot be prevented from reaching the detector. This effect, however, is 

small, as is seen in the p-meson distributions obtained; 
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The. detector is mounted on a .1 x 3-inch plate holder having an 

inclination angle of 5° to the hori21ontal x-y plane. The plate holder is 

shown in Fig. 10. A glass-backed photographic film negative of a 

drawing of two fiducial marks is cemented on the surface of the holder. 

The Central Radial Line joining the centers of the fiducial marks, when 

extended, passes through .the center of the target. By means of a small 

battery-operated lamp, a latent image of these. fiducial lines is produced 

in the nuclear emuls'ion detector after it has been fixed in place on top 

of the negative by phosphor bronze clamps. The.se lines not only give a 

permanent record of the exact position of the detector at the time of 

exposure,. but also enable the investigator to quickly locate the proper 

regions of the plate to be scanned under the microscope (i.e. momentum 

intervals which give .approximately equal velocities for the pion and muon, 

respectively). At the time of exposure, a brass measur~ng bar is laid 
!. 'tl 

parallel to the .Central Radial Line; and the distances between the target 

and the fiducial marks are readily determined with the aid of a low-power 

microscope attached to a micrometer. The brass bar contains two 

flducial marks whose known dis.tance apart is approximately equal to the 

target-detector distance. One me.asures small differences between the 

target and the first bar mark, and between the fiducial lines on the plate 

holder and the second bar .mark. Figure 11 shows schematically the 

actual physical.measurements made for Run I. The differences can be 

read to .Q. 1 mil, and the over-all distance between the center of the 

target and the plate fiducial mark is probably known to-~ one mil. This 

represents a negligible contribution to the total uncertainty in the final 

momentum determination. 

In the calculation of the momentum, it should be emphasized that 

the locations of the target and detector are considered with reference to 

two coordinate systems~ The first reference frame had its origin at the 

center of the target. In this frame, the distance between .the target and 

detector is known to high accuracy (~ 1 part in 10
4

), and the entire target~ 
detector assembly remains fixed on its dural base ,for a particular run. 
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The percertage error in the target-to-detector distance reflects itself 

directly as an equal uncertainty in the momentum. The second frame of 

reference has its origin at the center cf. the cyclotron~ for the absolute 

value of the magnetic field is known as a function of the cyclotron radius. 

The proton probe cart carrying the target-detector assembly can be set 

at a particular radius with an accuracy of :1:: 1/8 inch. Since the gradient 

of the field in this region is z 10 gauss :o : per inch, the error in the 

location of the cart gives an error in the momentum of less than 1 part 

in 10
4

. This error is an order of magnitude smaller than the over-all 

uncertainty in the actual measurement o£ the field itself (See Sec .. VII D). 

B. Photographic Development Procedures 

Development of the 2001-1 .Ilford C -2 emulsions consisted of these steps: 

1. Immerse in distilled water - one hour 

2. Im:rberse in cold dev~loper 
at 5 ~C - one hour 

3 .. Imrne.rse in hot developer~.26 °G)-
(6 parts HzO to one part Kodak D-19)- twenty minutes 

4. Ili1merse in cold st~bath -one hour 
( 1 o/o acetic acid at 5 -C. ) 

5. Fixer -Kodak F -5 

6 .. Wash and dry 

- 5 or 6 hours urrler agitation 

7. Coat surface with lacquer -household cement mixture 

. C. Microscope Scanning Techniques 

Employed in the study are standard Bausch and Lomb and Leitz 

binocular microscopes equipped with special research stages designed by 

Mr. Brower of the University of California Physics Department. Angle 

and range measurements are taken with magnification of::::: lOOOX. The 

x and y movements' of the stages were checked for perpendicularity and 

showed .no measurable deviations from 90°. A reticle placed inside one 

of the eyepieces in conjunction with a goniometer (protractor) mounted 

around the outside of the collimating tube enables one to measure track 

angles to an absolute accuracy of :1:: l 0
• The 1 x 3-inch developed plate 

is lined up with the x and y movements of the scope by means of the 
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fiducial marks exposed on the emulsion just prior to its exposure within the 

cyclotron. The 6° angle is then defined by having the central line of the 

eyepiece reticle set parallel to the direction of tiE y-axis. The angular 

requirements for mesons accepted for range measurements are fJ. = -11° to + 11° 

for pions, and Q' = -15° to+ 11° for muons, As already defined, Q' is the angle 

a track makes with the y-axis if its orbit is extended until it crosses the· 

x-axis (Central Radial Line). 

Another criterion for acceptance by the microscope observer involves 

. the dip angle of the track at the surface of the emulsion. The expected dip 

angle for a particle leaving the target is easily calculated from the geometry 

of the target-detector assembly. Both the dip angle and range measurements 

require a calibration of the fine -focus adjustment 6f the scope (vertical 

&-motion), and a knowledge of the shrinkage factor 62 S of the emulsion, The 

calibration is accomplished by measuring the known thickness of a thin 

cover glass. Because of the shrinkage factor and the rather small angles 

involved, accurate .measurements of the dip are not possible. Since the 

amount of scattering of these low-energy mesons within the emulsion is 

large,· only short track lengths in the x-y plane can be considered. The tangent 

of the dip angle is theri determined by measuring the change in depth of the 

track over this short segment of length. Mesons are accepted for analysis 

with observed dip angles lying within a 5° to 9° interval. 

Particle ranges are measured by two slightly differ~nt methods. In 

one case the reticle, which is divided into 100 divisions, is calibrated 

against a stage micrometer. Thus, the projected range in the x-y plane is 

measured by lining up the reticle with the track and counting the number of 

divisions per track length. In the other method the projected range is 

measured with the aid of the Brower stage, with which changes in the x and y 

directions can be read directly on a dial to with 0. 1 of a micron. Since the 

mesons scatter quite freely, the total range is determined by measuring the 

lengths of short straight-line segments of the track: 

(7. 1) 
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The accuracy of the stages was tested against a stage micrometer, and 

small differences were observed between true distances and the actual 

readings of the stages. The stages of the three microscopes used in the 

experiment showed a sinusoidal variation in the difference of approximately 

2 to 3 microns per 100 microns. However, as this is a sinusoidal effect, 

not only is the percentage error over a range of 600 to 800 :microns quite 

small, but it is effectively random in nature. This effect, then, merely 

represents an additional range straggling, which can be neglected when 

compared to some of the other sources of straggling mentioned previously. 

Furthermore, since the mass -normalization method involves only ratios, 

relative values of the ranges are all that are required. It is best to have a 

particular plate scanned under one microscope, and preferably by the same 

observer. In this manner any systematic factors affecting the absolute 

measurements, due either to the microscope itself or to the subjectivity of 

the observer, tend to cancel out. 

D. Magnetic Measurements 

Absolute measurem~nts of the magnetic field are carried out with the 

aid of the nuclear induction technique, 7l employing the Varian Associates 

Nuclear Induction Meter. In the preliminary runs the proton moment head, 

containing the water sample and coils. was mo.unted directly on top of the 

channel, and the Larmor frequency was measured at the same time as the 

plate exposure. Because of certain engineering difficulties, this arrangement 

proved to be too cumbersome for efficient operation. The absolute values of 

the preliminary terminations of the magnetic field intensity {for the same 

excitation current) were found, on different days, to be equal to each other 

within a few gauss.;._,. This is not particularly surprising, as the magnet is 

operating near saturation; hence hysteresis effects are expected to be small. 

Consequently, a more efficient procedure was adopted. In Run I, exposures 

were made on one day, and the cyclotron field was meas·ured the following 

day, the field cur.rent being carefully monitored by means of a Leeds -Northrup 

potentiometer. In Run II, both the exposures and the field measurements were 

completed in the same day, but not simultaneously. The proton moment 

head was inserted into the cyclotron by means of a special probe at the con

clusion of the plate exposures. 
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Figure 12 shows a plot of several determinations of the absolute field as • 

a function of cyclotron radius. In all cases, the magnetic field currents had 

been set for 5 to 6 hours. The individual values obtained all fall within 

± 0.1 percent of the mean value despite the widely different dates of the measure

ments. The Larmor frequency, and hence the value of the field, can be located 

on an oscilloscope and read on a General Radio Signal Generator to·::::: 0. 03o/o 

accuracy for any one determination, 

Unfortunately, it was noticed during the magnetic measurements of Run II 

that the resonance frequency appeared to shift slightly as the proton moment 

probe head was rotated about its own axis inside the cyclotron. The angle of 

rotation vs. the frequency was recorded during the measurement. It was later 

discovered that a small magnetic set screw had been inadvertently plac~d near 

the borrowed probe head by unknown persons, and had acted as a magnetic 

dipole perturbing the main cyclotron field. Assuming the screw to be in the 

form of a sphere, one can derive the analytic expression 

HT::::: H [1 + I 3 
0 H r 

0 

2 2 J 
(2 cos Q -sin Q 1 (7' 2} 

wher.e HT is the perturbed magn·~tic field as determined by the Larmor 

frequency reading, H is the true unperturbed magnetic field of the cyclotron, 
0 

I is the total magnetic moment of the set screw, r is the dista·~ce from the 

center of the set screw to the center of the water sample, and Q is the angle 
.. .....\. 

of rotation between the vector 7 and the direction of H Mter the run, the 
0 

probe head with the set screw was inserted in a pair spectrometer magnet 

whose magnetic field intensity was approximately equal to that of the cyclotron. 

The probe was then rotated in both directions~ varying Qfrom -60° to+ 60°. 

The set screw was then removed and the probe head reinserted into the magnet, 

thereby determining its H , This time, rotation of the probe head gave no 
0 

frequency shift, Table VII gives the results of this test, As expected from 

the analytic expression, a null effect appeared for Q::::: 55°. Since the Larmor 

frequency as a function of the angle of rotation within the cyclotron was known, 

corrections as determined from the pair spectrometer could then be applied . 

directly to obtain the t:r=-ue H
0 

of the cyclotron without having to determine I/r
3 

. 
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In the worst case, Q = 0°, the correctimamounted to 0. 25o/o. As a further 

check, the mean value of the qu~ntity, I/r
3

, was determined from the 

individual pair spectrometer readings, was inserted into Eq. (7. ~ in conjunction 

with the HT. and Qi of t,he cyclotron measurements, allowing one to solve for 

the H
0 

of 1 the cyclotron field. The agreement between the two methods of 

determining H
0 

was e:x;cellent, the results being equal to within 0. 03o/o. Com

pounding the various sources of possible error in the field measurements, 

one can conservatively estimate the uncertainty in the absolute value of the 

field as :± 0. 1 o/o ·(standard error) for Run II, and ±0. 2o/o (standard error) for 

Run I. The quoted uncertainty is larger in the first run because the magnetic 

measurements and plate exposures were not completed in the same day. 
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1Vlli.. ANALYSIS OF EXPERIMENTAL DATA 

A. The Range Straggling of the Mu-Completes 

Since the main source of variance in the R -'<~ distribution function . . p 
originates from the Bohr range straggling, this effect. has been studied 

experimentally in some detaiL Data are taken from twelve plates, adding 

up to a total of 558 p. -complete events. 

Because the stopping· power varies from one emulsion to another, 

different mean values of the range <RIJ.J are obtained .. Table Vili gives a 

summary of these results. It can easily be shown that for R >t {where R 
. . . . 1-1 . 1-1 

is the· range of the fi-complete and t is the thickness of the emulsion) the 

probability of the particle:~~ expending its entire energy within the emulsion 

is approximately equal to-t- Therefore, the observed (R ) will tend 
2R '1-L;i 1-1 . . 

to have a value that is smaller than the true mean range' (RJ. , as the 

shorter tracks have a greater probability of remaining within 1 the emulsion. 

The equation correction for this effect is derived in Appendix E, 
2 

where u R 
2 

is the observed variance of the range.s of the IJ.-<:ompletes. 
1-1 

{8. 1) 

1n order to combine the data from the different plates, the various values 

for -.Qt
0
). are normalized to a range of 600 microns? and the entire dis

trib-dtiorl is plotted in Fig. 13. The :percentage standard deviation of this 

distribution is found to be 4. 5 ·:± 0. 1. 

If one now calculates the range straggling for !J.-mesons from the Bohr 

.formula, Eq. (4. li, the straggling is expected to be 4. 0%. Furthermore? 

when the other known sources of straggling as summarized in Eq. (4. 25)are 

introduced, the total straggling U' R (u·R is the true straggling) adds up 
0 I 0 

. ,· (RJ 
' I 

only to 4. 1%. A statistical analysis of the method of range normalization 

employed in combining the data indicates that ·U.'R 
:(R:) is actually less by 

72 .:::: o. 01%. For these energies, the tl'-meson comes to rest in the emulsion 
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within -10-
12 

seconds, and the possibility that additional range straggling 

is due to decay-in-flight events. is certainly ruled out. The straggling due 

to. the inner bremsstrahlung effect discussed in Sec. VIA is found to be 
2 

::::: 0. 01%. Hence one must conclude that distortion eff~cts, <Td, are probably 

the sources of the additional straggling .. Such effects have also been reported 

by Seifert. 
73 

White and Fry 
74 

have also examined the range stragg~ing of 

the completes and find it to be = 4. 86 :::1: .0. 12o/o. The difference between the 

two results may be due to different-distortion effects,' or perhaps to an 

incorrect choice of the shrinkage factor. 

A chi-square test ~S {or a normal-curve .fit to the data gives a 

significance level of ::::: 0. 4, indicating that the Gaussian assumption is indeed 

a good one. Table IX compares the actual distributim obtained with.the 

frequency distrib:ution, to be expected for a normal curve with parameters 

n = 588, (R ) = 600f.L, and <T R 
0 0 · ~ = 4. 5 o/o. . ' 

the skewness . of the distributionis .measured by the ratio fl ~fl 312 

where 13
2 

and 13 3 arethe second andthird moments of the distribution. .2 

From the Lewis calculation, one expects a slight skewness equal to ::::: -0. 03. 

The contribution to the skewness.from the inner bremsstrahlung process is 

< -0. 001 if one ,includes only events .that lie in the interval :::t:3u R about the 

mean, <R
0
). The skewness of the observed distributim is 0 -0. 03:::t:O. 12. 

Obviously, because of tre ver;y slight skewness involved, the percentage error 

in the estimate of the .skewness becomes unduly large, approaching infinity for 

a true Gaussian distribution. This study cannot test quantitatively the validity 

of the Lewis theory nor; that cf.the theory of the inner bremsstrahlung process. 

It is of intere~;~t to note that on.e track was found to have a range of only ~ · 

268 microns. This event was excluded from the above analysis. The energy 

and momentum analysis of the event shows that it could as well have arisen 

from decay ·in flight of a pion of 58 Kev energy as .from the inner bremsstrah

lung _effect. 

B. The Normalized Ra.nge Distr~butim Functions,, Rp -q 

The range varial}ce obtained'for the J.L<ompletes serves as .a calibration 

function for the various Rp -q distributions being studied. For two particles 

having equal velocities 1 · 

and 
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Therefore, upon application of Equatiorts(4.25)and(5.4} one should expect 

for the target 11'-mesons, O'tr z 4. 0 o/o, and for the p-mesons, 

<Rl1TP1T;> 

0'\ 

(Rp..· · .., z 4. 5o/o. Any significant increases over these values would indicate 
l!J. ptJ. 

the pre.sence of contamination. 

Run! 

In this run,_ the normalized ranges of the target pions and muons 

{p--'mesons) are compared in order to dete.rmine the 'iT/tJ. mass ratio. ,In 

addition, a value for the absolute decay momentum is obtained by comparing 

the normalized ranges of the -:p-mesons with the ra~ges of the !J.-completes. 

The latter distributions are .shown in Fig. 16. 

The data for this run have .. been c.ollec.ted from five different plates. 

(Sample caleu1~tions of R
1
p -q· a-re presented in Table X) .. For simplicity, 

the constant multiplicative factor e/c has been omitted in the calculation of 

p -q (See 3. 12 .and 3. 14). The tr..;.meson and p-meson normalized range dis

tributions are plotted in Figs. 14 and 15, with p actually representing the 

magnetic rigidity of the particles. In general, two distinct peaks are 

observed; corresponding to the two types of mesons coming from the target. 

A small amount of background contamination also appears to be present. 

Since .a Jew of the background events run into the tails of the main distributions, 

the .following procedure is employed: 

(a) The median of the distribution is determined including .all 

"questionable" events. The median is.first chosen as a statistical measure, . 
since it is less sensitive to spurious events than the mean, especially for 

small sample statistics .. 

(b~ When the medi.an has been determined, the theoretiCally expected 

standard deviations of 

= 4, 0 o/o. and/R'J: -4) 
\ lp. ptJ. 

= 4. 5o/o 

are . .''folded" into the distributions, and any events lying outside an interval 
~. 1 

of ::1:30' from the median are considered as background. 
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(c) The mean, (R1 p -<t), and its standard deviation are then calculated 

for the adjusted distribution as outlined in Sec. V. 

Table XI includes the fiaal ~l p _,i results with the associated \R
0
>i . 

Actually, a total of only 8 (5 'f!'-meson and 3 p..,rneson) ''questionable" events 

are excluded from the final calculations. 'J;'he .averag.es of percentage 

straggling of the normalized range distributions containing no "questionable'' 

events are: 

u •·U. ' u. ' 
and/ R. -<1\ = 4. 9 ± 0. 2 .o/o 

\ 1~ P~ I 
;, 'II' -q~ = 3 . 8 :1: 0 . 2 o/o 
\Rhr p'l1' I 

The deviations from the predicted values are not considered statistically 

significant, although there is always the possibility that a small amount of 

indistinguishable contamina1ion may lie within the :J:3q- interval. In the few 

cases where some events are eliminated, the computed standard deviations 

of the adjusted distributions also agree with the expected values, whereas 

the unadjuited distributions have standard deviations that are ::::: 50 to 60o/o 

larger owing to the presence of the few spurious events. 

The existence of the background is probably due to the presence of the 

carbon shadow absorber that was placed in the channel, as described in 

Sec. VIIA. Also, with the present geometry, the p-meson distributions 

always have.::::: 5o/o contamination originating from pions decaying in flight. 

Run II 

To test the possibility of unknown experimental systematic errors, 

especially in the measurement of the absolute value of the magnetic field, 

another set of exposu,res within the cyclotron was made. In this run, the 

normalized ranges of target pions were compared with the ~-complete 

ranges to obtain a value for the absolute decay momentum. 
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As described in Sec .. VIlA, the target assembly was improved for 

this run, and the shadow absorper was also removed from the channel. 

The R
1

. p -q distributions obtained are plotrted in Fig. 17, One :rr '!T 

immediately observes the absence of any apparent background in the 

distributions. Jt is also of interest to note the comparative values of 

< 
-q) R 1'!T p'!T . , for the three plates .. Whereas two (No. 28848 and No. 28853) 

are essentially equal, the third {No. 28849) is considerably higher. A 

comparison of the (ito) associated with the IL -completes of the three plates 

shows the same trend, (Fig. 18). These results, which are also 

summarized, in Table XI, emphasize the effectiveness of the mass normaliza.,. 

tion method, illustrating the uncertainties that are present when one employs 

an absolute range-energy relation. The observed standard deviations are in 

ex:cellent agreement with the predicted values, further indicating the lack 

of contamination. 

C. Derived Exp:!rimental Values 

All errors to be quoted 'below in this section .are statistical probable 

errors. 

l. The Pi-Mu Mass Ratio. 

As set forth in Sec. VI, the '11'/P. mass ratio a and absolute decay 

momentum p
0 

are the fundamental experimental quantities. Table XII 

summarizes the calculation of the mass ratio from Eqs. (5, 6) and (5. 7), 

showing the magnitudes of the target-detector and Lewis corrections and the 

magnitudes of the various uncertainties contributing to the total probable 

error in a. The weighted average over the five plates of Run I yields 

a= 1. 321 :I: 0. 002 

The statistical probable error calculated from external consistency is 

:!: Q. 0020 and from internal consistency is :!: 0. 0017. 
76 

These values give a 

ratio of. I. 18 :!: .0. 22, indicating that there are no large systematic errors. 

The Lewis Effect correction systematically lowered the apparent 

mass ratio a' by ::::: 0. 0003. The target-detector corrections vary over the 

individual plates from -0. 0025 to + 0. 0015. It is also clearly seen in 

Table XII that the predominant contribU:ions to the total probable error 

come from the variances of the observed normalized range distributions of 
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2. The Absolute Decay Momentum of the Mu.on 

Tables XIII and XIV summarize the calculations of (p ) and {p ') , 
0 I 

0 
II 

employing Equations{6. 10)and(6. ll)for Run I, and Equations (6. 12) and 

(6. 13) for Run II, respectfvely. 

The Lewis Effect correction is zero for Run I, as we are comparing 

equal-mass particles ( p-mesons and f.L-cornpletes). The target-detector 

corrections vary from -0. 02 to+ 0. 08 Mev/c over the five plates. In 

Run IT,where one compares the f.L-completes with target pions, the Lewis 

correction systematically lowers the apparent momentum p by 0. 006 Mev/c, 
0 

whereas the target-detector corrections vary from -0.006 to+ 0. 002 Mev/c. 

The ratio of external to internal consistency in Run I is 1. 18 ± 0. 22; in Run II 

the ratio is 0. 70 ± 0. 28. In Run I, the uncertainty in the absolute value of 

the magnetic field (See Sec, VIT D) is the dominant term in the probable error, 

with a smaller contribttion from range straggling. In Run II, the error in the 

momentum calculation is determined by the uncertainty in a. and the inherent 

range straggling, and to a lesser d~gree by the uncertainty in the magretic 

field. The following values are obtained: 

Run I 

Run .II 

p
0 

= 29.85 Mev/c; 

p
0 

= 29e 77 Mev/c , 

The values chosen for the physical constants needed to convert from units 

of gauss-mm to Mev/c are takenfrom the latest table of DuMond and Cohen
77

: 

~ 2 . 
c = 2. 99792.9 ± 0, 8 km sec ; m c = 0. 510984 ± 0. 000016 Mev . 

0 

As noted in Eq. 6, 12, {p ) is a function of a., which is determined 
Oil 

from Run I. Therefore, since the determination of a mean value for p 
0 

from both .runs involves dependent quantities, a simple averaging of the two 

values is no longer valid. In general, the computations of final mean values 

for all the other pertinent quantities given below depend upon interrelated 

parameters, It is necessary in the averaging procedure and in the propagation 

of errors to express all the equations of Sec VIA only in terms of directly 

obse.rvable and independent quantities. The lengthy details of trese calculations 

are outlined in Appendix .F. One thus obtains the weighted mean, 

(P
0

) = 29.80 ± 0. 04 Mev/c 
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3, The Pi.:.Mu Mass Diffeferic·e; .·Eq .. (6; 4) ·. 

Run I: m -m = 66. 53 ± 0. 10 m '1f 
" ·1-1 . . '0 

Run II: m -m = 66. 32 ± 0. 10 m 1f 1-1 0 

Mean: (m1f -ml-1)~ 66.41 ± .0. 07 m 
0 

4, ~a~ The Mass of the Positiv:e Muon. Eq. (6. 6} 

Run I: ml-1 = 207 0 2 ± 1. 2m 
0 

Run II: m = 206.6 ±l.4m 
1-1 0 

Mean: 
(ml-1) = 207.1 ± 1. 1 m 

0 

4. (b~ The Mass of the Positive Pion. Eq. «6. 5) 

Mean: (m'IT) = 273.5 ± l. 2 m
0 

5. The Absolute Kinetic Energy of the Muon 

Assuming m = 0, v 
we have from Eq. «6. 7a) 

Run I: T = 4. 12.6 ± 0. 017 Mev 
0 

Run II: T = 4. 117 ± 0. 023 Mev 
0 

Mean: (To) = 4.123 ± 0. 016 Mev 

UCRL-2522 

The mass of the positive pion has been determined accurately and 

independent! y from Run I by Smith et .al. 41• 42 and found to be 2 73. 3 ± 0. 2 m 
0 

~ 
Substituting this value into Eq. ~6. 7b} along with the value for the 'IT/!J. mass 

ratio, one obtains another estimate for the kinetic energy, 

T 
0 

= 4. 123 ± 0. 038Mev 
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One can also determine_ T
0 

from the usual relativistic energy-momentum 

mass relation, Eq.(6. sl with no asa.urnptions being made abrut the mass of 

the neutrino. For the best estimate of the mass of the muon, we use the 

Smith pion mass value and divide by tht:J mass ratio .OJ.. If one then employs 

the methods of Appendix _F to calculate the weighted value for T 
0 

with its 

associated probable error, we are led to an extremely cun1bersome algebraic 

expres.sion. T.he exact s.olution of-this equation involves some rather lengthy 

calculations, which app~.ar to be .unwar.ranted in view of the magnitude of the 

statistical probable err:ors. Therefore, for simplicity, a graphical method 

is used to eliminate the tedious algebra. .In Fig. 19, a family of curves 

.for different values bf T is plotted as a function of the .muon mass and the . 0 . ·.· . 

abs.olute decay momentum •. The hatched region represents the area subtended 

by the probable errors. in p
0 

and a.. • Although this is .not a rigorous mathe

matical treatment of >the problem, one certainly obtains ~ good estimate of T • 
0 

The following value is found: 

T = 4. 12 ± .0. 02 Mev • 0. . . 

6. The Mass of the Ne-utrino {Eq. 6. 3) 
. . . . .. . . 

Here, as in the case fo.r T 
0 

immedia,tely above, the methods of 

.Appendix .F lead .to algebraic. complications. As is readily seen in Fig~ 6~ 

the derived mass of the neutrino is extr.e.~~l,y.:;~eri.siti~.e- to .. slight variations 

in c:;, p
0

, and mtt. Therefo.re 1 because of the statistical uncertainties in the 

values of these parameters, the exact analytical solution is not attempted 

and a graphical method is once again applied. Higher accuracy is also 

achieved if one again replaces miL in·E.q. (6.~ 3) by the quantity m1f/a., 

where m'!1' is the Smith value for the. pion mas.s. The graphical solution 

is ~.re~ented in Fig •. ZO. A family of curves for different value.s of 

~~~ mf~ is plotted as a. function of a and the quantity p / · If m · · · · · o mt_ c. one 
tJ. i rrr ·. 

su stit Jes the final weighted means given above for these parameters into 

Eq. (6. 3)one finds 13 2 = 0. 0001, but withan er.ror of~ 400. to 500 o/o. 
Examination of Fig. 20 indicates .a probable upper limit to the mass of the 

neutrino of 6-7 m • 
0 
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• 

IX. CONCLUSIONS 

The chief limitation to the experiment and the largest c,on.tributor to 

the various probable errot's has been. the inherent range straggling of the 

particles traversing the nucle.ar emulsion medium. 

·The absolute positive-pioil value of .273. 5 ::i: 1. 2 m
0 

derived here l:>y 

assuming m'v = 0 is"in,excellent agreement withthe value .of 27.3. 3 ::i:_ 0. 2 m
0 

.c·· · d b S : . h 1 41 ' 42 E 1 . h. S .. h . 1 . ' t . . 1.10un y m1t et a·. mp oy1ng t e m1t ·. p1on va ue 1n conJunc 1on 

with this study, one oltain.s miJ. + = 206~ 9 ::i: 0. 4 m
0 

from the "rr/tJ. mass ratio 

with no assumptions regarding the rrias s of the neutral decay particle; on 

the other hand, if one assumes m, = 0, then one gets miJ.+ = 206. 9 ::t: 0 .. 2 m
0 

from the calculated mass diffe.rence. Finally, from the _.mass ratio and 

the mass differ~nce alone, we obtain m + = 207.1 ::t: 1.1 m, further .. tJ. 0 

indicating quantitatively tha,t the assumed decay scheme probably involves a 

neutrino. 

Several theories of meson masses have been advanced in the past few 

years by different authors. 
25 

Because present-day theoreticians have not 

come t_o any definite conclusions ini::their efforts .to explain the mass spectrum 

and its role in the theory of nuclear forces, no attempt has been made to 

relate the results of this study .to nuclear theory. 
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APPENDIX 

A. Correction for the Motion of a Particle Oit of the Median Plane 
of the Magnetic Field. 

The motion in tre z-direcHon may be described by the differential 

equation 
•• • 

m.g. = -JL r¢ H 
c r 

which represent~ the ·:v.er.tical component of the Lorentz force, assuming 

no azimuthal variation in the magnetic -field-intensity function. 

Integrating with respect to time, we obtain 

l t ' t ' , • e e . 
-& --&. = .D.a- = - - r ~ H . dt = - .;,;.__ H rd¢ 1 - · me r · me .o . r 

where zl is the Z<Omponent of the velocity at r = Rl. 

Now Hr :::: : ~ •• and ~rom Maxwell's equations : : = 

Therefore, we can write [see·Eq. 3. a] 
aH 

H = ~· -Bo,:::: 2H h 2 rA-
r · .a r o 

aH 
4., 

a r 

From Fig. 2, one obtains the approximate· geometrical relation 

(for an assume.d circular orbit), 

rd¢ :::: !o_ (R cos 'T - p ) d'T 
r _· .. o 

(A. 2) 

(A. 3) 

(A. 4) 

; We neglect the initial value of .z which at most amounts to 1/4 inch. 

Since .g_ - P0 'T P0'T~ • ·d · 1 .~~ h · · -r- - we let +:::: · · , . 1n or er to s1mp· t...y t e 1ntegrat1on~ 
J3c ' ~c ' . ' .. 

The "a posteriori 11 justificati.on of the assump1i.on, -:rr,::::~ 

follows below. 

Substituting the. various expressions i~ the integral, we get 

H 21.,., 
· o Po ) mj3c (Rcos:T .. p

0 
Td.'T, (A.!)) 
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Integrating, 
• 
~-2h 
~ 2 Po E cos 'r + R T sin T -R -_P~2 ~-2-J. (A.6) 

since~ H
0 

p
0 

= mf3c (nonrelativistically). Therefore, the maximum change 

in the z-<:omponent of the velocity becomes 

i 

max.; 
i 

We now introduce the familiar parameter n, defined .as 

n..: ~ aa;a-::::: 2h
2

r 2 . Substituting, assuming n to be ccmstant over this 

smalll r~gi,on, and letting r ::::: R, we finally obtain the equation 

.6.6- . / np 
--:r--:- . = ('11' 2 -1) a 
· ~1 · R 

max. 

Since p o/R :::: io for the 'IT-mesons and n :::i: 0. 07, then 

indicating the previous assumption to be quite justified. 

(A. 7) 

(3. 15) 
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B. Effects of the Finite Size of the Target and of the Detector 

Once againp we make use of the slow variation of the magnetic -field

intensity function to derive certain geometrical relations necessary for 

the determination of the magnitudes of the finite target and detector effects, 

Hencep we assume circular orbits for the particles under study, The 

magnitudes of these effects as calculated under this circular approximation 

are quite small, Thus; further calculations involving the true orbits ~

besides being difficult == would be mere perturbations on an already small 

effect. 

We define a rectangular coordinate system such that the origin {Op 0 9 0~ 

is located at the target center. The unprimed coordinates ~x 9 yp z} refer to 

the target and the primed coordinates (x'p y 1
9 z') to the detector plate. The 

orbit of the particle crosses the x..axis at the point x' = x making an angle . 0 

Q' with the y...axis. In this experimentP the plate was inclined at an angle E 

with respect to the xy-plane. Therefore. we assume the emulsion surface 

to lie in the plane z' = = z ~ E y 1 with x »-~&- and E << 1. The positive 
0 0 0 

x-direction is established in the direction of increasing cyclotron radius. 

The pertinent geometrical relations of the orbit are illustrated in Fig. 3. 

From Eq. (3. 14} we have p1 = pr sec '{ where p 1 is the "total" radius 

or the orbit9 p is the radius in the median plane, and '{ is the angle the 
r 

orbit makes with the median plane. Now, 

-s- + ey' +-&-
o 

-1 y 
where a = tan -::e_;..,~ 

x -x 
0 

y r. 
-1 .:f_v :::: vv and a.' ::::: tan :::: "'---

X =X 
0 

Therefore we ha:ve • 

Substituting 9 

2 2 
· P1 = P r ++-...... ---"""""l"'r'"-

(B. 1) 

(B. 2) 

(B. 3) 
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As is readily seen in Fig. 3, pr = L • where 
2 cos (9u + a,Y 

Therefore we obtain the relation 

.(x
0

_- ~) sec (Q' + a.) sec a 1 

p =--~--~--~~------~ 
r 2 

UCRL-2522 

L= 
X -X 

0 

cos a. 

(B. 4) 

The entire expression for the true radius of the trajectory becomes 

2 
sec 

. 1/2 

+ {*o + ey' + *)2 J . 
('II' -.2a. ~ 2a.' - 29' )

2 
(B .. 5) 

The apparent radius p is calculated assuming all mesons originated 

from the center of the target (i.e, x = y =-& = o). One employs the relaticn 
X 

0 ni -1 2 ~ 
p = 2 sec"" sec "Yo• where "Yo= tan o One then obtains the following 

equations: 
'II' X 

0 

X -&-

p cos y
0 

= 2° sec 9'; p sin y
0 

cos 91 =-;f-

Rewriting Eq. (B. 5), 

(B. 6) 

1/2 

+~ c+l~j +~J] 
where ¢ :; a. + a. 1 + Q' , 

(B. 7} 

We wish to expand Eq. {B. ?)through small quantities of the third order, 

Now sec (QI + a.) = __ l __ _ 1 
=------~----------~ cos {Q' + a.) cos 9' cos a. - si:n Q' sin a. 

_ sec Q' 

~ 1 - ~ 2 
- Q' a + -~- ) 

2 . 2 2 2 
Therefore, sec {QI + a.) sec a ~ sec gu (1 + 2a. + 20U a~ (B. 8) 



Substituting in Eq.-(B. 7l 

p ~fx 2 (1 
1 [ 0 -

2x 
X 

0 

+ ..... ~ 2 ( 1 

11' 
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+ x
2 

) sec
2 

Q' (1 + 2n 2 + 2fJ a) -;z-z- - -
0 -- -

Employing the relations of Eq. (B. 6)" one obtains 

- 0 2 + .sm "( 
0 

2 EE VI. - 2 ,., - 2 I 2 2 
+~ + _..,......._ + E y·-a- + E '2' 

-li5-o ....:&-o · 4o Z -&-
o 

+ 2~ + 2§ y' f 
... 0 ..z-0 

UCRL-2522 

(B. 9) 

+:_22) 
- 0 

4x:
0 

a) 
(B. 1 0) 
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.we are interested in the quantity,-~ 111) . Therefore we raise the above 

expression to the T'lth power, and expand still further. Since 
2 . 2 

. 2 -~ . ... 2 4& . 
s1n Y 0 ~· · 2a 

2 
and cos y

0
.:;:: 1- z" 0 z'• we have 

TI'X 'lfX 
0 0 

.. , "P'l ,{1 2x 
2 2 ... 2 

+~ l::f_ 4xy 2g;'· pl xo + 2 +·· + y + 
X X X 3 X 0 0 0 0 

2' 
4x Q':.y ,.8x -&-

0 8!f> E .y' 8.a-!p - 2 + 3 + + 2 X 2 
0 1T X 'IT 

0 

·.·! 
' 

; 

4 2 ~)2 ¢ -~ 
l 

16 ~~a + + 2 2 2 
.. 'If X 1T X ·• ; . ' ;,o 0 

\ 

Therefore, from the binomial theoremj 

{ 
.• 

T'l 2x 
I+ T [- xo + 

2 
X + 
-;7. 

0 

2 
X 

0 

] 

2 2 
'If X 

0 

fl/2 

2 
+ ;4.&- + 2 2 

'If X 
0 

2 

+ 

- 8xyQ' 
X 2 

+ , (,-:- 2)'(,- 4) 

48 

0 

Q' 2 yx 4x~r 
2 3 

X X 
0 0 

8e Y.' .z.. 
2 2 

'(I' X 
0 

(B. 11) 

(B. 12) 
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Collecting terms of different orders, and averaging, we finally get 

2 + 4TJ "S-
0 

· (x) 
2 3 

iT X 
.o 

4TJ (TJ - 2) ~0 (x~) 
2 3 

1'!' X 
0 

- 2n Cn - 2l <~*2) 2 
iT X. 

0 

(3' 1 7) 
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C, Statistical Calculation of the Mass Ratio 

1. The Mean Value of R
1 

p ..q 

UCRL-2522 

Let U (p
1

» p) dp
1 

be the probability that the true momentum lies 

between p 1 and p 1 + dp 1 when the apparent momentum is p. Let 

V (Rp p
1

) dR
1 

be the probability that the observed track length lies between 

R 1 and R 1 + dR1 when the momentum is p 1. Finally» let W(pr dp be the 

fr·action of the measured values of the apparent momentum that lie between 

p and p + dp . Therefore we may write in the usual manner 

Integrating first with respect to Rl' we have 

.!1 Rl v (Rl' p) dRl ~ R II + T), 

where 'r is insensitive to the velocity of the meson. [see Eq. (4. 18) for the 

definition of 7'] . We have the ideal range -momentum relation» 

where M is the mass of the particle expressed in units of the proton mass 

and q is the true value of the exponent of the range -momentum equation. 
0 

~5' 2) 

(4. 24~ 

BecausE: of the Lewis Effect, q differs in principle from the q obtained by 
0 

the proton range -energy data by ::::: p
1 

d'r 
1 "'dO":- (::::: 0. 01 o/o in this experiment). 

p1 ' 

Therefore, continuing with the integration, 

But 

(R1 p _, = C
0 

(l + '~") M
1 

- qo J J p -q W(p) Ptqo U(pl' p) dpl' dp . 
p pl 

U (pl' p) dp
0 

q 
=p

0
{lftO) 

q 

(C. 1) 

(3. 16) 
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Hence for the integration over the third variablei pi we have: 

( R.1 p -q) = C 
0 

( 1 + ar} 1 + w q 
1-q I q -q 

M 
0 

p 0 W ~p} dp 
p 

{C. 2) 

- q 
(C. 3} 

< 
-~ 1 - qo qo - q [ 

Rl p I= c 0 M < P) .. . . L + w q + 7' + 

~ ~ 2] . 1 -q q -q q -q (J 

.. • <R.lp~.J}zcoM . o(P) o ... + "'q + .T + 2 o <t' 
where u 

2 = ~p - p)
2 

W (p) dp; and T and w are both<< 1. 
p J\: q 

(5. 3) 

Since the sign in (:o -q) is unknown, we choose ~0 - q>= 0 

2. The variance o£ R
1
p -q • 

The variance is defined as 

"2 =(R./ P-z'? -~~ P~2 (C. 5} 

From Eq. (5. 3) we obtain 

· 2 q - 2q t 2 . 2- 2q . 0 

=C 0 M .··o(P) 1'+2w~+2'T + (q - q ) (J 2 ] 
0 p -+ ... 

(P)2 

(C. 6) 
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' 
As before, one has 

Let 

But 

Therefore, we have 

A ) 2- 2q 
'\_ Rl 2 p -2q = Co2 M o ( l + '1") 2 

2 
<TR 

(1 + <R~2 

W (p) U (p1, P) dp dp1 

UCRL-2522 

From previous discussions, (see Appendix B), one can write 
I 

SubstitUting within the integral, one obtains 

(C. 8) 

(C. 9) 

(C. l 0) 
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,Sub.stituting in· the definition qf the variance, 

(C. 11) 

Frorl? Eqs. (2. 91 (3. 16),and(4. 2~ we have: 

2 2 - 2q 2q ~ ] 
Co. M o (p) . o =-·<;t:v2 ll -l·~q,- 2'7' 

Substituting in our expression for the varianc;:e .(Eq. C. 11) and neglecting 

second-order terms in w and '7', we get 
q 

u z "'(P iq ER 2 + RI z <"'zq -ZwqQ 

3, The Mass Ra'tio 

(C. 12) 

(5. 4) 

If we use the a~erage value of the observed quantity R 1 p -q instead 

of R p
1

-q , it leads to an apparent mass ratio d, defined by 

o.' (5. 1) ; 

The true mass ratio is expressed by 

0. (C. 13) 

. Employing Eq. (5. 3), 

o.' 1 - q = 0.1 ,(C. 14) 
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We assume ~ - s
0

) = 0 since we do not know the sign of the 

uncertainty in the shrinkage factor. Therefore 'T · = 'T = 0 . 
21T 21-'-

Similarly~ - q?l is set = 0 . 

Therefor.e, 

Let us define r so that 

a: (1 + r) r << 1 

Substituting, 

I 
Q 

1 - q 

Therefore, we obtain 

a = d ~ + 
'T - 'T 

hr 1u + 
q - 1 

w w J .q..,. -. ~ 
q - 1 

4. The Statistical Uncer~inty in the Mass Ratio. 

From Eqs. (C. 4} (C. 13} aJ1d(5. 5)we have 

qo _q 

1 - ·q a= d (1 + r) 

-q 

(C. 15) 

(5. 5) 

(C. 16) 

(5. 6) 

(C. 1 7) 
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Recalling that 'T = 'Tl + T 2 , where 'Tl 
1 

612 M .fn 3780 13
2 

s -s / 2 ) = S o \sin yl and defining the uncertainties in q and 

"0 

CJ · and CJ · ,. respectively, one obtains q s 

2 
(J . 

~ 
2 

a 

and 

s, as 

2 
where CJ 

a 
2 

and CJ 1 are the statistical uncertainties in the true and 
()], 

apparent mass ratios, respective,ly. 

If there are n observations of R
1 

p -q and n oqservations of 
,. ,. ,. 1..1. 

(C, 18) 

-q 
R 1!..L p!..L , t.he statistical uncertainty in the mass ratio can be expressed as 

(J 
a 

2 
2 

a. =---..... 2 
(q - 1) 

2 ~ 2 
(J (J 

+ q p'll' 

---r~ 

2 

(5. 7) 



-75- UCRL-2522 

· D. Dynamics of ~ ir -1.1 Dec(l.y 

...• One, assu~es the decay schem~ 1r- fJ. + v, where v represents a 

~eutral particle, presumably a neutrino. For a pion decaying while at 

rest, one can write the relativistic conservation-of-energy and momentum 

equations as follows: 

1. Mass of Nemtrino 

m .v 
2 4 c 

For simplicity let m'TT/m~ = a and mv/m!.l = J3. 

Also let p!.l = p 
0

, the full decay momentum. 

Substituting the momentum equation in the energy expression, and 

performing the algebra, we have 

m 
11' 

-=a m 
fJ. 

+ 1 + 132 

Transposing and squaring both sides of Eq. (D. q, we have 

Therefore, 

1 ./Pm' o"c '·2 a2 + 1 - 132 = 2a \. r ) 

~6. q 

(6. 2} 

(D. q 

~D. 2} 

(D. 3} 



Solving for 13 2
, we get 

or m .::' m v : IL 
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2. Pion-Muon Mass Difference 

If one now assumes m .:: 0, we have from Eq. (6. 3) 
v 

Squaring once again, 

or 

2 

(~2 - 1) 

Therefore, 

2 2 
4a. P

0 
2 z 

2 '2 :: 4a. p 0 

2 2 m c 
IL 

2a. p 
( 0 

m. c 
IL 

m c 
IL 

UCRL-2522 

(D. 4) 

(6. 3) 

(D. 5) 

(D. 6) 

(D. 7) 

(D. 8) 
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m rj , we can write 
'!I'm 

fJ. 

( 
\ 2 ; 2o. p c 

mw - m!J.) c = -o; + 1 o ' 

3. Mass of Muon .. 

UCRL~2522 

(6. 4) 

Under the assumption that m .= 0, ·we can also solve Eq. (6. 3)for ihe ·v . i .. " ,,_ 

mass .of the tJ.-meson. ·Consequently, · 

= 2a. 
2: '1 a; -

Po c 

4. Kinetic ~nergy of Muon from Pion Decaying at Rest 

The quantity ·T . will refer· to the kinetic energy of the tJ. -meson at 
. 0 

(6. 6) 

the time of creation. Rewriting the conservation equations in terms of the 

kinetic ~ne r gy T 
0

, we have 

m ,-c 
'11' 

2 = c
2 t T + miJ. o 

= m 
fJ. 

since p = p . Continuing,_ v 0 

4 
m c v 

2 2 
m c = m c :+ T 

0 
+ f m 2 c 4 +2m \J fJ. tJ. 

c
2 

T +T 2 +m
2

c
4 

0 0 v 'IT tJ. 

Or, transposing and squaring, 

= m 
2 

.c 
4 + m 

2 
c 

4 
+ 2m 

iJ. :v tJ. 
c

2 T + T 
2 

' 0 0 

(D. 9) 

(D. 10) 

(D.ll.) 
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m 
Expanding, and substituting. a = w/rn , one obtains 

f..l. 

2 
{a. - 1) 

Solving for T , 
0 

T = m c 
0 f..l. 

2 T 
0 

2 ·[ 

2 T 
1 + 0 + !32 

2 
m c 

tJ. 

] 

T 2 
0 

{D. 13) 

Substituting the expression for m c
2 

as given in Eq. {6. 6)and letting j3 = 0, 
f..l. 

T =tz a P0 c][ 2 ] {g ... 1) 

o a2 - 1 2a 

or, 

T a. - 1 = Po C· 
0 

a. + 1 

If one now solves for p c in Eq. (6. 6)and replaces m with rn / 
0 . f.L 'l'f a. ' 

one obtains the alternate expression 

2 
T = (a.-1) 

0 20.2 
2 

rn c 
'If 

(D.l4) 

(6, 7a) 

{6. 7b) 
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E. Correction to Mean Range of Mu-:C:ompletes 

It can easily be shown geometrically that the probability of a particle 1 s 

remaining within the emulsion is approximately equal to t/2R i£ R >t, where 

t is the thickness of the emulsion ~nd R is the residual range of the particle 

within the emulsion, I£ one assumes that the tr;;tcks of the monoenergetic 

partiCles are straight, all tracks originating from a point will lie on a sphere 
2 

of surface area equal to 411' R , I£ the tracks are then. presumed to originate 
' ' 

at any depth within the emul~ion, the :area of the surface subtended by the 
' ' ' 

emulsion is equal to 211' Rt. Th~refore the probabili~y of remaining within 

the emulsion becomes 

211' Rt _ t 
''l --411' R 2R: 

Let R be the calculated mean range of the tJ.-completes. Analytically 
fJ. 

one'has 

(
R ) = .k N !R) dR 

fJ. J N R) dR ' 

Assuming a Gaussian range-distribution function, and introducing the 

probability_factor, one can write 

f_-

. 2 
. 2<T .R. 

0 

2 
2<T R 

0 

R 

R dR 

dR 

:(E. 1) 

(E'. 2) 

where <T R 
2 

is the true variance of the range distribution, and(Ro) is 
0 

the true mean. 

Integrating the numerator, one obtains 

<(;E. 3) 
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. To evaluate 12 • let R-= (R
0

) + E. Therefore dR = de. 
. / 

Substituting, 

.··Expanding Eq. (E. 4), 

Integrating, 

Therefore, 

2 
.. E '2 

J 2u . 
e. R d~ o· ~ 

2 
E 

+ --) . 

As C1 R is unknown, we wish to replace it by the experimental 
0 2 

estimate of the straggling, C1 RJ.l . Let 

2 f -(R~))z - (R ~ (Rg))2 
uR 

2 J.l 2u R e dR 
0 

- 13 R =-
12 I 2 

• 
(E. 4) 

(E. 5) 

(E. 6) 

(E. 8) 



• 
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Therefore R -(a!J.)= e 

Substituting, 
2 

E 

j· - _q )2 2u 
2 

e R de 
0 (E. 9) 13 

(ao) + E 

Expanding, 

All odd powers in the integrand may be dropped, since they integrate out to 

zero. Therefore, collecting the remaining terms and integrating, 

(E. 11) 

Substituting and performing the algebra, one obtains 

(E. 12) 

From Eq. (E. 7)we have, to the second order of small quantities, 

(E. 13) 

or (E. 14~ 
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But by definition, (Ro) = (RIJ.)- & therefore 

(E 15) 

2 2 
As & << 0" R and o << 1, we finally obtain 

iJ. 

( 8. 1) 

F. The Propagation of Errors 

The 1T/f.l mass ratio a. is determined solely from Run I with an 

uncertainty expressed by Eq. (5. 7). The r~lative magnitudes of the terms 

contributing to the total error in·a are such that uncertainties introduced 

by the O" 
2 

and O" 
2 

terms are essentially negligible. Therefore, in the 

f 11 · sd. · q h h' h f t• f 2 d 2 
o ow1ng 1scuss1on, t ose terms w 1c are unc 1ons o O" an 0" · 

s q 
will be omitted for the purpose of simplicity. 

Unlike the case of a, all other experimental values are averaged over 

both .Runs I and II. Sinc-e the individual means obtained from each of the runs 

are not completely independent of one another, the usual simple averaging 

procedure is no longer valid. It is therefore necessary to express all the 

pertinent equations of Sec. VIA. in terms of directly observable and independent 

parameters . 

. The following detailed analysis gives a sample of the procedure employed 

in obtaining final mean values 

quantities, T and p . 
0 0 

for the meson masses and their related 

In Run I, the absolute momentum p is determined from the relation 
0 

~] + . 
q 

(6. 10) 
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In Run II, 

1/q 

~o) { 
<Ro'f -q;] [ f 

'1'' - 'f I ~' J 'If 0 + :'IT ' (6, 12) 
II aq - 1 <It .· 'p'n q 

hr 

As the terms in 'f and w are quite small, they can be neglected in the 
q ' 

present discussion, The primed measurable quantities refer to Run II; 

the unprimed to Run L It is to be noted in Eq, (6, 12)that (p o) is a 
; · II 

function of a which has been determined from Ruri L Since 

1 

(5. 1) 

we may rewrite Eq.(6, 12)as follows: 

(F. 1) 

We shall choose the calculation of the pion-meson mass difference to serve 

as a typical example of the general averaging procedure followed, 

p c 
0 ' 

~6. 4} 

For simplicity of notation, let >.. = (mw -m!J.) c
2

, <Kn) =(R11" p'Tf -q) , 
and<K!J.)= (R1!J. p!J. -,, For Runs I and II, we may write Eq, (6, 4) in terms 

of observable quantities as foHows: 
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(F • .Z.a) 

.Z.c 
(F • .Z.b) 

X:n = ------!"!'----
1 

r::-q 
+ 1 

Differentiating, one obtains the following partial derivatives: 

Run I Run .II 



&A 
I I = &H H 

where~ 

aH 

Run I .(Cont.) 

and . a xn 
a F' 

- 85 -

··' 

a x.n ... 
a R" 

0 

aAu = 

aH' 

reflect the errors in (p· ) . 0 
I 

UCRL-2522 

Run II (C onto ) 

and (p ) , 
on 

res-

(F. 3) 

pectively, introduced by uncertainties in the absolute values of the magnetic 

fields, H and H' . 

Let 

(F. 4) 

where A and (1-.J\) represent the averaging weights of the two measurements 

X.I and x.1r respectively. 



' 
- 86 - UCRL-2522 

Differentiati. ng Eq. (F. 4) 

(F. 5) 

Substituting the derivatives of Eq. (.'F. 3) in Eq. (F. 6). we have 

A('A)= 'AI AuP + a -q«) J A(Kv) 
{F. 7) (1 + a)(l - q) q ( 1 - q){a. + 1) <K1f>. 

+A[- )..I (1 f o. -qa} 
f 

All ( i + 01 - qu) J A.~g} 
q (l:f~} {1 - q) q ( 1 + a)(l.- q) · \K~) 
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+ 
A'X.I ~~R~ 

+ A'A.~ + 
>..II ( 1 + a - q a) ~~1T) 

q 
(Ro) 

-H q (1 -qf(1 +a) (K1T> 

\II (I .f a - qa) ~ (1 -A) >..
1 ~ -

- ~ q (1 -q)(1 fa) <K~) .q 

+(1-A)~ 
q 

+ (1 -A) 'X. .6.H' 

H'-

Therefore, collecting terms, we have 
'• 

::::: [A (g - 1) (a + 1) + (1 - g) a + J 
q (1 ,.. q)(1 + a) 

_1_+...-;.(_1_-_q_)_,a_---" ~~~) _ ( 1 - A) 

q ( 1 - q) ( 1 + a) <KtJ.) q 

+ (1 -A) 

q 

f A .6.H 

H 

f (1 -A) ~H' 

H' 
+...A. 

q 

.If one now squares.Eq.(F. 8)and takes me~n values, the various cross

product terms average out to zero and we get 

(F. 7 
cont.) 

(F. 8) 
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AIJ.) -
.(>-) ; 
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[A(g -1)(af1)f (1-g) af 1] 

q ( 1 - q)( 1 + a) · 

' ' ' !2 ' 

f ~ f (1 -q) g. ·. J /f-.. K:))
2 

Lq ( 1 _ q) (a f 1) . . \ \ r-

f, (1 ,.. A)z , 
2 

q 

f ( 1 _ A)2 (- AH' )2 
\ ll' ~ . ; 

UCRL-2522 

(F. 9) 

Furthermo:e, if we npw replace ( £.~:}) 
2 

by the e>;perimental vatiance 

---!::tr and the other te~ms with their corresponding experimental 

n1T <K1Tl 
variances, and let 

1 
c = -r 

q 

1 
b ~--z 

q 

/ r 
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1 
· f =-z .......... ---... z---~_-::z 

q ( 1 ~ q) (a +· 1) 

and g= [1 + (:1 - gJ (l] 2 
2 2 . 2 

q ( 1 - q) (a + 1) 

:we can write, 

( i':$J ':'. A 
2 

(a + d) + ( 1 - A)
2 

(b + c + e) 

. . 2 

+[A (q • 1) (11 + 1) + (1 - q) « + 1] f + g (F. 1 0) 

etc. represent the mean-s~uare percentage 

errors or variances in the quantities 

rtr)' <Krr')• etc., for Runs I and II. 

Since both the runs ·are comprised of several plates each, these mean-square 

percentage errors are evaluated from a weighted a,verage of the variances of 

the individual plates. 

' Apply~ng the Principle of Least Square.s, one differentiates Eq. (F. 1 0) 

with re.spect to A and sets the derivative equal to zero to find the minimum 

error 1n \x.) . 
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A ( a + d) - ( 1 - A)' (b + c + e) 

+ ( q - 1) (a + 1) f [A ( q - 1) (a + 1) + ( 1 - q) a: + 1] = 0. 

Therefore 

A (a + d + b + c + e) - ( ~b + c + e) + Af ( q - 1 ) 2 (a + 1) 
2 

+ f (q - r) (11 + I) ~I - qJ u + 1] • 0 .. 

Solving for _A, one has 

A = b + c + e - Cg .- 1 )hi+ 1) [u -g) g. + J f 

a+ d + b + c + e + (q - 1)
2 (.a+ 1 )

2
f 

(F. 11) 

(F. 12) 

Having obtained this value for A, one then inserts it in Eq. (F. 4)to give ('A) 
and in Eq. (F. 9)to obtain an estimate of the error, D. ('A). 
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Atithor ·:Year 

Corson and 
Brode 
(and others) 1938 

Wheeler 
and 
Lade:p.burg 1941 

Nielsen anlf 
W. M. Po\\ell 1943 

; 
c' 

, Hughes 1946 

Fretter 1946 

Lattes, 
Occhialini. 
and 
C.F.Powell 1948 

Golds chrnidt 
Clermont, 
et al 1948 

TABLE I. 

SUMMARY OF MESON MASS-MEAS-UREMENTS WITH COSMIC RAYS 

Refer- Particle ~ass Method and Comments 
ence Type . lues -~C -Cloud Chamber, NE -Nuclear Emulsio~ 

+ 4 
- zoo 50 CC; Hp vs. specific ioni2;ation (i) 1.1. ' IL :I: 

+ 6 ··- -180 Summary of all meson mass measurernnts f.l. , li 
up to 1941; range-momentum relations 

+ -78 IL , IL -zoo CC; Hp vs~ i 

+ 79 - -zoo CC; Hp vs. R, i ; reported spectrum of IL . , IL ·-
mass values 30-340 m 

0 

7 IL +, - - zoz IL :I: 5 CC; Hp vs. R; first of more accurate 
-· determinations, showed unique mass value. 

for penetrating component of cosmic rays 

17 1T +;,p. + 1. 65± o. 11 NE; grain count vs. R; mass normalization; 

+ -80 1T , 1T Z7Z ':1: 1Z NE; scattering vs. R 

+ - zoz 8 IL , IL :I: 
-_; 

...0 
N 



TABLE L 

SUMMARY OF MESON MASS MEASUREM.ENTS WITH COSMIC RAYS (CONT. ) 

' ,. 

, Refer P'article Mass Method and Comments · 
.·.Author Year Type Value.s pc -Cloud Cha:mber, .NE -Nuclear ·Emulsion] 

. 
ence 

--. -. 

-· ~. ; 

Lattimore 1948 81 -
iT 290 ::1: 80 NE; s-cattering vs. R 

--- . 

Brown et al. 1949 82 tr/!J. : 1.33 ::1: 0. 05 NE; grain count vs. R. ··-·. 

195.0 f - 290 20 18 'It ' 
'It ::1: 

Brode 1949 f - 212 5 New statistiCal analysis of data· 6£' Ref.-"7 ·-· --
9" IJ. ' IJ. ::1: 

I 

Leighton, - .. . 
Anderson, 

f end poirit of'iJ.+ ... -~ f+ -2-v -de-cay' and. se:r:ff 1949 27 IJ. 2T7 '± 4 CC; -. 

·Retallack + and Brode 1949 10 - 215 4' CC;Hp VS. R !.L • IJ. ± ~ . 
Brode 1949 IJ. +' 

- 215 8 IJ. ·± 2 Weighted mean fncluding data of Refs. 7, 1.0 :f 

'1950 83 f - 270 20 NE; Hpvs R Barbour ' 'It - • 'lr ::1: 
~ .. -.. .. .. 

f - ZZ.6 15 p; • !.1. ::1: 
.. 

Franzinetti 1950 84 -.+ 281 ::1:' 7 NE; Hp vs.R 'II" 

-
'IT 288 ::1: 13 -

!.1.+ zf7 ::1: 4 I 

. .. . -- . 
! 

. Camerini + -et,al, 1950 85 1T • 'IT _283 ·::1: 7 NE; grain count vs. scattering angle 
·-·-

' 

' I 
-· 



TABLE I 

SUMMARY OF MESON MASS MEASUJZtEMENTS WITH COSMIC RAYS (CONT. } 
i 

Refer• Particle Mass Method and Comments 
Author !Year ence Type Values pc - Cloud Chamber, NE -Nuclear Emulsio, 

Merkle, 
_. Goldwasser, + -and Brode 1950 1l ~ • ~ 196 ± 3 CC; Hp vs R 

Carlson, 
Hooper, 

0 NE; Dop_pler shift spectrum of--y-rays in 
and King 1950 2.6 1T 295 ± 20 cosmic ray stars 

Nonnemaker + and Street 1951:- 86 - 220 12 ·CC; Hp vs R ~ .. ~ :I: 

As.coli 1953 87 + - 207. 4::t:: 2.4 CC; Hp VB R 
~ -· ~ 

; 

-

-



TABLE II 

SUMMARY OF MASS.MEASUREMENTS'WITH ARTIFICIALLY PRODUCED MESONS 

~-Refer ... Particle Mass 'pc Method and Comments 
Author Year ence Type Values - Cloud Chamber, NE- Nuclear Emulsion] 

·E .. Gardner 
and Lattes 1948 19 'II' 

- 313 :1:16 NE; Hp vsR 

Barkas, 
· E. Gardner, .-. and Lattes 1948 . 88 'IT -305 NE; Hp vs. grain count .... 

-
IJ. -202 

VanRossum 194.9 89 'It 
- 280 :1:15 NE; Hp vs. ·grain count 

Bishop 1949 20 'IT+ -286 NE; Hp vs.R 
-

'IT -285 

+ -216 1.1 

'11'/tJ. 1. 32 ± 0.01 ... 

Smith et a1. 195.0 21 + - 276 6 NE; Hp vs.R 1r ,'II' ± 

+ 210 tJ. :1: 4 .. 

Bowker 1950 90 - 264 +26 NE; Hp vs grain count 'IT 

- 22 

Lederman, 
Tinlot.and 

-

Booth 1951 23 = = 66 3 -CC; Decay in flight, 
= -

+~ 1r = tJ. ::1: 'iT -IJ. 
I 
I 



TABLE ll (CONT.) 

SUMMARY OF MASS MEASUREMENTS WITH .A,RT~IFICIALLY PRODUC~D MESONS 

Refer·- Particle Mass 
[cc Method and Comments . J 

Author Year ence Type Values -Cloud Chamber, NE -Nuclear Emulsion 

Panofsky, 1951 24 - 275.2 :1: 2. 5 Gamma Ray Spectrometer; 1r -·~ +p-n+y 
Aamodt, - 0 - 0 and Hadley 11' -'IT 10.6 .:1: 2. 0 Doppler Shift Spectrum, 'IT +p -n+1T 

Barkas, 1951 40 + 277.4 :1: 1. 1 NE; Hp vs R; Mass Normalization~ 1!' 

Smith, and Proton-Pion Comparison. Background 
E. Gardner 

; 276.1 ±1.3 . Contamination. 

Cartwright 1951 33 + 275. 1 :1: 2. 5 + 
1!' NE; p· + p -+ 1T + d 

+ -
Sagane, 195~ 31 tJ. 212.0 :1: 5. 0 Spiral Orbit Spectrometer; 
W. L. Gardner, 

+ -+ (3+ + 2 v end point and Hubbard tJ. 

Birnbaum, 1951 91 + + 
Tr /tJ. 1. 318 .:1: .004 NE; 

Smith, and + + 66.46 .:1: o. 16 Dynamics of 'IT 
+ ++ 

Barkas 1T -tJ. - .tJ. v; 
+ 1T 276.1 :1:. 2. 3 Preliminary Results of Present Experiment 
+ '2.09. 6 :1:. 2. 4 tJ. 

1951 + + 63.0 :1: 2. 0 CC; .1r 
+ + W.M.Powell 92 11' - tJ. - tJ. + v Decay 

Peterson, 
11oft, and + + Sherman 1951 34 1T 279.0 :1:.1.5 NE;p +p-'IT +d 



TABLE TI (CONT.} 

, SUMMARY OF MASS MEASUREMENTS ·WITH ARTIFICIALLY PRODUCED MESONS 

Refer- Particle 
Author Year ence Type 

Crowe and 
Panofsky 952 93 

Crowe 952 .25 

Chir10wsky, 11953 94 
Sachs, and 
.~teinberger 

Smith, ll 95 3 41 
Birnbaum, 
and .Barkas 

Smith 953 42 

Pres~nt Study 
Final Result:; 
(Values in , ~ 953 
parenthesis 
ass·ume mv=~ 

·-

-
'IT 

·-
'It 

-'IT -11' 

+ 
'II' 

-
1T 

+ 
'iT 

Tr-/tr + 

. 'lr+/1-1 + 

+ 
'If - 1-1 

+ 
'If 

+ 
1-1 
iJ.T 

+ 
lL 

0 

+ 

Mass 
. Values 

278.0 

273.5 

8.8 
., 

2.73. 4 

272.5 

273.3 

1. 321 

( 66.41 

(273. 5 

{207. 1 

206.9 

(206 .. 9 

.. Method and Comments 
[cc -Cloud Chamber., NE -Nuclear Emulsion] 

:1:2.5 Corrections to data of Ref. 24 due to 
ionization losses in converter. 

:1:0.5 Gamma ray spectrometer; 'It 
- +p- n + y 

:1::0.6 Angular c~rrelation of y-ray pairs from 
decay of it produced by .. 

- . 0 
1T +p -'TT + n 

::t:O. 2 NE; Hp vs R; Mass Normalization; 
proton-pion comparison· 

:!;0.3 '. 

::i:0.2 Same. data. as Ref. 41 s.tatistical 
corrections; corre·ction 95 to stopping 
power formula due to sign of charge 

:1:0.002 NE; Hp vs R; Mass Normalization; 
pion-~neson comparison 

:1:0. 07} Dyhamics + + + . 
of 11: - 1-1 + v ; decay momentum 

and mass ratio 

:1:1. 2) Mass ratio and mass difference 

:1:1. 1} 

~0.4 Mass ratio and 1r+ mass from Ref.4 2 

~0.2} Mass difference· and 'iT 
+ inass from Re£..42 

...0 
-J 

c:: 
() 

~ 
~ 
N 
Vl 
N 
N 
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TABLE III 'UCRL-2522 

MAGNETIC RIGIDITY CALCULATION -Q' = 0 AT DETECTOR 
RUN I 

(Ex planation of. symbols at end of table) 
t------,r"""'.:...--=t-----r-----""i""o=..,----r-..:.....---.,....--~=-~· <-="""'"-='~~.~~~-

''----L---'----..,.J..-~--=-.b,.,--=-=~=-·-=· =···=----~-====-=-"'-,~ ___ .... _ --_,,_,_ .... ~. 

r ·=Cyclotron radius 

=Radial distance from the center of the cyclotron to the center 
of the target = 72. 5 inches 

x 0 ·=Distance between center of target and point at which trajectory 
crosses x-axis at detector. The x-a.xis is coincident with the 
median line of the target-detector assembly. 

Yo 

g 

=Nominal inclination angle between actual orbit and median 
plane of cyclotron 

=See Fig. 3 for definition. 
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TABLE IV 

UCR.L-2522 

. MAGNETIC RIGIDITY CALCULATION- Q0= 0 AT DETECTOR 
RU~ I& (Explanation 6f s vmbols at en o 'l'ar Ie 4\ 

. ' 

~1 +:X 
0 

r1 +x 
.0 I 

Hr dr 

H 
... 

r1 r ·Hr dr 
2r 

1 
+x ·; ~~A} sec y A.secy A sec y r + x 

0 ' 0 0 1 0 

C) ' 

- ' 
( ' 

. 2 ·' 
, l.nches gauss ·gauss -1n gauss -in gauss-in gauss.;.mm mm 

73.5 14238 
1 0465x 102 2003 x10 2 

7119 1. 1081 7889', 1879.6 
74.5 14229 

21066 14233 1.0281 14633 3717 1905.0 
75.5 14220 

31802 21343 1. 0126 21612 5489 1930.4 
76.5 14211 

42673 28449 1. 0071 28651 7277 1955.8 
77.5 14205' 

53682 35551 1.0045 ' 35711 9071 1981.2 
78.5 '14196 

14182! 
64826 42649 1.0032 42785 10867 2006.6 

79.5 
76100 49739 1. 0023 49853 12663 2032.0 

80.5 14163' 
87502 56819 1. 0018 56922 14458 2057.4: 

- "-- -- ·'. I 

r 1 = 73.0 inches 
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TABLE V 

MEAN VALUES OF VARIABLE QUANTITIES IN FINITE 
TARGET -DETECTOR CORRECTION TERM IN MOMENTUM 

CALCULATION 

Quantity Pions Muons 
·- ·--

N+ -N -0 ab -
<x> 

N+ +N- a + b 

0 ab <y> m 
2 2 

<z> c h. !(z ;>c ) cf3zb (• >c) 
0 o· 0 

2 2 2 a (a + 3b) <x > a!J 3 (a+ b) 
2 . 

<y2> b~ b (b t 3a) •.. 
3 {a+ EJ 

2 2 
<Pr<2> c)!~ ch - 3 
<Cl;_> obs obs 
<v:> obs obs 
·<Q' 2~ nhR obs 
<v'2'> obs obs 

I ab 
<Q' > <vQ·> 0 ' a+ '6 

'2.-
<Q'> 

-

c~~o <d <i!tG'> ci3~ .... > 

-z . 
c a.b 

<wy> 0 3.&- (a +b) 
. 0 

2 ' 2 
--

<.pry~> cJ1w, < f·> cj/3-z.. <y'> 
0 

y 
0 

. + - . 2 2 
<xyQ'> 0 N - N a b <Oi> 

N+ + N- 2 (a f b) . 

<xi!!"> 0 N+- N- abc 2 

N+ + N-
l 

(a + b) 3.zo 

N+- N- abc
2 

2 0 <x• > 
N+ + N- 3 (a + b) 
N+ - N 

-
ab 3 (b + 3a) 2 0 <xy > . . + ... - . 
3 (a + b) 2 N + N 

3 
0 

N+- N- a3
b <x > --

N++ N- a+b 

-· .. -~. 

I 

-
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TABLE VI 

COMPOSITION OF ILFORD C-2 EMULSION 

---""-=~ 

Elern.ent grnfc. c 
M. ~· N. 2 1, l 1, 

N. -to grn. 2 1 t 

No.atorns/cc N. ;;. N.ib. 1\. l, 1 l. 1" ...... 
-

Ag 1. 85 107.9 47 1. 113xl 022 4.8Sxio23 2.46xlo25 2.28xlcf3 

Br 1. 34 79.9 35 1. 010 3.54 1. 24 1. 57 .. 

I 0.052 l26. 9 53 0.025 0. 13 0.07 0.06 

c 0.27 12.0 ·6 1.352 0.81 0.05 0.42 

H 0.056 1.0 1 3.350 0.34 0.003 0.34 

0 0.27 16 .. 0 8 1. 015 0.81 0.06 0.41 
-· 

s 0.010 32. 1 16 0.019 0.03 0.005 0.02 

.. N 0.067 14.0 7 0.288 0.20 0.014 o. 10 
; 

Totals 1. 07xlo24 3.90xl025 5.20xl<f3 



; 
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TABLE VU. 

PERTURBATION OF MAGNETIC F.IELD BY 
SET SCREW ACTING AS MAGNETIC DIPOLE 

[:1
0 

= 1421~ gaus.:;] 

fJT HT -Ho 

UCRL-2522 

I/r
3 

2 2 g gauss gauss 2 cos Q -sin 0 gauss 

00 14252 36:!: 4 2.00 18.0± 2. 0. 

:!: 10° 14250 34:!: 4 1. 91 17.8:t: 2. 1 

:!: 20° 14244 28:!: 4 1. 65 17.0± 2.4 

:!: 30° 14238 22 ±.4 1. .25 17. 6± 3.2 

:!: 40° 14227 11:1:4 0.76 16.3:1: 5. 3 

:!: 50 
0 14221 5 :1: 4 0.24 20. 8::t: 16; 7 

:1: 55 ° 14216 0:!: 4~ :..0. 01 - - -
:!: 60° 14211 -5:!: 4 -0.25 20. O:t: 16. 0 

H Unperturbed magnetic field 
0 

r Distance from center of set screw to center of water sample 
in nuclear fluxmeter 

~ ~ 
g Angle of rotation between the vector r and the direction of He, 

I Total magnetic moment of set screw 

<i/r> 17.6 gauss 



Plate 
No. 

22297 

23313 

23315 

25957 

25958 

25959s 

25959b 

25961 

25967 

28848 

28849 

28853 
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·TABLE VIIL 

SUMMARY OF MU -COMPLETE RANGE DISTRIBUTIONS 

i 

r li 
2 

' (R) erR 
(Ro) 

erR :Normal 
No. of 1.1 . . fJ. ' 2 Jl. izing 

·Events Microns (Microns) Microns (R) Factor-

600M~ 

76 590. 1 841.33 591. 5 4. 9o/o 

62 599.0 604.92 600.0 '4. 1 

25 608.8 650.00 60,9.9 4.2 

39 595.0 691. 47 596.2 4.4 

77 . 593.9 860.09 595.3 ;4.9 

31 597~6 703.33 598.8 4.4 

56 592.3 685.53 593.5 4:4 

50 596.5 664.98 597.6 4.3 

53 596.8 1135. 96 598.7 5.6 

26 598.2. 454.04 599.0 3.6 

31 604.3 782.53 605.6 4.6 

32 592.2 713.35 593.4 4.5 

Obser.ved mean range of fl.-completes 

Variance of observed distribution of ranges 

Mean range of fJ.~completes corrected for probability, 
t/2 ~, of particle expending its entire energy within 

the emulsion of thickness t. 

1. 015 

1. 000 

0.982 

1.006 

1. 009 

1. 002 I 

1. 011 

1.004 

1. 004 

1. 002 

0.991 

1. 011 



R.+5 
1 

525 

535 

545 

555 

565 

575 

585 

595 

605 

615 

625 

635 

645 

655 

665 

675 

685 

695 
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TABLE IX. UCRL-2522 

COMBINED RANGE DISTRIBUTION OF MU -COMPLETES 

AND CHI-SQUARE TEST FOR NORMALITY 

r R = 600 microns, n. = 558 e. vent~, cr.R .In = 4. 5 ± 0. 1 %] L.: 0 . 0 . , O;.n; 
. 0 

:! r-i 
' 

E(t)dt .6-R t A Left AA f f (f - f 'f n 0 o n 

' 
- 75 - 2. 76 -0.4971 0,0029 0.0020 1 :} ' 

- 65 - 2. 39 - 0. 4916 0.0084 0.0055 3 
0 

-55 -2.02 - 0. 4783 0.0217 0.0133 7 8 1 

-45 - 1. 65 - 0. 4505 0,0495 0.0278 16 17 1 

- 35 - 1. 29 - 0. 4015 0.0985 0.0490 27 26 1 

- 25 - o. 92 -0.3212 0.1788 0.0803 45 56 121 

- 15 - 0. 55 - 0. 2088 0.2912 o. 1124 63 45 324 

- 5 -0. 18 -0.0714 0.4286 0.1374 77 72 25 

+ 5 + 0 •. 18 + 0 .. 0714 0.5714 0.1428 80 88 64 

+ 15 + o. 55 + 0. 2088 0,7088 0. 1374 77 81 16 

+ 25 + o. 92 +0.3212 o. 8212 0. 1124 63 61 4 

+ 35 + 1, 29 + o. 4015 0.9015 0.0803 
·;I 

45·, 44 1 

+ 45 + l. 65 + 0. 4505 0.9505 0.0490 27 30 9 

+55 + 2. 02 +0.4783 0.9783 0.0278 16 19 9 

+ 65 + 2. 39 + 0. 4916 0.9916 0.0133 7 3 16 

+ 75 + 2 .. 76 +0.4971 0.9971 0.0055 3 

:} + 85 + 3. 12 + 0. 4991 0.9991 0.0020 ' 1 0 

+ 95 + 3. 49 + 0. 4998 0.9998 0.0007 0 -

' 

2 
l - f \2 . · 

X = :I; L0 f. n) = . 12. 6 7 3 
n n 

No. of degrees of freedom = 15- 3 = 12 Significance Level ::::l 0. 4 

R
1
. = Range value at center of interval .6-A - fA J -(A_ 

- \ Lef Ri + 1 ~ ~ef 
1 

1,£0£~2 
f n 

0 

0. 143: 

0.062' 

0.037 

2.689 

5. 143 

0.325 

0.800 

0.208 

0.063 

0.022 

0.333 

0.562 

2.286 

0 

.6-R ~ 600-.(Ri + 5) 
t = .6-Rp f = Expected no. of events for 

R n normal distribution 
t 0 L ¢ (t) dt = Area of normal curve f = Observed number of events 

from o- t 0 

A Left = • 5000 +!at ¢ (t) dt 



TABLE X. 
. - . ~ 

SAMPLE CALCULATIONS -OF NORMALIZED RANGES, Rl'lt !)Tr AND R1!J:p~ -q 
(Definition of symbols at end of table) -Plate No. 25959 

' 

~E\elt: ' ' b.y" 
N>.& 

' 
~.an 

Type xi b.x" y' b.y''' d + b.x 11 tan a' a' g g- a' "an_( Q-a.' ) ~"'(].I ) 

541tr 17.043 .5.816 15.275 L 514 178.749 + 0. 0085 + 0. 5° +4. 5c ~ 4. 0° + o .. o69q +0.106 

I 

1 545~ 
' 

18.523 4.336 10.986 -2.775 177.269 ·-0.0156 -0. 9 -10. 4 -9.5° --0.1673 +0.464 

• 546Tr 18.420 4.439 15.310 + 1~- 549 177.372 + 0. 0087 +0. 5 + 2. 5 if 2.0 + 0. 034C +0.054 

55011' 18.627 4.232 8.424 - 5. 337 177 .-165-; -0.0301 - 1. 7 - 5. 2 ~ 3. 5 - o. 0612 +0.327 
I 

5511r 18.754 4. 105 9.943 - 3. 818 177.038 - 0. 021-6 -1.2 +1.9 + 3. 1 + 0. 0542 -0. 207 

601~ 62.892 --2. 174 . 8.549 -5~161 133.561 - 0. 0386 -2.2 +1.5 + 3. 7 + 0. 0641 -0.334 
. . 

603f.L 63.153 - 2. 435 13.470 - 0. 240 133.300 - o. 0018 - 0. 1 +4. 5 +4. 6 + 0. 0805 -0.019 
~ .. 

604~ 63.053 - 2,. 335 1~.349 - i. 361 133.400 -0.0102 -0.6 - 1. i - 0. 5 -0.0087 -0. 012 

606~ 63.309 - 2. 591 19. 326 if5.616 133.144 +-0. 0422 + 2. 4 +13.2 +10.8 + 0. 1908 + L 071 

6llf.L 63.289 - 2. 5 71 10.727 - 2. 983 133.164 - Q. 0224 -1.3 - 2. 5 ... 1.2 - 0. 0210 + 0. 062 
•, 

R' 

2020.'355 
: 

2019.233 

2018.926 

2018.992 

2018.331 

1974.727 

1974. 781 

1974.912 
··--

1975. 715 
-

1974.726 

I ,_. 
0 
\J1 
I 



TABLE X (CONT'D) 

&\MPLE CALCULAIIONS OF NORMALIZED RANGES, B. p -q AND R_ p -<1 
(Definition of- symbols at end of table) -Plate No. 2595<f'lt' 'It' -l.f.t fL 

~EMn,.t gr = ~o.B. 3.44 Type . A sec'-y
0 

· Q -·za·• sec (Q-2a') -P , log p 3. 44'logp p 

54ltr 12.758x10 5 + 3, 5° 1. 0019 12.782x10 5 6. 10661 21. 006 72 1. 016xl<f 1 
··- a::;:;._,_;, -- - ·- -. 

54511" 12.677 - 8. 6 1.0114 12.821 6.10794 21.01131 1. 026 
·-

546'1T 12 .. 657 + 1 .. 5 1. 0003 12.661 6 .. 10246 20.99247. 0.9828 

550'1t' 12.662 - 1. 8 1.0005 12.668 6. 10272 20-. 99335 0.9848 

55ltt 12.615 + 4. 3 1. 0028 12.650 6. 102_10 20.99123 0.9800 
--

-

60lf1 9.517 + 5. 9 1. 0053 9. 567 5.98078 20.57388 3.749x1a2D 

603tJ. 9.520 + 4. 7 1. 0034 9.552 5.98009 20.57151 3.729 
--

604(J. 9.531 + 0. 1 1.0000 9.531 5.97914 20.56824 3.700 

606tJ. 9,588 + 8. 4 1. 0108 9.692 5.98641 20.59325 3.-920 

6lltJ. 9.517 + 0. 1 1.0000 9.517 5.97850 20.56604 3.682 

Itl 

758.9 

729. 3 ' 

702.0 

665.8 

678.6 

523.2 

534.2 

510.8 

551. 7 

510.7 

I) -3. 44 .p 
-

74.72xl0 

71.05 

71.43 

67.61 

69.24 

139.6 
--

143. 3 

138.0 
--

140.8 

138. 7 

-21> 

I ...... 
0 

. 0' 
I 



TABLE X, (CONT'D) 

Definition of Symbols 

x', y' 

.6.x'' 

=Coordinates of meson track a:t point of entry on emulsionsu,dace · 
(in millimeter units) 

= xf' _- :x:'.; .6.y" = yfi - y' where xf' , yf' are the coordinates of the 1r or tJ. 

fid:Ucialmarks in the emulsion (!>ions: (x/, yf') = (22. 859, 13. 761); 

rn~ons: (xf' , yf') = (60. 718, 13. 710] 

d =distance along x-axis between center of target andfiducial mark 
(d = 2014. 433 mm; d = 1977. 2.35 mm) 

~- . tJ. . 

Q, a.', fJ = Defined in Fig. 3 

R' 

A sec'{ 
.. 0 

p 

= Cyclotron radius in mm. where orbit would cross x-axis in detector 

= Magnetic rigidity for fJ = Q- _Za.' -= 0 as calculated in Tables IV and v. and 
read from Fig. 4. (in units of gauss - mm.) 

Magnetic rigidity for fJ \ o. p =A sec y
0
sec (Q- 2 a') gauss -mm. 

R = ·Measured rang~ of meson track in microns. 



TABLE XL 

SUMMARY OF MEAN VALUES OF NORMALIZED RANGES AND MU..COMPLETE RANGES- RUNS I ANDIL 

~tr p1T} 
u. ~ -<t) 

UR R p_.· (1 

(R';y 'IT ljJ. . 1-1 'IT 1-1 n n I n 

X 1020 
•tr 

~1 tr p 1T --<~) X 102.0 
1-1 

<Rl!J. pl-1-<!) 
0 

<Ro) Plate No. i . 

25959 69.82±0.34 31 3~· 9±0. 3% 139. 11±1. 06 27 5. 9±0. 6 o/o 596.2±2.8 39 4.-4±0. 3 % 
-

25958 69.37:1::0.24 49 3.5±0.2 137.92:!.0. 79 46 5.7±0.4 595.3±2.3 77 4.9:1::0.3 
-. 

Run 
I 25959 0. 85±0. 2.5 50 3. 6±0. 2. 140. 19±0.62 38 4. 1±0.3 593.5±2. 4 56 4.4±0.3 

25961 70.68±0.31 51 4.4±0.3 139.49±0.69 30 4.0±0.3 597.6:1::2.5 50 4.3:1::0.3 
~---

' 

25967 70.37±0.22 52 3.5±0.2 136.24:1::0.98 20 4.8:1::0.5 598.7:1::3.1 53 5.6±0.4 
.. 

28848 70.84::t;O.ZZ 69 3. 8..::1::.0. 2 - 599.0±2.8 26 3.6±0.3 
Run 

II .28849 72.48:1:;0.22 71 ·3. 7±0.2 I-- 605.6±3.3 31 4.6±0.4 
-

28853 70.74:1::0.24 78 4.5:1::0.2 r- .593. 4:1::3. 1 32 4.5:1::0.4 
- .. . .. . . -~ 

R 11T. R 11-1, and R 0 in units of microns. 

p1T and p!J. in units of gaus::;-mrn. 

I ...... 
0 
00 
I 



TABLE XII. 

CALCULATION OF PI- MU MASS RATIO - (Eq. 5. 6) 

R -q R p --q-
(I) (I) (I)_ -(I) 'T - 'T 4L . lrr p'IT Jv. -~ qv ~ 9,1t 9.~ br _.6.a, X 104 ; m 

•- X lcl-
0 

X 10
20 

X 10
3 

X 10
3 a. = --lL. 

· P1ateNo a.' q -1 q - 1 a. mu. 

: 25957 69.82 139. 11 1.3264 + 1. 37 +J. 78 - 0. 17x10
3 

-2. 58:d0 4 -4.26 1.3258 
I 25958 69.37 137.92 1.3253 + 1. 45 - 1. 38 + 1. 16 - 2. 58 + 9. 01 1. 3265 
: 25959 70.85 140. 19 1. 3227 + 1. 39 + 4. 77 - 1. 39 /- 2. 58 ~16. 48 1. 32_05 
25961 70.68 139.49 L 3213 + 1. 36 -0.53 + 0. 77 - 2. 58 + 5. 16 1. 3220 
25967 70.37 136.24 1.3110 + 1.-53 +6.60 - 2. 08 - 2. 58 . -23. 38 1.3079 

a.' = apparent mass ratio; a. = mass ratio corrected for fi:J;lite targ.et.odetector and Lewis effects (Eq. 5. 7) 
. . 

2 I. 2 2 2 Probable 
(J (J (J (J 2 B2 . 2 

11' tt ' (!1f) 2 r P;r ' Pu_ A c ·Error 

~ 2 n~ p-'-, . 2 
<p~ -~:t pc:.-105 8 

x10
8 in 

P1ateNo ,~ 11r P'IT/ (P~) X 10. xlO 
-~ 1-i p. a. 

-5 : . . -5 
- 1. 96 

-4 -4 18. 180 8.9 4. 7 :1:0.0049 25957 5.175xl0 13.005 xlO 1. 307 3. 49xl0 0. 92xl0 

25958 2.452 7.312 L 3II - o.--6 r o. 90 -· r. 4r 9:764 0.8 4·. 7- :1:0.0036 
' 

25959 2.610 4.365 1. 331 + 1. 66 2. 31 0.88 6. 975 6.1 4. 7 :1:0.0030 

25961 4. 162 5 . .400 1. 300 -3.03 10.80 L09 9.562 22.0 4.7 :1:0.0031 

25967 2. 295 2.295 1. 32~ + 0. 45 0.71 3.01 13.950 0.5 4.7 :1:0.0043 

' ·-· --- --

Weighted Mean: a.= 1. 321:1:0.002 P. E. Internal Consistency= :1:0. 0017 
P. E. External Consistency = :t:O. 0020· 

2 u q2. (u·P,2 u,p,/ 2)2 . 2 __ uss2. 2 l/sin2y11T\_ {in2Yl,\12 
B=4~-0f-r;c;- ~· /\' r~ 

I ...... 
0 
-.o 
I 



TABLE XIII. 

CALCULATION OF ABSOLUTE DECAY MOMENTUM-.,. RUN L - .. (Equation 6. 10) 

(RQ) 

Ktt -p ~> P' (J- .,. -.,. I D.p Po 1p. J1 0 ~. 4 1 1 . 0 4 
X 10 20 __ X 10-5 X 10 ::.U _a_ -X 10 

X 10-5 P1ateNo. Q q Pn . 

25957' 596.2 139. 11 ' 9. 9464 + 7.30 0 + 7.30 9.9537 
25958 595.3 137.92 9.9670 - 5.66 0 - 5.66 9.9613 
25959 593.5 140. 19 9. 9110 + 19. 5 0 + 19. 5 9.9303 
25961 597.6 139.49 9.9452 - 2.17 0 - 2.17 1 9.9430 
25967 .598._7 1.36. 24 10.0189 + 27.0 0 + 27. 0 10.0458 

p t = apparent value of absolute decay momentum in gausS'-mm. 
0 

p =value of absolute decay momentum corrected for finite-target-and-detector and Lewis effects {Eq 6.11) -o . . -
2 

(]' 2 ~ (]' 
L. 

uR 5 pti plJ. 
xlOLI 2,E X 102 

E
2 

X 108 _F 2x 108 0 x'l0 __l!_ zxlO Statistical 
-~~<R~ np.{Rlp.PIJ.-1_ 

-5 
I<Pl-PlateNo. 

xlO P.E. in p 
0 0 _0 

~.669 - 5. 64 
5 

25957 4.988 13.005 0.92 71.32 4.73 :± 0. 026 X 10 
125958 3. 152 7. 152 9.689 1. 41 ' - 5. 25 61. 78 4.73 ±0.020 
25959 3.475 4.365 ~.576 0.88 - 7. 52 i26.90 4. 73 ± 0. 017 
25961 3.724 5.400 ~.688 1. 09 - 5. 27 62.26 4.73 ± 0. 019 
25967 5.980 11. 655 ~.622 3.01 - 6. 59 96.82 4.73 :1:0.026 

Run I -Weighted Mean = 9. 958 x 105 gauss-mm. _ P. E. Internal Consistency = ±0. 0093 x 10
5 

P. E.- External Consisten:y = ±0. 0011 x 10
5 

or~o)I = 29.85±0. 05 Mev/c (adding error due to uncertainty in absolute value of magneti~ field) 

2 2 2 2 2 

E
2 = + ( (!J H<} ; F

2 =) ~in2 
y1;> -~in2 

y1> 

I ..... ..... 
0 
I 



: 

TABLE XIV. 

CALCULATION OF ABSOLUTE DECAY MOMENTUM- RUN II- (Equation 6 12) -· . 
I 

/ll:rr p'iT ~ 
I 

I 
_ _ts. . 

I 

' 
~ 

' q,. X 104 'T - "1' ,4 ·- Po' x 104 p· Po 

(Ro) 

0 :U: Q K 10 

PlateNo 
~ . 20 

X 10-5 q ' q -po 
X 10

5 
X 10 a. 

! 
28848 599.0 70.84 1. 321 9.9473 + 2. 21 - 1. 88 + 0. 33 9. 94 76 
28849 605.6 72.48 1. 321 9.9128 f 0. 81 - 1. 88 - 1. 07 9 .. 9118 
28853 593.4 70. 74 1. 321 9.9243 I f 1. 71 - 1. 88 - 0. 17 9.9242 I 

I 

p 1 =apparent value of absolute decay momentum in gauss-mrn. 
'p0 ::::value of absolute decay momentum corrected for finite ta-rget detector effects. {Equation 6. 13) 

0 
- -· --

I 
. 

I 2 2 
a· 6 2 . '\6 2o ()"p 5 R u'". . xl.O p'!T G 2 x106 H 2 xl0 

7 J 2x 10 
7 

... ·Q · xlO' Statistical 
. . -q P.E. in p 

.. PlateNo 
'~o<R.J· . ~~: 1 nn hr p 'IT X 10-5 

X 10
2 

(p)lO 
. 0 

~ 

28848 48.67 : 21.42 1_2. 693 6.34 3. 14 70.09 9.04 1. 89 ±0. 0 164xl0 

28849 68.63 19.45 12.758 5.34 4.90 88.28 6. 41 1. 89 ±0.0183 
28853 63.31 26.64 12.837 4. 14 

I 
8.84 89.95 3.87 1.89 - ±0. 0185 

,. 
Run II ~Weighted Mean = 9. 929 x 10:> ga,uss-mm. 

. . 5 .· 5 
P. E. Internal Consif!tency = ±0 .. _010 xlO gauss-rnrn. P. E. External Consistency=±O. 007x10 

or ~~II= 29. 77 ±0. 05 Mev/c {add1ng errors due to uncertainties in absolute value of magnetic field 

G2 - u R/ + u ~2 and~~ :a~:2of~mppa~~: :a::o),2~)~2 = _u ss~ r-sin2 'Vl'i'!'. \- fsin2 'Vl \~2 
. ' - n /R \ 2 n IRl p -q\2 ' - 4 "' 1\" y' \ r 

-o \ oj 1r \ 1f 11" 7 

I ,_. 
..... ,_. 
I 

c:: 
() 

~ 
t"' 
I 
N· 
U1 
N 
N 
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MU· If I~ 

Fig. 1. Diagram illustrating the trochoidal type of orbit in the median plane 

followed by a charged particle in the radially decreasing magnetic 

field of the cyclotron. 



Po=R2-RI R=RitR2 
-2- -2-

rd 4> ~ p0 dT cos 'A 

cos 'A= R cos T-P0 
r 

rdcp~ P0 (COST-p0 )dT 
r 

113 UCRL-2522 

MU-7208 

Fig. 2. Circular approximation to orbit in median plane followed by a charged 

particle. This figure gives an approximate geometrical relation 

necessary in the calculation of the momentum of the particle. 

(See Appendix A) 
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y~--------------------xo~------------------~ 

e'=e-2a' 
X0 = X

1 + y 1 ton (8-ct 1
) 

ct'=tan-1 L . x' 

X 

MU-7204 

UCRL-2522 

Fig. 3. Circular approximation to trajectory of meson leaving target at point 

(x, y) and entering detector at point (x', y' ). This diagram shows all 

the pertinent geometrical parameters and relations required for the 

corrections to the momentum calculation owing to the finite size of 

the target and the finite area of the detector. 
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x RUN #1 <TARGET AT 72.5" RADIUS) 

A sec «Yo=[ 10853_ + 70.93 ( R1 -1993.9!] X102 gouss-mm 

(R1 =1841.5 +X 0 mm) 

o RUN# 2 <TARGET AT 73" RADIUS) 

A sec «Yo=[ 12663 + 70.71 ( R1
- 2032.0 >] X10

2 
gouss-mm 

(R1 =1854.2+ X0 mm) 

1980 1990 2000 2010 2020 2030 2040 

UCRL-2522 

2050 
DISTANCE OF DETECTIOI POIIT FJIO •. CEITER OF CYCLOTROI (millimeters) 

Fig. 4 Plot of the quantity 
sec '{

0 
Jrl + xo rH dr 
rl 

X 
0 

vs. 

dectector distance from center of cyclotron. (See Eq. 3. 14.) Straight 

lines are fitted through the experimental points, simplifying the 

momentum calculations. {R' - + . ) \ = r 1 xo. 
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Fig. 5 

116 
UCRL-2522 

RANGE IN JJ MU 1708 

The curve of log momentum vs. log range for protons in emulsion. 

Note how straight the line is for ranges above 1000 microns. 
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(3=0.2 

1.30 

1.30 

1.25 LL--L-.L---l..;._....L...---l-.£.1....-IL..Il'-1--.l...---'-.....-..._---l. _ _.___._-::":::'-:--.....__.__..____._-:-::' 

0.15 0.20 0.25 0.30 0.35 

Fig .. 6 

P0 /MJ'C 
Mu-i7o7 

The relation between the 1T- and !J.-masses for various values of the 

neutral-particle mass v as a function of the absolute decay momentum 

of the j.L-meson. This family of curves shows the extreme sensitivity 

of the derived neutrino mass to slight variations of the 1T/iJ. mass ratio 

and the quantity p 0 o m c 
!l 



118 

+ 
PLATE HOLDER TY/ol+ MASS RATIO ~PLAN. VIEW 

CIRQJLATING PRJTON BEAM 

Cu TARGET 

1J + MESON TRAJECTORY 

MESON TRAJEcroRY 

UCRL-2522 

TILTED PHOTO PLATES 

FIDUCIAL MARKS 

MU 2043 

Fig. 7- Plan view of the experimental arrangement (Run I) inside the vacuum 

tank of the cyclotron. Typical pion and muon orbits are shown leaving 

the target and entering the emulsion detector. 
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PLATE HOLDER .,St MASS RATIO EXPT. 

ALL C~EL SURFACES 
UNED WITH POLYETHYLENE 

CIRCULATING 
BEAM 

POSITIVE MESON 
TRAJEClORY 

C SHADOW WEDGE 
ABSORBER 

COPPER PLATE 
HOLDER 

UCRL-2522 

PHOTOGRAPHIC PLATE 
WITH 5° TILT 

MU 2044 

Fig. 8 Perspective view of the experi~ental apparatus of Run I; the target 

and detector assembly are rigidly mounted on a dural plate which is 

fixed in position on the proton probe cart. 

I' 
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ONE MIL TUNGSTEN WIRES 
I II 

COPPER TARGET 

~. ,, 

LEAD WEIGHT 

MU-720!5 

Fig. 9 Full-scale drawing of improved target holder of Run II. 

Background contamination at detector is reduced to zero. 
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PHOSPHOR BRONZE 

~ 

FIDUCIAL SLIT 

PHOTOGRAPHIC FILM 
NEGATIVE 

BOX CONTAINING BUTTON 
SWITCH, BATTERY, TWO LAMPS, 
AND TWO LIGHT COLLIMATING 
TUBES. 

MU-7206 

UCRL-2522 

Fig. 10. Isometric full-scale sketch of plate holder. Fiducial slits were 

obtained by photographing a drawing of two sets of mutually 

perpendicular lines. The negative of this photograph is glass

backed and is cemented to the inclined brass surface. The nuclear 

emulsion detector is fixed in place on top of the film negative with 

the aid of the phosphor bronze leaf springs. A latent image of the 

fiducial lines is formed in the emulsion just prior to exposure 

within the cyclotron. 



122 UCRL-2522 

~----------6.9664":.__-----------~ 
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I I TARGET 

BRASS MEASURING BAR 

p-MARK -rr-MARK 
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I m- _.,-------,- .. £ ___ _ 

_J 1<10.1040" 
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T/ -;,- / I / i 
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I /I I// I 

PLATE HOLDER 

CENTRAL RADIAL LINE OF TARGET 
DETECTOR ASSEMBLY 

1-

I 
I 
I 
I 
I 
I 
I• 

--~- 1=1--

I I I 

-JI lc0.0730" 
I I 
I I o.o190" 
~ ~,(:.....:..:;..;_c_ 

I I 
1.4645'~ 

MU-7207, 

Fig. 11 Linear measurements of target-detector assembly taken during 

Run I. The measurements were obtained with the aid of a 

low-power microscope attached to a micrometer traveling in a 

direction parallel to that of the median line. 
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6 UNIFORMITY RUN ALONG LINE OF PROTON PROBE 163° . 

142651 6 

a + 6 

ALL MEASUREMENTS ARE ABSOLUTE. NUCLEAR FLUXMETER 
F -6 SERIAL# 2 RADIO FREQUENCY UNIT SERIAL# 2 , 

14250 .......... ..... 6=---· . . . . 

- - + ...... g........... 4 .. 
9-18 KILOGAUSS. FIELD CURRENT AT 1507 AMPS. 31!2 SHUNTS. 

1423 , -- --2=---+ 6 

·----~· 6 
~ 14220 ..... .., ..., 
~ 14205 
"" I 
~ 1419 ..... 
;;::: 

<:> 14175 
;:: ..... 
""' ... 
c 
:IE 

14160 

14145 

14130 

14115 

,, 

517""'--.._ + .. 

. ---~-----~~~· 6 

r----- + ......__ 

X AUG.' 50 ! 2 SUCCESSIVE WEEKS l 

-6 APRIL'51 RUN I 

----a JULY '52 RUN li 

t OCT. '5J UNCORRECTED FOR. PRESENCE 
NOV. '51 OF MAGNETIC SET SCREW 

DEC. '51 IN APPARATUS. 

73 74 75 76 71 78 
CYCLOTRON RADIUS (INCHES l 

................ <o-

~a ...... 

79 

6 

........................... 

'a ',, + 

80 

' ' 'a 

81 

MU-7210 

6 

Fig. 12 Absolute measurements of the cyclotron magnetic field taken with 

the nucle-ar fluxmeter. Note the change in slope in the neighborhood 

of 80 inches. 
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--- OBSERVED 

--NORMAL 
CURVE FIT 

MU-6968 

Fig. 13 Distribution of ranges of mu-completes: 558 events are taken from 

12 plates and normalized to a mean range of 600 microns. A 

normal curve fit to the experimental data gives a x 2 
-test significance 

level of :::: 0. 4. 
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Fig. 14 Pion normalized-range distributions from the 5 plates of Run I. 

Note the small amount of background. Percentage variance slightly 

but not ~ign~ficantly lower than predicted value (Ri'll' in units of 

microns, and p in gauss-mm.l 
'II' 
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Fig. 15 Muon normalized-range distributions from 5 plates of Run I, 

showing some contamination. Average percentage variance 

just slightly higher than predicted value. (R1J.L in microns, 

p in gauss -mm.) 
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Fig. 16 Range distributions of mu-completes from five different plates - Run I. 
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Fig. 17 Pion normalized-range distributions from the 3 plates of Run II. 

Note the complete absence of any apparent background. Average 

percentage variance in agreement with prediction. (Rhr in microns, 

p in gauss -mm.) 
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Fig. 18 Range distributions of mu-completes from the 3 plates of Run II . 
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106.00 

105.80 
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105.40 

105.20 

105.00 

29.60 29.70 
p

0
c in Mev 

29.80 29.90 30.00 

Fig. 19 Graphical solution to value of the absolute decay kinetic energy of 

the muon from the relativistic relation, 

The hatched region represents the area subtended by the statistical 

probable errors in m and p • The family of curves indicates a 
J.l. 0 

value of T = 4. 12 :1: 0. 02 Mev. 
0 
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Fig. 20 Graphical solution to estimate of neutrino mass from Eq. 6. 3. 

This essentially is an enlarged plot of Fig. 6. The hatched 

region represents the area subtended by the probable errors 

in the n/!J. mass ratio and the quantity p / · om c. 
'II" 

A probable upper limit of 6 ~o 7 m is indicated. 
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