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ABSTRACT OF THE DISSERTATION

Label-Efficient Machine Learning: Structure-Driven Semi-Supervised Learning on Graphs

and Self-Supervised Disturbance Mapping

by

Harris Howard Hardiman-Mostow
Doctor of Philosophy in Mathematics
University of California, Los Angeles, 2026

Professor Andrea L. Bertozzi, Chair

This dissertation develops novel semi-supervised and self-supervised learning algorithms,
motivated by settings where labeled training data is scarce or unavailable, respectively.
We study two core problems in graph-based semi-supervised learning: how to construct a
meaningful graph, and how to exploit its structure. To address the former, we derive back-
propagation equations to precisely integrate graph construction and graph-based learning
into a neural network, so end-to-end training directly learns data embeddings conducive to
high-quality graphs. Our novel Graph Learning Layer (GLL) demonstrates improved gen-
eralization and adversarial robustness compared to the standard softmax classification head
across vision datasets, architectures, and label rates. To tackle the latter, we leverage graph
curvature to design coreset selection and active learning routines that dynamically target
different regions of the graph according to its topology. We also present an algorithm that
modifies the graph’s multiscale connectivity based on active learning acquisitions, enhancing
local structure. On a variety of benchmark datasets, our methods consistently outperform

existing work in coreset quality, sequential and batch active learning, and computational

ii



efficiency, reaching higher accuracy faster and with fewer labels. Extending the theme of
label-efficiency to disaster response with remote sensing imagery, we design a self-supervised
vision transformer trained on near-global, time-series synthetic aperture radar (SAR) data
to detect and delineate land disturbances. On three distinct real-world natural disasters,
our approach yields accurate delineations and surpasses prior SAR disturbance methods,
representing an important step towards operational and label-free disturbance monitoring

using modern artificial intelligence tools.
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$\mathcal {B}_u$


$0.01$


$0.1$


$\epsilon = 0.3$


$\alpha = 0.01$


$\epsilon $


$\alpha = 0.05$


$5*(\epsilon /\alpha )$


$\epsilon $


$c$


$0.01$


$0.5$


$\epsilon = 0.05$


$\alpha = 0.01$


$0.9$


$0.0005$


$0.1$


$\epsilon = 0.05$


$\alpha = 0.01$


$c$


$p$


$\mathcal {B}$


$\mathcal {L}_b \subset \mathcal {L}$


$\mathcal {B}_l$


$\mathcal {B}_u$


$\mathcal {B}_l$


$\mathcal {L}_b$


$\mathcal {L}_b$


$\mathcal {L}_b \subset \mathcal {L}$


$|\mathcal {L}_b| = N_b$


$\mathcal {L}_b$


$\mathcal {L}_b$


$\mathcal {L}$


$\mathcal {L}_b$


$\mathcal {L}_b$


\begin {equation*}\bfu _j = \bigl (u_j^1, u_j^2, \ldots , u_j^C\bigr ),\end {equation*}


\begin {align}\text {Entropy score} &= -\sum _{c=1}^C u_j^c \log (u_j^c), \label {eq:entropy_score}\\ \text {L2 score} &= 1 - \|\bfu _j\|_2. \label {eq:l2_score}\end {align}


$\mathcal {L}_b$


\begin {equation}\label {eq: SimCLR_loss} \begin {split} &\mathcal {L}_\mathrm {sim} = \frac {1}{2m}\sum _{k=1}^{m}[\ell (2k,2k-1)+\ell (2k-1,2k)],\\ &\ell (i, j) = -\log \frac {\exp (g(\z _i,\z _j)/\tau )}{\sum _{k=1, k\neq i}^{2m} \exp (g(\z _i,\z _k)/\tau )}, \end {split}\end {equation}


\begin {equation}\label {eq: SupCon_loss} \mathcal {L}_\mathrm {sup}=\sum _{i \in I} \frac {-1}{|P(i)|} \sum _{p \in P(i)} \log \frac {\exp \left (z_i \cdot z_p / \tau \right )}{\sum _{a \in A(i)} \exp \left (z_i \cdot z_a / \tau \right )}\end {equation}


\begin {equation*}\mathcal {L}_\mathrm {pretrain} = \gamma \mathcal {L}_\mathrm {sim} + (1-\gamma )\mathcal {L}_\mathrm {sup}\end {equation*}


$c$


$c$


$c = 10^4, 10^5, ..., 10^9$


$c = 2000, 5000, 10^4, 10^5, 10^6$


$\bullet $


$\bullet $


$\bullet $


$\mathcal {X} := \{x_i\}_{i=1}^n \subset \mathbb {R}^d$


$W \in \mathbb {R}^{n \times n}$


$w_{ij}$


$w_{ij}$


$x_i$


$x_j$


$\eta : [0, \infty ) \to [0, \infty )$


$\varepsilon > 0$


$w_{\varepsilon ,ij} = \eta \left (\frac {\Vert x_i - x_j \Vert }{\varepsilon } \right )$


$\eps $


$\eta $


$\eta (x) = \mathds {1}_{\{[0,1]\}}(x)$


$w_{\varepsilon ,ij} \neq 0$


$\Vert x_i - x_j \Vert \leq \varepsilon $


$\varepsilon $


$k$


$\varepsilon $


$\varepsilon $


$\varepsilon $


$\varepsilon $


\begin {equation*}(W_\varepsilon ^{\mathcal {S}})_{ij} = \left \{ \begin {aligned} w_{\varepsilon , ij} &\quad \text {if } x_i \in \mathcal {S} \text { or } x_j \in \mathcal {S}, \\ 0 &\quad \text {otherwise}, \end {aligned} \right .\end {equation*}


\begin {equation}\label {eq:intro:optimization} u = \argmin _{v: \{x_i\}_{i=1}^n \to \mathbb {R}^p} J(v) + \Psi (v, \ell ),\end {equation}


\begin {equation}\label {eq:intro:laplace} J(v) = \sum _{i,j=1}^n w_{ij} (v(x_i) - v(x_j))^2,\end {equation}


\begin {equation*}L = D - W,\end {equation*}


\begin {equation*}J(v) = v^\top L v\end {equation*}


\begin {equation*}\Psi (v,\ell ) = \left \{ \begin {aligned} 0 &\quad \text {if } v = \ell \text { on labeled nodes}, \\ +\infty &\quad \text {otherwise}. \end {aligned} \right .\end {equation*}


\begin {equation*}J(v) = \mathrm {Tr}(v^\top L v)\end {equation*}


\begin {equation*}\Psi (v,\ell ) = \left \{ \begin {aligned} 0 &\quad \text {if } v_{i,:} = S_{i,:} \text { on labeled nodes}, \\ +\infty &\quad \text {otherwise}. \end {aligned} \right .\end {equation*}


\begin {equation*}\bar {\ell }_i = \argmax _{k} u_{ik}.\end {equation*}


$\mathcal {U} = \mathcal {X} \setminus \mathcal {L}$


$\mathcal {L} \subset \mathcal {X}$


$u \in \mathbb {R}^{n \times K}$


$\mathcal {L}_0$


$\mathcal {A} : \mathcal {X} \to \mathbb {R}$


\begin {equation*}x_{\text {acq}} = \argmax _{x \in \mathcal {U}} \mathcal {A}(x).\end {equation*}


$\mathcal {A}$


$\bar {\ell }_i$


\begin {equation*}\mathrm {Margin}(x_i) = \bar {\ell }_i - \Bigl ( \argmax _{k\neq \bar {\ell }_i} \, u_{ik} \Bigr )\end {equation*}


\begin {equation*}\mathcal {A}_{unc}(x_i) = 1 - \mathrm {Margin}(x_i).\end {equation*}


$\mathcal {A}$


$J$


$\nu _1(v) \propto e^{-J(v)}$


$\Psi $


$\nu _2(\ell \mid v) \propto e^{-\Psi (v, \ell )}$


\begin {equation*}\mu (v \mid \ell ) \propto e^{-J(v) - \Psi (v, \ell )},\end {equation*}


$u$


$u$


$\Sigma $


$\Sigma $


$n \times n$


$\tau $


$\tau $


$\tau $


$\mathcal {Q}$


$B$


$|\mathcal {Q}|=:B>1$


$\mathcal {A}$


$B$


\begin {align*}\mathcal {L}_0 &\gets \mathcal {L}_0 \cup \{x^\ast \}, \; \mathcal {S} \gets \mathcal {S} \cup B_r(x^\ast ), \; \mathcal {C} \gets \left ( \mathcal {C} \cup B_R(x^\ast ) \right ) \setminus B_r(x^\ast ).\end {align*}


$r$


$R/2$


$R$


$R$


$\tau $


\begin {align*}u &= \argmin _{v : \{x_i\}_{i=1}^n \to \mathbb {R}^d} \sum _{i,j=1}^n \gamma (x_i) \gamma (x_j) w_{ij} \Vert v(x_i) - v(x_j) \Vert ^2 + \tau \sum _{i\in \mathcal {U}} \Vert v(x_i) \Vert ^2 \\ &\text {subject to} \quad v(x) = e_{\ell (x)} \quad \text {for } x \in \mathcal {L}. \notag \end {align*}


\begin {align*}&\sum _{j=1}^n w_{ij} \left ( \gamma (x_i) - \gamma (x_j) \right ) = \sum _{x_k \in \mathcal {L}} \delta _{ik} - \frac {1}{N}, \quad \text {for all } 1 \leq i \leq n,\end {align*}


\begin {equation*}\tau _{n+1} = \mu \tau _n, \quad \text {with} \quad \mu = \left ( \frac {\epsilon }{\tau _0} \right )^{\frac {1}{2K}},\end {equation*}


$x_i \sim x_j$


$w_{ij} > 0$


$x_i$


$x_j$


$x_i \sim x_j$


\begin {align*}\text {Ric}(i,j) := -2 + \frac {2}{d_i} + \frac {2}{d_j} + 2 \frac {|\Delta (i,j)|}{\text {max}\{d_i,d_j\}} + \frac {|\Delta (i,j)|}{\text {min}\{d_i,d_j\}} + \frac {(\gamma _{\text {max}})^{-1}}{\text {max}\{d_i,d_j\}}(|\Box ^{i}(i,j)| + |\Box ^{j}(i,j)|)\end {align*}


$\text {Ric}(i,j)$


$x_i \sim x_j$


$x_i$


$x_j$


$\tau $


$x_i \sim x_j$


$\sigma = 0.17$


$R$


$N$


$N$


$3$


$\tau $


$\tau $


$\tau =\tau _0$


$\tau _0$


$-2$


\begin {align}\text {Ric}(i,j) &= -2 + \frac {2}{d_i} + \frac {2}{d_j} \nonumber + 2 \frac {|\Delta (i,j)|}{\text {max}\{d_i,d_j\}} +\frac {|\Delta (i,j)|}{\text {min}\{d_i,d_j\}} + \frac {(\gamma _{\text {max}})^{-1}}{\text {max}\{d_i,d_j\}}(|\Box ^{i}(i,j)| + |\Box ^{j}(i,j)|) \nonumber \\ &= -2 + \frac {2}{d_i} + \frac {2}{d_j} \label {eq:pwll_bound_1} \\ &\leq -2 + \frac {4}{k}, \label {eq:pwll_bound_2}\end {align}


$\Delta (i,j) = \Box ^{i}(i,j) = \text {$\Box ^{j}(i,j) = \emptyset $}$


$d_i \geq k$


$i$


$\text {Ric}(i,j)$


$x_i$


$x_j$


$-2 + \frac {4}{k}$


$\text {Ric}(i,j)$


$x_i$


$x_j$


$\varepsilon _1 > \dots > \varepsilon _q$


$\{L_{\varepsilon _k}\}_{k=1}^q$


$p_1 \leq \dots \leq p_q$


\begin {align}J(v) &= \sum _{k=1}^q \lambda _k v^\top L_{\varepsilon _k}^{p_k} v = v^\top \left [ \sum _{k=1}^q \lambda _k L_{\varepsilon _k}^{p_k} \right ] v =: v^\top L^{(q)} v \label {eq:HOHL}\end {align}


$\lambda _k$


$k$


$\varepsilon _k$


$p_k$


$L_{\varepsilon _k}$


$p_k = k$


$J(v) = v^\top L^{(q)} v$


$L^{(q)}$


$L^{(q)}$


$L^{(q)}$


$L_\varepsilon $


$L_\varepsilon ^k$


$k \geq 2$


$(i,j)$


$L^k_\varepsilon $


$(L^k_\varepsilon )_{ij} = \sum _{r=1}^n (L^{k-1}_\varepsilon )_{ir} \cdot (L_\varepsilon )_{rj},$


\begin {equation*}(L^k_\varepsilon )_{ij} = \sum _{i_1, i_2, \dots , i_{k-1}=1}^n (L_\varepsilon )_{i i_1} (L_\varepsilon )_{i_1 i_2} \cdots (L_\varepsilon )_{i_{k-1} j}.\end {equation*}


$(L_\varepsilon )_{ij} \neq 0$


$w_{\varepsilon ,ij} \neq 0$


$x_i$


$x_j$


$(L^k_\varepsilon )_{ij} \neq 0$


$k$


$x_i$


$x_j$


$k$


$L$


$J(v)$


$L$


$\mathcal {A}(x)$


$\mathcal {A}(x)$


$\varepsilon _k$


$k_1 > \dots > k_q$


$q=1$


\begin {equation*}w_{ij} = \text {exp}\Bigl ( \frac {-4 \Vert x_i - x_j \Vert ^2}{d_k(x_i)^2} \Bigr ),\end {equation*}


$d_k(x_i)$


$x_i$


$k$


$\Vert \cdot \Vert $


$k$


$W$


$\tau $


$\tau $


$k_1=25$


$R$


$R$


$R$


$R$


$R$


$100$


$100$


$100$


$R$


$R=0.25$


$0.4$


$.35$


$r=100$


$r=50$


$R$


$\tau $


$\tau = 0$


$K$


$\tau $


$\tau $


$65 \times 65$


$x=0.3$


$k_1=25$


$\tau _0 = 0.1$


$K=10$


$K=50$


$K=10$


$K=50$


$K=10$


$K=50$


$\tau = 0$


$\tau $


$\tau $


$K$


$q = 2$


$k_1 = 50$


$k_2 = 30$


$p_1 = 1$


$p_2 = 2$


$\lambda _1 = 1$


$\lambda _2 = 4$


$\tau $


$r$


$r$


$1/r$


$r$


$r=50$


$50$


$r$


$R$


$0.4$


$n$


$\{\mathbf {x}_1, \mathbf {x}_2, \dots , \mathbf {x}_n\} =: \mathcal {X}$


$\mathbf {x}_i \in \mathbb {R}^d$


$m$


$y_i$


$n-m$


$\mathcal {U} := \{\mathbf {x}_{1},\dots ,\mathbf {x}_{n-m}\}$


$\mathcal {L} := \{\mathbf {x}_{n-m+1},\dots ,\mathbf {x}_n\}$


$\mathbf {x}_i$


$c$


$c=2$


$y_i$


$\{0,1\}$


$c>2$


$\{\mathbf {e}_1, \mathbf {e}_2,\dots ,\mathbf {e}_c\}$


$\mathbf {e}_i$


$i^{th}$


$i^{th}$


$m \ll n-m$


$\mathcal {U}$


$\mathcal {L}$


$G(\mathcal {X},W)$


$\mathcal {X}$


$w_{ij} = w_{ji}$


$\mathbf {x}_i$


$\mathbf {x}_j$


$n \times n$


$W = (w_{ij})_{i,j = 1}^{n}$


$w_{ij}$


$\mathbf {x}_i$


$\mathbf {x}_j$


$W$


$w_{ij} = \eta \left ( \frac {\Vert \mathbf {x}_i - \mathbf {x}_j \Vert }{\epsilon } \right )$


$\eta $


$\epsilon > 0$


\begin {equation*}w_{ij} = \exp \left ( \frac {-4 \Vert \mathbf {x}_i - \mathbf {x}_j \Vert ^2}{\epsilon _k(\mathbf {x}_i) \epsilon _k(\mathbf {x}_j)} \right ),\end {equation*}


$\epsilon _k(\mathbf {x}_i)$


$\mathbf {x}_i$


$k^{th}$


$W$


$k$


$w_{ij}$


$\mathbf {x}_j$


$k$


$\mathbf {x}_i$


$w_{ij} = 0$


$k \ll n$


$W$


$k=25$


$50$


$n = 70000$


$k$


$k$


$W$


$\mathbf {x}_i$


$k$


$\mathbf {x}_j$


$W$


$(W + W^\top ) / 2$


$\mathbf {u}: \mathcal {X} \to \mathbb {R}$


$\mathcal {U}$


$\mathbf {u}$


$\mathbf {u}(\mathbf {x}_i)$


$\mathbf {x}_i$


$\mathbb {R}^n$


$u_i$


$\mathbf {x}_i$


$(y_{n-m+1}, \dots , y_n)^\top =: \mathbf {y} \in \mathbb {R}^m$


$m$


$\mathcal {L}$


$\mathcal {U}$


$\mathbf {u}$


\begin {equation*}E(\mathbf {u}) := \frac {1}{2}\sum \limits _{i,j=1}^n w_{ij} (u_i - u_j)^2.\end {equation*}


$u_i$


$u_j$


$w_{ij}$


$D$


$D_{ii} = \sum \limits _{j=1}^n w_{ij}$


$L = D-W$


$E(\mathbf {u}) = \mathbf {u}^\top L\mathbf {u}$


\begin {equation}\label {intro:eq:laplace_min} \begin {aligned} \text {min} \quad & \mathbf {u}^\top L\mathbf {u} \\ \text {s.t.} \quad & \mathbf {u} = \mathbf {y} \text { on } \mathcal {L}. \end {aligned}\end {equation}


$\mathbf {u}$


\begin {equation}\label {intro:eq:laplace_standard} \begin {aligned} L\mathbf {u} & = 0 \text { on } \mathcal {U}\\ \mathbf {u} & = \mathbf {y} \text { on } \mathcal {L}. \end {aligned}\end {equation}


$\mathcal {L}$


$m$


$\mathbf {u}$


$\mathcal {U}$


$\mathcal {L}$


$\mathbf {u}_\mathcal {L} = \mathbf {y}$


\begin {equation}\label {intro:eq:laplace_linalg} L_{\mathcal {U}\mathcal {U}} \mathbf {u}_\mathcal {U} = -L_{\mathcal {U}\mathcal {L}}\mathbf {y}.\end {equation}


$L$


$L_{\mathcal {U}\mathcal {U}}$


$\mathbf {u}_\mathcal {U}$


$0.5$


$L$


\begin {equation*}L = \begin {pmatrix} L_{\mathcal {U}\mathcal {U}} & L_{\mathcal {U}\mathcal {L}} \\ L_{\mathcal {L}\mathcal {U}} & L_{\mathcal {L}\mathcal {L}} \end {pmatrix},\end {equation*}


$\mathbf {u} = (\mathbf {u}_\mathcal {U}, \mathbf {u}_\mathcal {L})^\top $


\begin {equation*}\mathbf {u}^\top L \mathbf {u} = \mathbf {u}_\mathcal {U}^\top L_{\mathcal {U}\mathcal {U}} \mathbf {u}_\mathcal {U} + 2\,\mathbf {u}_\mathcal {U}^\top L_{\mathcal {U}\mathcal {L}} \mathbf {u}_\mathcal {L} + \mathbf {u}_\mathcal {L}^\top L_{\mathcal {L}\mathcal {L}} \mathbf {u}_\mathcal {L},\end {equation*}


$2$


$L_{\mathcal {L}\mathcal {U}} = L_{\mathcal {U}\mathcal {L}}^\top $


$\mathbf {u}_\mathcal {U}$


$\mathbf {u}_\mathcal {U}$


\begin {equation*}\frac {\partial }{\partial \mathbf {u}_\mathcal {U}} \mathbf {u}^\top L \mathbf {u} = 2L_{\mathcal {U}\mathcal {U}}\mathbf {u}_\mathcal {U} + 2L_{\mathcal {U}\mathcal {L}}\mathbf {u}_\mathcal {L} = \mathbf {0}.\end {equation*}


\begin {equation*}L_{\mathcal {U}\mathcal {U}}\mathbf {u}_\mathcal {U} = -L_{\mathcal {U}\mathcal {L}}\mathbf {u}_\mathcal {L},\end {equation*}


$\mathbf {u}_\mathcal {L} = \mathbf {y}$


$c$


$c$


\begin {equation*}L_{\mathcal {U}\mathcal {U}} U_\mathcal {U} = -L_{\mathcal {U}\mathcal {L}}Y\end {equation*}


$U: \mathcal {X} \to \mathbb {R}^c$


$U$


$\mathbb {R}^{n \times c}$


$Y \in \mathbb {R}^{m \times c}$


$\{\mathbf {y}_i\}_{\mathbf {x}_i \in \mathcal {L}}$


$\mathbf {y}_i \in \{\mathbf {e}_1, \mathbf {e}_2,\dots ,\mathbf {e}_c\}$


$y_i$


$\mathbf {y}$


$\mathbf {y}_i$


$Y$


$U_\mathcal {L} = Y$


$c$


$U_{ij}$


$\mathbf {x}_i$


$j$


$\mathbf {x}_i$


$\hat {y}(\mathbf {x}_i)$


\begin {equation*}\hat {y}(\mathbf {x}_i) = \argmax _{j \in \{1,\dots ,c\}}U_{ij}.\end {equation*}


$L$


$L$


$0$


$\mathbf {u}^\top L \mathbf {u}$


$p$


$p$


$^{\@thefnmark }$


$^{\@thefnmark }$


$^{\@thefnmark }$


\begin {equation*}\ell := \left |\log _{10} \left (\frac {I_1}{I_0}\right )\right | = \left |\log _{10}(I_1) - \log _{10}(I_0)\right |.\end {equation*}


$I_1$


$I_0$


$I_0$


$I_0$


$\log (I_1) - \log (I_0)$


$\ell $


$Q$


$K$


$V$


\begin {equation}\text {Attention}(Q, K, V) = \text {softmax}\Bigl ( \frac {QK^T}{\sqrt {d_k}} \Bigr ) V,\end {equation}


$d_k$


$Q$


$V$


\begin {equation}\mu _{T+1}, \sigma _{T+1} = f_{\theta }(x_1, x_2, ..., x_T),\end {equation}


\begin {equation}\label {loss} \begin {aligned} \theta ^* & = \\ & \argmin _{\theta } \sum _{X \in D} \Bigl ( \frac {1}{2} \text {log}(2\pi \sigma _{T+1}^2) + \frac {(x_{T+1} - \mu _{T+1})^2}{2\sigma _{T+1}^2} \Bigr ). \end {aligned}\end {equation}


\begin {equation*}d_p = \frac {|x^p_{T+1} - \mu _p | }{\sigma _p}.\end {equation*}


$\gamma ^0$


\begin {equation}\label {eq:logit} \text {logit}(x) = \text {log}\Bigl ( \frac {x}{1-x} \Bigr )\end {equation}


$\leq $


\begin {equation}F_1 = 2 \cdot \frac {\text {precision} \cdot \text {recall}}{\text {precision}+\text {recall}}\end {equation}


$4$


$7$


$\tau \approx 5$


$F_1 \approx 0.6$
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$0.0457{\pm 0.0093}$


$0.0044{\pm 0.0006}$


$0.0308{\pm 0.0085}$
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$x\in \X \setminus \L $


$v(x)=0$


$x\in \L $


$\delta _r(x)=0$


$r\neq x$


$\delta _r(r)=1$
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LIST OF FIGURES

21

The graph learning layer (GLL) within a neural network pipeline compared to

a standard multilayer perceptron (MLP) projection head. For the GLL, both

labeled and unlabeled input images are batched into the feature extractor, which

encodes the images in feature space. The GLL is a combination of two steps; it

generates a similarity graph from the encoded data and then propagates the labels

across the graph, giving predictions on the unlabeled data. 'I'hese predictions are

used 1n the desired loss tunction and gradients can flow through the GLL to

update the teature extractor. By contrast, the MLP projection head pipeline

does not involve any initially labeled nodes and the classification method ignores

relational information in the encodings. The T indicates learnable parameters in

the network; note GLL has none. [BCH24| Figure 1{| . . . . .. .. . ... ...

Comparison between the classic structure and our proposed graph learning layer

(GLL) neural network structures for image classification. Both structures consist

of a feature encoder and a classifier, but we replace the multilaver perceptron

(MLP) classifier - consisting of one or more linear and activation layers and a final

softmax classifier - with our data-dependent GLL with no traimable parameters.

We reserve a subsample of the training data - denoted base samples - to use as

the labeled nodes tor label propagation. '1'he samples that are not from the base

set are use to compute the loss. |[BCH24, Figure 2} . . .. ... ... ... ...

The initial embedding of the two moons dataset from the random seed. The blue

and red correspond to the different classes, with the starred samples correspond-

ing to the base samples for the respective classes. |[BCH24| Figure 3| . . . . . . .




!

Visualization of effect of 7 on spatial embeddings. Each row corresponds to

a graph learning model with a specified value of 7 or a softmax classification

head. 'I'he columns correspond to the epoch of the tramning. With low values ot

7, the model separates the data by class and resembles the original two moons

shape. Increasing 7 forces tighter clustering and localization. '1'he softmax layer

simply learns a linear separation with no regard to relational information. Further

training with the sottmax layer increases the scale, which 1s not seen without the

axes. |[BCH24, Figure 4| . . . . . . . . . . .

Training loss and test accuracy of four training strategies on the FashionMNIST

dataset with the customized feature encoder in Table[2.1. The strategies are: (1)

MLP trained from scratch, (2) GLL trained from scratch (GLL-0), (3) GLL-50

(GLL after 50 epochs of MLP training), and (4) GLL-75 (GLL after 75 epochs

of MLP training). For the MLP-only strategy, both the MLP and GLL losses

and accuracies are recorded during training: for the remaining strategies, only

the GLL classifier is used. [BCH24| Figure 5| . . . . . . .. ... ... ... ...

Adversarial robustness to FGSM, IFGSM, and CW attacks on the MNIST dataset.

'I'he backbone network is the same in all cases; the only ditference is the classifier

(either MLP with sottmax, WNLL, or our novel GLL). We report results for both

robustly and naturally trained models. [BCH24, Figure6| . ... ... ... ..

Adversarial robustness to FGSM, IFGSM, and CW attacks on the Fashion MNIST

dataset. The backbone network is the same in all cases (ResNet-18); the only

difference is the classifier (either MLP with softmax, WNLL, or our novel GLL).

We report results for both robustly and naturally trained models. [BCH24] Figure
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2.8

Adversarial robustness to FGSM, IFGSM, and CW attacks on the CIFAR-10

dataset. The backbone network is the same in all cases (PreActResNet-18); the

only difference is the classifier (either MLP with softmax, WNLL, or our novel

GLL). We report results for both robustly and naturally trained models. |[BCH?24|,

Comparison of accuracy vs. average distance of attack for CW attack on all three

datasets. Fach point represents a different value of ¢. We see that GLL resists the

adversary from moving the target images significantly more than the standard

MLP or WNLL classifier, suggesting that graph-based classification and precise

tracking of gradients is key for adversarial robustness. [BCH24l Figure 9| . . . .

Visualization of FGSM, IFGSM, and CW attacks. The left, middle, and right

columns show the original 1image, the attack, and the adversarial image, respec-

tively. The title in the rightmost column indicates the original classification and

the classification after the attack. These images were chosen to demonstrate

attacks where the model was tooled by the adversary. [BCH24, Figure 10f . . . .

FGSM results on MNIS'T. The backbone network was trained in the standard way

(with a softmax classifier). In the legend, MLP indicates that the FGSM attacks

used the gradients from the MLP classifier (ie a linear layer and a softmax),

whereas GLL used our eraph learning layer. In all cases, the final classifier on

the attacked 1mages was GLL. Hence, the only difference between the results is

which gradient was used for the attack. We see that the models that utilized the

GLL gradients were significantly more robust to the FGSM attacks than using

the standard MLP gradients. [BCH24, Figure 11| . . . . . . ... .. ... ...
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[2.12 Comparison of accuracy vs. average distance of attack for CW attack on both

datasets. Kach point represents a different value of ¢, where we plot additional

values of c for the GLL-based models compared to Figure|2.9. We see that GLL

1s still superior at resisting perturbations by CW attack, even when c 1s orders ot

magnitude larger than for WNLL or MLP, and even when controlling for distance

on CIFAR-10. [BCH24| Figure 12]. . . . . . . . . . . . . . . .. ... ... ...

Coreset points chosen by CC and DAC at different iterations of coreset selection

on the Blobs dataset. CC selects exactly one point from each of the eight clusters

by the eighth 1teration - the most efficient exploration ot the cluster structure ot

the dataset possible. Moreover, they are all toward the center of each cluster (not

outliers) due to the d; terms in Ric(z, 7). Conversely, DAC is ineflicient, needing

over twice as many iterations to sample from every cluster, and often sampling

near the edge of the dataset. [HMW?25| Figure 1| . . . . . ... ... ... ...

[lustration of our proposed stopping condition on MNIST. Across datasets, the

value of ¢ in Algorithm [2/steadily grows until a certain “saturation” point when it

starts rapidly increasing. 'I'his indicates - according to the curvature metric - that

the graph topology has been sufficiently explored, and exploitative active learning

may begin. 'I'he red star indicates when the online Z-score stopping condition

triggers (Algorithm |3)), corresponding to the first large jump in curvature values

among coreset points. [HMW?25| Figure 2} . . . . .. ... ... ... ... ...

Higher-order smoothness is imposed on the labeling function v in denser regions,

while allowing greater flexibility in sparser areas. [WB'125al Figure 3[) . . . ..
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Coreset and AL results for Curvature, DAC, and Random on several benchmarks.

The top and bottom rows present results when AL begins at 50 and 100 Ilabels,

respectively. 'The solid Iine indicates the mean and shaded region indicates one

standard deviation over 10 trials. Our method significantly outperforms the

others, especially at the lower label rates; tor reterence, 50 labeled points is

approximately 0.07% of the MNIST and FashionMNIST datasets and 0.08% of

CIFAR-10. [HMW?25| Figure 4] . . . . . .. ... ... ... ... ...

Coreset and AL accuracy comparison between our method and DAC (with dif-

ferent radii), where we use each method’s stopping condition. The like-colored

dashed line indicates where the stopping condition is triggered (and AL begins)

for each method. Across datasets, and regardless of when stopping conditions

are triggered, our method significantly outperforms DAC, particularly at lower

label rates. [HMW25| Figure 5| . . . . . . . . . . . . .. ... ... ... ....

Coreset and AL results for Curvature, DAC, and Random on several image bench-

marks. '1'he top and bottom rows present results when AL begins at 50 and 100

labels, respectively. We compare downstream AL performance under batch (solid

line) and sequential (dashed line) uncertainty sampling AL. We report the mean

over 10 trials. We exclude standard deviation shading for clarity. Not only does

CC significantly outperforms the others with both AL policies, but the perior-

mance drop between sequential and batch is much less severe. This implies that

CC provides a much more meaningtul coverage of the graph for batch AL than

DAC or Random. [HMW25 Figure 6] . . . . . . . . . .. ... ... ... ....

Performance of PWLL-7 with different decay schedules. Using curvature to in-

form the value of 7 consistently ensures effective transitioning from exploration

to exploitation, and removes the need to set K betorehand in a decay schedule.

'I'he dashed line indicates the point at which our curvature-based method sets

T= 0 [AMWISL FIGUure 7] « « o o o o oo e e e
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Comparison of sequential active learning performance with GBSSL variants on

MNIST, FashionMNIST, and CIFAR-10. We start with 1 Iabel per class and

then run 100 AL iterations. We report mean (solid line) and standard deviation

(shaded) over 100 trials. Hypergraph learning is a better classifier than Laplace

learning, but manipulating the higher order weight matrix is exceedingly costly

(see Tables |3.2[ and [3.3]). Our proposed AL Local Rewiring method strikes the

best balance of accuracy and efficiency by only computing and storing the higher

order terms at active learning acquisitions. [HMW25, Figure 8} . . . . . . . . ..

Comparison of reduction parameter r values for CC on CIFAR-10. r reduces the

search space and helps speed up CC without sacrificing accuracy, up to a certain

threshold where the search space becomes too small. [HMW?25| Figure 9| . . . .

Visualization of the disturbance metric and how it is computed for single channel

(VV) time-series. This example shows data from a landslide that occurred in

Enga Province, Papua New Guinea on May 24, 2024. We use a sequence of

baseline imagery x1, xo, ...x7 (left) from betore the event to predict a distribution

for each pixel in the image with mean pr; and standard deviation opq (center

right). These parameters are used to quantity disturbance in the observed image

x4 (center right, bottom) to compute one-dimensional transformer metric via

the Mahalanobis distance (right), where higher values (measured in standard

deviations or SD) indicate a higher likelihood of disturbance. Our methodology

is able to precisely delineate the landslide disturbance extents (bottom right

corner of the Disturbance Map). [HMH25[ Figure 1f . . . . . . . ... ... ...

A flow chart illustrating the transformer metric proposed in this chapter. The

metric 1s computed for dual polarization images (see Fig. |[4.1] for 1-dimensional

visualization). The first arrow is where the deep-learning model is utilized to

estimate the per-pixel distribution of the xp, ;. [HMH25] Figure 2| . . . . . . . .
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PlanetScope (optical) imagery [PBC | of before and after the landslide in Papua

New Guinea. The red polygon shows the extent of the landslide (mapped man-

ually by the authors). [HMH25| Figure 3| . . . . . . . ... ... ... ... ...

Landsat 8 and 9 false color imagery (bands 6, 5, 3) of before and after the fires

i the Valparaiso region of Chile. I'he above imagery is taken from NASA Earth

Observatory [NASZAL [AMIZE, Figure 4] . « . o o o oo e

Left: Pre-landslide SAR imagery (VV), May 22 2024. Middle: Post-landslide

SAR imagery (VV), June 3 2024. The landslide is seen in the bottom right

corner. Right: Target (ground truth) damage map overlaid on ESRI Composite

World Imagery |[ESR24af. The damaged area is shown in yellow. Note that the

ESRI 1imagery 1s a composite and thus does not capture the recent landslide, and

is used as a reference only. [HMH25, Figure 5| . . . . ... ... ... ... ...

Left: Pre-fire SAR imagery (VH), January 23 2024. Middle: Post-fire SAR

imagery (VH), February 28 2024. Right: Target (ground truth) damage map

from Copernicus overlaid on ESRI World Imagery [EESR24a[. The damaged areas

are shown 1n yellow. Note that the ESRI world imagery 1s a composite and thus

does not capture the recent fires, and is used as a reterence only. [HMH25| Figure 6]143

Left: Pre-flooding SAR imagery (VH), May 18 2024. Middle: Post-flooding

SAR 1magery (VH), July 5 2024. The flooding is seen via the reduction of the

backscatter all around the Baleshwari River. Right: Target (ground truth)

damage map from UNOSAT, overlaid on ESRI World Imagery [EESR24af. The

damaged areas are shown in vellow. Note that the ESRI imagery 1s a composite

and thus does not capture the recent flooding, and is used as a reterence only. We

note that flooding continued throughout the summer, and we use data collected

on July 5 as our post-event imagery to aligen with the damage map from UNOSAT'.

AMEDEL FIGUe 7] - o o oo oo e e e
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Disturbance metrics, damage maps, and ground truth data from the landslide in

Papua New Guinea. '1'he first two columns show the model’s disturbance metric

betore the landslide (first column) and atter the landslide (second column). T'he

third and fourth columns show the best (in terms of F3 score) binary damage maps

derived from each method’s metric. 1lhe rightmost column shows the ground

truth damage map. 1lhe transiormer metric 1s the strongest, resulting i the
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optimal F7 score are shown in Fig. |4.8| third and fourth columns. [HMH25| Figure 9|148

Disturbance metrics, damage maps, and ground truth data of the fire. The first

two _coliimns show the model’s disturbance metric betore and atter the fire. I'he
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Disturbance metrics, damage maps, and ground truth data tfrom the floods. The

frst two colimns show the model’s disturbance metric betore and atter the Hood

'I'he third and tourth columns show the best (by Fj score) binary damage maps

of each method. 'l'he rightmost column shows the eround truth damage map.

'I'he transtormer metric 1s best, capturing more of the true Hooding extents with

fewer false positives. [HMH25[ Figure 12| . . . . . . . . ... .. .. ... ...

PR curves for the Bangladesh flood scene. The transformer is the most perfor-

mant model, achieving the largest area under the curve. 1lhe transtormer also

obtains the best Fj score (starred for each model). 1'he binary disturbance maps

corresponding to the starred Fy scores are shown in Fig. |4.12, third and fourth

columns. [HMH25, Figure 13} . . . . . . . . . . . . ... . 0.

I score vs. threshold for each method on the Papua New Guinea landslide. The

threshold percentage i1s computed with respect to the maximum value (SD or

dB) in the scene in order to compare all methods side-by-side. 1'he transtormer

achieves the highest F; score, and does so with a wider peak compared to the other

methods, which indicates less sensitivity to the choice of threshold 7. [HMH25,

Figure 14| . . . . . . . . e

F score vs thresholds for the transformer metric. Effective thresholds are con-

sistent across all three scenes and lie 1n the range ol 4-/ standard deviations.

'1'his indicates some generality 1in the model and 1s evidence toward operational

elfectiveness, where the threshold 7 must be chosen without knowledge of ground

truth. [HMH25[ Figure 15 . . . . . . . . . .. . .. ... L.
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CHAPTER 1

Introduction

1.1 Overview of the Dissertation

Supervised machine learning algorithms typically require vast amounts of labeled training
data. However, in many real-world applications - such as medical imaging, remote sensing,
or scientific data analysis - labels are expensive or impractical to obtain at scale, while unla-
beled data is often abundant. To circumvent the need for large training sets, some learning
strategies seek to reduce or eliminate reliance on labels without sacrificing performance.
When a small training set is available, semi-supervised learning supplements limited ground
truth information with the structure inherent in the dataset. When labels are completely
unavailable, self-supervised learning extracts a training signal solely from the data itself.

This dissertation develops methods in both paradigms.

We begin with semi-supervised learning. One way to represent the structure of a dataset
is to compute a similarity graph that encodes pairwise relationships between data points.
Graph-based semi-supervised learning (GBSSL) lifts the learning problem onto the similarity
graph to exploit its geometry, leveraging both labeled and unlabeled data to inform the
task at hand. Beginning with the seminal work by Zhu et al. , GBSSL has since
proliferated [BN04,[BMNO04,[BDL06,|ZB11, WTT13|HLS05,[LHW13,|CCT20,/CS20a,|SOZ17]

and exhibits strong performance in diverse applications such as image processing [[TA19|
SAS22|, remote sensing [MM18BOC23[EHC23], data fusion [[CB20], adversarial robustness
[WO21], few-shot learning [LLP19,[HZZ21], and uncertainty quantification [BLS1§|. Even in




the era of deep learning, GBSSL remains an active area of research due to its compelling blend

of empirical results, theoretical tractability, and interpretability (see e.g. [WBT25ajWBT25b]

and references therein).

GBSSL consists of two distinct but important steps: imposing structure by building a
similarity graph, and leveraging the structure using a learning algorithm. We address both

elements: the former in Chapter [2, and the latter in Chapter [3|

Since GBSSL operates on a similarity graph constructed over the data, the performance
of the algorithm depends critically on the representation of that data. Often, basic metrics
(such as Euclidean distance) do not provide a meaningful notion of similarity between raw
data points. For example, the classification of an image is preserved under transformations
(e.g. rotation, translation, noise) that can cause drastic changes in distances between two
similar samples. Instead, it is common to preprocess the data by embedding points into
a latent space where pairwise distances can better reflect similarity before constructing the

graph. Prior works have done this with neural networks |[CCT20,/CE22, MMS22,|CCT23|

BOC23||[SAS22|ITA19,[WO21|. However, network training is not end-to-end; the gradient

of the loss function with respect to graph construction and graph learning is approximated,
or the two processes are decoupled altogether. This motivates a framework that fuses these

components into a unified algorithm.

In Chapter |2, we induce structure from learning by integrating graph learning classifiers
into an end-to-end neural network, enabling the model to directly learn latent representa-
tions that yield effective graphs for GBSSL. We derive backpropagation equations, via the
adjoint method, for a general family of graph learning algorithms in a gradient-based learning
environment. This allows us to incorporate similarity graph construction and graph-based
learning into a neural network as a fully differentiable layer, which we call the Graph Learn-
ing Layer (GLL). The GLL replaces the standard projection head and softmax activation
function, which do not utilize any relational information between samples that may inform

classification. In experiments, models equipped with a GLL demonstrate smooth label tran-



sitions across data, improved generalization and robustness to adversarial attacks, and more
stable training dynamics compared to both the standard softmax-based approach and prior

work that approximates gradients [WO21|, with particular gains at low label rates.

We now turn to harnessing the information encoded in the similarity graph. In semi-
supervised learning, we assume a small labeled set; there is also typically a high cost to
generating new labels in practice (e.g., time spent by a human expert). In this context,
the choice of which data points to label can drastically impact classifier performance and
affect real-world resource allocation. Graph-based active learning (AL) seeks to
address this by carefully selecting a limited number of unlabeled points to query for labels
from an expert “human-in-the-loop” based on the graph’s geometry and the state of the
current classifier. Methods that only use the former are known as coreset methods [CCT23],
which are often advantageous when the classifier is poorly calibrated at early stages. When
combined, GBSSL and AL can beat state-of-the-art supervised neural network methods with

a fraction of the training data |[CCT23|, and in some cases orders of magnitude less training

data |[CMB25]|.

A key challenge in AL is the exploration-exploitation trade-off: queries may be used to
explore unlabeled regions of the graph, or exploit current knowledge to refine predictions. In
Chapter |3 we learn from structure by proposing a graph-topological approach to AL that di-
rectly targets this trade-off under scarce label budgets. To guide exploration, we introduce a
coreset algorithm based on Balanced Forman Curvature (BFC), which selects representative
initial labels that reflect the graph’s cluster structure. Our method includes a data-driven
stopping criterion that signals when the graph has been sufficiently explored. We further
apply BFC to dynamically trigger the transition from exploration to exploitation within
active learning routines, replacing hand-tuned heuristics. To improve exploitation, we intro-
duce a localized graph rewiring strategy that efficiently incorporates multiscale information
around queried nodes, enhancing label propagation while preserving sparsity in computa-

tions. Experiments on benchmark image classification tasks illustrate that our methods



surpass established baselines, achieving stronger performance with smaller label budgets in
both sequential and batch active learning regimes, while offering significant computational

savings.

In Chapter 4, we shift our focus to a fully label-free setting and propose a self-supervised
approach to near-global disturbance mapping using satellite remote sensing data. Map-
ping land surface disturbances supports disaster response, resource and ecosystem manage-
ment, and climate adaptation efforts. Earth-orbiting satellites continuously generate massive
amounts of imagery, providing a critical data source for detecting such disturbances. How-
ever, the volume and complexity of time-series remote sensing data often render large-scale
training sets prohibitively expensive. This motivates the self-supervised approach we develop

in this Chapter.

Among remote sensing techniques, synthetic aperture radar (SAR) is an invaluable tool
for disturbance mapping, as it provides consistent time-series images of the ground regardless
of weather or illumination conditions. Despite SAR’s potential, it has been underutilized
in applications; processing SAR data to an analysis-ready format requires expertise and
significant compute resources, particularly for large-scale global analysis. In October 2023,
NASA’s Observational Products for End-Users from Remote Sensing Analysis (OPERA)
project released the near-global Radiometric Terrain Corrected SAR dataset from Sentinel-1
(RTC-S1 dataset), providing publicly available, analysis-ready SAR imagery. In this Chap-
ter, we use this new dataset to systematically analyze land surface disturbances. We train a
self-supervised vision transformer to estimate a per-pixel distribution from the set of base-
line imagery and assess disturbances when there is significant deviation from the modeled
distribution. To test our model’s capability and generality, we evaluate it on three nat-
ural disasters - which represent high-intensity, abrupt disturbances - from geographically
diverse regions in the world. Across events, our approach yields high-quality disturbance
identification: F} scores above 0.6 and Areas Under the Precision-Recall Curve over 0.65,

exceeding the metrics of previous SAR disturbance methods. Our findings suggest that a



self-supervised vision transformer is well-suited for global disturbance mapping and can be a
valuable tool for operational, near-global disturbance monitoring, particularly when labeled

data is unavailable.

1.2 Graph-Based Semi-Supervised Learning

As Chapters|2] and Chapters[3|both concern GBSSL, we consolidate some shared mathemati-
cal background in this Section. We introduce the GBSSL problem setting, key concepts, and
notable work from over two decades of development, intended to be accessible to researchers
new to the area. While not exhaustive, we provide sufficient background for the scope of this
dissertation. Nevertheless, all Chapters are mathematically self-contained and will introduce

relevant background and notation as needed.

1.2.1 Problem Formulation and Notation

Consider a set of n feature vectors {x;,xa,...,x,} =: X, where each x; € R¢. These
feature vectors may be the raw data from the task at hand (e.g., images), but more often
are latent representations of the data derived from some preprocessing step, such as an
unsupervised neural network . Suppose we are given m labeled data points with
labels y;, while the remaining n — m points are unlabeled. Without loss of generality, it
will be helpful to partition the data into an unlabeled set U := {x1,...,X,_n} and labeled
set £ := {Xy_ma1,---,Xn}. We assume each point x; belongs to one of ¢ classes. In binary
classification (¢ = 2) labels y; take values in {0,1}. In multiclass classification (¢ > 2), the
labels are represented by one-hot vectors {ej,es, ..., e.}, where e; is the i'" standard basis
vector and the label for the i class. In semi-supervised learning, the labeled set is typically
small compared to the unlabeled set (that is, m < n —m) and the task is to infer the labels

of U using L.



1.2.2 Graph Construction

In GBSSL, we construct an undirected similarity graph G(X, W), treating the data X as
nodes and assigning nonnegative, symmetric edge weights w;; = w;; between x; and x;. We
call the n x n matrix W = (wj;)7;—; the similarity matrix, where w;; encodes how similar x;
and x; are: large values indicate high similarity, while values close or equal to zero indicate
little or no similarity. Generically, we compute W as w;; = 7 (Hx;—xju> where 7 is a non-
increasing kernel function and € > 0 is a scale parameter. The distance metric is commonly
angular distance (derived from cosine similarity), which is often more useful than Euclidean
distance in high dimensions. The specific formulation we use in this thesis is a variant of the

Gaussian kernel,

w;; = exp <__4||Xi — XJ'HQ)
Y en(xi)er(x;) )
where ¢;,(x;) is the distance from x; to its & nearest neighbor. This enables the weights

to “self-tune” to areas of density or sparsity in the graph.

Computationally, it is usually prohibitive to compute, store, and manipulate a fully
dense W for large datasets. Instead, this thesis will build a k-Nearest Neighbors graph,
where we only compute w;; if x; is among the k nearest neighbors of x;, and set w;; = 0
otherwise. Taking k < n ensures sparsity in W, significantly lowering computational costs.
For example, experiments in Chapter |3| will use & = 25 or 50, while n = 70000. An exact
k-NN search in high dimensions is challenging, so we employ a fast approximate algorithm
called Annoy . k-NN can introduce asymmetry in W - x; may not be a top k£ neighbor

of x;, even if the reverse is true - so it is standard to replace the resulting W with (W+W7) /2.

1.2.3 Laplace Learning

Equipped with a similarity graph, we can now return to the semi-supervised learning problem

at hand. For simplicity, let us consider binary classification. Our goal is to generate a

6



labeling function u : X — R to infer labels on &. While it is common to write u as a
function on the graph, where u(x;) is the prediction at x;, it can also be interpreted as a
vector in R™ where each scalar entry wu; is the label prediction for x;. Similarly, we write
(Yn—mi1s-->Yn) =y € R™ as the vector of known labels (recalling our convention that

the last m data points are labeled).

Clearly, extending the labels from £ to U is ill-posed; there are infinitely many ways
to do this. GBSSL regularizes the problem with the so-called Semi-Supervised Smoothness
Assumption, which posits that u should vary smoothly over the graph; similar nodes should
be likely to share labels. We can formalize this notion with the graph Dirichlet energy

functional

E(u) = % Z w,j(u, - Uj)Q.

Minimizing this energy encourages u; and u; to be close whenever w;; is large, as desired.

Writing the (diagonal) degree matrix D of the graph as D; = w;j, we can define the

j=1
(unnormalized) graph Laplacian as L = D — W, and rewrite the energy as E(u) = u' Lu.

We are now prepared to introduce Laplace learning |[ZGLO3|, the seminal GBSSL method
and a key algorithm used in this thesis. Laplace learning minimizes the Dirichlet energy

subject to the constraint that the known labels are retained:

min u' Lu
(1.2.1)
st. u=yon L.

This can be interpreted as finding the smoothest labeling function u that agrees with the

given labels. Often, (1.2.1)) is instead written as

Lu=0onlU
(1.2.2)

u=yon /L.



A brief word on notation. By “on L£”, we mean the rows corresponding to the labeled
points - by our convention, this would mean the last m rows of u. To be more explicit, we
often use the subscript & or L to indicate restriction to rows or columns corresponding to
labeled or unlabeled data (slightly abusing notation by treating sets of points as their index
sets). For example, the hard label constraint in could be written as uy; =y, and we
can rewrite the first equation in explicitly as a linear algebra problem,

Lywyuy = —Lucy- (1.2.3)

While L is positive semi-definite, L4, is positive definite provided that there is at least
one labeled node in every connected component of the graph, so the solution to (1.2.3) exists
and is unique. Label predictions can be obtained by thresholding the solution uy, at 0.5 -

those below the threshold are predicted to belong to Class 0, and those above to Class 1.

A derivation of (1.2.3)) from (1.2.1)) is often skipped, but we include it here for complete-
ness. Recalling the ordering convention for unlabeled and labeled data we adopted earlier,
we can write L using block notation as follows:

Luv  Luc

Y

Loy Ler

and similarly u = (uy,u,)". Next, we expand the quadratic form:

T T T T
u Lu =, Lyyuy +2v,Lycus+u,Lesug,

where the factor of 2 in the middle term is from the symmetry Ly, = L;} .. Recall that by
the constraint in ([1.2.1]), we only control the predictions on the unlabeled nodes u;,. Hence,

we take the gradient with respect to u; and set it to zero:

0
—uTLu = QLUZ/{UU + QLUEUL = 0.
8111,{



This yields the optimality condition
Lyyay = —Lycug,

as desired, since we use the hard label constraints uy =y.

For the multiclass setting, we simply solve (1.2.3)) ¢ times - once for each of the ¢ classes

- and make predictions by taking an argmax over the classes. More precisely, we solve

LUy = —LycY

where now U : X — R¢ (alternatively, U is a matrix in R"*¢) and Y € R™*¢ is a matrix
whose rows are the labels {y;}x,cr and we use one-hot label vectors, y; € {ej,es,...,e.}.
To be clear, in binary classification, the individual labels y; were scalars and the entire set
of labels y was a vector; in multiclass classification, the individual labels y; are vectors, and
the entire set of labels Y is a matrix. We keep the condition U; = Y. This is a system of ¢
independent equations, and each entry U;; indicates the confidence that x; belongs to class
j. This is known as a “one-versus-rest” approach. The label prediction for x;, 7(x;), can

then be made by taking the class with the highest value:

y(x;) = argmax U;;.
je{l,...,c}

1.2.4 Additional Background

The Laplacian L encodes rich information about the graph topology. For instance, L al-
ways has an eigenvalue of 0 whose multiplicity equals the number of connected compo-
nents, and the corresponding eigenspace is spanned by the indicator vectors of those com-
ponents , Proposition 2]. These spectral properties are central to many graph-based
learning methods such as spectral clustering , and have been studied extensively in

the context of statistical consistence and convergence [GS18,[HHO22]. In semi-supervised
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learning, Laplacian-based regularization with u' Lu penalizes the first-order variation of the
labeling function over the graph [ST19|. It serves as a discrete analog of the squared gradient

norm, encouraging smoothness between neighboring nodes.

Proposed in 2003, Laplace learning [ZGLO03|, also known as label propagation, led to a
surge of related techniques [BN04, BMNO04, BDL06,[ZB11,[WTT13,HLS05,LHW13|GMB14,

|CS20a},[SOZ17|. In contrast to modern deep learning, many GBSSL methods enjoy theo-

retical performance guarantees, derived using variational analysis, random walks, harmonic
functions, and partial differential equations [Cal19,CG22//CS20al/Cal18|[ST19|DSS20,GGH20,
HALO7,[HALO5}|CE22,|CST23|. Moreover, GBSSL is a class of transductive machine learning

algorithms, where labeled and unlabeled data are considered together for the learning task.
Most deep learning methods are inductive, learning a set of rules from the labeled data to

then apply to the unlabeled data. The transductive paradigm is often preferable when labels

are scarce [Joa99,(CMB25,|(CCT23|. Graph learning also differs from deep learning in that it

is a data-dependent model without any trainable parameters.

When the label rate is extremely low (e.g., the number of labels are fixed while the
amount of unlabeled data tends to infinity), Laplace learning can degenerate and suffer

from a “spiking” phenomenon around labeled points, while predictions are roughly constant

[CCT20LECR16[NSZ09]. Several works have analyzed this behavior, leading to new methods

for very low label rate regimes such as reweighted Laplace learning [SOZ17,|CS20al, MC23],
p-Laplace methods [ZB11[ECR16,[FCL22,ST19], and Poisson learning [CCT20|. While these

alternatives offer improvements for very low label rates, the work in this thesis operates in
regimes where the label rate is sufficient for Laplace learning to remain well-behaved, and

we will use it as our primary GBSSL algorithm. Some recent work has also focused on graph

total variation problems using graph cuts [BF16,MBY17, MBC18].

Another related, but distinct, area of work in machine learning on graphs is graph neural

networks, or GNNs |[KW16|DBV16,WPC20, KBM23]. GNNs typically operate on an a

priori fixed graph of relevant meta-data to the task (such as co-authorship in a citation

10



graph), and train a neural network for various learning tasks. Conversely, we assume no
given graph structure, instead constructing one using feature similarity, and, as previously
noted, GBSSL methods have no trainable parameters. Some works such as graph attention
networks learn how to assign weights to a graph, but the graph adjacency structure
is still fixed through masking in the attention mechanism. However, in Chapter (3, we will
employ a formulation of graph curvature proposed in the GNN community to inform
coreset selection and AL routines in similarity graph-based semi-supervised learning. The
intersection of ideas from GBSSL and GNNs is an underexplored area and represents an

important line of future work.
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CHAPTER 2

GLL: A Differentiable Graph Learning Layer for

Neural Networks

This Chapter is an adaption of [BCH24], which is a joint work with Jason Brown, Bohan
Chen, Jeff Calder, and Andrea L. Bertozzi. Jeff proposed the initial idea and contributed
the derivations. Jason, Bohan, and I implemented the method, ran the experiments, and

wrote the paper as first authors under Jeff and Andrea’s supervision.

This Chapter studies the first component of GBSSL: encoding structure by building
effective similarity graphs. To this end, neural networks are often used in tandem with
graph-based semi-supervised learning, where the former learns an embedding to a suitable
latent space and the latter handles similarity graph construction and classification. How-
ever, the graph learning step is typically excluded from neural network training, and existing
attempts to include it rely on approximate gradients. In this Chapter, we derive and imple-
ment a novel Graph Learning Layer (GLL) that handles forward and backward propagation
for sparse graph construction and a general family of graph learning algorithms, allowing
for precise integration into any neural network. Experiments demonstrate that GLL boosts
generalization and strengthens adversarial robustness compared to models trained with stan-
dard projection heads or graph-based heads that only approximate the backward gradients of
graph learning. These results hold across datasets, neural network architectures, and levels

of supervision, particularly at low label rates.
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2.1 Introduction

Combining graph-based learning with deep learning has achieved state-of-the-art perfor-
mance in image and remote sensing tasks at low label rates. A common approach is to
train unsupervised or semi-supervised neural networks on the raw data, learning a feature
space embedding where similarity between features can be used to construct the graph

[CCT20,|CE22, [EHC23 MMS22, |(CCT23,[BOC23,[BCH23]. Some works have used graph

learning to generate pseudolabels to train a deep neural network in low label rate set-

tings [SAS22,[ITA19]. However, neural network training and graph learning are decoupled

in these frameworks. A more direct approach, proposed by Wang and Osher, replaced the
softmax activation layer of a neural network with graph learning in both training and testing,
demonstrating improved generalization and adversarial robustness . However, they
do not compute the true gradients with respect to the loss, due to difficulties in backprop-
agating through graph learning, and instead replace them with a heuristic. Our work was

partially motivated by these limitations.

A significant gap exists in the literature as no work fully integrates graph learning into
the gradient-based learning framework of neural networks. In this chapter, we leverage the
adjoint graph Laplace equation to derive the exact backpropagation gradients for similarity
graph construction and a general family of graph learning methods, and show how to imple-
ment them efficiently. This significantly expands upon previous work , where the
backpropagation equations were only derived for Laplace learning on a fully connected graph.
The backpropagation equations allow us to design a neural network layer that replaces the
standard projection head and softmax classifier with a graph learning classifier (see Figure
for a comparison). We call this novel layer the Graph Learning Layer (GLL). A GLL (Fig-
ure 2.1)) can be combined with any neural network architecture and enables end-to-end train-
ing in a gradient-based optimization framework. Through a variety of experiments, we show

that the GLL learns the intrinsic geometry of data, improves the training dynamics and test
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accuracy of both shallow and deep networks across levels of supervision, and is significantly

more robust to adversarial attacks compared to a projection head and softmax classifier.

Our code is freely available at https://github.com/jwcalder/GraphLearninglLayer|

2.1.1 Related Work

We refer the reader to Chapter for a general overview of related works for GBSSL.

Here, we briefly highlight a few additional works relevant to the present Chapter.

Deep learning methods have increasingly leveraged graph-based approaches or drawn

inspiration from them [CWD24]. Some works applied transformers directly to a generated

similarity graph for node classification [WZL22,[HWG22,[ZGG22|.  Contrastive learning

(CL) uses pair-wise similarity, akin to a complete similarity graph, to facilitate the learning
process [CKS20,/CKN20, KTW20,[WZD23|. Backpropagation techniques have been studied
for the differentiation of convex optimization problems [AAB19|. This Chapter extends these

ideas to nonlinear equations on graphs involving graph Laplacians.

2.1.2 Our Contributions

The most significant difference between our work and any of the preceding works is the
derivation and implementation of the exact backpropagation equations through the Graph
Learning Layer, including the similarity graph construction and the graph-based classifier.
We also give a sparse, efficient implementation of these equations. This is a significant ex-
tension of Enwright et al. , where the authors derive the backpropagation gradients
for Laplace learning in the special case of a fully connected graph. In this chapter, we derive
the gradients for any k-nearest neighbors-type graph construction and any nonlinear elliptic
graph learning equation. In addition, we conduct detailed experiments on a variety of bench-
mark datasets and neural network architectures. Our analysis includes visualizing clustering

effects in the latent space under different GLL hyperparameters, demonstrating improved
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Figure 2.1: The graph learning layer (GLL) within a neural network pipeline compared to
a standard multilayer perceptron (MLP) projection head. For the GLL, both labeled and
unlabeled input images are batched into the feature extractor, which encodes the images in
feature space. The GLL is a combination of two steps; it generates a similarity graph from
the encoded data and then propagates the labels across the graph, giving predictions on the
unlabeled data. These predictions are used in the desired loss function and gradients can flow
through the GLL to update the feature extractor. By contrast, the MLP projection head
pipeline does not involve any initially labeled nodes and the classification method ignores

relational information in the encodings. The T indicates learnable parameters in the network;

note GLL has none. [BCH24, Figure 1].
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Figure 2.2: Comparison between the classic structure and our proposed graph learning layer
(GLL) neural network structures for image classification. Both structures consist of a feature
encoder and a classifier, but we replace the multilayer perceptron (MLP) classifier - consisting
of one or more linear and activation layers and a final softmax classifier - with our data-
dependent GLL with no trainable parameters. We reserve a subsample of the training data
- denoted base samples - to use as the labeled nodes for label propagation. The samples that

are not from the base set are use to compute the loss. [BCH24, Figure 2]

training dynamics and generalization, and showcasing improved robustness to adversarial
attacks. In the vast majority experiments - especially at low label rates - a GLL outperforms

the standard projection head and softmax-based classifier.

The remainder of the Chapter is organized as follows. Section details the necessary
background on Laplace Learning, the seminal graph-based learning algorithm. Section

describes our novel mathematical contributions powering the GLL. Namely, we derive the
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gradient of the loss with respect to the similarity graph weight matrix and the associated
k-Nearest Neighbor graph construction, which allows us to integrate graph learning into a
neural network training context. We also demonstrate the effect this novel GLL has on the
learned neural network embeddings. Section [2.4] contains illustrative experiments showcasing
the benefits of the GLL, demonstrating improved generalization across network architectures
and levels of supervision, and superior robustness to adversarial attacks compared to the

softmax classifier.

2.2 Background

In this section, we provide the necessary background on the construction similarity graphs,
calculus on graphs, and graph learning using various types of graph Laplace equations.
While there is some overlap with Chapter for clarity, we restate it here using notation

and conventions tailored to the methods developed later in this Chapter.

2.2.1 Similarity Graph Construction

Let X be the vertex set of a graph with n € N vertices and nonnegative edge weights
Wyy > 0, for z,y € X. Let W = (wyy)syex denote the n x n weight matrix for the graph.
We always assume the weight matrix W is symmetric, so wy, = wy,. We usually think
of W as a similarity matrix, in which case the entry w,, encodes how similar the nodes x
and y are, with large positive values indicating a high degree of similarity, and w,, = 0
indicating the nodes are not similar. Given we have a feature vector in R? for each node
x € X in the graph, a common way to construct a similarity weight matrix, which we
adopt in the numerical experiments in this chapter, is a k-nearest neighbor graph based on
similarity of feature vectors. In this case, we will denote the vertex set of the graph by

X = {x1,...,X,} € RY where x; € R? is the feature vector for the i® node in the graph.
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The weight w,, = wy,x; = w;; between nodes x; and x; is then given by the expression
—4llx; — x.:|?

Wij = €xp <#€k(xjﬂ)) : (2.2.1)
The parameter k is the number of neighbors used in the graph construction, and we choose
the bandwidth parameter ;(x;) to be the distance from x; to its kth nearest neighbor in
R?, which allows the weights to self-tune appropriately to areas of density and sparsity.
If desired for applications, €x(x;) may be set to a constant value for all x;. To produce
a sparse graph, we set the weight w;; = 0 if x; is not among the £k nearest neighbors of
x;, and x; is not among the k nearest neighbors of x;. While searching for the exact k
nearest neighbors in high dimensional data sets is a computational hard problem, there are
many fast approximate nearest neighbor algorithms that can be used in practiceE] While
similarity matrices are often used in practice, we note that the theory in this section, and

much of Section [2.3, does not place any restrictions on W aside from symmetry wg, = wy,.

2.2.2 Calculus on graphs

We let ¢2(X) denote the Hilbert space of functions u : X — R*, equipped with the inner

product

(U V) 22y = Z u(z) - v(z), (2.2.2)

TeEX

and norm ||U||1?2(x) = (U, u) g2 yy- For p > 1 we also define p-norm

[l ey = D lul)[]P. (2.2.3)
zeX
The degree is a function deg € £2(X) with k = 1 defined by

deg(z) = way.

yeX

'We use the Annoy python package: https://github.com/spotify/annoy
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We let ¢2(X?) denote the space of functions u : X2 — R¥. A wvector field on the graph
is a function u € £2(X?) that is skew symmetric, so u(z,y) = —u(y,z). We use bold face
for vector fields to distinguish from functions on the graph. The gradient Vu € £*(X?) of
u € (*(X) defined by

Vu(z,y) = u(z) — u(y) (2.2.4)

is an example of a vector field over the graph. Note that Vu is a vector field, so it is defined
over the edges in the graph, i.e., pairs (x,y) of vertices, while u is a function of a single
vertex x on the graph. For u,v € ¢*(X?) we define an inner product
0V = 5 D waye )V (). (2.25)
zyeX
together with a norm ||u||?2(X2) = (0, 1) 2 y2).-

The graph divergence is an operator taking vector fields to functions in ¢*(X), and is
defined as the adjoint of the gradient. Here, we define the divergence for any function
v € [2(X?); that is, it may not be a vector field. Hence, for v € ¢*(X?), the graph divergence
divv € (?(X) is defined so that the identity

(V, V) oy = (u, div v) o g (2.2.6)
holds for all u € *(X). A straightforward computation shows that

divv(z) = % Z Wey(V(z,y) — V(y,2)). (2.2.7)

yeX

If v is a vector field, then this can be simplified to
divv(z) =) wy,v(z,y). (2.2.8)
yeX
The gradient is an operator V : (*(X) — *(X?), and the divergence is an operator
div : #(X?) — (*(X). The graph Laplacian is the composition of these two operators

A = divoV, which can be expressed as

Au(x) = div Vu(z) = wey(u(z) — u(y)). (2.2.9)

yeX
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By the definition A = divoV we have
<AU,U>K2(X) = <VU, Vv>e2()(2),

for any u,v € (?(X). In particular, we have

53wy ule) — u(y)),

T,yeX

2
<Auau>e2()() = (Vu, vu>e2()(2) = ”VUHW(W) =

which is the Dirichlet energy on the graph. For a connected graph with £ = 1, the kernel of
the graph Laplacian A is 1-dimensional and spanned by the vector of all ones. In general,

the multiplicity of the eigenvalue 0 indicates the number of connected components in the

graph [Lux07).

2.2.3 Classical Graph-based Learning

Let X = {x,Xs,...,X,} € R? be a set of d-dimensional feature vectors, and let W denote a
corresponding weight matrix, which may be constructed as a similarity matrix, as discussed
in Section This endows the data set with a graph structure. Let £ C X be the set
of labeled indices that identifies which feature vectors have labels y; € {1,2,...,k} (for a
k-class classification problem). The task of graph-based semi-supervised learning is to utilize
the graph structure to infer the labels on the unlabeled index set 4 = X \ L. The labels
y; are represented by one-hot vectors; that is, the vector e,, € R* of all zeros, except a 1 in
the y!" entry. As in Section , generic elements of X, i.e., graph vertices, are denoted as

z,y € X, and the corresponding entry of the weight matrix W is denoted w,,,.

Laplace learning |ZGLO03|, also called label propagation, is a seminal method in graph-

based learning. The labels are inferred by solving the graph Laplace equation

Au(z) =0, ifreld
(2.2.10)
u(z) =g(x), ifzeLl,
where ¢ : £ — RF encodes the labeled data through their one hot vector representations.

The solution u € £%(X) is a function v : X — R* where the components of u(z) € R can
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be interpreted as the probability that x belongs to each class. The label prediction is the
class with the highest probability. Equation (2.2.10)) is a system of k£ linear equations, one
for each class, which are all completely independent of each other. Thus, this formulation
of Laplace learning is equivalent to applying the one-vs-rest method for converting a binary

classifier to the multiclass setting.

Laplace learning also has a variational interpretation as the solution to the problem

1

. 2
min 596; wey u(e) — u(y) > = [Vulb e, (2:2.11)

subject to the condition that u = g on the labeled set £. The necessary condition satisfied
by any minimizer of is exactly the Laplace equation (2.2.10). Furthermore, as long
as the graph is connectedﬂ, the solution of exists and is unique, as is the minimizer
of (2.2.11)) [Callg].

There are variants of Laplace learning that employ soft constraints on the agreement
with given labels, which can be useful when there is noise or corruption of the labels, typical
in many real world settings. Fixing a parameter A > 0, the soft-constrained Laplace learning
problem minimizes

min {HWH;(XQ) A ) - g<:c>u2} , (2.2.12)

uel?2(X) v
x

where A > 0 tunes the tradeoff between label fidelity and label smoothness. Provided the
graph is connected, the unique minimizer of (2.2.12)) is the solution of the graph Laplace
equation

Au+ X(u—g) =0, (2.2.13)

where &(x) =0 if z € Y and {(z) = 1 if x € L. We recover Laplace learning (2.2.10) in the

limit as A — oo.

’In fact, a weaker condition that the graph is connected to the labeled data L is sufficient, which is

equivalent to asking that every connected component of the graph has at least one labeled data point.
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The graph Laplace equations (2.2.10) and (2.2.13)) are positive definite symmetric linear

equations, and can be solved with any number of direct or indirect techniques. When the
size of the problem is small, a direct matrix inversion may be used. For larger problems,
especially for large sparse systems, an iterative method like the preconditioned conjugate

gradient method is preferred.

There are also a variety of graph-based learning techniques that do not require labeled
information, such as the Ginzburg-Landau formulation [GMB14]

min {HWHZ(XQ) +AZG(u<x))}, (2.2.14)

u€l?(X) pt
x

where G is a many-well potential, with wells located at the one hot label vectors. For
binary classification, the wells may be positioned at +1 and G(u) = (1 — «*)?. MBO
methods are effective approximations of the Ginzburg-Landau energy (2.2.14]) when A > 1

[MKB13,|GMB14]. This method was first developed in a semi-supervised setting but also

used for modularity optimization [BBT18| and a piecewise constant Mumford-Shah model

in an unsupervised setting [HSB15|.

2.2.4 Diagonal Perturbation

A modification to Laplace learning (Section [2.2.3)) is to add a type of Tikhonov regularization
in the energy (see e.g. the work of Miller and Calder [MC23]), leading to the minimization
problem

. 2 2
i {190y + 7 el (2.2.15)

subject to the condition that u = g on the labeled set £. Tikhonov regularization can also
be added to the soft constrained Laplace learning (2.2.12)). The minimizer of (2.2.15)) is
the solution of the graph Laplace equation (2.2.10) except that the graph Laplacian, A, is

replaced by the diagonal perturbed Laplacian A, = A+ 71 (likewise for the soft constrained

problem (12.2.13)).
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This regularization term increases the convergence speed of iterative algorithm by im-
proving the condition number of the graph Laplacian. Moreover, it induces exponential
decay away from labeled data points. This inhibits label propagation and weakens predic-
tions further from labeled data in the latent space, which can limit overconfident predictions.
In Section 2.4.2, we show that employing this regularization in the GLL causes denser clus-
tering of similar samples in the latent space learned by the neural network, which may be

desireable for classification or clustering tasks.

2.2.5 p-Laplace learning

There are also graph-learning methods based on the nonlinear graph p-Laplacian [ZB11],
[ECRI16[FCL22[|ST19,|Call8]. One such example is the variational p-Laplacian, which stems

from solving the optimization problem

1

in - . ~ P 2.2.16
ity 2 walul) — ) (2.2.16)

subject to u = g on L. Taking values of p > 2 was proposed as a method for improving
Laplace learning in the setting of very few labeled data points |[ECR16|, and theoretical
analysis later verified this claim [ST19,|Call8|. The minimizer of the p-variational problem

(2.2.16|) solves the graph p-Laplace equation
div(||Vul[P7*Vu)(z) = 0, ifreld
(2.2.17)
u(z) = g(x), ifze L.

Another form of the p-Laplacian—the game theoretic p-Laplacian— has also been proposed

and studied [Call8,|CD24].

2.2.6 Poisson learning

Another recently proposed approach for low label rate graph-based semi-supervised learning

is Poisson learning |[CCT20|. Instead of solving the graph Laplace equation (2.2.10)), Poisson
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learning solves the graph Poisson equation
Au=> (9—79)d
zel
where g = = %" . g(x), m is the number of labeled examples in £, and §,(y) = 0if = # y
and J,(z) = 1. In Poisson learning, the labels are encoded as point sources and sinks in a
graph Poisson equation, which improves the performance at very low label rates .
Poisson learning also has the variational interpretation

min {nwniw) -3 (gla) —a)-u<x>}, (22.18)

u€l?(X) gy

which is similar to the soft constrained Laplace learning problem (2.2.12), except that here
we use a dot product fidelity instead of the ¢*(X) fidelity.

2.3 Automatic differentiation through graph learning

In this section, we detail our main mathematical contributions, deriving the backpropagation
equations necessary for incorporating graph-based learning algorithms into gradient-based
learning settings, such as deep learning. Our results are general and apply to any nonlinear

elliptic equation on a graph.

We assume the following generic pipeline. In the forward pass, the graph learning layer
receives feature representations (i.e. the output of a neural network-based encoder) for
a batch of data. Then, a k-nearest neighbors search is conducted over the features and we
construct a sparse weight matrix and corresponding graph Laplacian, as described in Section
2.2.1] We then solve a graph Laplace equation, such as Equation (2.2.10), to make label

predictions at a set of unlabeled nodes.

In the backward pass, the GLL receives the upstream gradients coming from a loss func-
tion and need to return the gradients of the loss with respect to the neural network’s feature

representations. The calculations for backpropagation can be divided into two distinct steps:
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tracking the gradients through the graph Laplace equation with respect to the entries in the
weight matrix, which is addressed in Section [2.3.1], and then tracking the gradients from the
weight matrix to the feature vectors, which is addressed in Section [2.3.2] In practice, we
combine the implementation of these two terms within the same autodifferentiation function,

which allows for more efficient calculations.

2.3.1 Backpropagation through graph Laplace equations

In this section, we present the derivation of the backpropagation equations for computing
the gradient of the solution of a graph Laplace equation for label propagation with respect to
the ingredients of the equation, including the weight matrix used to construct the graph, and
any source terms or boundary conditions that are present in the equation. For simplicity,
we restrict our attention to binary classification, since the multi-class setting of any graph

learning algorithm is equivalent to the one-vs-rest approach.

2.3.1.1 Linear graph Laplace equations

In order to elucidate our approach in a simpler setting, we will first present our main results

for the linear graph Laplace equation

Tu(z) + Au(z) = f(x), ifxeld
(2.3.1)
u(x) =g(x), ifze L.
Here, 7 > 0 is a parameter, A is the graph Laplacian, defined in (2.2.9), g is the boundary

condition, and f is the source term. Depending on the context, the label information can be

encoded into the source term f or the boundary condition g.

As discussed previously, we have in mind that a graph PDE like (2.3.1) is a layer within
a neural network that is trained end to end. The inputs to the graph learning layer are any

one of the following objects (or all of them):

e The weight matrix entries wy,,.
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e The source term f.
e The boundary condition g¢.

In all cases, the output of the graph learning layer is the solution u € ¢2(X), which feeds
into the next layer of the network. Let us keep in mind that, while we have used functional
analysis notation to illuminate the main ideas more clearly, the inputs and outputs of the
block are all vectors in Euclidean space; i.e., a function u € (*(X) is simply a vector in R™

where n is the number of nodes in the graph.

The graph learning layer is part of an end-to-end network that is fed into a scalar loss
function that we denote by J. For u € ¢*(X) the solution of (2.3.1), let V,J € £*(X) be
the gradient of the loss J with respect to the output u of the graph learning layer, so

VT (2) = Ouw) T

where 0, denotes a scalar partial derivative in the scalar variable z. Backpropagating through
a graph learning layer requires taking as input the gradient V,J and computing, via the

chain rule, the gradients

VT (@,y) = (s, VuT ) o (2.3.2)
VT (2) = (0pyu, VT ) o> and (2.3.3)
ng([lf) = <ag(x)u7 Vuj>52(‘)() ) (234)

for all z,y € X. The quantities Vi J, V7, and V7 are the outputs of the graph learning
autodifferentiation procedure and are then fed into the preceding autodifferentiation block.
Letting m be the number of labeled points, Vi J is an n X n matrix, while V7 is a length

n —m vector and V,J is a length m vector.

In the special case of the linear graph Laplace equation (2.3.1)), backpropgation through

the graph learning layer requires solving the adjoint equation

To(z) + Av(z) =V, J, ifzel
(2.3.5)
v(z) =0, ifxel



for the unknown function v € £*(X). Since the left hand side of is self-adjoint, the
adjoint equation ([2.3.5)) is nearly identical to the original equation (2.3.1) — indeed, the
main difference is that the boundary conditions have been set to zero, and the source term is
replaced by the upstream gradient V, 7, which is the input to the automatic differentiation
method. Hence, the computational complexity of the adjoint equation is similar to the

original graph Laplace equation that was solved in the forward pass.

In this case, the adjoint equation (12.3.5]) is uniquely solvable for v, provided the graph is
connected, and the downstream gradients we wish to compute can all be expressed in terms

of v as follows (see Theorem [2.3.5)):

VwJI (z,y) = =Vu(z,y)v(r) = —(u(x) — u(y))v(z) for z,y € X, (2.3.6)
ViT(x) =v(x) forze X\ L (2.3.7)
V,J(x) =V, J(x) — Av(z) forz € L. (2.3.8)

We note that the last expression for V,J (z) cannot be simplified using the adjoint equation,
since it is evaluated on the labeled nodes £ where the adjoint equation does not hold. We
also note that it may seem a little strange at first that Vy 7 (x,y) is not symmetric in z
and y. However, as we show in the next section, since the weight matrix W is symmetric,

we can replace Vi J (z,y) by the symmetrized expression

—Vu(z,y)Vo(z,y) = —(u(z) - u(y))(v(z) - v(y))

without affecting any downstream gradient computations. We use this symmetrized expres-

sion in practice to simplify computations.

The proofs of the claims in this section are all provided in a more general setting in

Theorem in the following section.
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2.3.1.2 Nonlinear elliptic equations on graphs

In order to make our results general - applicalbe to any of the graph-based learning algorithms
discussed in Section including nonlinear graph-Laplace equations - we proceed in this
section with generalizing the simple graph Laplace equation to a general nonlinear
elliptic equation on a graph. Given a function ¢ : R x X? — R and a vector field v € (?(X?),
we define the function ¢(v,-) € £2(X?) by

SO(V7 )({L’,y) = gO(V(ZL‘,y),{L‘,y).

Let us write ¢ = (¢, z,y) and write ¢, for the partial derivative of ¢ in ¢, when it exists.

In general, p(v,-) may not be a vector field, without further assumptions on .

Definition 2.3.1. We say ¢ : R x X2 — R preserves vector fields if

90<_Q7 €, y) = —cp(q, Y, l’)

holds for all ¢ € R and x,y € X.

Clearly, if ¢ preserves vector fields, then for any vector field v, (v, -) is also a vector

field.

We also define ellipticity and symmetry.

Definition 2.3.2. We say that ¢ : R x X* — R is elliptic if ¢ — ©(q, x,y) is monotonically

nondecreasing for all x,y € X.

Definition 2.3.3. We say that ¢ : R x X? — R is symmetric if

@q(q, X, y) - qu(_% Y, ZE)

holds for all ¢ € R and x,y € X for which the derivatives v,(q,x,y) and p,(—q,y,x) exist.
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The notion of ellipticity is also called monotonicity in some references [BS91,|CE22|, and

has appeared previously in the study of graph partial differential equations [MOS15[|Call8].

We will consider here a nonlinear graph Laplace-type equation of the form

o(u(z),z) +dive(Vu,-)(z) = f(z), fze X\ L
(2.3.9)
u(z) =g(x), ifxel,
where 0 : Rx X - R, f € (*(X), L. C X, and g : X — R. The graph Laplace equation
generalizes all of the examples of graph Laplace-based semi-supervised learning algorithms
given in Section [2.2 In particular, we allow for the situation that £ = @. We will assume
the equation (2.3.9) is uniquely solvable; see the work of Calder and Ettehad [CE22| for

conditions under which this holds. However, at the moment we do not place any assumptions

on o and ¢; in particular, ¢ need not be elliptic, preserve vector fields, or be symmetric.

Example 1. An example is the graph p-Laplace equation for p > 1, where o(z,x) = 72 for

a nonnegative constant T, f € (*(X), and
p(q.z,y) = lgdI"*q.
In this case, the equation in becomes
ru(z) + div(|VuP2Vu)(z) = f(z)
or written out more explicitly

Tu() + Y weylu(@) = u(y) P (ulz) —uly)) = f(z).

yeX

Since q(q,x,y) = (p — 1)|q|P~2, we have that ¢ preserves vector fields, and is both elliptic
and symmetric for p > 1. Note that p = 2 recovers Laplace learning, which will be the focus

of our experimental Section[2.4).

Remark 2.3.4. If ¢ is elliptic, then the divergence part of (2.3.9)) arises from the minimization

of a convex energy on the graph of the form

> waytb(u(z) — uly), z,y),

T, yeX
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where 1 is any antiderivative of ¢ in the ¢ variable. The ellipticity guarantees that v,

is nondecreasing, and so 1) is convex in ¢q. For example, with the usual graph Laplacian,

¢(q) = 3¢ and ¥(q) = ¢*.

As we show below, efficient computation of the gradients (2.3.2), (2.3.3)), and (2.3.4)—the

essence of backpropagation—involves solving the adjoint equation

o (u(z), z)v(x) + div (p,(Vu, - )Vu) =V, J(x), ifxe X\ L
(2.3.10)
v(z) =0, ifrel
for the unknown function v € ¢*(X). Recall that o, denotes the partial derivative of the
function (z,z) — o(z,2) in the first variable z, i.e., if o(z,2) = 2% then o.(2,2) = 22.
We also note that using the definition of divergence given in (2.2.8), the divergence term
div (¢g(Vu, -)Vv) evaluated at a vertex x € X'\ £ in (2.3.10) can be expressed as

5> iy (a(Vule, ), 2, )(0(x) — 0(0) — oV, 7).y, 2)(0(y) — v(@).  (28.11)

If ¢ is symmetric, as per Definition [2.3.3] then ¢,(—q,y, ) = ¢4(q, ,y) and this expression
can be simplified to read
0iv (4(Vit, ) T0) = 3 w0y 0 (Vu(z, 1), 2, ) (0(z) — 0(3)). (23.12)
yeX
This expression is a graph Laplacian applied to the function v, with weights that depend on
the gradient of u. In fact, the first term o, (u(z), x)v(z) in the adjoint equation also
depends on the solution u of (2.3.9), which was computed in the forward pass of the neural

network and can be saved for use in backpropagation. We also note that, even though the

graph PDE (12.3.9)) is nonlinear, the adjoint equation (2.3.10) is always a linear equation for

v.

The following theorem is our main result for backpropagation through graph learning

layers.
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Theorem 2.3.5. Assume z — o(z,z) and q — p(q,x,y) are continuously differentiable for
all z,y € X. Let f € (*(X), g : L = R, and suppose u € (*(X) satisfies (2.3.9)). If the
adjoint equation (2.3.10) admits a unique solution v € (*(X), then the partial derivatives
0,

oy U Of(2) Uy Oyt € L2(X) exist and are continuous in the variables wy,, f(z) and g(z),

respectively. Furthermore, it holds that

VT (x,y) = —1<90(Vu(x,y), z,y) — o(Vu(y, ), y,x))v(m) forxz,y e X, (2.3.13)

2
VT (x) =v(x) forzeX\L (2.3.14)
Vo J(x) =V, J(z) — div (¢,(Vu, - )Vv) (z) forxz € L. (2.3.15)

Proof. The existence and continuity of the partial derivatives Oy, u, Of(z)U, Oyt € (2(X)
follows from the unique solvability of the adjoint equation (2.3.10)) and the implicit function

theorem.

Now, the adjoint equation is utilized throughout the whole proof in a similar way. Given

h € ¢*(X) with h(z) = 0 for x € L, we can compute the inner product with V,J as follows:
(h, VuT ) exy = (0=(u, )b+ div (0 (Vu, - )VR) ,0) o g - (2.3.16)

To see this we compute

Vh, (Pq(VU, ')VU>€2(X2)

{
2(X) + (qu(Vu, )Vh, VU>€2(X2)
{

We will use the identity (2.3.16|) multiple times in what follows.
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We now prove (2.3.13). Given r,s € X, we let h(z) = 0,,,u(x). Then differentiating
both sides of (2.3.9) we find that

o.(u(z), z)h(z)+div (¢,(Vu, - )Vh) = —%(L(:U)(go(Vu(r, s),r,s)—p(Vu(s,r),s,r)) (2.3.17)

for x € X\ £, and v(z) = 0 for x € L, where 6,(z) = 0 if r # z, and 0,(r) = 1. By (2.3.2),
(2.3.16)), and ([2.3.17)) we have

ij(T7 S) - <awrsu7 vuj>£2(/\f‘) - <h7 vuj>g2()()
= (0 (u, )b + div (¢,(Vu, - )Vh) 7U>£2(X)

1

=3 (0,(@(Vu(r,s),r,s) — p(Vu(s,r),s,r)), U>e2(x)

1

= —§(¢(Vu(r, s),r,8) —p(Vu(s,r),s,r))v(r).

To prove (2.3.14)), let r € X'\ £ and set h(x) = O¢yu(zr). Then differentiating both sides
of (2.3.9)) we find that

o (u(z), z)h(z) + div (¢,(Vu, - )Vh) = 6,.(z), (2.3.18)
for z € X'\ £, and h(z) =0 for x € L. By (2.3.3), (2.3.16)), and (2.3.18) we have
ij(?”) = <h7 VUJ>E2(X) = <02(u7 )h + le (QDQ(V'LL, )Vh‘) 7U>€2(X) = <5T7 U>22(X) = 'U(T).

Finally, to prove (2.3.15), let » € £ and set h(x) = Jyyu(x). Then differentiating both
sides of (2.3.9) we find that

o.(u(z), z)h(z) + div (¢,(Vu,-)Vh) =0, (2.3.19)
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for x € X\ £ and h(z) = 6,(z) for x € L. By (2.3.4)), (2.3.16]), and (2.3.19) we have

VT (1) = (h,VuT )y = (h = 00, VuT ) (a0 + VuT (1)
= (B = b,,0.(u, )0+ div (94(Vt, ) V0)) 2 ey + VT ()
= (h, o2 (u, - )v + div (@ (Vu,  )V0)) o ) — 0= (u(r), r)v(r)
— div (pg(Vu, ) V) (r) + Vo T (r)
= (0 (u, Y+ div (9 (Y, )Vh) )y ) — 0= (u(r), r)o(r)
— div (pg(Vu, ) V) (r) + V, T (r)
= —a,(u(r), r)v(r) — div (g, (Vu, ) Vo) (r) + Vu T (7).

We finally use that v(r) = 0 for r € L. O

Recall that we have assumed the weight matrix W is symmetric, so wg, = w,,. Thus,

ya-
it may at first seem strange that the gradient V7 (x,y) is not symmetric in z and y, but
this is a natural consequence of the lack of any restrictions on the variations in W when
computing gradients. However, it turns out that we can symmetrize the expression for the
gradient V7 (x,y) without affecting the backpropagation of gradients, provided that W

is guaranteed to be symmetric under perturbations in any variables that it depends upon.

This is encapsulated in the following lemma.

Lemma 2.3.6. Suppose that the weight matric W = (wgy)syex depends on a parameter
vector § € R™, so W = W (0) and wyy, = wyy(0) for all x,y € X, and furthermore that the
loss J depends on 6 only through the weight matrizc W. If wy,(0) = wy,(0) for all § € R™
and x,y € X then it holds that

1
VoT = Y VwI (@) Vowsy, = Y 5 (Vw (@) + Vw (y,2) Vows,.  (2:3.20)

z,yeX T,yeX

Proof. By the chain rule we have

1
VoT = 3 Vwd (@,9)Vouwsy = 3 5 (Vwd (#,9)Veway + ViwJ (4, 2)Votwya)

z,yeX z,yeX

33



Since wyy(0) = wy,(#) we have Vyw,, = Vyw,,, which upon substituting above completes

the proof. n

Lemma [2.3.6|allows us to replace the gradient Vi ¥ with a symmetrized version without

affecting the correct computation of gradients.

Remark 2.3.7. By Lemma [2.3.6, we may replace Vi J(z,y), given by (2.3.13) with its

symmetrized version

(ij<x7 y) + ij(:% I)) = —%(SO(VU(% y)7 Z, y) - @(vu(yv l’), Y, CL’))VU(ZE, y>7 (2321)

N —

without affecting the resultant backpropagation. The resulting expression is symmetric, in

x and y, which may be convenient in implementations.

Example 2. As in Ezample we consider the graph p-Laplace equation with p > 1,

o(z,z) = Tz, where T a nonnegative constant, and f € (*(X). In this case we have

o(q,z,y) = |q/P2q and v,(¢,x,y) = (p — 1)|q|P~2. The adjoint equation (2.3.10) becomes
v+ (p — 1) div(|Vul|?Vv) = V.. J,

subject to v = 0 on L. The adjoint equation is uniquely solvable if T > 0; otherwise the
solvability depends crucially on the structure of |VulP~2 when p # 2. For example, if u is
constant, so Vu = 0, then the adjoint equation is not solvable when 7 = 0. When p = 2
and L # @ (this is the setting of Laplace learning) the adjoint equation is always uniquely

solvable, and is simply given by the Laplace equation
™+ Av =V, VU,

subject tov =0 on L.

3The case p = 1 does not satisfy the continuous differentiability conditions of Theorem [2.3.5
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Proceeding under the assumption that the adjoint equation is uniquely solvable, the expres-
sions for the gradients in Theorem taking the symmetrized version for Vy J, become
VT (z) =v(x) forz e X'\ L,

% (Vw T (2,y) + VT (y, 1)) = —|Vu(z,y) [P *Vu(z,y)Vo(z,y), (2.3.22)
forxz,y € X, and
VoJ () =V, J () — (p — 1) div (|Vul|P*Vv) (z) forz € L. (2.3.23)

When p = 2, the symmetrized gradient Vw WV for Laplace learning has the especially simple
form —Vu(x,y)Vou(z,y).

2.3.2 Backpropagation through similarity matrices

We now consider the backpropagation of gradients through the construction of the graph

weight matrix.

As in Section [2.2.1, we consider a symmetric k-nearest neighbor type graph construction
for the weight matrix W, of the form

CxI?
Wij = Qi1 (—sz XJH ) ; (2.3.24)

where 7 is differentiable and a;; is the adjacency matrix of the graph, so a;; = 1 if there is an
edge between nodes ¢ and j, and a;; = 0 otherwise. We consider graphs without self-loops,

so w;; = ay; = 0 for all 4.

In deriving the backpropagation equations, we will assume that the adjacency matrix a;;
does not depend on the features x;. This is an approximation that is true generically for
k-nearest neighbor graphs, unless there is a tie for the kth neighbor of some x; that allows
the neighbor information to change under small perturbation. However, the self-tuning

parameters ¢; and €; do depend on the feature vectors; in particular, they are defined by

g = |Ixi — x|, (2.3.25)

7
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where k; is the index of the k'™ nearest neighbor of the vertex i. However, we note that
the derivation below does not place any assumptions on the indices kq, ..., k, except that
k; # i and a;, = 1. This, in particular, allows our analysis to handle approximate nearest
neighbor searches, where some neighbors may be incorrect, as long as we use the correct
distances. We will also assume that the indices k; do not depend on (or rather, are constant
with respect to) any of the features x;, which is again true under small perturbations of the
features, as long as there is no tie for the k" nearest neighbor of any given point. This is

generically true for e.g. random data on the unit sphere in R

In backpropagation, we are given the gradients g;; = 0,,,J computed in Section m,
which we can assemble into a matrix G' = (g;;):;, and we need to compute Vy,J in terms of
the matrix GG, where x, is an arbitrary feature vector. That is to say, we backpropagate the
gradients through the graph construction . Our main result is the following lemma.

Lemma 2.3.8. We have

n

Vad =Y JiaBuli  — x.) + > bi(x; — X, )0, — bilxi — Xu,), (2.3.26)

Ei€q
j=1 " j=1

where G;; = gij + g;i, and the vector b = (b;); and matriz P = (p;;);; are defined by

g’L]aZ]p’L] 2 / HXZ _ Xj”2
bl-: — X2, and py; = (T 2.3.27

where 1 is the derivative of 1.

Remark 2.3.9. Notice in (2.3.26) and (2.3.27)), the gradients g;; always appear next to the
corresponding adjacency matrix entry a;;. Thus, in an end to end graph learning block,
where the features vectors x; are taken as input, we only need to compute the gradients
gi; along edges in the graph. This allows us to preserve the sparsity structure of the graph

during backpropagation, drastically accelerating computations.

Proof. We begin by using the chain rule to compute

- - x; — X2
Vi, J = Z Ow fowlj = Z 9ij Vx, Wi = Z 9i5i5 V1 (u) : (2.3.28)
Wij

2¢;€;
3,j=1 i,j=1 ij=1 1<
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Notice that the sum above is only over edges in the graph where a;; = 1, and we may also

omit ¢ = j, since the gradient term is zero there. Thus, we need to compute

xi — x|
b=V, Ixi —;

for 7 # j with a;; = 1. Recalling (2.3.27)) we have

bfj = Pij (Xi — Xj)((sig - 5][) - Py ||Xz - X]H vx£(5 6])

Ei€; 2eies
We now note that
1 1
nggz‘ — 6—(){Z — in)((;gi — 53&) and VXZE-:J‘ = ;(X]’ — ij)(agj — 5ij)a
7 J

SO

& Ej
Vi (€i€5) = = (x5 — Xi,) (007 — Ook,;) + =2 (%5 — X, ) (00i — Ou,)-

€j E;

Plugging this in above we have

by = T (0% = %) (8 = 030) = 5l = 1oy = 0,) (3 — )
(A

p..
= g % = X1 = x0) (86i = D).

Plugging this into (2.3.28) we have

¢
Vi J = Z Gij@ijby;

.7]._1
Di
- Z guaz] i X; — )(6% - 6j£)
t,j=1
5 %H 120 — 4, (8¢ — G,
gwa%JQ 3 Xi — X5 Xk; ) (005 — Ok
1,j=1
_ Pij o 2(x. — S — 8
kaws 2 — 1) (8 — u,)
i,7=1

Q&CL&P& - GeieiPe; 2
= E (x¢ —x;) — 5 lIxe — x| (%0 — %)
E¢E; — 2e5¢€;

= gwaz]pz] 2
_E X; — X, X — X;) Ok, ,

=1
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where g;; = gi; + gji- Recalling (2.3.27), the gradient above can be expressed as

gﬁza&p&
VXéj = - s Xy — Xl + Z b — Xk (Sgk — bg(Xg — Xké) (2329)
The proof is completed by relabelling indices. [

Remark 2.3.10. For computational purposes, we can further simplify (2.3.26) by encoding
the k-nearest neighbor information as follows. Let C' = (¢;;)i; be the n x n matrix with
cij = 1 if node 7 is the kthnearest neighbor of node j, ¢;; = —1, and ¢ij = 0 otherwise. Then

the gradient given in the expression in Eq. (2.3.26) can be expressed as

n
_ gzyawpzj i
Vi, J = 2, x;) + Z ¢i;b; Xy,)- (2.3.30)
This is our final equation for the gradient of the loss with respect to the feature representa-
tions X1, ..., X,; since these features are the output from a neural network, the remainder of

backpropagation can be done as normal.

2.3.2.1 Sparse and efficient gradient computations

We discuss here how to efficiently compute the backpropagation gradient formula ([2.3.30) in

a computationally efficient way in the setting of a sparse adjacency matrix A.

We use the expression from Remark The matrices A (adjacency matrix),
P (from Lemma [2.3.8), and C' (from Remark require minimal additional computa-
tional overhead, as their structure and values all come from the k-NN search and weight
matrix construction required in the forward pass to construct the weight matrix W. In our

experiments, for example, we use 1(z) = exp(—4z), so P = —4W. The matrix G is computed

as described in Section [2.3.1].

It is more efficient in implementations to express (2.3.30]) as sparse matrix multiplications.
The first term already has this form; indeeed, if we define the matrix H = (h;;);; by

9ij QijPij
Ei€j

hij =
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then the first term is given by

j=1
which is the multiplication of the sparse graph Laplacian matrix Ly corresponding to the

symmetric matrix H with the data matrix X whose rows are the feature vectors x! .
Analogously, for the second term, define the matrix M = (m;;);; as
mij = Cijbj + Cjibi-
We then have that
n
D omi(xi—x;) = > migxi — Yy mix;
J=1 J J
= cibi(xi = x;) + Y cibi(xi — x;).
J J

Now note that, for a fixed 4, the column ¢;; (j € {1,...,n}) is 1 when x; is the kth nearest
neighbor of x;. A node only has 1 kth nearest neighbor, so the column cj; is 0 everywhere

except when j = k;, ¢x; = 1. The term ¢; = —1 is irrelevant, since x; — x; = 0. Hence we

have
D omi(xi—x;) = > eibi(xi — %) + bilx; — x,)
j=1 i
= Z bj(ij — Xj)5ikj + bz(Xz - Xk;i)
i

n
= =) cbi(x; — ),
j=1

where we used the definition of the matrix C' again. This is exactly the negative of the
second term in (2.3.30]). The expression on the left is again a graph Laplacian L;; for the

symmetric matrix M, so we can write

n

Zcijbj(xj — ij)T = LMX

J=1
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Finally, this allow us to express ([2.3.30)) as

Compared to a softmax classifier, the only additional computational overhead are sparse

matrices, which can be efficiently stored and manipulated.

2.4 Implementation & Numerical Experiments

This section details the practical use of the proposed GLL classifier and showcases its strong
performance through a variety of numerical experiments. Section explains our im-
plementation of the GLL as a classifier on supervised and semi-supervised tasks, including
batching, contrastive pretraining, and data augmentation. Section visualizes the em-
beddings learned by a GLL on a toy example and illustrates the effect of the Tikhonov
parameter 7 in (2.2.15)); all remaining experiments use the standard Laplace learning algo-
rithm in . Section considers a deliberately over-parameterized CNN on Fash-
ionMNIST to compare a GLL head to an MLP head in terms of generalization, training
dynamics, and computational efficiency. Section [2.4.4] presents large-scale experiments on
the CIFAR-10 and EMNIST datasets at varying levels of supervision, com-
paring MLP, WNLL , and GLL classification heads across several deep neural network
backbones; GLL-based networks consistently match or surpass the performance of MLP- and
WNLL-based networks, especially at low label rates. Section quantifies the computa-
tional overhead of GLL by reporting training and inference times as a function of batch
size and network size. Finally, Section [2.4.6) provides our most significant empirical result:
across datasets, training strategies, and attack strengths, a GLL yields consistently and
substantially stronger robustness to adversarial attacks than both MLP- and WNLL-based
classifiers. While our theoretical analysis applies to general graph Laplacian-based learn-
ing algorithms, we leave numerical experiments on variants such as Poisson learning and

p-Laplace learning to future work.
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2.4.1 Implementation

In this subsection, we present implementation details for the GLL in our experiments. Al-
though our GLL can be plugged into any neural network as a classifier, replacing the original
head in this way leads to a batch setting that differs slightly from the classical MLP-based
training paradigm. In addition, to accelerate training, we adopt a contrastive-learning—based
pretraining stage, after which we perform supervised training for the neural network with

the GLL.

2.4.1.1 Sampling and Training on Batches

We describe a slight modification of batching needed for a GLL classifier. Recalling the
notation of Section 2.2.3, we let & denote the set of samples in the training set, £ be the
subset of base samples with known labels, ¢/ the unlabeled subset. Then we consider training

on a batch B with size B for the classic classifier (e.g. an MLP) or for our GLL classifier:

Classic Training: Since each data is classified individually, the batch is selected only
from the labeled dataset £, i.e. B C L. The training loss J is computed between the
predicted labels and their ground-truth labels over all samples in B, which are available for

every element of B since B C L.

GLL Training: The data is classified by label propagation on a graph built on a batch B.
Because the GLL is a transductive classifier, it requires constructing each batch to include
an additional set of labeled data - which we call the base dataset L, - to propagate the labels
to the rest of the batch. L, is a subset sampled from the labeled dataset £ with a size
Np. The remainder of the batch includes standard training samples B; - whose labels we
predict and compute a loss over - and (optionally) some unlabeled samples B, in (e.g.) the

semi-supervised setting. The batch can thus be written as
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B=L,UBUB, (2.4.1)

where B, = (B\Ly)NL and B, = (B\Ly)U. Let N, = |B,|, N, = |B.|, and N,+N,, = B. We
further require that, after fixing the base dataset L£;, the proportion of labeled and unlabeled
samples in each batch reflects their proportion in the remaining training set. Excluding the

base samples, we sample B; from £\ £, and B, from U such that

Ny |L\ Ly
= . 2.4.2
Ni+ Ny L\ Ly| + |U| (242)

Equivalently, for a fixed batch size B and the base dataset £;, we choose NV, and N, to satisfy

Nl + Nu = B and

£ 2 ul

_ BRI gy, M p 2.4.3
TAVARRTY| VAVAERY] (2.43)

In practice, we choose a suitable batch size B and base dataset size N, such that the resulting

N, and N,, computed from (2.4.3) are both integers. For GLL, the training loss J is computed

Ny

between the predicted labels and ground-truth labels over all samples in B;. Note that
although the base dataset L, is labeled, those labels are already used for graph-based label

propagation and are therefore not included in the loss computation.

Remark 2.4.1 (Practical usage of GLL). The proposed GLL-based batching scheme leads to

several useful regimes in practice:

1. Semi-supervised learning. In the standard semi-supervised setting, the training
set decomposes as X = L UU with L labeled and ¢ unlabeled. In each batch, the
nodes in B, are treated as unlabeled on the graph: they do not contribute directly to
the loss, but they participate in graph construction and label propagation, and hence
influence the predictions on B;. In this way the GLL can fully exploit the unlabeled

data to improve classification on the labeled subset.

2. Choice of base dataset during training. During training, the base dataset L, is

selected at the beginning of each epoch, and all batches within the same epoch share
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the same base set L,. We consider two strategies for constructing £, including a
simple stratified random resampling scheme that preserves the class proportions of the

full labeled set £ and an uncertainty-based selection method. The precise sampling

procedures are described in Appendix [2.6.1.1}

3. Transductive inference at test time. At test time, the GLL still requires a base set
to construct the graph, but no backpropagation through the GLL classifier is needed.
We can therefore first apply the feature encoder (the network backbone preceding the
GLL classifier) to all available samples, including both training and test data, using
standard mini-batch processing. Based on the resulting feature representations, we
then construct a single large graph and solve the graph learning problem described in
Section on this graph to obtain predictions for the test nodes and compute the
test accuracy. Since this stage only involves linear algebra on fixed features and does

not require gradients, it can be moved to the CPU to reduce GPU memory usage.

2.4.1.2 Pretraining

Due to its transductivity, GLL accuracy and learning behavior may degenerate if the fea-
ture embeddings are poor, which is often the case for an untrained network. To remedy

this, we warm the model up with a pretext task that allows the feature extractor to learn

basic features. Prior works [BOC23||CMB25| show that feature representations learned from

contrastive learning pre-training exhibit more pronounced clustering structure, leading to
improved performance for graph-based learning methods such as GLL. We follow suit and
warm-up the models using the contrastive methods SimCLR or SupCon [KTW?20],
depending on the availability of labeled data. Contrasive learning and the GLL are a natural
pairing, as the loss functions for the contrastive methods use a similarity function that is ef-
fectively the same as the one used in the similarity graph construction in the GLL. Warming

up the models with contrastive learning will thus help the model capture features and struc-
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tures similar to the GLL and accelerate learning. The contrastive methods are discussed
further in Appendix [2.6.1.2. Warm-ups were also used in previous work on graph-based
classification heads , where the authors alternate between 400 epochs of MLP-based
training and 5 epochs of WNLL-based training in order to stabilize learning. Conversely, we
warm-up with contrastive learning, and then proceed with GLL training, with no alternating

stages.

In practice, we consider a mixed training target with the SImCLR loss Lg, (2.6.3) and
the SupCon loss Lgyp (2.6.4). We only pretrain the feature encoder before the classifier
in the neural network architecture since both losses do not require predicted labels. The

pretraining loss is defined by:
ﬁpretrain = fyﬁsim + (1 - ’Y)Esup, Y c [O, 1] (244)

The contrastive pretraining described above is agnostic to the choice of classification head
and can therefore be used both with classical MLP classifiers and with our GLL classifier.
For each pretraining batch, we draw a mixture of labeled and unlabeled samples from the full
training set X = L UU, in the same spirit as the batch construction in Section The
SimCLR loss Ly, is evaluated on all samples in the batch, regardless of whether they are
labeled or unlabeled, since it does not require label information. By contrast, the SupCon loss
Lsup is computed only on those samples in the pretraining batch that have labels, using their
ground-truth class assignments. In this way, the pretraining stage can exploit all available
data while still benefiting from supervised signal when labels are present, and the resulting

encoder can be paired with any downstream classifier, including GLL.

Remark 2.4.2 (Choice of mixing parameter 7). In practice, we choose the mixing parameter
v in Loretrain from the discrete candidate set {0.01,0.25,0.5,0.75,0.99}. For each
candidate value, we perform the contrastive pretraining stage to obtain a feature encoder
and then feed the resulting feature vectors into a parameter-free graph learning classifier.

We compute the resulting classification accuracy on the labeled subset £ C X of the training
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data and select the value of v that achieves the highest accuracy on this labeled subset.

2.4.1.3 Data Augmentation

Data augmentation is applied throughout both the contrastive pretraining stage without
a classification head and the subsequent supervised training of the full network with dif-

ferent classifiers. This follows the standard practice in contrastive representation learn-

ing [CKN20||CKS20,[KTW20], where multiple views of the same input are generated via

stochastic transformations to form positive pairs. During evaluation on all benchmarks, we

disable data augmentation and feed the original inputs to the encoder and classifier.

Concretely, at each training step we first sample a mini-batch of images from the training
set and then apply a stochastic augmentation pipeline to each image. During contrastive
pretraining, every sample in the batch is independently transformed twice to produce two
augmented views, which are then used as positive pairs for the SImCLR and SupCon losses.
In the fully supervised training phase, each data sample is augmented once on-the-fly to

increase the diversity of training examples.

The augmentation pipeline itself is based on a RandAugment-style |[CZS19] policy: for
each image, a small number of transformations is drawn at random from a pool that includes
common photometric and geometric operations, such as autocontrast, histogram equaliza-
tion, brightness/contrast adjustments, rotations, shears, translations, and solarization, fol-
lowed by a random cutout operation that masks out a square region of the image. For
grayscale datasets we use a slightly modified variant of this policy that is tailored to single-
channel images, e.g., removing color-only operations and using grayscale cutout. The full
list of transformations and the exact sampling procedure are provided in Appendix [2.6.1.3]
RandAugment is applied to all samples in the batch, including those belonging to the base

dataset L.
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Figure 2.3: The initial embedding of the two moons dataset from the random seed. The

blue and red correspond to the different classes, with the starred samples corresponding to

the base samples for the respective classes. [BCH24, Figure 3]

2.4.2 Understanding Embeddings and the Effect of Tikhonov Regularization

via Two Moons

In this subsection, we highlight the differences between the learned embeddings of neural
networks when trained with a GLL compared to a softmax layer. Moreover, we demonstrate

the effect on the embedding by modifying the decay parameter, 7, from Section [2.2.4]

The softmax classifier uses no relational information and thus will create an embedding
that leads to a straightforward separation based on the features alone. The GLL, using
relational information, will learn to separate the data such that the generated similarity graph
will be nearly disjoint by class (a totally disjoint graph can prevent learning). Therefore, we
may expect the GLL to produce a more relaxed embedding, as a disjoint similarity graph
does not necessarily require the data to be separated to a probability simplex. Increasing
the Tikhonov regularization, 7, inhibits label propagation and weakens predictions, meaning
higher confidence predictions and lower loss will require a similarity graph that is even more
separated. Specifically, increasing 7 will increase the learning rate and convergence speed
of the process and should lead to more locally dense learned embeddings. We give a brief

example of these effects in two dimensions with the simple toy dataset, two moons [PVG11].
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In this experiment, we perform supervised classification on a two-dimensional generated
dataset of 500 samples from the two moons distribution with a noise of 0.1 and random
state of one. The network was trained with a stochastic gradient descent optimizer with a

learning rate of 0.01.

The architecture backbone for this experiment is a simple multi-layer perceptron neural
network with three fully connected (FC) layers and two ReLLU activation layers. The hidden
layer has a size of 64 and the output size is two for two dimensional visualization purposes.
We choose an initialization for the neural network such that the initial embedding has suffi-
ciently mixed samples (Figure . As the dataset is simplistic, there will be no projection
head in this comparison, meaning the only difference between the standard MLP model and

the GLL model will be purely the softmax and GLL classifiers.

We arbitrarily fix the first ten samples, five from each class, to act as the base samples
which propagate the labels. As the dataset is small, we load all the samples in each batch so
there is no concern about partial class representation. To make the results more interpretable,

we fix the g5 term, from the similarity equation, Equation 2.2.1} to be fixed at one.

The embeddings for this ablation study are shown in Figure 2.4, We compare five values
of 7: 0, 0.001, 0.01, 0.1, and 0.5. The figure shows the learned embedding of the dataset

from the neural network across lengthening training epochs.

We note that this regime is deliberately constrained to two dimensions, meaning that
the network may struggle to 'move’ the embeddings from one class beyond the other class’s
base samples, as approaching the opposing base samples will increase the loss. The seed for
these samples was chosen to be difficult and we note that the problem is easier in a higher
dimensional space. Despite this, after sufficient training, the model successfully separates

the data.

Examining the results, the baseline MLP encoder trained with the softmax layer simply

separated the data approximately along a line. However, the same encoder architecture
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trained with the GLL will recover the original two moons shape, implying that the two

moons shape induces a strongly separated k-nearest neighbors similarity graph.

The addition of the 7 decay parameter will encourage a tighter clustering of the classes
around the base labels. For low values of 7, we still see initial convergence to the two moons
before diverging into tighter clusters around the base samples. If the 7 value is large, the
divergence is more immediate and is seen splintering one of the classes into multiple clusters
localized about different base samples. This is because increasing 7 acts as an exponential

dampening term which localizes the influence of the base samples.
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Figure 2.4: Visualization of effect of 7 on spatial embeddings. Each row corresponds to
a graph learning model with a specified value of 7 or a softmax classification head. The
columns correspond to the epoch of the training. With low values of 7, the model separates
the data by class and resembles the original two moons shape. Increasing 7 forces tighter
clustering and localization. The softmax layer simply learns a linear separation with no

regard to relational information. Further training with the softmax layer increases the scale,

which is not seen without the axes. [BCH24| Figure 4]
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Structure Layer Details Feature Size
Input Image - From FashionMNIST Dataset 28 x 28 x 1
Convl 1 — 64, kernel size: 3, padding: 1 28 x 28 x 64
Conv2 64 — 128, kernel size: 3, padding: 1 | 28 x 28 x 128
Feature MaxPool kernel size: 2, stride: 2 14 x 14 x 128
Encoder Conv3 | 128 — 256, kernel size: 3, padding: 1 | 14 x 14 x 256
MaxPool kernel size: 2, stride: 2 7 X 7 x 256
FC 256 X 7 x 7 — 128 128
FC1 128 — 1024 1024
MLP FC2 1024 — 10 10
Classifier Softmax dim: 1 10

Table 2.1: Network structure used in the FashionMNIST experiments (Section [2.4.3)). The
feature encoder is deliberately over-parameterized to create a challenging training scenario,

and the model contains 1,975,424 parameters in the feature encoder and 142,346 parameters

in the MLP classifier. [BCH24] Table 1]
2.4.3 Toy Example: Over-parameterized CNN on FashionMNIST

In this subsection, we focus on a toy example on the FashionMNIST dataset to compare
our GLL classifier with a MLP classifier. The goal is to study a setting where the backbone
network is intentionally over-parameterized and challenging to optimize, so that the effect

of replacing the MLP classifier by GLL becomes more evident.

2.4.3.1 Experimental setup.

We use the FashionMNIST dataset and construct a simple convolutional neural
network as the feature encoder. The architecture is summarized in Table 2.1l The feature
encoder consists of three convolutional layers followed by max-pooling layers and a fully
connected (FC) layer. Each convolutional and FC layer is followed by a ReLU activation
function, which is omitted from the table for brevity. The resulting encoder is purposely
over-parameterized relative to FashionMNIST, and we will see that it is difficult to train

effectively when combined with a standard MLP classifier.
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The MLP classifier consists of two fully connected layers followed by a softmax layer,
as shown in Table 2.1, To compare with our GLL classifier, we keep the feature encoder
architecture fixed and replace the MLP classifier by GLL, which has no trainable parameters.
In all cases, the final outputs are used to compute the cross-entropy loss with the ground-
truth labels. All experiments in this subsection are fully supervised and use the entire

FashionMNIST training set.

2.4.3.2 Training strategies.

We consider four training strategies on FashionMNIST, all sharing the same feature encoder:

e MLP only (100 MLP). We train the network with the MLP classifier from scratch
for 100 epochs. During this process, the encoder output is also passed to a GLL
classifier in parallel. Since GLL has no trainable parameters, this does not affect the
training dynamics. Throughout MLP training, we use the GLL outputs to compute

loss (without backpropagation) and test error, allowing a direct comparison between

MLP and GLL under the same encoder.

e GLL-0 (50 GLL). We train the network from scratch using GLL as the classifier for

50 epochs. In the plots we refer to this strategy as GLL-O0.

e GLL-50 (50 MLP + 50 GLL). We first train the network with the MLP classifier
for 50 epochs. Starting from epoch 51, we switch the classifier to GLL and continue

training for another 50 epochs, using the gradients induced by the GLL loss.

e GLL-75 (75 MLP + 25 GLL). We first train with the MLP classifier for 75 epochs,

and then switch to GLL for the remaining 25 epochs.
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Dataset Trial Epochs Test error (%)

FashionMNIST MLP only (MLP) 100 MLP 45.42
FashionMNIST MLP only (GLL) 100 MLP 14.66
FashionMNIST GLL only (GLL-0) 50 GLL 8.90
FashionMNIST  GLL-50 50 MLP + 50 GLL 8.68
FashionMNIST GLL-75 75 MLP + 25 GLL 8.91

Table 2.2: Test classification error rates (%, lower is better) on FashionMNIST for the
customized network in Table under different training strategies. For the “MLP only”
strategy we report both the error of the MLP classifier and that of a GLL classifier evaluated

on the same encoder (GLL). For the remaining strategies, GLL is used as the classifier during

training and evaluation. [BCH24, Table 2]

2.4.3.3 Test error comparison.

Table reports the final test classification errors in %. For the MLP-only strategy, we
report the test error of the MLP classifier, which is used for training, and the test error of
the GLL classifier evaluated on the same encoder. For the remaining strategies, we report

the test error of the GLL classifier at the end of training.

Figure shows the evolution of the training loss and test accuracy over epochs. Fig-
ure presents the training loss curves for all four strategies, while Figure |2.5b| presents the
corresponding test accuracies. The curves for GLL-50 and GLL-75 start at epochs 50 and

75, respectively, since these strategies switch to GLL after an initial MLP training phase.

From Table[2.2] the MLP classifier trained from scratch performs poorly: after 100 epochs
it still incurs a test error of 45.42%, even though the GLL classifier reaches a much lower
test error of 14.66% when evaluated on the same encoder. This suggests that the bottleneck
is not the representation learned by the encoder, but rather the optimization of the over-

parameterized MLP classifier. In contrast, when we replace the MLP with the parameter-free
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Figure 2.5: Training loss and test accuracy of four training strategies on the FashionMNIST
dataset with the customized feature encoder in Table 2.1l The strategies are: (1) MLP
trained from scratch, (2) GLL trained from scratch (GLL-0), (3) GLL-50 (GLL after 50
epochs of MLP training), and (4) GLL-75 (GLL after 75 epochs of MLP training). For
the MLP-only strategy, both the MLP and GLL losses and accuracies are recorded during
training; for the remaining strategies, only the GLL classifier is used. , Figure 5]

GLL classifier and train the same backbone (GLL-0), the test error decreases to 8.90%.

The mixed strategies GLL-50 and GLL-75 behave similarly. Although the MLP training
tends to stagnate, switching to GLL mid-training yields stable decreases in the loss and fur-
ther improvements in test error, reaching 8.68% and 8.91%, respectively. This indicates that
once the encoder has learned a reasonable representation, GLL can immediately exploit it
more effectively than the MLP classifier, and can also continue to drive smooth optimization

of the encoder.

We summarize the main observations from this toy example:

1. Error under a fixed encoder. Even when the encoder is trained only with the MLP
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classifier, the GLL achieves substantially lower loss and lower test error than the MLP
on the same features. Simply replacing the MLP classifier by GLL can therefore yield

a large performance gain without modifying the encoder architecture.

2. Robustness to over-parameterization of the classifier. The over-parameterized MLP
classifier is difficult to optimize and can suffer from issues such as vanishing gradients
or dying ReLUs, leading to training stagnation. The GLL classifier, having no train-
able parameters, avoids these optimization pathologies and works well even when the

backbone is not carefully designed.

3. Smooth training dynamics. When training starts with an MLP classifier and then
switches to GLL (GLL-50 and GLL-75), the loss immediately resumes decreasing and
the test accuracy improves further. This shows that GLL can effectively unlock stalled

training and provide a smoother optimization trajectory for the shared encoder.

2.4.4 Large Scale Experiments

Network Encoder MLP Head Total
VGGI11 9,223,232 332,778 9,556,010
VGGI13 9,407,936 332,778 9,740,714
ResNet20 271,824 16,938 288,762
ResNet32 466,256 16,938 483,194
ResNet44 660,688 16,938 677,626
ResNet56 855,120 16,938 872,058
ResNet110 1,730,064 16,938 1,747,002
ResNet18 11,168,832 332,778 11,501,610

PreActResNet18 11,171,146 332,778 11,503,924

Table 2.3: Parameter counts by network [BCH24, Table 3|

This section presents large scale experiments that compare three interchangeable clas-

sifiers under the same backbone feature encoder: (1) a two-layer MLP with softmax, (2)
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Network Whole Whole Whole 20% 20% 20% 2% 2% 2%
MLP WNLL GLL MLP WNLL GLL MLP WNLL GLL
VGG11 7.77+022 7.71+010 7.48+0.19 | 15.16+058 14.74+027 13.14+0.09 | 34.76+138  34.97+157 29.59+0.12
VGG13 6.16+031 6.20+£0.23 5.80+0.03 | 12.68+048  12.27+019 11.03+0.04 | 31.61+117  31.31+049 26.90+0.18
ResNet20 9.25+096 7.99+033 7.49+0.24 | 15.60+074 14.76+068 14.00+0.31 | 33.35+181  32.04+058 31.25+0.19
ResNet32 8.45+096 7.26+029 6.61+0.15 | 14.78+058  13.63+024 13.04+0.13 | 33.93+1.76 30.82+0.79  32.96+1.44
ResNet44 8.07+078 6.57+011 6.12+0.12 | 14.38+082  13.23+033 12.51+0.34 | 33.76+207 31.85+146 31.69+0.70
ResNet56 7.69+061 6.17+031 5.62+0.07 | 13.92+074  12.85+035 12.02+0.09 | 32.28+140 30.22+1.40  30.37+0.04
ResNet110 6.890+046 5.71+018 4.62x+0.01 | 14.11+121 12.07+0.32  12.15+011 | 31.67+1.72  29.67+093 28.73+0.70
ResNet18 5444028 5.16+021 4.57+0.13 | 11.51+044  10.53+018  9.44+0.06 | 30.27+117  28.83+0.76 25.05+0.35
PreResNetl8 | 5.42+032 5.02+018 4.48+0.01 | 11.37+046 10.94+032  9.89xo0.01 | 29.75+1.05 29.24+131 25.23x0.07

Table 2.4: CIFAR-10 test error rates (%, lower is better) comparing MLP, WNLL, and GLL
output heads across architectures, evaluated under three training-set sizes: “Whole” (50000
images), “20%” (10000), and “2%” (1000). Entries report mean =+ one standard deviation of
the test error. Best results for each backbone and label rate are bolded and results within

a standard deviation of the best result are underlined. Network parameter counts follow

Table 2.3| [BCH24|, Table 4]

WNLL [WO21], and (3) the proposed GLL. We chose (1) as a comparison point because
GLL is intended to be a drop-in replacement for the standard MLP-based classification
head, while (2) serves as a good intermediary comparison between MLP and GLL because
it uses a graph-based classifier in testing. However, WNLL differs significantly from GLL in
training. First, it uses an alternating two-stage training protocol, where Stage 1 consists of
normal MLP training, and Stage 2 is WNLL training. During Stage 2, the graph classifica-
tion head computes a loss, but backpropagation is handled by approximating the gradients
with a linear layer. Second, Stage 1 lasts for 400 epochs at a time, while Stage 2 lasts for 5
epochs at a time. Finally, Stage 2 freezes the parameters of all but two layers of the network.

In this sense, WNLL is closer to MLP in training than GLL.

As discussed in Section [2.4.1] all models are first warmed up with contrastive pretraining

on the backbone without any classification head. Then, we proceed with supervised end-to-
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Network Whole Whole Whole 20% 20% 20% 2% 2% 2%
MLP WNLL GLL MLP WNLL GLL MLP WNLL GLL
VGG11 10.72+0.14 12.18+079  10.76+0.09 | 12.06+0.13 13.46+069 11.96+0.08 | 15.86+035 16.64+0.78 14.98+0.13
VGG13 10.50+0.06 10.73+0.15 10.60+0.08 | 11.85+0.08 15.43+1.15 11.9440.10 | 15.91+0.38 16.48+0.82 15.08+0.20
ResNet20 9.72+0.07 10.77+0.29 10.34+0.05 | 11.45+0.06 12.33+0.21 11.60+0.07 | 15.794+0.33 17.10+£1.01 14.63+0.12
ResNet32 9.73+0.06 10.78+037  10.15+0.14 | 11.41+0.05 12.26+0.38 11.54+0.11 | 15.85+046 17.52+£090 14.30+0.08
ResNet44 9.92+0.06 11.30+0.36 10.10+0.09 11.55+0.16 12.04+0.28 11.43+0.14 | 15.87+035 17.81+098 14.98+0.18
ResNet56 9.98+0.12 10.80+0.44  9.90+0.12 | 11.76+014 12.24+029 11.60+0.08 | 15.74+0.30 17.81+0.97 14.61+0.21
ResNet110 10.47+0.09 10.74+0.24 10.19+0.11 | 11.83+0.12 13.49+0.54 11.9940.07 | 15.86+0.44 16.81+0.89 14.34+0.19
ResNet18 10.57+0.15 11.04+0.18 10.32+0.12 11.76+0.10 12.57+043 11.66+0.07 | 16.21+0.11 17.66+0.83 14.75+0.09
PreResNet18 10.57+0.09 10.79+0.17 10.37+0.06 11.80+0.12 12.24+0.14 11.68+o0.11 | 15.72+040 16.77+0.64 14.71+0.13

Table 2.5: EMNIST test error rates (%, lower is better) comparing MLP, WNLL, and GLL
output heads across architectures, evaluated under three training-set sizes: “Whole” (112800
images), “20%" (22560), and “2%” (2256). “Whole” uses the full standard training set. Best
results for each backbone and label rate are bolded and results within a standard deviation

of the best result are underlined. Entries report mean + one standard deviation of the test

error. Network parameter counts follow Table [BCH24| Table 5]

end training after attaching one of the three heads. We report the test error on CIFAR-10
and EMNIST-Balanced datasets. EMNIST extends MNIST by adding handwritten
upper and lowercase letters. The Balanced version contains 131,600 samples and 47 classeslz_f].
Following a similar experimental protocol as prior work , we evaluate multiple feature
encoders including variants of VGG [SZ14], ResNet [HZR16a], and PreActResNet
and three label fractions: full training set, 20 percent, and 2 percent based on class-balanced
sampling, since graph-based classifiers are a standard choice in semi-supervised settings.

Parameter counts for these networks are listed in Table [2.3|.

For CIFAR-10, we train for 1000 epochs. Recalling the definitions from Section we

use a batch of 1500 points in training and testing, which includes 250 base labeled points

4Some of the upper and lowercase letters are merged into one class because they are the same shape, for

example “s” and “S”.
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Whole Whole Whole 20% 20% 20% 2% 2% 2%

Network

MLP WNLL GLL MLP WNLL GLL MLP WNLL GLL
VGG11 35.88+0.48 36.92+1.15 35.91+0.28 38.51+042 36.57+0.55 38.10+0.18 | 42.91+0.76 45.05+0.33 42.14+0.33
VGG13 34.88+0.32 36.05+037 35.38+0.34 | 37.90+0.23 38.68+0.74 38.1140.33 | 44.51+1.48 45.28+0.53 42.29+0.36
ResNet20 31.66+0.21 35.76+0.59 33.56+0.38 35.80+0.59 36.00+036 35.53+0.23 | 43.17+1.29 46.61+096 41.45+0.41

ResNet32 31.69+0.29 34.47+0381 32.87+0.49 | 36.09+0.32 36.72 4+ 0.60 36.09+0.42 | 43.66+1.35 45.80+0.62 39.94+0.33

ResNet44 31.84+0.27 35.61+0.56 32.83+0.25 37.01+0.56 36.47+044 35.98+0.57 | 43.70+1.44 46.68+0.39 41.51+0.51

ResNet56 32444045 34.62+107 32.31+0.46 37414041 36.89+0.72 36.934+0.38 | 43.99+1.25 45.65+0.79 41.28+0.70
ResNet110 34.03+0.53 35.03+081 33.22+0.29 37484036 36.77+0.57 38.25+030 | 44.98+1.22 43.70+0.65 40.66+0.70
ResNet18 35.51+046 35.90+054 35.04+0.44 38.11+0.23 36.59+0.56 37.71+022 | 44.77+054 47.10+1.95 41.32+0.19

PreResNet18 35.70+0.38 35.95+050 35.23+0.12 38.30+057  38.48+035 38.00+0.23 | 44.27+1.25 45.02+080 40.87+0.64

Table 2.6: EMNIST test error rates (%, lower is better) for MLP, WNLL, and GLL output
heads across architectures, evaluated under three training-set sizes: “Whole” (112800 im-
ages), “20%” (22560), and “2%” (2256). “Whole” uses the full standard training set. Error
rates are computed on a class subindex of the EMNIST (balanced) label space: although the
dataset contains 47 classes in total, we evaluate only the 10 hardest classes: 0, 1, 9, F, I, L,
O, f, g, and q. Entries report mean + one standard deviation of the test error. Best results

for each backbone and label rate are bolded and results within a standard deviation of the

best result are underlined. Network parameter counts follow Table [2.3, [BCH24] Table 6]

Ly, for GLL. The remaining 1250 points are constructed with labeled (5;) and unlabeled
(B,) points according to Equation This batch partition also applies to WNLL during
WNLL’s Stage 2 (L, is referred to as “template” labels in Wang and Osher [WO21]). We use
SGD with a learning rate of 0.001, momentum of 0.9, and weight decay of 0.0005, with cross
entropy loss. We use the standard implementations of all the neural network backbones. On
EMNIST, we use similar training settings, except we train for 200 epochs and use a learning
rate of 0.01, and the base sample size is increased to 470 to account for the additional number
of classes. All experiments were run on a single A100 GPU. For both datasets, we use the

data augmentation strategy described in Section [2.4.1]

Test error rates for CIFAR-10 and EMNIST across architectures and supervision levels

are given in Tables and 2.5, On CIFAR-10, the GLL-based models are consistently the
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best performing of the three classification heads, especially as training set size decreases.
This empirically validates the advantage of the relational information encoded and exploited
via a GLL, as well as the precise tracking of gradients. This becomes even more essential for

lower label rates.

On EMNIST, GLL is better than WNLL across label rates and MLP for low label rates,
and on par with MLP in the other training settings. As expected, the GLL-based networks

see the largest advantage in the semi-supervsied setting (2%).

During our experiments on EMNIST, we found that the majority of the classes were easily
classified by all methods, while a handful of other classes were consistently more challenging.
By isolating results on only these trickier classes, we can better elucidate differences between
models. To this end, we further report EMNIST test error on only the ten hardest classes in
Table[2.6, These correspond to handwritten digits and letters that are difficult to distinguish

without contex. Here, the advantage of GLL is more pronounced in the 2% training case.

Overall, the results show that using a GLL classification head consistently performs on
par with or better than MLP or WNLL-based classifiers. The benefit of a GLL is particularly
evident at low label rates. To complement these results, Section [2.4.6| shows that a GLL

offers substantial robustness gains under adversarial perturbations.

2.4.5 Training and Inference Times

To emphasize the practicality of our method, we present a side-by-side comparison of training
and inference times of several GLL- and MLP-based models on the MNIST dataset in Tables
2.7, 2.8, and [2.91 We train each model for 5 epochs with varying batch sizes and report the
average time per batch in training and testing. For GLL, we use a base labeled set of 100
points (10 per class). All other training hyperparameters are identical throughout. To ensure

a fair comparison, we also report test error alongside training and inference time. Across all

5Specifically, the classes “0” and “O”; “17, “I”, and “L”; “9”, “g”, and “q”; and “F” and “f”.
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Batch Size Metric GLL MLP
Training time / batch (s) 0.0457+0.0093 0.004440.0006
128 Testing time / batch (s)  0.0308+0.0085 0.0024+0.0027
Testing error (%) 0.76 2.11
Training time / batch (s) 0.0685+0.0146 0.006140.0005
256 Testing time / batch (s)  0.0457£0.0108 0.003940.0005
Testing error (%) 1.33 1.69
Training time / batch (s) 0.124440.0280 0.009440.0007
512 Testing time / batch (s)  0.08814+0.0206 0.0072+0.0006
Testing error (%) 1.27 1.53
Training time / batch (s) 0.24474+0.0606 0.0167+0.0012
1024 Testing time / batch (s)  0.1556+£0.0310 0.013940.0009

Testing error (%)

1.26

4.65

Table 2.7: Comparison of GLL and MLP performance across different batch sizes on MNIST.
The architecture backbone is a four-layer CNN with two linear layers. We use identical
training settings for both models. For time metrics, each entry is reported as mean =+

standard deviation over five epochs of training. Testing error is reported in percentage

points. The experiments were run on a T4 GPU. [BCH24|, Table 7]

architectures and batch sizes, GLL attains test errors that are comparable to or better than
those of the corresponding MLP baselines. For the small CNN backbone, GLL consistently
achieves noticeably lower error than MLP, particularly at large batch sizes. For ResNet-18
and ResNet-110, the two methods are typically within a fraction of a percentage point of
each other, with GLL often slightly better and only occasionally slightly worse. Note that
this setting is simplistic - with no pretraining or hyperparameter optimization - and only
meant to illustrate a computational efficiency comparison between two methods with similar

test performance.

GLL is naturally slower due to the additional linear solve in the forward and backward
passes: depending on the architecture and batch size, the per-batch training time increases

by roughly a factor of two to an order of magnitude relative to MLP, with similar trends for
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Batch Size Metric GLL MLP
Training time / batch (s) 0.1537£0.0121 0.059740.0083
128 Testing time / batch (s)  0.0659+0.0068 0.022040.0026
Testing error (%) 0.84 0.86
Training time / batch (s) 0.2295+£0.0193 0.11574+0.0168
256 Testing time / batch (s)  0.1045£0.0162 0.042640.0060
Testing error (%) 0.94 1.04
Training time / batch (s) 0.38514+0.0362 0.2292+0.0323
512 Testing time / batch (s)  0.1834+0.0236 0.09244-0.0102
Testing error (%) 0.97 1.34
Training time / batch (s) 0.7129+0.0773 0.467640.0734
1024 Testing time / batch (s)  0.3404+0.0352 0.203240.0340
Testing error (%) 0.94 2.46

Table 2.8: Comparison of GLL and MLP performance across different batch sizes on MNIST.
The architecture backbone is ResNet-18. We use identical training settings for both models.
For time metrics, each entry is reported as mean + standard deviation over five epochs of

training. Testing error is reported in percentage points. The experiments were run on a T4

GPU. [BCH24, Table 8]

testing time. Importantly, however, the extra cost of GLL is independent of the number of
parameters in the backbone; its main overhead scales with the size of the base labeled set
rather than network width or depth. Consequently, as the architecture becomes larger, from
a small CNN to ResNet-18 and ResNet-110, GLL-based models progressively approach the
runtime of their standard MLP-based counterparts, while retaining competitive or improved

test error.

2.4.6 Adversarial Robustness

In this subsection, we demonstrate our method’s superior robustness to adversarial attacks
compared to the typical projection head and softmax activation layer in a neural network.

Adversarial attacks seek to generate adversarial examples [SZS13]: input data with small
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Batch Size Metric GLL MLP
Training time / batch (s) 0.12574+0.0044 0.047140.0024
128 Testing time / batch (s)  0.06294+0.0035 0.022440.0037
Testing error (%) 1.65 2.39
Training time / batch (s) 0.1772£0.0065 0.072540.0028
256 Testing time / batch (s)  0.0950£0.0103 0.040440.0043
Testing error (%) 2.10 1.18
Training time / batch (s) 0.295040.0218 0.148040.0637
512 Testing time / batch (s)  0.16054+0.0143 0.077440.0074
Testing error (%) 1.14 1.13
Training time / batch (s) 0.5214+0.0605 0.280240.0224
1024 Testing time / batch (s)  0.2919+0.0208 0.14984+0.0102

Testing error (%)

1.93

1.57

Table 2.9: Comparison of GLL and MLP performance across different batch sizes on MNIST.
The architecture backbone is ResNet-110. We use identical training settings for both models.
For time metrics, each entry is reported as mean + standard deviation over five epochs of

training. Testing error is reported in percentage points. The experiments were run on an

A100 GPU. [BCH24, Table 9]

perturbations that cause the model to misclassify the data. Many highly performant deep

neural networks can be fooled by very small changes to the input, even when the change is

imperceptible to a human [MMS17,|GSS14]. Hence, training models robust (i.e. resistant)

to such attacks is important for both security and performance. Our experiments show
that in both naturally and robustly-trained models, using the graph learning layer improves
adversarial robustness compared to a softmax classifier on MNIST , FashionMNIST
, and CIFAR-10 in both relatively shallow and deep networks. Moreover,

the GLL is more robust to adversarial attacks without sacrificing performance on natural

1mages.
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2.4.6.1 Adversarial Attacks

We consider three types of adversarial attacks: the fast gradient sign method (FGSM)
|GSS14] in the ¢ norm, the iterative fast gradient sign method (IFGSM) [KGB1§| in the
{+ norm, and the Carlini-Wagner attack in the ¢, norm.

The FGSM and IFGSM attacks consider the setting where an attacker has an /., “budget”
to perturb an image x. More formally, FGSM creates an adversarial image x’ by maximizing
the loss J(2/,y) subject to a maximum allowed perturbation ||z — /|| < e, where € is a
hyperparameter. Thus, a larger ¢ is more likely to successfully fool a model, but also more

likely to be detectable. We can linearize the objective function as
T (@ y) =T (@,y) + VoI (x,y)(x — o)
which gives the optimal (in this framework) adversarial image
' =x+¢e-sign(V,T(z,y)) (2.4.5)
It is also standard to clip the resulting adversarial example 2’ to be within the range of the

image space (e.g. [0, 1] for grayscale images) by simply reassigning x’ to min{1, max{0,z'}}.

Intuitively, FGSM computes the gradient of the loss with respect to each pixel of x to
determine which direction that pixel should be perturbed to maximize the loss. It should
be noted that, as the name suggests, FGSM is designed to be a fast attack (the cost is only

one call to backpropagation), rather than an optimal attack.

[FGSM simply iterates FGSM by introducing a second hyperparameter «, which controls

the step size of the iterates:
Tiy1 = 7 + a - sign(Vy, J (74,9))

where g = x and 7 = 0, ..., N — 1, and so x is the generated adversarial example. However,

we must also clip the iterates (pixel-wise) during this iteration to ensure that (1) they remain
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in the e-neighborhood of x and (2) they remain in the range of the image space (e.g. in [0,1]

for a grayscale image). Thus, the IFGSM attack is:

Tit1 = Chpx,a{xi +oa- Slgn(vmzj(xu y))} (246)

where

clip, .{z} = min{1,2 + ¢, max{0,2 — ¢, 2} }

Note that this assumes the pixel values are in the range [0, 1], but can be easily tailored
to other settings. IFGSM attacks have been shown to be more effective than FGSM attacks
IKGB1§|, however we will see in Section 2.4.6.3|that our graph learning layer is highly robust

to this iterative method.

CW attacks frame the attack as an optimization problem where the goal is to find a
minimal perturbation § that changes the model’s classification of an input x. Let F' be the
neural network, so that F(x) gives a discrete probability distribution over k classes for an
input z. Let C'(x) = argmax,, F(z) be the classification decision for z. The CW attack is a

perturbation ¢ that solves:
. 5 2
min [
st. Cla+46)=t
r+9e0,1)"
where ¢ is a classification such that C'(z) # ¢. In other words, the CW attack seeks a minimal
perturbation ¢ to apply to = that changes its classification (while remaining a valid image).

Other norms on ¢§ are possible; in this chapter we focus on the ¢ norm. In practice, we choose

t to be the class with the second highest probability in F'(x), i.e. t = argmax ¢, F'(2)

The constraint C'(x + 0) = t is highly non-linear, so Carlini and Wagner instead consider
objective functions g that satisfy C'(z + §) = ¢ if and only if g(z + §) < 0. While there are
many choices for g ( [CW17], Section IV A), we will use the following in our experiments:

o) = (max F(@'); = F(@'),)"
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where o™ = max(0,a). It is worth noting that a common choice for ¢ in the literature
is to use the unnormalized logits from the neural network (that is, the output of a neural
network just before the standard softmax layer) instead of F(x). While both definitions
satisfy the condition, we use the above because graph learning methods (such as Laplace
learning) operate in the feature space and directly output probability distributions over the

classes, so there is no notion of logits.
Using g, we can reformulate the problem as
min [|d]|3 + ¢ - gz + 0)
st. z+6¢€(0,1]"

where ¢ > 0 is a suitably chosen hyperparameter. To make the problem unconstrained, we
can introduce a variable w and write § = %(tanhw +1) —x; since —1 < tanhw < 1, we have

that 0 < x + ¢ < 1. This gives the unconstrained objective:
min |i(tanhw + 1) — 2|3 + ¢+ g(3(tanhw + 1)) (2.4.7)

which can be solved using standard optimization routines. We use the Adam optimizer

[KB14].

2.4.6.2 Adversarial Training

To train adversarially robust networks, we use projected gradient descent (PGD) adversarial
training on our models. Motivated by guaranteeing robustness to first-order ad-
versaries, PGD training applies IFGSM to images with a random initial perturbation during
training. Hence, the model is trained on adversarial examples. More precisely, PGD training

consists of two steps each batch: first, x is randomly perturbed
r*=x+4U(—¢,¢),
where U is a uniform random perturbation. Then, IFGSM is applied
Tip1 = clipm{xi + - sign(Vy, J (z;, y))},
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where xg = z* and the number of iterations and « are hyperparameters. This training

procedure, while more expensive, has been shown to be effective at improving robustness in

deep learning models compared to training on clean (i.e. natural) images [MMS17,[WO21].

2.4.6.3 Adversarial Experiments

We evaluate the adversarial robustness of neural networks with the GLL classifier on the

MNIST [Yan10], FashionMNIST [XRV17], and CIFAR-10 [KH09] benchmark datasets, and

compare our method to the same networks trained with either a softmax classifier or the
WNLL classifier . For all datasets, we normalize the images to have mean zero and
standard deviation one, and we train and run all adversarial attacks on a 11GB GeForce
RTX 2080Ti GPU. We note that the goal of these experiments is not to get state-of-the-art
natural accuracies, but rather to demonstrate our method’s superior robustness to adversarial
attacks compared to the typical MLP classifier without sacrificing performance on natural
images. A summary of our experiments, highlighting a handful of our adversarial robustness
results, can be found in Table 2.10, while complete results are shown in Figures [2.6] and
2.8] Throughout, “MLP” refers to a model with a final linear layer mapping from the feature
space to the logits followed by a softmax classifier, “WNLL” refers to a model with the WNLL
classifier, and “GLL” refers to a model with our graph learning layer classifier. WNLL and
GLL are both drop-in replacements for the MLP classifier, and applied on the feature space
itself. For these experiments, we do not include any unlabeled samples B, in batch training
(because the setting is fully supervised), and we do not pretrain to demonstrate that GLL-

based models can be trained from scratch with desireable natural and robust accuracies.

For MNIST, we use the same “small CNN” architecture as in Wang and Osher [WO21|:
four convolutional layers with ReLLU activations after each layer and maxpooling after the
second and fourth layer, followed by three linear layers and a softmax classifier. We train
for 100 epochs using the Adam optimizer [KB14] with an initial learning rate of 0.01 which

decays by a factor of 0.1 every 25 epochs. For the robustly trained models, we run PGD

65



Dataset Model Natural FGSM IFGSM CW

GL Robust 0.55 2.28 2.30 1.16
WNLL Robust 0.58 2.48 2.97 2.72
MNIST MLP Robust 0.80 4.83 6.43 2.59
GL Natural 0.47 3.49 3.56 1.29
WNLL Natural 0.50 3.54 4.64 3.19
MLP Natural 0.75 5.74 8.48 2.76
GL Robust 8.96 11.93 12.83 16.19
Fashion- WNLL Robust 8.11 10.97 11.31 18.55
MNIST MLP Robust 7.92 13.50 14.33  19.00
GL Natural 7.86 34.56 38.19  42.81
WNLL Natural 6.44 21.46 39.33  74.59
MLP Natural 8.35 59.19 81.70  37.99
GL Robust 9.40 19.50 20.38 21.91
CIFAR- WNLL Robust 9.34 25.22 28.36  50.35
10 MLP Robust 8.71 26.05 28.96  24.06
GL Natural 5.71 40.95 45.59  22.77

WNLL Natural 5.13 58.20 9233  93.87
MLP Natural 5.02 49.25 91.79  47.00

Table 2.10: Selection of adversarial results of models trained robustly and naturally with
our method compared to the WNLL and MLP classifier. We report natural and adversarial
error rate on FGSM, IFGSM, and CW attacks. Best error rates are in bold. For MNIST,
we report € = 0.3 for the FGSM and IFGSM attacks, and € = 0.05 for the other datasets.
We report CW results for ¢ = 20. We report more complete results across a range of values
for € and ¢ in Figures [2.6] and 2.8, We see that GLL is significantly more robust to
adversaries across datasets without sacrificing natural performance. [BCH24] Table 10]

training with € = 0.3 and a = 0.01 for 5 iterations. In training, we use a batch size of 1000,
and for GLL and WNLL we use 100 labeled “base” points per batch (i.e. 10 per class), which
are randomly sampled each epoch.

To evaluate experimental robustness, we attack the test set with the FGSM, IFGSM,
and CW attacks. When using FGSM and IFGSM on GLL, we embed the entire test set of
10000 digits along with 10000 randomly selected data points from the training set (i.e. 1000

per class) when running the attacks. We run CW in batches of 1000 test and 1000 training
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points due to computational constraints; in general graph learning methods perform better
with more nodes on the graph as it better approximates the underlying data manifold. We
use the same testing batch sizes (full batch on FGSM and IFGSM, 1000 for CW) for the
MLP and WNLL models, and the same number of base points for WNLL. We report results
for FGSM and IFGSM at varying levels of ¢, fixing a = 0.05 for IFGSM and letting the
number of iterations be 5 x (¢/«), following heuristics from prior work to allow the
adversarial example sufficient ability to reach the boundary of the e-ball. For CW attacks,
we let ¢ vary and run 100 iterations of the Adam optimizer with a learning rate of 0.005.
Results for each attack, comparing both robustly and naturally trained models with MLP
and GLL classifiers, are shown in Figure

For FashionMNIST, we use ResNet-18 [HZR16a], where again we replace the final linear
layer and softmax with GLL. We again use the Adam optimizer for 100 epochs, with an intial
learning rate of 0.01 which decays by a factor of 0.5 every 10 epochs. For the robustly trained
models, we run PGD training with € = 0.05 and a = 0.01 for 5 iterations. In training, we use
a batch size of 2000, and for GLL and WNLL we use 200 labeled “base” points per batch.
We attack in batches of 250 test points, with 500 training points for GLL and WNLL; this
was chosen as it was the largest batch size we could use given our computational resources.

The hyperparameters for the attacks are identical to those for MNIST. We report results in

Figure

Finally, for CIFAR-10, we use PreActResNet-18 as our architecture backbone.
We use stochastic gradient descent with momentum set to 0.9, a weight decay of 0.0005, and
an intial learning rate of 0.1. We train for 150 epochs and use cosine annealing to adjust the
learning rate . For the robustly trained models, we run PGD training with ¢ = 0.05
and a = 0.01 for 5 iterations. In training, we use a batch size of 200, and for GLL and
WNLL we use 100 labeled “base” points per batch. We attack in batches of 200 test points,
with 500 training points for GLL and WNLL; this was chosen as it was the largest batch

size we could use given our computational resources. The hyperparameters for the attacks
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Taken together, our results (Table and Figures [2.6, 2.7, and demonstrate that

across datasets, training methods (both natural and robust), severity of attacks, and neural
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attacks. We report results in Figure |2.8.

68

to FGSM, IFGSM, and CW attacks on the MNIST
dataset. The backbone network is the same in all cases; the only difference is the clas-
sifier (either MLP with softmax, WNLL, or our novel GLL). We report results for both
robustly and naturally trained models. , Figure 6]

are identical to those for MNIST, except we use 50 iterations of optimization for the CW

network architectures, models trained with GLL are significantly more robust to adversarial
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Figure 2.7: Adversarial robustness to FGSM, IFGSM, and CW attacks on the FashionMNIST
dataset. The backbone network is the same in all cases (ResNet-18); the only difference is
the classifier (either MLP with softmax, WNLL, or our novel GLL). We report results for
both robustly and naturally trained models. , Figure 7]

attacks, without sacrificing natural accuracy. Laplace learning can be viewed as repeatedly
computing a weighted average over a given node’s neighbors, and this relational information
may be preventing attacks from successfully perturbing the input images to fool the net-
work compared to the MLP classifier models. Moreover, our results suggest that tracking

the gradients exactly (GLL), rather than approximating them (WNLL), offers a significant
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Figure 2.8: Adversarial robustness to FGSM, IFGSM, and CW attacks on the CIFAR-
10 dataset. The backbone network is the same in all cases (PreActResNet-18); the only
difference is the classifier (either MLP with softmax, WNLL, or our novel GLL). We report
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results for both robustly and naturally trained models. [BCH24| Figure §]

increase in robustness. GLL’s advantage is even more apparent for stronger attacks, whereas
MLP and WNLL-based models decay much more quickly toward random guessing or even
0% accuracy. Moreover, performance of our GLL could likely be even further improved with

more computational resources, as graph learning techniques tend to improve as the number

of nodes (i.e. the batch size) increases.
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Figure 2.9: Comparison of accuracy vs. average distance of attack for CW attack on all
three datasets. Each point represents a different value of ¢. We see that GLL resists the
adversary from moving the target images significantly more than the standard MLP or
WNLL classifier, suggesting that graph-based classification and precise tracking of gradients
is key for adversarial robustness. Figure 9]

We further investigate the improved robustness of GLL against CW attacks in Figure
m (see also Appendix [2.6.2.3). This figure plots the accuracy versus the average distance

(squared) that the adversary moves an image in the test set (instead of the value of ¢). This

reveals a striking difference: models trained with the GLL classifier resist the CW adversary
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from moving the images significantly more than the MLP or WNLL-based models, resulting
in more robustness to these attacks. Interestingly, WNLL is the least resistant to these
perturbations. Since WNLL uses linear layer gradients and GLL uses precise gradients,
these results suggest that the exact backpropagation in GLL aids robustness to these attacks.
One hypothesis is that the relational information in GLL’s gradients “trap” data points in
neighborhoods with points of the same class. Theoretically guaranteeing GLL’s adversarial

robustness is an interesting line of future work.

2.5 Conclusion

Graph-based learning is a powerful class of machine learning techniques that have been de-
veloped throughout the 21st century. As research in deep learning has exploded throughout
the same time period, there has been significant interest in integrating deep learning with
similarity matrix-based graph learning. This chapter gives a precise mathematical framework
to do exactly that. We derived the necessary gradient backpropagation equations for general
nonlinear elliptic graph Laplace equations, allowing us to fully integrate graph-based clas-
sifiers into the training of neural networks. Using this novel framework, we introduced the
Graph Learning Layer, or GLL, which replaces the standard projection head and softmax
classifier in classification tasks. Experimentally, we demonstrated how the GLL improves
upon the standard classifier and previous graph-based layers (WNLL) in several ways. Two
illustrative examples demonstrated that GLL-based networks can learn the geometry of the
underlying data and improve training dynamics in overparameterized settings, respectively.
In a suite of large scale experiments, we showed that networks trained with a GLL classifier
have improved generalization on benchmark datasets, especially when training labels are
limited. Although the improvement in natural accuracy was occasionally modest, later ex-
periments demonstrated the GLL’s significant and consistent performance gains for networks

in the adversarial setting. This points toward a practical advantage of GLL in safety- and
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security-critical settings. Moreover, by comparing to WNLL-based networks, our results also
empirically validated the advantage of tracking gradients through graph learning precisely,

rather than approximately.

There are many exciting avenues of future work in this area. Given the strong empirical
results, theoretically guaranteeing the adversarial robustness of the GLL is an important
extension of this chapter. Graphs are a common setting for active learning techniques [Set09,
IMB24]; the full integration of graph learning into a neural network provides a natural way
to do active learning in a deep learning context. Our theoretical work also provides a
way to integrate other graph learning algorithms - such as p-Laplace learning and Poisson
learning - into a deep learning framework, and numerical experiments could yield similarly

strong results as reported in this chapter. Many performant semi-supervised deep learning

techniques utilize psuedolabels generated by graph learning methods [ITA19,[SAS22[; we

hope the methods presented here will lead to further improvements and insights.

2.6 Appendix

2.6.1 Training Details

This section provides a detailed discussion of various aspects of the training process. These
details are implemented in our experiments (Section , especially in the fully-supervised
training for comparison between the MLP and GLL classifiers (Section [2.4.3)).

2.6.1.1 Sampling from Base and Unlabeled Datasets

In the GLL-based training process, our approach to constructing mini-batches differs from
classical fully supervised training. As described in Section|2.4.1.1], each mini-batch B contains
a base dataset L, C L together with additional labeled and unlabeled samples B; and B,,.

For each mini-batch, in addition to the images whose labels are used to compute the loss (the
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samples in B;), we also require base images and their associated base labels (the samples in
Ly), which act as labeled nodes for graph-based label propagation. While this base dataset
can be kept fixed throughout training, we also consider two update strategies for L, that

can further enhance performance.

First, in the random resampling strategy, we update the base dataset at the beginning
of each epoch by sampling a random subset £, C £ with |£,|] = N,. To provide stable
supervision for label propagation, £; is chosen so that the class proportions in £, match the

class proportions in the full labeled set £, for example by stratified sampling.

Second, in an wuncertainty-based strategy, we explicitly score labeled samples by how
informative they would be if selected into L,. In the graph Laplace learning framework, the
base dataset L, represents the labeled nodes and can be viewed as the sources in a label
propagation process. An ideal base dataset should be relatively dispersed in the graph and
lie near decision boundaries between clusters, so that it provides informative supervision to

the unlabeled nodes.

Let X = L UU denote the full training set, where L is the labeled subset and U is the
unlabeled subset, and let N, be the desired size of the base dataset. Assume that at a given

epoch, the GLL prediction for a labeled sample x; € £\ L is

1.2 C’)’

u; = (uj,uj,...

where C'is the number of classes and u§ is the predicted confidence for class c. We can define

two uncertainty-based scores for u;:

c
Entropy score = — Z ujlog(ug), (2.6.1)

c=1

L2 score = 1 — ||u,|z. (2.6.2)

Both scores are larger when the prediction u; is more uncertain. In this second strategy,

we select the new base dataset £, as the N, labeled samples in £ with the highest scores,

according to either (2.6.1)) or (2.6.2).
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However, there is a risk that the highest-scoring samples may cluster in a small region

of the graph, providing redundant information. A more effective variant is to employ the

LocalMax batch active learning method [CCT23[[CMB24]. In this approach, nodes in the

graph are first assigned uncertainty scores, and then a subset is selected that both has high
scores and satisfies a local maximum condition in the graph. This discourages the selection

of nodes that are too close to each other and leads to a more diverse and informative base

dataset £ for GLL.

2.6.1.2 Contrastive Learning and Warm Up

Prior to GLL-based fully supervised training for the CIFAR-10 dataset, we initialize the net-

work’s feature encoder using pre-trained weights from SimCLR |[CKN20,/CKS20]. SimCLR

is a framework for self-supervised contrastive learning of visual representations. For a neural
network f and a minibatch of m samples {x,xs,...,X,,}, each x; is augmented into pairs
Xok_1,Xok. These are processed through the network: zor 1 = f(Xor_1), Zoxr = f(X2r). The

SimCLR loss is defined as:

m

Lsim = % Z[é(%, 2k — 1) + 0(2k — 1,2k)],
- (2.6.3)
0(i, §) = —log Qmexp(g(zi,zj) /7)

s OXP(9 (20, 2,) /)

where 7 is a temperature parameter, and ¢(z;,z;) = z; z;/(||z|||z;]|) is the cosine similarity.
Essentially, SiImCLR teaches the network to increase the similarity between embedded pairs
and reduce the similarity between the other embedded pairs. It is worth noting that the
cosine similarity used in the SImCLR loss closely resembles the similarity measure we
employ when constructing graphs in graph Laplace learning. This similarity suggests that
the feature vectors generated by a network trained with SimCLR already possess a favorable
clustering structure. Consequently, utilizing SimCLR to pretrain the feature encoder in our

network can significantly reduce the difficulty of subsequent training stages.

5



In the supervised setting, SupCon |[KTW20] can be used instead of SimCLR. With full
access to the underlying labels, the goal is now to maximize the similarity between all
embedded pairs within the same class and minimize the similarity of samples across classes.

The loss function is

Z log <= eXP (% - 2/7) (2.6.4)

aeA(i) exp (2; - Za/T)

Loy = Z

i€l pGP
where P(i {p €A@l):y :1]1} is the set of indices for all samples that belong to the

same class as sample i (excluding itself) and A(i) is the set containing all indices except i.

We employed augmentation techniques in both the SimCLR pre-training process and the
subsequent fully supervised training. For data augmentation in both stages, we utilized the
strong augmentation method defined in the SupContrast GitHub Repository®l The use of
data augmentation is helpful for two main reasons. Firstly, in contrastive learning, augmen-
tation creates diverse views of the same instance, which is fundamental to learning robust
and invariant representations. This process helps the model to focus on essential features
while disregarding irrelevant variations. Secondly, for general training tasks, augmentation
enhances the model’s ability to generalize by exposing it to a wider variety of data represen-

tations, thereby reducing overfitting and improving performance on unseen data.

For the purposes of warming up the GLL, either SimCLR or SupCon can be used depend-
ing on the framework. In our work, we have even seen success in balancing a combination
of the two methods to utilize the labels for a strong embedding while not overfitting too

strongly. The pretraining loss is taken to be the same mixed objective as in (2.4.4)),
Epretrain = ’}/Esim + (1 - V)ESUP

for some v € [0, 1].

Shttps://github.com/HobbitLong/SupContrast/tree/master
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2.6.1.3 Data Augmentation Details

We describe here the data augmentation policies used during both contrastive pretraining

and supervised training.

Augmentation pool for color images. For color image datasets, we adopt a policy
similarly to the RandAugment [CZS19]. Let 7 denote a pool of primitive transformations

including

e Photometric operations: autocontrast, histogram equalization, brightness, contrast,

color, sharpness, posterization, solarization;

e Geometric operations: rotations, horizontal shears and vertical shears, horizontal

translations and vertical translations;

e The identity transform.

For each image in a mini-batch, we randomly sample a fixed number of transformations from
T with replacement and apply them sequentially. Each selected transform is assigned a mag-
nitude drawn uniformly from a transform-specific range. For example, rotation angles up to
a few tens of degrees, shear factors bounded by a small absolute value, or contrast/brightness
factors within a bounded interval. After these operations, we apply a cutout transform that
removes a randomly located square patch of the image, with the side length sampled as a
fraction of the image size. All sampling is done independently for each image and for each

view, so that different augmented views of the same sample are stochastically decorrelated.

Augmentation pool for grayscale images. For grayscale datasets, we use a variant
of the above policy tailored to single-channel images. In this case the transformation pool

contains only operations that are meaningful on grayscale inputs:
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e Geometric transforms: rotations, shears, and translations in the horizontal and vertical

directions;

e Photometric transforms: inversion, histogram equalization, solarization, brightness,

contrast, and sharpness adjustments;

e Cutout with a square mask whose side length is sampled up to a fixed proportion,

filled with a constant gray or black intensity.

As in the color case, we randomly select a small number of transforms for each image, sample
their magnitudes from predefined ranges, and apply them sequentially. The parameters of
the grayscale policy such as the number of operations, the global magnitude index, and
optional magnitude jitter are shared across the dataset, while the specific operations and

their sampled magnitudes vary independently from image to image.

Usage in pretraining and supervised training. During contrastive pretraining, the
above policies are used to create multiple stochastic views of each input example. All samples
in a pretraining mini-batch participate in the SimCLR loss via their augmented views, while
only the labeled samples in the batch participate in the SupCon loss. In the subsequent
supervised training stage with GLL, we continue to apply the same augmentation pipeline
to every training sample before feeding it through the encoder and the classifier. In this way,
both the contrastive pretraining and the supervised training phases benefit from the same

set of strong yet label-preserving data transformations.

2.6.2 Supplementary Adversarial Results
2.6.2.1 Visualization of Attacks

Adversarial attacks have to balance a trade-off between effectiveness (measured by decay

in accuracy of the model) and detectability. Detectability is often quantified by a distance
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metric, but can be evaluated qualitatively - attacks that are successful but are not noticeable
to the human eye are desireable, as this is the type of attack that poses the biggest threat in
real-world applications. In Figure , we visualize natural and attacked images (along with
their corresponding attacks) for FGSM, IFGSM, and CW attacks on MNIST of the naturally
trained GLL model. Comparing the left and right-most columns, we see that FGSM and
IFGSM models are easily detectable by the human eye, whereas the CW attacks are much
more focused, and much less noticeable to the human eye. CW attacks are known to be
much “smarter” than fast gradient methods (at the cost of more compute); GLL’s overall

robustness to all three attacks is a strong result for our proposed model.

2.6.2.2 Replacing an MLP Classifier with GLL in Testing

Recall the MNIST setting from Section [2.4.6.3] where we used a “small CNN”. To further
demonstrate the adversarial robustness of GLL, we replaced the final linear layer and softmax
classifier used in the "small CNN” with GLL during the attacks and testing and only during
testing. That is, we trained in a normal fashion, before replacing the softmax classifier with
GLL for either the attacking (that is, the attacks use the gradient information from GLL)
and inference phases, or just for the inference phase. The results are presented in Figure
2.11] We see that - surprisingly - when we use the gradients from GLL for the attacks, the
model is much more robust to FGSM. This supports the idea that GLL is more difficult to

attack than the usual linear layer and softmax classifier.

2.6.2.3 Further CW Experiments

In Figure 2.9, we showed that for a fixed ¢, GLL resists the adversary from moving the
images compared to the softmax classifier. However, we also wanted to demonstrate that
across distances in the CW attacks, GLL is also superior. To do so, we ran further ex-

periments where we increased the value of ¢ so that the average distance increased further
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Figure 2.10: Visualization of FGSM, IFGSM, and CW attacks. The left, middle, and right
columns show the original image, the attack, and the adversarial image, respectively. The
title in the rightmost column indicates the original classification and the classification after

the attack. These images were chosen to demonstrate attacks where the model was fooled

by the adversary. [BCH24, Figure 10]

to the right. The results are shown in Figure [2.12. For MNIST, we ran additional ex-
periments with ¢ = 10%,10°,...,10°. For CIFAR-10, we ran additional experiments with
¢ = 2000, 5000, 10, 10, 10°.
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Figure 2.11: FGSM results on MNIST. The backbone network was trained in the standard
way (with a softmax classifier). In the legend, MLP indicates that the FGSM attacks used
the gradients from the MLP classifier (ie a linear layer and a softmax), whereas GLL used
our graph learning layer. In all cases, the final classifier on the attacked images was GLL.
Hence, the only difference between the results is which gradient was used for the attack. We
see that the models that utilized the GLL gradients were significantly more robust to the
FGSM attacks than using the standard MLP gradients. Figure 11]
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Figure 2.12: Comparison of accuracy vs. average distance of attack for CW attack on both
datasets. Each point represents a different value of ¢, where we plot additional values of
¢ for the GLL-based models compared to Figure 2.9, We see that GLL is still superior at
resisting perturbations by CW attack, even when ¢ is orders of magnitude larger than for

WNLL or MLP, and even when controlling for distance on CIFAR-10. [BCH24, Figure 12]
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CHAPTER 3

Topology-Aware Active Learning on Graphs

This Chapter is a version of , currently under review at Pattern Recognition, which
is a joint work with Jack Mauro, Adrien Weihs, and Andrea L. Bertozzi. I am the lead au-
thor. Jack, Adrien, and I proposed the initial ideas. I developed and implemented the
curvature-based coreset and active learning methods. Jack and I implemented the hyper-
graph approaches and ran the experiments. Adrien wrote the initial hypergraph codebase
and provided consistent feedback throughout. The three of us all wrote the paper. Andrea

supervised the project and provided feedback on drafts of the paper.

While Chapter 2| was primarily concerned with learning a favorable graph structure, this
Chapter focuses on how to leverage the graph structure for label-efficient learning. In this
low label rate regime, GBSSL is often complemented by graph-based active learning (AL),
which judiciously selects unlabeled points to query for labels to improve classifier perfor-
mance. This chapter studies the exploration-exploitation trade-off in AL, where the learner
must balance querying unexplored regions of the graph with exploiting existing knowledge
to improve accuracy. Employing a notion of graph curvature, we design a coreset method
that selects initial labeled points according to the graph’s topology and detects when ex-
ploration is complete, improving on prior work that only considered path distances on the
graph. We show that curvature can also replace rigid heuristics to improve the transition
from exploration to exploitation in existing AL algorithms. Finally, we propose a variant
of hypergraph learning that localizes multiscale interactions, speeding up runtimes by an

order of magnitude while preserving higher-order regularization around labeled nodes that
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strengthen exploitation. Experiments on image datasets showcase improved efficiency and
accuracy at low label rates compared to existing benchmarks in coreset selection, sequential

AL, and batch AL.

3.1 Introduction

GBSSL is often motivated by and used in applications where labeled training data is expen-
sive to obtain, while unlabeled data is relatively easy to collect. A critical problem in these
settings is which few points to select to label for training; given a small label budget, the
choice of which points to label can drastically impact the underlying model’s performance.
To remedy this, AL iteratively builds the training set for a classifier based on an acquisition
function that quantifies the “usefulness” of labeling each point in the unlabeled set, enabling
careful selection of labeled points to maximize performance. Queries can be made sequen-
tially (i.e., one at a time, updating the underlying classifier after each query) or in batches,
depending on the application ,. When combined, GBSSL and AL can produce
state-of-the-art results in a variety of applications, often rivaling or beating supervised neural

networks while using significantly less training data [MMS22,|CMB25[[BOC23[|CCT23|.

A key challenge in AL is the exploration—ezxploitation trade-off : an active learner
may use its queries to label unrepresented regions of the graph (explore), or label along the
classifier’s existing decision boundaries to refine and improve predictions (exploit). Generally,
exploration must precede exploitation; premature exploitation can lead to severe misclassifi-
cations by failing to sample entire regions of the input space. However, excessive exploration
becomes label inefficient by failing to refine decision boundaries in later stages. Our approach

addresses this trade-off in three novel ways:

e improves exploration by selecting representative and diverse initial labels using the

graph’s topology, whereas previous work only considered path distances;
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e strengthens exploitation by proposing a novel hypergraph-based method that localizes

higher-order regularization near informative nodes;

e provides a graph-driven signal that guides when to transition from exploration to

exploitation, replacing hand-tuned heuristics in prior work.

To achieve strong exploratory coverage, we construct an effective coreset - an initial set
of labeled nodes selected purely from the graph structure and without any reliance on the
classifier. A well-chosen coreset should provide sufficient coverage and reflect the diversity
of the data distribution. This ensures that once exploitation begins, the acquisition function
has enough information to make an effective query. This is especially important when AL is

done in batches [CCT23|; insufficient exploration can lead to catastrophic batch queries.

The main challenge of coreset selection is formalizing meaningful coverage of the graph.
This problem was addressed in [CCT23]. The authors introduced Dijkstras’ Annulus Coreset
(DAC), which uses shortest-path distances to define metric balls on the graph, selecting
nodes that collectively provide broad, quasi-uniform coverage. However, path distances do
not account for the cluster structure of the graph (see Figure . To address this, we
introduce a graph curvature-based approach to coreset selection which leverages community

structure in the graph and improves coverage beyond simple shortest-path distances.

Once exploration yields a representative coreset, we shift focus to improving exploitation.
To achieve this, we propose a novel approximation to multiscale Laplacian regularization,
incrementally updating the graph Laplacian by incorporating higher-order structure only
where it is most impactful: around labeled nodes. This localized rewiring strategy preserves
the sparsity of the graph while harnessing the benefits of multiscale regularization, achieving
a favorable trade-off between accuracy and efficiency. Experiments demonstrate this ap-
proach significantly outperforms standard Laplace learning, while running over an order of

magnitude faster than full multiscale methods.

Our contributions: This chapter introduces a novel active learning framework lever-
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aging Balanced Forman Curvature (BFC) [TGC22| and multiscale graph Laplacian regular-
ization [MNW23[[WBT25bl|WBT25a] to improve both exploration and exploitation. Specif-

ically:

1. Curvature coreset selection: We develop a novel greedy algorithm, called Curva-
ture Coreset (CC, Algorithm [2) that constructs a coreset via a minimax formulation of
a BFC-based objective, promoting topologically-aware, diverse coverage across com-
munities of the graph. Our method is hyperparameter-free and features a natural,

graph-theoretic stopping criterion to determine when exploration is complete.

2. Principled exploration-exploitation balance via BFC: By integrating our BFC-
based criterion into Poisson ReWeighted Laplace Learning with 7-regularization (PWLL-7)
IMC23|, we introduce a data-driven mechanism that adaptively transitions from explo-

ration to exploitation, replacing heuristic, fixed-schedule baselines used in prior work.

3. Localized Graph Rewiring for Label Propagation: We enhance local graph
structures around labeled nodes using a novel lightweight multiscale construction on a

hypergraph, leading to significant performance gains at minimal computational cost.

4. Strong empirical validation: We demonstrate consistent gains over strong baselines

across image benchmark datasets in both coreset quality, computational efficiency, and

downstream AL performance. Our code is freely available at: https://github.com|

l/hardiman-mostow/TopologyActivelLearning.

The remainder of the Chapter is structured as follows: in Section [3.2, we review the
mathematical background relevant to our proposed methods; in Section [3.3, we present
our graph topology-based framework for active learning; in Section [3.4, we evaluate its
effectiveness through numerical experiments; and in Section[3.5 we conclude with a discussion

of potential directions for future work.
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3.2 Background and Notation

3.2.1 Graph Laplacian Regularization

This section presents the mathematical foundations for GBSSL broadly, as well as the specific
tools that underpin our methodology. As in Chapter [2 we repeat some concepts from Chap-
ter for the sake of clarity and use self-contained notation conducive to clear exposition

of our methods.

3.2.1.1 Single-scale Graph Construction

Given a dataset X := {z;}"., C R? embedded in a feature space, GBSSL leverages a
weighted similarity graph that captures pairwise similarity between points. The similarity
graph is represented using a weight matrix W € R"*" with entries w;;, where w;; is larger
the more similar z; and x; are. The weights are typically computed using non-increasing
kernel function 7 : [0,00) — [0,00), a scale parameter ¢ > 0, and setting the edge weights
as We;j = 1 (Hx’;—x””> This kind of similarity graph is known as a e-graph or a random
geometric graph [Lux07]. A canonical choice of 7 is the indicator function n(z) = Lo} (z),
so that w.;; # 0 if and only if ||z; — x;|| < e. The scale parameter ¢ thus determines the

radius of connectivity and plays a critical role in shaping the graph structure.

An alternative graph construction is a k-Nearest Neighbor (kNN) graph |[Lux07]. While e-

graphs and kNN graphs are closely related, e-graphs are often more convenient for theoretical

analysis, whereas kNN graphs are typically preferred in practice [ST19,(CCT20]. We include

the subscript € to specify e-graph construction when necessary for theoretical precision, and
omit it for simplicity when statements apply more broadly. Our experiments in Section
use KNN graphs.

To enable localized regularization in Section [3.3.3] we define a local analogue of the

weight matrix. Let S C {xy,...,2,} be a subset of selected points. We define the localized
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weight matrix WS € R™*" as

wey; fx;€Sorax; eSS,
0 otherwise,

i.e., we retain only edges adjacent to nodes in & and set all other entries to zero.

3.2.1.2 Standard Graph Laplacian Regularization

Many graph-based SSL methods are formulated as variational problems, where the goal is
to find a labeling function u defined as:
uw= argmin J(v)+ ¥(v,/), (3.2.1)
vi{z;}_ —=RP

where J(v) is a regularization term promoting smoothness (according to the graph structure
encoded in W), and ¥(v,{) enforces consistency with the known labels ¢. A canonical

example is Laplace learning [ZGL03] where the regularizer takes the form
J(w) =Y wy(v(a) = v(z;), (3.2.2)
ij=1
promoting smoothness of the labeling function across connected nodes in the graph. Given

the graph G = (X, W), the (unnormalized) graph Laplacian is defined as
L=D—W,

where D is the diagonal degree matrix with entries D;; = Z?Zl w;;. Identifying a function
v {z;}; — R with a vector in R", the regularizer in Laplace learning ({3.2.2]) can be
rewritten as

J(w) =v Ly

which directly shows that L is symmetric and positive semi-definite |[Lux07, Proposition

1]. We note that normalized variants of the graph Laplacian, such as the symmetric or
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random-walk Laplacian, are also frequently used |[Lux07]. Laplace learning uses hard label

constraints
0 if v =/ on labeled nodes,

U(v,l) =
+o0o otherwise.
In the case of binary labels, £(x) € {0,1}), final labels /; are assigned by thresholding, i.e.
{(;) = Lo 05 (u(z;)) for i € U. This formulation naturally extends to the multiclass setting

with K classes. Let S € R™¥ be the one-hot label matrix (with rows €y(z;) for r; € L where

e; € R¥ is the unit vector in j-th direction). Then, we use the regularizer
J(v) = Tr(v' Lv)
for v € R™X and label-fidelity term

0 if v;; = S;. on labeled nodes,
U(v,0) =
400 otherwise.

Here M; . denotes the i-th row of the matrix M. Once the optimal u is computed, predicted
class labels are given by:

zi = argmax U;g.

k

For notational simplicity, most of the remainder of the discussion will return to the binary

classification case. When dealing with an e-graph, G = ({x;}!,, W.) we write L. for its

Laplacian. Using W¥, we also define the corresponding localized graph Laplacian LS.

3.2.2 Active Learning on Graphs

In graph-based AL, the goal is to identify valuable points from the unlabeled set Y = X'\ £
to add to the labeled set £ C X to improve the current labeling function v € R**¥. The
initial labeled set L is called a coreset and subsequent querying is governed by an acquisition

function A : X — R. At each iteration, the algorithm queries the labels of the point

Tacq = argmax A(z).
el
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Algorithm 1 Active Learning (Sequential)

Input: Dataset X', number of iterations k, acquisition function A(-)
Output: Optimized labeled set £; and corresponding classifier u

1: Initialize coreset Lo C X, set Uy = X \ Lo

2: fori=0tok—1do

3: Train classifier u; using labeled set L£;

4: Select query point:

Taeq = argmax . A(z)
T€EU;

5: Update labeled and unlabeled sets:
Livi =L U{Tacq}, Uiz1 =U; \ {Tacq}

: end for
: Train final classifier u using labeled set L

~N

See Algorithm (1| for an overview of the AL loop. Among the most common choices
for A is uncertainty sampling. This method quantifies uncertainty in the classification by
computing the margin, or the gap between the predicted label ¢; and the next most likely
label:

Margin(z;) = l; — (argmax uzk)
k#£0;

To fit the convention of acquiring the point with the maximum acquisition value, the
acquisition function is then

Aunc(xz) =1- Margln(xz)

The choice of A can also be motivated by a Bayesian formulation [MB24], where the
regularizer J defines a prior v;(v) o< e/ and the fidelity term ¥ defines a likelihood

—\I/(v,ﬁ).

vo(l | v) xe The posterior is then given by:

plv | €) ox e ¥,

and the MAP estimate coincides with the minimizer of the original variational problem

(3.2.1). This perspective naturally supports uncertainty quantification [BLS1§|, enabling

90



acquisition functions based on label variance |[JH12, MGS13| or expected change in the un-
derlying model [MB24].

Many AL methods rely on the current classifier u to guide label selection. However, when
label information is scarce, this dependence can lead to degeneracies in the AL process, as
the acquisition function cannot reliably distinguish which points are truly informative. For
example, uncertainty sampling - an “exploitative” active learner that selects points near
the current decision boundary of u - can perform poorly when the classifier is unaware
of how many decision boundaries the dataset contains, over-refining some while ignoring
others [MC23]. Alternatively, one can design AL acquisition functions that are primarily
“explorative”. Examples include V-Opt [JH12], ¥-Opt [MGS13], LAND [MM1§], and CAL
[CM21]. However, these methods can be much more expensive to compute [MC23]; for
example, V-Opt and »-Opt require computing and storing an n x n covariance matrix after
each new label acquisition. They also lack the ability to exploit once exploration is complete,

limiting the empirical performance and label efficiency.

In contrast, coreset methods - such as DAC and the one proposed in this chapter - rely
solely on the graph structure, which is sparse and only computed once, and have built-in
stopping conditions that trigger once exploration is complete. Hence, to balance exploring
and exploiting, one can use coreset selection to handle exploration before switching to un-
ceratinty sampling-based exploitation. By first ensuring that the AL model has access to
sufficiently informative labels via a coreset, we minimize the risk of such undesirable behav-

iors before the AL process begins, while maintaining computational and label efficiency.

An orthogonal approach to the “coreset and exploitative AL” paradigm is to design an
acquisition function that can both explore and exploit. One such method is PWLL-7 ,
which we later describe in its own subsection. A key difference is that PWLL-7 assumes
access to at least one label per class at initialization, while coreset-based algorithms make
no such assumptions. However, as a further extension of our coreset methodology, we will

show that the transition from exploring to exploiting in PWLL-7 can be optimized with our
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same graph curvature-based approach.

Finally, thus far we have considered sequential active learning, where each iteration only
queries one point. Batch active learning , conversely, selects a query set Q of size B,
|Q| =: B > 1. This improves efficiency by requiring fewer computations of the acquisition
function A (which also requires recomputing the underlying classifier). It also lowers the
human labeling time by allowing several experts to work in parallel on a batch of queries,
which can be a bottleneck in practice. However, batch AL requires care in designing a batch
policy that avoids querying several points with redundant information; naively selecting the
top B minimizers may result in several queries adjacent to one another. One such policy
is LocalMax |[CCT23|, which requires query points in a batch to have a larger acquisition
value than any of their neighbors, ensuring some diversity in queries. Batch AL also requires
better coreset exploration than sequential AL; poor initial coverage can compound errors
since many points are queried at once. Our experiments in Section demonstrate that our
proposed coreset method consistently outperforms existing approaches in both sequential

and batch AL settings.

3.2.2.1 Dijkstra’s Annulus Coreset

The Dijkstra’s Annulus Coreset (DAC) algorithm [CCT23| constructs a coreset by iteratively

selecting nodes from a graph G = (X, W) under two constraints:

e Separation: any two labeled nodes must be at least a graph distance r apart;

e Coverage: every node in the graph must lie within distance R of some labeled node.

Here, the graph distance dg is defined by the shortest-path metric (via Dijkstra’s algorithm).

Let Lo C {x;}, denote the current set of labeled nodes and consider r < R. At each

iteration, the algorithm computes:
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e the seen set, i.e. all nodes within distance r of any labeled point:

S = U B, (x),where B,(z) :={y € {x;}i-, : da(x,y) <71},

rE€Ly

e and the candidate set, i.e. all nodes within distance R but outside the seen set:

C= (U BR(:U)> \S.

€LY

A new point z* is selected uniformly at random from C and added to Ly. If C = ()
but S # {x;}!",, the algorithm samples z* uniformly from {z;}? , \ S instead. After each

selection, the sets are updated via:
Lo+ LoU{z"}, S+ SUB,(z%), C < (CU Bg(z")) \ B(z").

The process terminates once S = {z;}, ensuring complete coverage. The resulting set L,

serves as the DAC coreset.

In practice and for simplicity, 7 is set to be R/2. The performance of AL with DAC is
sensitive to the choice of radii R, which are fixed, heuristically selected, and do not adapt
to the underlying graph structure. Even for a fixed R, the size of the coreset can vary
significantly due to the stochasticity, which limits applicability in settings where there is a
fixed label budget or high cost of labeling (see . Moreover, DAC proceeds until the
entire graph is covered, which may be unnecessary and inefficient in practice. In Section[3.3.1]
we introduce a more adaptive and cluster-aware coreset selection method based on graph
curvature, which improves both performance and label efficiency by leveraging the graph’s

intrinsic topology.

3.2.2.2 Poisson ReWeighted Laplace Learning with 7-regularization

An influential example of a jointly designed classifier-acquisition function pair is PWLL-7

IMC23|. PWLL-7 introduces an additional regularization term into the variational problem
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(3.2.1)), designed to enforce decay of the labeling function u away from labeled points:
u=argmin » y(w)y(e;)wyllo@) — o) +7 ) o)
vzl =R o =
subject to  v(x) = eyy) forxz € L.
Here, the reweighting function v is computed by solving the graph Poisson equation:
Zwij (v(z) — () = Z dix — N’ forall 1 <i<mn,
j=1 TLEL
where d;; = 1 if 1 = k, and 0 otherwise. The corresponding acquisition function is given by
A(x) = |Ju(x)||2, which, due to the 7 term, tends to favor points far from the current labeled

set - thus promoting exploratio.

To gradually shift from exploration to exploitation, the authors introduce a geometric

decay schedule for 7 — 0 over multiple iterations. The schedule is defined by

N o
Tnil = UTn, Wwith p= (T—0> ,
where ¢ = 107, and 7, is set to zero after 2K iterations. The parameter K controls how
quickly the method transitions from exploration to exploitation, and is set to the number of
classes in the dataset. This decay strategy is somewhat rigid and ad hoc: while it ensures
a transition from exploration to exploitation, it requires prior knowledge of the number
of classes to set the parameter K. This makes the method dependent on an pre-selected
hyperparameter, rather than label locations and graph structure, limiting its applicability
to problems where class counts or distributions are unknown. Moreover, this value of K
is not optimal in general; when to switch from exploring to exploiting will depend on the
topology of the graph. In Section [3.3.2] we introduce an alternative exploration-exploitation
strategy that is adaptive and data-driven - leveraging the graph topology via curvature -
and demonstrate that this strategy is more flexible and performant across different datasets

with variable classification structures.

!The convention adopted in that work is to acquire the argmin, not argmax, of A(z).
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3.2.3 Graph Curvature

Ricci curvature is a fundamental object of study in differential geometry that measures
whether local geodesics diverge (negative curvature), converge (positive), or stay parallel
(zero). Analogues of curvature have been adapted to graphs and studied extensively
for oversmoothing and oversquashing in GNNs, due to their ability to identify
problematic bottlenecks in the graph. Graph curvature has also been used for pooling
and community detection [TLW25]. Given an edge x; ~ x; (that is, w;; > 0), curvature is
positive when x; and z; have mutual neighbors (cliques or triangles), zero when the edge
is in a grid-like structure (4-cycles or squares), and negative otherwise (tree-like structure).
The notion of curvature we consider is Balanced Forman Curvature (BFC) for
its conceptual and computational simplicity, and leave others for future lines of research.

To define BFC, we first need a few helpful definitions, originally formulated in Topping et

al. [TGC23:

Definition 3.2.1 (Neighborhoods of z; ~ z;).

We define the following terminology to describe the neighborhoods of nodes and edges:

1. Let Ny(i) = {z; | wi; > 0} be the set of neighbors of x;.

2. A(1,7) == N1(¢) N N1(j) is the set of mutual neighbors of x; and x;, i.e., nodes forming

triangles based at x; ~ x;.

3. 04, 7) == {zr € N1(i)) \ N1(4), zx # x; | Tz € (N1(k) N N1(5)) \ Ni(i)}. More
simply, [(i,7) is the set of neighbors of m; forming squares (4-cycles) traversing

x; ~ x; without diagonals inside.

4. Finally, we let Ve be a correction factor counting the maximum number of 4-cycles

based at x; ~ x; which include a common node.
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We are now prepared to define BFC, which is the key ingredient in our graph-based

coreset selection algorithm.

Definition 3.2.2 (Balanced Forman Curvature). For an edge x; ~ x; in the edge set E of
a graph G, and letting d; be the degree of node x;, we define the Balanced Forman Curvature

as:

.y . B
Ric(i, j) = oy 22, 186G [A@ )] (Ymas)

di dj max{di,dj} mm{dz,d]} * max{dz,d]}(l <Z7j)| + | (Z’]>|)

Another interpretation of BFC - and a central idea motivating our method - is that
Ric(t, j) is negative when z; ~ z; forms a bridge between two communities. Implicit in this
observation is the data points z; and x; belong to two different communities. This is the exact
challenge of ensuring exploration in coreset selection: efficiently acquiring diverse points from
all regions of the graph. In Section |3.3.1} we leverage this intuition behind BFC to design a
coreset selection algorithm that ensures meaningful coverage of the graph. We further show
that BFC can measure when exploration is complete, which can inform a stopping condition
of our method (Section and a more flexible, data-driven transition to exploitation in
PWLL-7 (Section [3.3.2)).

3.3 Methods

3.3.1 Curvature Coreset Selection
3.3.1.1 Algorithm Description

As previously discussed, highly negative curvature on an edge z; ~ z; indicates a “bridge
between clusters.” In graph-based coreset selection, sampling from different clusters is key
to building an effective and label-efficient training set. Hence, our algorithm iteratively

builds the coreset by choosing nodes that exhibit high negative curvature with respect to
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the existing coreset nodes. This allows the algorithm to account for the cluster structure -

not just path distances - when determining the coreset.

Algorithm 2 Curvature Coreset (CC)

Input: Dataset X', Adjacency matrix A, number of points to label n, optional reduction
parameter r, optional stopping condition check StopCond.
Output: Labeled coreset £ of length n.
: Choose an € X uniformly at random.
Initialize £ <+ {z}
Initialize unlabeled set U < X \ =
if Using StopCond then > See Section
Initialize streaming curvature values C < ()
end if
if r is not None then
Reduce candidate points U < topDegree(U, ) > See Remark
end if
for £ =1 ton do
Compute Ric(i, j) for each z; € U and z; € L > Def.
Compute & = argmin,, ., max, e, Ric(i, j)
if Using StopCond then
¢ = min,, ey max,, e, Ric(7, j)
C<+CUc
if StopCond(C) is True then
C+ C U {z}
U+—U\ZT
Terminate Algorithm
end if
end if
L+ L U{z}
23: U+—U\ZT
24: end for

[ I R T = T e T e T e et

Our Curvature-based Coreset selection algorithm (CC) is detailed in Algorithm [2| At
each iteration, we add an unlabeled point to the coreset via a minimax formulation of BFC
computed between the current coreset and candidate unlabeled points. The algorithm can

either be terminated once a user-specified number of points are labeled or our proposed

stopping condition (Section |3.3.1.2)) is triggered.

Remark 3.3.1 (Contrast to GNN Applications). Since we are interested in using curvature to
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identify useful coreset nodes (compared to the GNN literature, which are typically concerned
with bottleneck edges), we compute Ric(i, j) regardless of whether the edge x; ~ x; exists.
This ensures the search space at each iteration can include the entire set of nodes, not just
those adjacent to current coreset nodes (which, typically, would be a poor choice to add to

the coreset).

Remark 3.3.2 (Adjacency Matrix). Our algorithm uses only the binary adjacency matrix A of
the graph (defined as A;; = 1if W;; > 0, else A;; = 0), not the weighted adjacency matrix W.
While W contains more information than A, we found suitable notions of weighted curvature
lacking in the current literature, particularly from a computational efficiency perspective.
Moreover, using A was sufficient to achieve outstanding low-label rate classification results.
Developing practical notions of curvature for weighted graphs is an interesting line of future

research.

Remark 3.3.3 (Reduction Parameter). Inspecting Definition and Algorithm |2 reveals
a bias toward high-degree nodes. The d%_ and d%_ terms encourage the algorithm to choose
points in high density regions, which tend to be points that are at the center - in some
sense “representative” - of a cluster. This synergizes nicely with exploitative active learning,
where queries tend to fall along the more sparsely-populated decision boundary. Moreover,
we can use this bias to speed up the algorithm by only considering the top 1/r fraction of
nodes by degree - reducing the search space on the graph by a factor of r - without sacrificing
accuracy (we demonstrate this and discuss further in[3.7.1]). This can be viewed as a method

of pruning or prefiltering, which is common in the coreset literature |[ZLL23].

We highlight and further motivate our method with an illustration on the “Blobs” dataset
in Figure This dataset (previously used in [MC23]) consists of eight Gaussian clusters
with 300 points per cluster, centered at even spacings around the unit circle, with o = 0.17,
where the blobs are assigned alternating classes. We compare DAC with our proposed coreset

algorithm, CC. DAC is slow to explore the dataset, requiring 17 iterations before each of
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Figure 3.1: Coreset points chosen by CC and DAC at different iterations of coreset selection
on the Blobs dataset. CC selects exactly one point from each of the eight clusters by the
eighth iteration - the most efficient exploration of the cluster structure of the dataset possible.
Moreover, they are all toward the center of each cluster (not outliers) due to the d; terms
in Ric(z, 7). Conversely, DAC is inefficient, needing over twice as many iterations to sample

from every cluster, and often sampling near the edge of the dataset. [HMW25| Figure 1]

the eight clusters has a point in the coreset. Meanwhile, CC samples from all eight clusters
by iteration eight - over twice as fast as DAC. The curvature method is also biased toward

higher-degree nodes, selecting points at the center of clusters, while DAC is random.
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Figure 3.2: Illustration of our proposed stopping condition on MNIST. Across datasets,
the value of ¢ in Algorithm [2| steadily grows until a certain “saturation” point when it
starts rapidly increasing. This indicates - according to the curvature metric - that the
graph topology has been sufficiently explored, and exploitative active learning may begin.
The red star indicates when the online Z-score stopping condition triggers (Algorithm ,
corresponding to the first large jump in curvature values among coreset points. [HMW25,

Figure 2]
3.3.1.2 Stopping Condition

Depending on the application, a stopping condition may be preferable to a fixed label budget
for the coreset. For example, DAC stops when every node on the graph is within R of a
coreset point. This is often label-inefficient. Conversely, our stopping condition is online
and data-driven, stopping when the underlying metric reflects that the graph is sufficiently

explored.

Due to the minimax formulation of our coreset method, the value of curvature of the new
coreset point between one iteration and the next will be nondecreasing. Figure illustrates
that after sufficient exploration, there is a relatively large, sudden increase in the value of
curvature between the acquired point and the existing coreset. This points toward a simple

stopping condition: we stop once a large enough “jump” is made in BFC. To quantify this,
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Algorithm 3 Online Z-Score Stopping Condition

Input: Online sequence C' of curvature values (see Line Algorithm , Window size N,
threshold zZipresh-
Output: Whether to end the coreset, True or False.
1: Initialize empty list H <+ ()
2: for each new data point ¢; € C' do
3: Append ¢; to H

4: if |[H| > N then

5: Remove oldest element from H

6: end if

7 if |[H| < N then

8: continue > Not enough data yet
9: end if

10: Compute mean 1 < mean(H)

11: Compute std o « std(H)

12: Compute z < |¢; — p|/o

13: if 2 > Zihresn then

14: Return True and end the coreset
15: end if

16: end for

17: Return False

we use a simple online anomaly detection algorithm based on rolling Z-scores. We record
the discrete difference of successive values of BFC and compute a rolling mean and standard
deviation of the last N (we use N=20) differences. For each new sample (difference), we
compute the Z-score, and the stopping condition triggers if the Z-score exceeds a threshold
(we use 3 standard deviations in our experiments). We provide pseudocode for this anomaly

detector in Algorithm [3

3.3.2 Principled Exploration—Exploitation Balance via BFC

As previously discussed, PWLL-7 has a set decay schedule for 7 which controls the tradeoff
between exploration and exploitation. We instead propose a data-driven BFC metric to
decide when to switch from exploration to exploitation. We assume a fixed 7 = 7y to begin

and run PWLL as usual, without decaying 79. At each iteration, PWLL acquires a new
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Algorithm 4 PWLL-7 with Curvature-based 7 Schedule

Input: PWLL-7 classifier with initial 7 = 75 > 0, minimum norm acquisition function A, k
from k-NN search, number of AL iterations n.
Output: Labeled set of points L.
1: Initialize £ =0
2: for Kk =1tondo
3: Acquire new point z; with A

Compute Ric(i, j) for each x; € £ > Definition |3.2.2

if max;c, Ric(i,j) > (=2 + 7) then > Equation (3.3.2

4

5

6: Update 7 =0

7 end if

8: Update £ = LU {z;}
9: end for

point according to the minimum norm acquisition function. Similar to the coreset method,
we compute BFC between the new acquisition and the current set of all labeled points. This

yields a data-driven metric indicating how explored the dataset is.

When the metric is close to —2, this indicates the current acquisition is not “close” to
any other points (as measured by BFC, see Definition , and PWLL should continue
exploring. However, once exploration is complete, the acquisitions will get closer to one
another, and BFC will increase. Assuming a kNN graph, the following argument provides a

quantitative bound on when acquisitions are still far enough apart to continue exploring:

s 2,2 |A® ) |A®, 5)] (Ymax) " o L
R =924+ -1+ =49 O [V
2 2
=24+ — (3.3.1)
d; g
4
<2+ (3.3.2)

where is because we assume A(i, j) = [0(4, j) = [F(4,7) = 0 when exploration is still
in progress and is due to the fact that d; > k for all + in a kNN graph. Hence, an
upper bound of Ric(i, j) when x; and x; are not in the same neighborhood (see Definition
3.2.1) is —2 + %. Ric(i, j) exceeding this amount indicates that x; and x; are in the same

neighborhood, and thus exploration is complete. We describe our methodology in Algorithm
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3.3.3 Localized Graph Rewiring for Label Propagation

While effective in some settings, single-scale graph constructions are sensitive to the choice
of scale parameter and may fail to capture both local and global structure in heterogeneous
data. In multiscale graph construction, edge formation aggregates information across multiple
neighborhood scales, enhancing representations of distinct clusters and density variations.
The multiscale structure can be used to more effectively regularize within well-connected
regions of the graph - such as dense clusters - by penalizing higher-order variations of the

labeling function. For example, in multiscale graph Laplacian regularization [MNW23| and

higher-order hypergraph learning [WBT25b,WBT25a], powers of the Laplacian are applied

locally depending on the graph’s structure, enabling adaptive smoothness control across

different regions of the data.

Formally, we pick scale parameters €; > --- > ¢, and construct the associated Laplacian

matrices {L., }1_,. Picking powers p; < --- < p,, we then use the regularizer

q q
J() =Y Mo Lo =" [Z Akngl v=:v' LWy (3.3.3)
k=1 k=1
where )\, are fixed positive weights.

As k increases, the associated scale € decreases, so the constructed graph retains only the
strongest (most local) connections - emphasizing finer structural features and high-density
neighborhoods. Under the standard graph homophily assumption , these regions
benefit from stronger regularization - encouraging smooth label variation across densely con-
nected neighborhoods. This motivates using larger powers p; for the corresponding Lapla-

cians L.,. See Figure 3.3 for a visual illustration of this intuition (e.g., with py = k).

The use of the multiscale regularizer J(v) = v" L@v in semi-supervised learning has been
empirically validated in [MNW23|. Its theoretical properties - including well-posedness, ex-

tensions to supervised learning, connections to hypergraph models, and applications beyond
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geometrically embedded data - have been further explored in [WBT25b,[WBT25a|. Notably,

it was shown that L@ can itself be interpreted as the Laplacian of a derived graph, and its

spectral characteristics have been analyzed in detail.

High density region = Penalize Vv, V2, . .. ‘

")

Low density region = Penalize Vv‘

Figure 3.3: Higher-order smoothness is imposed on the labeling function v in denser regions,

while allowing greater flexibility in sparser areas. [WBT25a, Figure 3].

Graph-based active learning can be greatly improved by incorporating multiscale Lapla-
cian regularization, i.e., replacing the classical graph Laplacian with L@, as demonstrated
in . However, computing L@ incurs substantial computational cost: while the
base Laplacian L. is typically sparse, its powers L¥ (for k > 2) grow increasingly dense.

Specifically, the entry (i, ) of L¥ is recursively given by (LF);; = S°0_ (L1, - (Lo)ry,

which expands explicitly to

n

(L]g)l] = Z (Lf)ih (Lé)hiz T (L6)ik—1j'

01402,y 1=1
By construction, (L.);; # 0 if and only if w.;; # 0, i.e., there exists an edge between
nodes z; and ;. Consequently, (L¥);; # 0 if and only if there exists at least one path of
length k between x; and z;. As k increases, the number of such paths - and thus nonzero
entries - grows rapidly. This densification breaks the original sparsity pattern, resulting in

significantly higher memory and computational costs.

To circumvent this issue, we propose a localized approximation to multiscale regulariza-

tion by rewiring the graph at only the labeled nodes, where higher-order smoothing is most

104



beneficial. As discussed in Section [3.2.1.2] reinforcing regularization of the labeling func-
tion near given points promotes propagation of their labels to neighboring nodes. Since the
acquisition function targets high-utility samples, concentrating regularization around them
enhances exploitation - particularly in homophilous graphs, where nearby nodes often share

labels. Our approach is detailed in Algorithm [5|

We refer to our method as rewiring: at each iteration, the matrix L in the regularizer
J(v) represents the Laplacian of an incrementally modified graph [WBT25b]. Crucially,
the updates to L are additive and localized, enabling efficient incorporation of higher-order

structure while avoiding the computation and densification of full Laplacian powers.

This approach hinges on the assumption that labeled nodes are particularly suitable
targets for enhanced regularization, as they are purposefully selected by the acquisition
function A(x). To test this hypothesis, we also compare our method to a control strategy
that applies the same localized regularization, but around randomly selected nodes at each

step, rather than those chosen by A(z) (see Section [3.4.5)).

Algorithm 5 Localized Graph Rewiring for Label Propagation

Input: Dataset X, labeling budget B, acquisition function A, scale parameters e > --- >
g4, powers p; < -+ < p,, positive coefficients {\;}i_;.
Output: Labeled set L and corresponding classifier u
1: Compute weighted graph G = ({x;};-;, W,,) and matrix L = L!
2: Initialize coreset Lo C X, set Uy = X \ Lo
3: fort=0to B—1do
4: Train classifier u; using labeled set £; through Laplace learning > Section
5: Select query point: T,.q = argmax,., A(x)
6 Update labeled and unlabeled sets: L£i11 = £; U {Zacqts Uir1 = Ui \ {Tacq}
7 Update Laplacian:

q
L L+ Ap(Lireatypr
k=2

: end for
: Train final classifier u using labeled set Lp

©
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3.4 Numerical Experiments

3.4.1 Graph Construction and Active Learning Setup

For all experiments, following the discussion in Section we construct kNN graph,
replacing the scale parameters e, with a decreasing sequence of neighborhood sizes k1 > - -+ >
ky (¢ = 1 except for the multiscale rewiring experiments in Section . This ensures that
our weight matrices are sparse, lowering memory and compute overhead. Because GBSSL is
a transductive paradigm, we embed and build the graph over the entire dataset, irrespective

of built-in training-testing splits.
Edges are weighted with a gaussian kernel

—4]z —:L“j||2>
Y

wsj = exp( di(;)?

where di(z;) is the distance from z; to its kth nearest neighbor, which ensures edge weights
adapt to both sparse and dense regions of the feature space. The norm || - || is cosine simi-
larity (angular metric). Importantly, weights are computed only for the k nearest neighbors

identified via the kNN search; all other entries in W are set to zero.

Sections [3.4.2 and [3.4.3| present coreset and AL results on image datasets, comparing

our proposed CC with other coreset methods on downstream sequential and batch AL,
respectively. In Section [3.4.4] we report results on image datasets for our BFC-based metric
that provides PWLL-7 a data-driven signal to inform the transition from exploration to
exploitation. Finally, in Section [3.4.5] we adopt the localized rewiring strategy described in
Algorithm [5 Across all experiments - except PWLL-7 in Section - we use uncertainty
sampling as the acquisition function (see Section . Throughout, plots display mean

accuracy (solid line) with one standard deviation (shaded region) across trials.

2We use Annoy for approximate nearest neighbor searches https://github.com/spotify/annoy
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3.4.2 Coreset and Sequential Active Learning on Image Benchmarks

We present results on the MNIST [Yanl0], FashionMNIST [XRV17], and CIFAR-10 [KHO09]

datasets. Before constructing the graphs, we first embed the data into a latent space using
unsupervised neural networks, which provides a better setting to compute similarities and
ensure a meaningful graph [BCH24,|MMS22]. For MNIST and FashionMNIST, we utilize
VAE embeddings, and similarly we use SiImCLR embeddings of the CIFAR-
10 data, all provided by the graphlearning Python package . We construct the graph
with k1 = 25, and use Laplace learning as the classifier (see Section . We run 10 trials
of each experiment. Our main results are shown in Figures and and Table 3.1 We

discuss them further here.

Remark 3.4.1 (Presenting a Fair Comparison to DAC). DAC requires the user to specify a
radius R that defines the distance from the current coreset points to the set of candidates for
the next coreset point. The algorithm terminates once every coreset point is within at least
R of every other point. Hence, the choice of R has a large impact on the number of points
in the coreset, and thus also the accuracy. This leads to two issues: (1) since the algorithm
is stochastic - randomly choosing a point from the set of candidate points at each iteration
- it is impossible to ensure that the coreset will finish with a certain number of points, and
(2) manually ending DAC early before it has reached its stopping condition could lead to
catastrophic results; one could terminate DAC before a large portion of the dataset has been

“seen” according to the choice of R.

Remark highlights strengths of our CC method: it does not require any user-
inputted parameter such as R - which has a significant impact on the size of the coreset and
its accuracy - and greedily chooses the best point at each iteration. However, this presents
some difficulty in reporting completely fair comparisons between our method and DAC at
a given label rate, such as 100 labels in Figure . As we have established, issue (1) may

cause DAC to end with fewer than 100 points, and truncating a coreset that exceeds 100
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MNIST FashionMNIST CIFAR-10
Method

Acc. (%) Time (s) Acc. (%) Time (s) | Acc. (%)  Time (s)
CC 94.7 39.6 64.1 38.1 79.7 22.1
DAC 68.7 62.1 48.9 76.1 74.2 46.2
Random 66.3 0.0 50.5 0.0 69.1 0.0

Table 3.1: Comparison of accuracy and efficiency for coreset methods after 100 labels, aver-
aged over 10 trials. CC is consistently faster and performs better than DAC and Random.
100 labels is a 0.14% label rate for MNIST and FashionMNIST, and a 0.16% label rate for

CIFAR-10. [HMW25| Table 1]

labeled points could significantly harm results per issue (2).

To present a fair comparison, our experiments with fixed-size coresets (Figure use
the following procedure: we fix a coreset label budget (50 or 100), and report DAC results
where we pick an R that leads to approximately that many points. When the coreset ends,
we start active learning (uncertainty sampling) and report results up to 200 total labels.
For CC and Random, we always stop the coreset at 50 (Figure [3.4, top) or 100 (Figure
, bottom) labeled points, since these do not have the same behavior as DAC. For DAC,
we use R = 0.25, 0.4, and .35 for MNIST, FashionMNIST, and CIFAR-10, respectively to
acquire approximately 50 points, and half those values for 100 points. lists statistics
on the coreset sizes obtained by DAC across each of the experiments, illustrating its high
variability. For CC, we use a reduction parameter of r = 100 for MNIST and FashionMNIST
and r = 50 for CIFAR-10.

Figure shows that our novel CC method significantly outperforms DAC and Random
across all three datasets, and leads to faster convergence on downstream AL. For example,
our method combined with AL achieves 80% accuracy on the FashionMNIST dataset with

only 200 labels, corresponding to a 0.2% label rate. This is an over 10% absolute improve-
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Figure 3.4: Coreset and AL results for Curvature, DAC, and Random on several benchmarks.
The top and bottom rows present results when AL begins at 50 and 100 labels, respectively.
The solid line indicates the mean and shaded region indicates one standard deviation over 10
trials. Our method significantly outperforms the others, especially at the lower label rates;
for reference, 50 labeled points is approximately 0.07% of the MNIST and FashionMNIST
datasets and 0.08% of CIFAR-10. [HMW?25| Figure 4]

ment over the other methods. On the other datasets, we see convergence of all three methods
to approximately the same accuracy with AL, but CC does so with significantly fewer itera-
tions (labels). We summarize our coreset results in Table [3.1} which includes timing details

demonstrating that CC is faster to run than DAC, in addition to being more accurate.

Since the stopping condition of DAC is the crux of the issue outlined in Remark [3.4.1]

we also present results where AL starts after the coreset method’s stopping condition is

109



reached in Figure [3.5 Although this means AL may start at different iterations for different
methods, it allows for a clear comparison of both methods (and their stopping conditions).
Specifically, Figure compares CC with DAC (at different values of R) where the coreset
method ends according to its own stopping condition. A good stopping condition should
terminate (and hence switch to AL) early enough to be label-efficient but not so early as to
leave a portion of the graph unexplored. Figure 3.5 shows that - regardless of whether our
method’s stopping condition triggers before, during, or after DAC’s - our method is more

accurate before and during AL across datasets.
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Figure 3.5: Coreset and AL accuracy comparison between our method and DAC (with
different radii), where we use each method’s stopping condition. The like-colored dashed line
indicates where the stopping condition is triggered (and AL begins) for each method. Across
datasets, and regardless of when stopping conditions are triggered, our method significantly

outperforms DAC, particularly at lower label rates. [HMW25| Figure 5]

3.4.3 Sequential vs. Batch Active Learning

Another empirical criterion to evaluate a coreset method is to compare the performance of
downstream sequential and batch AL with the same initial coreset. Batch AL offers signif-
icant efficiency savings at the cost of accuracy compared to sequential AL, but a carefully

chosen coreset can minimize the difference |[CCT23|. In a sense, exploitative batch AL re-

quires even stronger coreset exploration than in the sequential case; the underlying classifier
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must have sufficient information to determine not only one useful point to query, but several.

Figure compares CC, DAC, and Random coresets on MNIST, FashionMNIST, and
CIFAR-10, reporting both sequential and batch AL accuracy with Laplace learning over
10 trial. We use LocalMax as our batch policy with a batch size of 15. Not
only does CC provide the best coreset for both AL policies, but the decrease in accuracy
between sequential and batch AL is minimal. Conversely, batch AL after DAC and Random
is significantly worse than sequential AL - in some cases decreasing in accuracy when batch
AL begins. This implies that these coreset methods are not selecting effective initial labels
for querying in batches; there is enough information in the coreset to choose good sequential
queries (and update the classifier more frequently), but not enough to choose good batches.
Indeed, AL behavior with DAC coresets is much closer to Random than it is to CC, implying

a topologically-aware, greedy strategy is better for ensuring meaningful exploration.

3.4.4 Application to PWLL

This section presents results on extending CC to provide a curvature-based signal for de-
termining when PWLL-7 should transition from exploration to exploitation - that is, when
to set 7 = 0. As discussed in Section [3.2.2.2] given a user-defined parameter K, standard
PWLL-7 decays 7 to zero over 2K acquisition steps. After that, the algorithm becomes fully

exploitative.

We report results on 4 datasets: EMNIST (an extension of MNIST using letters,
with 47 classes), FashionMNIST, CIFAR-10, and Box, a two-class toy dataset consisting of
a 65 x 65 lattice of points on the unit square with a class boundary at x = 0.3, also used
in [MC23]. We adopt the re-labeling scheme from for EMNIST, FashionMNIST,
and CIFAR-10. Specifically, we map original labels to their values modulo 5 for EMNIST

3Note that the sequential AL results in Figure are the same as in Figure but we reproduce them

for a clear comparison to batch AL.
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Figure 3.6: Coreset and AL results for Curvature, DAC, and Random on several image
benchmarks. The top and bottom rows present results when AL begins at 50 and 100
labels, respectively. We compare downstream AL performance under batch (solid line) and
sequential (dashed line) uncertainty sampling AL. We report the mean over 10 trials. We
exclude standard deviation shading for clarity. Not only does CC significantly outperforms
the others with both AL policies, but the performance drop between sequential and batch
is much less severe. This implies that CC provides a much more meaningful coverage of the

graph for batch AL than DAC or Random. [HMW25| Figure 6]

and modulo 3 for FashionMNIST and CIFAR-10, creating “modulo” classes (e.g., (0,3,6,9),
(1,4,7), and (2,5,8) for FashionMNIST and CIFAR-10). Each experiment is initialized with
one labeled example per “modulo” class (e.g., 3 total labels for FashionMNIST and CIFAR-

10). This yields more complex class boundaries and ensures some original classes are initially
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Using curvature to

inform the value of 7 consistently ensures effective transitioning from exploration to ex-

ploitation, and removes the need to set K beforehand in a decay schedule. The dashed line

indicates the point at which our curvature-based method sets 7 = 0. [HMW25| Figure 7]

unlabeled, requiring the active learner to discover them through exploration. We construct

the graphs with k; = 25, and run 10 trials. In all experiments, we initialize with 75 = 0.1

and compare:

e Fixed 7 throughout,

e Decay schedule from [MC23| for various K,

113



e Our curvature-based method for updating 7o = 0.1 to 7 = 0.

Figure shows that the optimal moment to switch from exploration to exploitation
varies with the dataset and its classification structure, and that our data-driven signal reliably
identifies this point without requiring any preset decay schedule. This is clearly illustrated

by comparing the Box and EMNIST results.

On Box - a dataset with simple topology and classification structure - K = 10 outperforms
K = 50 because the dataset requires less exploration before exploitation. Our method
mirrors this behavior by transitioning at around 30 labeled points, matching K = 10 in

performance after both become fully exploitative.

On the more complex EMNIST dataset, K = 50 outperforms K = 10 because more
exploration is required. Our curvature-based method adapts to this complexity and ulti-
mately outperforms both schedules after transitioning to exploitation. Interestingly, both
our method and the K = 50 decay schedule set 7 = 0 at the same point - after 100 labels,
on average. Despite this, our method achieves better downstream exploitative AL results,
illustrating that the quality of exploration - not just its duration - matters. This suggests
that a sharp transition from pure exploration to pure exploitation can be more effective
than gradually decaying, as reflected in the marked jump in accuracy - consistently observed

across all datasets - once 7 is set to zero.

These results underscore the effectiveness of our curvature-based 7 scheduler, which pro-
vides a lightweight and principled alternative to the K-based decay schedules that may not
generalize well. Our method only switches to exploitation once sufficient coverage has been
achieved, requires no hyperparameters, and adapts automatically to the graph’s complex-
ity, making it particularly suitable for real-world applications where class structure or label

budgets are unknown in advance.
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Figure 3.8: Comparison of sequential active learning performance with GBSSL variants on
MNIST, FashionMNIST, and CIFAR-10. We start with 1 label per class and then run 100
AL iterations. We report mean (solid line) and standard deviation (shaded) over 100 trials.
Hypergraph learning is a better classifier than Laplace learning, but manipulating the higher
order weight matrix is exceedingly costly (see Tables and . Our proposed AL Local
Rewiring method strikes the best balance of accuracy and efficiency by only computing and

storing the higher order terms at active learning acquisitions. [HMW25, Figure 8]
3.4.5 Localized Graph Rewiring

In this section, we evaluate the performance of our method outlined in Algorithm Our

method, denoted AL Local Rewiring, is compared against three baselines:

e Hypergraph: the standard Hypergraph approach ({3.3.3)), using full powers of the Lapla-

cian on the entire graph,
e Laplace: using only the standard graph Laplacian Ly,

e Random Local Rewiring: a control strategy in which additional regularization is ap-
plied around randomly selected nodes, rather than the nodes acquired by the active

learning policy.

We set ¢ = 2, k1 = 50, ky = 30, with powers p; = 1, po = 2, and quadratic weights
A1 = 1, Ay = 4, following the multiscale design of [WBT25a|. Figure visualizes the
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MNIST F-MNIST CIFAR-10
Acc. (STD) Time (s) | Acc. (STD) Time (s) | Acc. (STD) Time (s)

Method

AL-LR |69.84 (11.29) 640 | 47.57 (11.75) 731 | 58.76 (11.11) 378
HG 90.40 (7.70) 9441 | 61.74 (6.40) 10720 | 66.96 (11.09) 4623

R-LR | 55.63 (12.69) 627 | 40.96 (11.00) 753 | 53.49 (12.21) 416

Laplace | 59.38 (12.49) 546 | 39.24 (10.40) 656 | 53.14 (10.99) 349

Table 3.2: Accuracy and Time for 50 AL Iterations (60 total labeled points). We report
means and standard deviations over 100 trials. The methods are AL Local Rewiring (AL-

LR), Hypergraph (HG), Random Local Rewiring (R-LW), Laplace. [HMW25 Table 2]

performance of each method throughout the AL process over 100 trials, and Tables and

summarizes results and provides efficiency details.

The standard hypergraph approach, which applies full Laplacian powers over the entire
graph, achieves the highest overall accuracy. This confirms the theoretical benefits of rich

multiscale regularization when computational cost is not a limiting factor.

Our proposed method, AL Local Rewiring, consistently ranks second and yields sub-
stantial improvements - typically 5-10% over classical Laplace learning. These gains are
consistent across all datasets and especially pronounced in the early rounds of active learn-
ing, where label scarcity hampers traditional methods. This demonstrates the effectiveness
of localizing higher-order regularization around informative nodes. In contrast, the Ran-
dom Local Rewiring control performs nearly identically to Laplace learning. This suggests
that simply adding higher-order smoothing is not sufficient - targeted application around

informative nodes is crucial.

In terms of efficiency, AL Local Rewiring matches the runtime of Laplace learning while
avoiding the substantial overhead of the “full” hypergraph method, which is approximately

ten times slower in our experiments. AL Local Rewiring therefore captures most of the
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MNIST F-MNIST CIFAR-10
Acc. (STD) Time (s) | Acc. (STD) Time (s) | Acc. (STD) Time (s)

Method

AL-LR | 95.37 (2.83) 1273 | 65.65 (9.51) 1439 | 75.96 (7.28) 744
HG 96.47 (1.59) 18376 | 71.77 (4.58) 20340 | 77.18 (7.03) 8908

R-LR | 93.33 (4.86) 1246 | 63.09 (10.55) 1449 | 72.45 (10.48) 821

Laplace | 94.79 (3.34) 1072 | 60.44 (10.23) 1262 | 73.28 (3.65) 683

Table 3.3: Accuracy and Time for 100 AL Iterations (100 trials). The methods are AL Local
Rewiring (AL-LR), Hypergraph (HG), Random Local Rewiring (R-LW), Laplace. [HMW25|
Table 3]

performance benefits of full multiscale regularization at a fraction of the computational
cost. Overall, our proposed strategy strikes the best balance of accuracy and efficiency by
only computing and storing the higher order terms at active learning acquisitions. These
results support the use of AL Local Rewiring as a scalable alternative to full multiscale

regularization, particularly in real-world settings where efficiency is critical.

3.5 Conclusion and Future Work

This chapter introduces methodological and empirical advances that leverage graph-topological
tools to improve both accuracy and efficiency in the low-label regime. First, we propose a
novel coreset selection algorithm, Curvature Coreset (CC), which uses Balanced Forman
Curvature to select representative labeled nodes that capture the graph’s underlying cluster
structure. We further demonstrate that BFC serves as an effective signal for determining
when exploration is complete, providing a principled stopping criterion and enhancing exist-
ing AL routines such as PWLL-7. Empirically, this leads to improved classifier initialization
and consistently outperforms baseline strategies across multiple benchmark datasets in both

sequential and batch AL settings. Together, these results establish curvature as a powerful
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mechanism for addressing the central exploration—exploitation trade-off in graph-based AL.

Complementing this, a second focus of our work shows that modifying the graph topology
yields substantial performance gains. In particular, we introduce a localized multiscale regu-
larization technique that selectively enhances structure around labeled nodes. This approach
improves over standard Laplace learning in accuracy, while achieving speedups of over an

order of magnitude compared to full hypergraph-based multiscale methods.

There are several promising directions for future work. First, a more principled under-
standing of how graph properties—such as homophily, degree distribution, or curvature—in-
fluence the exploration—exploitation trade-off could enable adaptive acquisition strategies
tailored to specific graph regimes. For instance, we hypothesize that highly homophilous
graphs may require fewer exploratory labels, while heterophilous graphs may benefit from
broader initial coverage. “Heterophily-aware” models have already found success in graph
attention networks . Second, curvature-based techniques open the door to new
directions in large-scale and practical active learning settings. For batch active learning,
curvature-driven alternatives to LocalMax |[CCT23| - a method that extends the acquisi-
tion process to batches by relying solely on neighbor information - could better reflect the
graph topology, enhancing data efficiency and ensuring balanced exploration across diverse
regions of the graph. For graph reduction, aimed at enabling efficient learning on very large
datasets, curvature-informed grouping criteria could yield geometrically consistent reductions
while preserving key structural features. Finally, our use of BFC highlights the untapped
potential of integrating tools from the GNN literature into GBSSL. While GNNs excel in
flexibility, scalability, and empirical performance on large datasets, GBSSL offers a mathe-
matically tractable framework that can succeed with minimal labeled data. Techniques such
as curvature-based metrics, rewiring strategies, and spectral objectives - typically used to
improve message passing in GNNs - may have powerful analogues in GBSSL, offering new
opportunities for both algorithm design and theoretical insight. Exploring these connections

could lead to unified frameworks that bridge geometric, spectral, and information-theoretic
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r | Time (s)
1 1908
10 195
20 44
100 25
200 15

Table 3.4: The reduction parameter’s effect on time to acquire 100 points on CIFAR-10.

[IMW?25|, Table 4]

perspectives on label-efficient learning.

3.6 Data Availability

The datasets used in this chapter are either freely available online and cited in the Chapter,

or available on our GitHub repository https://github.com/hardiman-mostow/Topology|

ActivelLearning.

3.7 Appendix

3.7.1 Reduction Parameter

In order to speed up CC, we proposed a “reduction parameter” r, which reduces the search
space by a factor of r by only considering the top 1/r nodes by degree (see Remark .
This aligns with the definition of BFC (Definition which is already biased toward high
degree nodes. Figure illustrates (on CIFAR-10) that this reduction parameter has no
effect on the accuracy of CC, so long as r is not too large. For example, » = 50 provides
almost identical accuracy, while being about 50 times faster. Increasing r beyond that

appears to reduce the search space too much, causing worse performance. We also give
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Figure 3.9: Comparison of reduction parameter r values for CC on CIFAR-10. r reduces the

search space and helps speed up CC without sacrificing accuracy, up to a certain threshold

where the search space becomes too small. [HMW25| Figure 9|

timing details in Table [3.4]

3.7.2 DAC Coreset Sizes

One disadvantage of DAC is the high variability of coreset sizes. Due to the stochasticity of
the algorithm, coreset sizes differ between trials even with a fixed radius R. This means that
DAC may produce drastically different results, even for the same data and the same radius.
This also could pose problems in real-world settings where labeling budgets may be fixed.
To illustrate this, and to provide transparency in our experiments, Table reports DAC
coreset statistics on the image datasets. Even for a fixed radius, DAC produces drastically
different coreset sizes. For example, on FashionMNIST, a radius of 0.4 results in coreset

sizes ranging from 89 to 159.
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Dataset Target Coreset Size Radius Min Mean Max Std

MNIST 50 0.25 47 49.70 26 2.53
MNIST 100 0.125 96 104.80 140 12.13
FashionMNIST 50 0.4 47 53.60 76 7.88
FashionMNIST 100 0.2 89 102.80 159 21.26
CIFAR-10 50 0.35 20 55.80 61 3.22
CIFAR-10 100 0.175 92 100.50 104  3.44

Table 3.5: DAC Coreset Sizes Across 10 Trials. [HMW25, Table 5].
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CHAPTER 4

Deep Self-Supervised Disturbance Mapping with SAR
Data

This Chapter is a version of , published in the IEEE Journal of Selected Topics in
Applied Earth Observations and Remote Sensing (JSTARS) and adapted here under a CC
BY 4.0 license. This is joint work with Charlie Marshak and Al Handwerger, who were my
mentors during an internship at NASA Jet Propulsion Lab (JPL). Charlie and Al proposed
the internship project and provided the data. I led the ideation, developed and implemented

the model, ran the experiments, and wrote the paper as first author under their supervision.

Real-time disturbance maps are a critical tool for first responders and civilians during and
after natural disasters. Satellite remote sensing provides an abundant data source for identi-
fying disturbances; however, hand-labeling datasets is impractical given the constant stream
of new imagery. In this Chapter, we design and train a self-supervised vision transformer
to map land disturbances utilizing a newly available, near-global, analysis-ready synthetic
aperture radar (SAR) dataset. The model is more operationally practical than prior work,
requiring no labels to train and generalizing effectively without any retraining or finetun-
ing. When evaluated on several real-world natural disaster events of varying terrain and
scale, our model outperforms existing SAR-based methods across metrics, advancing deep

learning-based SAR disturbance mapping toward real-world deployment.
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4.1 Introduction

The Earth’s surface is continually changing due to a combination of natural [MBG12|[LM12]
Pel04] and human-induced factors |[CSHI18,[HPM13]. While some changes occur gradually

over time (e.g., mountain formation, glacial isostatic adjustment), others are abrupt and can
have immediate impacts on the environment (e.g., landslides, wildfires, flooding, deforesta-
tion, mining). Satellite remote sensing can detect these surface changes and disturbances

over large areas and on various time scales to address critical environmental and societal

challenges [RBE15,|KH13]. Through disturbance delineation, we enhance our capability to

monitor vulnerable or protected habitats , map the impacts of human urbanization
and development , track population migration patterns [MT92|, identify tropical
forest loss [HPM13,[RMS21|, and respond to natural hazards such as earthquakes [SKZ21],
floods [PHV21[BTA20], landslides [HHJ22,[AKS21], and fires [BZN20,[RV93].

Among remote sensing techniques, synthetic aperture radar (SAR) is an invaluable
modality for disturbance mapping, with the capability to rapidly image the ground regardless
of cloud cover or illumination conditions. While optical imagery provides information about
spectral changes, SAR provides information about structural changes that are captured via

backscatter and phase. Applications include centimeter-scale motion of the Earth’s sur-
face [RHJ00,BW20], crop mapping [HZG23|, structural damages after earthquakes [SKZ21],
and landslide [JY20,[JYK17|, and wildfire delineation [RV93BZN20)J.

Despite the proven capability of SAR for disturbance mapping, analysis-ready SAR data

has - until recently - not been immediately available, requiring expert processing to produce
such datasets over large areas and timescales. However, the release of the near-global Ra-
diometric Terrain Corrected SAR backscatter from the C-band Sentinel-1 (RT'C-S1) dataset
by NASA’s Observational Products for End-Users from Remote Sensing Analysis (OPERA)
project in October 2023 has effectively removed this barrier for Sentinel-1. OPERA RTC-S1
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provides publicly available dual—polarization[] SAR backscatter imagery in an analysis-ready
format [BBC23]. Moreover, RTC-S1 mitigates the effects of terrain and SAR acquisition

geometry, such as layover and shadow, that can obfuscate surface changes observed by

SAR [Smalll|[SFM23]. These three qualities - analysis-ready, near-global, and terrain cor-

rection - makes OPERA RTC-S1 an ideal dataset for systematic and thematic disturbance

delineation.

The aim of this chapter is to train a self-supervised, transformer-based model capable
of probabilistically delineating generic disturbances in OPERA RTC-S1 time-series. Here,
generic disturbances refers to any changes that deviate from the set of baseline imagery used

to establish a range of nominal observations of the land surface.

Supervised machine learning techniques rely on the existence of a large, labeled training
set. However, labeling such datasets for disturbance mapping - particularly global-scale
SAR time series spanning months or years - is impractical: it requires expertise of SAR

physical mechanisms [Wool7,[0Q04] as well as knowledge of the land cover being monitored

to determine what signals are phenological and which are true disturbances. Despite this,

many previous works on SAR disturbance mapping are supervised [BZN20,VMB23|[NMC21,

NMB24], requiring carefully curated, labeled training sets. Not only is this difficult to scale
to larger datasets, but the models trained on these specialized datasets lack the generality
to be a broadly applicable, generic disturbance model. While there are numerous optical
disturbance datasets [CS20blJWL19,IBM24]RAK20b] and corresponding supervised models
(see e.g. ), training a SAR model on optically-derived labels presents significant

challenges as some disturbances visible to an optical sensor will be invisible to SAR and vice
versa. Additionally, with forthcoming NASA ISRO SAR (NISAR) data, where the creation
of a large labeled corpus from the new L-band imagery is not possible, the demonstration of

a label-free approach for SAR-based applications is essential.

IThe two polarizations are co-polarized and cross-polarized, also known as vertical transmit and vertical

receive (VV) and vertical transmit and horizontal receive (VH).
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This motivates self-supervised learning for SAR-based disturbance mapping. Self-supervision

remedies the need for labels by generating a supervised signal from the data itself [HCX22|

IMLN21|,|CKN20]. One previous performant self-supervised work on SAR damage mapping
was by Stephenson et al. [SKZ21|, which utilized a recurrent neural network (RNN) [RHWS86]

on interferometric SAR coherence to map earthquake damage extents (conversely, this chap-
ter considers SAR backscatter). RNNs are neural networks designed to handle tempo-
ral data, such as language processing tasks . However, more recently, RNNs have
largely been supplanted by transformers [Vas17], which are now state-of-the-art in a vari-
ety of tasks, including language and vision [DBK20], as well as remote sensing

tasks |[CKM22,[TCZ23]. Moreover, transformers avoid exploding and vanishing gradients,

which tend to plague RNNs. Hence, this chapter will train a transformer in a self-supervised
fashion. We also improve on [SKZ21] by training and deploying a single model on multi-
ple types of damage events in three different parts of the world, whereas [SKZ21] trained

separate models for each location, and only focused on earthquake damage extents.

4.1.1 Our Contributions

in this chapter, we train a self-supervised vision transformer on near-global OPERA
RTC-S1 imagery and demonstrate superior damage mapping performance across environ-
ments and disaster events compared to previous works. Our transformer learns to estimate
the per-pixel distribution from baseline of OPERA RTC-S1 imagery. This estimated dis-
tribution can be compared to a new acquisition by computing the Mahalanobis distance,
yielding a disturbance metric that can be used to delineate disturbance. The metric has a
statistical interpretation as the number of standard deviations (SD) from the modeled per-
pixel mean. More simply put, the metric quantifies how likely a pixel is disturbed, with larger
values indicating greater likelihood of disturbance. The vision transformer is trained in a
self-supervised manner, meaning no labels or human annotation are required; the only input

is the OPERA RTC-S1 imagery. We evaluate our disturbance metric on external validation
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Figure 4.1: Visualization of the disturbance metric and how it is computed for single channel
(VV) time-series. This example shows data from a landslide that occurred in Enga Province,
Papua New Guinea on May 24, 2024. We use a sequence of baseline imagery x,zs, ...x1
(left) from before the event to predict a distribution for each pixel in the image with mean
pry1 and standard deviation opyq (center right). These parameters are used to quantify
disturbance in the observed image x1.; (center right, bottom) to compute one-dimensional
transformer metric via the Mahalanobis distance (right), where higher values (measured in
standard deviations or SD) indicate a higher likelihood of disturbance. Our methodology

is able to precisely delineate the landslide disturbance extents (bottom right corner of the

Disturbance Map). [HMH25| Figure 1]

data from three recent natural disasters: 1) a landslide in Papua New Guinea, 2) a series of

fires in Chile, and 3) flooding in Bangladesh. We use the same model and metric for every

event. The validation data is derived from publicly-available damage maps [Hum24}|Cop24];

much of which is made from Very High Resolution (VHR) optically-derived inputs. These
natural disasters represent high-intensity disturbances where we expect significant align-
ment between optical- and SAR-based disturbance delineations. The validation data used
for this chapter, including the disturbance delineations and data provenance, are found in

the GitHub repository |[OPE24a]. We demonstrate that the proposed vision transformer-
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based disturbance model has systematically better performance compared to an RNN-based
model [SKZ21| and the classical log ratio method for SAR change mapping |[RV93]. Code
for our dataE] and experimentdﬂ are available via GitHub.

4.1.2 Organization of Chapter

The remainder of this Chapter is organized as follows. In Section 4.2 we review previous
works on disturbance mapping with SAR, transformers, and self-supervision. In Section 4.3]
we detail the mathematical formulation of our model, our disturbance metric for comput-
ing delineations, and the model architectures and training. Sections and describe
the OPERA RTC-S1 data (and external validation data) we use to train and evaluate our
model, respectively. Section presents our disturbance mapping results on three natu-
ral disasters, where our transformer-based model consistently outperforms previous works
(RNN and Log Ratio). We also present ablation experiments that justify our model choices.
Although our evaluation is limited to three disasters, the ability to accurately delineate dif-
ferent categories of disturbances in varied environments using a single vision transformer
provides some encouraging evidence that such an approach may be applicable to monitor

disturbance at larger scales. To this end, we will discuss future work to further evaluate this

model in Section and [4.8].

4.2 Background

4.2.1 Disturbance Mapping

Disturbance mapping is the process of identifying pixels in space and time that undergo

changes (i.e. disturbances) within a coregistered time-series of remotely-sensed imagery.

Zhttps://github.com/0PERA-Cal-Val/dist-sl-events

3

https://github.com/opera-adt/distmetrics
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Disturbance mapping is sometimes referred to as “change detection” in the remote-sensing

literature |Canl9,[ZTM17]. While disturbance mapping encompasses many types of changes,

our work will focus specifically on abrupt, sudden disturbances (i.e., damage) caused by
natural disasters. Natural disasters are a key application area for disturbance models and
simplify validation by providing a clearly defined point in a time series to map disturbances.
Hence, we will use “change”, “damage”, and “disturbance” interchangeably. in this chapter,
we are focused on generic Sentinel-1 disturbance delineation - that is, modeled statistical de-
viation of the current acquisition from a set of baseline images. Generally, what disturbances
can be mapped depends on the temporal sampling of inputs, the spatial resolution, the type
of change being monitored, the modality of the sensor, and the data used to construct the
baseline. Sentinel-1 data, and hence OPERA RTC-S1 data, currently has 12-day sampling
frequencyﬂ, though not all Sentinel-1 passes result in new data . While this means
some disturbances may not be resolved by Sentinel-1 (a flash flood can occur and resolve
between samples), our approach leverages the available data’s strengths and is applicable to

any time series generated by Sentinel-1.

A similar view of generic disturbance is found in OPERA’s near-global optical Land
Surface Disturbance from Harmonized Landsat Sentinel-2 (DIST-HLS) generic disturbance

algorithm |[BBC23,|HPS24]. The DIST-HLS algorithm estimates the per-pixel mean and

standard deviation using sample statistics from multiple monthly composites and measures
deviation from the baseline via the Mahalanobis distance [HPS24]. in this chapter, we
develop an algorithm that provides a complementary measure of generic disturbances using

SAR, with the future goal of deploying it at the near-global scale.

Currently, there are two operationa]ﬂ SAR disturbance products, which track tropical

4Sentinel-1 A/B constellation had a 6 day repeat pass frequency. Since Sentinel-1 B’s decommission in
December 2021, Sentinel-1 A is the only satellite collecting data and has 12 day repeat pass frequency. When

Sentinel-1 C is launched in December 2024, the constellation will again have 6 day temporal sampling.

SHere, operational here means that each new SAR acquisition triggers the generation of a new disturbance
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forest loss: Advanced Land Observing Satellite (ALOS) forest alerts [KWH19, RMS21| and
RAdar for Detecting Deforestation (RADD) [RMS21,|[RVV18|. Both rely on estimating

backscatter conditioned on “forest” and “non-forest” distributions and delineating distur-
bance when there is evidence forest has been removed based on these modeled distributions.
Our approach aims to delineate a broader class of disturbances, across terrains and distur-
bance events. To this end, we utilize a vision transformer trained on near-global RTC-S1
data to determine the range of nominal backscatter values in varied environments and land

cover types, not just dense tropical forest.

In order to contextualize our approach, it is helpful to define the notion of a “disturbance
metric.” A disturbance metric compares a baseline set of images to a recent image acquisition
to determine the per-pixel likelihood of disturbance . Larger values of the metric
typically indicate greater likelihood of disturbance. Using a disturbance metric, delineation
of disturbances (that is, classifying each pixel as “disturbed” or “undisturbed”) is simplified
to thresholding the metric. For example, the classical log-ratio method defines a
disturbance metric that identifies changes based on the decibel (dB) deviation from the
baseline image set:

{ =

I
log,q (I_(l))‘ = |10g10(f1) - 10g10(10)| .

Above, I; is the post-event cross- or co-polarization image and I, is a pre-event cross-
or co-polarization image. Iy is also sometimes an aggregated reference image; in our ex-
periments, we will set Iy to be the median of the available pre-event imagery. Although

it was developed over 30 years ago, log ratio is still widely used in modern SAR damage

mapping research |[ASK22,[HHJ22/|[JY20,[LHW22,[MSR19,MGC21[PLK24]. It is well known

that large negative values in log([;) —log(1y) indicate vegetation loss when we consider cross-
polarization data [RV93,[Woo0l7]. Above, we consider the absolute value because we aim to

delineate generic disturbances from a baseline set of imagery, which could be indicated by

map.
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anomalously low or high measurements in either polarization. In Section 4.3.2, we will define
a disturbance metric for our transformer-based approach, which compares favorably to ¢ in

our experiments (Section [4.6)).

Similarly, one can fashion likelihood tests to generate disturbance metrics ,
. Although a disturbance metric is a per-pixel measure, it is often helpful to in-
corporate nearby pixel information to better contextualize disturbance e.g. through su-
perpixels [MSD19|, convolutional layers of a neural network [BSB19], or Markov random
fields . in this chapter, our vision transformer is designed to estimate the per-pixel
distribution from the baseline set using rich spatio-temporal information extracted from the
data via the neural network architecture. We utilize the learned distributional parameters
to construct a disturbance metric via the Mahalanobis distance between this estimated dis-
tribution and the most recent image. This metric has a convenient statistical interpretation
as the number of (estimated) standard deviations away from the (estimated) mean at each

pixel.

The goal of our disturbance algorithm is to develop a methodology that can identify
disturbance with each new Sentinel-1 acquisition, utilizing the preceding acquisitions to

establish a baseline [DHA20,RVV18||RMS21|[HHJ22]. While this process is well-suited over

large areas and multiple environments, there are also change detection methods focused on
bi-temporal comparisons, i.e. using a single image pair, in which an abrupt disturbance
and often damages from a natural disaster can be observed [CRO24,MBZ18|JWL19,|CS20b,
BBMO5,[JY20,[YHO15]. Some algorithms, such as the proposed NISAR CuSum algorithm

[NIS18[|NIS22|[SKL24], analyze a full year of imagery and then identify the changed areas in

space and time from the available data. Our transformer-based approach can use anywhere
from 2-10 acquisitions; all of our tests used at least 4 acquisitions (representing approximately

a six week period, see [4.6.4)).

Our work utilizes OPERA RTC-S1, a near-global dual-polarization backscatter product.

Backscatter amplitude is one component of SAR remote sensing. The interferometric phase
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and coherence are invaluable for damage assessment and disturbance [SKZ21||JKL16}|JY20].

While incorporating such data into our models would provide richer structure, there is not
a near-global interferometric phase product. The OPERA Coregistered Single Look Com-
plex dataset (OPERA CSLC-S1), which contains phase information from Sentinel-1, is only
available over North America. Even this higher-level product would require significant pre-
processing to incorporate into our model and such processing is beyond the current scope of

this chapter.

4.2.2 Transformers and Self-Supervised Training

Transformers [Vasl7] are becoming the de-facto architecture across numerous machine tasks,
producing state-of-the-art results in language modeling |[OA24,|Dev1§|, image classification
[DBK20|[HCX22], and semantic segmentation in imagery and video [HCX22|[KMR23FFL22],

among other areas. Empirically, transformers are highly generalizable and can be fine-

tuned on downstream tasks with relatively small labeled datasets [HCX22,KMR23|[BMR20].

Transformer’s ability to learn new tasks quickly has given rise to “foundation models”

[YCC21|LLR24]. These models are becoming standard in geospatial data analysis [CKM22,

'TCZ23,RGL23||JRP23,|Cla24}|SLC24]. These geospatial transformers too can be fine-tuned

across many standard remote sensing analyses including delineation of flood extents, wildfire
perimeters, and landslides [JRP23], estimation of biomass, agricultural yield, and tree height
[Cla24,| TCZ23,|CCG24], and generation of land-use maps at the continental scale [ADG23].

Typically, these models are trained in a self-supervised fashion, meaning that no labeled

data (or very limited labeled data for fine-tuning) is required to produce results.

Self-supervised learning is a training methodology in which a supervised learning signal
is created by the input data itself. There are numerous approaches to self-supervised train-
ing including autoencoding [KW13], residual learning/backward diffusion [ZZC16}[HJA20],
masked autoencoding [HCX22,[TSW22|[FFL22,[BMR20] and contrastive learning [CKN20].

In remote sensing, self-supervised training is invaluable as it removes the requirement to
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create enough labels to train deep neural network models. Moreover, it allows these deep
models to be quickly adapted to various sensors, each of which may have unique sensitivities,
varying acquisition patterns, and often large unlabeled data archives. Indeed, self-supervised

learning is becoming the standard way to train these transformer-based models for geospa-

tial analysis [RGL23,[TCZ23,[MLN21 [ KAM24| RGL23,|ADG23}|Cla24,|JRP23,[LLR24]. Our

self-supervised approach will follow the method proposed in [SKZ21], where our models will
predict a pixel-based distribution for an image and use a statistical measure (z-score) to map
disturbances. The model used in [SKZ21| is an RNN, focuses only on disturbances caused
by earthquakes, and trains a new model for each earthquake-affected area studied. We will
show that the transformer-based architecture improves disturbance delineation over an RNN
for the OPERA RTC-S1 data, and that a single transformer-based architecture can be used

across multiple environments and across multiple categories of disasters.

We will briefly review some key components of transformers. At the heart of transformers
is the attention mechanism, which computes an attention “score” based on three learned
matrices: the query ), the key K, and the value V.

T

Attention(Q, K, V) = SOftm&X(QK (4.2.1)

)V

where d is the dimension of () and V. Attention allows the model to learn how different
elements of a sequence “attend” to one another, learning complex temporal relationships
without the exploding or vanishing gradient issue of RNNs. Another novelty of transformers
is their positional encoding (these can be either learned or fixed - we will use learned), which
is added to the input embeddings to indicate position to the model. Combined with residual

connections [HZR16a| and layer normalization |[LKH16|], transformers have been shown to

be a powerful tool in machine learning.
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Figure 4.2: A flow chart illustrating the transformer metric proposed in this chapter. The
metric is computed for dual polarization images (see Fig. for 1-dimensional visualiza-

tion). The first arrow is where the deep-learning model is utilized to estimate the per-pixel

distribution of the zr;. [HMH25, Figure 2]

4.3 Methodology

4.3.1 Mathematical Formulation of the Model

Let X := {x1,29,....,x7, 2741} be a sequence of coregistered SAR images, with each z; €
REXHXW where C is the number of channels and H and W are the height and width in pixels,
respectively. We call the images 1, ..., 27 the set of baseline imagery, or pre-images. The
image x4 represents the latest acquisition image, or post-image. The input to the model is
the set of baseline images, and the output is an estimate of the per-pixel distribution of x7.
For our work, the channel dimension C will be 2 as our input imagery is dual-polarization,
i.e. VV and VH (co-polarized data VV is vertical transmit and vertical receive and cross-
polarized data VH is vertical transmit and horizontal receive). The spatial dimensions are

H =W =16.

Let f be the model parameterized by weights . Our model seeks to learn the parameters
of a normal distribution at each pixel at timestep 7"+ 1 from the set of baseline imagery.

More precisely:
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pri1, ore1 = fo(x1, 2o, ..., T1), (4.3.1)

where jir 1, 0041 € REOXHXW Since our forecast is probabilistic in nature, we minimize the
negative log-likelihood loss to find the optimal parameters 8* on samples from our training

set D, consisting of sequences of variable-length baseline imagery:

(@141 — MT+1)2> (4.3.2)
2074 ‘
This loss assumes (a) that each polarization is independent and (b) that each pixel in the
image x741 is independent. Assumption (a) is made because the anti-diagonal components of
the covariance matrix of the dual-polarization data typically are small and thus numerically
unstable, in part because the two polarizations are correlated over some land cover types and
anti-correlated in others. Assumption (b) is made so we can write down the negative log-
likelihood for each training sequence coming from D at once . We note that, while
we assume each pixel in T+ 1 is independent, all the pixels in the set of baseline images
x1,To,...,rp are used in any given estimate of a pixel’s distribution in xp,;. Equation
4.3.2| can be optimized using any standard optimization routine; we use the Adam optimizer
. Note that the loss is computed with respect to the 7'+ 1 image, and requires no

label information; the training process is entirely self-supervised.

4.3.2 The Disturbance Metric and Disturbance Mapping

In the previous subsection, we detailed how to take a sequence of baseline images 1, ..., xp
to estimate the per-pixel distribution. We can now define a disturbance metric, d,, that
provides a per-pixel measurement of disturbance by comparing the estimated distribution

to the most recent acquisition xr,;. Consider a single polarization p, p = VV or VH. We
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define our disturbance metric as the 1-dimensional Mahalanobis distance:
d, = |5EZ%+1 - Mp|'
Op
This metric can be interpreted as the number of standard deviations from the estimated mean
xp. The larger d, is, the more likely disturbance has occurred, where disturbance is with
respect to the baseline imagery. A similar metric was used in [SKZ21|, where the absolute
value is omitted and referred to as the z-score; however, that work studied interferometric
coherence, where a decrease is most important for damage assessment, and so sign must
be preserved. In our case, we consider absolute deviation, since increases or decreases in

backscatter could indicate disturbance.

We then combine each polarizations taking the maximum of d,, i.e. d = max, d,. Taking
the maximum over d, effectively means that our delineations consider disturbances in either
polarization, VV or VH. One could also consider combining the metrics via a minimum
(analogous to a logical “and” over the channels) or via addition (a 2-dimensional Mahalanobis
distance assuming channel independence). We elected the maximum (analogous to a logical

“or”) as disturbances are often more detectable in one channel than the other. Indeed, many

disturbance related works focus on a single polarization [NBM22|[RV93].

A summary of our approach is shown in Fig. 4.2l To map disturbance, we threshold
d > 7 for some positive real number 7. For the rest of this chapter, we call d the transformer
metric. Our metric has a clear probabilistic interpretation that a metric exceeding some 7
has an associated probability. For example, if we assume normality of a pixel, we know that
d, > 3 occurs less than 1% of the time. In our disaster data, we found thresholds 7 in the
range of 3-5 visually suitable for disturbances delineations. We will systematically analyze

thresholds 7 using optically-derived validation data in Section [4.6]

Throughout our experiments, we will compare to an RNN-based model with the same
disturbance metric, and a log ratio-based metric using ¢ in Section which takes the

absolute deviation in dB with respect to a particular polarization. We again combine polar-
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izations via the maximum and set a baseline I by taking a per-pixel median of the pre-event
imagery.
4.3.3 Model Architecture, Hyperparameters, and Training

We use an encoder-based vision transformer architecture. We take patches of the input

images and add learned spatial and temporal positional embeddings, as done previously for

spatiotemporal data in [TSW22|[FFL22|[CKM22]. We elected not to use more sophisticated

spatial-temporal encodings (see e.g. [TCZ23[[RGL23|/Cla24[[JRP23]) as we wanted our model

to be simple to illustrate the efficacy of this type of approach to disturbance mapping. We

will explore more sophisticated spatiotemporal positional encoding in the future.

Our transformer encoder uses a model dimension of 256, 4 attention heads, 4 layers, and
a feedforward dimension of 768. The input to the model is a sequence of T' SAR images,
each with size 2 x 16 x 16 (channels, heigh, and width, respectively, for a total input size
of T'x 2 x 16 x 16. The channel dimension 2 is due to the dual-polarization SAR imagery
(VV/VH). In each batch, T is chosen randomly to be between 2 and 10 so the model can learn
to forecast the distributions with varying amounts of pre-event information. Operationally,
this is important as data may often be missing or an area of interest lacks a long acquisition
history. For example, Sentinel-1 data does not consistently image in 12-day increments, so
in some cases many months can go by before additional data is collected. Our validation
datasets discussed in Section have 10, 7, and 4 pre-event images available, underscoring
the need for a temporally flexible model. Future work will focus on scaling up the model to

allow for larger values of T.

Each 2 x 16 x 16 SAR image is “patchified” into 2 x 8 x 8 patches with a learned spatial
and temporal embedding. For example, for a sequence of ten 16 x 16 SAR images, the input

sequence to the transformer will have 40 (4 patches x 10 temporal steps) elements.

We use a dropout of 0.2 and ReLLU activations. After the transformer learns representa-
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tions of the input sequence, we use a 2 layer, fully connected (with hidden dimension 768 and
a ReLU activation) projection head to output the predicted mean and standard deviation of
each pixel in each channel in the subsequent image (both the mean and the standard devia-
tion predictions have their own projection head). This results in a model with approximately

3.3 million parameters.

Previous work on deep learning-based disturbance mapping on SAR used an RNN Gated

Recurrent Unit (GRU) [Chol4}|[SKZ21|. For a fair comparison, we construct a GRU with a

nearly identical parameter count as the transformer (we note that the original work
applied a GRU to coherence values from SAR, whereas our work uses backscatter). To
construct the GRU architecture with 3.3 million parameters, we use a model dimension of
326, 4 layers, a hidden dimension of 978 for the projection head, and the same dropout value,
0.2. This model also uses projection heads for the mean and standard deviation predictions.
Since transformers utilize patches with positional embeddings, it is not obvious whether a
fair comparison to an RNN should have an input size of 8 x 8 or 16 x 16. We found that the
input size of 8 x 8 performed better (although still surpassed by the transformer), which is
the model we report results for throughout Section [4.6. For completeness, we include results

for the 16 x 16 input size in Section 4.6.6]

The training of both models use a batch size of 256, and train for 50 epochs using
Adam [KB14] with an initial learning rate of 0.0001, which then decays to 0.00001 after 25
epochs. All experiments were run on a single NVIDIA A100 GPU with an 80GB memory.

4.3.4 Model Inference

For model inference, we often have much larger images than 16 x 16; a single burst RTC-S1
product is approximately 1000 x 3000 pixels. To apply our model, we sweep it across the
image (for computational reasons, we use a stride of 4 for the fire and flood delineations,
see Section and average the estimates generated at each pixel. Without this sweeping

approach, the predictions leave “edge artifacts” because the borders of each 16 x 16 window
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have less neighboring pixels to inform the estimates. Indeed, inference of our small windows

exhibit the so-called receptive field phenomena [LLU16].

4.4 RTC-S1 Data

The OPERA RTC-S1 provides measurements of the radar backscatter, 7°, corrected for

radiometry and topography [Smalll[SFM23]. All RTC-S1 products can be accessed through
the Alaska Satellite Facility Distributed Active Archive Center (ASF DAAC) [OPE23|. These

corrections result in an analysis-ready product that primarily captures signals related to
the physical characteristics of ground-scattering surfaces, such as surface roughness, soil
moisture, and vegetation structure. The RTC-S1 is generated from Copernicus Sentinel-1
(S1) interferometric wide (IW) single-look complex (SLC) data, provided by the European
Space Agency (ESA). Sentinel-1 constellation can currently acquire data at 12 day repeat
pass temporal frequency, i.e. with respect to a fixed orbit track. The ground sampling when
independent of orbit track is increased to between 1 and 6 days; this combines ascending
(satellite flying north and looking east) and descending (satellite flying south and looking
west) geometries. The imaging mode and temporal coverage of Sentinel-1 data varies with
location on Earth . The RTC-S1 product has a near-global geographic scope that
covers all landmasses, excluding Antarctica, and its temporal frequency aligns with the
availability of Sentinel-1A SLC data. RTC-S1 currently only includes data from Sentinel-1A
satellite because OPERA started forward mode production in October 2023 after the loss of
Sentinel-1B. Each RTC-S1 product corresponds to a single Sentinel-1 burst and is mapped
onto standardized Universal Transverse Mercator (UTM) or Polar Stereographic projection

systems.

RTC-S1 uses the Copernicus global 30 m (GLO-30) Digital Elevation Model (DEM)
as the reference for topographic correction and geocoding. The data are in GeoTIFF for-

mat, and have a spatial resolution of 30 meters. The RTC-S1 data also includes layover
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and shadow masks as well as bistatic and tropospheric corrections to improve data quality.
Static layer files such as incidence angle, local incidence angle, masks, and number of looks
are used. The OPERA RTC-S1 and static layers are generated using the InSAR Scientific
Computing Environment version 3 (ISCE3) software developed at JPL/Caltech [RGA1S].
Additionally, the RTC-S1 serves as the foundational dataset for other OPERA products in-
cluding the Dynamic Surface Water eXtent from Sentinel-1 product (in production since Sep.
2024) and the future OPERA Disturbance from Sentinel-1 product (expected production in
2026). All of the OPERA products are designed to address the needs of U.S. Federal Agency
stakeholders identified by the Satellite Needs Working Group.

4.4.1 Training Data

The training data is comprised of 2,511, 348 sequences of 11 SAR images from OPERA RTC-
S1 (i.e., T'= 10 is the largest possible value for 7" in training), which are each 2 channel (VV
and VH) and 16 x 16 pixels. Future work will focus on increasing the size of the dataset and
the temporal length of the sequences T'. This training data is from OPERA RTC-S1 data that
is currently not in the ASF archive, but rather stored in a public s3 bucket for the OPERA
project validation [OPE24Db|. The data is used to overlap the sites and validation period
(October 2020 - October 2022) used by OPERA DIST-HLS validation [BBC23,[PO24]. The

data collection includes imagery from Sentinel-1B so some of the temporal sampling occurs

with frequency of 6 days.

4.4.2 Data Preprocessing

Before using our model to estimate the distributional parameters, we perform basic SAR
despeckling. We utilize homomorphic despeckling as described in [DDT17| using a total
variational denoising model [ROF92]. Homomorphic despeckling is total variation denoising

on dB-transformed backscatter imagery that, after despeckling, is inverted back into ~°.
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Figure 4.3: PlanetScope (optical) imagery [PBC | of before and after the landslide in Papua

New Guinea. The red polygon shows the extent of the landslide (mapped manually by the

authors). [HMH25, Figure 3]

The probabilistic framework of our approach approximates the unknown pixel distribu-
tion using a Gaussian, which has domain R. SAR ~° backscatter is within [0, 1] so we follow
the same pre-processing step as in |[SKZ21|, taking the logit transform of the backscatter

data. The logit is a bijection of [0, 1] to R. This is done on the despeckled imagery.

logit(z) = 10g<1 - I) (4.4.1)

For clarity, all figures in this chapter are presented in their original backscatter range [0, 1].

These two preprocessing steps are performed before application of the model described above.

4.5 Disaster Data

In this section we discuss the data used to evaluate our disturbance delineations. All the
data was derived either manually by the authors (in the case of the Papua New Guinea Land-
slide) or by external disaster response projects such as UNOSAT or Copernicus Emergency
Management Services (CEMS). We have curated these delineations and more events at this

GitHub repository [OPE24a], along with provenance. The Bangladesh flood was derived
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(a) December 20, 2023 (b) February 5, 2024

Figure 4.4: Landsat 8 and 9 false color imagery (bands 6, 5, 3) of before and after the
fires in the Valparaiso region of Chile. The above imagery is taken from NASA Earth
Observatory [NAS24]. [HMH25, Figure 4]

from Sentinel-1 data using an image pair by UNOSAT . The other disaster delin-
eations (landslide and fire) are derived from VHR optical data (i.e. with spatial resolution
< 3m). Evaluating disturbance mapping with these ground truth datasets presents some
limitations. First, we expect some inherent differences between disturbance maps derived
from optical and SAR data. However, optical and SAR data tend to exhibit high agreement
in these cases when dense vegetation is cleared by a fire or a landslide . Second, real
disturbances unrelated to the natural disasters are not accounted for in this setting, but the
abrupt nature of disasters means we expect this to have a negligible impact on our results.
Overall, these natural disaster datasets serve as a high-quality ground truth for evaluating

our methodology.

4.5.1 2024 Papua New Guinea Landslide

On May 24, 2024, a large catastrophic landslide occurred near Yambali, Enga Province,

Papua New Guinea (see Fig. [Pic24,|ABC24]. News media reported that that the

landslide buried numerous villages, with the death toll estimated to be between 650 and

2,000 people |Pic24]; the official death toll at time of writing is 670 [UN24]. In addition,
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Figure 4.5: Left: Pre-landslide SAR imagery (VV), May 22 2024. Middle: Post-landslide
SAR imagery (VV), June 3 2024. The landslide is seen in the bottom right corner. Right:
Target (ground truth) damage map overlaid on ESRI Composite World Imagery .
The damaged area is shown in yellow. Note that the ESRI imagery is a composite and thus

does not capture the recent landslide, and is used as a reference only. [HMH25| Figure 5]

approximately 7,000 people have been displaced by the event .

Our input to the model is a sequence of ten pre-event OPERA RTC-S1 SAR images from
1/23/24 to 5/22/24 at 12 day intervals (except 5/10/24 when there was no data distributed
despite a Sentinel-1 pass) and a post-event image from 6/3/2024. To delineate disturbances,
we compute the Mahalanobis distance between the models’ estimate distribution and this
post-event image as described in Section [4.3.2l We analyze an area of approximately 6 km

x 6 km. We manually mapped the landslide extent using PlanetScope optical imagery (3 m

pixel) [PBC ], see Fig.

4.5.2 2024 Valparaiso, Chile Wildfire

In early February of 2024, a series of wildfires began in the Valparaiso region of Chile [Cas24].
Exacerbated by historic drought in the region and the 2023 El Nino weather event, the
fires burned over 8,500 hectares by February 3 [Cas24]. The death toll is at least 131

people [AP24]. Fig. 4.4]shows Landsat 8 and 9 false color imagery of two burn scars [NAS24].
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Figure 4.6: Left: Pre-fire SAR imagery (VH), January 23 2024. Middle: Post-fire SAR
imagery (VH), February 28 2024. Right: Target (ground truth) damage map from Coper-
nicus overlaid on ESRI World Imagery [ESR24a]. The damaged areas are shown in yellow.

Note that the ESRI world imagery is a composite and thus does not capture the recent fires,

and is used as a reference only. [HMH25| Figure 6]

For this site, The Copernicus Emergency Management Service (CEMS) produced
a disturbance map of the region that we use as our ground truth, see Fig. [4.6l The area
of interest is approximately 45 km x 33 km. The data was generated by a variety of VHR
sources and was continuously updated for several months after the fires started .
Our RTC-S1 data used included all seven available pre-event SAR images from 11/12/24 to
1/23/24 (all Sentinel-1 passes resulted in distributed data) and one post-event SAR image
from 2/29/24. Although there was data collected and distributed on February 5 and 17
by Sentinel-1 as the fires were ongoing, there was noticeable increase in disturbance in the

February 29 data. This acquisition was also closer in time to the VHR map, which was

updated well beyond the fire’s start [ESR24b].
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Figure 4.7: Left: Pre-flooding SAR imagery (VH), May 18 2024. Middle: Post-flooding
SAR imagery (VH), July 5 2024. The flooding is seen via the reduction of the backscatter all
around the Baleshwari River. Right: Target (ground truth) damage map from UNOSAT,
overlaid on ESRI World Imagery [ESR24a]. The damaged areas are shown in yellow. Note
that the ESRI imagery is a composite and thus does not capture the recent flooding, and is
used as a reference only. We note that flooding continued throughout the summer, and we

use data collected on July 5 as our post-event imagery to align with the damage map from

UNOSAT. [HMH25, Figure 7]

4.5.3 2024 Bangladesh Floods

On May 26, 2024, Cyclone Remal landed in Bangladesh, causing major flooding that has con-
tinued throughout the summer . At least 4.6 million people were affected throughout
the summer . Because the flooding occurred throughout the summer, it was challeng-
ing to establish a baseline of imagery in the RTC-S1 archive in which these floods were not
present. We selected validation data containing 4 pre-event images from entirely before the
cyclone, acquired between 3/31/24 and 5/18/24. We use a ground truth damage map from
the United Nations Satellite Center (UNOSAT) which was derived from a Sentinel-1 image
on July 4th . We use the nearest RTC-S1 post-event image, which was acquired
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Model Landslide | Landslide Fire Fire Flood Flood
PR AUC Max Fy PR AUC | Max F} | PR AUC | Max F}
Transformer 0.732 0.769 0.680 0.645 0.754 0.701
RNN 0.642 0.699 0.624 0.596 0.705 0.661
Log Ratio 0.067 0.194 0.391 0.474 0.715 0.655

Table 4.1: Summary of Results [HMH25| Table 1]

July 5th, 2024. Our flooding analysis is a subset of the country along Ganges delta around
the Baleshwari River. The area of interest is approximately 42 km x 30 km, see Fig. 4.7

4.6 Results

4.6.1 Evaluation Procedure and Performance Metrics

We evaluate and compare the performance of our proposed self-supervised transformer, the
RNN from [SKZ21] adapted for use with RTC-S1, and the classical log ratio approach with
per-pixel medians from the baseline set [RV93|. The definition of these metrics and how they

utilize dual-polarization imagery is found in Section 4.3.2.

For our evaluation procedure, our baseline imagery is established from the dates in Section
4.5 However, we set aside the last pre-event image (i.e. the last available image before the
event). The post-event image and this final pre-event image are then used to assess the
disturbance delineations. We assume 1) the final pre-event image has no disturbance and 2)
the post-event image matches the external disturbance delineation. This way, we evaluate
each method on its ability to accurately delineate disturbances while also not raising false
positives when we expect no disturbances. This is an important consideration in practice.
In a disaster response scenario, false positives can be extremely costly; resources could be

allocated to areas where they are not needed at the expense of areas that do.
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Our analysis combines qualitative and quantitative results to facilitate visual comparisons
and highlight the strength of our approach. Qualitative results include two map types: (1)
disturbance metric maps visualizing d (transformer or RNN) or ¢ (log ratio) across the area
of interest, and (2) binary (i.e., disturbance or no disturbance) disturbance delineations
based on the optimal threshold 7 (according to F} score, see below). Operationally, ground
truth information is not available, so these maps are the critical outputs that delineate
disturbances. In our experiments, these maps highlight the transformer’s effectiveness in

identifying disturbances while limiting false positives.

For our quantitative results, we report Precision-Recall (PR) curves, the associated area
under the curve (AUC), and F; score (harmonic mean of precision and recall) [Murl2].
Precision is the percentage of pixels predicted as damage by the model that are actually
damaged (positive predictive rate), while recall is the percentage of all damaged pixels that

are identified (true positive rate). Fj score is then computed by

=2 pre(?is..ion - recall (4.6.1)
precision + recall

The ranges of all these metrics is [0, 1], where higher is better. The precision-recall curves
are found by varying the threshold 7 (see Section and computing the above metrics.
A high quality but imperfect classifier will naturally trade off between precision and recall;
high thresholds will result in high precision but low recall, and low thresholds will result in
low precision and high recall. Hence, the area under the precision-recall curve (PR AUC)
is an overall measurement of classifier quality that accounts for the entire range of 7. (A
perfect classifier will achieve an AUC of 1, while a random classifier will be a horizontal line
with a y-intercept equal to the percentage of positive samples in the dataset.) In all of our

experiments, our transformer-based approach achieves the highest PR AUC.
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Figure 4.8: Disturbance metrics, damage maps, and ground truth data from the landslide

in Papua New Guinea. The first two columns show the model’s disturbance metric before

the landslide (first column) and after the landslide (second column). The third and fourth

columns show the best (in terms of Fj score) binary damage maps derived from each method’s

metric. The rightmost column shows the ground truth damage map. The transformer metric

is the strongest, resulting in the damage map with the fewest false positives while also

accurately capturing the extents of the landslide. [HMH25, Figure 8]

147



1.
0 F1=0.769 Perfect
Classifier
0.81
F1 =0.699
5 0.6 —@— Transformer AUC=0.732
D —m RNN AUC=0.642
2 —A— Log Ratio AUC=0.067
p .
a 0.4
0.2 1
F1=0.194
0.0 Random Classifier %;
0.0 0.2 0.4 0.6 0.8 1.0
Recall

Figure 4.9: PR curves for the landslide scene. The transformer achieves the largest area
under the curve (AUC). The transformer also obtains the best Fj score (starred for each

model). The disturbance delineations corresponding to the optimal 7 that obtains optimal

F} score are shown in Fig. [4.8] third and fourth columns. [HMH25, Figure 9]

Accuracy and Receiver Operating Characteristic (ROC) curves are two common metrics
which we do not report here, as they are not as meaningful in datasets with significant
class imbalances |DGO06|; this is the case in disturbance mapping, where we typically expect

large amounts of non-damaged (negative) pixels and smaller amounts of damaged (positive)

pixeld’|

4.6.2 2024 Papua New Guinea Landslide

Fig. shows the transformer metric (see Section |4.3.2), the RNN metric, and the log ratio

metric. The first column is the final pre-event image and the second column is the post-

event image (see Section [4.5.1). The two deep methods, particularly the transformer, are

6For example, in a scene with 99% negative and 1% positive pixels, a naive model which classifies every
pixel as negative (and hence not delineate any disturbance extents) would achieve 99% accuracy, but 0 recall

and undefined precision.
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significantly more accurate than the log ratio with respect to our validation data, identifying
the landslide extents more confidently and limiting the number of false positives particularly

in the first pre-event image.

Fig. shows the PR curves for the landslide scenes. The transformer achieves by far the
best AUC (0.732) indicating overall model quality independent of threshold 7. The RNN is
second with an AUC of 0.642, and both deep methods significantly outperform the classical
log ratio method (AUC of 0.067), which barely outperforms random guessing. The optimal
7 and corresponding F} score is starred. The transformer obtains the best I} score of 0.769,
the RNN 0.699, and the log ratio 0.194. The disturbance delineations corresponding to the
optimal 7 are shown in Fig. [4.8] third and fourth columns. While in practice, the optimal 7
would not be known a priori, we include these figures to highlight an example disturbance

delineation from each model.

4.6.3 2024 Valparaiso, Chile Wildfire

Fig. shows disturbance metrics for the transformer, RNN, and log-ratio as in the
previous section. As before, the transformer is the best performing, followed by the RNN.
Both deep methods are significantly more accurate than the log ratio, both in terms of
identifying the fire extents confidently and limiting the number of false positives elsewhere

in the scene, or before the fire occurred.

Fig. shows the PR curves for the Chilean fire scenes. As with the Papua New Guinea
landslide, the transformer achieves the best AUC of 0.680. The RNN is a second with an
AUC of 0.624, and both deep methods significantly outperform the log ratio (0.391). The
transformer also obtains the best Fj score of 0.645 (the best F; obtained by each method is
starred). The damage maps corresponding to those best Fj scores are shown in Fig. ,
third and fourth columns. These binary damage maps reflect the deep learning methods’ -
especially the transformer’s - ability to accurately map damage extents while limiting false

positives.
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Figure 4.10: Disturbance metrics, damage maps, and ground truth data of the fire. The first
two columns show the model’s disturbance metric before and after the fire. The third and
fourth columns show the best (by Fj score) binary damage maps of each method. The right
column shows the ground truth damage map. The transformer metric most accurately and

confidently captures the fire extents while limiting false positives. [HMH25| Figure 10]
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Figure 4.11: PR curves for the Chilean fire scene. The transformer is the most performant
model, achieving the largest area under the curve. The transformer also obtains the best I}

score (starred for each model). The binary damage maps corresponding to these starred F}

scores are shown in Fig. [4.10] third and fourth columns. [HMH25, Figure 11]

4.6.4 2024 Bangladesh Floods

As in the previous two sites, we study the transformer metric, the RNN metric, and the
log-ratio metric for the pre-event and post-event image in Fig. The disturbance is
more extensive in this scene and it is difficult to draw any immediate qualitative conclusions
from these maps. However, the log ratio method is somewhat confident that parts of the
river are a flooded area; the deep methods do not suffer as much from this (per the ground

truth damage map in Fig. [4.7, the river is not considered a flooded area).

The quantitative results again show that the transformer is the most performant method.
Fig. shows the PR curves for the flood scene. The transformer achieves the best AUC
0.754. The RNN is quite similar to the classical log ratio method (AUCs of 0.705 and 0.715,
respectively), underscoring the improved performance of the transformer compared to the
RNN. The transformer also obtains the best Fj score (0.701). The disturbance delineations
corresponding to best F} scores are shown in Fig. [4.12]

151



22.403°

22.320°

Latitude

22.237°

22.154°

22.403°

22.320°

Latitude

22.237°

22.154°

22.403°

22.320°

Latitude

22.237°

22.154°

Pre-event Metric

(a) Transformer

Pre-event Damage Map

Post-event Metric

3 3
»
- yr
T
A
5 km | 5 km %, !
89.832° 89.966° 89.832° 89.966°
Longitude Longitude
{5 £ ¥
6
5 km | .
89.832° 89.966° 89.832° 89.966°
Longitude Longitude
= L ;
) 1
89.832° 89.966° 89.832° 89.966°
Longitude Longitude

89.832°
Longitude

(b) RNN

89.832°
Longitude

(c) Log Ratio

89.832°
Longitude

89.966°

89.966°

89.966° 89.832°

89.832° 89.966°
Longitude

89.832° 89.966°
Longitude

89.832° 89.966°
Longitude

89.832° 89.966°
Longitude

89.966°
Longitude

89.966°
Longitude

89.832°

Figure 4.12: Disturbance metrics, damage maps, and ground truth data from the floods.

The first two columns show the model’s disturbance metric before and after the flood. The

third and fourth columns show the best (by Fj score) binary damage maps of each method.

The rightmost column shows the ground truth damage map. The transformer metric is best,

capturing more of the true flooding extents with fewer false positives. [HMH25| Figure 12]
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Figure 4.13: PR curves for the Bangladesh flood scene. The transformer is the most perfor-
mant model, achieving the largest area under the curve. The transformer also obtains the

best F score (starred for each model). The binary disturbance maps corresponding to the

starred Fj scores are shown in Fig. |4.12, third and fourth columns. [HMH25| Figure 13]
4.6.5 Sensitivity to Threshold

The preceding subsections presented PR curves (where the threshold 7 is varied) and best
damage maps (where 7 is chosen based on F} score relative to a ground truth). However,
operationally, we typically do not have access to ground truth, so choosing 7 must be done

a priori. Hence, some discussion of the sensitivity of the methods to 7 is warranted.

First, we evaluate the sensitivity of each method’s F} score to the threshold 7 for the
landslide event in Fig. [4.14] Natively, the deep methods’ threshold is in units of standard
deviations. For the log ratio, the threshold is in units of decibels. However, to compare
all the methods side-by-side, we plot the thresholds on the x-axis as a percentage of the
maximum threshold (where no pixels would be labeled positive). As described previously, the
transformer achieves the best I} score. However, this plot illuminates that the transformer
is also less sensitive to the threshold T compared to the RNN and log ratio at their respective

peaks.
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Figure 4.14: F) score vs. threshold for each method on the Papua New Guinea landslide.
The threshold percentage is computed with respect to the maximum value (SD or dB) in the
scene in order to compare all methods side-by-side. The transformer achieves the highest F}

score, and does so with a wider peak compared to the other methods, which indicates less

sensitivity to the choice of threshold 7. [HMH25| Figure 14]

Furthermore, in Fig. [4.15] we show that the transformer achieves strong Fj scores on
all tasks at similar thresholds; a threshold of approximately 5 standard deviations would
result in F) scores around 0.6 on all three tasks. While further validation is required, this is
initial evidence that one could a priori select 7 &~ 5 and expect the transformer to produce
high quality disturbance delineations across environments - even when ground truth is not
available. This is a critical quality for a model to possess for operational deployment. Future

work will focus on further corroborating this claim on more disturbance events.

4.6.6 Ablation Studies

This subsection describes and empirically justifies some of the transformer and RNN hyper-
parameter choices made in this chapter. Throughout the ablation studies, we report PR

AUC on each damage mapping task (landslide, fire, and flood) and bold the best result.
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Figure 4.15: F} score vs thresholds for the transformer metric. Effective thresholds are
consistent across all three scenes and lie in the range of 4-7 standard deviations. This
indicates some generality in the model and is evidence toward operational effectiveness,

where the threshold 7 must be chosen without knowledge of ground truth. [HMH25, Figure
15]

4.6.6.1 Input and Patch Size

Table compares the performance of the same transformer-based model with different
input and patch sizes. The architecture and training procedure for each model in the table

is the same as reported in Section |4.3.3.

P | Landslide PR AUC | Fire PR AUC | Flood PR AUC
16,8 0.732 0.680 0.754

32,8 0.714 0.630 0.771
32,16 0.630 0.603 0.744

Table 4.2: Effect of input (I) and patch sizes (P) on transformer performance. [HMH25| Table
2]

While vision transformers for image classification tasks typically use 224 x 224 as the
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Input Size | Landslide PR AUC | Fire PR AUC | Flood PR AUC

8 x 8 0.642 0.624 0.705

16 x 16 0.334 0.540 0.661

Table 4.3: Effect of input size on RNN performance. [HMH25, Table 3]

input size with a 16 x 16 patch size [DBK20], we found that a smaller input size (16)
and - in particular - a smaller patch size (8) was most performant on disturbance mapping
tasks. One explanation of this difference is the resolution of the data; OPERA RTC-S1 data
has a resolution of 30 meters, representing a completely different scale than typical (higher
resolution) image data for image classification tasks. A smaller patch size provides more
spatial detail in this remote sensing setting, which has been noted in previous work [CKM22].
This is especially useful in disturbance mapping, where the damage extents often have a fine-

grained boundary at a 30 meter resolution.

We also experiment with the input size for the RNN in Table[4.3. Transformers applied to
vision tasks process the input by patchifying and applying a positional encoding. Conversely,
RNNs do not have a positional encoding. Since the optimal transformer in our application
uses a 16 x 16 input size and an 8 x 8 patch size, we compare RNNs trained and deployed
with a 16 x 16 and an 8 x 8 input size. Similar to our findings with the transformer, the
smaller input size obtains better PR AUC, particularly on the landslide scene where the

damaged area is smaller.

4.6.6.2 Model Size

Table compares the performance of the transformer-based model with varying architec-
ture choices (and hence, varying number of total trainable parameters). The other modeling
and training choices are the same as reported in Section [4.3.3 except the largest model
required an initial learning rate of le-5 instead of le-4 (otherwise, the loss exploded). The

model with 3.3 million parameters performs the best on each disturbance mapping task,
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which is the model we used to report results in the previous sections. However, we expect
that with significantly more training data, a larger model can improve performance over
what is reported in this chapter. For now, we offer the comparison in Table to justify our
choices in this chapter, and leave scaling up the training set size and model size to future

work.

FF, L, P Landslide PRAUC | Fire PRAUC | Flood PRAUC

512, 2, 1.5M 0.717 0.670 0.748
768, 4, 3.3M 0.732 0.680 0.754
1024, 8, 7.1M 0.728 0.658 0.744

Table 4.4: Effect of width of feedforward layers (FF), number of layers (L), and total number
of parameters (P) on transformer performance. [HMH25, Table 4]

4.6.6.3 Learning Rate

Finally, we ablate the learning rate. Table compares the transformer model trained at
different starting learning rates (with the same learning rate decay factor of 0.1 at epoch
25). The other modeling and training choices are the same as reported in Section [4.3.3, The
starting learning rate of le-4 exhibits the strongest results, which corresponds to the results
we report in the main text. Learning rates larger than le-4 resulted in little to no training

and are omitted.

LR | Landslide PR AUC | Fire PR AUC | Flood PR AUC

le-4 0.732 0.680 0.754
le-5 0.725 0.632 0.746
le-6 0.648 0.551 0.678

Table 4.5: Effect of learning rate on transformer performance. [HMH25| Table 5]
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4.7 Discussion

The preceding subsections demonstrate the strength of our transformer-based disturbance
algorithm on three natural disasters, outperforming the RNN and log ratio on all three
sites as measured by area under the precision-recall curve. Our results suggest that the
data-driven machine learning methods, especially the transformer, are better disturbance
quantification tools than the classical log-ratio approach, provided one has access to sufficient
high quality training data collected for self-supervised training. Indeed, a single, relatively
small transformer was able to outperform the log ratio test significantly and consistently
across experiments. Our results also illustrate the improved performance and generality of
our work compared to previous deep learning-based approaches . Overall, our results
demonstrate the effectiveness of our self-supervised transformer across different environments

and disasters.

Although we are far from verifying this approach is globally applicable, the transformer
was consistently the best performing method on three different disaster events in three
different parts of the world. We also note that the optimal thresholds for the transformer all
fall within 4 to 7 standard deviations (see Fig. ; in particular, 7 ~ 5 would produce F ~
0.6 across all three sites. This indicates some inherent generality in the model, especially for
operational purposes, where the threshold 7 would have to be chosen without knowledge of
ground truth. In practice, the choice of threshold will depend on the application: a lower
threshold will capture more true positives (that is, disturbances) at the expense of possibly
more false positives, while a higher threshold will ensure fewer false positives but risk missing

some true positives.

Finally, a limitation of this chapter is that we evaluated methods’ disturbance delineation
on SAR data by comparing to disturbance maps generated using optical data. There will
inherently be differences and imperfections on both optical and SAR data and the delin-

eations derived from them. Some disturbances will be less detectable (or even invisible) in
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one modality compared to the other. Moreover, there may be other disturbances in these
scenes that are not accounted for in our ground truth damage maps, which only consider
the disturbances caused by the disaster. There could be real changes in backscatter that
are not related to the damage event, which would not be accounted for in our analysis.
However, these limitations are difficult to negate, and due to the abruptness and scale of
natural disasters, we expect the effect of non-disaster disturbances to be small. Moreover, the
consistently high performance of the transformer indicates potential as a global disturbance
model. A more complete global analysis is needed to ascertain if this transformer metric and
global thresholds can be used to ascertain disturbances in a variety of environments, and be

deployed for (near-)global disturbance mapping.

4.8 Conclusion and Future Work

In this chapter, we trained deep self-supervised vision transformer on near-global OPERA
RTC-S1 SAR data. We systematically analyzed this transformer-based metric to show it
had strong agreement with externally validated data. While many previous works on SAR
disturbance require supervision or are trained on a particular location and disaster event,
our model was self-supervised without needing any fine-tuning for different environments or

different categories of disaster.

There are two main avenues of future work. One is to provide systematic verification that
our vision transformer approach has global applicability for the RT'C-S1 data. This analysis
includes assessing additional categories of disturbances such as logging, urbanization, and
mining; analyzing the necessary baseline imagery required to delineate disturbances; and
analyzing how disturbance delineations change and can be tracked over time. The goal of
such systematic analysis is to adapt this transformer disturbance algorithm for near-global

disturbance monitoring through RTC-S1 inputs.

Another avenue of future work is to improve the model itself including increasing the
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model’s depth, training the model on more data, adding more nuanced spatiotemporal

features [RGL23,|TCZ23|, a masked pretraining step [HCX22|, and increasing the window

size so that the vision transformer can expand its spatial context. The ultimate goal of
this type of work is to generate a SAR foundation model that can be fine-tuned across
various wavelengths (such as C-band and L-band for the coming NISAR mission) and
across multiple downstream tasks including disturbance mapping, land cover use change,
classification. Indeed, promising work has been done in this direction for multispectral

data [Cla24]|JRP23||SLC24] and hybrid remote sensing data [TCZ23,[RAK20a]. We be-

lieve the community would benefit from a SAR-specific approach, especially using the new

OPERA RTC-S1 product and the forthcoming NISAR, products.

We hope this chapter is a step toward developing a disturbance tool that can be used to
inform decision makers and emergency responders in the wake of natural disasters, and be

a tool for researchers who study disturbances.
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CHAPTER 5

Conclusion

This dissertation developed novel methods for label-efficient machine learning. In the semi-
supervised setting, we proposed algorithms to address two major components of GBSSL:
constructing a high-quality graph (Chapter , and leveraging the graph’s structure for the
learning task (Chapter [3). Striving toward full label independence, Chapter [ introduced a

self-supervised model for disturbance mapping at a near-global scale.

In Chapter we described a methodology that supplies structure from learning for
GBSSL. We computed backpropagation equations for similarity graph construction and a
general family of graph learning methods in a gradient-based learning framework. Whereas
previous work approximated gradients or decoupled graph learning from neural network-
based encoders, our method updates parameters directly based on loss signals derived from
graph learning outputs. Using this insight, we designed the Graph Learning Layer (GLL),
which replaces a projection head for classification and can be implemented efficiently with
minimal computational overhead. In experiments, models with GLL heads achieved superior
clean and adversarial accuracy across datasets, architecture backbones, and labeling rates,
with the gap increasing as the label rate shrank. We further validated the utility of ex-
act backpropagation equations by comparing to WNLL - which relies on gradient
heuristics - where GLL exhibited consistent gains. Future work should focus on expanding
experiments to other graph learning methods, such as Poisson learning , which is
designed for especially low label rates. Applying active learning to GLL-enabled deep neural

networks is also an appealing avenue for future work.
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Chapter |3| studied how to learn from structure in graph-based active learning. Specif-
ically, we proposed a BFC-based coreset algorithm, Curvature Coreset (CC), that utilizes
the cluster structure of the graph to build a topologically-aware coreset. CC can detect
when the graph is sufficiently explored according to BFC, providing a natural, label-efficient
stopping condition. As a further extension, we illustrated how BFC can improve existing
AL routines, providing greater flexibility across datasets. On a variety of image datasets, we
demonstrated stronger semi-supervised performance with lower computational cost in both
sequential and batch AL experiments compared to baseline methods. The second thrust
of this chapter modified the graph to incorporate higher-order interactions around labeled
nodes. By localizing this multiscale regularization, we strike a desirable balance between
accuracy and efficiency: our method outperforms Laplace learning while achieving a tenfold
speed-up compared to the “full” multiscale method. Taken as a whole, this chapter posi-
tions graph-topological techniques as compelling tools to address the central tension between
exploration and exploitation in AL, ultimately enabling stronger models with fewer labels.
There are several potential directions for future work. One is to investigate how a graph’s
homophily (or lack thereof) influences the balance of exploration and exploitation - perhaps
delineating “regimes” in which more or less exploration is needed. This chapter also high-
lights the utility of tools from the GNN community for GBSSL. These two communities have
developed ideas mostly in isolation from each other, despite studying the same underlying
mathematical structures. The cross-pollination of ideas between GNN and GBSSL is indeed

a fertile ground for future efforts.

Finally, in Chapter {4 we developed a deep vision transformer for near-global distur-
bance monitoring using recently-released RTC SAR data from Sentinel-1. We employed
self-supervised training to eliminate dependence on time-consuming labeled data sets and
ensure scalability given huge amounts of unlabeled data, and tailored the outputs to pro-
vide an interpretable measure of confidence in disturbance delineation via the Mahalanobis

distance. In contrast to previous works, our model is highly general and can be applied
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to varying disturbances and terrains without retraining or supervision. We validated the
model on several disturbance mapping tasks from recent real-world natural disasters, where
we improved upon prior methods by up to an order of magnitude in PR AUC. Future work
should focus on larger-scale validation of the model, such as evaluating on more events and
types of disturbance (urbanization, logging, mining). The model itself could also likely be
improved by increasing the number of parameters, amount of training data, and the context
window, in line with recent trends in deep learning. With the recent launch of NISAR, the
availability of SAR data and the potential for high-impact applications will continue to grow
rapidly. The long-term vision of this line of work is to produce a SAR foundation model that

can be deployed in practice, serving stakeholders before, during, and after natural disasters.

Taken together, the dissertation elucidates a common thread: by reducing or eliminating
the need for labeled data, we can unlock the potential of modern machine learning techniques

for applications where supervision is costly or entirely unavailable.
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