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ABSTRACT 

The simultaneous two-point density fluctuations in a V-shaped turbulent flame are 
measured using a two-point Rayleigh scattering method. A wrinkle laminar flame model 
with .finite instantaneous flame thickness is developed for the flames studied. The reac­
tion front probability density function is both measured directly and also calculated 
from the measured mean density. An analytical expression for this pdf is given which is 
derived based on a thin flame model. The mean, rms and correlation coefficients are cal­
culated using the .finite reaction front thickness model and the results are compared 
with the experimental data. The pdf of the intermediate states are shown to be due to 
the reaction front thickness. 

Introduction 

The structure of turbulent ftames is quite complex and not well understood in 

spite of numerous theoretical and experimental studies. In this paper the density 

ftuctuations in relatively simple turbulent ftames have been determined using the 

two-point Rayleigh scattering technique. A number of the characteristics are com-

pared with the predictions of some simple modelling assumptions and shown to be in 

good agreement. This work is a continuation of previous studies on the velocity and 

density in this turbulent ftame configuration (1,2}, and in particular of the initial two­

point Rayleigh scattering measurements (3). 

Figure 1 shows a schematic diagram of the flame configuration and optics used for 

this study. The open jet nozzle for the premixed ftow is 5 em in diameter; the sur-

rounding co-axial nozzle produces an air velocity the same as the mixture in the inner 

fuel jet and minimizes the inner jet boundary turbulence and its effect on the tlame. 

The two-point density measurements reported in this paper were separated across the 

flame brush, the y direction. Further details of the combustor, optics and data collec­

tion system are given in Ref. (3). 

Turbulence in the jet ftow was generated either by a square grid, with 1 mm rods 

spaced 5 mm apart, or by a perforated plate with 3.2 mm holes and 4.8 mm spacing. 

Two different ethylene-air equivalence ratios were used to produce the ftame condi­

tions summarized in Table I. For each condition profiles in they {transverse) direction 

were taken at four stations, 20 mm, 40 mm, 60 mm and 80 mm above the flame-holder. 

For each profile the separation of the two points was varied in about 8 steps from 0.0 to 
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10.0 mm in y direction. The mean, variance, correlation coefficient and probability 

density functions are reported in this paper. 

Wrinkled I.aminar name :Model 

For the conditions of these experiments the structure of the flame is described by 

the wrinkled laminar flame concept . This has been shown by the previously reported 

experimental measurements (3), further, the ratio of the turbulence intensity to the 

laminar flame speed, u' ..1 Su, is less than 1, placing these experiments in the wrinkled 

laminar fiame regime (4,5). According to the wrinkled laminar fiame model the tur­

bulent fiame brush consists of a thin laminar reaction front which ftuctuates in shape 

and in location. Figure 2 shows the coordinate system used to describe the motion of 

the reaction front in one spatial dimension. The y axis is fixed in the laboratory frame 

with y=O at the center of the turbulent tlame brush. The ~ axis is attached to the 

instantaneous fiame with ~=0. being fixed at the center. The vertical axis is labeled by 

p for the density. On the same figure the mean density, p(y ), and a schematic of the 

probability density function (pdf) of the position of the laminar flame, Q(y), are shown. 

A similar approach in modelling the wrinkled laminar fiame was previously 

employed by Smith and Gauldin {6). They assumed a triangular shape for the pdf of the 

reaction front. In this paper the pdf, Q(y), is calculated from the experimental data; 

further, the model is extended to two-point correlations and to the calculation of the 

pdf of the intermediate states. 

An analytic expression for obtaining Q{y) from the mean turbulent flame profile 

can be found if a thin reaction front assumption is made, i.e., that the laminar ft.ame 

thickness ti1 is much less than the turbulent flame brush thickness. In this case there 

are only burned or unburned states within the ftame, and the probability of finding 

burned gas at point y will be given by 

'II 

PI) (y) = j Q(y' )dy' (1) -

2 
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In this equation Q{y)dy is the probability that the reaction front center will be found at 

y. The probability of finding unburned gas at point y is the complementary expression 

given by: 

-
Pu(Y) = 1-p,(y) = j Q(y' }dy' 

'II 

The mean density at point y is then given by 

. 'II 

p(y) = PuPu (y) + Pt~Pb (y) = Pu -(pu-p,) f Q(y) 

By differentiating equation (3) with respect to y, Q(y) may be found: 

Q(y) = 1 d ~ 

1
_ Pb . dy ( Pu ) 

Pu 

(2) 

(3) 

(4) 

Using Eq. {4) Q(y), the probability that the ftame center is located at y, can be 

found from the measured p {y). The validity of the thin reaction front approximation 

is discussed later. If a finite thickness fluctuating flame front is assumed, a simple 

algorithm for Q{y) cannot be obtained and it would be necessary to use a more complex 

procedure, such as a curve fitting, successive approximation algorithm. 

Expressions for the mean, variance, covariance, and probability density function 

based on a finite thickness instantaneous flame front, with profile p1 a>. will now be 

developed. Referring to Fig. 2, the origin of the { coordinate is fixed at the center of 

the fluctuating instantaneous flame. Thus Q(y)dy is the difierential probability for the 

origin of the t coordinate, to be at location y. It can then be seen that the differential 

• probability that {={1, is at the location y is just 
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Similarly, the differential probability that y =y 1 is at the location { is 

P(Yl)d{ = Q(y~-{)d{ 

The mean density, for instance, is then given by 

p(y) = fp,(~) p(y)dt 

= fp,(t) Q(y-{)dt 

.... 

The instantaneous fl.ame profile p1 (0 is assumed to be the same as the laminar 

ft.ame profile and is obtained directly by Rayleigh scattering measurements of a lam-

inar fiame at the same equivalence ratio. This is accomplished using the same 

apparatus with the turbulence generating grid removed, with the measurement per­

formed close to the fl.ame-holder. This profile differs from the asymptotic values of Pu 

and p, only over the distance ~I about the fl.ame center. Let us define 

=p,(t) 

=pu 

The mean and variance are then given by 

-

6 
for { > J 

dl 61 
for--<{<-

2 2 

6 
for { < _'2_ 

2 

p(y) = fpt(t)Q(y-{)dt 

-
p'2(y) = fpt2(t) Q(y-{)d{ -j/-(y) -

(5) 

(6) 

When density measurements are taken simultaneously at two different y positions, 

separated by o, the covariance can be defined as 

••Note dy=d E' and 

T . 

cov{p1.P2) = ~jp1(t)p2(t)dt 
0 

prob(f+~>Yt>E'-~)=prob[yl-5.,<E'<Yt+.!!l.] =Q(yt-t)cty= Q(yt-E')at 
2 2 2 2 

This equation simply means that the motion of a differential Yt seen by an observer 
standing at tis the same as the motion of a differential element t to an observer 
standing at Ill . 
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in terms of the time dependent variables p1 {t) and p2 (t). Using the fiame model of 

Fig. 2 and the probability of the instantaneous tlame location Q{y), the covariance of 

••• the density is given by 

-
-

The correlation coefficient of density fluctuations is then given by 

R( 6) _ cov(y,y+6) 
Y. - (p=:a(y )p•2(y +o)) 112 

(7) 

{8) 

To find the pdf of the density fluctuations at a given point y we convert the proba-

bility domain from t to p=p1 ({) , where p1 ({) represents the laminar fiame density 

profile. It was stated above that the probability of y 1 falling in a differential region of 

the laminar fiame at tis Q{y 1-t)d{. Let us define q711(p)dp to be the probability of y 1 

falling in a differential region of the laminar fi.ame with density p. These two probabili-

ties are identical, ie q711(p)dp=Q(y 1-t)d{, which gives: 

· Q(yx-t) 
q'lll(p) = dp,(t) {9) 

cl{ 

In this equation for the pdf of the density both { and clp1 ({)/ d { are evaluated from 

PJ ({) at the value p. 

It is obvious that q
711 

(p) , the pdf of the density at point y 1 , will have an infinite 

value when p1 assumes the unburned and burned values, Pu and Pb, where 

dp1 ({)/ d t=O. This represents two delta functions corresponding to unburned and 

burned densities, Puandpb. For Pu>P>Pb , dp1 ({)1 cl{ is non-zero and thus q711 will have 

+-
+ j P6 2q(y-f)df - P{J/)P'{v+4) . 
't/2 

The covariance equation for two other cases of ~4<4pm40.=<4<i;. 
also could also be defined similarly. 
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a finite, non-zero value in this range which represents the intermediate states of den­

sity. 

Experimental data and comparison with model predictions 

In Fig 3 the mean flame density profile p(y) and the pdf of the reaction front Q(y) 

as calculated from Eq.{4), are shown. A two-point Rayleigh method was also used to 

directly measure Q{y) and is shown by the circles and the dashed line through them. 

There is good agreement with the result derived from Eq.(4). The directly measured 

Q(y) was determined by measuring the fraction of the time that the front was found 

between the two measurement points, as a function of the location of two measure­

ment points across the flame brush. The separation between the sampling points was 

1.2 mm while the laminar flame thickness was about 1.0 mni. Similar results were 

obtained for other stations and the other flame conditions listed in Table L 

Figure 4 shows the experimental measurements and model predictions for the 

normalized mean density and the normalized rms density .tluctuations at the same 

locations as in Fig. 3. The lines represent the model predictions based on Eqs. (5) and 

{6) and the points are the experimental data. 

In Fig. 3 good agreement is obtained between the two methods for determining 

Q(y). The thin instantaneous flame approximation made in deriving Eq.{4). should be 

quite good for the thick flame of Fig. 3b, but may result in some error for the condi­

tions of Fig. 3a, where the turbulent flame has a thickness of about 3mm and the lam­

inar flame thickness is about lmm. The approximation used in Eq.{4) will result in 

lower maximum value for Q(y); in Fig. 3a the calculated value is about 10% smaller. In 

Fig. 4 excellent agreement is found between the experimental results and the modeling 

predictions of the mean density. These predictions are based on Eq.(5) and includes 

the laminar flame thickness, supporting the accuracy of the thin instantaneous flame 

approximation used for obtaining Q{y). 

The agreement between the experiment and model predictions for the rms density 

tluctuations are also good for the thicker tlame of Fig. 4b., but the model predictions 

are somewhat larger for the thinner fiame of Fig. 4a. At the center of the fiame brush 
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the model predicts rms values of 0.35 and 0.40 for Fig. 4a and Fig. 4b respectively; the 

corresponding experimental values are 0.30 and 0.40. In this model, therefore, the rms 

fluctuation is a function of the flame thickness and thus the height above the flame­

holder. In the thin flame approximation, as shown by Liby and Bray (7), the rms den­

sity fluctuations are a function of unburned, burned and local densities. The maximum 

at the center of the brush is a function of burned and unburned densities only and for 

both cases of Fig. 4a and Fig. 4b the predicted rms fluctuations by the thin flame 

model are 0.42 as compared to the experimental values of .30 and 0.40. 

Good agreement with the model predictions from Eq. (8) is obtained for the two­

point correlation coefficient, as shown in Fig. 5. The data are plotted as a function of 

distance c5 between the two sample points, with the one of the points always kept at the 

center of the turbulent flame. Data for three axial locations, and for the three different 

flame conditions, are shown. For the 20mm axial location the measured correlation is a 

bit larger than the model predictions. This is consistent with the lower rms fluctuation 

at the same location, shown in Fig. 4a. 

For all the cases studied the correlation coefficient and therefore the length scale 

associated with the density fluctuations increases with the distance above the flame­

holder. For a given height above the tlame-holder the correlation coefficient is least 

for the flame 1 and is largest for flame 2( Table I). 

The experimental and predicted values of the density pdf are shown in Fig. 6 for 

different locations in the flame brush with an axial location of 40mm, and in Fig. 7 for 

the center of the flame brush at different axial locations. The experimental measure­

ments include photomultiplier noise, and thus are somewhat different from the model 

predictions of Eq.{9) for the density without noise. For the rms fluctuations shown in 

Fig. 4 the photomultiplier noise was subtracted out{2,3), however, there is no simple 

way to remove this noise from the pdf. 

A13 mentioned previously, the model properly predicts a singular value of the pdf 

at Pu and Pb , and thus the model curve asymptotically approaches infinity at these 

densities. For the experimental data the phtomultiplier noise broadens these singular-
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ities and leads to peaks of .finite height and width. In these end regions of the pdf the 

photomultiplier noise dominants the experimental data and the measured results 

cannot be compared with the model. However, the effect of the noise is to broaden any 

peak and thus will have little effect for intermediates values where the pdf is rather 

fiat. 

In all cases the model predictions are in relatively good agreement with the meas­

ured intermediate state densities. In particular, the decrease in the intermediate 

states with distance from the .tlame-holder predicted by the model is in agreement 

with the experimental measurements. This decrease in the intermediate states at dis­

tances further away from the dame-holder is due to the increase in the ftame brush 

thickness, and thus the ratio with the laminar tlame thickness, which decreases the 

probability that the measurement point will fall within the laminar ftame region. It is 

clear that the finite instantaneous ftame thickness is responsible for the intermediate 

state density. In these experiments both the spatial resolution and the time response 

of the measurement technique were adequate to ensure at most a small correction. 

The experimental intermediate state densities are consistently somewhat larger 

than the predictions. For the 20.mm axial location the lower predictions could be due 

to the thin reaction front assumption used in calculating Q(y). For the larger axial 

locations the thin reaction front assumption is reasonable and there should be little 

error in Q(y). However, there is another mechanism which would broaden the effective 

laminar flame and may be responsible for the larger measured intermediate states. 

High speed movies of the flame surface show an increase in the convolutions and angu­

lar orientations of the fiame at larger distances from the ftame-holder{B). These convo­

lutions would cause the flame to cross the measurement point at steep angles and thus 

increase the effective instantaneous flame thickness. 

Conclusions 

The density fluctuations in a turbulent V-shaped fiame were measured using a 

two-point ·Rayleigh scattering technique. A wrinkled laminar flame model of the flame 

is developed. The probability density function of the reaction front used in this model 
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is both measured and calculated. The calculated mean density profile is always in good 

agreement with the experimental data. Both the measured and calculated rms fluctua­

tions increase with the height above the flame-holder. The predicted rms is a bit too 

large for locations close to the flame-holder 

The correlation coefficient between the density fluctuations increases with the 

height above the flame-holder. The model also predicts the same trend with good 

agreement between the experimental and predicted values. 

The intermediate states are due to the laminar flame thickness. The predicted 

values for the intermediate states are smaller than the measurements. The intermedi­

ate states are relatively large at locations close to the flame-holder. 
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'ol TABLE 1 Experimental Conditions 
No. Equiv. u ... lurb. (u' I U).,. 

ratio (m/ s) source (%) 

1 0.6 7.0 grid 5.0 

2 0.6 7.0 plate 7.0 

3 0.8 7.0 grid 5.0 
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Fig. 1 Schematics of the experimental apparatus for two-point Rayleigh 
scattering measurement. 
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Fig. 2 

laminar 
flame 

'I 

XBL 841-375 

Coordinate system of the wrinkled laminar tiame model with 
moving t axis attached to the center of the laminar reaction 
front and the stationary y axis ftxed to the center of the tur­
bulent tiame brush. 
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Fig. 5a,b,c Measured and calculated correlation coefficient of the density 
ftuctuations at two points separated by ~. with one of the points 
tlxed at the center of the flame brush, plotted against ~ for tlame 
No.l{a). No. 2{b) and No. 3{c). 
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Measured and calculated density pdf for different locations in the 
ftame brush at axial location of 40.mm in name No.(l). The hor-
izontal axis of this figure represents the instantaneous density 
and the oblique axis represents the mean density at measure-
ment points. 
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Measured and calculated density pdf for the center of fiame No. 
1 at different axial locations above the fiame holder. 
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