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Abstract

The algebra and arithmetic of vector-valued modular forms on I'y(2)
by

Richard Gottesman

In this thesis, we investigate the module structure and the arithmetic of vector-valued modular
forms. We show that for certain subgroups H of the modular group, the module M (p) of vector-
valued modular forms for a representation p of H is a free module of dimension dim p. In the
case when p is an irreducible two-dimensional representation of I'y(2), we compute a basis for
M (p) using the modular derivative. We then express the component functions of an element F
of M(p) of minimal weight in terms of the Gaussian hypergeometric series, a Hauptmodul of
I'p(2), and the Dedekind m-function. This allows us to obtain explicit formulas for the Fourier
coefficients of . We say that a function f whose Fourier coefficients are algebraic numbers
has unbounded denominators if the sequence of the denominators of the Fourier coefficients
of f is unbounded. We show that if p has certain properties then the Fourier coefficients of a
normalization of each of the component functions of F are algebraic numbers. Moreover, we
show that both component functions of this normalization have unbounded denominators. We
then prove that if X is any vector-valued modular form for p whose component functions have
Fourier coefficients that are algebraic numbers then both of the component functions of X have

unbounded denominators.

v



Dedication

I dedicate this thesis to the memory of Bernie and Bernice Carson.



Acknowledgments

I have been very fortunate to have had Geoff Mason as my doctoral advisor. I have greatly
enjoyed and profited from my weekly meetings with Geoff, which would often last five to six
hours. These meetings were quite lively and I think that half of the math department knew when
we were meeting. It is possible that they may have heard some of our bad jokes. During these
meetings, Geoff’s questions and ideas helped me to understand the essence of many mathe-
matical issues. These meetings inspired me to think more deeply about mathematics and I will
miss them. Geoff’s encouragement and interest in my research has made my time in Santa Cruz
rewarding and a lot of fun. Geoff has been an extraordinary mentor, a great teacher, and a true

friend. To Geoff: 196883 + 1 thank you’s is simply not enough.

I thank Geoff and Chris Mason for being so incredibly welcoming during my time in Santa

Cruz. I appreciate their hospitality, their kindness, and their friendship.

I have learned a lot of mathematics from Cameron Franc. Cam’s interest in my work and his
encouragement at an important phase of my research helped me to resolve a critical issue. I

thank Cam for his help and for his eagerness to discuss vector-valued modular forms.

I thank Robert Boltje and Junecue Suh for serving on my thesis committee. It has been a plea-
sure to take several courses from Robert and Junecue. Their enthusiasm and encouragement has

meant a lot to me.

vi



Many members of the math department at UC-Santa Cruz have been very supportive. I am
especially thankful to Frank Bauerle, Michelle Dohl, Julie Krueger, Debra Lewis, Katie Novak,

and Sandra Yates.

I thank Ryan Drury, Connor Jackman, Paul Pollack, Junecue Suh, and Deniz Yilmaz for listen-

ing to me talk about my research and for offering their own perspectives and suggestions.

I have been lucky to have met many wonderful people during my time in Santa Cruz whose
friendship has helped make the last several years memorable and full of the best kind of mishe-
gas. [ am especially thankful to my fellow math graduate students, my fellow improvisers, Team

Yellow, the group at 100 Calvin Place, and my friends who defy all such characterizations.

I have had a number of incredible teachers whose passion for their subject and whose encour-
agement has been an inspiration. I thank Amy Fetters, Joanna Shubin, Gary Shapiro, the late

Harold N. Shapiro, and Mike Rosen.

I thank Danny Maienschein and Paul Pollack who have provided me with encouragement and

reassurance when I needed it the most.

My family’s support has meant the world to me and has been a blessing. I thank my Mom and

Dad, David, Elena, Debbie, Eric, Elinor, Ken, and the Castaneda’s: Gina, J.J., Elena Senior, and

vii



Javier.

David deserves special mention both for always supporting me and for going to every single
mathematical play or musical that I wanted to see. I know that Fermat’s Last Tango will not be

our last mathematical tango.

My Mom and Dad have always supported my passion for mathematics and believed in me. I
especially appreciate their encouragement during my final year of graduate school, which was

particularly intense and challenging. Their support has made all the difference.

I know my grandmother, the late Bernice Carson, would have been thrilled to read my thesis.
Bernice defied society’s expectations to be one of the few women (at the time) to complete a
master’s degree in mathematics from Columbia University. Bernice was my teacher, my men-

tor, and one of my closest friends.

My grandfather, the late Bernie Carson, was a true mensch. He had an inexhaustible supply of
kindness. He was a creative person and he loved poetry, puppetry, woodworking, and painting.
Even though Bernie was not a math person, he was always very excited to see me doing math-

ematics because he knew it was my passion.

I have dedicated my thesis to the memory of Bernie and Bernice Carson. I know that they would

be filled with joy and pride to see my thesis.

viii



Chapter 1

Introduction

1.1 Motivation

Vector-valued modular forms play a fundamental role in number theory. Two ex-
amples include the theory of Jacobi forms [8] and the work of Borcherds [4]. Vector-valued
modular forms have been effectively studied from different perspectives including algebraic ge-
ometry ([5], [6]), vector-valued Poincaré series ([L6], [[17]), and a Riemann-Hilbert approach
([12[). The arithmetic of the Fourier coefficients of vector-valued modular forms for a represen-
tation of the modular group I" have been intensively studied by Cameron Franc, Chris Marks,
and Geoff Mason ([9]], [1L], [19]). One of the motivations for their work is the unbounded
denominator conjecture of Atkin and Swinnerton-Dyer ([[1]). Atkin and Swinnerton-Dyer gave
examples of modular forms on noncongruence subgroups whose Fourier coefficients have un-
bounded denominators. Franc and Mason have shown in [9] that if p is a two-dimensional irre-

ducible representation of I such that ker p is a noncongruence subgroup then any vector-valued



modular form for p whose Fourier coefficients are algebraic numbers has the property that the
denominators of the Fourier coefficients of each of its component functions is unbounded. Their
technique involves showing that a minimal weight vector-valued modular form for p satisfies a
second order differential equation whose coefficients are modular forms on I'. This differential

equation can be described using a single parameter that depends on p.

The focus of this thesis is the study of the module structure together with the arith-
metic properties of vector-valued modular forms for a two-dimensional irreducible represen-
tation p of I'p(2). In this thesis, we show that the module of vector-valued modular forms for
such a p is a free module. We then study the modular linear differential equation that is satis-
fied by a vector-valued modular form of minimal weight. In contrast to the case when p is a
representation of I', this differential equation is dependent on three parameters, instead of one.
These additional parameters present an interesting and important challenge when studying the
arithmetic of two-dimensional vector-valued modular forms on I'o(2). In this work, we make
progress towards proving that if p is a two-dimensional irreducible representation of I'g(2)
such that ker p is a noncongruence subgroup then any vector-valued modular form for p whose
Fourier coefficients are algebraic numbers has the property that the denominators of the Fourier
coefficients of each of its component functions is unbounded. Indeed, we prove this conjecture

is true for a certain class of representations.



1.2 Overview of the thesis

In chapter two, we define vector-valued modular forms and study the module structure
of vector-valued modular forms. We use ideas from commutative algebra to show in Theorem
[2.2.2] that the module of vector-valued modular forms is Cohen-Macaulay. We then show in
Theorem [2.2.3] that for certain subgroups H of the modular group I', the module of vector-
valued modular forms M(p) for a representation p of H is free of rank dim p. In particular, we
show that the module of vector-valued modular forms for a representation p of I'g(2) is a free
module. We note that the results we obtained in chapter one were also obtained using other

methods by Cameron Franc and Luca Candelori. (see [, [6]).

In chapter three, we show how to use the modular derivative to compute a basis for
the module of vector-valued modular forms M(p) with respect to a two-dimensional irreducible
representation p of I'(2). Let ko denote the least integer for which My, (p) # 0 and let F denote
a nonzero element in My, (p). We prove in Theorem that F and Dy F := qd% (F)— %EQF

form a basis for My, (p).

In chapter four, we show that F' satisfies an ordinary differential equation on the com-
plex upper half-plane whose coefficients are modular forms on I'j(2). We then use a Haupt-
modul of I'g(2), which we denote by J, to transform this differential equation into a second
order ordinary differential equation on P!(C). The singularities of this differential equation oc-

cur at 0,1, and o= and they are all regular. A differential equation of this form can be solved



explicitly using the Gaussian hypergeometric function. In Theorem we express the two
component functions of F in terms of the Dedekind n-function, the Hauptmodul J, and the
Gaussian hypergeometric function evaluated at J~!. In the appendix, we prove that the function
J is a Hauptmodul and compute its first and second derivatives. These properties are used in
chapter four. We also establish a certain integrality property related to . This property is used

in chapter five.

In chapter five, we study the arithmetic properties of the Fourier coefficients of vector-
valued modular forms with respect to p. To do so, we put some stipulations on p to ensure that
a certain normalization F’ of the component functions of F have Fourier coefficients which
are algebraic numbers. In Theorem [5.2.14] we show that if two sets of prime numbers S and
S that are determined by p are infinite then the denominators of the Fourier coefficients of
each of the component functions of F’ are unbounded. In Theorem we prove that for
a certain class of representations p, S and S are infinite. Consequently, each of the sequences
of denominators of the Fourier coefficients of the component functions of F’ are unbounded.
We show in Theorem that if S and S are infinite and if X is any vector-valued modular
form for p whose component functions have Fourier coefficients that are algebraic numbers
then the sequence of the denominators of the Fourier coefficients of each of these component
functions are unbounded. In Theorem[5.3.8] we prove that for a certain class of representations
p, every vector-valued modular form for p whose Fourier coefficients are algebraic numbers
has the property the sequence of the the denominators of the Fourier coefficients of each of its

component functions are unbounded.



Chapter 2

The module of vector-valued modular

forms

2.1 Preliminaries on vector-valued modular forms

1 1
Let $) denote the complex upper-half plane, let k € Z, and let I' = SL,(Z). Let T :=
0 1
a b
If F : $ — C' is a holomorphic function and if y = € I' then
c d

o i fat+b
Fly(t) := (ct+d) "F <c‘c+d> :

In this way, I" acts on holomorphic functions on ). Indeed, if y;,y, € I then F|yi1y, =
(Fli1)|xY2- Let H denote a finite index subgroup of I" and let p denote a finite-dimensional

complex representation of H. Let d denote the dimension of p.



Definition 2.1.1. A vector-valued modular form F of weight k with respect to p is a holomor-

phic function F : § — C¢ which is also holomorphic at all of the cusps of

a b
H\(HUPY(Q)) and such that for all © € ) and for all €H,

a a b
F<Cziz>:(cr+d)kp ) F(t). (1)

The above equation can also be expressed as F |y = p(y)F for all y € H. We now describe what
it means for F to be holomorphic at a cusp of H\($JP'(Q)). Our exposition closely follows
[10]. As H is a finite index subgroup of I, the subgroup (| Yy 'H7 s a finite index subgroup of

yer

I". Therefore there exists a smallest positive integer N for which TV € () y~'Hy. We now fix
yer
some Y € I" and we will explain what it means for F to be holomorphic at the cusp y- . Let

h € H such that YTV = hy. Then

(Fle)T™ = Flx(vTY) = Fle(hy) = (Flih) ey = (p(h)F)|ey = p (1) (F le).-

Let A be an invertible matrix such that Ap(h)A~" is in modified Jordan canonical form. A matrix

is in modified Jordan canonical form if it is a block diagonal matrix whose blocks are of the form

A

A

A A

The number A is an eigenvalue of p(4). We note that

(AR kT = A(F[yT™) = Ap(h) (F|iy) = Ap(h)A™ ' (AF ) |iv.



Mason and Knopp have proven (see Theorem 2.2 in [15]) that the component functions of

(AF)|xY corresponding to the block above (whose row and column size we denote by m) have

the form ) )
h
hy +thy
hy +thy + (;)hl
_hm + Thy—1+ (;)hm72 +--+ (mr_l)hl_
where

hi(t) =Y an(D)gy M A= gy =€V .
neZz

We say that F (or equivalently AF) is meromorphic, holomorphic, or cuspidal at the cusp
Y- oo if the gy-expansion of each A; has respectively only finitely many nonzero coefficients a,,
for which Re(n 4 u) < 0, no nonzero coefficients a, for which Re(n + u) < 0, and no nonzero
coefficients a, for which Re(n+u) < 0. We note that this definition is independent of the choice
of u. If at least one of the component functions of AF contains a term with a nonzero power of

7 then we say that AF and F' are logarithmic vector valued modular forms.

2.2 The module of vector-valued modular forms

We denote the collection of all weight k£ vector-valued modular forms with respect to p by
Mi(p). Welet M(p) := @z Mk(p). We emphasize that every vector-valued modular form for p

has a weight. Therefore the homogeneous elements of M (p) are exactly the vector-valued mod-



ular forms for p. Let M, (H) denote the collection of all classical weight # modular forms on H
and let M (H) := @,z M;(H). The ring of classical modular forms on H acts on M(p). In fact, if
m e M;(H) and if F € M(p) then for any y € H, (mF )iy = m|YF |y = mp(Y)F = p(y)(mF).
Thus mF € My,(p). In this way, M (p) has the structure of a Z-graded M (H )-module. If H =T"

then the M (H )-module structure of M(p) is completely understood:

Theorem 2.2.1. (Marks-Mason, Gannon, Franc-Candelori) Let p denote a representation of T'.

Then M(p) is a free M(I")-module of rank equal to the dimension of p.

Theorem [2.2.1| was proven by Chris Marks and Geoff Mason using vector-valued Poincaré
series ([20]), by Terry Gannon using a Riemann-Hilbert perspective ([12]]), and by Cameron
Franc and Luca Candelori using an algebro-geometric approach ([6]]). In general, M(p) is not
free as a M(H)-module. The purpose of the rest of this chapter is to prove the following two
theorems concerning the M (H )-module structure of M(p). We note that one may also obtain
these theorems from the works of Franc and Candelori (see [6], [S]]) but using different methods

than those in this thesis.

Theorem 2.2.2. Let H denote a finite index subgroup of SLy(Z) and let p denote a representa-

tion of H. Then M(p) is Cohen-Macaulay as a M(H)-module.

Theorem 2.2.3. Let H denote a finite index subgroup of SLy(Z) and let p denote a represen-
tation of H. Suppose that there exist homogenous elements X and Y in M(H) which are al-
gebraically independent such that M(H) = C[X,Y|. Then M(p) is a free M(H )-module whose
rank equals the dimension of p. Moreover, there exists a M(H )-basis for M(p) which consists

of homogeneous elements of M(p).



The hypothesis of Theorem is satisfied for only a few subgroups of I'. In [21], Wagreich
classified those finitely-generated Fuchsian subgroups for which the graded ring of modular
forms is generated as an algebra by two or three elements. He then determines the algebra

structure of all such graded rings of modular forms. Examples of subgroups H which satisfy

the hypothesis of Theorem are I',T(2),I'(2),and I'(4).

We will use the following Lemma in the proof of Theorem 2.2.2]and Theorem[2.2.3]

Lemma 2.2.4. Let Indg(p) denote the induction of the representation p from H to I'. Then

M(p) and M(Indyy(p)) are isomorphic as Z-graded M(T)-modules. In particular, for all k € Z,

Mi(p) = My(Indy(p)).

We postpone the proof of Lemma [2.2.4] until the end of the chapter. It was proven by Geoff
Mason and Marvin Knopp in [17]] that if H = I" and p(7) has finite order then My (p) has finite
dimension, My (p) = 0 if k << 0, and M(p) # 0. These results of Mason and Knopp combined
with Lemma2.2.4)imply that for any representation p of H for which p(7") has finite order, we
have that My (p) has finite dimension, My (p) =0 if k << 0, and M(p) # 0. Luca Candelori and
Cameron Franc (see [6]], [5]]) describe how to interpret My(p) as the space of global sections
of a certain holomorphic vector bundle. This interpretation allows them to show that for any
representation p, My (p) has finite dimension, My (p) = 0if k << 0, and M(p) # 0. In particular,

there exists a unique integer k such that My (p) # 0 and M;(p) = 0if j < k.

We now recall some definitions and theorems from commutative algebra that we will use in our



proofs of Theorem and Theorem Our reference is Benson’s text (see [2].)

Let A denote a commutative Noetherian ring and let M denote a finitely generated A-module.

Definition 2.2.5. An element a € A is a non-zero-divisor for M if am = 0 for m € M implies

m=20.

Definition 2.2.6. An element a € A is regular for M provided that 0 = M, M # aM, and a is a

non-zero-divisor for M.

Definition 2.2.7. A sequence xi,...,x, € A is a regular sequence for M if x; is regular for M

and if for all i with 2 < i <'r, x; is regular for M/ (x;M + .... +x;_1M).

Definition 2.2.8. The depth of the module M is the length of the longest regular sequence for

M. The depth of the ring A is its depth as an A-module.

Definition 2.2.9. The Krull dimension of a commutative ring A is the maximum length n of
a chain of proper inclusions of prime ideals p,, C pp—1 C -+ C p1 C po or o if there are such

chains of unbounded length.

Definition 2.2.10. If M is an A-module, the Krull dimension of the module M is defined to be

the Krull dimension of the ring A/Anna(M) where Anng(M) :={a € A:aM = 0}.

Definition 2.2.11. The ring A or the module M is Cohen-Macaulay if its depth is equal to its

Krull dimension.

Definition 2.2.12. Let A and B denote commutative rings such that A C B. We say that B is an
integral extension of A if every element of B is integral over A. If B is an integral extension of

A and finitely generated over A as a ring then we say that B is a finite extension of A.

10



We shall use the following result from commutative algebra. For a proof, see Corollary 1.4.5 in

Benson [2]].
Theorem 2.2.13. If B is a finite extension of A then the Krull dimensions of A and B are equal.
Let Ey = 1 +240Y  63(n)q" € My(T) and let A = g(1 — ¢")** € S1»(T).

Lemma 2.2.14. Let H denote a finite index subgroup of SL,(Z) and let p denote a representa-

tion of H. The sequence A, Ey is a regular sequence for the M(H )-module M(p).

Proof. Tt is clear that A is a non-zero-divisor for M(p) since A has no zeros in ). To prove that
A is regular for M(p), it suffices to show that M(p) # AM(p). Suppose that M (p) = AM(p). Let
X denote a non-zero element in M(p) of minimal weight. Then X = AV for some V € M(p).
The weight of V is less than weight of X. This is a contradiction because of the minimality of
the weight of X. Hence M(p) # AM(p). We have thus shown that A is regular for M(p). We will
now show that Ey is regular for M(p)/AM(p). We have already shown that M(p)/AM(p) # 0.
We now argue that Ey4 is non-zero-divisor for the module M(p)/AM(p). Suppose that Y € M(p)
and E4(Y +AM(p)) = AM(p). Then E4Y € AM(p). We write E4Y = AZ for some Z € M(p). We
wish to show that Y € AM(p) and it suffices to show that this is true when Y is homogeneous.
Let k denote the weight of Y. Let y; denote the i-th component function of Y, let z; denote the
i-th component function of Z, and let y € I'. Therefore E4y; = Az; and E4(y;|xy) = A(zi|r—sY). As
A=q+0(q*) and E4 = 1+ 0(q), all the powers of ¢ in y;|y occur to at least the first power. We
have thus shown that A~!(y;|;y) contains no negative powers of g and is therefore holomorphic
at the cusp Y- . Hence % is holomorphic at all of the cusps. As A does not vanish in £, we have

that X is holomorphic in §). Hence X € M(p). Therefore Y € AM(p) and Y +AM(p) = AM(p).

11



We have now proven that E4 is a non-zero-divisor for the module M(p)/AM(p). Finally, we
need to show that E4(M(p)/AM(p)) # M(p)/AM(p). Let X denote a nonzero element in M(p)
of minimal weight, which we denote by w. If M(p)/AM(p) = E+(M(p)/AM(p)) then there
exists some F € M(p) such that X + AM(p) = E4F + AM(p). Let G € M(p) such that X =
E4F + AG. We may write F' and G uniquely as a sum of their homogeneous components. Let
F,,—4 and G,,_1» denote the weight w — 4 and the weight w — 12 homogeneous components of
F and G. Then X = E4F,, 4+ AG,,_1>. We must have that F,,_4 # 0 or G,,_1, # 0 since X # 0.
Thus we have found a nonzero element of M(p) (namely, F,,_4 or G,,_12) whose weight is less
than the weight of X. This is a contradiction. Thus M(p)/AM(p) # Es(M(p)/AM(p)). We have

shown that Ey is regular for M (p)/AM (p) and our proof is complete. O

The proofs of Theorem and Theorem require some results about M(H). We prove

them now.
Lemma 2.2.15. If H is a finite index subgroup of I then M(H) is a free M(I')-module whose

rank equals [T : H].

Proof. Let o denote the trivial representation of H. Lemma implies that M (o) = M(H)
and M (Ind, o) are isomorphic M(I")-modules. Moreover, Theorem implies that M (Ind; o)
is a free M (I")-module of rank equal to dim Indy,o.= [[": H]. Thus M(H) is a free M(I")-module

of rank [I": H]. O

Lemma 2.2.16. If H is a finite index subgroup of T then M(H) is a Noetherian ring.

Proof. Lemma[2.2.15|states that there exist by, ..., bir.y) € M(H) such that M(H ) = EBID;TI] M(T)b; =
M(L)[by,....byr.p)| = ClEs, Eg][by, ..., bir.g]- Let X, ..., X|r.g) denote indeterminates.

12



Let ¢ : C[Ey, E¢][X1, ..., X[r.z)] — C[E4,E¢][b1, ..., bir.p)] be the map that sends each X; to b;. The
surjectivity of ¢ implies that C[Eq4, E¢][b1, ..., bjr.g] = M(H ) is a quotient of C[Ey, Eg][X1, ..., X|r.p)]-
The ring C[Ey, Eg][X1, ..., X[r.q)] is Noetherian and therefore any quotient of it is also Noethe-

rian. We have thus shown that M (H) is Noetherian. O

Lemma 2.2.17. M(H) is a finite extension of M(I"). Moreover, M(H)o = C and M(H) is finitely

generated as a C-algebra.

Proof. We need to show that M(H) is an integral extension of M(I") and that M(H) is a fi-
nite ring extension of M(I"). We see that M(H) is a finite ring extension of M(I") because
M(H) = C|E4, Egl[b1, ..., byr.p)] = C[E4,E, b1, ..., byr.p)]. We now show that M(H) is an inte-
gral extension of M(T). Let {y;: 1 <i < [I": H]} denote a complete set of right coset rep-
resentatives of H in SLy(Z) where v, denotes the identity element in SLy(Z). If f € My(H)
then f is a root of the polynomial P(z) := Hl[if{] (z— flxY:)- The polynomial P(z) is monic
and we will show that it is an element of M(SL»(Z))[z]. Lety € SL>(Z) and let Y ;) denote
the unique element in the set {y; : 1 <i < [[": H]} such that yy; € HYs(;). Let P(z)|xy denote
the polynomial obtained by acting via |y on each of the coefficients of P(z). We have that
P@ly=TIE = flovy) = TIE (2= flevs() = P(2). Thus P(z) € M(SLa(Z))[2] since its
coefficients are invariant under |y for any y € SLy(Z). We have thus shown that M(H) is a

finite extension of M(SL,(Z)).

The holomorphic modular forms of weight zero for H give maps from the compact Riemann

surface H\ (HJP'(Q)) to C. Any such map is bounded and is therefore constant.

13



Thus M(H)o = C. The fact that M(H) = C[E4,E¢,b1,...,bjr.p)] demonstrates that M(H) is

finitely generated as a C-algebra. O
Lemma 2.2.18. The Krull dimension of the M(H )-module M(p) is equal to two.

Proof. The Krull dimension of the M(H )-module M(p) is defined to be the Krull dimension of
the ring M(H)/Anny; ) (M(p)). As the zeros of a nonzero holomorphic function are isolated,
Anny )M (p) = 0. Therefore the Krull dimension of M(p) is equal to the Krull dimension of
M(H). We have shown in Lemma[2.2.17|that M(H)) is a finite extension of M(SL>(Z)). It now
follows from Theorem that the Krull dimension of M(H) is equal to the Krull dimension
of M(SLy(Z)). We conclude our proof by noting that the Krull dimension of M(SL,(Z)) =
C[E4,Es], is equal to two since the Krull dimension of a polynomial ring in two variables is

equal to two. O
We now prove that M(p) is Cohen-Macaulay as a M (H)-module (Theorem 2.2.2).

Proof. (Proof of Theorem[2.2.2])

We have shown that the Krull dimension of the M(H)-module M(p) is equal to two and that
M (p) has a regular sequence of length two. Therefore the depth of M(p) is at least two. More-
over, the depth is at most the Krull dimension (see page 50 in [2]]), which is equal to two. Hence

the depth and the Krull dimension of M(p) are both equal to two. O

We need the following result from commutative algebra to prove Theorem This result is

stated and proven in Benson’s book [2].

14



Theorem 2.2.19. (Theorem 4.3.5. in [2|]) Let A denote a commutative Noetherian ring and let

M denote a finitely generated A-module. Assume that A = EBT:OA jand M = @Tzﬂo M; are
graded, Ay = K is a field, and A is finitely generated over K by elements of positive degree.
Then the following statements are equivalent:

(i): M is Cohen-Macaulay.

(ii): If x1,...x, € A are homogenous elements generating a polynomial subring K|xy, ...,x,] C

A/Anns (M), over which M is finitely generated, then M is a free K[xi, ..., x,)-module. Moreover,

there exists a K|xy, ...,x,]-basis for M consisting of homogeneous elements of M.

Remark 1: We first note that if j is sufficiently negative then M; = 0 since M is finitely gen-
erated as an A-module. The fact that there exists a K[xy,...,x,]-basis for M consisting of ho-
mogeneous elements of M follows from the proof of Theorem 4.3.5 in [2] but this fact does
not appear (at least explicitly) in the statement of Theorem 4.3.5 in [2]. In the proof that (i)
implies (ii) in Theorem 4.3.5, Benson shows that if yy,...,y, are homogeneous elements of M
whose images form a K-vector space basis for M/(x;M + - -- +x,M) then yy,...,y, form a ba-
sis for M as a K[xj,...,x,|-module. We now explain why there exist homogeneous elements
Y1i,-.-,y; of M whose images form a K-vector space basis for M/(x;M + --- + x,M). Benson
shows in his proof of Theorem 4.3.5 that M /(x;M + - - - 4+ x,M) has Krull dimension zero. We
note that M /(x;M + - -- +x,M) is a finitely generated A-module since M is a finitely generated
A-module. We also note that M/(x;M + --- +x,M) is a graded A-module since M is a graded
A-module and each of the x; are homogeneous. It follows from the graded form of Noether

normalization (Theorem 2.2.7 in Benson [2]) and the fact that M/ (x;M + - - - + x,M) has Krull
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dimension zero that K C A/Anng (M /(x;M +---+x,M)) and M/ (x;M +- - - 4 x,M) is a finitely
generated K-module. Because K is a field, M/(x;M + - -- +x,M) is a K-vector space of finite
dimension. The fact that Mo = K C A/Anng (M /(xiM + - - - + x,M)) together with the fact that
M/(x;M + ---+ x,M) is a graded A-module imply that M /(x;M + --- +x,M) is a graded K-
module. Thus M/(x;M + - -+ x,M) is a graded K-vector space of finite dimension. Therefore
there exist a finite number of homogeneous elements in M whose images form a K-vector space
basis for M/(x;M + --- + x,M). This finite collection of homogenous elements in M form a
K|xy,...,x,]-basis for M.

Remark 2: If xj, ..., x, € A are homogenous elements generating a polynomial subring K [xy, ..., x,] C
A/Anny (M) over which M is finitely generated then n is equal to the Krull dimension of M. This

is explained in the graded form of Noether normalization (Theorem 2.2.7 in Benson [2])).

We will apply Theorem [2.2.19|by taking A = M(H) and M = M(p). We proceed with the proof

of Theorem

Proof. (Proof of Theorem [2.2.3) We begin by showing that the hypotheses of Theorem [2.2.19
are satisfied if we take A := M(H) and M := M(p). It was shown in Lemma that M(H)
is a Noetherian ring. We need to show that M(p) is finitely generated as a M (H )-module. The-
orem implies that M(Ind},p) is a free M(I")-module whose rank equals the dimension of
Ind},p. Lemma states that M(p) and M(Ind},p) are isomorphic as M(I")-modules. Thus
M(p) is a free M(I")-module of rank dim(IndLp). As M(H) contains M(T") and the index of H

in SL,(Z) is finite, M(p) is finitely generated as a M (H )-module. We have shown in Lemma
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that M(H)o = C and that M(H) is finitely generated as a C-algebra. In fact, the hypoth-
esis of Theorem assumes that there exist homogeneous elements X and Y in M(H) which
are algebraically independent such that M(H) = C[X,Y]. It is also well-known that there are no
nonzero modular forms of negative weight on a finite index subgroup of I'. We have thus shown
that the hypotheses of Theorem are satisfied when A is taken to be M(H) and M is taken

to be M(p).

We established in Theorem that M(p) is Cohen-Macaulay as a M(H )-module. We now
apply Theorem to conclude that statement (ii) in Theorem [2.2.19]is true since we have
shown that statement (i) in Theorem [2.2.19]is true. We have explained in the previous paragraph
that M(p) is finitely generated over M(H) = C[X,Y]. Thus the hypothesis of statement (ii) in
Theorem [2.2.19|is satisfied by X and Y. Therefore the conclusion of statement (ii) is also true

since we have proven that statement (ii) is true. Thus M(p) is free as a C[X,Y] = M(H)-module.

We seek to compute the rank of M(p) as a M(H)-module, which we denote by r. We have
proven in Lemma that M(H) is a free M(I')-module of rank [I" : H]. This fact together
with the fact that M(p) is a free M(H)-module of rank r implies that M(p) is a free M(T)-
module of rank r[I": H]. However, we already explained in the beginning of this proof why M (p)
is a free M (I")-module of rank equal to dim Ind,p = [[": H]dim p. Hence [[": H]dim p = [[": H]r
and r = dim p. We have thus shown that M(p) is free as a M (H )-module of rank dim p if M(H)

is a polynomial ring in two variables. O
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It remains to prove Lemma Let n denote the index of H in I" and let g, ...,g, denote a
complete set of left coset representatives of H in I'. We extend p to a function on I', which
we also denote by p, by setting p(y) = 0 if ¥ ¢ H. With respect to our choice of left coset

representatives, we recall that for any g € H,

p(er'eg) plg'ssr) - pler'ggn)

. p(gy'ee1) pler'sgr) - pley ' gan)
Indy,p(g) =

P(g'g81) Pl '882) (g 88n)]

In this section, we sometimes write Ind p for Ind};p.

Definition 2.2.20. Let k € Z and let F € My (p). We define

Flegy!

Flegy'

Ind F :=

Frlg,!

In what follows, it will be convenient to take g; to be the identity element and we take g = e
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from this point forwards. We define a map 7 : My (Ind p) — My (p) as follows:

Gy

Gy

Ga

where each G; is a function from ) to C?. We recall that d = dim p. We extend the map Ind to
all of M(p) and the map 7 to all of M(Ind p) by linearity. We shall prove the following theorem

about the map Ind.

Theorem 2.2.21. If k € Z then the the map Ind : My(p) — My (Ind p) is a vector space isomor-
phism. The map Ind extends to M(p) and is a Z-graded M (T')-module isomorphism from M(p)

to M(Ind p).
We will first prove some results about the maps 7 and Ind before we prove Theorem [2.2.21
Proposition 2.2.22. If F € My(p) then Ind,F € My (Ind; p).

Proof. We note that as F is holomorphic in $) then for each y € I, F|y is holomorphic in £

and therefore Ind}, F is holomorphic in $). Let N denote the smallest positive integer for which

TV € My 'Hyand let gy = ¢’X. As F is holomorphic at all the cusps of H/($UP'(Q)), we
yer

have that for each v € T, no negative powers of gy occur in the component functions of F|;Y.

Thus Ind}, F is holomorphic at the cusp SL,(Z)/($HUP'(Q)). It now suffices to prove that for
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each g € T, (Ind},F)|rg = (Ind};p)(¢)Ind}, F. Equivalently, we will show that for each integer i
with 1 <i<n,

n
(Flegi g =Y. p(gi 'gg)Fleg "

t=1

Fix an index i with 1 <i < n. Then there exists a unique index j for which g;° lgg i €EH. We

then have that F !kgl-_lgg i=plg leg j)F. Therefore

Fleg;'e = (Flrg;i 'ge)le; ' = (ple; 'eg))F)lg; ' = plei 'eg))(Fleg; )

‘We now have that

™=

plei'ge)Flie ' =p(g 'ggj)Flkg;" = Fleg g = (Fligi g

I
—_

t

We have thus proven that (Indy F)|rg = (Indyp)(g)Ind} F.

Proposition 2.2.23. If F € M;(Ind p) then ©(F) € Mi(p).

Proof. Let F € My(Ind p) and let Fi, ..., F, denote the functions from £ to C¢ such that

F

123
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We note that T(F) = F. Let g € H. There exists a unique index j for which gfl ggj €H. As

g1 =eand g € H, we must have that g; = e. The assumption that ' € My (Ind p) implies that

Fileg =Y p(g'88)F = ple 'ge)Fi = p(g)Fi.

=1
As F is a holomorphic function in £, F; is also holomorphic in §). Let N denote the smallest
positive integer for which TV € ﬂry_lH v and let gy = e’V . As F is holomorphic at the cusp
ye
SL,(Z)/(P'(Q)U$), there are no negative powers of gy in any of the component functions of
Fy. Let y € T'. Then the component functions of Fj |y contains no negative powers of gy since
Filky= Y/ p(Y)1,F; and each of the component functions F; contain no negative powers of gy.

We have thus shown that Fj is holomorphic at all of the cusps of H \ (P! (Q)) and conclude

that F; EMk(p). ]
We observe that o Ind = id. Thus 7 is surjective.
Proposition 2.2.24. The map T is a bijection.

Proof. As T is surjective, it suffices to show that 7 is injective. We first show that the restriction

of m to My (Ind p) is injective. Let F € My (Ind p) such that ©(F) = 0. We write

F

I 2)

Fy

where each F; is a function from $) to C%™P. We claim that F = 0. Suppose not. Then there

exists some index i with F; # 0. Let g € gngfl. Then g;lggj € H if and only if g; = g;. Thus
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Flrg =Y p(g 'ee)F = p(g; 'gg1)Fi. As (F) = Fi = 0, we have that Fj|xg = 0. Hence
F; = (F|xg)|xg ! =0, a contradiction. We have thus shown that the restriction of 7t to My (Ind p)

is injective.

Now, let F € M(Ind p) for which n(F) = 0. We may write F uniquely as a sum of its ho-
mogeneous components: F =Y,;G;,G; € M;(Ind p). As n(F) = Y, n(G;) =0, n(G;) € Mi(p),
we have that for each i, m(G;) = 0. Hence G; = 0 as the restriction of & to each M;(Ind p) is

injective. Thus F = 0. O

Corollary 2.2.25. The maps 1 and Ind are C-vector space isomorphisms and are inverse to

each other.

Proof. The maps © and Ind are linear. We have shown that 7 is a bijection and it is therefore
an isomorphism. As 7o Ind is the identity map, Ind is the inverse of 7 and it is therefore an

isomorphism. 0
We now proceed with the proof of Theorem [2.2.21]

Proof. (Proof of Theorem 2.2.21). All that we have left to check is that Ind is a graded M(I')-

module map. Let [,k € Z. If f € M;(") and F € My (p) then we must show that
Ind(fF) = fInd F.
We note that if i is any index then

(FF) kg = fligi "Flegi ' = f(Flegi )
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We have that

Ind(fF) =

(FF) gy "

(fF)|k+185 "

(fF)k+ilgn!

23
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= fIndF.



Chapter 3

The modular derivative and a basis for

vector-valued modular forms

We proved in Theorem that if M(H) is a polynomial ring in two variables then M(p) is
a free M(H)-module whose rank equals the dimension of p. It is proven in the appendix that
the hypotheses of Theorem are satisfied when H = I'y(2). The purpose of this section to
use the modular derivative Dy to describe a basis for M(p) as a M(I'p(2))-module when p is a

two-dimensional irreducible representation of I'y(2).

Let Ex(t) =1—24Y ,0(n)q". If k € Z then Dy acts on holomorphic functions and meromor-

phic functions from ) to C" as follows:

| dA & d &
DA=—L EA=¢%A-"EA
M omiar 127 T gt T 12
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The modular derivative Dy has the lovely property (section 10.5 in [18])) that forall ye T,

Dy (AlrY) = (DiA) |r12Y.-

IfF e Mk(p) and if y € H then (DkF)’k+2Y: Dk(F’k'Y) = Dk(p('Y)F) = P('Y)DkF Thus D, F €
Mi42(p). Similarly, if m € My (H ) then Dgm € My12(H ). The linear maps Dy : M (p) — Mi+2(p)

and Dy : My (H) — My »(H) are quite useful. We shall use the notation 6 to denote Dy = qdiq =

1 d
2ni dt”

The goal of this section is to prove the following theorem.
Theorem 3.0.1. Let p : T'9(2) — GLa2(C) be an irreducible representation. Let k denote the
least integer for which My(p) # 0 and let F denote a nonzero element in My(p). Then F and

DyF form a basis for M(p) as a M(I'g(2))-module.

We will use the following two results to prove Theorem We give their proofs immediately

after the proof of Theorem[3.0.1

Theorem 3.0.2. Let p be an irreducible representation of a finite index subgroup H of I. Let F
be a nonzero vector valued modular form of weight k € Z with respect to p. Then the component

functions of F are linearly independent over C.

Theorem 3.0.3. If p is an irreducible representation of a finite index subgroup H of T for which
—I € H then there exists an integer k such that p(—I) = (—1)XI and the weights of all the

homogeneous elements in M(p) are congruent to k modulo two.

Let G(t) := —E»(t) +2E>(21). Then G € M>(I'p(2)) (see Example 4 in Chapter IX in [14]) and
E4 € M4(T'9(2)). The modular forms G and E,4 are algebraically independent and M(I'g(2)) =

C[G,E4]. This fact is well-known and we provide a proof of it in the appendix. In particular,
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M>(To(2)) = CG and My (Ty(2)) = CG*> @ CE,. Therefore Theorem implies that M(p) is

a free M(T'y(2))-module. We now proceed with the proof of Theorem [3.0.1]

Proof. (Proof of Theorem [3.0.1)) Let Fi,F, be a homogeneous basis for M(p). The crux of
our proof is to show that the weights of F| and F; are not equal. We proceed by contradiction
and suppose that the weights of F; and F; are equal. Then there exist a,b,c,d € C such that

DyFy = aGF| + bGF, and DiF, = ¢GF; + dGF,. We rewrite this pair of equations as follows:

DkFl a b F1

D> c d P

If P an invertible matrix then we have that

DkFl a b F 1 a b F]
P =P G =P P 'GP
DkF2 c d F2 c d F2
a b a b
We may put the matrix in Jordan canonical form and we now choose P so that P P =
c d c d
* *
for some A € C. We define the functions A; and A, by
0 A
A] F
=P
Ay F

As P is invertible, the functions A} and A; are a basis for M(p). We now have that

DAy Dy Fy
=P

DiA> DiF,
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a b Fl
=P P 'GP
c d F
a b A1
=P P 'G
c d A2
* ok Aq
= G
0 A Ar
*
AGA;

Thus DyA; = MGA,. Therefore the two component functions of the vector-valued function
A satisfy an ordinary differential equation of order one and must be linearly dependent. As
Aj is part of a basis for M(p), Ay # 0. Theorem states the component functions of any
nonzero vector-valued modular form with respect to an irreducible representation are linearly
independent. We have thus shown that the components of A, are both linearly dependent and

independent, a contradiction. We conclude that the weights of F| and F; are not equal.

Let k denote the least integer for which My (p) # 0 and let F € M (p) such that F # 0. We have
shown that the weights of a M(I'¢(2))-basis for M(p) cannot be equal and therefore My(p) =
CF. We may therefore take F' to be an element of a basis for M(p). Let B denote a homogenous
element in M(p) such that F and B form a basis for M(p). We claim that the weight of B,
which we denote by w, is equal to k+ 2. It follows from Theoremthat Mj+1(p) =0. Thus

w>k+2.If w > k+2 then DiF = mF for some m € M»(I'p(2)). But then the two component

27



functions of F would satisfy an ordinary differential equation of order one and therefore be
linearly dependent. This would contradict Theorem as F # 0 and p is irreducible. Thus
the weight of B is k+2. We then have that DyF = oF +yB where o,y € M(Ix(2)). We
observe that y € My(I'p(2)) = C. If y= 0 then DiF = aF and so the two component functions
of F are linearly dependent. The irreducibility of p together with Theorem [3.0.2] ensure that
the component functions of F are linearly independent. Hence ¥ 0. We thus have that B €
spanyry(2)) (F, DkF). As M(p) is spanned by F and B, it is also spanned by F and DiF. Finally,
as M(p) is a free module of rank two over M (I'y(2)), an integral domain, and F and D F span

M(p), we conclude that F' and Dy F form a basis for M(p). O
We now give the proof of Theorem [3.0.2]

Proof. (Proof of Theorem [3.0.2) Let fi,..., f, denote the components of F and let E denote
the C-span of fi,...f,. We view E as a right H-module via the action: g- f; := fi|xg. The fact
that £ is a H-module is immediate from the fact that F' is a vector-valued modular form. Let
W denote the right H-module that furnishes p. This means that (w-7y;) 72 = w- (V1Y2) for
all we W and v;,Y, € H and that there exists a C-basis ey,...,e, of W such that for every i,
ei-Y=Y}_;p(V)ije;- We define amap y: W — E by setting y(e;) = f; and extending linearly.
We now check that the map y is a map of H-modules. Let g € H and let g; ; denote the i-th
row and j-th column entry of p(g). We have that y(e;) - g = fi- g = filkxg = Lj—, p(8)iifj =
Yo gijV(e) = W(27:1 gijei) = Y(ei-g). As y is a H-module map, ker y is a H-submodule
of W. As p is irreducible, ker y is equal to either 0 or W. As each f; = y(e;) and F # 0, we

have that E # 0. Thus ker ¢ = W and so  is injective. It is clear that y is surjective and thus y
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is an isomorphism. Hence the elements fi, ..., f;, are linearly independent over C. O
We end this section with the proof of Theorem [3.0.3

Proof. (Proof of Theorem Let W denote the right H-module that furnishes p. As p(—1)? =
1, the eigenvalues of p(—1) are 1 and —1. Let W! denote the +1-eigenspace and W~ denote
the —1-eigenspace. We note that p(—I) is in the center of Im p since —I is in the center of H.
Hence W' and W ! are right H-submodules of W. As p is irreducible, every right H-submodule
of W is either W or 0. Hence there exists some k € Z such that W=D =W and W-D""" = 0.

Thus p(—I) = (—1)*I. Finally, if B is a nonzero vector-valued modular form of weight j then

(=1)/B=B|;—1=p(—I)B = (—1)*B and thus j and k have the same parity. O
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Chapter 4

Hypergeometric Series

4.1 Differential Equations

From this point forwards, p will denote a complex irreducible representation of I'y(2) of di-
mension two and ko will denote the least integer for which My, (p) # 0. Let F € My, (p) such
that F # 0. We proved in Theorem [3.0.1|that F and Dy, F form a basis for M(p) as a M(T'y(2))-
module. In particular, My, (p) = CF. Hence F is determined by p up to multiplication by a
nonzero complex number. In this section, we will use Theorem to compute an ordinary
differential equation that F satisfies. We will then solve this differential equation explicitly
using the Dedekind n-function, the Gaussian hypergeometric series »F;, and a Hauptmodul of

To(2).

We recall that G(t) := —E»(T) + 2E>(21) where E;(t) := 1 —24Y" ,6(n)q". We have that

M(T9(2)) = C[G,Es). As Dyy12(Di,(F)) € My,+4(p), we may apply Theorem [3.0.1] to write
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Dy +2(Di, F) = C1 (D, F) +CoF where Cy € M(T'p(2)) = CG and C; € M4(T'y(2)) = CG*> @ CEj.
The modular forms C; and C; are invariants of p. Let a,b,c € C be the complex numbers such

that C; = —aG and C; = — (bG2 + cE4).We have shown that F satisfies the differential equation
Dy, 12(DiF) +aGDy F + (bG* +cE))F =0.  (2)

We note that one can recover the representation p from the differential equation (2) as I'p(2)

acts on the space of solutions to the differential equation
Dy +2(DiyS) +aGDy, S + (bG* +cE)S =0 (3)

by sending a solution S of (3) to S|,y for any y € I'o(2). It would be interesting to determine
which tuples (ko,a,b,c) correspond to irreducible p.

We sometimes use the notation D% to denote Dy, o Dy. We recall that 0 := Dy = qdiq = %m%
We make use of the Dedekind n-function to solve the differential equation (2). A good reference
for the Dedekind n-function and its properties is [[7]. The function n? is holomorphic in § and it

does not vanish in $). Let @ denote the character of I" for which n?|;g = w(g)n?. Let Fy := nszU

We observe that for all g € T'y(2),

Folog = M |1,8)(Flieg) = @ (g *p(g)F = (p2 0 ™) (g)nF = (p2 0 ) (g)F.

Thus Fy is a meromorphic vector-valued modular form of weight zero with respect to the repre-
sentation pg := p ® @ %0, We note that Fj is holomorphic in §) since 1] is holomorphic in § and

T never vanishes in £). We now compute a differential equation that Fy satisfies.
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Lemma 4.1.1. Let Iy := nzL"O Then
Dy(Do(Fy)) +aGDo(Fy) + (bG* +cEq)Fy = 0. (4).

Proof. Let f denote a function on ), letk € Z, and let g = n% To prove the lemma, we observe

that because 1 never vanishes in £, it suffices to show that
N*(D5(g) +aGDo(g) + (bG* + cEa)g) = D(f) + aGDy(f) + (bG* + cEs) .
To show that the equation above holds, it suffices to prove that Dy(f) = 9(%)112" and that

Di(f) = nZ"Dg(%). We recall that 8(1) = 5-1' = 2L Eon (Section 5.8 in [7]). Thus 8(n*) =

2kn*=1o(m) = 1% Hence Dy(n*) = 8(M*) — LEM* = 0. 1f £, € Z and if @, B are holo-

morphic functions then

Dy.(of) = 0(aB) - " Faap

= 00(B) +B0(0) ~ - Frop

= 0(0(B) — 3 E2B) + BO(c) — 3 Exct)

= oD,B+ PD;o.
We now have that

mmzm@%40

f f
)
Thus

Di(f) = Dis2(Di(f))
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O]

We now explain how to make a change of variables to solve the differential equation (4). This
technique can be found in a paper of Kaneko and Zagier [[13]. The modular curve

[o(2)\(HUP'(Q)) is a compact Riemann surface of genus zero. In a fundamental region, its
cusps are 0 and oo and its elliptic point is % There exists a complex-analytic isomorphism
from [p(2)\(HUP!(Q)) to P!(C). A function with this property is called a Hauptmodul of
I'0(2). We define the function J by setting J(1) := 3%. The function J is a modular

function and it induces a complex-analytic isomorphism from I'y(2)\($UP!(Q)) to P!(C),

which we sometimes also denote by Jj. A proof that J is a Hauptmodul is given in the appendix.

We will solve the differential equation (4) that Fp satisfies by writing Fp locally as a function of
J. The function J enjoys the property that J(t;) = J(t2) if and only if I'p(2) - T, = ['o(2) - T2.
This fact implies that if T € $) such that T is not an elliptic point of I'g(2) then there exists a
connected and simply connected open set U, containing T for which U; C $ and the restriction
of J to Uz is injective. In particular, U; does not contain an elliptic point. Consequently, if T € £

which is not an elliptic point then there exists a unique function H such that Fy|y, = H o J.
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We note that H is holomorphic since J|y, is biholomorphic and Fj is holomorphic. The next

theorem computes the differential equation that H satisfies.

Theorem 4.1.2. Let ty € $) such that Ty is not an elliptic point of Ty(2). Let Uy, denote a
connected and simply connected open set containing Ty for which Uy, C $) and the restriction
of J to Uy, is injective. Let Fy = nszO and let H denote the function for which FO’UTO =HoJ. We

have that for all © € Uy,

The proof of Theorem [4.1.2] uses the following propositions whose proofs are given in the

appendix of this thesis.

Proposition 4.1.3.
6(3)=(1-3)G
Proposition 4.1.4.
0°2) = G- ) + ¢ E:00)
We will also need to use the fact that % = 3§3 in our proof of Theorem This fact can be
derived using elementary algebra (or from the Riemann-Roch Theorem) since J := Eff; . We

now proceed with the proof of Theoremd.1.2]

Proof. (Proof of Theorem i We have that DoFy = 0F, and D3Fy = (6 — L) (0F) =

0%F) — %EZGFO. Therefore
1
D}Fy +aGDoFy + (bG* + cE4)Fy = 8°Fy + (aG — 8Ez)eFo + (bG* + cE4)Fy = 0.
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We have that

Therefore

Thus

DjFy(t) 4 aG(t)DoFy () + (bG2 (T)+cEs (r)) Fo(T)
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= 6Fo(1) + (aGi(1) - éEz (1)) 0o 1) + (bG*(1) + cEa() ) Fo (o)

=G(1) (H”(s(«:))(l —3(@)° +H () (1 —3“))(3;37&@))
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It is shown in the appendix that G>(t) = 0 if and only if 7T is an elliptic point. Thus if T is not an

elliptic point then

As Uz, does not contain any elliptic points, the above equation holds for all T in Uy,. Finally, we

~

divide the above equation by (1 —J(t))? and we obtain the differential equation (5). O

Let Vz, := J(Uy,) and let Y := J(t). We have shown that
D2Fy(t) +aG(t)DoFy (t) + (bGz(t) v cE4(‘c))F0(r) — 0 forall T € U,

if and only if every Y € V,, satisfies the differential equation

" 7Y*6ClY*3 ’ (b+C)Y+3C

H' 0+~ 1 0+ g H =0 ©)

Our goal is now to solve the differential equation (6). We will need some background on second
order ordinary differential equations and we closely follow Chapter 6 of [3]. It is immediate

from examining the equation (6) that its singularities occur at ¥ = 0, 1, co.

Definition 4.1.5. (Sections 6 and 12 in [3|]) Let zg € C. A second-order differential equation
w'(z2)+ p(2)W' (z) + q(z)w(z) = 0 for which p(z) and q(z) are analytic in a deleted neighborhood
of zo has a regular singular point at zy if p(z) has at worst a simple pole at z = zy and q(z) has at
worst a double pole at 7 = zo. We say that o is a regular singular point of W' (z) + p(z)w'(z) +

q(z2)w(z) = 0 if and only if t = 0 is a regular singular point of the differential equation in t
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obtained by making the substitution z = 1 for the differential equation w"(z) + p(z)w'(z) +
q(z)w(z) =0.

It is now immediate that O and 1 are regular singularities of the differential equation (6). We
state a useful criterion (Theorem 9 in [3]]) for determining when oo is a regular singular point of

W'+ p()w' +q(z)w = 0.

Theorem 4.1.6. (Theorem 9 in [3]) Infinity is a regular singular point for w" + p(2)w' +q(z)w =

0 if and only if the coefficients of p and q have power series expansions, convergent for suffi-

Rl dn

ciently large |z|, of the form p(z) =Y, %’> q(z) =X, = Equivalently, o is a regular singu-

Z
lar point for w" + p(2)W' + q(z)w = 0 if and only if p has a zero of at least the first order at «

and q has a zero of at least the second order at .

Hence  is a regular singularity of the differential equation (6). The singularities of (6) are
0, 1,00 and these singularities are all regular. The method of Frobenius provides a way to find
a power series solution to the differential equation w” + p(z)w’ + ¢(z)w = 0 in a neighborhood
of a regular singular point zg. One writes w = (z —20)"(1 4+ Y;_ cn(z2 — 20)") and then one
solves for v and recursively computes the coefficients c¢,. One often rewrites the differential
equation w” + p(2)w’ +¢q(z)w = 0 as (z—z0)*w" + (z— 20)P(z)w + Q(z)w = 0 where P(z) =
(z—20)p(z) = Lo Pe(z — 20)* and Q(z) = (z —20)?q(z) = Lo O (z — 20)* are convergent in
a neighborhood of zy. Then

0= (z—20)*W"(2) + (z—20) P(2)W' (2) + Q(2)W(z) = (z—20)" (v(v = 1) +Pov+ Qo+ O(z—20))-

Therefore v satisfies the indicial equation at zy:

v(v—1)+Pywv+Qo=0.
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It is well-known that if the difference of the roots of the indicial equation is not an integer
then one can find a basis consisting of power series for the space of solutions to w” + p(z)w’ +

q(z)w =0 in a neighborhood of zy. We remark that Py = lim,_,, P(z) = lim_,,,(z—z0) p(z) and

Qo = lim,_,;, O(z) = lim,_,,(z — 20)?q(z). In the differential equation (6), p(¥) = %

and ¢(Y) = %. At the regular singular point 0, Py = limy_,oYp(Y) = 1 and Qp =

limy_,0¥?¢(Y) = 0. The indicial equation at 0 is ¥ (¥ — 1) + 1Y = 0. Therefore the indicial

roots at 0 are 0 and % At the singular point 1, Py = limy_,; (Y — 1)p(Y) = 2_33“, and

Qo = limy_,; (Y —1)?q(Y) = b+ 4c. Therefore the indicial equation at 1 is Y (¥ — 1) + 2524Y +

b+4c=0.

We have shown that the differential equation (6) is Fuchsian since all of its singularities are
regular. In fact, this type of differential equation is a Riemann differential equation since it is
a second order differential equation with exactly three singularities, all of which are regular.
The standard technique to solve a Riemann differential equation of order two which is not
in Gauss normal form is to make a change of variables to obtain a differential equation in
Gauss normal form. We proceed in this manner and define the function W (Y) via the equation
H(Y) =YMY — 1)W(Y) where A is an indicial root of (6) at 0 and r is an indicial root of (6)
at 1. We recall that the indicial roots at 0 are 0 and % and we make the choice of setting A = 0.

We also recall that the indicial roots at 1 are the roots of the quadratic equation:

2—3a

r(r—l)—i—( >r+(b+4c)=0-
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We have that

HY)= (Y -1)W()
HY)=rY =1)""'WE)+ ¥ —1)W (Y)

HY)=r(r—1)Y =1)2W)+2r(y = 1) "W @)+ (¥ = 1)’'W (Y)

7Y —6aY —3 (b+¢c)Y +3c¢

O:H”(Y)+76Y(Y_ 0 H(Y)+ Y )

H(Y)

"

=rr—DY =1 2W@)+2r (Y =)W () + (Y = 1)'W(¥)
7Y —6a¥ — 3
6Y(Y —1)

(b+c)Y +3c¢
Y(Y —1)?

(r(Y )W)+ (Y — 1)’W’(Y)>
Y —1)'W(Y)

=Y —1)'W (Y)+W () (Zr(Y —1) 4 m(Y - 1)’)

7Y —6ay —3
6Y(Y —1)

(b+c)Y +3¢

Y =172 +r(Y—1)

+W(Y) <(Y—1)r +r(r—1)(Y—1)’2>.

In the computation below, we will use the fact that r satisfies the equation r(r — 1) + (3324)r +

(b+4c) =0to get that 6b+ 6¢+ 7r — 6ar+6r(r—1) = 6b+6¢+Tr — 6ar — 6(b+4c) — 2r(2 —

3a) = —18c + 3r. We have that

0=Y(Y — W (¥)+ W (Y) <2rY+ 7Y_66ay_3>
(b+c)Y+3c  r(7Y —6aY —=3) r(r—1)Y
+W(Y)< e Tt Y_1>
=YY - D)W (¥)+W(Y) <Y (2r—|— 7_66") _ ;)
(Y (6b+6¢+Tr—6ar+6r(r—1))+ 18c —3r
l e )
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—Y(Y =)W (¥)+W(¥) <Y (Z” : _660) - ;)

Y(—18c+3r)+18c—3r
Wi (R )
7—6a 1

=YY - D)W (¥)+W (Y) <Y <2r—|— 6) - 2) +W(Y) <r26c> .

We conclude that

0=Y(¥ - D)W ¥)+W () (Y(2r+ ! _66a) - ;) FW(Y) <r_26c> NG))

The differential equation (7) is an example of a differential equation in Gauss normal form:
Y(Y =)W (Y)+W (Y)(A+B+1)Y —C) +ABW(Y) =0  (8)

If A— B ¢ Z then a basis for the space of solutions to the differential equation (8) in a neighbor-

hood of oo (see Section 12 in [3]]) is
Y AR (A 1+A-C1+A—B;Y V) andY B,F (B,1+B—C,1+B—A;Y ")

where we recall that

oo ), Zn n—1 .
Fila By =1+ Y OB 2 T+
= (Vn n i=0
In our case,
7-6 —6 1
A+B+1=2r+ “,AB:rQC,c:E

We note that A and B are the roots of the quadratic polynomial x*> — x(2r + 1%6“) + %60. We
recall that H(Y) = (Y — 1)"W(Y) and conclude that if A — B € Z then

(Y —-1)Y 2 ,F(A14+A—C,1+A—B;Y Yand (Y -1)Y B, (B,1+B-C,1+B—-A;Y 1)
form a basis for the space of solutions to the differential equation (6). As Y = J(t), we have
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that if A — B ¢ Z then a basis for the space of solutions in a neighborhood of o to the differential
equation
D}f +aGDof + (bG* +cEy)f =0
is
(1) —1)3(t) 2R (A 1+A-C, 1 +A-B;3(t) ")
and
(3(t)—1)3(t) P 2A(B,1+B—C,1+B—A;3(1) 7).

Finally, we have that if A — B ¢ Z then a basis for the space of solutions in a neighborhood of oo

to the differential equation
Dj, f+aGDy, f+ (bG* +cE4) f =0

isn (1) (3(7) = 1)'J(t) A 2F (A, 1 +A—C,1+A—B;J(t)"") and
N2 (1) (J(t) — 1) (1) B 2F(B,1+B—C,1+B—A;J(t)~"). We have thus found a basis of

solutions to the differential equation (2) that the component functions of F satisfy.

The main focus of this thesis is the study of vector-valued valued modular forms which are
not logarithmic. To avoid logarithmic vector-valued modular forms, we must assume that p(7)
is diagonalizable. Henceforth, p will always denote a two-dimensional irreducible com-
plex representation of I'y(2) for which p(T) is diagonalizable. If p(7) is diagonalizable

then its eigenvalues are distinct. To see this, we use the fact that T'y(2) is generated by T and

1 —1
V.= . Indeed, if K is any group such that there exist M, N € K for which K = (M, N)

2 -1
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and if o : K — GL(W) is a two-dimensional irreducible complex representation then the eigen-
values of a(M) must be distinct if ou(M) is diagonalizable. We argue by contradiction and
suppose that the eigenvalues of ou(M) are not distinct. Then a(M) is a scalar matrix and it
commutes with ol(N). Let v € W such that v # 0 and v is an eigenvector for ou(M). Then the
1-dimensional space Cv is a K-invariant subspace of W. But this is a contradiction as  is irre-

ducible and has dimension two. Thus the eigenvalues of o(M) are distinct.

We now use the fact that the eigenvalues of p(7') are distinct to show that A— B ¢ Z. Let m
and my denote complex numbers with |m; | < |m| for which the eigenvalues of p(T') are ¢>™™

and e?™™ Let X € GLy(C) such that

1 eZTcim| 0
Xp(T)X™ =
0 eZTtimz

We recall that  denotes the character associated to the modular form 1. As ¢(T) = e’s and

po=peyh,

1 e27|:z'(m| —%0) 0
Xpo(T)X™" =

. k
0 eZm(mz— 9)

We note that the eigenvalues of p(7) are distinct if and only if the eigenvalues of po(7') are
distinct, which is the case exactly when m; — my ¢ Z. The function XFj is a vector-valued
modular form with respect to XpoX ~! since Fy is a vector-valued modular form with respect to

po- Let 41 denote the first and A, denote the second component function of X Fy. We have that

ko

eZTci(m —%) 0 h](‘C) h](f—i- 1)

ko

0 2mm=5) | | py (1) hy(t+1)
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Let /oy (t) := hy () 20 =) and let /s (1) := ho(t)e 20 —"€) Then /ty (t+ 1) = i1y (x) and
hy(t+1) = hy(t). Therefore /11 () = ez ang" and i (T) = Yez bug"-

Thus A;(T) = q(””*k?o) Y czang" and hy(T) = q(’"zf%o) Y..czbnq". As F is holomorphic at o, F)
is meromorphic at e and therefore ¢, = 0 if n << 0 and b, = 0 if n << 0. Let /; and I, denote
the unique complex numbers such that 41 (1) = ¢'' ¥ ¢,q" with ¢y # 0 and

h(t) = g2 Xor_odaq" With do # 0. We note that /j — (m; — %) € Z and I, — (my — %) € Z.
Hence [; — I € Z since m| —my ¢ Z.. The component functions %, and h; of X Fy are solutions
of the differential equation that the component functions of Fy are solutions of. Therefore 4,

and &, are solutions of the differential equation
Dy (Dog) +aGDog + (bG* + cE4)g = 0.

We note that #; and /sy cannot be linearly dependent because /] — I, ¢ Z. Thus the functions
hy and hy form a basis for the space of solutions to the above differential equation. If we sub-
stitute by = qll Yo ocnq” into the above differential equation then we get that 0 = Dy (Doh;) +
aGDohy + (bG* + cEg)hy = ¢"' (I3 + (a— )11 + b+c+O(q)). Hence I3 + (a— £ )y + b+c =0.

Similarly, 1 + (a — %)lz—kb—i-c =0.Thus l{l =b+cand [} +1, = % —a.

The functions /#; and h; both have what we call a pure g-expansion. We say that a function
has a pure g-expansion if the function can be written in the form ¢" Y,z o,¢" for some com-
plex number v. The only functions in the set {g : D2(Dog) +aGDog + (bG? + cE4)g = 0} =
{z1h1 +22h2 1 21,20 € C} = {z1¢" ¥ cng" + 224" ¥ dnq" = 21,22 € C} which have a pure

g-expansion are those which are scalar multiples of 4; or scalar multiples of A;.
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We now relate the numbers A and B to /; and , in order to establish that A — B ¢ Z. We recall that

A and B are the roots of the polynomial x* — x(2r + 1;6“) + ’;266. Let D denote the discriminant

of this polynomial. We recall that [}/ =b+cand [} + 1, = é — a. We have that

1—06a

D= (2r+ )2 —2(r —6¢)

1 4
:4r2+%+a2—4ar—g—§+12c

1 1 4
:4(r(a+§)—(b+4c))+%+a2—4ar—g—?r+12c

1
= —4(b+o)+(a= )’
= -4+ (—11 — 12)2

=1 -2LL+13

= (1 —h)*.
We use the quadratic formula to see that A and B are the numbers r 4 %(é —a++D) =
r+3(li+ L+ (i — b)). Thus {A,B} = {r+1;,r+}. We now fix the values of A and B

by choosing to set A=r+1; and B=r+1,. Thus A—B =1} — I = m; —my (mod Z) since

Iy =my —i—%" (mod Z) and I, Emz—i—%‘) (mod Z). Hence A — B ¢ Z since m; —my ¢ Z.

We know that (J(t) — 1) J(t) ™ 2F1 (A, 1+A—~C,1 +A—B;J(t)"!) and
(F3(t) = 1)3(x) B LF(B,1+B—C,1+B—A;J(t)”") form a basis for the space of solutions to

the differential equation

D>(Dog) +aGDog + (bG* + cE4)g = 0
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since we have previously shown that to be the case if A — B ¢ Z. We also know that s and A,
form a basis for the space of solutions to this differential equation. The leading power of ¢ for

hy is [} = A — r and the leading power of g for hy is I, =B —r.

We now show that the functions (J(t) — 1)J(t) ™ 2F(A,1 +A—C,1 +A —B;J(1)~") and
(3(t) = 1)"3(7) B F (B,1 +B—C,14+B—A;J(1t)"!) have pure g-expansions and we compute
their leading power of g. To do so, we shall apply Newton’s binomial theorem which states that
if o€ Cand if |x| < I then (1+x)* =Y, (%)x". We note that |¢| < 1 because T € $). This

observation will justify our application of Newton’s binomial theorem.

In the appendix, we show that J(q) = &q (140(q)). We now apply Newton’s binomial theorem

to get that for each integer n, J(t) ™" = (64¢9)" (14 O(q)). Thus

1+A O .
2F(A1+A—C,1+A-B;J(t —1+Z ?”J() =1+0(q)
n>1 )I’l
and
Z(1+B—C),
2Fi(B,1+B—C,1+B—-A;3(t) ) =1+ I =1+40(q).
,};1 1+B A),n!

We again apply Newton’s binomial theorem to get that

374(q) = (649)" (1+0()), 3% (q) = (649)°(1+0(q)), (3 — 1)" = (64¢) " (1+O(q))-

It now follows that

B0 =1 I() " 2F(A,1+A-C,1+A-B: (1)) = (649)" 7 (1+0(q)) = (649)" (1+0(q))
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has a pure g-expansion and that
(1) =1)"3(0) P 2F1(B,14+B~C, 1+B-A:J(1) ") = (649)""(1+0(q)) = (649)"(1+0(q))

has a pure g-expansion. We previously explained why any function which has a pure g-
expansion and which is a solution of the differential equation D,(Dog) + aGDog + (bG* +
cE4)g = 0 must be a scalar multiple of 4 or hy. Hence h; must be a scalar multiple of

(3(1) = 1) J(t) A 2F (A, 1+A—C,1+A—B;J(t)~!) since both functions have leading expo-
nent /; and (J(t) —1)"J(t) B 2F (B,1+B—C,1+B—A;J(t)~") must be a scalar multiple of
hy since they both have the same leading exponent /. Thus there exist unique nonzero complex

numbers ¥; and K, such that

ki) = 1)I) 2R (A1 +A-C1+A-B;J(v) )
h

XFy = =
hy

) -1)3r) B 2R (B1+B-C,1+B-A;3(v) )

We substitue C = % and we get that

F(t) =n*(1)F(t)

=1 ()X (XF)(x)

Kim2o (1) (3(t) — 1)73(1) A 2F ( ’%—|—A, 1+A-B;3(1) 7D

N (1)(3(1) — 1) 3(1) "B L F (B, % +B,1+B—-A;3(t)7")

We now record what we’ve proven below.

Theorem 4.1.7. Let p denote an irreducible complex representation of I'o(2) of dimension two

such that p(T) is diagonalizable. Let ko denote the least integer for which My, (p) # 0 and let F
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denote a non-zero element in My, (p). Let e™™ and e*™™ denote the eigenvalues of the matrix

27[im1

e 0

p(T) with |my| < |my|. Let X € GLy(C) such that Xp(T)X ! = . Let a,b, and
0 eZ‘rl:imz

¢ denote the unique complex numbers such that
Dj F +aGDy,F + (bG* + cE4)F = 0.

Let r denote a complex number such that r(r — 1) + (%)r + (b+4c) =0. Let A and B denote

the roots of the quadratic polynomial x* — x(2r -+ %) + ’_76”. Then there exist unique nonzero

complex numbers K| and K such that

Kimo (1) (3(t) — 1)73(1) 4 2F ’%—i—A, 1+A-B;3(t) )

F(t1)y=x"!

N0 (1)(3(t) — 1)73(1) 8 LF (B, % +B,1+B—-A;3(v) ")
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Chapter 5

The arithmetic of vector-valued

modular forms

5.1 The Fourier expansions of the component functions of

In the previous chapter, we proved that there exist unique nonzero complex numbers K; and K

such that

KlT]ZkO(’C)(J(’C) _ l)r:j(’c)_A 2F1 ( ,%—i—A, I1+A —B;S(T)_l)

F(t)y=x""

k*(D)(3(8) = 1)73(2) 2R (B, + B, 1+ B-A:3(0))

We wish to study the arithmetic properties of the Fourier coefficients of the component functions
of F. It is too much to ask that these Fourier coefficients be algebraic numbers since k; and k;

need not be algebraic numbers. Nevertheless, we will study the g-series expansions of the
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functions:

1
(1) - 1)3(x) " 2Fi(4, S TAL+A ~B:3(1)7)

1
@) =130 2Fi(B, 5 + B, 1 +B-A (1) ).

We will show that if p has certain properties then the g-series coefficients of these two functions

are algebraic numbers.

Definition 5.1.1. We let {h(K)}%_, and {E(K)};zl denote the sequences for which
1 oo
IAA=D2FA, S +A T+A-B (1)) =641 g (1 +Y h(K)qK>
K=1

and

1 o
IP@E-1) 2R (B, 3 +B,1+B—A;3(t) ) =645 7B <1 +Y h(K)qK> )
K=1

Remark: The fact that there exist such sequences {/(K)}%_, and {h(K) }%—, will be justified

in this section.

PRI . o (RS v RTISYE
ceinnition d>.1.4. e =
n2ogB " (1+ X5, h(K)gX)

The vector-valued function F' may be obtained from X F by normalizing both of the component

functions of X F to have their leading Fourier coefficients equal one. In fact,

64" Ak, ! 0
F' = XF.
0 64" By, !
64 Ak, ! 0
Definition 5.1.3. Let E := X and let p' = EpE~".
0 64" B!
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For each k € Z, the map Z — EZ gives an isomorphism from M (p) to My (p’) and an isomor-
phism from M(p) to M(p’). Thus F' € My, (p’). It is convenient (although not necessary) to
phrase our results in terms of vector-valued modular forms for p’. We will show in this section
that if p has certain properties then for each integer k, there is a basis for My (p’) whose compo-

nent functions have the property that all of their Fourier coefficients are algebraic numbers.

We are particularly interested in the arithmetic properties of the Fourier coefficients of F’.
Definition 5.1.4. Let {d(K)}%_, and {d(K)}5_, denote the sequences of numbers for which

ki
U UL (R v REILTS

gi P (14 R d(K)g)
Remark: The fact that the sequences {d(K)}%_, and {d(K)}%_, exist will be justified in this

chapter.

To effectively study the Fourier coefficients of F’, we will give formulas for /(K) and /(K) in
Theorem In section two of this chapter, we will use the formulas in Theorem to
study the denominators of the Fourier coefficients of the component functions of F’. In partic-
ular, we will show that the sequence of the denominators of the Fourier coefficients of each of
the component functions of F’ is unbounded provided p satisfies a certain hypothesis. In the
last section of this chapter, we show that if p satisfies a certain hypothesis then the sequence of
the denominators of the Fourier coefficients of the component functions of every vector-valued

modular form for p’ is unbounded provided the Fourier coefficients are algebraic numbers.
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To give formulas for 2(K) and i(K), it will also be important to use the Hauptmodul £ := 643
because K € éZ[[q]] *. A proof of this fact is given in Lemma in the appendix.

We will express i(K) and h(K) in terms of several sequences, which we will now define.
Lemmaimplies that for each integer k > 0, 8% € ¢"Z][¢]]*. We also show in the appendix
that 8 = g~ '(1+0O(q)). This fact together with Lemmaimply that for each positive integer

t (g 'R = 1) € ¢'Z[[q]].

Definition 5.1.5. For each integer k > 0, let {D(s,k)}5, denote the sequence of integers such

that

R =Y D(s,k)¢’ =q"+ Y D(s,k)q".
s=0 s=k+1
Definition 5.1.6. For each integer t > 0, let {C(t,d)}5_, denote the sequence of integers for
which

S} 5]

(g'a 1 —1) = Z C(t,d)q" = ZC(t,d)qd.

Definition 5.1.7. We define

(r (_1)n24m+6n(2A)m B _(r (_1)n24m+6n(23)m
g(m,n) = <n> (1+A—B)mm!2 , gm,n):= <n> (l—i—B—A)mm!z .

Definition 5.1.8. We define

fk):="Y glmn), fk):= Y &(m,n).
i i

Theorem 5.1.9. There exist sequences {h(K)Yc_, and {h(K)}5_ for which
1 (o]
TG SR A A B30 ) = 64 g (1 ‘Y h<K>qK>
K=1
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and

1
IP@=1)2F (B, 5 +B,1 +B-A3(1) ) =647 <1 +Y h(K)qK> :

K=1
Moreover,
h(K Z (Zc t,d) < r)) (if(k)D(s,k))
K—-1 d —r s
K)+ Y f(kD(s,k)+ Y (ch,d) (At )) <Z f(k)D(s,k)>
k=0 déf—;z?;}( t=0 k=0
and
h(K Z (ZCtd ( )) (if(k)D(s,k))
_ K-1 _ —r s
K)+ Y f(k)D(s,k) Z <Zc t,d) ( )) (Z f(k)D(s,k)).
Proof. We have that
oo Abm 1
2F1(A,%+Aa1+A—B§3_1 =1+ Z 14_,4J1;A)m‘~j = mzz'l 2(15:13""_(23;;“2;" h

We note that (A), (A+ 1), (2 "I (2A+2])> (2 "I 1(2A+1+2j)) —272(24),,,

Therefore
1 = 2%(24),,
Fi(A,~+A1+A—B3 =1 _27CA)lm om
FiAGFATFA=BT D =15 Y (A p)
Similarly,
1 = 2%"(2B),,
F (B, B,1+B—A; )=1 — K]
2Fi ( 2+ + ;J3(t +Z (1B _A)m
As J = (1 +0(q)), 3~ =64¢(1+ O(g)). We may therefore apply Newton’s binomial the-

orem and we have that:



Thus
1
JAG -1 1R (A,§+A,1+A—B;J(r)’l)
I oo 24m(2A)2
=64 1+ I Nl S
( L \,)0 L G a—B)m
— 64A7rﬁr7A 1+ i Z <r> (_1)”24m+6n(2A)2m Rfk
Sl e \n (1+A—B),m!
n+m=*k
We recall that

r __1\nn4m+6n —1*(=r __1\n»H4m+6n
g(m,n) := ( >( 120 2A)0  (=1)"(=r)n (=1)"2%"(24)0m

n) (1+A—B),m! n! (1+A—B),m!
_ 24m+6n(_r)n(2A)2m
~ (1+A—B)m'n!

We also recall that

fky:=="Y g(mn).
it

‘We have thus shown that

1 =)
IAGE- 1D R (A, 5 HALT+A —B:J(t) =64t A <1 +Y f(k)ﬁk) .
k=1

Similarly,

~—B/n 1 o~
3 B(‘j—1)’2F1(B,5—|—B,1+B—A;J(r) h

_ 64BfrﬁrfB <1 + i (;) (—1)"26nﬁ”> (1 + i m‘ﬁm>

n=1 m=1
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— 4B arB 1+i )3 <r> (L2 2B)an | gt
k=1 \ nm>0 n (1+B_A)mm'
n+m=>k

We recall that

" (r (_1)n24m+6n(23)2m B 24m+6n(_r)n(2B)2m
g ) _<n> (1+B—A)m! — (1+B—A)umn!

‘We also recall that

‘We have thus shown that

[

1 <
B(3—1)",F (B, 3 +B,1+B-AJ(1) ) =648 B <1 + Zf(k)ﬁ") .
k=1

For each integer k > 0, we recall that {D(s,k)}_, denotes the sequence of integers such that

(=

A= ZD(s,k)qs =g+ i D(s,k)q’.

s=0 s=k+1
Therefore
1
IAF-1)" 2R (A, 3 +A,1+A-B:J3(1) )
=641 TR (1 +) f(k)ﬁk>
k=1
=64 TR 1+ Y f(k) (¢ + ) D(s,k)g’
k=1 s=k+1
oo S—l
— 64A7rﬁr7A (1 + Z qs (f(s) —+ Z D(S,k)f(k))) .
s=1 k=0
Similarly,

()

1
‘$@—1Vﬁu&5+BA+B—AJurU
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gk
~

=645 gr B (1 + N(k)ﬁ")
1

f(k) (qk - i D(Sk)cf))

s=k+1

k

gk

Y (1 +

k=1

oo s—1
=647 P14+ Y ¢ | f(9)+ Y. D(s.k) f(k) | ]
s=1 k=0
We now compute the g-expansions of £~ and £”~5. We may use Newton’s binomial theorem

because &' = g(1 + 0(q)). We let X(q) be the function for which &~ = ¢(1 + X(q)). It

follows from Lemma that X (¢) € gZ[[g]]. We have that

ﬁrfA — (q(l_i_X))Afr:qur(l_’_X)Afr:qur <1+i <Atr>Xt>

t=1

and
(oo} B_
ﬁrfB — (q(l_f_X))Bfr :for(l_i_X)Bfr :qB—r <1+Z < t r>Xt> ]
t=1

For each positive integer 7, we recall that {C(z,d)};_, denotes the sequence of integers for

which
('8 =1 =x"= i C(t,d)q" = ic(z,d)qd.
d=0 d=t
Hence
r—A _ _A—r - (AT t
A A=g <1+;< ) )X)
_, = ([A—r -
g (14—;( t >(;C(I,d)qd>>
_ A-r - d A—r
_ g <1+d§q (;)C(t,d)< t )))
Similarly,
r—-B __ _B-r - d d B—r
R B=y (Hd;q <§C(r,d)< ) )))



We have that

1
AF—=1)2F (A, 3 +A1+A-B:J(v) )

:64A—rﬁr—A <1+iq5 (f(s){-SZID(S,k)f(k)))

d A—r - -
= s=1 k=0

We also have that

(S

~_B/n 1 -~
3 B(J—l)’ZFI(B,§+B 1+B-A;3(t)™ Y

eabra B<1+Zq ( +ZDsk (k)))

s=1

:64B_rqB_r<l+;q <IZOCta’< r))) <1+Zq ( +ZDsk (k))).

We have thus shown that there exist sequences {#(K)}%_, and {h(K ) }%_, for which

1 oo
IAG-1) 2R (A, 5 +A1+A-B:J(t) )y =644 (1 +Y h(K)qK>
K=1

and

1 (oo}
I B3 -1) 2R/ (B, 5 +B,1+B-A;3(t) ) =648 <1 +Y h(K)qK> )

Moreover, we have proven that

d,s>0 \t=0 k=0
d+v K

WK) = Y <Zc t,d) ( r>> (f(s)%Zf(k)D(s,k))

K—1 d A—r s—1
K)+ Y f(D(s,k)+ ) (ch)( ) )) (f<s>+2f<k>D<s,k>>.
k=0 d,s>0 \r=0 k=0

d+s=K
s<K
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We have also proven that

" d —r . s—1
h(K)="Y ( OC(t,d)<Bt >> (f(s)+2f(k)D(s,k)>

ds>0 \i= k=0
d+s=K
~ K-1 __ d B—r - s—1
—7K)+ L 706+ ¥ (Lewa (")) 7o+ L fwnes ).
k=0 d,s>0 \r=0 k=0
d+s=K
s<K
The following result about F’ will be quite useful.
Proposition 5.1.10.
g r(1+0(g))
F'=
g (14 0(q))
Proof. We have that
64 Ak ! 0
F' = XF
0 64" By, !
64 Ak ! 0 Kkino(J— 1) 34 R (A, L+ A 1+A-B;37Y)
0 64" B | kom0 (3— 1) 378 2F (B, L +B,1+B—-A;371)
64" Ak, ! 0 KkinZ0644 A (14 Yr_ h(K)gX)
0 64 Bt kmPo6aB P (14 YR h(K)g¥)

N0 (1+ X5-1 h(K)g")

n*0gb (14 X3  h(K)g®)

g4 (1+0(q))

g (1+0(q))
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We remark that we have thus shown that there exist sequences {d(K)}%_, and {d(K)}%_, for
which
k
e s dm)g)
F =

ko ~

g P (1+ X5  d(K)g¥)

We shall now place some assumptions on p to ensure that all of the Fourier coefficients of F’ are
algebraic numbers. One way to proceed is to study those representations p for which p(7’) has
finite order. Henceforth, we shall always assume that p(7') has finite order. This assumption
implies that p(7') is diagonalizable. We recall that A=r+1;, B=r+1b, [, =m; + % (mod Z),
and b =my + %" (mod Z). Therefore A— B =1} — I = m; —my (mod Z). We have previously
shown that the irreducibility of p implies that m; —my € Z. Thus A — B ¢ Z. The assumption
that p(7) has finite order implies that the eigenvalues ¢*™™ and €™ of p(T) are roots of
unity and that m;,my € Q. Because mi,m; € Q and kg € Z, we have that [;,l, € Q. Thus

A—B=1;—1, € Q\Z. The fact that [}, ], € Q also implies that Q(A) = Q(r) = Q(B).

Theorem 5.1.11. If p(T) has finite order and if r € Q then all of the Fourier coefficients of both
of the component functions of F' are elements of Q(r) and are therefore algebraic numbers.
Moreover, for each k € Z, there exists a basis of My(p') consisting of vector-valued modular
forms whose component functions have Fourier coefficients which are elements of Q(r) and

thus are algebraic numbers.

Proof. We recall that | = ¢ [ (1—-¢") € qﬁZ[[q]]X. Therefore the Fourier coefficients

n=1

of the component functions of F’ are algebraic numbers if and only if for all K, #(K) and
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h(K) are algebraic numbers. The formulas for 2(K) and h(K) in Theorem show that
h(K) € Q(A,r) = Q(r) and h(K) € Q(B,r) = Q(r). Thus if r € Q then all of the Fourier co-
efficients of both components of F’ are elements of Q(r) and are therefore algebraic num-
bers. For each integer k, the map Z — EZ gives an isomorphism from M (p) to My(p’). Thus
M(p')=M(To(2))F' @M(I'o(2))Dy,F’. The fact that the Fourier coefficients of the component
functions of F’ are elements of Q(r) together with the fact that E, € Z[g]] imply that all of the
Fourier coefficients of the component functions of Dy, F’ are elements of Q(r) and are therefore
algebraic numbers. Finally, for each integer k, there exists a basis of My (I'o(2)) consisting of
modular forms with integral Fourier coefficients since M (I'y(2)) = C[E4, G] and E4,G € Z][q]].
In fact, a basis for M;(I'o(2)) consisting of vector-valued modular forms whose component
functions have Fourier coefficients which are algebraic numbers is {G*ESF' : 2a + 4b = k —

ko,a,b > 0,a,b € ZY\U{G ELD F' : 2a+4b=k—ko—2,a,b > 0,a,b € Z}.

5.2 Unbounded Denominators: The Minimal Weight Case

In this section, we study the arithmetic of the Fourier coefficients of the component functions
of F’. These Fourier coefficients are algebraic numbers but they need not be rational numbers.
We therefore need to define the numerator and the denominator of an algebraic number. Let Z
denote the ring of algebraic integers. It is well-known that if { is an algebraic number then there

exists a positive integer N such that N{ € Z.

Definition 5.2.1. If { is a nonzero algebraic number then the denominator of C is the smallest
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positive integer Z such that Z{ € Z and the numerator of { is defined to be the algebraic integer
ZC.

We say that an integer Z is a denominator of { if Z{ € Z. The collection of denominators of
€ form a non-zero ideal of Z and is therefore generated by a smallest positive integer, which is
the denominator of {. We observe that there does not exist an integer j > 1 which divides both
the denominator and numerator of { in the ring Z. To see why, we notice that if there exists
some integer j > 1 which divides the denominator N of { and which also divides N in the ring

Z then %C € Z, which contradicts the minimality of N.

Definition 5.2.2. Let p denote a prime number. We say that an algebraic number C is p-integral

if p does not divide the denominator of C.
We shall have occasion to use the following lemma.

Lemma 5.2.3. Let p denote a prime number. The collection of all algebraic numbers which are

p-integral form a ring.

Proof. Let {; and £, denote algebraic numbers which are p-integral. Let n; denote the denom-
inator of {; and let np denote the denominator of . Then nyn,(£,8y) = (n18;)(n28,) € Z and
nina (L1 +8) = na(n1€1) +n1(n2ly) € Z. Thus both the denominator of £;{, and the denomina-
tor of ; + &, divide nyny. We note that p{n; and p 1 n; since {; and , are p-integral. Therefore
ptniny. Thus p does not divide the denominator of {;{; and p does not divide the denominator
of {; + {; since the denominator of {;{, and the denominator of ; + £, both divide nyn,. We

conclude that §; &, and {; 4 {; are p-integral.
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The following Lemma will be quite useful when studying the denominators of the Fourier co-

efficients of F'.

Lemma 5.2.4. Let M denote a square-free integer. Let p denote an odd prime number for which
M is not a quadratic residue mod p. Let X € Q(v/M) such that X € Q. Let Z denote the smallest
positive integer such that ZX is an algebraic integer and let Y := ZX. Let y and z denote the
integers for which Y = M Let R € Q. If p1y then p does not divide the numerator of any

element in the set {(X +R); :t > 1}.

Remark: We note that y #~ 0 since Y ¢ Q. We also note that y and z have the same parity since

Y is an algebraic integer.

Proof. Let ¢ denote the non-trivial element in Gal(Q(v/M)/Q) and let N denote the norm
map from Q(v/M) from Q. Let Oq(vir) denote the ring of integers of Q(vV/M). We pro-
ceed by contradiction and suppose that there exists some positive integer ¢ such that p di-
vides the numerator of (X +R), = (Y£%), = Z~'[T'_)(Y + RZ+iZ) in the ring Oq(var)- Then
p | TI.Z5(Y + RZ +iZ) in the ring Oq(var) and p1Z" in the ring Oq(vir)- Thus p 1 Z. We have

that N(p) = p? | TTZoN(Y +RZ +iZ) in the ring Z. Thus p | N(Y + RZ + jZ) for some integer

jwith 0 < j <t —1. Therefore
0=4N(Y +RZ+ jZ) = 4N (g +RZ+jZ+ %\/M) = (x+2(R+j)Z)? — My? (mod p).

As pty, M is a quadratic residue mod p. This is a contradiction and our proof is now complete.

O]

We recall that Q(A) = Q(B) = Q(r) and /1,1, € Q since p(T) has finite order. We note that
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a,b+ceQsinceljly=b+cand {4+, = % —a. We recall that r satisfies the quadratic equation

P+ (524 r + b+ 4c = 0. We have that Q(—2¢,b+4c) = Q(b+4c) = Q(c).
Thus [Q(c)(r) : Q(c)] < 2. We are most interested in the case when ¢ € Q. If ¢ € Q and if
[Q(r) : Q] = 2 then we will be able to apply Lemma to analyze the denominators of the

Fourier coefficients of F’.

Hypothesis 5.2.5. Throughout the rest of this paper, we shall assume that p(T) has finite

order, c € Q and that [Q(r) : Q] = 2.

Definition 5.2.6. Let M denote the square-free integer for which Q(r) = Q(~/M).

We have previously shown that A — B € Q \ Z. We therefore make the following definition.
Definition 5.2.7. Let u,v € Z with v > 1, gcd(u,v) = 1 such that A—B = *.

Definition 5.2.8. Let S denote the set of odd prime numbers p for which M is not a quadratic

residue mod p and p = u (mod v).

Definition 5.2.9. Let S denote the set of odd prime numbers p for which M is not a quadratic

residue mod p and p = —u (mod v).

It follows from the quadratic reciprocity law and Dirichlet’s theorem on primes in arithmetic
progressions that if S is infinite then S has positive density in the set of prime numbers and if S

is infinite then S has positive density in the set of prime numbers.

We will show that if S is infinite then every sufficiently large element in S divides the denomina-

tor of at least one Fourier coefficient of the first component of F’. We will also show that if Sis
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infinite then every sufficiently large element in S divides the denominator of at least one Fourier
coefficient of the second component of F’. At the end of this section, we will give examples of
representations for which we can prove that S and S are infinite. We begin with the following

proposition.

Proposition 5.2.10. Assume that S is an infinite set. Let K denote an integer such that px =
u+KveS. Ifm+n<K and if m # K then for all sufficiently large K, g(m,n) is pg-integral
and pg does not divide the numerator of g(m,n). Consequently, for all sufficiently large K, f (k)

is px-integral provided k < K.

Proof. We recall that

24m+6n(_r)n(2A)2m B 24m+6n(_r)n(2A)2m _ vm24m+6n(_r)n(2A)2m

(1+A=B)umin! —  (14+%),min! [T (u+ jv)m!in!

g(m,n) =

We will show that if K is sufficiently large then px does not divide the numerator of (—r),,
pk does not divide the numerator of (24),,, and px does not divide any of the integers v'",

24m+6n T2 (u+ jv),m!,n!. Lemma will then imply that g(m,n) is pg-integral.

The stipulations m+n < K and m # K imply m < K —1 and n < K. In particular, px = u+Kv >
u+mv > u+ jvforany j with 1 < j <m. Thus px does not divide any of the positive elements
in the set {u+ jv:1<j<m}. We note that 0 ¢ {u+ jv:1 < j <m} since ged(u,v) =1 and
v > 1. It is possible that some element(s) in the set {u+ jv:1 < j < m} are negative since u
might be negative. Nevertheless, only finitely many elements in the set {u+ jv:1 < j <m}
are negative since v > 0. Because u and v are fixed, we may choose a sufficiently large K such

that px does not divide any of the negative elements in the set {u+ jv: 1 < j < m}. For such
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a K, px does not divide any element in the set {u+ jv:1 < j < m}. Because pg is prime,

pr 17 (u+ jv). In particular, we have shown that p ¢ Hf;ll (u+ jv).

If K is sufficiently large then px > K and thus px > m and pgx > n. Because pg is prime,
pk 1 m! and pg t n!. If K is sufficiently large then pg { v and so pg t V" for any m. We recall
that Q(A) = Q(r) = Q(v/M). Let x1,y1,x2,y2 € Z such that 24 = M and —r = M
We note that y; # 0 and y, # 0 since A, r ¢ Q. If K is sufficiently large then pg { y; and pg 1 y2
and it then follows from Lemma [5.2.4]that px does not divide the numerator of (2A)s,, for any
m and pg does not divide the numerator of (—r), for any n. Moreover, if K is sufficiently large
then pg also does not divide the denominators of 24 and —r. Hence px does not divide the
denominators of (24),,, and (—r), for any n and m. Finally, pg t 24"+ since px is an odd
prime. We have shown that px does not divide the numerator of (—r),(2A),,, and that px does

not divide any of the integers v, 24m+61, [T/, (u+jv), m!, and n!. We conclude that g(m,n) is

pk-integral by applying Lemmal[5.2.3]

If k < K and if m+n = k then we have shown that g(m,n) is pg-integral. Hence if k < K then

flk):= Y g(m,n) isasum of pg-integral numbers and is therefore pg -integral. O
n,m>0
n+m=k

Theorem 5.2.11. Assume that p satisfies Hypothesis Assume that S is an infinite set. If

K is sufficiently large then f(K) is not pg-integral and pg f(K) is pg-integral.

Proof. We have that f(K) = g(K,0)+ Y. g(m,n). We have shown in Proposition [5.2.10)
m+n<K
m#K

that g(m,n) is pg-integral if m+n < K and if m # K. We apply Lemma [5.2.3| to get that
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Y g(m,n) is pg-integral. It now suffices to show that g(K,0) is not pg-integral. We note
m+n<K
m#K

that g(K,0) = % We have previously shown that if K is sufficiently large then v& 24K,

K!, and Hf;ll (u+ jv) are not divisible by px and that px does not divide the numerator nor
the denominator of (2A),¢. Therefore pk || (u+ Kv) Hf;ll(u +jv) = Hle(u + jv). We con-

clude that pg but not p% divides the denominator of g(K,0). Hence f(K) is not pg-integral and

prf(K) is pg-integral. 0

Theorem 5.2.12. Assume that p satisfies Hypothesis Assume S is infinite. If K is suffi-
ciently large then the denominator of h(K) is divisible by px. Moreover, h(J) is pk-integral if
J < K. Hence every prime in S which is sufficiently large divides the denominator of h(K) for

some K.

Proof. We recall that:

K—1 d —r s
WK) = (K)+ ¥ fD(s )+ ¥ ( ct.a(*; )) (Z f(k)D(s,m).
k=0 ds>0 \/=0 k=0

d+s=K
s<K

We have shown that f(K) is not pg-integral and that f (k) is pg-integral if k < K. Moreover, the

numbers D(s, k) and C(,d) are integers. Thus foralls <K —1,Y;_ f(k)D(s,k) is px-integral.

1T (v—j2)
Zt!

We recall that A —r=1; € Q. Let y,z € Z such that /| = % Then (Al_r) = (l‘) = . We

t
note that + < d < K and K < pg if K is sufficiently large. Therefore pg {¢! if K is sufficiently
large. We also note that pg 1 z if K is sufficiently large and thus pg 1 z'. Thus if K is sufficiently

large then (A_r) is pg-integral for all 1 < K. Hence for all d < K, Y% ,C(t,d) (At_r) is pk-

t
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integral. Thus i(J) is pg-integral if J < K. We have also shown that

k)= 3 o+ ¥ (Lewa(t) 7)) (Lrwpen)

d,s>0 k=0
d+s=K
s<K

is pg-integral. Because f(K) is not pg-integral, 2(K) is not pg-integral. O

Theorem 5.2.13. Assume that p satisfies Hypothesism Let px := —u+ Kv. Assume that S
is infinite. If K is sufficiently large then px divides the denominator of Z(K ). Moreover, Z(J ) is
px-integral if J < K. Thus the set of primes that divide the denominator of %(K ) for some K is

infinite and has positive density within the set of primes.

Proof. The proof is completely analogous to the proof of Theorem|5.2.12] We note that Q(B) =

L
=
]
=
=
]

Q(v/M) and B—A = =. We also have that

N( ) 24m+6n(_r)n(2B)2m 24m+6n(_r)n(23)2m vm24m+6n(_r)n(2A)2m
m,n) = = = )
sy (1+B—A)min! (1+ =5),ym!n! T (—u+ jv)m'n!

We recall that {d(K)}%_, and {d(K)}%_, denote the sequences for which

ki
O UL (S v RTILTS

gt (14 X7 d(K)g")
Theorem 5.2.14. Assume that p satisfies Hypothesis[5.2.5] If S is infinite then for all sufficiently
large K, pk divides the denominator of d(K) and d(i) is px-integral if i < K. Thus if S is infinite
then the set of primes that divide the denominator of at least one Fourier coefficient of the first

component function of F' is infinite and has positive density within the set of primes. If S is
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infinite then for all sufficiently large K, pg divides the denominator of d(K) and d(i) is pk-
integral if i < K. Thus if S is infinite then the set of primes that divide the denominator of at
least one Fourier coefficient of the second component function of F' is infinite and has positive

density within the set of primes.

Proof. We recall that 1) = g2 -, (1—-4¢") = qﬁ(l +0(q)) € qﬁZ[[q]]X. Therefore N0 =
qkl% (1+0(q)) € qkl%Z[[q]] *. We define the sequence of integers {e(K)}%_, by setting n?0 =

qku% (1+Y5%_, e(K)gX). We have that

() 1730 2Fi (A, 3 +A, T+A-BI(D) )

— B (14 Y elig)o4' g (1 Ly h(K)qK> :
i=1 K=1
Thus 1+ Y8 d(K)q" = (1+ X7 e(i)g') (1 + L5, h(K)g").
Hence d(K) = h(K) + YK e(i)h(K — i). We note that each e(K — i) is an integer. We have
proven that 4(K) is not pg-integral but A(i) is px-integral if i < K. Therefore d (i) is px-integral

if i < K and d(K) is not pg-integral. The proof that if K is sufficiently large then d(i) is pk-

integral if i < K and pg divides the denominator of d(K) is completely analogous. O

Lemma 5.2.15. Ifmi —m; € %Z\Z then S =S, S is infinite, and S has density % within the set

of primes.

Proof. In this case, v =2 and
S=8= {p: pisodd and M is not a quadratic residue mod p}.
The quadratic reciprocity law and Dirichlet’s theorem on primes in arithmetic progressions
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imply that since M is not a perfect square, S is an infinite set and has density % in the set of

primes. O
Lemma 5.2.16. If p is induced from a character of '(2) then my —m, € 3Z\ Z.

Proof. Assume that y is a character on I'(2) such that p = Ind?()g)\p. Let y:Tp(2) — C be
the function defined by setting W(g) := y(g) if g € I'(2) and y(g) := 0 if g & ['(2). We note

that I'(2) is an index two subgroup of I'y(2) and {I,T} is a basis of left coset representatives

. L | v w(T?) 0 y(1?)
for I'(2) in I'9(2). Then p(7) is similar to the matrix =

V() W(T) 1o

Thus the trace of p(T') is equal to zero since the trace of p(7') is equal to the trace of the matrix

0 Ww(T?) . .
. As p(T) is a diagonalizable matrix with eigenvalues e?™" and e*™"2, we have

1 0
that 0 = trace(p(T)) = ™™ + ™™ Thus ¢2™(™—m) = —1. Hence my —my € 1Z\Z. O
Theorem 5.2.17. Let p denote a two-dimensional irreducible representation of I'(2) which is
induced from a character of I'(2). Assume that p satisfies Hypothesis Then S is infinite
and S has density % in the set of prime numbers. Moreover, every sufficiently large prime
number in S divides the denominator of at least one Fourier coefficient of the first and of the

second component functions of F'.

Proof. The hypothesis that p is induced from a character of I'(2) implies m; —m; € %Z \ Z.
Therefore S = S. Lemma|5.2.15 implies that S is infinite and has density one half in the set of

primes. The conclusion of the theorem now follows from Theorem[5.2.14] O
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5.3 Unbounded Denominators: The General Case

In the previous section, we proved that if p satisfies Hypothesis and if S and § are infinite
then the denominators of the Fourier coefficients of each of the component functions of F’ are
unbounded. In this section, we will prove the analogous result for vector-valued modular forms
of any weight in Theorem Our method of proof follows very closely Chris Marks’ paper
[19]. In [[19], Marks proved a similar result for three-dimensional vector-valued modular forms
with respect to certain three-dimensional representations of I'. Our proof that the denominators
of the Fourier coefficients of each of the component functions of F’ are unbounded uses entirely

different ideas than those in [19].

Definition 5.3.1. Let Z denote a vector-valued modular form whose component functions have
Fourier coefficients which are algebraic numbers. We say that Z has bounded denominators
if the sequence of the denominators of the Fourier coefficients of each component function of
Z are bounded. If Z does not have bounded denominators, we say that Z has unbounded

denominators.

Remark: We proved in Theorem [5.1.11| that for each integer k, there exists a basis for My (p’)
consisting of vector-valued modular forms whose component functions have Fourier coeffi-

cients in Q.

Definition 5.3.2. Let L denote a number field or Q. The notation My(p') denotes those vector-
valued modular forms in My (p') whose component functions have all of their Fourier coeffi-

cients in L. The notation My(T'o(2)), denotes those modular forms in My(To(2)) whose Fourier
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coefficients all belong to L. We define M(p)r := Prcz Mi(p)r and M(T'o(2))1, := Brez Mk (T0(2) )L

We will need to use the fact that if f € M(I'o(2)), then there exists a positive integer N such

that Nf € Z[[¢]]. To do so, we first prove the following lemma.

Lemma 5.3.3. Let f =Y, ganq" € My(I'0(2)). Let r(k) = dim My(T'o(2)). Let R denote the
Z[%, %]—module generated by ay, ...,ay)—1- Then all a, € R and f = Y, 4p—k capG EY where

each c,p € R.

Proof. This proof follows the proof of Theorem 4.2 in Lang’s book on modular forms [18].
We proceed by induction on k. The result is clear if k = 2 and if k = 0 since dim M»(I'y(2)) =
dim My(T'9(2)) = 1. Now, let k denote an even integer for which k > 2 and let f =Y~ a,q" €
M (To(2)). Then f — aoG? has a zero at e. We have shown in the appendix that E4 — G? has
a simple zero at oo and no other zeros. Therefore there exists some g € My_4(I'9(2)) such that
f— a0G§ = (E4 — G*)g. We write g = Yo 1 b,q". Let R, denote the Z[%, %]—module generated
by bo, ..., b,)—1. We have that R, C R since E4 —G* = 192¢(1+0(q)) € 192¢Z][q]]*. We apply
the inductive hypothesis to g and have that all b, € R, C R and that g = Y, 4p——4 ca,bG“Eff
with ¢, € R, C R. Thus f = aoG§ +(Eq— Gz)g can be written as an R-linear combination of
elements in the set {G“EY : a,b > 0,2a+ 4b = k}. Therefore every a, € R. This completes the

inductive step and our proof is now complete. O

Lemma 5.3.4. Let L denote a number field or Q. Let M(T'o(2))L := M(To(2)) NL][q]]. Then
{GEL : a,b > 0,2a+4b = k} is a basis for the L-vector space My(T'o(2)). If f € Mx(To(2))r

then there exists a positive integer N such that N f € Z|[q]].
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Proof. The fact that {G“E? : a,b > 0,2a+4b = k} is a basis for the L-vector space My(I'o(2))L
is immediate from Lemma[5.3.3] Let f € My(T'o(2))y.

Then f =Y r4 ap—k ca,bG“Ef‘7 where each ¢, € C. Lemmaand the fact that f € My (I'o(2))L
imply that each ¢, € L. Therefore there exists a positive integer N, ;, such that N, pc, 5 € Z. Let

N = TTout4p—k Nap- Then each Neyjp € Z and Nf = Yo, 45— Nca s GYEL € Z[[q]). O

We shall need to compute the g-series expansion of Dy, F’ in this section and we do so in the

following Lemma.

Lemma 5.3.5. Let 1 (K) := d(K)(K+A—r)+ Y5 2koo(n)d(K —n) and let 1,(K) := d (K ) (K +

B—1r)+ Y5 2koo(n)d(K — n). Then

ki
. g AT (A —r+ X3 01(K)g)
ko =

ki
g BT (B—r+Ye_, 02(K)g")

Moreover, for all integers K, t)(K),t2(K) € L. In particular, Dy, F' € My,2(p') L.

Proof. We recall that E; = 1—24Y ", 6(n)q". Let F| and F, denote the first and second com-

ponent functions of F’. We have that

oo

Y d(K)qK)>

ki
Dy, (F{) = Dy, (ﬁ*“(l +
K=1

—9<(]€2+A r(1+ - d(K)qK)>
K=1
—%EZ <q12+A r(l + i d(K)qK)>
K=1
— gt (1 + i d(K)qK> - (1 Ly d(K)qK> 0(g18 ")
K=1 K=1
~S (124 oln)g") (q?%*-r(l s d(K)qK)>
n=1 K=1



oo

Yy d(K)qK>

K k K
— qli+A7r( § Kd(K)q ) + (70 +A — r)q|*02+A7r <1
K=1

In a similar manner, we have that Dy F, = q%JFB_’(B —r+Y%_ 1 (K)gX).
The assumption that p(7') has finite order implies that A—r € Q and B—r € Q. We have
previously shown that for all integers K > 1, d(K) € L and d(K) € L. It now follows from the

formulas for ¢ (K) and #,(K) that for each integer K > 1, #;(K) € L and t;(K) € L. Hence all of

the Fourier coefficients of both of the component functions of Dy, F’ belong to L. O

Lemma 5.3.6. Assume that p satisfies Hypothesis Let M denote the square-free integer
forwhich Q(v/M) = Q(r) and let L= Q(v/M). Then M(p"). = M(To(2))L.F' @M(To(2)) Dy, F'.

In particular, M(p') 1. is a free M(Ty(2))-module of rank two.

Proof. This proof follows the proof of Lemma 4.1 in Marks’ paper [19]. We have shown in
Theorem 5.1.11|that F” € My, (p'), and Dy, F' € My, 12(p')1.

Hence M(T'o(2)).F' @M (To(2)) Dy, F’ C M(p’)L. To prove the theorem, we need to show that
the reverse inclusion holds. We recall that M(p')., := @z Mi(p’)r- Thus it suffices to prove
that if k € Z then My(p'), C M(To(2))L.F' @M (To(2)).Di F'. Let Z € Mi(p')r. Let Z; and
Z, denote the first and second component functions of Z and let F| and F; denote the first and
second component functions of F’. We know that

M(p") =M(To(2))F' @M(To(2))Dy, F'. Therefore Z = mF' + myDy, F' where

my € My_i,(T0(2)),mz € My_g,—2(T0(2)). It suffices to show that m; € My_,(I'0(2)). and
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my € My—_i,—2(T'0(2))r. We have previously shown that

ki
P F ng+A_r(1 +Y5—1 d(K)gX)
k ~
Bl g1+ X8, d(K)g")
and
O DGE | e A B n(K)gY)
Dy, (F') = =1
DyFy|  |q#tP T (B—r+Xi 02(K)g)

We write m; = Y>> mj(n)q" and my = Y>°_ymy(n)q". The equation Z = mF' + myDy F' im-
n=0 n=0 q 0

plies that there exist sequences {Z;(n)};_, and {Z,(n)};>_, such that

Z q%“‘”ZZLoZl (n)q"
Z = =

ki
Z qutBTY (7 (n)q"

oo oo

k > -
=g Y min)g" (14 Y d(K)g )+ Y ma(n)q" (A —r+ Y 0n(K)g").
n=0 K=1 n=0 k=1

Thus Z;(N) = mi(N) + YN0 mi(n)d(N —n) + (A — r)ma(N) + YN ma(n)ty (N — n). Simi-

larly, Zy(N) = my(N) + YY" my (n)d(N — n) + (B — r)ma(N) + YN =4 ma(n)ta(N — n). Hence

Z] (0) 1 A—r m1(0)
= and for all N > 1, we have that

Zz(()) 1 B—r I’I’lz(O)
Zi(N) 1 A—r| [m(N)| N=1|mi(n)d(N—n)+my(n)t;(N—n)
= + Z
Z>(N) 1 B—r| [m@®N)| " |m(n)d(N—=n)+m(n)t2(N—n)
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To show that my,my € M(I'g(2))z, we must show that for all nonnegative integers N,
mi(N) € L and my(N) € L. We proceed by induction on N. Our inductive hypothesis is that

for all nonnegative integers n < N, m;(n),my(n) € L. We recall that because p is irreducible,

1 A—r
B—A ¢ Z and thus B— A # 0. Hence the matrix is invertible. The assumption that

1 B—r
p(T) has finite order implies that A — r,B—r € Q. Thus

-1

1 A—r 1 B—r r—A

~5_a € GL(Q).
1 B—r -1 1

The assumption that Z € M(p),, implies that for all integers n > 0, Z;(n),Z>(n) € L. We have
previously shown that F' € M(p), and that for all integers K > 1, d(K),d(K) € L We also
proved in Lemma that for all integers K, #1(K),#(K) € L. We now treat the base case

where N = 0. We have that

Hence m;(0),m2(0) € L since Z;(0),Z>(0) € L, B—r,r—A,B—A € Q. Let N denote a positive

integer. Assume that for all nonnegative integers n with n < N, m;(n),ma(n) € L.

Then
1 A—r| [m(N) Zi(N)| N=t |mi(n)d(N —n)+my(n)t;(N —n) )
= — eL.
1 B—r| |my(N) ZN) | " | mi(n)d(N = n) + my(n)t(N — n)
1 A-r
Thus m;(N),ma(N) € L since € GL»(Q). This completes the inductive step and
1 B—r
our proof is now complete. O
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Theorem 5.3.7. Let p denote a two-dimensional irreducible representation of I'o(2) for which
p(T) has finite order, c € Q and [Q(r) : Q] = 2. Let k € Z and let Z denote a nonzero element in
My (p')L. Let Zy and Z, denote the first and second component functions of Z. If S is infinite then
the sequence of the denominators of the Fourier coefficients of Z| is unbounded. If S is infinite

then the sequence of the denominators of the Fourier coefficients of Z; is unbounded.

Proof. This proof follows closely the proof of Prop 4.3 in Marks’ paper [19]. Let Z denote a

nonzero element in M (p’).. Then DyZ € My»(p’)L. We have proven in Lemma that
M(p") = M(To(2))LF' @M (To(2))LDi F'.

Therefore there exist m,ms € My_,(I'o(2)) 1, ma € Mi—i,—2(T0(2))r, and m3 € Myy2—4,(T0(2))1

such that

Z mp ny F/

DkZ ms3 Ny DkoF/

We note that mymy — mpyms € Moo, (Fo(Z))L.

We have that:
my”Z —mpyDiZ B - my —mg- Z
—m3Z+mDyZ R _—m_o, mi | D.Z
B _ my —mz_ my m F'
B ms my | ms o my Dy F'

(m1m4 — mQM3)F/

(mymg — mam3) Dy, F'
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Thus myZ — myDyZ = (mymy — mpym3)F’'. We recall that Z; and Z, denote the first and second
component functions of Z and F| and F; denote the first and second component functions of F’.
Thus myZy —myDiZy = (myma — moym3)F| and maZy — myDyZp = (myms — mom3)F,. Suppose
by way of contradiction that the sequence of denominators of the Fourier coefficients of Z; is
bounded. Then the sequence of denominators of the Fourier coefficients of

DyZy = qdd—q (Z1) — &5 E»Z, is bounded since E; € Z[[g]]. We have proven in Lemmathat the
sequence of the denominators of the Fourier coefficients of any modular form in M(I'y(2)); is
bounded. Thus the sequence of the denominators of the Fourier coefficients of m4Z; — myDyZ;
is bounded since the same is true of the sequence of the denominators of the Fourier coefficients
of Zy, DyZ,, ms, and my. Let N denote a positive integer for which

MMy — Mamz = %q’ (1+Y,8,q") with 8, € Z and t a non-negative integer. We have that

oo

1 i K
(mymy —mom3)F{ = (1+ Y 8q")g* "4 (1+ ) d(K)q¥)
n=1 K=1

1

) K—1
— gt K ak)+8 d(i)5x;
N4 ( X ( (K) 8+ Y d(idei | |

We recall that d(i) is pg-integral if i < K. Thus dg + Zf: _11 d(i)dk_; is pk-integral. However,
d(K) is not pg-integral. Thus d(K) + 8k + XX 'd(i)8k_; is not pg-integral. We have proven
that (mmy — mzmg)Fl’ has unbounded denominators if S is infinite. This is a contradiction since
msZy —myDyZy = (mymy —myms3)F| and we have shown that msZ; — myDyZ; has bounded de-
nominators if Z; has bounded denominators. Thus the assumption that Z; has bounded denom-
inators is false and we conclude that if S is infinite then the sequence of denominators of the
Fourier coefficients of Z; is unbounded. A completely analogous argument shows that if Sis

infinite then the sequence of denominators of the Fourier coefficients of Z; is unbounded. [
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Theorem 5.3.8. Let p denote a two-dimensional irreducible representation of Ty(2) which is
induced from a character of I'(2). Assume that p(T) has finite order, ¢ € Q and [Q(r) : Q] = 2.
Let k € Z and Z € My (p’) whose component functions Z and Z, have the property that all of
their Fourier coefficients are algebraic numbers. Then the sequence of the denominators of the
Fourier coefficients of Z) and the sequence of the denominators of the Fourier coefficients of Z;

are both unbounded.

Proof. We have shown in Theorem|5.2.17|that if p is induced by a character of I'(2) then S = S

and S is an infinite set. This theorem now follows from Theorem ]

We recall that we have proven in Theorem that any p which satisfies the hypotheses of
Theorem [5.3.8] (in fact, a weaker set of hypotheses is sufficient) has the property that for every
k € Z, there is a basis for My (p’) consisting of vector-valued modular forms whose component

functions have the property that all of their Fourier coefficients are algebraic numbers.
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Chapter 6

Appendix

6.1 A Hauptmodul and its first and second derivatives

G(1)

The purpose of this section is to prove that J(t) := 3m

is a Hauptmodul of I'y(2) and
to provide proofs of Propositions [4.1.3|and [4.1.4] We shall also show that G and Ej4 are alge-
braically independent and that M (I'y(2)) = C|G, E4]. We begin by providing some background

on the group I'y(2) and on modular forms on I'y(2).

1 1
The group I'p(2) is an index three subgroup of SLy(Z). It is generated by T = , and
0 1
1 —1 _ )
V.= . As V? = —I, V? acts trivially on $. We note that V' fixes % and therefore %
2 —1

is an elliptic point. In fact, T € $) is an elliptic point for [)(2) if and only if T € I'y(2) - % Ina

fundamental region, the cusps of the modular curve I'g(2) /(5 UP'(Q)) are 0 and oo.
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We recall that E>(t) :=1—24Y ,6(n)q" and that G(t) := —E»(1) + 2E>(27) € M2(I'9(2)).

We write down the g-expansions for G, E4, and E4 — G2

G(7) 1—2426 ") 42( 1—2426 )g*") = 1 +24¢+24¢* +0(q°)

n=1

E4—1+24OZG3 n)q" = 1 +240qg +21604> + 67204° + 0(q*)

n=1

E4— G? =192q+ 15364 + O(¢°).

The valence formula for I'g(2) states that if f € My(T'9(2)) then

k  k[PSLy(Z):To(2)]

7= o2 () vl +

ve(f)

eryo)\s Mo (2)

where I'0(2) :=I'9(2)/{l,—I} and nr,(»)(z) is equal to one or two or three if z is not an elliptic
point or z is I'-equivalent to i or z is I'-equivalent to e , respectively. In particular, nr ;) (z) = 1
if z is not an elliptic point and nr(5)(z) = 2 if z is [-equivalent to H’ . The valence formula for

any finite index subgroup of I is given in Theorem 5.6.11 in [[7]].

We shall use the valence formula to computes the zeros of G> and E4 — G%. We see that
E4— G* = 192¢+ O(q?) has a simple zero at the cusp . As E4 — G* € My(Ty(2)), the valence
formula implies that (E4 — G?)(t) = 0 if and only if T € Iy(2) - c>. We now use the fact that V

fixes % to compute the zeros of G. We have that

o(5) = ()= (25 1) To(v(159)) <o ('5)
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Therefore G(1) = 0. The valence formula implies that G(t) = 0 if and only if

Te€l(2)- % The valence formula also shows that any weight two modular form vanishes at

L Thus M>(Ty(2)) = CG.

Proposition 6.1.1. Let k denote a nonnegative even integer. The set {G"Ej{7 :2a+4b=k,a,b>
0,a,b € Z} is a C-basis for My(I'o(2)). Consequently, the modular forms G and Ey are alge-

braically independent and M(I'y(2)) = C[E4,G].

Proof. There are [5] + 1 elements in the set {G*E} : 2a+4b = k,a,b > 0,a,b € Z}. If k is a
nonnegative even integer then dim My (I'9(2)) = [£] + 1 (see page 265 in [7]). Thus to show that
the set {GE% : 2a+4b = k,a,b > 0,a,b € Z} is a basis for My(T'y(2)), it suffices to show that
the elements of this set span M (I'o(2)). We show that this holds by induction on k. The result is
clear for k = 0 and k = 2 since dim My(I'p(2)) = C and dim M>(I's(2)) = CG. Let k denote an
even integer such that k > 4. We shall assume that the set {G”Ef :2a+4b=t,a,b>0,a,b €L}
spans M, (I'y(2)) for all nonnegative even integers 7 less than k.

Let f =Y anq" € Mx(I'0(2)). Then f — aoGg has a zero at .

Letg= (E4—G*) ! (f - aoG%). Then g € M;_4(To(2)) since E4 — G? has a simple zero at o
and has no other zeros. By the inductive hypothesis, g =}, 4y——4 cxyG'E; where each of the

Cy,y are complex numbers. Thus

f=aG +(Es—Gg=aG:+ Y  c,GE = Y ¢,G7E]
2x+4(y+1)=k 2(x42)+4y=k

is in the C-span of the set {G“Eff :2a+4b =k,a,b > 0,a,b € Z}. This completes the inductive
step. We have thus proven that for each even k£ > 0, {G“Eff :2a+4b =k,a,b > 0,a,b € L}

spans My(I'9(2)) and is therefore a C-basis for My (I'(2)).
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v:(f)

nro@)(2)°

If f € M(T(2)) then we recall that & = vo(f) +ve(f) + Yeery(2)\9 This equation
shows that if f is nonzero then f cannot be expressed as a sum of modular forms of smaller

weights. We conclude that E4 and G are algebraically independent and that M (I'y(2)) = C[G, E4].

O]

We shall now prove that ;j is a Hauptmodul.

Proposition 6.1.2. The modular function J(t) := 3 E4(G2(T)

IMOEEE] is a Hauptmodul of Ty(2).

Proof. The modular forms G? and E4 — G are both modular forms of weight four and therefore
J is amodular function on I'p(2). A modular function on a genus zero subgroup is a Hauptmodul
if and only if it has one simple pole and no other poles. This statement is true about the function
J since G? does not vanish at the cusp o and E; — G* has a simple zero at the cusp oo and it has

no other zeros. O]

We now give the proof of Proposition We will prove a bit more. Namely, we will show

that:

G(E,—4G?)

o) = (1-36= "5

Proof. (Proof of Proposition f.1.3]) The derivative of a modular function is a meromorphic

modular form of weight two. The differential operator 6 = ﬁ% = qd% preserves the order of
vanishing of a function at c. Therefore 6(J) has a simple pole at eo. Moreover, 8(J) has no
poles elsewhere since J has no poles elsewhere. As E4 — G has a simple zero at o, the function

(E4 — G*)6(J) is holomorphic and thus (E4 — G*)8(J) € Ms(I'9(2)) = CE4GP CG>. We now
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compute the numbers d; and d, for which (E4 — G?)8(J) = dE4G+d>G>. We first compute the

first two coefficients in the g-expansion of (E4—G?)8(J). As E4 — G? = 192¢+15364* + O(q>),

ﬁ:éq(l—Sq—i—O(qz)).Wehave
30 =29 L 8t () (1 4489 1 O) = L a1 (1 140g + 0())
=g —g = qagl ~8+00 q4+0(q”) = 14 q+0(q%)).

Therefore 6(J) = qd%(fj) = —&q ' +0(q). Hence

(Es—G*)0() = (1924 + 1536q2+0<q3>><—6i4q“ +0(q) = =3 -249+0(¢").

Thus

—3-24¢+0(q*) = (Es — G*)6(J)
=d1EsG +drG?
=d;(14240q+0(g%)) (1 +24q+ O(¢?)) + dr (1 + 729+ O(¢?))

= d| +do + (264d| +72d>)q + O(¢*)

We have that d| +d, = —3, 264d, + 72d, = —24, and we obtain that (d;,dy) = (1,—4). We

have now shown that (E; — G?)0(J) = G(E4 —4G?). It now suffices to prove that %4%4522 =1-7.

E4—4G?

e has a simple pole at oo since E4 —4G?> = —3 + O(g) does not

The modular function

vanish at o and E4 — G* = 192¢ + O(¢?) has a simple zero at eo. The modular form E4 — G?

E,—4G?

has no other zeros and thus G

is holomorphic except at . We have previously shown
that J also has the property that it has a simple pole at c and it has no other poles. As the

Riemann surface ['(2)\($UP!(Q)) has genus zero, the Riemann-Roch theorem implies that
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the dimension of the vector space of meromorphic functions on I'y(2)\ (£ JP'(Q)) which have

at most a simple pole at oo and which are holomorphic elsewhere is two. We can take a basis

—4G?
E —G?

for this space to be the constant function 1 and J. We have shown that £ is in this space.

Therefore there exist complex numbers y and z such that £ v+ zJ. We compute y and z

EG2_

-1

by comparing the coefficients of g~ ! and ¢° in the g-expansions of and J. We previously

computed that J = 4q*1 —|— + O(q). We also have that

E4—4G*  —3+48q+0(¢%)
Ey—G?  192g+1536¢% +O(q%)

_ —3+48¢+0(q%)
192¢(1+8g+0(¢?))

= 3, (-3 +484-+ 0(g") (1 -84+ 0(g?)

192 — (34729 +0(4%))

I
=4 ' +5+00).

Therefore z = —1 and % =y+ g—gz =y—20 Thus y = 1. We conclude that £ 1—3Jand

EGZ_

our proof of the proposition is now complete. O

Remark: We have shown in the above proof that & = 643 = ¢~ (14 0(q)).

We need the following Proposition before giving the proof of Proposition 4.1.4]
Proposition 6.1.3.

1
~(E2G+Ey—2G?)

8(G) = - (

Proof. As G € My(T9(2)), D2(G) = 8(G) — tE»G € My(T'y(2)) = CE4 @ CG?. We now com-
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pute the numbers ¢; and ¢; such that 6(G) — éEzG = c1E4 + c»G?. We have that:

0(G) = 0(1424q+24¢* +---) = 24q+ 484> + 0(¢°)

ExG = (1-249—0(q))(1+24g+0(¢%)) = 1+ O(¢*)

1

1 1
8(G) — 8EZG =24+ 0(¢%) < (14+0(4?)) = —< +24q+ 0(q?).

‘We now have that

1 1
—s 24+ 0(¢*) =6(G) — cE:G
= ClE4+CzG2

= ¢1 (142404 O0(¢%)) + c2(1 +48g + O(¢?))

=1+ c2+ (240c; +48¢2)g+ 0(4%)

We getthat c; +c¢p = —% and 240c¢| +48c, =24. Thus ¢ = é and ¢; = —% and the proposition

is now proven. O

We will also need to use the fact that f;i((?) = J?()§3 in our proof of Proposition 4.1.4, We recall

2 . ..
that J = Eff; . Therefore 3%3 = 1+% =1+ E“G}G = % We now give the proof of Proposition

Namely, we show that:

~ o3 L
0%(3) = G(1-3)(—gs—) + ¢F20(3).

Proof. (Proof of Proposition b We will now use the formula 6(G) = %(E2G+E4 —2G?) to

compute 6(J). We have that



=-G*(1— )+%(EzG—|—E4—2G2)(1—3)
=G*(1-3)(— :+6EGz)+éE2G( -3J)
= GA1-2)(—5 + 1)+ g Ea0()

= GA(1-2)(T )+ g E0)

6.2 An integrality result

Lemma 6.2.1. Let § := 643 = 220, Then & € 1Z][q]]*.
Proof. We have that
G = —E(1) +2E»(27) = 1—2420 +21—24Z(5 ")

— 1424 Z o(2n+1)g*" ' + Z (246(2n) — 486(n))g*".
n=0 n=

LetP=Y 06(2n+1)g> 1 + ¥, (c(2n) —26(n))g*". Then G = 1 + 24P and
G* = 1+48P+24°P> = 1 +48P (mod 192).
Therefore

G*—E4=48P—240 ) 63(n)q"

n=1
=48 <P— i (53(n)q"> (mod 192).
n=1

Thus to prove that G> — E4 € 192Z][q]], it suffices to show that

oo

Y o(2n+1) Z"H—i-z —206(n =P= 203 " (mod 4).
n=0 n=1
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Equivalently, we must show that for all n > 0, 6(2n+ 1) = 63(2n+ 1) (mod 4) and that for all
n>1,6(2n) —20(n) = 03(2n) (mod 4). We observe that since any divisor of an odd integer is
odd, 6(2n+1) = X pn+1d = Lajont1 d*® = 63(2n+1) (mod 4). To prove that 6(21) —26(n) =

63(2n) (mod 4), we first write n = 2°n’ where n’ is odd and e > 0. We have that

o(2n) —206(n) = 6(2¢"'n') — 20(2%n")
= (6(2"") —20(2%))0(n)
= (272 —1-2(2°"" —1))o(n)
= o ().
We have that 63(2n) = 63(2"'n) = 03(2°"")o3(n') = 03(n’) (mod 4). Because n’ is odd,

03(n') = o(n’) (mod 4). Thus 63(2n) = 6(n’) (mod 4). We have thus proven that for all n > 1,

63(2n) = 6(n') = 6(2n) — 26(n) (mod 4). Hence G? — E4 € 192Z][q]]. Moreover, G* — E; =

O(q) and thus 0129_254 € Z][[g]]. We also have that 0129—21;4 = 1+ O(g). We recall that the ele-

ments in Z[[g]]* are exactly those elements of Z[[¢]] whose constant term is equal to 1 or —1.

Therefore G;;? € Z[[¢]]* and hence 012931%4 € Z[[q]]*. Finally, G> = 1+ 0(q) € Z[[g]]* and so
2 ~ ~ ~
o = (649)3 € Z[[q]]*. Thus J € g Z[[q]]* and 643 = R € 1Z[[]] . O
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