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Energy-Based and Strain-Based Methods for Estimation of
Pore Water Pressure within Liquefied Soil Layers

Kil-Wan Ko1 and Robert E. Kayen, M.ASCE2

Abstract: The evaluation of the excess pore water pressure ratio (ru), the ratio of the excess pore water pressure of the soil, is a defining
approach to assessing liquefaction occurrence. Rarely is ru measured, so surficial observations of sand boils, fissures, and soil settlements
have provided indirect evidence of liquefaction occurrence in case histories. Acceleration responses during undrained cyclic loadings in-
corporate shear strain and stress responses of the liquefied soil. Therefore, the use of acceleration responses can provide another indirect
indication of liquefaction as the sudden drop in the frequency in the time–frequency domain in acceleration records. This study aimed to
develop strain-based and energy-based methods for estimating the pore water pressure buildup based on the acceleration responses of lique-
fiable sand layers. The strain-based method linked the liquefaction-induced shear strain of the soil with ru through the shear modulus that is a
function of the effective stress. An alternative approach used an energy-based method that linked pore-pressure generation with the energy
dissipated in the soil. Centrifuge model tests for the liquefaction of soil were used to develop and validate the two methods, and these were
applied to a case history, the 1987 Superstition Hill earthquake at the Wildlife site, for validation. To capture the variation of ru from its
contractive to dilative responses, the amount of ru drop was estimated based on the peak shear stress when dilation spikes occurred. For the
energy-based method, the centrifuge test results were used to derive empirical relations between ru and cumulative dissipated energy done by
liquefiable soil. The estimated ru time-histories from the established methods were consistent with the measured responses in the centrifuge
tests and the case history. DOI: 10.1061/JGGEFK.GTENG-11458. © 2024 American Society of Civil Engineers.

Author keywords: Soil liquefaction; 1987 Superstition Hill earthquake; Centrifuge model test; Excess pore water pressure ratio;
Energy-based liquefaction evaluation.

Introduction

The Niigata earthquake (Mw, 7.5) of June 16, 1964, and the Alaska
earthquake (Mw, 9.2) of March 27, 1964, have raised awareness of
the severity of liquefaction consequences for infrastructure (Bartlett
and Youd 1995; Ishihara and Koga 1981). Over the last six decades,
reconnaissance and in situ tests of liquefaction sites subjected to
earthquakes have characterized the liquefiable sites based on the
empirical relations between the earthquake-induced shear stresses
and in situ test indices for liquefaction resistance (Seed et al. 1985;
Boulanger and Idriss 2012; Cetin et al. 2004, 2018; Kayen et al.
2013; Moss et al. 2006; Seed and Idriss 1971; Youd et al. 2001).
Surficial observations such as ground fissures, sand boils, uplifting
of pipelines or tanks, and so on have been used to find liquefaction
occurrence at sites (Youd et al. 2001; NAS 2021), though the sur-
ficial evidence does not indicate the triggering but rather the con-
sequence of soil liquefaction. Depending on the soil strata, surficial
evidence might not manifest when liquefaction occurs at depth
(Kostadinov and Yamazaki 2001; Kramer et al. 2016).

Liquefiable soil layers transfer normal stress from the soil par-
ticles onto the pore water and result in the loss of soil strength and

stiffness (Idriss and Boulanger 2008). Accordingly, the excess pore
water pressure ratio (ru ¼ Δu=σ 0), which is a ratio of the excess
pore water pressure (Δu) to the initial effective stress of the soil
(σ 0), defines the triggering of soil liquefaction during earthquakes.
Unfortunately, nearly all strong-motion stations have only re-
corded acceleration records without pore water pressure responses
[e.g., K-NET (Kyoshin network), KiK-net (Kiban Kyoshin net-
work), and Center for Engineering Strong Motion Data (CESMD)]
(Haddadi et al. 2008; NIED 2019). At nearly every case history
in the global databases of liquefaction performance, the defining
parameter for liquefaction triggering has not been measured, and
only a few cases have acceleration records on liquefying soil layers.
For these records, the observation of period lengthening (frequency
drop) of the soil layer indicates the triggering of liquefaction over
the time–frequency domain of the acceleration time history due to
the loss of soil stiffness within the liquefied soil (Kostadinov and
Yamazaki 2001; Kramer et al. 2016; Manandhar et al. 2021; Unjoh
et al. 2012). Although the time–frequency domain reveals the tim-
ing of liquefaction, the method is inadequate for partially liquefied
soil, which does not lead to a remarkable frequency drop over the
time–frequency domain response but develops excess pore water
pressure by retaining some of the soil stiffness.

Previous literature introduced the use of the energy-based ap-
proaches to evaluate the liquefaction potential (Berrill and Davis
1985; Figueroa et al. 1994; Kokusho 2013, 2021; Kokusho and
Tanimoto 2021; Nemat-Nasser and Shokooh 1979). The salient
principle of the approach is that the required cumulative energy
to develop pore pressure under the undrained condition is associated
with the work done by the liquefiable sand, in that the dissipated
energy can be estimated from the stress–strain hysteresis loops of
the soil. Based on this principle, empirical relations betweenΔu and
the cumulative energy from the lab tests such as cyclic triaxial and
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torsional shear tests were developed (Green et al. 2000; Polito et al.
2008; Selig et al. 1983; Towhata and Ishihara 1985). Egan and
Rosidi (1991) and Kayen and Mitchell (1997) applied the energy-
based approach to the field condition by representing the seismic
loading in terms of an energy-based intensity measure such as Arias
intensity. The cumulative dissipated energy of the soil incorporates
the effect of the applied number of cycles, shear stress, frequency,
duration, and amplitude of earthquake motion. One of the advan-
tages of this approach therefore is that correction factors are not
needed to adjust for numbers of cycles and earthquake magnitude.

Experimental results have demonstrated that the generation of
excess pore water pressure is strongly related to the shear strain
(γ) of the soil (Dobry et al. 1982; Idriss and Boulanger 2008). Shear
modulus (G) degradation of the soil is a function of the shear strain
of the soil. Effective stress changes of the soil govern the undrained
cyclic response of coarse-grained material, so the reduction of
effective stress due to excess pore pressure generation leads to a
reduction in the shear modulus of the soil (Kramer et al. 2016).
Accordingly, the time-varying shear strain of the soil during shak-
ing can directly be used to estimate the amount of excess pore water
pressure development through the time-varying shear modulus. In
other words, the stress–strain responses and cumulative dissipated
energy of liquefiable soil layers, estimated through the acceleration
responses, can provide comprehensive insights into the behavior of
liquefied soil during earthquakes. This presents a potential method
of assessing the ru buildup over time, using acceleration records
under the assumption of a shear beam behavior in liquefied soil.
However, this assumption simplifies the responses of multilayered
soil as one-dimensional shear beam behavior without accounting
for the lateral stress variations in soil during earthquakes.

The objective of this study is to explore energy-based and strain-
based methods in order to estimate the time-varying ru during shak-
ing. First, the methodologies to obtain the cumulative energy and
shear strain of the soil using acceleration responses are described.
The empirical relations between ru and cumulative dissipated
energy done by the soil were developed. The developed method-
ologies estimated the general trend of ru over time during shaking,
but they could not track the transient reduction spikes of ru due to
the dilational behavior of the liquefied soil. Further investigation
revealed that the dilation spike in the shear stress (τ ) response pre-
sented a way to track the transient reduction spike on ru over the
time history. Here, the centrifuge tests from Liquefaction Experi-
ment and Analysis Projects (LEAP) (Kutter et al. 2020) provided
important experimental data to develop and validate the methods.
Another centrifuge test with the multilayered soil using a real earth-
quake record demonstrated the applicability of the proposed meth-
ods. The applicability of the methods to the field condition was also
validated by using a case history from the Wildlife site (Imperial
County, California) data recorded during the Superstition Hills
earthquake (November 24, 1987). Finally, this study performed
sensitivity analyses of shear modulus reduction curves for
strain-based estimation and effect of height of the soil layer, and
it delved into the limitations of this study.

Shear Stress–Strain Behavior of Saturated Sand
and Methodologies for Estimation of Excess
Pore Water Pressure Ratio

Dynamic shear stress–strain response of the liquefiable soil links
the acceleration responses to the time-varying ru during shaking.
Undrained cyclic soil behavior produces multiple stages of contrac-
tive and dilative behavior with fluctuations of ru during earthquake
loading, even after the soil has liquefied.

Shear Stress–Strain Response

Shear stress–strain response and effective stress change of the soil
provide intuitive information about the state of the soil and whether
the soil is liquefied. Laboratory tests judge the liquefaction initia-
tion when the cyclic shear strain exceeds 3% in single amplitude in
cyclic triaxial tests (Idriss and Boulanger 2008). During loading,
the shear modulus varies due to repeated liquefaction and delique-
faction. If the effect of lateral stress variations on the soil layer is
neglected, the lateral stress–strain response that the soil layer under-
goes can be calculated using a one-dimensional shear beam model.
Using vertically aligned accelerometers, Zeghal et al. (2018) intro-
duced a way to calculate the shear stress–strain response using
two acceleration and displacement records that are obtained by the
double integration of the acceleration response.

Shear stress–strain, effective stress, and excess pore water pres-
sure ratio enable delineation of the undrained cyclic behavior of a
saturated soil layer under the dynamic loading in Fig. 1. The figure
describes the responses of the soil layer at 2 m depth from a cen-
trifuge test from Ehime 3 of the LEAP, whose experimental descrip-
tion will be explained in the section “Centrifuge Tests: Liquefaction
Experiment and Analysis Project.” When dynamic loading applies
to the saturated sand, the effective stress decreases as the shear strain
and excess pore pressure develop from the initial state (a green circle
in Fig. 1). The persisting dynamic loading liquefies the soil, which
loses its shear stiffness and indicates a large induced shear strain
with zero effective stress and ru ¼ 1 (ru max, which is a local maxi-
mum of ru at that cycle, a blue circle in Fig. 1). Continued cyclic
loading leads to the dilational response of the liquefied soil beyond
the phase transformation line (PTL), which results in the transient
decrease in ru (ru min, which is a local minimum of ru at that cycle)
with increasing the effective stress (a red circle in Fig. 1). Loose
sand under a large confining stress tends to deform distinctly at the
beginning of a cycle, contractive behavior, and then it starts to dilate,
approaching the steady state at the end (Ishihara 1993). According
to the contractive and dilative behavior, there is a boundary between
contractive and dilative behavior of soil, which is the PTL. At this
moment, deliquefaction shock waves (Kutter and Wilson 1999)
impose shear stress spikes on the liquefied soil in response to the
temporarily increased shear stiffness of the soil. In other words, the
shear stress spikes due to dilational response and the amount of
sudden drop of ru (ru max − ru min, which is the difference between
the local maximum and minimum of ru at a cycle) may correlate to
each other, and the timing of those responses is the same [Fig. 1(d)].
The contractive and dilative responses of the liquefied soil repeat-
edly occur under dynamic loading. Here, methodologies are intro-
duced to model the trend line of ru max and [ru max − ru min] over
time based on the shear stress and strain records. The value of ru min
is estimated by subtracting [ru max − ru min] from ru max.

Strain-Based ru Estimation

The maximum shear modulus at the low-strain level (Gmax) and
G=Gmax are a function of the effective stress in the direction of
wave propagation and shear strain of the soil, respectively (Roesler
1979). The effective stress changes in accordance with the change
of ru throughout the undrained cyclic response. Accordingly, the
shear modulus connects the relation between the induced shear
strain and ru of the sand. Strain-based ru estimation requires two
horizontal acceleration time histories in a vertical array, which af-
fords time-varying strain of the soil layer sandwiched between
the accelerometers, shear modulus degradation curves of the soil
(G=Gmax), and an empirical relation between ru max − ru min and
τ for the soil layer. A step-by-step procedure estimating the ru over
the time-history follows (Fig. 2).

© ASCE 04024086-2 J. Geotech. Geoenviron. Eng.
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1. Obtain the two horizontal acceleration time histories [ü1ðtÞ and
ü2ðtÞ] installed in the target liquefiable soil layer. The distance

between the vertically aligned accelerometers is h.
2. Calculate the time-varying shear strain [γðtÞ] of the soil layer

using double-integrated displacement time histories [u1ðtÞ and
u2ðtÞ] from the acceleration records, as follows:

γðtÞ ¼ u1ðtÞ − u2ðtÞ
h

ð1Þ
3. Obtain time-varying G=GmaxðtÞ corresponding to the γðtÞ using

the G=Gmax curve of the soil layer.
4. Back-calculate ru max from G=GmaxðtÞ using Eq. (2) from

Kramer et al. (2016), as follows:

(a) (b)

(c) (d)

Fig. 1. Undrained cyclic responses of a saturated soil layer under the dynamic loading (the soil layer at 2 m depth from a centrifuge test of Ehime 3):
(a) effective stress and shear stress responses; (b) shear strain and shear stress responses; (c) shear strain and excess pore pressure ratio; and (d) time
histories of shear stress and excess pore pressure ratio.

Fig. 2. Step-by-step procedure estimating the excess pore water pressure ratio using the shear strain of the soil.
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G ¼ G0

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
σ 0
v0ð1 − ruÞ

Pa

s
ð2Þ

ru maxðtÞ ¼ 1 − Pa

σ 0
v0

�
G
G0

�
2

¼ 1 − Pa

σ 0
v0

0
@ G

Gmax

� ffiffiffiffiffi
Pa
σ 0
v0

q �
1
A2

¼ 1 − ðG=GmaxðtÞÞ2 ð3Þ
where Pa = atmospheric pressure; σ 0

v0 = vertical effective stress;
and G0 and Vs0 = maximum shear modulus and shear wave
velocity at an effective stress of 1 atm, respectively.

5. Subtract ru max − ru min, which is a function of τ=σ 0
v0, from

ru max to reflect the transient drop of ru due to the dilational be-
havior of the liquefied soil. The timing of the transient drop of ru
response is consistent with that of dilational spikes in the shear
stress domain. The half cycle duration of each spike pulse is
0.05 s because the minimum frequency of dilation spikes cor-
responds to 10 Hz (Kutter and Wilson 1999; Hutabarat and Bray
2019; Manandhar et al. 2021). However, the frequency of dila-
tion spikes could change based on the effects of soil hetero-
geneity and ground motions.

Energy-Based ru Estimation

The cyclic response of the saturated sand generates hysteresis loops
whose area is associated with the dissipated energy (ΔW) by the
soil. Laboratory tests from the previous literature, which studied the
cyclic behavior of the saturated sand under undrained condition,
corroborate the possibility of estimating ru based on the cumulative

energy (ΣΔW) calculated by the shear stress–strain response of the
soil (Kokusho 2013, 2021; Kokusho and Tanimoto 2021). The es-
sential information for energy-based ru estimation comprises the
shear stress–strain cyclic response of the soil layer obtained from
vertically aligned acceleration records, the empirical relation be-
tween cumulative energy and ru max, the soil density (ρ), and an
empirical relation between ru max − ru min and τ for the soil layer.
A step-by-step procedure estimating ru over the time history
follows (Fig. 3).
1. Follow the Step 1 from the strain-based method.
2. Calculate the shear stress (τ ) and strain (γ) of the soil layer using

acceleration records (Zeghal et al. 2018). The shear stress (τ i) at
level hi of the ith accelerometer is calculated, as follows:

τ iðtÞ ¼ τ i−1ðtÞ þ ρ
üi−1 þ üi

2
Δhi−1; i ¼ 2,3; : : : ð4Þ

where Δhi�1 = distance between the vertically aligned acceler-
ometers measuring üiðtÞ and üi−1ðtÞ; and τ at the soil surface = 0.
Shear stress (τ i−1=2) at the midpoint between the ith and i–1th
accelerometers representing the shear stress of the layer is esti-
mated through linear interpolation as

τ i−1=2ðtÞ ¼ τ i−1ðtÞ þ ρ
3üi−1 þ üi

8
Δhi−1; i ¼ 2,3; : : : ð5Þ

For the energy-based method, τ i−1=2ðtÞ and γ from Eq. (1)
are used to obtain the hysteresis loops.

3. Calculate the change in strain energy ΔW over time using
hysteresis loops of τ and γ. The trapezoidal rule calculates the
cumulative strain energy ΣΔW as follows (Polito et al. 2008):

Fig. 3. Step-by-step procedure estimating the excess pore water pressure ratio using the cumulative dissipated energy of the soil.

© ASCE 04024086-4 J. Geotech. Geoenviron. Eng.
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τ avg;j ¼

8>>><
>>>:

jτ jþ1 þ τ jj
2

; τ jþ1 · τ j ≥ 0

τ2jþ1 þ τ2j
2 · jτ jþ1 − τ jj

; τ jþ1 · τ j < 0

ð6Þ

ΣΔW ¼
Xn−1
j¼1

τ avg;jðγjþ1 − γjÞ ð7Þ

where τ j and τ jþ1 = shear stress at each time step of j and jþ 1,
respectively; γj and γjþ1 = shear strain at each time step of j and
jþ 1, respectively; and ΣΔW = cumulative strain energy dis-
sipated by soil per unit volume, and its unit is N=m2. Applied
and recovered strain energy during the soil’s cyclic behavior are
automatically inclusive to Eq. (6) due to the sign changes of τ
and γ during earthquakes (Millen et al. 2021).

4. Calculate the cumulative dissipated energy normalized by σ 0
v0 of

the target soil layer (ΣΔW=σ 0
v0).

5. Estimate ru max using an empirical equation related to the
ΣΔW=σ 0

v0 and ru max. The empirical equation is formed as
follows:

ru max ¼
ΣΔ=σ 0

v0

ΣΔW=σ 0
v0 þ a

ð8Þ

where a = empirical coefficient. The specific description of the
equation will be discussed in the section “Development of
Empirical Equations for the Methods to Estimate ru.”

6. Follow Step 7 from the strain-based method.

Centrifuge Tests: Liquefaction Experiment and
Analysis Projects

LEAP was a collaborative research project with the primary objec-
tive of producing high-quality centrifuge data for validating and
calibrating constitutive models for numerical simulations (Kutter
et al. 2020). The project focused on producing reliable centrifuge
data for liquefaction problems from nine centrifuge research centers
using a common controlled ground model, physical properties of

the soil, and input motion. This study employed LEAP-UCD-2017
data, in which nine different centrifuge centers around the world
participated for investigating dynamic responses of mildly sloping
liquefiable soils [Fig. 4(a)]. The employed centrifuge data were used
to develop empirical equations for theΣΔW=σ 0

v0 and ru max relation
and the τ=σ 0

v0 and ru max − ru min relation.

Centrifuge Testing Model

The participating centrifuge centers applied different centrifugal ac-
celerations to the testing model to simulate the same size of the
model ground at prototype scale using different sizes of the model
boxes at each center. This study expresses the testing results and
model description in the prototype scale by applying scaling laws
(Schofield 1980).

The gently sloping ground of 5° was reconstituted by a pluvia-
tion method using Ottawa F-65 sand (Table 1) [Fig. 4(a)]. For
the simulation of the flow of pore water in the prototype scale, a
viscous fluid comprising methylcellulose and water was used to
saturate the model ground. In accordance with the scaling law,
the target viscosity of the fluid was decided (Garnier et al. 2007).
All the centers followed the guidelines for the saturation process
provided by LEAP-UCD-2017. A vertical array of accelerometers
(AH1–AH4) with a vertical spacing of 1 m was installed at the
center of the model to measure the horizontal acceleration of the
ground. A vertical array of pore pressure transducers (P1–P4) was
located beside the accelerometers. The distance between each ac-
celerometer and pore pressure transducer was 0.5 m. The specific

(a) (b)

(c) (d)

Fig. 4. Centrifuge model tests for the Liquefaction Experiment and Analysis Projects (LEAP-UCD-2017): (a) sectional view of the centrifuge test
setup in prototype scale; (b) peak acceleration of input and relative density of the test data used for this study from the LEAP; (c) normalized
acceleration time history of the input motion; and (d) normalized response spectrum of the input motion.

Table 1. Ottawa F-65 sand properties

Soil model properties Value

Specific gravity, Gs 2.65
Maximum void ratio, emax 0.78
Minimum void ratio, emin 0.51
Mean grain size, D50 (mm) 0.2
Coefficient of uniformity, Cu 1.728
Coefficient of curvature, Cc 0.947

© ASCE 04024086-5 J. Geotech. Geoenviron. Eng.
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descriptions of the centrifuge tests and model for each center are
provided in Kutter et al. (2020).

The test matrix of LEAP-UCD-2017 consists of the relative
density of the ground model and the peak acceleration of an input
motion [Fig. 4(b)]. Here, to develop and validate the methods, this
study selected the test data from the University of Cambridge; Ehime
University; University of California, Davis; and Zhejiang University,
whose test results were labeled CU2, Ehime 1 and 3, UCD2, and
ZJU2, respectively (Table 2). Three test results (Ehime 1, Ehime 3,
and ZJU2) having a different relative density of the soil under sim-
ilar peak acceleration of the input motion around 0.15 g were used
to develop the empirical equations. Two test results (CU2 and
UCD2) were used to validate the methods. The relative density
of CU2 and UCD2 is similar to that of ZJU2 and Ehime 1, respec-
tively, but with different peak accelerations of the input. Hence, the
empirical equations for the developed methods from ZJU2 and
Ehime 1 facilitated estimating ru using acceleration records and
validating the results from CU2 and UCD2, respectively. In order
to obtain ru, centrifuge tests estimated the vertical effective stress
(σ 0

v0) at the depth where the pore pressure transducers (P1–P4)
were installed. As an example, if the depth of P1 is z1 from the
soil surface, σ 0

v0 at z1 is computed as follows:

σ 0
v0 ¼ γ 0 × z1 ¼ ðγsat − γwÞ× z1 ¼

�ðGs þ eÞγw
1þ e

− γw

�
× z1 ð9Þ

where γ 0 = submerged unit weight of soil; γsat = saturated unit
weight of soil; γw = unit weight of soil, 9.81 kN=m3; Gs = specific
gravity of the soil; and e = void ratio. The void ratio can be calcu-
lated by using the relative density of soil (Dr), maximum void ratio
(emax), and minimum void ratio (emin). The obtained σ 0

v0 values for
each pore pressure transducer are summarized in Table 2.

LEAP-UCD-2017 guided the tests to apply a smooth ramped
sine wave to the model as the first destructive motion [Fig. 4(c)].
The duration and frequency of the input motion were the same for
each test, but the peak acceleration of the input differed. The du-
ration of the signal was around 20 s. The input motion was sine
1 Hz [Fig. 4(d)], which could exclude the frequency effect because

the fundamental frequency of the model was over 7 Hz, significantly
higher than that of the input motion (Manandhar et al. 2021).
A fifth-order Butterworth band-pass filter with corner frequencies
of 0.1–20 Hz was applied to the acceleration records. Baseline
correction then offset the measured acceleration time histories
for each centrifuge test.

A Representative Centrifuge Test Result (Ehime 1)

A representative centrifuge test result from Ehime 1 is depicted in
Fig. 5. The acceleration amplitude increased as the depth decreased
due to the site amplification. In the acceleration responses of the
depth of 1.5 and 0.5 m, the acceleration records repeated the am-
plitude close to zero (flat response) and spikes (dilation spikes).
This phenomenon is attributed to the contractive (loss of the effec-
tive stress and shear stiffness of the soil) and dilative behavior
(a sudden increase of the shear stiffness of the soil) of the undrained
soil under earthquake loadings, and the phenomenon is more ap-
parent in the soil layer close to the surface. The shear stress–strain
curves represent the dynamic behavior of the soil layer between the
installed depths of two vertical accelerometers. According to the
liquefaction triggering criterion for laboratory tests (e.g., cyclic tri-
axial and cyclic simple shear tests), the strain level for every depth
did not exceed 3%, which indicates that the soil layer did not
liquefy. However, the strain level decreased as the depth of the soil
decreased due to the base-isolation effect (Kokusho 2014). The
liquefaction triggering criterion based on the strain level, therefore,
was not appropriate for the centrifuge tests. The soil liquefaction
occurrence induced a significant strain level at a depth of 3 m that
became a boundary between the liquefied and nonliquefied soil
layers. The G=Gmax curve exhibited shear modulus reduction ac-
cording to the shear strain of Ottawa F-65 (Ramirez et al. 2018).
TheG=Gmax value according to the shear strain level at a certain time
was used to estimate ru from the strain-based method. At depths of
3, 2, and 1 m where the pore water pressure transducers were in-
stalled, the pore pressure responses reached the point ru ¼ 1, which
implies the soil layers were fully liquefied at that depth.

Table 2. Summary of the centrifuge tests for each facility

Facility
Testing
model G-level

Density
(kg=m3)

Relative
density
(%)

Peak input
acceleration

(g)
Purpose of
using data

Pore water pressure transducers

Sensors Depth (m)
Vertical effective
stress, σ 0

v0 (kPa)

Cambridge CU2 40 1,606 56 0.195 Validation P1 3.88 38.56
P2 2.96 29.42
P3 2.05 20.39
P4 0.97 9.66

Ehime Ehime 1 40 1,649 70 0.158 Development P1 4.00 40.70
P2 3.12 31.74
P3 2.24 22.79
P4 1.52 15.46

Ehime 3 40 1,693 83 0.155 Development P1 4.00 41.61
P2 3.12 32.46
P3 2.28 23.72
P4 1.40 14.56

University of
California,
Davis

UCD2 43.75 1,648 70 0.21 Validation P1 3.85 39.07
P2 3.00 30.45
P3 2.00 20.32
P4 1.00 10.14

Zhejang ZJU2 30 1,599 55 0.148 Development P1 3.85 38.13
P2 3.00 29.69
P3 2.00 19.77
P4 0.99 9.85

© ASCE 04024086-6 J. Geotech. Geoenviron. Eng.
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Development of Empirical Equations for the Methods
to Estimate ru

The empirical equations of ΣΔW=σ 0
v0 and ru max and ru max −

ru min and τ=σ 0
v0 are necessary for the energy-based, strain-based

methods and featuring the dilative behavior of the liquefied soil.
For developing the empirical equations, the stress–strain hysteresis
loops were divided into discrete cycles based on the moment when
the shear stresses were equal to zero. After this, the cumulative
energy ΣΔW was estimated by adding the calculated areas of the
discrete cycles, and ru max and the peak τ of the discrete cycle were
decided. The process was applied to each depth of the soil layer,
and ΣΔW was normalized by the σ 0

v0 at that soil layer. As shown
in Fig. 1, saturated sand demonstrates contractive and dilative be-
havior during cyclic loadings, which results in a local maximum
(ru max) and minimum (ru min) in each cycle. The objective of de-
veloping an empirical relation between ru max − ru min and τ=σ 0

v0
was to capture the dilative and contractive behavior of the soil for
each cycle. For the empirical relation between ru max − ru min and
τ=σ 0

v0, the peak shear stress normalized by σ 0
v0 of the soil layer and

the local decrease in ru for each cycle ru max − ru min were obtained
based on each discrete cycle.

The empirical equation of ru max and ΣΔW=σ 0
v0 should satisfy

the boundary conditions that the excess pore water pressure is equal
to 0 when ΣΔW=σ 0

v0 ¼ 0. Accordingly, the empirical equation was
formed as Eq. (8). Table 3 summarizes the coefficient, standard
deviation (s), and R-squared (R2) for each testing model. Fig. 6
demonstrates ru max and ΣΔW=σ 0

v0 of each test for developing em-
pirical equations. The value of ru max increased with ΣΔW=σ 0

v0 for
all the testing models (Fig. 6). ΣΔW=σ 0

v0 varied in accordance with
the relative density of the soil. The higher the relative density of
the soil, the more energy is required to be liquefied, and this is

consistent with the results from the laboratory tests (Kokusho
2013). The Ottawa sand showed that a ΣΔW=σ 0

v0 of 0.002
developed an excess pore water pressure ratio of 0.8, but the
required ΣΔW=σ 0

v0 to develop an ru of 0.8 depends on soil
properties.

The empirical equations for ru max − ru min and τ=σ 0
v0 were

obtained by linear regression in logarithmic scale, as follows:

lnðru max − ru minÞ ¼ b × lnðτ=σ 0
v0Þ þ c ð10Þ

where b and c = empirical coefficients; and Table 3 summarizes
the coefficients, standard deviation, and R-squared for each testing
model. As shown in Fig. 6, the lower the relative density of the
soil, the higher the transient drop of the excess pore water pressure
(ru max − ru min) due to the dilative behavior exhibited. This implies
that after soil loses the effective stress due to contractive behavior
under the cyclic loading, the loose soil recovers more effective stress
than the dense soil when the soil tends to be dilative beyond the
quasi–steady state line (phase transformation line).

Application of the Methods to Centrifuge Test Model

The developed empirical equations were used to test the applicabil-
ity of the methods estimating time-varying excess pore water pres-
sure ratio (Fig. 7). Measured ru responses from the three testing
models creating the empirical equations were compared with esti-
mated ru responses from the methods. In general, the estimated ru
responses were consistent with the measured ru. The methods cap-
ture the timing of the dilation behavior of the soil in ru, but the
amplitude of the ru drop slightly differs. However, both methods
could not capture the dissipation of the excess pore water pres-
sure. For example, the estimated ru responses did not reflect the

Fig. 5. Representative centrifuge test result (Ehime 1): acceleration time histories, shear stress–strain responses, pore water pressure responses, and
G=Gmax curve (Ottawa F-65).

Table 3. Coefficients, standard deviation (s), and R-squared (R2) of empirical equations [Eqs. (8) and (10)]

Testing
model

Relative
density
(%)

ru max ¼
ΣΔW=σ 0

v0

ΣΔW=σ 0
v0 þ a lnðru max − ru minÞ ¼ b × lnðτ=σ 0

v0Þ þ c

a s R2 b c s R2

Ehime 1 70 3.22 × 10−4 0.06 0.98 0.68 −0.04 0.14 0.63
Ehime 3 83 3.89 × 10−4 0.05 0.98 0.61 −0.35 0.11 0.48
ZJU2 55 2.57 × 10−4 0.13 0.87 0.74 0.35 0.15 0.46
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dissipation, such as after 16 s in the depth of the 2-m and 3-m soil
layers from Ehime 3 [Fig. 6(b)]. For the energy-based method, the
area of the stress–strain responses is the cumulative sum of the
dissipated energy with time so that the energy cannot account
for the dissipation of ru after the end of the shaking. The strain-
based method generally overestimated ru, whereas the timing of
liquefaction triggering (ru ¼ 1) was comparable to that obtained
from measured responses and energy-based estimation. This is
attributed to the fact that G=Gmax sensitively decreased within
lower strain levels. According to the G=Gmax of Ottawa F-65
(Fig. 5), the shear modulus value reduced by half at 0.1% shear
strain from its initial value, but the shear modulus only reached
8% of its maximum value at 1% shear strain. The selection of
G=Gmax curve significantly affected the estimated ru by the
strain-based method. Therefore, the sensitivity analysis of different
G=Gmax curves for the strain-based method will be discussed in the
section “Discussion and Limitations.”

Validation of the Methodologies Using Centrifuge
Test Results and Case History

Validation with Centrifuge Tests from LEAP

The developed empirical equations are a function of the relative
density of the soil. Therefore, the centrifuge testing models with the

same relative density but different peak accelerations of the input
were selected for validation. ZJU2 (Dr = 55%) and Ehime 1 (Dr =
70%) provided the relations between the ΣΔW=σ 0

v0 and ru max and
τ=σ 0

v0 and ru max − ru min for the blind validation of CU2 (Dr =
56%) and UCD2 (Dr = 70%).

The estimated ru responses from the methods were comparable
with the measured responses (Fig. 8). As previously discussed, the
initial ru generation from the strain-based method led the energy-
based method. For the results from CU2, both methods manifested
ru generation earlier than the measured responses. In the results of
UCD2, the ru responses from the energy-based method replicated
the trend of measured ru responses, whereas the timing of the ru
generation from the strain-based method was slightly faster than
the measured responses.

Validation with the Centrifuge Test from
Hayden et al. (2015)

Centrifuge Test
The LEAP tests applied only sinusoidal waves to the mildly slop-
ing ground. In order to validate the empirical relations developed
from Eqs. (8) and (10), another centrifuge test was used (Hayden
et al. 2015). The original objective of this test was to examine
structure–soil–structure interaction during liquefaction. This study
used test T4.6–40 from Hayden et al. (2015) with a centrifugal

(a) (b) (c) (d)

Fig. 6. Empirical equations developed from Ehime 1, Ehime 3, and ZJU2 for the strain-based and energy-based methods: excess pore water pressure
ratio (ru max) with normalized cumulative energy (ΣΔW=σ 0

v0) in linear scale and semi-logarithmic scale, and ru max − ru min with normalized shear
stress (τ=σ 0

v0): (a) Ehime 1; (b) Ehime 3; (c) ZJU2; and (d) fitting curve.
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acceleration of 55 g-level. Centrifuge data were extracted from
Hayden et al. (2013) on DESIGNSAFE, and a detailed description
of the test can be found in Hayden et al. (2015).

The soil model [Fig. 9(a)] consisted of 1.7-m-thick layer of
dense Monterey 0/30 sand (Gs ¼ 2.64, emax ¼ 0.54, emin ¼ 0.84,
D50 ¼ 0.40 mm) with Dr of 85%, 4.6-m-thick layer of loose
Nevada sand (Gs ¼ 2.67, emax ¼ 0.78, emin ¼ 0.52,D50 ¼ 0.14 mm)
with Dr of 40%, and 19.3-m-thick layer of dense Nevada sand with
Dr of 90%. The soil was saturated with a methylcellulose-water
solution with a viscosity 21 times that of water, and the water table
depth was 0.2 m below the ground surface. The loose Nevada sand
was highly susceptible to liquefaction during earthquakes. This
study employed four accelerometers: one (Acc 3) was installed
in the Monterey sand, whereas the others (Acc 71, 70, 69) were

installed in the loose Nevada sand. Additionally, two pore water
pressure transducers (P37, P36) were located beside the acceler-
ometers in the loose Nevada sand. Although these sensors were not
positioned at a sufficient distance from the foundation–structure
model to qualify as sensors measuring free-field responses, these
sensors in a vertical array were used to validate the strain-based
and energy-based methods [Fig. 9(a)]. The depth of each sensor
below the ground surface was as follows: Acc 3 = 0.3 m, Acc
71 = 2.1 m, Acc 70 = 3.6 m, Acc 69 = 6.0 m, P37 = 2.2 m, and
P36 = 3.8 m.

Acceleration and Pore Water Pressure Responses
This test applied a scaled version of recorded motion in the Port
Island down-hole array at a depth of 83 m during the 1995 Mw6.9

(a)

(b)

Fig. 8. Comparison between measured and estimated the excess pore water pressure ratio from the strain-based and energy-based methods: (a) CU2;
and (b) UCD2.

(a) (b) (c)

Fig. 7. Application of the strain-based and energy-based methods to centrifuge test models for estimating time-varying excess pore water pressure
ratio under the dynamic loading: (a) Ehime 1; (b) Ehime 3; and (c) ZJU2.
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Kobe, Japan, earthquake. The peak acceleration of input was 0.58 g
[Fig. 9(b)]. As the depth decreased, the acceleration responses
revealed high-frequency dilation spikes associated with the deli-
quefaction shock waves, as well as flat responses due to site soft-
ening. These observations imply liquefaction triggering in the loose
Nevada sand layer.

P37 and P36 were situated between Acc 3–Acc 70 and Acc 71–
Acc 69, respectively, so the strain-based and energy-based methods
used pairs of Acc 3–Acc 70 and Acc 71–Acc 69 to estimate
the pore water pressure responses of P37 and P36, respectively.
The strain-based method employed the G=Gmax curve of Ottawa
F–65 sand, as shown in Fig. 5, and the energy-based method used
the relation of ru max and ΣΔW=σ 0

v0 corresponding to aDr of 50%,
which closely matched the condition of the loose Nevada sand.
Both methods also used the relation of ru max − ru min and τ=σ 0

v0

corresponding to a Dr of 50% to account for the dilation behavior
of soil.

Both methods well estimated the pore water pressure responses
during the earthquake (Fig. 10). The energy-based method effec-
tively estimated the buildup of ru whereas the strain-based
method demonstrated an earlier buildup of ru. This phenomenon
arose because the energy-based method considered the stress
and strain of the soil, which are affected by liquefaction, whereas
the strain-based method relied solely on the strain. Furthermore, the
estimated ru from the energy-based method converged to a value
less than 1, which can be attributed to the relation between
ru max and ΣΔW=σ 0

v0. Although this relation represents the general
behavior of soil in terms of cumulative dissipated energy, it is im-
portant to note that each soil type possesses a distinct empirical
relation.

(a) (b)

Fig. 9. Centrifuge model test from Hayden et al. (2015): (a) sectional view of the centrifuge test setup in prototype scale; and (b) acceleration time
histories in a free-field vertical array.

(a)

(b)

Fig. 10. Comparison of excess pore water pressure ratio between the measured and estimated responses: (a) 2.2 m depth (P37); and (b) 3.8 m
depth (P36).
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Validation with a Liquefaction Field Case History:
1987 Mw 6.6 Superstition Hills, California,
Earthquake Recorded at the Wildlife Site

Wildlife Site
The Wildlife Liquefaction Array (WLA) test site is a ground motion
monitoring and liquefaction research site in California’s Imperial
Valley. After the initial instrumentation in 1982 by the United States
Geological Survey, the Network for Earthquake Engineering Sim-
ulation (NEES) at University of California, Santa Babara, has oper-
ated the station with a station ID of WLA (NEES@UCSB, http://
nees.ucsb.edu/data-portal). The Wildlife site consists of layers with
silt to clayey silt (depth of 0–2.5 m), silty sand to sandy silt (depth of
2.5–6.5 m), and silty clay (depth of 6.5–11.2 m) [Fig. 11(a)]. Two
accelerometers and five pore pressure transducers were installed in
the site. One accelerometer recorded acceleration responses of the
free-field soil surface, and another accelerometer was installed in the
silty clay layer with a depth of 7.5 m. Five pore pressure transducers
were installed in the silty sand layer. Because the silty sand layer
(depth of 2–7 m) is a highly liquefiable layer due to a shallow water
table at around 1.2 m depth (Chandra et al. 2015), a transducer lo-
cated at a depth of 2.9 m was used for this study. The shear stress–
strain response estimated from the accelerometers represents the soil
response at a depth of 3.75 m, which is the average depth of two
accelerometers. The dry unit weight and shear wave velocity of the
silty sand layer were 17.3 kN=m3 and 140 m=s, respectively (Youd
and Carter 2005).

Previous literature (Haag and Stokoe 1985; Zeghal and Elgamal
1994; Steidl and Hegarity 2017) investigated the nonlinear shear
modulus reduction (G=Gmax) curves of the liquefiable silty sand
layer [Fig. 11(b)]. Haag and Stokoe (1985) conducted resonant col-
umn tests for the upper liquefiable layer (depth of 3.26 m) by vary-
ing the confining stress with 55, 110, 220 kPa, and they provided an
upper and lower bound of the G=Gmax curves. Steidl and Hegarity
(2017) calculated the shear wave velocity using classical methods,
such as cross-correlation techniques using the vertical propagation
of shear waves across sensors in the arrays. Zeghal and Elgamal
(1994) obtained the curve from the shear stress–strain responses
estimated from the accelerometers during the Superstition Hills
earthquake. For the strain-based method, this study selected a
G=Gmax curve from Zeghal and Elgamal (1994), which represents
the G=Gmax curve located between the other curves.

1987 Superstition Hills Earthquake: Acceleration and Pore
Water Pressure Responses
Instrumental evidence of liquefaction from the pore pressure trans-
ducers was observed during the 1987 Mw 6.6 Superstition Hills
earthquake. Four pore water pressure transducers installed in the
silty sand layer revealed ru larger than 0.8 during the shaking, which
directly disclosed the liquefaction occurrence at the site (Zeghal and
Elgamal 1994).

Accelerometers at the soil surface and a depth of 7.5 m mea-
sured the acceleration responses in the N–S and E–W directions
during the Superstition Hills earthquake [Fig. 12(a)]. Peak ground
accelerations (PGAs) at a depth of 7.5 m were 0.17 g and 0.11 g in
the N–S and E–W directions, respectively. Site amplification am-
plified acceleration responses at the soil surface so that PGAs at
the soil surface were 0.21 and 0.14 g in the N–S and E–W direc-
tions. After around 25 s, acceleration responses at the soil surface
manifested dilation spikes due to the dilation behavior of the soil.
Stockwell transform in the time–frequency domain demonstrated
frequency changes of the soil during the shaking [Fig. 12(b)]. From
the beginning of the shaking to 20 s, the time–frequency response in
the N–S direction had a large amount of energy around 4 Hz, which
is associated with the site period. However, after 20 s, the frequency
suddenly decreased to less than 1 Hz, which is the period elongation
due to site softening by liquefaction (Kramer et al. 2016). The soil
response in the E–W direction exhibited a similar trend to that in the
N–S direction. In contrast to the N–S direction, the frequency gradu-
ally decreased from around 15 to 25 s.

The ΣΔW=σ 0
v0 and ru max relation of the Yatesville sand was

used to estimate the ru response based on the energy-based method
(Green et al. 2000). The particle size distribution of the Yatesville
sand (Polito and Martin 2001) was consistent with that of the silty
sand at the Wildlife site (El-Sekelly et al. 2017). The empirical
coefficient a was 0.0055 for the fitting curve [Eq. (8)] of the
ΣΔW=σ 0

v0 and ru max relation of the Yatesville sand.
The measured pore water pressure ratio recorded at the pore

water pressure (PWP) sensor buried at a depth of 2.9 m (about
1 m vertically distant from the centroid of the accelerometers) in-
dicated the soil liquefaction occurred at approximately 35 s (Fig. 13).
The energy-based and strain-based methods refer to liquefaction at
the centroid. The timing of liquefaction initiation in the N–S direc-
tion was around 20 s in both estimation methods, which is consistent
with that from the time–frequency response. In the E–W direction,
both methods revealed that the site was liquefied at 25 s, which is the

(a) (b)

Fig. 11. Wildlife site: (a) soil strata and instrumentation; and (b) shear modulus reduction curves for the silty sand layer (depth of 2.8–6.8 m).
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same as in the Stockwell transform. When saturated soil is under
shaking, the excess pore water pressure develops within the pores
of local particles. Accordingly, pore water pressure transducers are
associated with the local soil response. However, the acceleration
responses represent the whole-system responses, which are related
to the dynamic responses at the macro scale. This fact corroborates
the reason the measured ru responses were slightly delayed com-
pared to the estimated ru responses from accelerometers.

Discussion and Limitations

Strain-based and energy-based methods are under the assumption
of one-dimensional shear beam behavior of the soil, which corre-
sponds to laboratory tests. Accordingly, laboratory tests, such as
cyclic triaxial and direct simple shear tests, have demonstrated a
strong relation between ru and γ or ΣΔW=σ 0

v0. These laboratory
tests enable precise control of various factors, including soil

(a) (b)

Fig. 12. Soil responses during the 1987 Superstition Hills earthquake at the Wildlife site: (a) acceleration time histories at the soil surface and a depth
of 7.5 m in the N–S and E–W directions; and (b) Stockwell transform at the soil surface in the N–S and E–W directions.

(a)

(b)

Fig. 13. Comparison of excess pore water pressure ratio at a depth of 2.9 m between the measured response and estimated responses: (a) N–S
direction; and (b) E–W direction. The maximum of ru at a depth of 2.9 m was recorded larger than 1, presumably due to underestimation of
the effective stress derived from Zeghal and Elgamal (1994). Hence, the measured ru response has been intentionally modified to satisfy ru ¼ 1

when it reaches maximum value during the shaking.
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properties, sensors, input excitation, and so on. This controlled
environment enables laboratory tests suitable for representing small-
scale soil behavior. On the other hand, field conditions are charac-
terized by numerous uncertainties surpassing those encountered in
laboratory tests. These uncertainties encompass factors such as soil
layers, in situ soil conditions, soil anisotropy, soil heterogeneity,
earthquake waves, and others. Moreover, the shear modulus reduc-
tion curves in the strain-based method and the presence of multi-
layered soil deposits highlight uncertainties that can affect ru
estimation. This section delves into the sensitivity analysis of shear
modulus reduction curves and height of the soil layer, both of
which influence the estimation of ru.

Sensitivity Analysis of Shear Modulus Reduction
Curves for Strain-Based Method

The strain-based method requires a G=Gmax curve to estimate ru.
The timing varying strain γðtÞ, as defined in Eq. (1), directly in-
fluences the computation of ruðtÞ according to Eq. (3). As a result,
the selection of the G=Gmax curve significantly impacts the sensi-
tivity of the strain-based method. To perform a sensitivity analysis

on G=Gmax curves for strain-based estimation, this study employed
six representative curves for sand [Fig. 14(a)]: mean curve, upper
and lower limit from Seed and Idriss (1970), two curves from
Darendeli (2001), and Ottawa F-65, for a relative density of 40%
which was previously used. Darendeli (2001) curves for sand were
obtained using the following equations:

G=Gmax ¼
1

1þ � γ
γR

�
0.92 ð11Þ

γR ¼ ð0.0352þ 0.0001 · PI · OCR0.33Þ
�
σ 0
v0

Pa

�
0.35

ð12Þ

where γR = reference strain in %; PI = plasticity index of soil; and
OCR = overconsolidation ratio. Because the liquefaction primarily
occurs in sandy soil, the shear modulus reduction curves from
Darendeli (2001) were obtained by setting PI = 0 and OCR = 1 in
Eq. (12). The curves were generated corresponding to σ 0

v0 of 10 and
25 kPa, which are similar to σ 0

v0 at 1 and 2 m depth in the centrifuge
tests of LEAP.

Shear Strain, γ(%)

(a)

(b)

(c)

(d)

Fig. 14. Sensitivity analysis of shear modulus reduction curves for strain-based estimation: (a) shear modulus reduction curves for sensitivity analysis
[Seed and Idriss 1970; Darendeli 2001; and Ottawa F-65 from Ramirez et al. (2018)]; (b) comparison of excess pore water pressure ratio between the
measured and estimated responses from UCD2 at a depth of 1 m (P3); and (c) a depth of 2 m (P4); and (d) residual sum of squares between measured
and estimated responses from UCD2 at a depth of 1 and 2 m.
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The measured ru responses at the depth of 1 and 2 m from UCD2
were used as benchmarks for the sensitivity analysis [Figs. 14(b
and c)]. The estimated responses using the Ottawa sand curve
closely aligned with the measured responses. The G=Gmax curves
from Seed and Idriss (1970) and Darendeli (2001) exhibited a sig-
nificant reduction in shear modulus within the strain range of
0.0001% to 0.01%. This amplified the ru buildup at the onset of
shaking between 2 and 6 s, particularly when dealing with changes in
lower strain levels. The residual sum of squares (RSS) quantifies the
difference between measured (ru measured) and estimated responses
(ru estimated) according to the shear modulus curves [Fig. 14(d)]

RSS ¼
X

ðru measured − ru estimatedÞ2 ð13Þ

The RSS analysis demonstrates that using the Ottawa F-65
curve results in a more accurate estimation of ru. This difference
becomes particularly significant when the chosen G=Gmax curve
deviates substantially from the Ottawa F-65 sand curve. The ratio
of G=Gmax significantly decreased as the soil became more well
graded (Wichtmann and Triantafyllidis 2013). The Ottawa F-65
used for the centrifuge tests was a clean poorly graded sand made
by US silica (ElGhoraiby et al. 2020), implying a higher G=Gmax
value at certain shear strain levels compared to the other curves.
Consequently,G=Gmax values from the literature, representing shear
modulus reduction curves for typical sands, are not applicable for
estimating ru through the strain-based method in the context of cen-
trifuge tests. The strain-based method necessitates the selection of
an appropriate G=Gmax curve that corresponds to the specific target
soil properties.

Sensitivity Analysis of the Height of Soil Layer

Strain-based and energy-based estimation significantly depend on
how both methods define the soil layer based on acceleration re-
cords. For the centrifuge tests used for LEAP, if both methods
do not use adjacent pairs of two accelerometers (e.g., AH4–AH3,
AH3–AH2, AH2–AH1) for strain and energy calculation, estimated
ru responses could differ. Selection of a pair of accelerometers from
centrifuge tests determines the specific soil layer of interest and con-
sequently affects the height of the soil layer (h) and σ 0

v0 representing
the target soil layer used to calculate γ, τ , and ΣΔW=σ 0

v0 through
Eqs. (1) and (5). In this context, a sensitivity analysis was conducted

for h, considering three cases from Ehime 3: (1) Case 1 using AH4
and AH1 with a vertical distance of 3 m; (2) Case 2 using AH4 and
AH2 with a vertical distance of 2 m; and (3) Case 3 using AH4 and
AH3 with a vertical distance of 1 m (Fig. 15).

The specific soil layers of interest exhibited different stress–strain
responses according to the three cases from Ehime 3 [Figs. 15(a–c)].
As the difference between acceleration responses became pro-
nounced with increasing h due to the site amplification, the shear
stress increased with increasing h, indicating the thickening of the
target soil layer. Conversely, in Case 3, the thinnest soil layer, a
higher accumulation of shear strain occurred due to the smaller h,
leading to a greater average shear strain calculation from Eq. (1).
TheΣΔW=σ 0

v0 over time is depicted in Fig. 15(d). The value of σ 0
v0

at the midpoint depth of the two accelerometers used for each case
was used to normalizeΔW. The value of ΣΔW=σ 0

v0 of Case 1 was
notably less than that of the other two cases, whereas Cases 2 and 3
exhibited similar ΣΔW=σ 0

v0.
The strain-based and energy-based methods estimate ru for

each case [Figs. 16(a and b)]. The ru estimations from three cases
were compared against the measured ru responses at different
depths (P2–P4) from Ehime 3. The RSS between ru measured and
ru estimated was computed using Eq. (13) according to each case.
This comparison was carried out separately for the strain-based
[Fig. 16(c)] and energy-based methods [Fig. 16(d)]. The energy-
based method exhibited significantly lower RSS values across all
cases, indicating that it provided more accurate ru estimations com-
pared to the strain-based method. As shown in Fig. 15, the energy-
based method captured stress and strain variations depending on the
specific soil layer of interest, whereas the strain-based method only
reflected changes in strain for the estimation. In order to effectively
describe the shear beam response of the soil layer during soil lique-
faction, the response of the soil layer should encompass both shear
stress and strain simultaneously, a requirement that the strain-based
method fell short of meeting. Meanwhile, in the energy-based
method, Case 3 indicated the dynamic responses of the soil layer
sandwiched between AH4 and AH3, so that Case 3 showed less
RRS with P4, which was situated between AH4 and AH3. In con-
trast, Cases 1 and 2 exhibited less RRS with P3, situated near the
midpoint of accelerometer pairs for Cases 1 and 2. This observation
implies that the energy-based method better represents soil re-
sponses at the midpoint of the target layer.

(a) (b) (c) (d)

Fig. 15. Sensitivity analysis of the height of the soil layer using the centrifuge data from Ehime 3: shear strain and stress responses of (a) Case 1 using
AH4 and AH1 (h ¼ 3 m); (b) Case 2 using AH4 and AH2 (h ¼ 2 m); (c) Case 3 using AH4 and AH1 (h ¼ 1 m); and (d) normalized cumulative
energy over time depending on cases.
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Limitations of the Strain-Based and Energy-Based
Methods

Both methods have their own advantages and limitations. The strain-
based method requires only a little information relevant to the lique-
fiable soil layer, such as two acceleration records and a G=Gmax
curve representing the soil behavior, whereas the energy-based
method needs more information, such as two acceleration records,
σ 0
v0 and ρ of the soil layer, and ΣΔW=σ 0

v0 and ru correlation. The
strain-based method assumes nonlinear behavior of the soil follow-
ing initial G=Gmax curves during the pore water pressure buildup,
which inherently implies limitations. Because the energy-based
method requires more information on the soil, the energy-based
method provides a more accurate estimation of ru than the strain-
based method.

Both methods were developed based on the assumption of the
one-dimensional shear beam behavior of soil without considering
the effect of lateral stress variations in soil during earthquakes.
Shear stress–strain responses from vertically aligned accelerome-
ters represent averaged stress–strain responses of soil layers sand-
wiched between used accelerometers. Accordingly, the further

apart the used accelerometers are, and the more diverse the types
of soil layers between the used accelerometers, the more the stress–
strain responses computed by the two developed methods cannot
represent the shear beam behavior of the entire soil layer, and ulti-
mately, the estimated ru becomes inaccurate.

As this study showed, these methods are more applicable for the
centrifuge tests that had only a uniform soil layer. Although the
empirical relations for the energy-based method were developed
based on mildly sloping ground, which inherently incorporates the
influence of an initial static shear stress on the cyclic strength, the
estimated ru was comparable to the responses measured in level
ground results presented by Hayden et al. (2015). However, both
methods should be carefully used when applying to the field cases
involving uncertainties of multilayered soils, sloping ground, irregu-
lar earthquake waves, and so on. Moreover, these methods enable
back-estimation of pore water pressure within liquefied soil only for
the past event. These methods should be improved to predict pore
water pressure for future events because the methods require
specific acceleration time histories, which should represent the
one-dimensional shear beam behavior of soil.

(a) (b)

(c) (d)

Fig. 16. Comparison of excess pore water pressure ratio between the measured and estimated responses from sensitivity analysis of the height of soil
layer using the centrifuge data from Ehime 3: (a) strain-based estimation; (b) energy-based estimation; (c) residual sum of squares between measured
and estimated responses through strain-based estimation; and (d) energy-based estimation.
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Conclusions

Undrained cyclic loading reduces the effective stress of the soil with
excess pore water pressure generation, accumulates shear strain, and
changes the shear modulus of the soil simultaneously. Accordingly,
the changes in the liquefiable soil mechanical properties, such as
the effective stress due to pore pressure generation, shear strain, and
shear modulus, are compounded and interdependent on each other.
This study developed and validated the methods of estimating the
excess pore water pressure ratio using acceleration responses of the
liquefiable soil: strain-based and energy-based estimation. The cen-
trifuge test results from LEAP-UCD-2017 were used to create the
empirical models for the estimation methods. The relative density of
the soil differed from the employed centrifuge tests but under the
same shaking intensity. For validation of the methods, the developed
empirical models were applied to centrifuge tests, which had the
same relative density under different shaking intensities as the cen-
trifuge tests employed for the development. Moreover, the acceler-
ation and pore water pressure responses from the case history, the
1987 Superstition Hills earthquake at the Wildlife site, facilitated
validation of the methods. The main findings of this study are sum-
marized as follows:
1. The generated excess pore water pressure ratio was proportional

to the accumulated works by the shear stress–strain responses.
The cumulative works were normalized by the vertical effective
stress of the soil. The higher the relative density of the soil, the
more energy was required to be liquefied, and this was consis-
tent with the results from the laboratory tests in the previous
literature.

2. The dilation behavior of the undrained soil during liquefaction
generated a transient drop in the excess pore water pressure ratio
and dilation spikes in the shear stress responses. A linear empiri-
cal equation in the logarithmic scale was developed for the re-
lation between the excess pore water pressure ratio and induced
peak shear stress normalized by the vertical effective stress of the
soil. The lower the relative density of the soil, the more signifi-
cant the transient drop in excess pore water pressure due to dilat-
ive behavior became.

3. The validation using centrifuge tests indicated that both methods
well estimated the excess pore water pressure ratio. In general,
the energy-based estimation successfully captured the measured
pore pressure responses.

4. Both methods were applied to the case history, the 1987 Super-
stition Hills earthquake at the Wildlife site. In the N–S and E–W
directions, both methods revealed the timing of the liquefaction
much earlier than the measured excess pore water pressure ratio.
However, the timing of the liquefaction from the estimation was
comparable with that from the Stockwell transform. The excess
pore water pressure might be slowly generated due to the mi-
gration of the pore pressure through the soil media, although the
liquefaction occurred much earlier than the pore pressure ratio
indicated.

5. The strain-based and energy-based methods require G=Gmax
curves and the empirical equations associated with the dilative
behavior and the relation between the cumulative dissipated en-
ergy and excess pore water pressure ratio. The necessary curves
and equations significantly affect the estimation results, so the
empirical equations for each soil should be developed through
laboratory tests or numerical studies in the future.

6. This study is primarily applicable to uniform soil layers, where
it becomes possible to simplify liquefiable soil as the one-
dimensional shear beam. Consequently, the proposed methods
find greater relevance in centrifuge tests, which commonly con-
sist of poorly graded sand and provide more precise information

about the soil layer, including the height of the layer of interest
and G=Gmax curves.
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