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Abstract
Three Problems in the Control and Identification of Structured Linear Systems
by
Han Feng
Doctor of Philosophy in Industrial Engineering and Operations Research
University of California, Berkeley

Associate Professor Javad Lavaei, Chair

We study three problems in the control and identification of structured linear systems. The
structure is first manifested as sparsity pattern constraints on the system or control matrices,
which complicate the feasible set of the optimal decentralized control problem. We find that
the feasible set can be not only disconnected but also have a large number of connected
components, which greatly limits the application of local search optimization algorithms.
The issue of connectivity is addressed in the second problem, where we design homotopy
paths that reduce the number of local minima of the optimal decentralized control problem.
Finally, we study an identification scheme based on [y optimization, where the system states
are subject to attacks which propagate over time. The structural constraint, which appears
as inequalities involving the states and control inputs, will lead to sufficient conditions for
the recovery of system matrices.
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Chapter 1

Introduction

As the cheapening computing power seeps into our daily lives, critical decisions in large-scale
dynamical systems are bit by bit taken over by algorithms which are becoming increasingly
complex. It is imperative that we validate the the decision making process, which often
takes the form of an iterative optimization algorithm. Control theory is a field where we
study problem structure and its interplay with optimization algorithms. The dissertation
studies three problems in the theory of structured linear systems. The first two concerns the
problem of optimal control where we show that

e The stability constraint of the decisions greatly complicates the geometric structure of
the optimal control problem. In particular, when we require that the control policy
stabilizes the system, we may have to sacrifice connectivity of the feasible set, which
frustrates the attempt of a local search algorithm to find the best control policy.

e A homotopy scheme can overcome the issues of connectivity in the policy domain.
This is achieved by constructing a series of artificial systems, eventually leading to one
where the connectivity problem disappears and the locally optimal control policy is
globally optimal.

For the last problem, we study the identification of an unknown linear dynamical systems
under injections of a attacker who can potentially tune his input based on current state and
control measurements. We find that

e When the attacker can only attack infrequently, we can shape the joint distribution of
input and state pairs such that an accurate model of the linear dynamical system can
be recovered in a single trajectory of state measurements.

The following three chapters will state our problem setting and conclusions in more detail.
Chapter 2 and Chapter 3 study continuous-time linear systems, while Chapter 4 studies a
discrete-time system.



Chapter 2

Connectivity Properties of the Set of
Stabilizing Static Decentralized
Controllers

The optimal decentralized control (ODC) problem is known to be NP-hard [13]. The NP-
hardness is reflected in the properties of its feasible set. We study the complexity of the
ODC problem through an analysis of the set of stabilizing static decentralized controllers,
and show that there is no polynomial upper bound on its number of connected components.
In particular, it is proved that this number is exponential in the order of the system for a
class of problems. Since every point in each of these components is the unique solution of
the ODC problem for some quadratic objective functional, the results of this work imply
that, without prior knowledge for initialization, local search algorithms cannot solve the
ODC problem to global optimality for all decentralized control structures. In an effort to
understand the connection between the geometric properties of the feasible set of the ODC
problem and the control structure, we further identify decentralized structures that admit
tractable connectivity properties, using a combination of the Routh-Hurwitz criterion and
Lyapunov stability theory.

2.1 Introduction

Classical state-space solutions to optimal centralized control problems do not scale well as
the dimension increases [26]. Moreover, structural constraints such as locality and delay are
ubiquitous in real-world controllers. The optimal decentralized control problem (ODC) has
been proposed in the literature to bridge this gap. The model has found wide applications
in electric power systems and robotics |65, 19, 89, 61]. On the one hand, ODC can have
nonlinear optimal solutions even for linear systems and is NP-hard in the worst case [93, 14].
On the other hand, the existence of dynamic structured feedback laws is completely captured
by the notion of fixed modes [80], and several works have discovered structural conditions on
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the system and/or the controller under which the ODC problem admits tractable solutions.
The conditions include spatially invariance [5], partially nestedness [78|, positiveness [75],
and quadratic invariance [56]. More recently, the System Level Approach [90] has convexified
structural constraints at the expense of working with a series of impulse response matrices.
Promising approximation [30, 2, 59| and convex relaxation techniques [84, 16, 36, 17| also
exist in the literature.

A recent line of research, initiated in the machine learning community, suggests using
nonlinear programming methods based on local search for the optimal control problems [35].
These methods have been applied to instances of ODC to obtain approximate solutions [91]
and to promote sparsity in controllers [57]. Local search methods are well-studied for convex
problems, and they normally come with optimality guarantees [16]. However, when the
problem is non-convex, these methods may converge to a saddle point or to a local minimum
[8]. Local search algorithms are effective: (i) when they are initialized at a point close enough
to the optimal solution, or (ii) when there is no spurious local optimum and it is possible to
escape saddle points [43, 52, 95, 51|. These conditions are not evidently verifiable for ODC
and the question whether local search is effective for ODC remains unanswered.

This chapter shows that the chances of success for the global convergence of local search
methods applied to a general ODC problem are theoretically slim. Specifically, we prove that
the feasible set of the ODC problem in the static case, which includes all structured static
controllers that stabilize the system, can be not only non-convex but also disconnected where
the number of connected components grows exponentially in the order of the system. Since
any point in the feasible set is the unique globally optimal solution of ODC for some quadratic
objective functional, this result implies that no reformulation of the problem with a smooth
change of variables could convexify the problem. Moreover, if one seeks to solve a hard
instance of the ODC problem through local search, the algorithm needs to be initialized an
exponential number of times unless some prior information about the location of the solution
is available in order to start in the correct connected component. This result contrasts with
the recent findings in [35] and qualifies the applicability of local search methods in optimal
control problems.

Although the number of connected components is shown to be exponential in this work,
we also demonstrate that favorably structured systems can have a single connected compo-
nent. In particular, it is proved that the set of static stabilizing controllers is connected for
damped systems no matter what the control structure is. Moreover, a bound on the number
of connected components is provided in the scalar case. For block structured systems with a
sufficient number of free elements, we develop a series of equivalence relations that describe
the exact number of connected components of structured stable matrices.

This work is related to several papers in the literature. The set of stabilizing controllers
has been studied from many angles. The work [67| parametrizes the set of stable state-
feedback controllers under no structural constraints. The paper [66] studies the connectivity
of stable linear systems and concludes that single-input single-output systems of order n
have at most n + 1 connected components, while stable multi-input multi-output systems
have only one connected component. The work [6] investigates what types of sparse patterns
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can sustain stable dynamics using graph theory. For systems with a few parameters, the
number of stability regions can be bounded by the number of root-invariant regions using
the D-decomposition method [46, 45]. However, the connectivity of decentralized stabilizing
controllers, especially for multi-input multi-output systems, lacks a systematic study.

The remainder of this chapter is organized as follows. Notations and problem formula-
tions are given in Section 2.2. We derive elementary connectivity properties of the set of
stabilizing controllers and bound the number of connected components for scalar controllers
in Section 2.3. Section 2.4 examines a subclass of decentralized control problems for which
the number of connected components is exponential, and discusses the implications of this
result on the number of locally optimal solutions of ODC. Section 2.5 extends the result to a
broad class of controllers with a tri-diagonal-containing structure and shows that the set of
stabilizing controllers with a bounded norm has an exponential number of connected compo-
nents. Section 2.6 proves that highly damped systems admit a connected set of decentralized
controllers. The section further discusses how this property could be used to approximate the
solution of the ODC problem. Section 2.7 describes the connectivity properties of structured
stable matrices with zero blocks. Concluding remarks are drawn in Section 2.8.

2.2 Problem Formulation

Consider the linear time-invariant system
&(t) = Ax(t) + Bu(t),
y(t) = Cx(t),

where A € R™", B € R™"™ and C € RP*™ are real matrices of compatible sizes. The vector
x(t) is the state of the system and y(t) is the output. We focus on the static case, where
the control input u(t) is to be determined via a static output-feedback law wu(t) = Ky(t)
with the gain K € R™*? such that some measure of performance is optimized. Since the
analysis to follow is on the feasible set, the initial state (being deterministic or stochastic)
and the objective function (being quadratic or some other function of the system’s signals)
are unimportant. With no loss of generality, we assume that the initial state x(0) = zg is
normally distributed with zero mean and unit variance. The quadratic performance measure
is defined by

JNK)=E / e M [z ()Qx(t) + 2z (t)Du(t) +u' (t)Ru(t)] dt (2.1)
0
where the matrix L = [ DQT Z} is positive semi-definite and R is positive definite. We use the

notations L > 0 and R > 0 to denote positive semi-definiteness and positive definiteness,
respectively. The discount factor A > 0. The expectation is taken over xj. The closed-loop
system is

i(t) = (A + BKC)x(t).
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A matrix is stable, or equivalently Hurwitz, if all its eigenvalues lie in the open left half plane.
K is said to stabilize the system if A 4+ BKC is stable. All the matrices considered in this
work are real-valued unless otherwise noted. The objective is to study the set of structured
stabilizing controllers

Ks ={K:A+ BKC is stable, K € S}, (2.2)

where & C R™*? is a linear subspace of matrices, often specified by fixing certain entries of
the matrix to zero. Decentralized and distributed controllers could be specified by the set S
with a prescribed sparsity pattern. The set of sparse stable matrices

Ar ={A: Astable and A € T} (2.3)

is a special case of (2.2), where 7 C R™ " is a linear subspace of matrices. When 7 is a
linear subspace of sparse matrices, we represent 7 with a sparsity pattern where * denotes
the positions of entries that can be non-zero. As an example, the set of tri-diagonal matrices
can be represented by the following sparsity pattern:

* * *
0 = =

0
_O 0 * |

Let I+ € T denote the indicator of the sparsity pattern of 7 so that I7 has an entry 1 at all
positions of 7 that can be nonzero and 0 otherwise. The connectivity properties of g and
A+ will be studied under the Euclidean topology. We use 0Ks to denote the boundary of
the set s. The notation diag(as, ...,a,) denotes the n-by-n diagonal matrix with diagonal
entries ay, ..., a,. We write tr(A) for the trace of the matrix A and ||Al|s for the 2-norm of
A. The notation E[X|Y] denotes the expectation of the random variable X conditioned on
the random variable Y.

Geometrically, the set of stable matrices is an open non-convex cone with the origin
removed. The sets Ks and A+ are obtained by slicing this open cone of stable matrices
along an affine subspace and a linear subspace, respectively. The slicing affects the number
of connected components for each of these sets and thereby reflects the tractability of the
optimal decentralized control problem.

2.3 Connectivity Properties in Special Cases

In this section, we prove global geometric properties of the stabilizing set Ks for certain
choices of B, C' and § using elementary arguments.
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The stability of matrices can be characterized in different ways. Lyapunov’s characteri-
zation |28, §4.1] states that a matrix M is stable if and only if there is a solution P > 0 to
the equation MP + PM T + I = 0. The Routh-Hurwitz criterion |7, §11.17| states that a
matrix is stable if and only if the coefficients of its characteristic polynomial satisfy a set of
polynomial inequalities. These basic techniques allow us to study the stabilizing set K when
there are no structural constraints and full state measurements.

Lemma 1. Assume that S = R™P and C = I. The set Ks is connected, but generally
NON-CONVEL.

Proof. Observe that g is the continuous image of the set
H={(R,P): AP+ BR+PA" +R'B" = —I,P > 0}

through the map (R, P) — RP~!. Moreover, H is connected since it is the intersection of
a linear space and a convex cone. The map is well-defined as P is positive definite; it is
also surjective from the Lyapunov’s characterization: whenever A + BK is stable, there is
a matrix P = 0 such that (A + BK)P + P(A+ BK)" = —I and the tuple (R, P) can be
mapped to the desired K under the formula K P = R.

To show that ICg is generally non-convex, consider the second-order system

0 1 0 bg kll ]{?12
A p—y y B g y K p—t
{—ao —CZJ [1 51} [km k2o
where A and the first column of B are in the canonical form to ensure controllability. The
closed-loop matrix is equal to

A+ BK — [ boka1 1 + bokas } .

—ag + k11 + b1kar  —aq + k1o + bk
To analyze the stability, we use the Routh-Hurwitz criterion and write
Ks={K :tr(A+ BK) < 0,det(A+ BK) > 0}.
Notice that g is not convex in general since its intersection with the lower dimensional

subspace k9; = 0 is given by

k1 k

K=" TP —ay + kg 4 bikay < 0, (14 bokag)(—ag + ki) <0 ¢,
ko1 koo

which turns out to be the union of two disjoint polyhedrons if by # 0 (due to the product in

the second condition). O

An implication of lemma 1 is that the feasible set of the linear-quadratic optimal central-
ized control problem is connected, which justifies the success of the local search algorithm
proven in [35] for centralized controllers. Another insightful, but impractical, scenario is the
case with B = C' = [ and a mostly arbitrary S. This is studied below.
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Lemma 2. Assume that B = C = I and that S contains —I. Then, the set Ks is connected.

Proof. Since S is a linear subspace, we have —\I € S for every A € R. Given two arbitrary
matrices K1, Ky € Kg, consider the following connected path from A + K; to A+ Kj:

At K "N ALK - AT
M3 AL K, - AT

decrease A

— A —+ KQ,
where
e )\ > 0 is first increased to a large value;

e we move from A+ K; — Al to A+ Ky — Al via an arbitrary continuous path between
K; and Ky in S;

e ) is decreased eventually.

The parameter A can be made so large that all matrices on the path from A 4+ K; — Al to
A+ Ky — A could be regarded as a small (on the order of K3 — K;) perturbation of the large
matrix A+ K;— AI. Such small perturbation preserves the stability condition of A+ K7 — \I.
The proof is completed by noting that the designed path, which connects K and K5, involves
only controllers in & and passes through only stabilizing matrices continuously. O

If the measurement matrix C'is not the identity matrix, the set could become disconnected
even in the simplest case K = k € R. This is demonstrated in the example below. To
differentiate vectors from matrices, we rewrite B as b and C' as ¢!, where b and ¢ are column
vectors in R".

Example 1. Assume that (A,b) is controllable and ¢ # 0, where A € R¥*3. Then, the set
IC can have at most two connected components. To prove this statement, with no loss of
generality we write the system in the controllable canonical form, i.e.,

0
A= 0 0 1 {,b6=10 ,cT:[co 1 02}.
1

The Routh-Hurwitz criterion characterizes stability with the set of inequalities

ap —kCO > 0,
ay —]{361 > 0,
ag — keg > O,

(CL() — k’Co) < (ag — ]{362)(&1 — kCl).
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Consider the quadratic function f(k) = (ag — keo)(ay — key), which can have at most two
branches that lie above the line ag — kcyg. The intersection of these branches with the interval
defined by the first three linear inequalities leads to at most 2 connected components. An
example with exactly two components can be produced by the parameters

(OJQ7 ai, CLQ) = (—57 —17 1), (Co, Cq1, CQ) = (085, 02, 02)

fig. 2.1 verifies the above result by plotting the maximum real part of the closed-loop eigen-
values versus k.

20

11
L

max ReleiglA + BKC

oo

Figure 2.1:  As discussed in Example 1, the set of stabilizing controllers can have two
connected components for a third-order system. Observe that there are two intervals for &
that produce eigenvalues in the left-half complex plane.

It can be inferred from example 1 that the coordinates of the set of stabilizing controllers
are “one-sided”. This is not surprising since when A + BKC' is stable, it holds that tr(A +
BKC) < 0. We elaborate on this result in lemma 3.

Lemma 3. Consider the case m = p = 1. Suppose that (A,b) is controllable and ¢ # 0.
Then, the scalar set Ks cannot extend to infinity on both sides.

Proof. As before, with no loss of generality consider the canonical form

A= 0 ! :|,b:|:(1):|,CT:[CO,...,CTL_1].

_ao PR _an—l
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The matrix A + bkc' has the characteristic polynomial
(ag — cok) + (a1 — c1k)x + ..., +(ap_1 — Cork)z" ' + 2" = 0.

It follows from the Routh-Hurwitz criterion that the coefficients of this polynomial must
be positive. Since ¢ # 0, there is some entry ¢;, # 0 and, as a result, k is prevented from
extending to infinity on one side due to the inequality a;, — ¢;,k > 0. O

In what follows, we will bound the number of connected components for scalar controllers.
Compared with |45, Theorem 1], our bound is tighter under the assumption of controllability.
We denote by [£] the smallest integer greater than or equal to the scalar .

Theorem 1. Consider the case m = p = 1. Suppose that (A,b) is controllable and ¢ # 0.
The scalar set Ks can have at most [§] connected components.

Proof. Tf there is no stabilizing controller in S, then Ks = (); otherwise one can first stabilize
A with some controller ky and then analyze the set of shifted controllers k — ky. As a result,
without loss of generality one can assume that A is stable. We call a controller k critical
when it is on the boundary of the set stabilizing controllers, implying the presence of a
closed-loop eigenvalue on the imaginary axis. If necessary, we replace A with A — el for a
small € > 0 so that the number of connected components remains the same and that the
intervals of Cs share no boundary points. Consider the solution to the equation

0 =det(jwl — A — kbc")
=det(jwl — A)det(1 — ke’ (jwl — A)~'b) (2.4)

(the symbol j denotes the imaginary unit). Since A is stable, the first term in the second
line of (2.4) is not zero and therefore the second term must be zero. Taking its real and
imaginary part yields

1 —k x Re{c' (jwl — A)7'b} =0,
Im{c' (jwl — A)~'b} = 0.

Equation (2.6) is of the form Im {%} = 0 with g(jw) = det(jwl — A) # 0; equivalently,

one can write Im{ f(jw)g(jw)} = 0 where f(jw) is a polynomial of degree at most n — 1,
g(jw) = det(jwI—A) is a polynomial of degree n, and overline denotes the complex conjugate.
Im{f(jw)g(jw)} is a polynomial of degree 2n — 1 in w with only odd degree terms; it can
have at most 2n — 1 real roots that are symmetric around 0. Because Re{f(jw)g(jw)} has
only even degree terms, at most n distinct pairs of the symmetric roots of eq. (2.6) can be
plugged into (2.5). This leads to at most n critical values for the scalar k£ and divides the
real line into at most n+ 1 intervals of interlacing stable-unstable controller regions. At most
[%t17 of them are stable. Note that when n + 1 is odd, lemma 3 rules out one interval that

2

extends to infinity. As a result, the upper bound can be sharpened to [*] = [2]. O
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Theorem 1 states that the number of connected components would grow with the dimen-
sion of the system even in the special case m = p = 1. Our bound is tight when n = 3 in
light of example 1.

2.4 Exponential Subclass

One of the main results of this chapter is stated below.

Theorem 2. There is no polynomial function with respect to the order of the system that can
serve as an upper-bound on the number of connected components of the set of decentralized
stabilizing controllers.

To prove the theorem, it suffices to show the existence of a subclass of decentralized
control problems whose set of stabilizing controllers has an exponential number of connected
components. Our proof requires a lemma that characterizes the stability of tri-diagonal
matrices whose diagonal elements are mostly purely imaginary complex numbers. Define
the inertia In(G) of an n X n matrix G as the triplet In(G) = (a(G), 8(G),v(G)), where
a(G), B(G) and y(G) count the eigenvalues of G with positive, negative and zero real parts,
respectively.

Lemma 4 (From [92|). Consider the tri-diagonal matriz

(fitinn fo O 0
—hy  jg2  f3 '
- 0 —hs jgz  fa |
. _hn—l jgn—l fn
0 0 ~hn i9n]

where f;, g; and h; are real fori=1,...,n, fi #0, and f;h; #0 fori=2,... ,n. Then,
In(G) = In(D),

where

D = diag(f1, fifaho, fifafshohs, ..., fi- - fuha - hy).

A corollary of lemma 4 for the stability of real tri-diagonal matrices is given below.
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Corollary 1. Given the tri-diagonal real matrix A of the form
[ fi fo 0 0
—he 0 fs 0 :
A= |0 he 0 A | (2.7)
. . 0
_hn—l 0 fn
| 0 - 0 —h, 0]

it holds that
e If fi <0 and fih; >0 for alli € {2,...,n}, then A is stable.
o If fih; <0 for some index i € {2,...,n}, then A is unstable.

Remark 1. Sparse stable matrices theory [6] states that the graph associated with the sparsity
pattern of the matriz in (2.7) is a chain and has nested Hamiltonian sub-graphs. The graph
1s sufficient to sustain stable dynamics. Moreover, the sparse matriz subspace is minimally
stable because: (i) if f1 is set to zero, then the trace of the matrixz becomes zero and therefore
at least one eigenvalue should be unstable, (ii) if any non-diagonal element is set to zero,
then the matrixz decomposes into a block triangular form where the lower diagonal block has
a zero trace, leading to instability.

Due to remark 1, corollary 1 gives necessary and sufficient conditions for the stability
of a class of matrices, which can be used to analyze both connected components and sepa-
rating hyper-surfaces. In what follows, we will first show the possibility of 2"~! connected
components in the case with a non-identity C' and then develop a similar result for C' = I.

Theorem 3. Let A € R™" be in the form of (2.7), and set B € R™(?"=2) C ¢ RGr=2)xn
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and K € REn=2)x(2n=2) 4,

0 0 [+1 0 0
—1 0
B=1 0 : 0 |
: 0 +1
|0 0 —1]0 0 |
1 0 0 ]
0
. 0
0 0 1 0
C=10"T1 0 0|’
: .0
0 - -+ 0 1

K = diag(kQ, .. .,]ﬂn,kg, .. 7kn)

Suppose that f; < 0 and f; # h; fori=2,....n. Then, the set K has at least 2"~! connected
components.

Proof. The closed-loop matrix A + BKC' can be expressed as

fi fo+ ko 0 0
—hy—ky 0 fy+ks '

0 —hs—ks '

) i 0

: - - 0 fn+kn
0 o 0 —hy—k, 0 |

It results from corollary 1 and remark 1 that the closed-loop stability is equivalent to the
conditions (h; + k;)(f; + k;) > 0 for i = 2,...,n. Equivalently, either k; < min(—h;, —f;)
or k; > max(—h;,—f;) holds for i = 2,...,n. Therefore, the region of stabilizing K,
parametrized in (ko, ..., k,) € R"! is separated by n — 1 hyperplanes k; = —(f; + h;)/2 for
1 = 2,...,n. Since there are stable regions on both sides of each of those hyperplanes, the
overall number of connected components becomes at least 2771 O

The result of theorem 3 is demonstrated in the left plot of fig. 2.2 for n = 3. Note that
the “one-sided” result of lemma 3 does not hold here since K is not a scalar.
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6 6
4 4
2 2
£
& -+ -2 0 2 4 6 - 4 -2 0 2 4 6
k2 k2

k3
a

(a) e=0 (b) e=0.2

Figure 2.2: 'We randomly sample K and check the closed-loop stability for an instance of the
system in theorem 3. The controller is parametrized in terms of (ko, k3) where n = 3, with
fi=—1and h; = 2 for = 1,2, 3. The projection of the set K onto the 2-dimensional space
corresponding to (ks, k3) is shown in green. The left figure shows that there are 2"~ = 4
connected components, where each coordinate takes values in (—oo, —2) or (1,00) to be
stable. The right figure shows the connected components when the number 0.2 is added to
each diagonal entry of A.

Remark 2. Note that eigenvalues are continuous functions of the entries of a matriz and that
the connected components studied in the proof of theorem 3 are separated by a positive margin.
Therefore, one may speculate that a small perturbation of A will not change the number of
connected components. This is not the case in general since the eigenvalues of A+ BKC' can
become arbitrarily close to the imaginary axis when ||K|| is large, as illustrated in fig. 2.3.
However, one part of every connected component is resistant to perturbations. For example,
with € > 0, the set {K : (A+ el) + BKC stable } is a subset of {K : A+ BKC' stable },
the former contains only those controllers that make the closed-loop eigenvalues at least €
away from the imaginary axis. The number € can be set so small that at least one point from
each component remains stable. In other words, a new matriz A obtained by adding € to
the diagonal entries of the matriz in (2.7) gives rise of an exponential number of connected
components where the number cannot change with a very small perturbation of its elements.
This s illustrated in the right plot of fig. 2.2.

The subclass of problems studied in theorem 3 may be unsatisfactory as it requires that
the free elements of K repeat themselves and that C' £ I. The next theorem addresses these
issues.
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]

k3
[=]

Figure 2.3: If the diagonal entries of A are reduced by 0.2, then the set K becomes connected.
The projection of the set K onto the 2-dimensional space corresponding to (ko, k3) is shown
in green.

Theorem 4. Let A be in the form

(fi+e¢ fo 0 e 0
—ho € VE ' '
A= 0 ~hs e : (2.8)
. . . 0
: B _hn—l € fn
| 0 0 —hy €

where € > 0, fi < 0, and (=1)"(f; — hiz1) > 0 for i = 2,...,n. Consider B € R™",
C e R™™ and K € R™™ to be

K= diag(kl,kg, ce ]{Zn>

For a small enough €, the set KC has at least fib, connected components, where fiby =
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ho +k1 >0 ho +k1 <0
| |
fatka>0 fot+ka <O
hg + ko >0 hs+ ks <0 h3+k2>0(*) hs + ko <0
| | |
fz+k3>0 fa+ks <0 fs+ks<O
RN VRN VRN
hy+ ks >0 h4+k‘3<0(*) hy+k3s >0 hyg+k3<O ha+ks >0 hyg+ks3<O
| | | | |
fa+ki>0 fat+ks >0  fa+ks <O fa+ka>0 fa+ka<O

Figure 2.4: This tree shows the enumerating signs of the closed-loop matrix entries for n = 4.
The branch marked with (%) has contradictory inequalities.

1, fiby = 1, fibjso = fibi 1 + fib; for v = 0,1, ... is the Fibonacci sequence, which is on the

order of %5 .

Proof. First, assume that ¢ = 0 and consider the closed-loop matrix A + BKC:

fl f2_|_k2 0 0
—he—ky 0 fatky :

0 —hg—k‘g

. . .

: . . 0 fn+ kn
0 e 0 —h,—k, 1 O

In light of corollary 1 and remark 1, the necessary and sufficient conditions for the closed-
loop stability are (h; + k;i—1)(fi + ki) > 0 for ¢ = 2,...,n. As a result, if hy + k; > 0, then
fo+ ke > 0. Now, because hs < fo, the term hs + ko can be positive or negative. If it is
positive, then f3 + k3 must be positive, and we can move on to study the sign of hy + k3.
As we proceed, note that not all sign assignments for h; + k;_; and f; + k; are possible due
to the assumptions on f; and h;. The enumeration procedure is illustrated in fig. 2.4. Any
path from the root to the bottom level leaf passes through a set of linear inequalities that
together enclose an open polyhedron of stable regions. These stable regions are separated
by the hyperplanes h; 1 + k; =0fori=1,2,...,n—1and f;+k;=0for:=2,3,...,n.
Next, we count the number of branches. If h; + k;_1 > 0 (or equivalently f; + k; > 0)
appears m; times and h; + k;_1 < 0 (or equivalently f; + k; < 0) appears n; times, assuming
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m; > n;, the next level will have at most (m; + n;) + max(m;, n;) = 2m; + n; branches. This
number is achievable if f; < h;;1, which means keeping all the children of the inequalities
fi + k; > 0 and pruning one child from each inequality f; + k; < 0. Then, m;, 1 = my,
niy1 = m; + ng, and n;.1 > myy1, which reverses the order of m; and n;. It can be verified
that the total number of connected regions m; + n; satisfies the iteration of the Fibonacci
sequence.

The connected regions are separated by the hyperplanes k; = —f; or k; = —h;;, with
no margin. When € > 0, the connected components are strictly separated. More precisely,
whenever k; = —f; or k; = —h;1, the matrix A + BKC decomposes into a block triangular
form where the lower diagonal block has a positive trace, which means that the matrix
cannot be stable. When ¢ is small enough, the original connected regions described by linear

inequalities do not shrink abruptly — in fact, at least one point from every polyhedron
remains stable. As a result, these stable regions are the true connected components of the
stabilizing controller set. O

To illustrate theorem 4, consider the matrix

[—1+¢ 2 0
—2 € 1 0
0 -1 ¢ 2
A= 0 -2 ¢ 1 0 (2.9)

The corresponding set K obtained by sampling random matrices K and checking the closed-
loop stability is provided in fig. 2.5 for n = 3.

Our exponential examples are based on specific settings of the parameters f; and h; in
the matrix A that maximize the number of connected components. We next show that
even if the parameters f; and h; are considered random, the expected number of connected
components is still exponential.

Theorem 5. Consider the matrices A, B, C, and K defined in theorem 4, and let f; and
h; be independent random variables whose distributions are standard normal fori=1,...,n
and j = 2,...,n. If e > 0 is small enough, the expected number of connected component of
Ks is at least (%)7%2

Proof. With the assumed distribution, f; < h;;1 and f; > h;;1 occur equally likely, while
fi = h;y1 happens with zero probability. Our enumeration tree is random, and we count the
number of leaves as follows. If f; + k; > 0 appears m; times and f; + k; < 0 appears n; times
for ¢ > 2, the next level has two possibilities:

(i) fi < hiy1, which keeps all the children of the inequalities f; + k; > 0 and prunes one
child from each inequality f; + k; < 0. Therefore, m; 1 = m; and n; 1y = m; + n,.
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Figure 2.5: We randomly sample K and check the closed-loop stability for an instance of the
system in theorem 4 with n = 3, the matrix A given in (2.9), and K = diag(ky, ko, k3). The
projection of the set K onto the 3-dimensional space corresponding to (ki, ks, k3) is shown
in blue.

(i) fi > hip1, which keeps all the children of the inequalities f; + k; < 0 and prunes one
child from each inequality f; + k; > 0. Therefore, m;.1 = m; + n; and n; 1 = n;.

Combining the two cases, we can calculate the expected number of children m; 1 + n;q
conditioned on m; and n; in the previous level:

E[mii1 + niga|mi, ni] = Elmiey + nia|ma, g, firr < hipo]P(firn < hiyo)
—HE[miJrl + niJrllmianiv fis1 > hi+2]P(fi+l > hi+2)

1 1 3

With the initial conditions E[ms + no|fi > 0] = 0 and E[ms + no|f; < 0] = 2, we have

E[msy 4+ ny] = 1. Using induction, it can be concluded that E[m,, + n,] = (%)n_Q. O

By adopting a randomized setting, we are able to analyze the change of connected com-
ponents when one element k;, is fixed to zero for some index iy € {1,2,...,n—1}. The proof
is based on a careful counting of branches and is provided in the Appendix.

Proposition 1. With the same setting as in theorem 5, assume that K = diag(ky, ..., ky)
and k;, is fized to zero for some index iy € {1,...,n}. Then, the expected number of connected
components of Ks for a small enough € is at least

2 if2<ip<n— L.

= ifig=1 orig=n.

N[—= O=
—~~
N N
SN—

3

)
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The above results on connectivity reflect not only the computational complexity of the
original ODC problem with the hard constraint K € Kg, but also the complexity of a mod-
ified ODC formulation with soft constraints. We explain this implication below. Consider
an arbitrary continuous function h : R™*? — R that satisfies h(K) = 0 for all K € Kgs and
h(K) > 0 for all K € R™?\ Ks. h(K) serves as a penalty function that can be used to
replace the hard constraints of ODC with soft constraints. The penalized form of ODC is
given by

min  Jo(K) +c- h(K) (2.10)

where Jy(K) is defined in eq. (2.1) and ¢ is a large constant. The above optimization is uncon-
strained and can be solved using standard numerical algorithms for nonlinear optimization.
Indeed, it is common in optimization to convert constrained problems to unconstrained ones
via penalty or barrier functions since most efficient numerical algorithms for non-convex op-
timization are designed for unconstrained problems. The reason for such reformulation is
that the constraints do not need to be satisfied in each iteration of a numerical algorithm,
and their satisfaction is only required asymptotically when many iterations are taken. In
what follows, we study how numerical algorithms perform on the unconstrained formulation
eq. (2.10).

Lemma 5. Suppose that C has full row rank and [[?T g] is positive definite. There are
instances of the ODC problem for which the penalized formulation (2.10) has an exponential
number of local minima if ¢ is sufficiently large.

Proof. Consider any instance of the class of ODC problems provided in theorem 4 for which
the feasible set of the problem has an exponential number of connected components. Due
to the coercive property proven in Lemma 8 in the Appendix, each connected component
in s must have a local minimum for the unpenalized objective Jo(K). Let O denote the
set of all local minima in any arbitrary connected component of the feasible set of ODC,
and O(e) € R™*P be the set of all points in the feasible set of eq. (2.10) that are at most €
away from O, for any given € > 0. If eq. (2.10) is numerically solved using gradient descent
with an initial point in O(e), it follows from the proof in [58, §13.1] that the algorithm will
converge to a local minimum that is in the interior of O(¢€) and approaches O as ¢ goes to
infinity. This implies that eq. (2.10) has at least one local minimum corresponding to the
set O. Therefore, eq. (2.10) has an exponential number of local minima. ]

Lemma 5 implies that common first-order and second-order numerical algorithms that
work on unconstrained formulations and are guaranteed to converge to a stationary point
may end up producing an exponential number of different solutions depending on their
initialization.
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2.5 Bounded Connectivity Number

The results of the preceding section were developed for systems with a very specific struc-
ture. We show in this section that for a large class of systems that contain a tri-diagonal
structure, there exists a configuration of the matrices (A, B) such that the set of static stabi-
lizing controllers with a bounded norm has an exponential number of connected components.
The restriction to a bounded control gain is natural since very high gain controllers cannot
be implemented in practice due to the sensitivity of the closed-loop system to noise and
disturbance.

Given a linear subspace of sparse matrices! T, we say that T is tri-diagonal-containing
if it contains all tri-diagonal matrices, i.e.,

T 2O{A:A;=0forall |[i —j| > 2}.

We say that (A, B) is compatible with T if both A and B’s sparsity patterns coincide with
Ir. Since T is a linear subspace, A + BK € T for every diagonal matrix K. Given a set
IC, let #K denote the number of connected components of . Given system matrices (A, B)
and a radius r > 0, we define the set of bounded stabilizing controllers K"(A, B) as

K"(A,B) ={K : A+ BK stable, K diagonal, || K| < r},

where [|-]] denotes an arbitrary matrix norm. Note that K£®(A, B) coincides with the set
Ks defined in eq. (2.2) with S being the set of diagonal matrices. We define the bounded
connectivity number, which we denote by c¢(A, B), as follows:

c(A, B) = sup#K'(A, B).
r>0
The bounded connectivity number quantifies the number of connected components of the
set of stabilizing decentralized controllers with a bounded norm in the worst case.

Theorem 6. Given any tri-diagonal-containing sparse matrixz subspace T, there exist system
matrices (A, B) compatible with T such that the bounded connectivity number c¢(A, B) is
exponential in the order of the system.

Proof. To prove that ¢(A, B) is exponential in the order of the system, it suffices to find
a radius r and system matrices (A, B) such that K"(A, B) has an exponential number of
connected components and that (A, B) has the same sparsity pattern as 7. We start with
the matrices (A, B) given in Theorem 4 with an € > 0, which may not be compatible with 7.
Since (A, B) has an exponential number of connected components, by continuity there
exists an r > 0 such that K"(A, B) has an exponential number of connected components?.

'Recall in Section 2.2 that a linear subspace of sparse matrices is specified by positions of nonzero entries
and I is the indicator matrix of the non-zero positions.

2If there is a connected component of K°°(A, B), it will intersect with a ball {K : ||K|| < r} where 7 is
large enough, and the intersection will appear as one or more connected components in K" (A, B).
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Moreover, since € > 0, the connected components of K"(A, B) are strictly separated in the
sense that every component of K"(A, B) is contained in a component of K"(A — £I, B), and
when K € 0OK"(A — $1, B), the eigenvalues of the closed-loop matrix A + BK is at least
5 away from the imaginary axis. Since eigenvalues of a matrix are continuous functions
of the entries of the matrix and K is bounded, we claim that for all small 6 > 0, the set
K"(A + 617, B + d17) is also exponential, because (1) by continuity when § > 0 is small,
there exists a controller in each connected component of KX"(A, B) that remains stabilizing
in K"(A+ I, B+ 0I7) and (2) no two connected components of K"(A, B) in this bounded
region can merge. We elaborate on the second point below. Let N denote the number of
connected components of K" (A, B). We select one controller from each connected component
of K"(A, B) and denote them by Kj,..., Ky. By continuity, when ¢ is small, they remain

stabilizing for the system (A + 017, B + 017). Consider the quantity

a(A,B) = min min max spabs(A + BK) (2.11)
1§?;Z'§Np¢j€P,‘j Kep;i;
i#j

where spabs(-) denotes the spectral abscissa (maximum real part of the eigenvalues). The set
P,; contains all paths p;; from K; to K such that every controller K € P,; satisfies || K|| < r.
We use min instead of inf because the minimum is achievable®. We also have a(A4, B) > £
because all paths p;; € P;; with i # j must intersect with a controller K € OK"(A — 51, B),
at which point spabs(A 4+ BK) > §. Since the continuous function spabs(-) is absolutely
continuous in a compact region, for all small § > 0, we have |spabs(A + BK) — spabs(A +
6l + (B +6Ir)K)| < § for all K with [|[K| <r. As aresult, a(A+ 617, B+ 1) >0, ie.,
Ky, ..., Ky belong to different connected components of K"(A+ 617, B+ d17). The proof is
concluded by noting that ¢ can be selected so that (A+ 017, B + §I7) has the same sparsity

pattern as 7. ]

To understand the implication of Theorem 6, consider a multi-agent system, where each
agent has a single state. As long as each agent interacts with its previous and next neigh-
bors, no matter how many more interactions exist in the system, the ODC problem has an
exponential number of local solutions for certain system parameters.

2.6 Highly Damped Systems

All previous results suggest that the diagonal entries of A being positive contribute to the
complexity of the feasible set . theorem 7 below shows that the diagonal entries of A being
negative is a desirable structure in the sense that if A is highly dampened, the feasible set
is connected independent of control structures.

3Even though the minimization of eq. (2.11) is over an infinite set P;;, we can replace it with the
minimization over the bounded part of a lower level-set of spabs(A + BK), where the lower level-set is large
enough so that K; and K; are connected.
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Theorem 7. Given arbitrary matrices A, B and C of compatible dimensions and a linear
subspace of matrices S, the set

Ks)y={K:A—- X+ BKC is stable , K € S}
1s connected when A > 0 is large enough.

Proof. First note that the Routh-Hurwitz criterion describes Ks y by polynomial inequalities
in the entries of A — Al + BKC, the set Kgs is semi-algebraic with a finite number of
connected components given the order of the system [15]. Consider a number p and let A
be a parameter that increases from p toward oco. Since A > p, we have Ks ) 2 Ks,, and
therefore KCs » contains all components of Ks, but could possibly connect them or add new
components. The addition of new components with the increase of A could occur only a
finite number of times. We explain the claim below.
We have noted that set Ks ) is semi-algebraic and is a slice of the set

W ={(K,\): A— X + BKC is stable , K € S},

which is also semi-algebraic (described by a finite number of polynomial inequalities) and has
a finite number of connected components. When a connected component starts to appear
for a certain )¢, this means that along the direction (0, 1), the set WV has a point of contact,
say Ky, with a hyperplane orthogonal to (0,1). If we consider the linear function (K, \) — A
over the set W, Kj is a local minimum of the function and ) is a critical value. By the semi-
algebraic Sard’s theorem [15, Theorem 9.6.2|, the set of critical values of a linear function
over a semi-algebraic set is finite. This proves the claim that as A increase, new components
in s occur for a finite number of times.

To connect all those components, we first increase A until no new connected component
appears, then select a controller from each connected component, and cover all those con-
trollers with a ball B C §. By making A so large that all controllers in B become stabilizing,
we glue all of the connected components. O]

The interpretation of the result of theorem 7 is that if the open-loop matrix of the
system can be written as A — AI for a large A, then the feasible set of ODC is connected.
This corresponds to highly damped systems.

Remark 3. [t is noted in [53] that if we consider the discounted cost
Jon(K) = E/ e (2" Qx + 22" Du + u' Ru)dt,
0

or equivalently make a change of variables &(t) = e Mx(t) and 0(t) = e Mu(t), then the
closed-loop dynamics become equal to 32’(25) = (A=A +BKCQC)z(t). Therefore, it follows from
theorem 7 that the feasible set of the ODC problem is connected for discounted costs with a
large discount factor.
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Remark 4. [t is known in the context of inverse optimal control [53] that any static state-
feedback gain K is the unique minimizer of some quadratic performance measure (2.1) for
all initial states. One such measure is

/0 Oo(u(t) — Kz(t))" R (u(t) — Kx(t)) dt.

where R is a positive definite matriz. As a result, every point in any connected component
1s an optimal solution to some ODC problem. Since there is an exponential number of con-
nected components in certain cases, random initialization is unlikely to successfully locate the
optimal component unless prior information is available or the system is favorably structured.
Local search algorithms, therefore, fail for general ODC' problems.

A by-product of Theorem 7 is a new controller design strategy, which is based on ap-
proximating the ODC problem with another one whose feasible set is connected. This new
problem is obtained by damping the system’s dynamics. Indeed, we have shown in [38| that
minimizing Jy(K) with a large A is more tractable than solving the original ODC problem
since the separate connected components will be glued together via damping (as proved in
Theorem 7). In the following, we study the cost of this approximation by bounding the ratio
of the two objectives.

Lemma 6. Suppose that Exgzy = I and C = 1. Let Kt be the solution of ODC with the
objective function J\(K) and assume that K+ stabilizes (A, B). Let W(K*) = (A+BK™) +
(A+ BK™*)". We have the following upper bound

Vmin ))— N
Jo(K*) _ [Pl i Vi (W (7)) < 0
— Vmax +))— -
JA(KT) %, if Vinin(W (K ™)) >0
and lower bound
Vmax ) — -
o) [ if v (W) < A
il Voo +))— . )
JA(K+) %, if Vanin (W (K 7)) > A

where Vmin(+) and vmax () denote the smallest and largest eigenvalues of a matriz, respectively.

The proof of Lemma 6 is provided in the appendix. We illustrate lemma 6 with a
numerical simulation in Figure 2.6. The system matrices are of the form eq. (2.9), which are
specified below:

-1 0.5 0 1 _
A_{—0.5 o}’B—[_l 0]aC—I,K—dlag(kl,kz),Q_sLR_I,D_o.

Using extensive search, it can be shown that the system has two locally optimal controllers
and their undamped costs Jo(K') are as follows:

K ~ diag(0.7178,0.6643), Jo(K?) ~ 12.88,
K3 ~ diag(—1.5384, —1.4369), Jo(K}) ~ 18.08.
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Starting from the initial stabilizing controller Ky = diag(—2, —2), we run gradient descent
twice to minimize the cost Jo(K') and its approximate function J;(K). The step sizes are
selected by the Amijo rule as in [38] so that stability is preserved for all iterations. The
iterations are stopped when the norm of the gradient is less than 1075, When minimizing
Jo(K), the iterations converge to K;. When minimizing .J;(K), the iterations converge to
K™ ~ diag(0.4420, 0.3836). We calculate the damped cost J; (K1) &~ 5.98 and the undamped
cost Jo(K1) = 13.44. The local search solution to the approximate ODC is better than the
solution to the original ODC. With

~3.0000 —0.0584
W(K")=(A+BK") +(A+BE) =~ | oo o000l

we calculate Vyax(W(K™)) &~ —1.00 and vy (W(K ™)) ~ —3.00. The conclusion of lemma 6
is verified:

) Vi (W(KY)) -1
ok 2.25 < 4.00 ~ AT

)

)

z/max(W(K+)) -1
——— 2 225> 0.67 ~
g Vanin (W ()

2.7 Stable Matrices with Block Patterns

In this section, we analyze the connectivity of the set of sparse stable matrices A7, defined
in (2.3). It follows from lemma 2 that only in matrices with constrained diagonal entries
do nontrivial connectivity properties emerge, and we study sparse stable matrices with zero
blocks in the diagonal entries.

Two-by-two block

Below is the main theorem.

Theorem 8. Consider the matrix subspace

All Al? :|
T —
{ |:A21 O(nfr)x(nfr)

where Z is any subspace of matrices in RU"""%" Then, the sets Ar and

Ap € Z, A1 e R Ay € RM(”T)} ;

{Ag1 : A9y has full row rank, Asy € Z}

have the same number of connected components.
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J(K)
JK)

(a) minimize .Jy (b) minimize J;

Figure 2.6: Cost surface and trajectory of gradient descent in the undamped regime and
the damped regime. In the undamped regime, gradient descent is trapped in the initial com-
ponent. In the damped regime, it almost reaches the globally optimal stabilizing controller.

Proof. For clarity the proof is first stated without the constraint As; € Z; this incurs no

loss of generality. A is stable if and only if there is a matrix P = [ii 22] > 0 partitioned

accordingly that satisfies the Lyapunov equation

A A [Pu P n Py Pyl [Al Al _|-1 0 (2.12)
Ay 0 | |Ph P P, Pyl |Al, 0 0 —I|° '

Note that P is unique and depends continuously on A whenever A is stable [28, §4.1]. We
solve the partitioned equation

AHPH + A12P1—g + PHAirl + P12A1|—2 - —I (213)
AP+ APy + PriAy =0 (2.14)
Ao Py + PLA), = —1. (2.15)

Since Pyy > 0, eq. (2.14) uniquely determines the unconstrained block

Ay = —(Ap Pa + P11A2T1)P2_21'
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Substituting it back to (2.13) yields
Ai P+ PuAl, — (A Pio + PiAy )Py P, — PioPsy’ (As Py + PLAL) = —1,
or equivalently

A (P — PiaP3y' Ph) + (P — Pia Py PL)A] =
— [+ P A) PR Pl + PoPyt Ay Py (2.16)

The equation above can be simplified using the Schur complement 1511 =P — P12P2_21P1T2,
which is an arbitrary positive definite matrix. One can write

APy + PuA], = =1+ P AJ Py Pl + PioPyyt Ay Py + Pio Py PLAL Pyt P
+ Pio Pyt Ay Py Pyt P

In light of (2.15), this is equivalent to
Ay Py + PyA]| = —1 + Py AJ Py, P, + Py Pyt Ay Py — Py Py P (2.17)

Given Asqp, Pio, ﬁ’n > 0, and Py, > 0, the eigenvalues of f’u do not sum to zero. Therefore,
(2.17) can be regarded as a Lyapunov equation where the unknown block A;; has a unique
symmetric solution Aj; = A[}; all other solutions A;; lie in a linear subspace that contains
this symmetric solution. The symmetric solution, moreover, depends continuously on Py as
long as Py; remains in the positive semi-definite cone, which is connected. As a result, not
only are all A;; connected to a symmetric Ay, all symmetric A;; given PH are connected to
the symmetric solution Aq; given Py, = I, which we denote by ¢(Ais, P, Pas):

1
O(Arz, Pia, Pro) = 5 (=1 + Ag Py, Py + Pra Py Aoy — PPy’ Pry)
The above argument retracts the solutions of (2.13)-(2.15) while maintaining the topological

property of connectivity. Using ~ to denote the equivalence of connected components, we
state the retraction procedure

All A12 Pll P12 Pll P12
Ap ~ , £ (2.12), =0 2.18
e (R ) REE R e
~ {<A117A217P117 Plg,PQQ) . (215), (216),P11 — P12P251P1—27P22 - O} (219)
~ {<A117A217 ]511,P12,P22> : (215), (217), ]511 b O,ng b O} (220)
~ {<A117A217P127 P22) : (215)71411 = ¢<A127P12; P22); P22 > O} (221>
~ {(Agl,Plg, P22) . (215),P22 - O} (222)



CHAPTER 2. CONNECTIVITY PROPERTIES OF THE SET OF STABILIZING
STATIC DECENTRALIZED CONTROLLERS 26

The first equivalence (2.18) follows from the fact that for any stable matrix A, the formula
P = / eATeATTdT,
0

gives the unique solution to the Lyapunov equation and the solution depends continuously
on the matrix A. (2.19) follows from the unique solution of A5 and the characterization of
partitioned positive definite matrices with Schur complements:

[P%l Pw} =0 <= P = P,Py;'PJ and Py > 0.
Py Py
(2.20) follows from the simplification of Lyapunov equation, and the one-one correspondence
between Py and Py given (P2, Py). (2.21) follows from the retraction of the solutions to
(2.17); (2.22) follows from the continuity of function ¢, and finally (2.23) throws away the
free variable Py because it does not appear in the relationship between Ay and Pis.

(2.23) can be further simplified. We first show that (2.15) has a solution if and only
if As; has full rank. If there is a vector x € R?® such that 2" Ay, = 0, pre-multiply and
post-multiply (2.15) by z yields

0=ua"(Ay Py + PLA) )z = —'x,

or equivalently, x = 0. Therefore, Ay, has full row rank and similarly, P> has full column
rank. On the other hand, given any full row rank matrix Ay, (2.15) has a full rank solution
Py = —1/2A3,, where Aj; is the Moore-Penrose inverse. This completes the proof for the
first equivalence in

{(Aa1, P12) : (2.15)} ~ {(Aa1, Pi2) : (2.15), Ay has full row rank}
~ {(A21,—1/2A3,) : Ay has full row rank}
~ {Ay; : Ay has full row rank}.

The second equivalence follows from the fact that, given As; has full row rank, a solution
Py = —1/2A%, to (2.15) always exists and all solutions lie in a subspace that can be re-
tracted to that solution. The final equivalence comes from dropping the redundant second
coordinate, since the Moore-Penrose inverse is continuous over full rank matrices.

The above proof imposes no restriction on Asq; it holds even if Ay is restricted to a
subspace Z. O

In the special case where Z is the whole space and A,; has more columns than rows, the
set is connected.

Corollary 2. Assume that Z = RU""%" where 2r > n. Then, the set Ay is connected.



CHAPTER 2. CONNECTIVITY PROPERTIES OF THE SET OF STABILIZING
STATIC DECENTRALIZED CONTROLLERS 27

Proof. From theorem 8, if suffices to show the connectivity of
{A21 e R™% . A, has full row rank} .

This set is the image of the continuous map (U, D,V) — UDV from the connected set
U x D x YV, where

U= {U e R"*(=7) . [J is a orthogonal matrix with determinant 1}
D= {D e R D> 0fori=1,...,r and all other entries are O}
V= {V € R™" . V is a orthogonal matrix with determinant 1}

U and V are connected because the set of orthogonal matrices with positive determinant is
connected. The map is surjective, because every full rank matrix A,; has a singular value
decomposition Ay; = UDV, where D;; > 0 for i = 1,...,r. If det(U) = —1, we can flip
the sign of the first column of U and the first row of V' to ensure that det(U) = 1 while
preserving the product. If det(V') = —1, we can flip the sign of the last row of V', and since
n —r < r, the last row does not affect the product UDV . O

Corollary 3. Suppose 2r > n and Z = {Ay € R"X": Ay =0 for j #i}. Then, the set
A7 has 2"™" connected components.

Proof. We invoke theorem 8. For a diagonal matrix to have full rank, all its diagonal entries
must be nonzero, and therefore, every diagonal entry of As; can be either positive or negative.
Those (n — r) diagonal entries give rise to 2"~" connected components. O

More Complicated Block Patterns

We generalize the results in the previous section to the case where the space of matrices T
has a block structure as in

Ap Ao Ay
T = A Orscr Opx(n—2r) Ay € 21, Agy € Zo; Ay, A E RV Ay € RO 5

0(n—2r)><r A32 O(n—2r)><(n—2r)
(2.24)

where Z; C R™" and Z, C R(*21)x7 4r¢ arbitrary subsets of matrices.

Theorem 9. The set Ay with T defined in (2.24) has the same number of connected com-
ponents as the set

{(Ag1, Asza) : Aoy € 21, Aga € 25, Aoy and Ase have full row rank} .

We provide the proof in the Appendix. The result of theorem 9 is verified for n = 3
in Figure 2.7, where 4 connected components are found. In order to strictly separate the
components, we plot the samples of sparse stable matrices whose eigenvalues are away from
the imaginary axis by a fixed margin.
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Figure 2.7: Verifying the result of theorem 9 in the case n = 3 and r = 1, we plot the
projection of A onto (A, Asz). The entries of the matrix A are sampled uniformly over
[—2,2]. The green points marked those matrices A such that 0.2] 4+ A is stable.

Remark 5. The result of theorem 9 can be generalized to n-by-n block matrices if the blocks
are square and the first row and the lower diagonal blocks of A are nonzero. The square
block assumption on the sub-diagonals of A ensures that, for any full rank sub-diagonals, the
first row of A and the upper-triangular entries of P can always be solved from the Lyapunov
equation. Specially, in case of scalar blocks, the set of stable matrices with the following
pattern has 2"~' connected components:

* *
0 0
. .
0 .- 0 x 0

This relazes the condition 2r < n of corollary 3.

The sparsity pattern discussed in remark 5 seems to suggest that the sparsity of the matrix
space directly contributes to the number of connected components. The connection between
sparsity and connectivity is complicated in that the number of connected components may
remain exponential even when half of the matrix entries are free (such matrices are often
regarded as dense).
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Theorem 10. The set Ar has 2"~! connected components, where T is the subset of matrices
with the sparsity pattern:

S
0
0 = 0
0 - - 0 x 0]

The theorem can be proved in a same manner as theorem 9 with a different reduction
order. The proof is provided in the Appendix.

2.8 Conclusion

In this chapter, we studied the connectivity properties of the set of static stabilizing decen-
tralized controllers. We demonstrated through a subclass of problems that the NP-hardness
of optimal decentralized control could be attributed to a large number of connected com-
ponents. In particular, we proved that the number of connected components for chain
subsystems would follow a Fibonacci sequence. Even if the elements of the system matrix
are random, the expected number of connected components is still exponential. A further
implication of our study is that, for any tri-diagonal-containing structure, there exists a sys-
tem with that structure and certain parameters for which the bounded connectivity number
is exponential. The fact that the structure of the decentralized control problem can cause
intractability leads to our study of specific system and controller properties that have con-
nectivity guarantees. We bound the number of connected components for the scalar control
case. We showed that connectivity would not be an issue for highly damped systems inde-
pendent of the control structures. In case the system matrix has a certain block structure,
we fully characterized the number of connected components. Our results qualified the appli-
cability of local search algorithms to optimal decentralized control problems and emphasized
structural considerations.

One future research direction is the analysis of the connectivity properties of dynamic con-
trollers. Dynamic controllers have more flexibility in the choice of parameters and therefore
we expect better connectivity properties to hold. On the constructive side, it is important
to identify system or control structural properties that guarantee the connectivity of the
feasible set. The connectivity result, combined with an analysis of the absence of saddle
points, will shed light on the possibility of applying local search algorithms to decentralized
control problems.
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2.9 Proofs

Proof of Proposition 1

Proof. We adopt the same notation of m; and n; in theorem 5. Let mj,, and nj,, denote
the number of appearances of h;;1 + k; > 0 and h; 1 + k; < 0, respectively. In theorem 5,
mi,, = My and n; 41 = Nip1. The situation is different when some £;, is set to zero. We
first consider the case 2 < ig <n — 1.

The random variable m; + n; evolves from i = 1 to i« = 75 — 1 in the same manner as
theorem 5. Therefore, given m;,_; copies of the inequality f;,—1 + ki,—1 > 0 and n;,_1 copies
of the inequality f;,—1 + ki,—1 < 0, conditioned on m;,—; and n;,_1, we have

(mlo’

fnl) = {(mio_l,mio_l + n4,—1), with probability
20

N N

(Mig—1 + Njy—1,Miy—1), with probability

Since k;, is fixed to zero, when f;, > 0, all inequalities f;, + k;, < 0 are pruned, and when
fio <0, all inequalities f;, + k;, > 0 are pruned. Therefore, conditioned on mj, and n;_,

D= N[

m/’ ,0), with probability
( ) "
Mg, Nig ) =
o (0,nj,), with probability

Count similarly mj ,, and n; ., we account for the loss of freedom in A, 41 + ki,

o+

(my,,0), with probability
(0,n4,), with probability

(m;0+17 n;0+1) = {

After this, the evolution of (m;,n;) from i to i + 1 is the same as theorem 5. It holds that
Mig41 = My and 1 = ng . In sum,

D= D=

E[mig41 4 Nigs1 [Mig—1, Mig—1] = E[mg 1 + 15 1 |Mig—1, Nig—1]

1
= §E[mi0 + niolmiofla niO*l]

1

= ZE[mQO + 1 Mg -1, Mg 1]
3

= g(miofl + nip-1)-



CHAPTER 2. CONNECTIVITY PROPERTIES OF THE SET OF STABILIZING
STATIC DECENTRALIZED CONTROLLERS 31

Hence, after fixing k;, = 0, the number of children is smaller by a factor of % compared with
theorem 5.

When ig = 1, hy + k1 appears only once in the tree, and the expected number is cut by
one half, because after fixing k1 = 0, either hy > 0 or hy < 0 is kept. In the same vein, when
19 = n, only half of the leaves are kept. n

Proof of Theorem 9

Proof. Similar to theorem 8, we first ignore the constraints Asy; € Z; and Az € Z,. A
is stable if and only if there is a matrix P > 0 partitioned accordingly that satisfies the
Lyapunov equation

Ay Arp Ass| | P Pia Pis Py Py P3| [A] A, 0
Agl 0 0 Py Poy P23 + Py Poy P23 AIQ 0 A;)E = —1. (225)
0 Az 0O Py P3y P33 Py Py Pys| Ay 00

The solution P is unique whenever A is stable.
We first show that

Ay and Ass have full row rank. (2.26)

Consider the (2,2) and (3,3) blocks of eq. (2.25):
Ag Py + PogAgy = —1 (2.27)
AsaPos + Py Afy = —1. (2.28)

If 27 A3, = 0, conjugate (2.28) with x to obtain
0= ZL‘T(A32P23 + P32A;2){L' = —CE’TI‘,

or equivalently, x = 0, which means that Ass has full row rank. Similarly, As; has full row

rank.
Next we consider the (1,3) and (2, 3) blocks of eq. (2.25):

A Pi3 + A Pos + A3 Pas + P12A3T2 =0 (2.29)
A21P13 + PQQA;—2 - O (230)
Because Psj is invertible, A;3 can be uniquely determined from (2.29). Because Ay, is full row

rank and square, Pj3 can be uniquely determined from (2.30). The equation corresponding
to the remaining blocks after eliminating A;3 can be extracted by pre-multiply (2.25) by

W {I 0 —Plgpggl} |

0 I —PyPy

and post-multiply (2.25) by W, which yields
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Ay A — P13P331A32} {1311 1312}_{_{1?11 1’?12] { Al Aj }
Az —P23P3_31A32 Py Poo| | Py Pao| |Al — A3T2P3§,1P32 _A3TQP3_31P32

_ —I - P13P§32P31 —P13P3§2P32 (2.31)
—PyuPi*Pyy —1 — PPy Py|

where the partitioned Schur complement P;; is equal to P;; — P,-3P3_31P3j for 7,7 =1,2. The
(1,2) and (2, 2) blocks of (2.31) are

A11P12 + (A12 - P13P3731A32)P22 —|— PHA;G - PlQA:;FQPgEngQ == —P13P332P32 (232)
Ag Py + Py Ay, = —1 — Pa3P? Pay + PagPyy Asg Poy + Pag Agy P! Psy. (2.33)

Since P, is invertible, A5 can be uniquely determined from (2.32). (2.33) is the same as
(2.27) given (2.28) and (2.30). Eliminate A;5 similarly by conjugating (2.31) with [1 Pi2Py,! |,
which yields

(A1y — PyoPyt Ay )Py + Py (A, — Al PRt Pyy) = x, (2.34)

where }511 = P, — P12P2_21P21, and the right hand side is a negative definite matrix deter-
mined by P. Since Py; is positive definite, its eigenvalue do not sum up to zero; therefore,
the solution Ay; always exists and can be shrunk to a symmetric solution that depends con-
tinuously on P, as explained in theorem 8. Using ~ to denote the equivalence of connected
components,

A1y Arg Ass Py Py Pi3 Py Py Pi3
.AT ~ A21 0 0 , Py Py P23 : (225), Py Poy P23 b O, (226) (235)
0 Az 0 Py Psy P33 Py P3y P33

AH A12 Pll Pl?
~ Ay, Pog, Pag, |11 121) - (2.28), (2.31), Pyg > 0,
LA 2] A pa [ 22 @29), 230, P

B P (2.36)

11 112

= =71 > 0,(2.26

{Pm PQJ ( )}

~ {(A117A217A327P237P337p12ap227p11) : (228)7(233)7(234)7 ( )
) 2.37

Py > 0, Poy = 0, Py = 0, (2.26)}
~ {(As1, Ass, Pas, Ps3, Pra, Pas) : (2.28),(2.33), P33 = 0, Py > 0,(2.26) } (2.38)
~ {(A217A32,P33, P22) : Pg3 - 0, Pyy > 0, (2-26)} (2.39)

The first equivalence (2.35) is justified as in (2.18), with the additional condition that Ay, and
Ass must have full row rank. (2.36) follows from the unique continuous solution of A;3 and
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P35 in (2.29)-(2.30). (2.37) follows from the unique solution of Ao in (2.32). (2.38) follows
from the retraction of the solutions to (2.34). Since Ass has full row rank, (2.28) is always
solvable in P,3, and the solution subspace can be retracted to the pseudo-inverse solution
Py3; = 1/2A3,, which is a continuous function over the full-rank matrix As;. The same
argument applies to (2.33), where the solution Py, always exists and can be continuously
retracted to the pseudo-inverse solution. This arrives at (2.39). (2.40) discards the redundant
coordinates.

The proof above imposes no restriction on A, and Ass; it holds with any additional
subspace constraint on them. O

Proof of theorem 10

Proof. We show the proof for the case n = 3; the proof carries over to the general case.
The idea is the same as theorem 9, with minor differences in the reduction order and in the
justification for full-rank blocks. Consider the solution pair (A, P) to the Lyapunov equation

ayp a2 aiz| |pun P2 Pi3 P11 P12 P3| |an a0
a0 ass P21 P22 P3| + (P21 P22 Pos a2 0 asx| =-—1. (2'41)
0 azx O P31 P32 P33 P31 P32 P33 a3 a0

ail a12 a13

where P > 0 is unique whenever A = [6%1 0 a(z]s} is stable. Consider the (1,3), (2,3) and
a32
(3,3) blocks of eq. (2.41),

a11P13 + Q12P23 + a13psz + praasze = 0 (2.42)
a21P13 + A23P33 + Pazaze = 0 (2.43)
a32p23 + p3aazy = —1. (2.44)

Since psg is invertible, a3 and ags are uniquely determined from (2.42) and (2.43). The
equation in the remaining blocks after eliminating a;3 and as3 can be extracted by pre-
multiply (2.41) by
W= {1 0 _p13p:331:|
0 1 —po3ps3
and post-multiply (2.41) by WT:
aip a2 —p13p§31a32 P11 P12 I P11 P12 a11 a1
a1 —P2sPss As2 D21 P22 Dor Do) @12 — asopy sz —asapis D3
= [ i rvee
P23P33 P31 P23P33 P32
where the partitioned Schur complement p;; is equal to p;; — pi3p3_31p3j for 1,7 = 1,2. The
(1,2) and (2,2) blocks of (2.45) are
a11p12 + (@12 — P13pss as2)Paz + P11a21 — Pr2GsaPss Pso = —P13Pss P32 (2.46)
a91P12 + Pa1Ga1 = —1 — PospPas P32 + P23Pis As2D22 + P22032Ds3 Pa2- (2.47)
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Similarly, since oy is invertible, a5 can uniquely solved from (2.46). Eliminating as similarly
by conjugating (2.45) with [1 pi2p3, | gives

(a11 — ProPos A21)p11 + P11(a11 — 1Poy Po1) = * (2.48)

where p1; = P11 — PraPayy P21 and the right hand side is a negative definite matrix determined
by P. Because p;; is positive definite, its eigenvalues do not sum up to zero. As a result,
the solution aq; always exists and can be shrunk to a symmetric solution that depends
continuously on P. We retract the solution set, where ~ denotes the equivalence of connected
components:

ai; a2 A3 P11 P12 P13 P11 P12 P13
A ~ azr 0 ass| , | P21 P22 P23 :(2.41), | p21 pa2 pas| = 0
0 as 0 D31 P32 P33 P31 P32 P33
aip a2 P11 P12 P11 P12
~ g2, P1s Pass Pssy [P PI2| ) - (2.44),(2.45), pss = 0, [P P12]
({am 0 } 82 P13, D25, P33 L?m pm]) ( ) ( ) Pas {pm Pzz} }

~ {(a11, a2, as, P13, P23, P33, P12, Daz, P11) © (2.44), (2.47), (2.48),
P33 > 0,D22 = 0,11 > 0}
~ {(a21, a3z, P13, P23, D33, P12, D22) : (2.44), (2.47), psg = 0,22 > 0} .

The equivalence is justified similarly. We first add an additional the Lyapunov matrix P
and then repeatedly discard the upper-triangular entires of A, which are uniquely solved,
while transforming the representation of P with the Schur complement until we reach (2.48),
which is always solvable in a;;. This discarding procedure produces a series of equations in
the form of (2.47) and (2.44). Since scalar multiplication commutes, we substitute (2.44) to
(2.47) and find that the right hand side of (2.47) is strictly less than zero, hence ag; # 0. In
the same vein, (2.44) implies ass # 0. We have proved that all lower sub-diagonal entries of
A cannot be zero. With nonzero as; and asp, the remaining equations uniquely determine
the sub-diagonal entries (P12, pes), we arrive at the final series equivalences:

A7 ~ {(az1, asz, p13, P23, P33, P12, P22) 1 (2.44), (2.47), p33 > 0, P22 > 0, a3z # 0, az; # 0}
~ {(ag1, ass, P13, P33, P22) : P33 > 0, Pag > 0, a32 # 0,a2; # 0}
~ {(ag,as) : a2 #0,a9 # 0} .

After discarding the redundant coordinates, we are left with n — 1 nonzero conditions on the
sub-diagonals of A, which give rise to 2"~! connected components. m

Proof of Lemma 6

The proof follows directly from the lemma below.
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Lemma 7. Suppose that Exgxy = I, C = I and K stabilizes both (A—ul, B) and (A—\I, B).
Define W(K) = (A+ BK) + (A+ BK)". We have the following bound

Tou(K) _ | sty i 20> (W (1K)
JQA(K) — 2A—Vmax (W (K)

)
)’
2.“‘ me(W K))) Zf 2’“ < I/mln(W(K))

Proof. The quadratic costs Jo\(K) and Jo,(K) can be written as tr(Py\(K)) and tr(P,(K)),
where

(A=X+BK) " P\(K) + P\(K)(A—=AM[+BK)+ K'RK +Q+ DK + K'D" =0
(2.49a)
(A—pl+BK)"P,(K) + PJ(K)(A—pul+BK)+ K'RK +Q+ DK + K'D" = 0.
(2.49b)

Taking the difference of eq. (2.49a) and eq. (2.49b) yields
(A4+BEK)"(P\(K)—P,(K)) 4+ (P\(K)—P,(K))(A+BK) = 2A\P\(K) — 2uP,(K). (2.50)
Taking the trace of eq. (2.50), we obtain

2Atr(PA(K)) = 2ptr(Pu(K))
=tr (((A+ BK)+ (A+ BK)")P\(K)) —tr ((A+ BK) + (A+ BK)")P,(K))
Z Vmin(W(K)) tl"(P)\(K>) - VmaX(W(K)) tl“(P#(K)),

where the last step follows from the positive-semidefinite property of P\(K) and P,(K). In
the same vein,

NP () — 20 t5(Pu(K)) < v (W) tr(Pr(K)) — v (W) tr(Pu(E)).
Hence, if 2p > vpax(W(K)), we have

< 2/\ — Vmin(W(
= 20 — Vmax (W(

tr(PA(K));

=3

)

< 2\ — Unax (W/(
= 20 — Vpin(W(

tr(Py(K)).

55

)
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Proof of Coerciveness

We show that the ODC problem has a certain structure that disallows the locally optimal
stabilizing K to have arbitrarily large magnitude.

Lemma 8. Consider the ODC problem with cost eq. (2.1). Suppose that C' has full row rank,
L= [DQT g} is positive definite, Dy = Exgzg is positive definite, and K € S is stabilizing.
Then, Jo(K) — oo whenever ||K||s — oo or when K approaches the boundary of the set of

stabilizing controllers.

Proof. We write

where K
R(K)=Q+DKC+C'K'D" + C"KTRKC.
When K is stabilizing, P(K) is well-defined. As K approaches a finite K on the boundary

of the set of stabilizing controllers, we show that |P(K)|2 — oo. By assumption, the
symmetric matrix R(K) in the integral is positive definite, because it can be written as

RK)=[I CTKT]L [ KTICT} .

N ~

Therefore, its minimum eigenvalue vy, (R(K3)) > 0, and when K is close to K;, R(K) =

A

SVmin(R(K7))I. We make the estimate

where spabs(-) denotes the spectral abscissa (maximum real part of the eigenvalues). The
estimate above shows that tr(P(K)) — oo as K approaches K; from the stabilizing set.
Since Jo(K) = tr(P(K)Dy) > tr(P(K))Vmin(Do), Jo(K) also approaches infinity.

In case ||K||2 — oo from the stabilizing set, we use the fact that P(K) is the unique
solution to the equation

(A4 BKC)"P+ P(A+ BKC)+ R(K) = 0.
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Let omin(C') denote the smallest singular value of C', which is positive by assumption. From
the triangle inequality,

Vrnin(R)0in(C)?| K2 < |CTKTRKC
< 2[[A+ BEKC|2||P(K)|l2 + |Ql]2 + 2 DI K12/ C]l2
< 2([|Allz + [ Bll=[l K[| Cll) 1P (K |2+
1Q1l2 + 2[ D2l K21 CTl2,

Therefore,

Vinin (R)0min ()| K3 = [|Qll2 = 2I| DIz ]| K2 [|C1l2
2([1Allz + 1 Bll2A K Il C1]2)

I1P(K)l2 =

Hence, ||P(K)|l2 — oo as || K||a — oo inside the stabilizing set. Similarly J(K) = tr(P(K)Dgy) >
| P(K)||2Vmin (D) also approaches infinity. O
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Chapter 3

Damping with Varying Regularization in
Optimal Decentralized Control

This chapter studies a homotopy continuation method for the design of an optimal static
or dynamic decentralized controller to minimize a quadratic cost functional. The pro-
posed method involves a combination of the classical local search technique in the space
of control policies, a gradual damping of the system dynamics, and a gradual variation of a
parametrized cost functional. A series of optimal decentralized control (ODC) problems is
generated via a continuous variation of parameters. Unlike the classical homotopy literature,
which focuses on tracking a specific trajectory, we study the ensemble of critical controller
trajectories and show how the properties of the ensemble can be leveraged to find a globally
optimal solution of the ODC problem. After guaranteeing the continuity and asymptotic
properties of the proposed method, we prove that with enough damping, there is no spurious
locally optimal controller for a block-diagonal control structure. This leads to a sufficient
condition under which an iterative algorithm can find a global solution to a class of optimal
decentralized control problems. The “damping property” introduced in this analysis is shown
to be unique for general system matrices. Empirical observations are presented for instances
with an exponential number of locally optimal decentralized controllers, where the developed
method could find the global solution even when initialized at a poor local solution.

3.1 Introduction

The optimal decentralized control (ODC) problem has found a wide range of applications in
electric power systems and robotics [65, 19, 89, 61|. The problem differs from the classical
centralized optimal control problem by an additional constraint on the control architecture,
which breaks the separation principle and the classical solution formulae [26]. Furthermore,
it renders the computational model intractable to solve in general [93]. To bridge the gap
between model complexity and tractability, researchers have looked into convex reformula-
tions under various assumptions [17, 78, 75, 56, 90]. Convex formulations have attractive
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theoretical properties, but they may not be exact and often cause the problem’s dimension to
explode. In practice, homotopy methods [18, 97, 1, 20, 73] and local-search algorithms [44,
62] are much more appealing and yet theoretically poorly understood.

The objective of this chapter is to study under what conditions ODC problems can
be solved to global optimality using low-complexity numerical algorithms. To address this
problem, the chapter attempts to delineate the boundary of tractable ODC instances through
the lens of homotopy continuation methods. We propose a homotopy scheme that varies the
cost and feasible region of the ODC problems. The attractive properties of the homotopy
paths lead to sufficient conditions for the designed homotopy algorithm to find a globally
optimal decentralized controller in the presence of many local solutions.

Our theoretical results on homotopy paths are related to the line of research on the
landscape of non-convex optimization problems [51, 96, 55, 27, 52, 43]. The study of the
landscape informs when local search methods are able to obtain high-quality solutions [48,
44, 35]. The ODC problem is distinguished from a general non-convex optimization problem
studied in the machine learning literature due to a stability constraint. A recent investigation
of the topological properties of ODC in [40] shows that the region of stabilizing controllers
can be disconnected and that the number of locally optimal solutions to ODC can grow
exponentially in the order of the system. This confirms that the landscape of ODC is highly
complex.

The theoretical understanding of homotopy methods in control theory is limited, and
no theoretical results are known for the ODC problem to explain when and what homotopy
strategies are effective. A theoretical analysis of homotopy methods in the context of ODC is
challenging, as illustrated by examples in [60] showing that the general homotopy setting can
cause ill-behaviors such as stable-unstable interlaces and discontinuous solution paths. The
theoretical challenges have not prevented homotopy methods from successful applications in
the numerical solution of optimal control problems [68, 20, 73]. The damping technique in
this chapter is similar to the idea in [18|, where the author has proposed a homotopy map
that connects a stable system to the original system to obtain a stabilizing controller and
empirically documented its performance. The paper [97] has considered the H, reduced-order
problem and proposed several homotopy maps and initialization strategies.

Compared with those earlier works, we analyze a specific type of continuation, namely,
damping with varying regularization, and show how this method may escape unwanted local
minima of the ODC problem. Moreover, diverging from the classical analysis of homotopy
methods that focuses on tracking a specific trajectory, we study the ensemble of critical
controller trajectories and how the tracking of those trajectories leads to the globally optimal
controller.

The key contribution of this chapter is a theoretical analysis of the continuity and asymp-
totic properties of the trajectories of the locally optimal solutions with respect to the vari-
ation of the damping and regularization parameters. After formulating the problem and
introducing the homotopy scheme in Section 3.2, we delineate the continuity and asymptotic
properties of the proposed damping strategies in Section 3.3 and Section 3.4, respectively.
Notably, the analysis leads to the result that if the system dynamics is dampened enough,
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as long as the condition number of the regularization matrices remains bounded, there is
no spurious locally optimal controller, by which we mean all locally optimal controllers are
globally optimal for the damped system. Furthermore, we show that this globally optimal
controller in the damped system can be continuously connected to the globally optimal con-
troller in the original system via a variation of the homotopy method, provided that the
globally optimal decentralized controllers are unique in the damping process. Numerical
experiments are detailed in Section 3.5, followed by concluding remarks in Section 3.6. Some
of the proofs are relegated to the last chapter.

3.2 Homotopy for Optimal Decentralized Control

With no loss of generality, we study the optimal decentralized control problem (ODC) with a
static controller and a quadratic cost. The reason is that the design of a dynamic controller
can be reformulated as the design of a static controller for an augmented system, as discussed
in Section 3.5.B. Consider the linear time-invariant system

&(t) = Ax(t) + Bu(t),

where A € R™™ and B € R™™ are real matrices of compatible sizes. The vector z(t) is
the state of the system with an unknown initialization z(0) = o, where xy is modeled as
a random variable with zero mean and a positive definite covariance E[z(0)x(0)"] = Dy
(where E[-] denotes the expectation operator). The control input u(t) is to be determined
via a static stabilizing state-feedback law u(t) = Kx(t) with the gain K € R™*™ such that
the quadratic performance measure

E /0 LT Qu(t) + u(t)” Ru()dt

is minimized for a positive semidefinite matrix ¢ = 0 and positive definite matrix R > 0,
where the expectation is taken over zy. We model the decentralized nature of the controller
via a structural constraint. Precisely, ODC optimizes over the set of structured stabilizing
controllers

Ks={K : A+ BK is stable, K € S}, (3.1)

where § C R™*" is a linear subspace of matrices, often specified by fixing certain entries
of the matrix to zero. The sparsity pattern can be equivalently described with an indicator
matrix Is whose (i, j)-entry is defined to be

1, if K; is free
[Lslij = .
0, if KZ] = 0.

The structural constraint K € § is equivalent to K o Is = K, where o denotes entry-wise
multiplication.
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We design a homotopy scheme by introducing a sequence of damped cost functions with
a varying regularization, defined as'

J(K,a) =E /0 Te2 (2T (H)Qa() + T (t) Ra(1))] dt
i B

st () = A#(t) + Ba(t) (3:2)
() = Ki(t),

a

where the varying regularization R, > 0 is positive definite for all « > 0 with Ry = R. The
notation R, denotes a function of a. In this setting, o is a damping parameter that will
be used to construct a series of ODC problems. Additional assumptions will be imposed on
the varying regularization R, in the following sections. The introduction of the discounting
term e~2* is a common practice in infinite-horizon control problems to ensure that the cost
is finite [9]. By a change of variables z(t) = e=*%(t) and u(t) = e **u(t), the cost J(K, )
can be equivalently written as

J(K,a) =E /000 (27 ()Qz(t) + u' () Rau(t)] dt

st. (t) = (A —alz(t) + Bu(t)
u(t) = Kx(t).

(3.3)

The parameter « alters the matrix A to A — o, which acts to decrease the real part of all
eigenvalues of A. This is the reason that we refer to a as the damping parameter. The ODC
problem under study is associated with oo = 0:

mfgn J(K,0)
s.t. K stabilizes (A, B)
K eS.

Instead of directly solving the above optimization formulation of ODC, we leverage the
flexibility of a varying parameter o and relax the notion of stability for some fictitious damped
systems. We call K a stabilizing solution to (3.3) if K stabilizes the system (A — o, B),
in which case formulation (3.2) is also meaningful. Formally, we define ODC with damping
and varying regularization as

H}}n J(K, )
s.t. K stabilizes (A — al, B) (ODC(av))
K €S.

Our relaxed notion of stability coincides with the true notion of stability when o = 0. We
emphasize that the relaxation of stability for the damped system (where a > 0) is an artificial

!Note that J(K,«) implicitly depends on the regularization parameter R,,.
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construction in our solution method; the goal is to obtain an optimal stabilizing controller
for the undamped system with o = 0. We use ODC(a, Ky) to denote the problem ODC(«)
together with an initial stabilizing controller K, that is provided for local search methods.

The two equivalent formulations (3.2) and (3.3) motivate the notion of “damping prop-
erty”. We make a formal statement below.

Lemma 9. The function J(K,«) satisfies a “damping property” in the sense that for every
controller K that stabilizes the system (A — al, B), the following statements hold for all
8> a:

o K stabilizes the system (A — 5I, B);
e J(K,B) < J(K,a) if Rg < R,.

Proof. 1t follows from the formulation ODC(«) that whenever A — al + BK is stable and
p > a, the matrix A—fI+BK = (A—al+BK)—(f—a)l is also stable. Therefore, J(K, ) is
well-defined. Due to formulation (3.2), whenever Rg < R,,, we have J(K, () < J(K,a). O

The matrix function R, is said to be monotonically decreasing if Rz =< R, for all 8 >
a > 0. Let K*(«) denote the set of globally optimal solutions of ODC(«), by which we
mean J(K*(a),a) < J(K,«) for every K € S that stabilizes (A — al, B). Denote the set
of critical controllers by K'(«a), which contains all stabilizing controllers K € S that satisfy
the first-order optimality condition VJ(K, «) o Is = 0 (where V denotes the gradient with
respect to K). Since the ODC problem is smooth, the set of critical controllers contains the
set of locally optimal controllers whose costs are the lowest in their neighborhoods. The
first-order optimality condition can be expanded as follows (see [76] for details):

(A—al + BK) " Py(K)+

PyK)A—al + BK)+ K'R,K+Q =0 (3.4a)
Lo(K)(A—al + BK) T+

(A—al + BK)Ly(K)+ Dy =0 (3.4b)

(BT Pa(K) + RoK)Lo(K)] 0 Is = 0 (3.40)

fols =4 (3.4d)

The matrices P, (K) and L,(K) are the closed-loop Gramians that depend on «.. The above
conditions provide a closed-form expression for the cost

J(K, o) = tr(DyPa(K)), (3.5)

where tr(-) denotes the trace of a matrix. For every given «, the equations (3.4a)-(3.4d)
and (3.5) are algebraic, involving only polynomial functions of the unknown matrices K, P,
and L,. The matrices P, and L, are written as functions of K because they are uniquely
determined from (3.4a) and (3.4b) given a stabilizing controller K. When the context is
clear, we drop the implicit dependence on K in the notations P, and L,.
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The chapter studies the properties of K*(a), K'(a), and J(K,«) for any controller K
belonging to K*(a) or K'(a), and shows how these properties can be leveraged to find a
global solution of the problem ODC(«a). We refer to J(K'(a),a) and K'(«), which are
multi-valued functions of «, as critical cost trajectories and critical controller trajectories,
respectively. To motivate the study of K'(a), Figure 3.1 illustrates the evolution of many
critical decentralized controllers for a particular system as « varies (see Section 3.5 for details
on the experiment). Figure 3.1a plots selected trajectories of J(K,«) against «, where
K € K'(a). Those trajectories are all connected to a stabilizing controller in KT(0). The
lowest curve corresponds to the cost of globally optimal controllers J(K*(«), ). Figure 3.1b
plots the distance of selected controllers K € K(a) from a controller K in K*(«).

Figure 3.1 illustrates the property that a modest damping causes the locally optimal
trajectories to “collapse” to each other. This attractive phenomenon suggests an effective
technique for solving ODC by varying the damping parameter to relate the original ODC
problem to a highly damped ODC problem. Two strategies based on the above idea are
detailed in Algorithm 1 and Algorithm 2.

Algorithm 1 The Forward-Backward Method
Input: J(K,«) and an initial controller K, € S that stabilizes the system (A, B).
Output: A potentially improved controller in KT(0).
Select a list of parameters 0 = ay < aq,..., < ag.
fort+ 1,....,T do
Obtain a K, € K'(a;) by solving ODC(ay, K;_1) using local search.
end for
fort«+ T—-1,T—-2,...,0do
Obtain a K; € KT(ay) by solving ODC(ay, K1) using local search.
end for

Algorithm 1 aims to find an optimal decentralized controller based on a given initial
controller. One execution of the algorithm is plotted in Figure 3.2. Algorithm 2 starts with
a large enough « for which K = 0 is an initial stabilizing controller in the set S and iteratively
solves for a better controller while reducing the damping parameter a. The improvement
at @ = oy is achieved using local-search and the initialization K;,; from the previous step.
Algorithm 1 is different from Algorithm 2 in that it starts with a potentially undesirable
controller for « = 0 and gradually increases « to obtain an improved optimal controller for a
highly-damped system and then applies a variant of Algorithm 2 to backtrack that controller
to a globally optimal controller for & = 0. In what follows, we develop a theoretical analysis
of the technique used in these algorithms.

The granularity of the space for a, namely {«g, a1, ..., ar}, does not affect the final solu-
tion as long as the discretization step is small enough so that the algorithm can approximately
track the continuous paths. Admittedly, the literature of numerical continuation methods
is rich with appealing predictor-corrector and piecewise-linear methods [1]|, and they can
be applied in the tracking of KT(a) and K*(a). Nevertheless, this chapter aims to analyze
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(b) Distance between K'(a) and K*(«)

Figure 3.1: Samples of critical cost and critical controller trajectories of the system in
equation (3.10) as the damping parameter « varies.
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Figure 3.2: Selected cost trajectories of Algorithm 1 when applied to several critical con-
trollers. The system is described in equation (3.10) and initialized at three sub-optimal
controllers with costs greater than 200. After the damping parameter « is increased to
around 0.2, the local-search algorithm starts to track the better blue curve. When « is grad-
ually decreased to 0, the local-search algorithm tracks the blue curve and yields a controller
whose cost is around 100.

Algorithm 2 The Backward Method
Input: J(K,«a)
Output: A potentially stabilizing K, € K(0).
Select a list of parameters 0 = ag < aq,...,< ar, where ar is large enough such that
Kr = 0 stabilizes the system (A — arl, B).
fort < T—-1,T7-2,...,0 do
Obtain a K; € K'(ay) by solving ODC(ay, K1) using local search.
end for

the possibility of using local search to locate the globally optimal controller trajectory as
opposed to following a specific trajectory closely.

Remark 6. It is sometimes advantageous to use the pseudo-arclength or predictor-corrector
method® [20] instead of monotonically increasing the homotopic parameter. This is the case
when there are limit points on the homotopic curves for which continuing increasing the
homotopy parameter cannot reach a solution nearby and it is necessary to make a turn.

2These methods use unit direction tangent to the homotopy curve for prediction and then correct the
deviation from the homotopy curve through some iterative schemes such as Newton-like methods.
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However, as Lemma 1 and Figure 1(a) demonstrate, our homotopy curves can be viewed
with J(K, «) as a series of decreasing curves, for which no turn is necessary for the purpose
of curve tracking. It is entirely possible, however, that in the backward process, decreasing
a will reach a point where there are no nearby stabilizing controllers; this scenario can be
detected because J(K,«) will approach infinity as K reaches the boundary of the stabilizing
controllers. In this case, an additional homotopy step such as Fized-Point-Newton (FPN)
Homotopy can be applied [73]. However, the theoretical properties of the FPN Homotopy are
not well-understood.

Remark 7. Homotopy methods find solutions to a difficult problem by constructing a series
of related problems. The idea of the chapter is to construct a homotopy path on which a
tractable control problem exists; such a control problem has a stable A matriz so that K =0
stabilizes the system. More generally, one can apply homotopy methods in phases, where the
first phase explores tractable problems and the second phase connects the tractable problems
to the difficult problem of interest. The paper [72] recently investigated this idea for the
problem of low-thrust trajectory optimization.

Due to the NP-hardness of ODC, Algorithm 1 and Algorithm 2 cannot always produce a
globally optimal or even a stabilizing decentralized controller, unless certain conditions are
met. The conditions will be discussed later. In Section 3.3, we first prove the continuity of
the trajectories, which is a prerequisite for tracking.

3.3 Continuity of Solution Trajectories

This section studies the continuity properties of the set-valued map K*(a) and K'(a). The
key notion of hemi-continuity captures the evolution of the parametrized optimization prob-
lems.

Definition 1. The set-valued map I' : A — B is said to be upper hemi-continuous at a
point z if for any open neighborhood V' of T'(z) there exists a neighborhood U of z such that
ruU)CcVv.

The related notion of lower hemi-continuity is provided in Section 3.7. A set-valued
map is said to be continuous if it is both upper and lower hemi-continuous. A single-valued
function is continuous if and only if it is upper hemi-continuous. We restate a version of
Berge Maximum Theorem with a compactness assumption from [69].

Lemma 10 (Berge Maximum Theorem [69]). Let A C R and & C R™*". Assume that
J:8 x A— R is jointly continuous and I' : A — S is a compact-valued map®. Define
K*(a) = argmin{J(K,a)|K € T'(a)}, fora € A,
J(K*(a), ) = min{J(K,a)|K € T'(a)}, for a € A.

3Compact-valued means for every x € A, I'(z) is compact. The map’s value can be set.
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If T is continuous at some o € A, then J(K*(a), a) is continuous at . Furthermore, K* is
non-empty, compact-valued, closed, and upper hemi-continuous.

The Berge Maximum Theorem does not readily apply to ODC since the set of stabilizing
controllers is open and often unbounded. The difficulty can be overcome by restricting the
relevant map to a lower level-set.

Theorem 11. Assume that the matriz function R, is continuous in « and that K*(0) is
non-empty. Then, the set K*(a) is non-empty for all o > 0. Furthermore, K*(«) is upper
hemi-continuous and the optimal cost J(K*(«), ) is continuous. If R, is monotonically
decreasing, J(K*(a), ) is strictly decreasing in .

Proof. When K*(0) is non-empty, there is an optimal decentralized controller for the un-
damped system. We can apply any controller in K*(0) to the damped system and conclude
that

J(K* (), o) < J(K*(0), ) < o0.

Note that since K*(«) is the set of globally optimal controllers, J(K*(«), «) is a well-defined
single-valued function of . The inequality above assumes the existence of a globally optimal

controller for all values of the damping parameter a.. This is true because the lower-level set
of J(K,«) is compact [87]. Precisely, define I'y(a) to be

Fy(a)={K € S: A—al+BK stable, J(K,«a) < M}. (3.6)

The set-valued function I'j; is compact-valued for all fixed « given a fixed M. We select any
M > J(K*(0),«) and optimize J(K, «v) instead over K € I"y;(«) without losing any globally
optimal controller. The continuity of I'y/(«) at a for almost all M is proved in Section 3.7.
Berge Maximum Theorem then yields the desired continuity of K*(«) and J(K*(«), ).
When R, is monotonically decreasing, the “damping property” ensures that J(K*(«), «) is
monotonically decreasing. O]

The above argument can be extended to characterize all critical controllers. A caveat
is the possible existence of critical controllers whose costs approach infinity in the damped
problem. Such existence does not contradict the damping property — damping can introduce
locally optimal controllers that are not stabilizing in the absence of damping.

Theorem 12. Assume that the matriz function R, is continuous in o and that K'(0) is
non-empty. Then, the set K'(a) is nonempty for all o > 0. Furthermore, if for oy > 0,

lim sup sup J(K,a) < o0, (3.7)

=0 agfag—e,a0ted KeKi(a)

then, KT(a) is upper hemi-continuous at oy and the optimal cost J(K'(a), ) is upper hemi-
continuous at «.
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Proof. The fact that K'(a) is non-empty follows from the existence of globally optimal
controllers in Theorem 11. Consider the parametrized optimization problem

min [|VJ(K, o)
st. K eTly(a), (3.8)

where || - || denotes the 2-norm of a vector. The assumption (3.7) ensures the existence of a
real number M and e > 0 such that M > J(K,«) for all K € K'(a) and o € [og — €, g + €.
This choice of M guarantees that the formulation (3.8) does not cut off any critical controller.
As will be proven in Section 3.7, I'j/(«) is continuous at «q for almost all M. Therefore, M
can be selected to make I"y/ () continuous at ap without cutting off any critical controllers.
Berge Maximum Theorem implies that K'(«) is upper hemi-continuous. Since J(K, ) is
jointly continuous in (K, «), the map J(K'(a),a) is upper hemi-continuous. O

3.4 Asymptotic Properties

In this section, we state asymptotic properties of the local solutions given by the set KT(a).
They shed light on the trajectories in Figure 3.1. We use ||-|| to denote the 2-norm of a matrix
and use Ay, (+) to denote the minimum eigenvalue of a symmetric matrix. The matrix-valued
function R, : R — R™*"™ is called semi-algebraic if its graph {(«, W) € RxR™ ™ : R, = W}
can be represented by a finite set of polynomial equalities and inequalities.

Assumption 1. The symmetric matrixz function R, is monotonically decreasing and is a
semi-algebraic function of «. Furthermore, there exist real constants A > d > 0 such that
A > ||Ra|l = Amin(Ra) =0 for all a > 0.

Recall that the function R, is introduced to make Algorithms 1 and 2 effectively solve
ODC(0). The above assumption provides guidance on how to select this function. Further-
more, we make the following technical assumption on the sparsity pattern of the decentralized
controller to develop the results of this section.

Assumption 2. The sparsity pattern Is is block-diagonal with square blocks and R, has the
same sparsity pattern as Is for all a.

The following theorem characterizes the evolution of critical controllers for a specific
sparsity pattern. It also justifies the practice of random initialization around zero and the
initialization strategy in Algorithm 2.

Theorem 13. Under Assumption 1 and Assumption 2, we have Supgegi(q) K|l — 0 as
o — 00. Furthermore, Supeet(q) J (K, ) = 0 as a — oo.

Proof. Refer to Section 3.7. ]

As a — oo, not only do all critical controllers in K(a) approach zero, the problem also
becomes convex over bounded regions with enough damping.
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Theorem 14. Under Assumption 1 and Assumption 2, for any given r > 0, the Hessian
matriz V2J (K, «) is positive definite over the set ||K|| < r for all large values of «.

Proof. Refer to Section 3.7. m

Corollary 4. Under Assumption 1 and Assumption 2, there is no spurious locally optimal
controller for large o, meaning that K'(a) = K*(a) for all large values of c.

Proof. For any given r > 0, all controllers in the ball B = {K : ||[K]|| < r} are stabilizing
when « is large. As a result, stability constraints can be relaxed over B. Furthermore, it
results from Theorem 13 that when « is large, all critical controllers will be inside B. In light
of Theorem 14, the objective function becomes convex over B for large values of . These
observations imply that local and global solutions coincide. O

Corollary 4 implies that with a large damping parameter a and a well-conditioned R,,
the damped problem is tractable. Now, the problem remains to connect the damped system
to the undamped one. This requires the following assumption that excludes bifurcation —
when a critical trajectory merges with the globally optimal trajectory, the homotopy method
cannot distinguish one from the other.

Assumption 3. The set of globally optimal controllers K*(«) is a singleton set for all « > 0.
Furthermore, there is an € > 0 such that for all « > 0 and any two distinct controllers
K, € K'(a) and Ky € K*(a), it holds that || K, — K| > e.

Even though Assumption 3 requires that K*(«) be distinguished from KT(a) for all
a > 0, there is a value aq such that this assumption automatically holds for all & > «ag. This
immediately follows from Corollary 4 and the observation in Theorem 14 that the Hessian
V2J(K,a) is positive definite. The following lemma provides sufficient conditions under
which Assumption 3 holds. We use spabs(A) to denote the spectral abscissa (maximum real
part of the eigenvalues), which is negative for a stable matrix A.

Lemma 11. Assume that A is stable and that the following conditions hold for all o > 0:
4 Amin(Ra) Z o >0

o V2J(K,a) is positive definite over the region {K : ||K|| < r}, where r is large enough
so that

—spabs(A)or* — nl|Q||x(Do) || Bl|r
+spabs(A) || Q[ — n[|Q[|x(Do) [ A]l > 0, (3.9a)
or* = [|QII(1 + nk(Do)) > 0, (3.9b)

where k(Do) = || Do||/Amin(Do). Then, Assumption 3 holds for all a > 0.
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Proof. We first show that for all stabilizing K with ||K|| > r, we have J(K,a) > J(0, ).
When ||K|| > r, note that P,(K) is the unique solution to the equation (3.4a). From the
triangle inequality,

)‘min(Ra)HKHg < HKTRaKH2
<2||A = al + BK||o|| Pa(K)l2 + [|Q]]2
< 2(||All2 + a+ [ Bll2 K ll2) [[ Pa(K) |2 + Q2

Therefore,
o|| K3 — Q]2

([All2 + o + | Bll2[[ KTl2)

IP(E) =

Note that tr(Py(K)Dg) > || P(K)||2Amin(Do),

or? — [|Qll2
(IAll2 + o+ [ Bll2r)’

J(Ka Oé) Z Amin(DO)Q

where we use the fact that the right-hand side is monotonically increasing in r. Similarly,
using the matrix exponential expression of P,(0), we can estimate J(0, ) as follows:

tr(Fa(0)Do) < nHQIHIDoII/O [ F

n| Q[ Doll
2(ar — spabs(A))”

_ nHQH HDOH /0 62t'(spabs(A)—a)dt —

The inequalities (3.9a) and (3.9b) ensure that J(K,«) > J(0,a) for all @ > 0. As a result,
if a matrix K that satisfies || K| > r belongs to KT(a), it cannot be globally optimal, and
there must exist an € > 0 that bounds the distance between K and K*(a) because their
costs are different. The proof is completed by noting that the assumption of the positive
definiteness of the Hessian ensures that K*(«) is a singleton set. O

To track the global trajectory using local search as a part of Algorithm 1 or 2, it is nec-
essary for the local search to converge when initialized close to the trajectory. Furthermore,
the discretization needs to be adapted to the local search algorithm. The conditions are
specified in the following two definitions.

Definition 2. A local search algorithm for ODC(Ky, «) is said to be locally §-stable if for
any Ko with SUp geje« (o) [[ Ko — K| < 8, it converges to a point in K*(«).

Since ODC is a smooth optimization problem, as long as the radius ¢ > 0 is selected in
such a way that the region {Ko : Supgegs(q) [|[Ko — K[| < 0} remains inside the gradient
dynamics’s region of attraction of K*(«), gradient descent with a small step-size is locally

d-stable.
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Definition 3. Given a d-stable local search algorithm for ODC, a discretization 0 = ag <
aq, ..., < ar is said to be d-adaptive if for any i € {0,1,...,T — 1} and any two controllers
Kl € K*(Oél) and K2 € K*(Oéi+1), it holds that HKI — Kg“ < 4.

As long as K*() is a continuous function, we can find a discretization that is é-adaptive
by selecting a small increment.

Corollary 5. Suppose that Assumptions 1, 2 and 3 are satisfied. Then, the trajectory K*(«)
s continuous. Moreover, if 6 > 0 is chosen small enough such that the local search method
is locally &-stable and the discretization 0 = ag < aq,...,< ar is d-adaptive, Algorithm 1
and Algorithm 2 both find the globally optimal stabilizing controller in K*(0) for a large .

Proof. 1t is shown in Theorem 11 that K*(«) is upper hemi-continuous. Under Assumption 3,
the set K*(«) is a singleton, and the continuity of K*(«) can be concluded because a single-
valued function is continuous if and only if it is upper hemi-continuous. When a d-adaptive
discretization 0 = ag < aq, ..., < ar is selected with ap sufficiently large for which the “no
spurious property” of Corollary 4 holds, Algorithm 1 and Algorithm 2 are able to locate the
continuous globally optimal trajectory K*(«) at @ = ap. To obtain K*(0), we follow the
continuous K*(«) based on Algorithm 1 and Algorithm 2. Since the local search algorithm
is d-stable and the discretization is d-adaptive, we inductively obtain a series of controllers
K;fort=T,T —1,...,0, which all lie on the path K*(«) for o € [0, 7). ]

The previous results all rely on the “damping property” in Lemma 9. It is worth men-
tioning that damping the system with —1 is almost the only continuation method for general
system matrices “A” that is able to achieve the monotonic increase of stable sets. This will
be formalized below.

Theorem 15. When n > 3, for any n-by-n real matrix H that is not a multiple of —1I, there
exists a stable matriz A for which A+ H is unstable.

The proof is given in Section 3.7. This theorem justifies the use of —a[ as the continuation
parameter and is the reason that our setting avoids the undesirable behaviors of homotopy
documented in [60]. However, matrices other than —al may be used for a specific A matrix;
if A has certain structures (such as upper-triangular), there are non-trivial matrices H (such
as a non-positive diagonal matrix) for which A + tH is always stable when ¢ > 0. If the
algorithm designer does not aim to customize the homotopy method for every specific system
matrix A, the above theorem supports the use of the universal variation matrix —al.

Discrete-time Stochastic Systems

We detour briefly to discuss damping with varying regularization for discrete-time stochastic
systems. This shall illustrate the difference between discrete- and continuous-time systems.
Consider the stochastic system

z[t + 1] = Az[t] + Bu[t] + d[t]
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under a static feedback policy u[t]| = Kz[t], where K is to be designed such that the damped
objective

J(K,«a) = tligloE [ (z[t] " Qz[t] + ult] ' Rault])]

is minimized. The damping parameter « belongs to the interval [0,1]. Assume that the
random variables d[t],t = 0,1,2, ..., are independent and d[t] has the covariance matrix ;.
We consider the following construction of homotopy for the discrete-time ODC problem

min J(K, o) = tr[(K" Ry K + Q) P.(K)],
s.t. (hA+aBK)P(K)(aA+aBK)T =P (K)+%, = 0, (d-ODC(a))
al[(A+ BK)|| < 1.
Even though the formulation is not linear in K or in P,, we develop asymptotic results

under an additional bounded assumption, as stated below. The proof of the lemma is given
in Section 3.7.

Lemma 12. Suppose that Apin(Re) > € > 0 for all a € [0,1]. Assume further that a locally
optimal solution K, to (d-ODC(a)) exists and is uniformly bounded for all o € [0,1]. Then,
as a — 0, it holds that P,(K,) — X4 and K, — 0.

Due to the above lemma, one can use an analogue of Algorithm 1 or Algorithm 2 to solve
ODC in the discrete setting, but the damping parameter o should be discretized over the
interval [0, 1].

Remark 8. It appears in d-ODC(«a) that the homotopy map is constructed by rescaling
the matrices A and B at the same time. In fact, the covariance matrices is also rescaled
implicitly, as shown in the following computation:

J(K,a) = tllrgoEtr[(Q + K "R K)x[t)z[t] o]

=tr |(Q+ K'R,K) x

¢
tlirn Z(OéA+OéBK)t_7]E[d[T]d[T]T] o®(aA+aBK) 7|

3.5 Numerical Experiments

In this section, we study ODC problems that have poor local minima and therefore the
existing nonlinear programming techniques based on local-search cannot provably find the
global solution without the knowledge of the location of the global solution in the space
of the control policies. ~ We further catalog various homotopy behaviors as the damping
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parameter « varies. The focus is on the evolution of critical trajectories, which can be
tracked by any local search or path-following methods. The experiments are performed on
small-sized systems, so local search with random initialization is unlikely to miss locally
optimal solutions and therefore, more likely to give a complete picture of the ensemble of
trajectories J(KT(a),a) and K'(a). Despite the small system dimension, the existence of
many locally optimal solutions and their convoluted trajectories demonstrate the power and
the limit of using homotopy methods in ODC.

For the local search method, we use the projected gradient descent. At a controller K¢, we
perform line search along the direction K? = —V.J(K)oI5. The step size is determined with
backtracking and Armijo rule, namely, we select s’ as the largest number in {3, 53,543%, ...}
such that K’ + s'K' is stabilizing while

J(K'+ s'K") < J(K*) +~vs"(VJ(K'), K.

We select the parameters v = 0.001, § = 0.5, and 5§ = 1. We terminate the iteration when
the norm of the gradient is less than 1072

Systems with a Large Number of Local Minima

We first consider the examples from [40], where the feasible set is highly disconnected and
admits many local minima. The system matrices are

-1 2 0 ] [0 1 0
-2 0 1 0 -1 0 1 0
A=10 -1 0 2 . . B= 0 -1 0 1 :
0 —2 0 . 0 -1 0 (3.10)

Do=1, Is=1I1, Q=1 R,=1I.

When the dimension n is equal to 9, it is known that the set of stabilizing decentralized
controllers has at least 55 connected components, each of them containing at least one locally
optimal controller. We track 50 of those locally optimal solutions. The damping parameter «
is gradually increased from 0 to 0.2 with a 0.002 increment. The trajectories of locally optimal
solutions are tracked by solving the newly damped system with the previous local optimal
solution as the initialization, in the same spirit of Algorithm 1. The evolution of the optimal
cost and the distance from the best known optimal controller are plotted in Figure 3.1.
Notice that all sub-optimal local trajectories terminate after a modest damping o ~ 0.12.
After that, the minimization algorithm always tracks a single trajectory. This illustrates the
prediction of Corollary 4. Especially, if we start tracking a sub-optimal controller trajectory
from o = 0, we will be on a better trajectory when o =~ 0.2. At that time, if we gradually
decrease « to zero, we will obtain a stabilizing controller with a lower cost.
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Dynamic Controllers

So far, the design of a static controller has been discussed. However, the previous results
all apply to the design of a dynamic controller via a reformulation. To explain the idea,
consider the continuous-time setting with no loss of generality. Assume that the goal is to
design a set of sub-controllers of pre-specified degrees as opposed to a static decentralized
controller. The motivation is that a static stabilizing controller may not exist, but when the
degrees of the local controllers are chosen high enough, a stabilizing decentralized controller
always exists under the assumption of no unstable fixed modes [80]. More precisely, let the
system consist of a number of interacting subsystems, where each subsystem should have
a local controller that is allowed to communicated with some other local controllers based
on a user-defined communication strategy. Moreover, each unknown local controller has a
user-defined degree. The overall decentralized controller can be written as

do(t) = Acwe(t) + Bew(t)
u(t) = Coxe(t) + Dox(t),

where z. is the aggregate state of the decentralized controller. The matrices A., B., C. and D,
are indeed block matrices with certain sparsity patterns due to the pre-specified distributed
architecture of the controller. As opposed to K, we need to find the globally optimal values
for the structured tuple (A, B, C., D.). The closed-loop system can be written as

)= o o]+ [0 9 SDEL

A 0] = B 0| - D. C. = . 5
0 O]’ B = [ K = |:Bc Ac:| and S as the set of matrices K with

Define A = [ 0o Il
the correct sparsity pattern. The design of the dynamic decentralized controller can be
reformulated as the design of a static gain K € S for the system (fl, B) Using the homotopy
idea on A, one can deploy Algorithm 1 or 2 to solve the problem and all of the previous
mathematical results hold true.

As an example, consider the design of a decentralized controller for the system given
in (3.10), where each local controller has degree 1 and A, is a diagonal matrix. The cost
trajectories are plotted in Figure 3.3. It can be observed that the homotopy behavior is
similar to the static case, and the globally optimal controller can be found via Algorithm 1

or 2.

Experiments on Small Random Systems

With the same initialization and optimization procedure, we perform the experiments on
3-by-3 system matrices A and B randomly generated from the normal distribution with zero
mean and unit variance. For 92 out of 100 samples, we are not able to find more than
one locally optimal trajectory. Some examples with more than one local trajectories are
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Figure 3.3: Cost trajectories of degree-1 dynamic controller design.

provided in Figures 3.4, 3.5, and 3.6. The top plot in each figure shows the costs of locally
optimal controllers. The bottom plot shows the distance of each locally optimal controller
to the controller with the lowest cost. Note that the order of the cost trajectories may
be preserved (Figure 3.4) or may be disrupted (Figure 3.5 and Figure 3.6). In Figure 3.5,
at the intersection of the two curves, there are two distinct global solutions and therefore,
Algorithm 1 may fail to obtain the globally optimal decentralized controller. More than one
trajectory may have the lowest cost as the damping increases (Figure 3.6), but with high
damping, there is only one trajectory that has the lowest cost. If Algorithm 1 is applied with
initialization on the purple curve, whose cost is around 180, after the damping parameter «
is increased to around 2, the purple curve merges with the orange curve. When the damping
parameter « is reduced to o = 0, Algorithm 1 will return to the orange curve with cost
around 80, which is a sub-optimal decentralized controller. This illustrates the necessity of
assuming the uniqueness of the globally optimal controller in Corollary 5.

3.6 Conclusion

This chapter studied the optimal decentralized control problem with a large number of lo-
cally optimal solutions. To be able to find a globally optimal control policy, we proposed
a homotopy method that gradually changes the control problem. We investigated the tra-
jectories of the locally and globally optimal solutions to the optimal decentralized control
problem as the damping parameter and the regularization of the decentralized control prob-
lem varied. Asymptotic and continuity properties of trajectories were proved, which were
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Figure 3.4: Trajectories of a randomly generated system where the order of locally optimal
controllers is preserved as the damping parameter o changes.
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Figure 3.5: Trajectories of a randomly generated system where the order of locally optimal
controllers is disrupted as the damping parameter o changes.



CHAPTER 3. DAMPING WITH VARYING REGULARIZATION IN OPTIMAL
DECENTRALIZED CONTROL

180 ¢
160

140

35¢

30 -

25

20

15|

[IKF(a) - K (e)]]

10 |

N

0 0.5 1 1.5 2

Figure 3.6: Trajectories of a randomly generated system with a complicated behavior.
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based on the notion of “damping property”. A sufficient condition was developed together
with an algorithm based on local search for finding the global solution of the optimal decen-
tralized control problem. The complicated behavior of numerical continuation methods was
illustrated with numerical examples with many local minima.

3.7 Proofs

The section collects the remaining proofs of the results of the previous sections.

Continuity

Lemma 13 and Lemma 14 given below prove the continuity of the lower level-set map I'y;
defined in (3.6). The continuity of I'j; is the prerequisite for applying the Berge Maximum
Theorem. The reader is referred to [69] for an accessible treatment of relevant definitions.

Recall the notion of upper hemi-continuity of a set-valued map I' : A — B in Definition 1.
If B is compact, upper hemi-continuity is equivalent to the graph of I" being closed, that is, if
a, — a*and b, € I'(a,) — b*, then b* € I'(a*). Lemma 13 resolves the upper hemi-continuity
of I'y.

Lemma 13. Assume that R, is continuous in « and that for a given M > 0, I'y(«) is not
empty for all « > 0. Then, I'y(«) is an upper hemi-continuous set-valued map.

Proof. From [87], I'y/(a) is compact for all a. To characterize the continuity of I' at a
point a* > 0, it suffices to assume that the range of I'); is compact and, therefore, the
sequence characterization of upper hemi-continuity applies. Suppose that a; — o and
select a sequence of K; € I'y(a;) that converges to K*. The continuity of J(K,a) implies
that J(K™*,a*) < M. The fact that the cost is bounded implies that A—a*I+ BK* is stable.
Since the matrix subspace § is a closed set, the limit point K* belongs to S. We have verified
all conditions for K* € I"y;(a*), and therefore I'y; is upper hemi-continuous. ]

A complementary notion of upper hemi-continuity is lower hemi-continuity, which is
stated below.

Definition 4. The set-valued map I' : A — B is said to be lower hemi-continuous at a point
z if for any open neighborhood V intersecting I'(z) there exists a neighborhood U of z such
that T'(x) intersects V' for all z € U.

Equivalently, for all a,, — a € A and b € I'(a), there exists a subsequence a,,, of a,, and
a corresponding by € I'(a,, ), such that by — b. The map 'y, is lower hemi-continuous for
almost all M.

Lemma 14. For any given o > 0, T'y(«) is lower hemi-continuous at o* except when
M e {J(K,a*) : K € KT(a*)}, which is a finite set of critical costs.
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Proof. To prove by contradiction, consider a sequence «; — o and a matrix K* € I'y;(a*),
for which there exists no subsequence of o; and K; € I"y;(«;) such that K; — K*. We claim

o J(K* o*) = M — otherwise by the continuity of J, J(K*, a;) < M for large i and,
since the set of stabilizing controllers is open, K* € I'y/(«;) for large 4, which is a
contradiction;

e K* must be a local minimum of J(K, a*) — otherwise there exists a sequence K; — K*
with J(Kj;,a*) < M and, by the continuity of J, there exists a sequence of large
enough indices n;, j = 1,2, ..., such that J(Kj, ay,,) < M; the sequence K; € I'y(an,;)
converges to K*.

The argument above implies that M is the cost of some locally optimal controller at a*.
Because the ODC problem is smooth, the locally optimal controller is a critical controller.
Given o, J(K,a*) is expressed in (3.5) as a linear function in terms of P,+(K') over a semi-
algebraic set given by (3.4a)-(3.4d), and the value M, being the cost of a locally optimal
controller, is a critical value of J(K, a*). By the semi-algebraic Sard’s theorem [15, Theorem
9.6.2], the set of critical values of a linear function over a semi-algebraic set is finite. m

We are ready to proceed with the proof of the asymptotic properties.

Asymptotic Properties

Proof of Theorem 13. Recall the expression of the objective function (3.2) together with the
first-order necessary conditions (3.4a)-(3.4d) and the equation (3.5). Consider the semi-
algebraic set

N ={(K,P,L,«a): (K, P, L) solves (3.4a)-(3.4d) given «,
P>=0,L>0,a>0}

and the map f : N — R? defined by
f(K,P,L,a) = (J.(K),«a).

Due to (3.5), f can be expressed as a linear function over the set N. Let C; denote the
set of critical values of f. From semi-algebraic Sard’s theorem [15, Theorem 9.6.2|, the set
C; C R? is a semi-algebraic set of dimension at most 1, and is therefore a finite union
of semi-algebraic curves in R?. Because C contains only finite many curves, by Bezout’s
theorem, they intersect at finitely many points. Furthermore, note that the set Cy contains
the critical cost trajectories J(KT(a), ) in the sense that

Cr D {(J(K,a),K € K'(a),a >0},

because K'(«a) are critical points of J(K,«) and, therefore, critical points of f. The set C
may contain additional curves due to the vanishing of the Jacobian of f along the second
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coordinate, but this does not affect the fact that the curves in {(J(K,a), K € Kf(a),a >
0} intersect at finitely many points, because the intersections of curves in {(J(K,«a), K €
K'(a),a > 0} remain intersections in C;. As a result, there exists an «y > 0 such that for
all @ > ap, the curves in {(J(K,a),K € K'(a),a > ag} do not intersect. We claim that
the following inequality holds for all > a > ay:
max J(K,() < max J(K,f).
KeKT(B) KeKt(a)
The reason is that the maximization over both K'(3) and K'(a) yields points on the same
curve in {(J(K,a), K € K'(a),a > ap}, and the one in KT(3) has a lower cost than the one
in K'(a) from the damping property. The right-hand side of the above inequality optimizes
over a fixed, finite set of controllers and approaches zero as § — oo due to the represen-
tation (3.2), the bound on norm of R, in Assumption 1 and the dominated convergence
theorem. The left-hand side, therefore, also converges to zero as f — oco. From (3.5) and
the assumption that Dy is positive definite, we have ||Ps(K)|| — 0 for all K € K'(3) as
B — oo.
The assumption on sparsity allows the expression of the critical controllers in (3.4¢) as

K =R (B"Py(K)Lo(K)) 0 Is)(La(K) 0 Ig)™ . (3.11)

Especially, we bound || BK || < €4(K)-Amin(La(K)) ™!, where e,(K) = || BR[| BT Pa(K) Lo (K)||.
The term || BR,'|| is bounded due to the assumption that the minimum eigenvalue of R, is
bounded away from zero. Pre- and post-multiplying (3.4b) by the unit eigenvector v of the
smallest eigenvalue of L, (K) yields

Amin(La(K))(2a — 20" (A + BK)v) = v Dyv. (3.12)

Therefore, Amin (Do)
Auin(LalB)) 2 5 2o A BR]
Amin (Do)
= 20 + 2|[A|| + 2| BK]|
- Amin (Do)
= 20+ 2[| A + 2e0 (K ) Amin (Lo (K)) 1,

which simplifies to
/\min<DO) — 2€a(K)

(2 + 2[|A])

Amin(La(K)) > (3.13)

Take the trace of (3.4b), consider the estimate
20| Alll[ Lall+tr(Do) = 2| Al tr(La)+tr(Do)
> 20vtr(Ly ) +2tr[BRY (B PyLy)ols)(Laols) 'Ly
> 2atr(Lgy) — 264 (K) tr[(Loyols) ' Ly
= 2atr(Ly) — 2e4(K)n
> 20| Lol = 20l BRI B 1 Pall [l Lol (3.14)
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where for clarity we drop the implicit dependence on K in L, and P,. The second and
the third inequalities use the bound |tr(AL)| < ||A]| tr(L) for a positive definite matrix L
and any matrix A. The next equality in the above sequence follows from the assumption
that Is is block diagonal. The estimate (3.14), combined with the previous argument that
| P.|| = 0, implies that ||L,|| — 0 and thereby, e,(K) — 0. The inequality (3.14) further
suggests

tr(Dy)
1ol < S oAl =2l BRATIBTTIAT (319)
for a small enough P,. Combining (3.13) and (3.15) leads to
1K < 1R - (BT PaLa)oIs|| - | (Laols) ™|
<R IB - I1Pall - 1 Zall - Amin(La) ™"
<R IB - [1Pall
y tr(Dy)
200 = 2n||Al| = 2n|| BR[| BT {[|[]| Pal
(2a + 2| A[])
Amin(Do) — 264 (K)’
which converges to 0 as a — 0. O

We use ® to denote the Kronecker project of two matrices and vec to denote the vectorized
operation that stacks the columns of a matrix together into a vector. We make use of
the vectorized Hessian formula in the following lemma, which will be used in the proof of
Theorem 14.

Lemma 15 (Borrowed from [76]). Define j, : R™™ — R by j,(vec(K)) = J(K,«). The
Hessian of j, is given by the formula

Ho(K) =2{(La(K) ® Ra) + Go(K)T + Go(K) }, (3.16)
where
Go(K) =[I ® (BT P,(K) + R K)]x
I ®(A—al+BK)+(A—al+BK)®I]™"
(Inn + P(n,n))[Lo(K) ® B
and P(n,n) is an n® x n? permutation matrix.

Proof of Theorem 14. We first show that H,(K) in Lemma 15 is positive definite for any
fixed K when « is large. Recall the definition of L, and P, in (3.4a)-(3.4b) and apply the
triangle inequality:

20| La(K)

< [1Doll + 2| A + BE|[| La(K)];
2a|| Po (K|

<|
< Q[ + 2||A+ BK ||| Pa(K)|| + || Rall | K.
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Due to Assumption 1, the term [|[R,|| > d > 0 for all &« > 0. The above inequalities imply
that ||Py(K)||/||Rall = 0 and [|[Lo(K)| — 0 as a — oco. We now bound the minimum
eigenvalue of L, (K). Let v be the unit eigenvector of L, (K') corresponding to Amin(La(K));
pre- and post-multiplying (3.4b) by v, we obtain

v Dov
)\min La K 2
(La(K)) 200 — 20T (A+ BK)v

)\min<D0)
~ 2a+2|A+ BK|

(3.17)

The first Hessian term L,(K) ® R, in (3.16) can be lower bounded by (3.17). Due to
Assumption 1, A\pin(Ra)/||Ral| = 0/A for all a > 0. Therefore,

)\min (LQ(K) X Roa) = )\min(La(K)) : )‘min(ROé)
Amin(DO) i .

= 2a+2[[A+ BK|| A |7l

We bound the norm of the second and the third Hessian terms ||G,(K)| as follows:

|Ga(K)|| < [T @ (BT Pa(K) + R K)|
X ||[[I ® (A—al +BK)+(A—al+BK)®I]™||
X[ [Lnn + P(n,n)] [Lo(K)@ Bl
S Rall(X+ [[Pall/[[ Rall) %
(—Amax ([®(A—al + BK) + (A—al + BK)®1)) 'x
| La (K|
S [Rall(20) 7| La (K],

where < hides constants that do not depend on «. Comparing the two estimates above, for
all large o, we find that the first term L,(K) ® R, in (3.16) dominates the following term
Go(K)" 4+ G (K) for a bounded K. Therefore, the Hessian H,(K) is positive definite over
bounded K when « is large. Note that H,(K) is the Hessian of the objective function when
the controller is centralized. The conclusion carries over the decentralized controller because
the Hessian for the decentralized controller is a principal sub-matrix of the Hessian for the
centralized controller. O

Proof of Lemma 12. We use the Einstein notation where subscript variables that appear
twice in a monomial are summed over and the subscripts that appear once are free over
the corresponding set of indices. We use the lower-case letters to denote the entries of the
corresponding upper-case letter matrices and write A = (a;;), B = (b;j), Ko = (kij), Xq =
(0ij); Po = (pij); Ra = (145),Q = (¢;;). The optimal solution K, satisfies the first-order
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necessary condition to be derived below:

0 O[(kearscked + Gad)Dad]

0= —
Ok;; Ok;;
_ 8pad
= (rickea)Pja + (kvaTbi)Paj + (KvaTocked + Gad) 75— ET (3.18)
ij
The constraints in (d-ODC(«)) may be written as
a2(aab + backcb>pbd(aed + befkfd> — Pae + Oge = 0 (319>
Taking its partial derivatives with respect to k;; yields
20°b4ipja(aeq + bepkpa)+
apbul 8pae (320)
a backc e be k - =0
®(@ab + backes) 7= Ok, (Ged + begkya) Dk,

By assumption, the entries of the controller k;; are bounded as o« — 0. Hence, (3.19) implies
that P,(K,) — X4 as a — 0 and is consequently bounded. This, combined with (3.20),
implies that the partial derivatives of P,(K) with respect to K vanish as o — 0. This
implies that the first two terms in (3.18), which are both R,K,P,(K)" in matrix form,
converge to zero. Since P,(K) and R, are invertible, K, — 0 as a — 0. ]

Unique Stable Direction

To prove Theorem 15, define the set of stable directions as
H={H : A+tH is stable for all stable A and ¢t > 0}, (3.21)

where A and H are n-by-n real matrices.

Lemma 16. All matrices in H are similar to a diagonal matriz with non-positive diagonal
entries. Especially, they cannot have complex eigenvalues.

Proof. When t is large, A + tH is a small perturbation of tH. Thus, the eigenvalues of H
must be in the closed left half-plane. With a suitable similar transformation, assume that
H is in the real Jordan form. We first consider the case when the dimension n = 2, and we
emphasize the dimension in the subscript in Hy and A,. To prove for contradiction, assume
that Hs is not diagonalizable. The non-diagonal real Jordan form of H, has the following
possibilities:

h

.H2—0

1] where H; has a real eigenvalue h < 0 of multiplicity 2: Let Ay =

[10h2 } which is stable because tr(As) = h < 0 and det(Ay) = 8h? > 0. We
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ht 4+ 4hby t—2
10R? ht — 3h
det(Ay + tHy) > 0 amount to

have Ay + tHy = [ , whose stability criteria tr(Ay; + tHy) < 0 and

2ht +h < 0 and h*(t* — 9t + 8) > 0,

or equivalently t € (—1/2,1)U (8, +00). In particular, when ¢t = 2, the matrix As+tHo
is not stable.

o [y, = 8 (1)] : Consider the stable matrix Ay = {_11 _01}, for which A, + tH, is not
stable when t = 2.
0 f . -1 —4 . 2
e Hy = Ik where f > 0: By selecting Ay = 1 1l the matrix As + ?HQ =
[:1 :ﬂ is not stable.
h f . :
o H) = —fon where h < 0 and f > 0: By rescaling, assume that f = 1. Consider
the matrix function
B 0 s+ (utw)h h 1
G“)_[—%+@kﬂwh . ] (3.22)
We have
tr(G(t)) = h + 2ht,
det(G(t)) = (1 + W)t + (1 + h* + 2hw)t
1
+ h?*(w? — u®) + hw + T
Therefore,
1
r(G(~3)) =0,
d
1 2, 1 2 2
det(G(—2)) = h3(—+ —u? + w?),
2 4
% det G(t) = 2hw.
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Hence, as long as
1 2 2
w>0and—1—u +w* > 0, (3.23)

for a small enough € > 0, the matrix Ay, = G(—3 + €) is a stable matrix and there is

a matrix G(t) with ¢ > —% whose trace is negative and whose determinant is smaller

than det(A,). Consider the minimal value of det G(t), which is obtained at —1 — ..

27 TrhZ”
1 hw 1 h?
det G| —=— =h* (- —u? 2).
¢ ( 2 1+h2> ( PR
As a result, when
1 9 R:
_- _ <0 3.24
e s (3.24)
the matrix G(t) with ¢t = —% — % is unstable. The parameters v and w that

satisfy (3.23) and (3.24) always exist.

For the higher dimension n > 2, the real Jordan form of H is a block upper-triangular matrix

_H2 *
=[]

where Hy can take the four possibilities mentioned above (“x” denotes an arbitrary sub-
matrix). We take the corresponding stable Ay constructed above, which has the property
that Ay + toHs is not stable for some ¢y > 0. Select a block diagonal matrix

(4, 0
A= { ! _1} .
Then, A is stable, while A + toH = {AZ +0t0H 2 j is unstable. O

We can strengthen the argument above and further characterize H in the case n > 3.

Lemma 17. When n > 3, the set of stable directions H does not contain any matrices of
rank 1, 2, ..., n—2.

Proof. Due to Lemma 16, it suffices to consider a diagonal matrix H with negative diagonal
entries. Assuming that there is a matrix H € ‘H whose rank belongs to the set {1,2,...,n—
2}, we write
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where H3 = diag(—1,0,0). We will construct a stable 3-by-3 matrix Az such that Az +toHs
is unstable for some ¢ty > 0, and then carry the instability to A + toH with the extended

matrix
|43 0
A= [ b I} |
From [40], the set
01 0 0
T=<¢t:100 1|+¢|0 [0.85 0.2 0.2] is stable
51 —1 -1
has two disconnected components. Consider the Jordan decomposition of the matrix
0
0| [0.85 0.2 0.2] =W diag(—0.2,0,0)W ",
—1
where I is some invertible matrix. This leads to the following matrix function:
01 0
Gt)=5W=[0 0 1 |W+txdiag(—1,0,0).
5 1 —1

After this similar transformation, the set 7' can be written in terms of G(t) as
T = {t: G(t) is stable}.

Since T' is disconnected, there exists some t; < ty such that G(¢;) is stable while G(t2)
is unstable with some eigenvalue in the open right half-plane. Setting A3 = G(t;) and
to = ty — t1 completes the proof. n

Since we can perturb the direction and make H full-rank, the restriction on the rank
of H is not essential. The following lemma confirms this observation, and it completes the
proof of Theorem 15.

Lemma 18. When n > 3, it holds that H = {—XI, A > 0}.

Proof. From lemma 16, it suffices to consider the case where H is diagonal with negative
diagonal entries. Consider
I |:H3 0} 7

0 =

where H3 = diag(hy, he, h3). The diagonal entries hi, hy, and hs are non-positive and not
all equal. We will construct a stable As and a corresponding ¢y such that Az + toH3 is not
stable, and extend to the general A as in Lemma 17. The case with a rank-1 matrix Hj
has been considered in Lemma 17. In what follows, we prove the case for rank-2 and rank-3
matrices. Without loss of generality, we rescale H3 and assume that hy = —1. Consider the
following two standard forms for Hj:
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e Hj = diag(—1, hy,0), where hy < 0. Consider the matrix function

0 -1 O -t -1 0
2 1 0 2 1 0

The characteristic polynomial of G/(t), denoted by ¢qq)(x), can be written as
bam(x) = 2° + (t — the)z® + (ha — t?ha)x + (t — 2)ha.

The Routh-Hurwitz Criterion states that the stability of G(t) is equivalent to the
following system of inequalities:
t(l — hg) > 0,
(t — 2)h2 > 0,
t(]. — hQ)hQ(l — tz) > (t — 2)]12
which can be simplified with Ay < 0 to

0<t<?2, (3.25a)
(1 — ho)t? +thy — 2 > 0. (3.25b)

When ¢ = 2, (3.25b) simplifies to the obvious expression %(11 — 15hy) > 0; when
t = 3, (3.25a) implies that G(t) is not stable. Setting A3 = G(2) and ¢y = 2 completes
the proof.

e Hj = diag(—1, ha, h3), where without loss of generally we assume that

—1 < hy, h3 < 0, and one of them is not —1. (3.26)
Consider the matrix
0 -1 0 —t —1 0
Gt)=|0 0 hy| +tHs=| 0 thy hy
ahs hs 0 ahs hs ths

The Routh-Hurwitz Criterion states that the stability of G(t) is equivalent to the
following system of inequalities:

t >0, (3.27a)
i) =a—t+t >0, (3.27b)
fg(t) = —ah2h3 + th2h3(h2+h3)+

13(1—ho) (1 —hs)(—ha—hs) > 0. (3:27¢)
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We claim that when

hahs(hy 4 hs3)? 4
— 3.28
\/(—hg “hst oy T V2w (3.28)

the set of ¢ that satisfy the Routh-Hurwitz Criterion is disconnected. To prove this,
we write the positive local minimum of f(¢) in (3.27b) as t; = \/g and write the

positive local minimum of f5(t) in (3.27c) as ty = | /%. The condition (3.26)

implies that t; < t5 and the condition (3.28) implies that fi(¢1) and fy(¢2) are negative.
Furthermore, consider t, = a%_hzzhi*, which is the root of (1 — ho)(1 — h3)(—hy —
hs) f1(t) — fa(t). It holds that ¢, < ty < ty and both fi(ty) and fa(to) are positive. We
conclude that when ¢ = ¢, the matrix G(t,) is stable, and when ¢ is large, G(t) is again
stable. Yet, when t = 5 € (t9, 00), the matrix G(t3) is not stable.

]
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Chapter 4

Learning of Dynamical Systems under
Adversarial Attacks

This chapter complements the optimal control problem studied in the previous chapters, but
instead focuses on the identification side of the problem. In particular, we are interested
in the identification of a linear time-invariant dynamical system affected by sparse state
disturbances modeling adversarial attacks or faults. Our identification scheme is based on [;
minimization. We derive sufficient conditions for exact recovery in finite time when we have
exact measurements. For noisy measurements, we provide an error bound on the estimation
error. The conditions we provide are based on the null space property (NSP). We derive
sufficient conditions for NSP and show that NSP holds in a particular attack model where
the input is Gaussian and the adversary injects disturbances intermittently with a fixed
policy based on the states and input measurements. On the other hand, we provide a lower
bound to the estimation error, showing that the absence of NSP could lead to inconsistent
estimates. Parts of the chapter is based on the published paper [39].

4.1 Introduction

The control of large-scale unknown dynamical systems, such as the power distribution net-
works, calls for an accurate model of the system. Recent interests in data-driven control
and non-asymptotic analysis of statistical estimators provide a wealth of frameworks and
tools applicable to the control of unknown dynamical systems |24, 31]. Although learning an
accurate dynamical model is not necessary to achieve the control objectives, a state-space
model has the advantage of being applicable to many control tasks and objectives. The issue
is particularly salient in the operation of safety-critical systems, where a robust design of
control laws is necessary [41].

This chapter focuses on the identification of a linear dynamical system where the states
can be measured directly but are subject to unknown disturbance, accounting for adversar-
ial attacks or faults. We prove that a type of identification scheme based on constrained
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lasso can perfectly recover the system matrices when the state disturbance is sparse and
the measurement is perfect. The issue of robustness in identification has a long history.
Dating back to Tukey [88] who made the observation that a small deviation from the model
assumption could have dramatic effects on estimation and prediction, there have since been
many attempts to robustify the M-estimators! and to use regularization to achieve robust-
ness. The work [94]| showed the equivalence of robust optimization and l;-regularization for
support vector machines and further attributed generalization ability to robustness against
local disturbance. The more recent study [10] significantly extended the connection between
robustification and regularization in regression problems.

In the system identification literature, there have been studies for the case of dense noise
and the general non-smooth robust estimators [3, 4]. Those works proposed necessary and
sufficient conditions for recovery that apply to all instances of robust estimation problems.
The estimator of this chapter is a special instance of the general non-smooth sum-of-norms
estimator studied in the above two papers, but we specialize the analysis to the case of
system identification, which leads to insights on input design for a particular system ma-
trix. Other related papers [32] and [33| studied the system identification problem subject
to sparsity assumptions on the A and B matrices and derived improved sample complexity
bounds. However, their models were based on Gaussian disturbance that is not applicable
to adversarial analysis. The recent work [63] studied the identification problem using a conic
relaxation, which linearizes the problem at the expense of increasing the problem dimension.
More recently, |77| proved finite-time identification bounds for linear dynamical systems
without control input. The identification method is based on ordinary least-squares, which
succeeds under the important assumption of regular matrices. Concurrently, [70] proved
non-asymptotic bounds for system identification with Markov parameters, which are esti-
mated using least-squares and the Kalman-Ho algorithm. It is challenging to generalize
those algorithms to the case when the samples are missing or when they are corrupted.
The set-membership estimator can deal with missing samples and is consistent [49], but the
disturbance is assumed to be bounded.

Other related lines of work in the control literature involve the identification of switched
systems with noisy measurements [50, 71| and system identification in the presence of output
attacks [81]. In contrast, we study the case with contaminated states, whose effect propagates
over time. Other fruitful ideas include attack resilient state estimation [34, 22| (where
the goal is to recover the system state) and Byzantine fault tolerance [86, 47| (where a
collection of redundant agents can prevent an attack by faulty agents in the computation of
an optimization problem).

To situate the work in the broader context, we discuss related works on robust regression.
The paper [79] studied the related problem of outlier detection in linear regression. It proved
the equivalence of adding a penalty to the least-squares loss function and using an alterna-
tive loss function to the least-squares loss. In particular, it noted that [; regularization is

I M-estimators optimize the sample average of loss.
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equivalent to using the Huber loss? and that Huber loss may not be the best choice for guar-
anteeing robustness in many cases — a non-convex loss function may be more appropriate.
However, unless in very specialized settings, the theoretical justifications of non-convex es-
timators are rare, and the computation of non-convex estimators is not well-understood [52,
64]. The work [11] solved the problem of regression with sparse disturbance via iterative
hard thresholding. There has been a flurry of recent papers on robust training |25, 74, 85|.
Nevertheless, the independence assumption between samples renders them inapplicable to
system identification — the state measurements are dependent and cannot be re-ordered.
Transforming the data samples to deal with missing data in linear regression does not directly
translate to the system identification case due to the need to measure several trajectories
or solve nonlinear optimization problems. It is undesirable to reset the system in practical
applications. Furthermore, it is unclear how identification can be achieved robustly in an
online fashion.

Section 4.2 considers a particular type of [; minimization problem as a solution to the
identification of system matrices (A, B). Our problem differs from the usual literature on
[y minimization in that the system identification setting naturally has correlated inputs and
outputs. In Section 4.3, we derive sufficient conditions for exact recovery in finite time
when we have exact measurements. The noisy case is studied in Section 4.4, where we
provide an error bound on the estimation error. The conditions are based on the null space
property (NSP), which is hard to verify directly. We derive sufficient conditions for NSP in
Section 4.5 and in Section 4.6 show that NSP holds in a particular attack model where the
input is Gaussian and the adversary injects disturbances intermittently with a fixed policy
based on the states and input measurements. Section 4.7 complements the upper bound by
providing a lower bound of the estimation error where the state information is known to
the attacker, showing that the absence of NSP leaves the door open for attacks that lead to
inconsistent estimators.

4.2 Problem Formulation
Consider the linear time-invariant dynamical system over the time horizon [0, T'):
$t+1:AQJt+BUt+(L. tIO,l,...,T—l,

where A € R™" B € R™™ are unknown matrices in the state space model to be estimated
and d,’s are unknown disturbances. Throughout the chapter the bar over the variables
indicates the unknown ground truth. The goal is to find the matrices A and B from the state
measurements o, ..., 7 € R and input data uo, ..., up_; € R™. The disturbances dy, ..., dp_1
model both noises and anomalies in the system, such as attacks or actuator’s faults. The
initial state xg is assumed known and the remaining states x;,¢ > 0 depend on the input and

2 . . . . 122, if 2| <b
The Huber Loss is a piece-wise function defined by Hy(z) = 1 .
b(|z| — 3b), otherwise
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the disturbances. Without any assumptions on the disturbance, the identification problem
is not well-defined due to the impossibility of separating Az, + Bu, from the disturbance
d,. In particular, if d, = A’x; + B'u,, then the system evolves as if the system matrices are
(A+ A’, B+ B'). We will make certain sparsity assumption on the disturbance signal in the
noiseless case, and generalize the result to the noisy case.

For clarity of notation, we introduce the matrix notation X = [xg,...,z7 4], U =
[ug, ... ,up_1], and D = [dp,...,dr_1]. The last state x7 will appear in our optimization
problem but it is not a column in the matrix notation. The attack D is assumed to be
restricted to a set D C R™T. The set D captures the user’s belief of possible places of
attack and its directions. The i-th largest singular value of a matrix U is denoted by o;(U),
the minimal and maximum singular values by o, (U) and o, (U), respectively.

Define the sum of norm error ||D||2co := > ;||di]|2, where the index is over the columns
of D. The (column-wise) support of D is defined as supp(D) = {i € {0,...,T—1} : d; # 0}.
For any subset of indices I C {0,1,...,7 — 1}, the complement of I is defined as I° = {i €
{0,...,T — 1} : i ¢ I}. For any matrix U € R"™*T the projection II;U is a matrix of the
same size as U and its columns are zero except for those in 7, i.e.,

Uy;, ifiel
(I U); = {

0, otherwise

In contrast, the subset matrix U; has size n x ||, selecting only the columns of U in the index
set 1. We use U; as a shorthand for Uy .. 71y} and Ugr as a shorthand for Uy 7-13\7-
The range of U is defined as rangeU = {>_, \iu;, \; € R}.

The Minkowski sum of sets £ and F is denoted by E® F ={e+ f,e € £, f € F}. The
sum with the inverse of the set is denoted by E© F = {e — f,e € €, f € F}.

To recover the system matrices A and B, we analyze the following [;-optimization prob-
lem:

T-1
min > "||d; (4.1)
1=0

A,B,DED
st w1 =Ax;+Bu;+d;, 1=0,...,T—1, (4.2)
where the states x;,7 € {0,...,T} are generated according to
Tis1 = Ax; + Bu; +d;, i=0,...,T—1. (4.3)

The initial state z( is known. The control inputs u;,i € {0,...,7 — 1} are to be designed
but fixed in the optimization problem (4.1). Problem (4.1) differs from the classical [,
minimization (basis pursuit) problem

min ||z|
4
st. Oz =z,

in that
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e We apply the [; norm at the group level to the disturbances dy, ..., dr_1, because we
only assume sparsity in the occurrence of the disturbance but not the disturbance itself.

e The disturbances matrix D is limited to a set D.

e We do not attempt to minimize the [; norm of all the unknown parameters. In partic-
ular, the system matrices A and B are not assumed to be sparse.

e The states x;,0 < ¢ < T — 1 appear both as inputs and as measurements in the

constraints (4.2). They also depend on the exogenous input u; and the disturbances
d;.

e Because the states are correlated, we cannot independently rescale them, as is com-
monly done in the analysis of /; optimization problems.

4.3 The Noiseless Case

This section studies the noiseless case, where {d;,i € {0,1,...,T — 1}} are either 0 or come
from the attacker who is attempting to disturb the running of the system. We aim to
understand how to design the input of the system (in case that is an option) so that the
identification of the excited system in the presence of adversarial disturbances is possible.

We use S = supp(D) to denote the time stamps of actual attacks. The set of disturbances
D is assumed to be closed under the projection onto S.

Assumption 4. The set of disturbances D is convex and contains 0 in its interior. Fur-
thermore, Ilg(D) € D for all D € D.

A key construction in the study of (4.1) is the Null Space Property[42], which is formalized
below.

Definition 5. Let ¢ > 0, S € {0,...,T — 1}, and R be a subset of R™*T. The matriz

l?ﬂ e ROTmXT s said to satisfy the Null Space Property with constant c, index set S,
and range set R ((¢,S,R)-NSP), if for all matriz pair A € R B € R™™ such that

—AX — BU € R and (A, B) are not both zero, we have

X Xge
114,82 e < €l B [5 laen (1.4

When the set S or R is obvious in the context, we omit them and use ¢-NSP or (¢, S)-NSP
to highlight the parameters of interest. NSP was already mentioned in the original paper
proving an exact recovery result with restricted isometry property [21] and was carefully
studied in the paper [23]. The theorem below formalizes the standard result that roughly
states that 1-NSP is sufficient for the exact recovery of all sparse disturbances.
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Theorem 16. Assume that {‘;ﬂ satisfies the (1,5, D © D)-NSP where S = supp(D), then
(A, B, D) is the unique solution to problem (4.1).

Proof. Let (A, B, D) be any feasible solution to (4.1). We will show that if the matrices
are not equal to the ground truth (A, B, D), then they cannot be an optimal solution. The
feasibility can be written as:

Tis1 = Ax; + Bu; +d;, i=0,...,T—1,
.Z‘i+1:AZEZ'+BUZ'+dZ', Z:O,,T—l

Taking the difference of the two equality, (A — A, B — B, D — D) lies in the null space in the
sense that

which can be written in matrix form as

0= (A—A)XS—F(B—B)Us—F(DS—Ds) (45)
0= (A—A)XSC—F(B—B)USC—DSC, (4.6)

where S = supP(D). Note that D — DeDoD. If A- A=0and B— B =0, then D = D.
Suppose D # D, then A— A and B — B are not both zero. We apply the null space property
to derive the following inequalities.

| Dl2,cot = [ Dsl|2,cot + || = Dsell2.col

= [ Dsllzcor + I(A = A) Xge + (B — B)Use
> || Dslla.co + (A= A)Xs + (B — B)Us|
= | Dsll2,cot + (D — D)s|l2,cot

> ||Dsll2,cor  (triangle inequality)

2,col

2.co.  (1-NSP)

= || D||2.co (sparsity of disturbance).
This means that (A, B, D) is not an optimal solution to (4.1). O

Remark 9. /3] showed that 1-NSP is necessary for the exact recovery for all instances of a
certain class of robust regression problems. However, because x;,1 <1 < T —1 appear on both
sides of the constraints (4.2), the system identification problems are determined by inputs U
and disturbances D, which is only a subset of all instances of the regression problems.

Remark 10. The proof of Theorem 16 can be directly applied to the case without control
input, for which the (¢, S, D & D)-NSP takes the form

||AXSH2,COI < CHAXSC||2,COZ (47)
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for all A #0 € R™" such that —AX € Do D. NSP property with c = 1 ensures that A is
the unique solution to the optimization problem

A,DED

T-1
min > ||d; (4.8)
i=0
s.t Tit+1 :Al'l*Fdl, ’L:O,,T— 1, (49)
where the states x;,1 € {0,...,T} are generated according to

l‘i+1:Al‘i+Ji, ZZO,,T—l

4.4 The Noisy Case

This section studies the noisy case, where d;,i € {0,...,7 — 1} are not sparse but are a
combination of sparse attack and noise. We use the set S in this section to denote the
location of attacks. S is no longer the support of D in this section and Dge, whose columns
are noises at times without attack, may be nonzero.

The next theorem studies the error bound for estimating A and B matrices.

Theorem 17. Assume that T' > (m + n) and that the matriz {X} has full row rank.

U
Suppose (X, U) satisfies the (¢, S, DS D)-NSP with ¢ < 1, then the solution (121, B, D) to the
optimization problem (4.1) satisfies

1+c || Dsell2.co

)

Proof. The optimality of the solution implies that ||D|sce < ||Dll2.cor. The constraints
implies

I[A—A.B—Bl|lr <2

— ~ — —

0=(A—A)X+(B-B)U+(D-D).

c-NSP implies B R B R
||DS — DSHQ,col < C”Dsc — Dsc

2,col (410)

or
|D — Dll2cot < (14 ¢)||Dse — Dse|la.col (4.11)
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We have the following bounds

IDl|2,cot > [|D]l2,cot
=|D+ (D = D)lz.c0l
= HDS + (DS - DS)Hz,coz + HD5c + (lA)sc — DSC)HZM
> || Dsll2,cot — |1Ds — Dsll2,cot — | Dsell2,cor + |Dge — Dge
> || Dsll2,cot — | Dsell2.cot + (1 — €)|| Dge — Dge

2,col

2,col

C A _
HD - DH2,col

> ||DSH27COl - ||DSCH2,COZ + 1+ c

where we applied the triangle inequality and (4.10)-(4.11). Cancelling || Ds]|2.cor on both
sides, we obtain

1+c¢
1—-c

HD - DHQ,COZ S 2 HDSCHQ,col'

The bound above can be translated to the bound on (A, B) through the matrix norm in-
equality (note that "> (m + n)).

I[A - A, B — B]||romin (ED

A A = 1+c¢c
<D =Dlr <D= Dlfgcor <2

Dse
1—c|| 5

2,col -
O

Remark 11. The term 2HDSC 2.col 0N the right-hand side of Theorem 17 can be improved
to 2|| Dsell2.cor — || D|l2.cot + \|l§| 2.col USING similar techniques as those in basis pursuit, see for
example [42, Theorem 4.14], where an equivalence to c-NSP for basis pursuit problems is
proved. As in Remark 9, optimization problem 4.1 is a special case of basis pursuit where
the inputs and measurements are correlated. The bound, including the constant %, could
potentially be improved with the knowledge of the constraints, an example for the basis pursuit
problem is provided in [29, Chapter 7.

4.5 Satisfaction of NSP

Condition (4.4) can help us confirm, after observing the states and input sequence, whether
we can recover the true dynamics exactly. Theorem 17 has shown that the NSP condition
is useful in obtaining an error bound for the identification error. The following lemmas
attempt to derive stronger conditions that are more tractable than (¢, S, D)-NSP. They can
be combined with the results of the previous two sections to understand the type of input
design that is robust to attackers and when we can recover the system matrices through the
l; optimization problem (4.1).
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Lemma 19. Assume that T > (m + n) and
XS XSC
|S | max |:U5:| < ¢ Omin {Usc] ; (4.12)

where S = supp(D) and |S¢| > m + n, then [
set R.

‘5] satisfies the (¢, S,R)-NSP for any range

Proof. For any matrices A, B such that —AX — BU € R and (A, B) are not both zero, we
can upper bound and lower bound the norms:

.81 5] oen < VISTHA 21 [12] s
< VIIIA, Bl ( |757])
Xoe

104,81 [ 35 o = 18 [ 31

> A Blleown (|17])

where we use the relationship between (2, col)-norm and Frobenius norm. The last inequality
uses the assumption |S¢| > m + n. The inequality (4.12) therefore implies 1-NSP. The last
statement follows from Theorem 16 by setting R =D & D and ¢ = 1. O

Definition 6. For a matriz V = [vg, ..., vr_1]. V is said to be s-self-decomposable if for all
indices I C {0,1,...,T — 1} of size |I| = s, we have

V; € range(Vr) for alli € 1.

The s-self-decomposable amplitude is defined as

(V)= max min {ZH%HOO V= V¢[F[} : (4.13)
1C{0,...,T—1} FIGR(T75>><S el
[|=s Pr=[yilier

If U is s-self-decomposable, by definition it is also t-self-decomposable for ¢t < s. We are
particularly interested in the cases when s = 1 and s = |5].

Lemma 20. Assuming that Fﬂ has full row rank and is s-self-decomposable where s = |S|,

then it satisfies the (c, S, R)-NSP for ¢ > &( {)[ﬂ ).



CHAPTER 4. LEARNING OF DYNAMICAL SYSTEMS UNDER ADVERSARIAL
ATTACKS 79

Proof. Assuming that [)[ﬂ is s-self-decomposable where s = |S|, then we can find a matrix

IS = [7/]ies that is the minimizer of the inner optimization problem (4.13).

X Xse | s
1, ][5 et = 1,81 [ ] E5ll

< Slhillia. 5|7 ]

€S

|2,col
S P o [

[t remains to obtain a strict inequality when we relax ¢ > &,( ). Suppose for contradiction

X
U
that this does not yield a strict inequality, we must have

Xge

} =0 and [A, B] Eﬂ = 0.

Since {)15} has full row rank, [A, B] = 0. O

Lemma 21. Given S = supp(D) where |S| > 1, assume that Eﬂ has full row rank and is
1-self-decomposable where

X 1
- R
3 51({(]]) e

Then, it satisfies the (¢, S, R)-NSP for any subset R and
5]
1= (S| =D&

Proof. For any s € S we can find a vector v} that is the minimizer of the inner optimization
problem (4.13).

c>

. 37 1 = 1. [
— 114, 51 [377] 2
< Il 4,31 37 oo

Xots
< &llA B [17 oo
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Hence

.83 e = 12104, [ oo

Summing over s € S, we obtain

114, B[ o < 1817 S 14, ][] o

Rearranging terms and the proof is concluded by noting that, as in the proof of Lemma 20,
the full rank assumption implies that when we select ¢ > % the inequality is strict
for (A, B) # 0. O
Remark 12. Lemma 21 implies that when & < 2‘3—1‘71, the ground truth (A, B, D) is recov-
erable through (4.1).

We have yet not answered how to design the control input u;,7 € {0, ..., T —1} such that
the NSP holds. This is best done after we consider a probabilistic model of the disturbances.

4.6 A Probabilistic Model

The results of the previous section are still applicable only when the state and input sequence
has been observed — they have not yet given a concrete input design scheme that achieves
exact recovery in the noiseless case, or asymptotic recovery in the noisy case. This section
considers a particular type of random input. We will make the observation that, despite the

attacker’s attempt, we can apply the block martingale small ball condition [83] and obtain
X

U
We first restate the block martingale small ball (BMSB) condition following [83]. Define
the filtration F; as

a probabilistic estimation on o, (

O-(I07u0)7 lft: O
‘/—-;5: . ;
o (xg, ..., o, Ugy ... U do, ... diq) ift>1

so that the vector-valued process [it} .t > 01is {F;}i>0 adapted.
t

Definition 7. Given a filtration {F;};>0, and a vector-valued process V; € Rt > 0. The
process is said to satisfy (k, g, p)-BMSB for T'gy, = 0 if
k
1
z ZIP (J{(w, Vie)|* > w'Tyw|F;) > p, almost surely
i=1

for any fived w € R? with |wl||, = 1 and any j > 0.
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We make the following two assumptions about the input and attack model. They will
ensure that the process is Gaussian.

Assumption 5. The input sequences u;,t > 0 are independent and identically distributed
Gaussian N(0,0%I) random variables.

Assumption 6. The attack d;,d > 0 satisfies the following condition
e The set of attack S C{0,...,T — 1} is fized.
e Fort ¢S, d; is the noise and follows the distribution N (0, €*I).

e Forte S, d, = Pri+Qui+ey, where P and Q) are constant matrices of compatible size.
They are not dependent on F;. The sequence of random noise e; follows the Gaussian
distribution N(0,€I) and is independent of F;.

We can bound the Gramian matrix, which is identified as a key measure of sample
complexity in [83]. We formalize the result in the Lemma below. Define the following
constants

Qlppin = min(amin(A + P)v Umin(A))
Omax = Max(Tpax(A + P), Omax(A))
ﬁmax = max(amax(B + Q)a O_max(B))-

Lemma 22. Let ', = E [xtazﬂ , we have

Iy = a2, i1 +el

Iy =< apale1 + (€ + Biae) 1.

In particular, fort > 1,

Dy TP =l To+ > ak (€ + 82 1.

0<i<t—1
Proof. Condition on F;_1; we have

Elz.w |Fii]
= E[(Az;—1 + Buy—1 + dy_1)
. (Al’t_l + But_l + dt_l)T|ft_1].

We analyze two cases
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e Whent —1 € S, the term becomes
E[((A+ P)zi—1 + (B + Q)ut—1 + e1-1)
((A+ P)zy—1 + (B+ Que—1 + e-1) | Fi).
Taking the expectation on both sides, we obtain
I''=E [xtxﬂ
QA+ P (A+P) +0*(B+Q)B+Q) + .

where (b) follows by noting that u,_; and e;_; are independent of x;_; and has mean
Zero.

e Whent —1 ¢ S, the term becomes
E[(Azi1 + Bug—y + e41)
- (Azy—1 + Buy—1 + €t71)T’~7‘—t71]-
Taking the expectation in a similar way
I, = ATy AT + 0’BB" + €I.
In both cases, we can lower bound I'; by leaving out the positive semi-definite term and
using the minimal singular values of the multipliers.
[, =a?, T+ €.
The upper bound follows similarly by bounding with the maximum singular values. The
result of the lemma follows by induction. O]

{(—:QIn

to our setting.

Let I' = 521 } The next lemma confirms that indeed BMSB condition applies

Lemma 23. Under the Assumption 5-6. For any sequence of indices 0 < sg < $1 < Sa, . . .,

the sub-process Bst} ,t > 0 satisfies the (k, %F, %)—BMSB condition.

St

Proof. For clarity of notation we will prove the result for s, = t and then note that the proof
does not depend on the fact that s; = ¢.
We will prove that the process is 3-Paley-Zygmund [82, Lemma 3.9] and conclude BMSB

as a consequence, following a similar argument in [82]. Fix a vector [I;j € R*™ At any

fixed time 7 > 0 and ¢ > 1, we write

Tiag| Fy = Alwy + ) AT (Bugay + dyi) |

0<k<i—1
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We may substitute the expression of ds;,0 < ¢ < ¢t — 1 and find that the conditional
distribution of (w,x;ys) + (v, uss)|Fs is Gaussian. Let YV; = ((w,zj4;) + (v,u;44))* and

Zjvi = 7% for i > 1. We can calculate
Uj+i

B[] = (w0 EZ 2 |1

(a) T

w Blzjm] | Filw + 0®v v

(b)
> e2wTw + O'Q?JT?J

where (a) follows because u;,; is independent of x;,; and is Gaussian with variance ¢%; (b)
follows from the lower bound of Gramian in Lemma 22. To evaluate the condition in BMSB,

we note
E)

© 1 [E[S, vilF)P @14)
B[Sk, vorE|

where (c) uses the Paley-Zygmund inequality. Since Y;|F; takes the form of Z? where Z is
a Gaussian random variable, which satisfies the condition

EZ* < 3(EZ?)?, (4.15)

< ZY>—ew w+ o2
1 k
ZIP(k Y; > IE ZY|J—“

=1

we can upper bound the denominator as follows:

QYN | = D ENYlF]

ii'=1

(d) &
< > ER?IFIEYIF)

=1

@ &
<3 Z E[Y;| FE[Yy | F;],

ii'=1

where (c) uses the Cauchy inequality and (e) follows from (4.15). Combining this inequality
with (4.14) concludes the proof of the BMSB condition. Finally, we note that we have only
used the fact that the conditional distribution of Y; is the square of a Gaussian random
variable, the inequality used in the proof does not depend on whether the selected indices
are contiguous. The proof generates to any sub-process. O]
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BMSB-condition implies a non-asymptotic bound on the singular value of Fﬂ .

Proposition 2. Under Assumptions 5 and 6. Let C(I) = (ma?|I| + 3., tr(TP™)), where
' 4s defined in Lemma 22. For any subset I C {0,1,...,T — 1}, we have

P (amax ([)U(IID > %) <n (4.16)
P (amm ([?2]) < min(e,a)\/%) <7

|1 |p?

10k
1 C(I)
+§(m+n) log ( QkLII/ka2n2)> (4.17)

min(e, 0)2 =%

+ exp (— + 2(m 4+ n) log(10/p)

Proof. The proof is a direct consequence of the covering argument in [83, Section D|. We
only highlight the major differences in our attack model and give an outline of the proof.
To prove (4.16), we use the Markov inequality.

(o ([5]) 7y 52)

< e e ([ [5] )
S%-E tr(ﬁﬂ EﬂT) <1

To prove the bound (4.17), we use Lemma 23, which already shows that (k, ', p)-BMSB
condition is satisfied, where I'y, = %F and p = % [83, Proposition 2.5| shows that for any
w € R", v € R™, we have

T

P (Z«w,m + (o)t g ST ”kaUI!/kJ>

N < exp <—Hﬂ%p2)
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To obtain the bound for the smallest singular value, we use a covering argument per [83,
Section D], which leads to the inequality

P ({amin (ﬁﬂ) < min(e, o) %/;Jpz} n
(I E)

|71
<exp + 2(m + n)log(10/p)+

10k
1 C(I)
—(m+n)log 5
2( ) (min(e, 0)2 kLII\l/ﬁka 772>>
Noting (4.16), the union bound leads to (4.17). O

We are now able to provide a sufficient condition for the satisfaction of NSP in our attack
model.
Theorem 18. Assume that apma < 1, for any ¢, > 0, there exist constants N and h > 0,

such that when |S|* < h|S¢| and |S¢| > N, {?ﬂ is c-NSP with probability at least 1 — 3n.

Proof. When ayp,, < 1, Lemma 22 shows that tr(I'**) will be bounded, hence C(I) = O(|I]).
Applying Proposition 2 for I = .S and [ = S¢, respectively, there exists constants N, ¢, and

" that do not depend on S, such that when |S¢| > N ,with probability as least 1 — 37, the
following two conditions hold

Therefore, we can pick a small enough i > 0, such that when |S|* < h|S¢|,

XS XSC
|S|0max |:US:| < C* Omin |:U5c:| (418)

with probability at least 1 — 37. Lemma 19 then applies and we conclude that {)U(} is
c-NSP. m
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4.7 Estimation Error Lower Bound

We have shown the satisfaction of NSP with the attack model in Section 4.6. Assuming
NSP, we have provided an upper bound of the estimation error in Theorem 17. This section
complements the story of error upper bound by providing a lower bound to the estimation
error for the attack model in Section 4.6. The result suggests that the absence of NSP opens
up the chance for the [; optimization problem to produce an inconsistent estimate for certain
types of attack. For simplicity, we study the noiseless case with no control input, where the
NSP property is formulated in (4.7).

Proposition 3. Let S = suppD. Suppose there exist parameters 0 < 1 < v and a matriz R
such that

pl|Rx;||* < (dy, Rz;) and ||d;|| < v||Ra;l|, Vi € S.

Let A be the solution to the optimization problem (4.8). Then we have

3o 2 IRl = SRl

i€S IS

T p
A—Allp >
H HF o O'max<x5)

Proof. The proof is based on a relaxation of the dual problem of (4.8). First we rewrite (4.8)
in the second-order cone optimization form:

s.t. lx”l t_ A’“’} cC,Vie{0,1,..., T —1}.

where C' is the second-order cone
C={" )" eR™ |lz], <1},
and the sum is over i € {0,...,T — 1}. To find out the dual problem, we compute

. T
max min ti — v, (i — Ax;) — sit;
v, ER™ 5, ER At - ! v ( o Z) v
3

s.t. H cC, forallie{0,1,...,7—1}.

%

Note that a finite minimum in the inner optimization problem requires ). zv, = 0 and
s;=0forallie{0,1,...,7 —1}. They imply

ZU:ZL‘HJ = ZUZTCZZ + Ztr([lxm:) = Z’UZTCL
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Therefore, the dual problem is simplified to
_ Td.
max =) uld
st. vl <1, forallie{0,1,...,7 —1}

E rw, = 0.
i

Consider the following relaxation with a fixed matrix R, which upper bounds the dual
objective

HlaX —ZUICL
st. vl <1, forallie{0,1,...,7 —1}

ZUZTRL» =0.

Pick any A > 0, we have
IDslla.co = [I(A = A) Xslcor < Y| Ami + d; — A
i€s

<Yz — Awi|
7

< max _ZUiTCZi—i_)‘ZUiTRJ;i

i

st vl <1

= |ld; — ARz

where we use the triangle inequality, relax the sum from i € S to ¢ € {0,1,...,7 — 1}, and
use the relaxed dual problem with a fixed Lagrange multiplier as an upper bound to the
primer objective. As a result,

) 1 - 5
A = A)lp > ———— |3 (Idill — lldi = ARzill) = > M| Ra,|
Umax($5) | ieS 1eS¢c
1 [ (]2 = || d: — AR=i||?)
_ | i — > Al|Rz]
O'max(xS) _iEZS ||d1|| + ||dl - )\RI'zH ZEZSC
B 7 N )2 112
O-max(x5> |ies 2Hd1” —}—)\HRle eS¢
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For a fixed ¢+ € S, the quadratic term in the numerator finds its maximum at \* =

f&’iﬁ? > p, where the inequality is due to the assumption (d;, Rz;) > pu||Rwzi]|?, Vi € S.

Selecting A = i, then we have

. Ju | || R |
(A= Al > f - Rl
ron5) | 22 A+ ] 2
,u H
> sz - sz
- _;;QVJFMH | iEZS:CII |

where the inequalities follow from our assumption and Cauchy’s inequality v||Rx;|| > ||d;|| >
pl| R O

4.8 Numerical Experiments

This section provides numerical simulations to illustrate the efficiency of the identification
approach. First, consider the autonomous case where B = 0. Our baseline for comparison
is the least-squares estimator

T-1

1 . pR— . 2
mjnZHxZH Az, (4.19)

t=0

To obtain the system matrices, we consider the case n = 5. We use N(0,X) to denote the
multivariate Gaussian random variable with mean 0 and covariance Y. We set the spectrum
of A to be I' = diag(0.9,0.8,0.7,1.1,0.1), and let A = PTP~! where P is a random matrix
whose entries are normally distributed with mean 0 and variance 1. Let zy be normally
distributed with mean 0 and variance 1. Let the disturbance d; be non-zero 30% of the
time. Moreover, for t € K, let d; follow the distribution N (0, 10I5), where I5 is the 5-by-5
identity matrix. As the horizon T increases from 1 to 50, we compare the constrained Lasso
estimator (4.8) and the least-squares estimator (4.19) in Figure 4.1. Due to the frequency
and large magnitude of the disturbance, the least-squares estimator never converges to the
true system matrix A. In contrast, the lasso estimator quickly converges to the true system
matrix, and after it converges, future disturbance has little effect on the estimation accuracy.
Figure 4.2 shows that the presence of noise makes perfect recovery impossible in finite
time, but the sudden improvement of the performance of the estimator is still apparent.
For the second example, we consider the Tennessee Eastman challenge problem. We
obtain the A and B matrices from a discretization of the continuous-time LTI model in [54].
The discretization uses zero-order hold with the sampling period being 0.25h. Since the
continuous-time model has a large separation between fast and slow modes, the discretized
A matrix has four modes close to 0. The values of A and B are provided in (4.21) and (4.22).
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lasso [|A — Allr
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10 -10 I I I I
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Figure 4.1: Comparing the constrained lasso estimator (4.8) and the least-squares (ls) esti-
mator (4.19). The circles plot the magnitude of the disturbance d; when it is non-zero. The
difference is measured in the Frobenius norm || - ||z.

Our baseline for comparison is the least-squares estimator

T-1

3 . JR— ¢ — 2
I%;szﬂ Az; — Bu,||?. (4.20)

Inspired by Theorem 18, the control inputs come from the distribution N (0, I4), and the
initial state comes from N(0, Ig). The disturbance is generated in the same fashion. Fig-
ure 4.3 shows that the constrained lasso estimator (4.1) vastly outperforms the least-squares
estimator (4.20). Despite the fact that 30% of the states are disturbed, the identification of
both A and B matrices is almost perfect.

4.9 Conclusion

This chapter studies an [;-based identification scheme of a fully observable linear time in-
variant system affected by sparse state disturbances. We find that as long as the attack is
not too frequent, even assuming that attack can take the form of a linear state and input
feedback, an accurate state space representation can be obtained. The inequalities in the
form of the null space property can provide conditions on the exact recovery of the model and
give a bound of the estimation error. The lower bound on estimation error seems to suggest
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Figure 4.2: Comparing the constrained lasso estimator (4.8) and the least-squares (ls) estima-
tor (4.19) with additional N(0,1) noise injected to the states. The circles plot the magnitude
of the disturbance d;.

[ 5.4803x101 4.8137x1073 —1.7226x1071 —2.4752x1072 1.6520x10~3 3.4343x10~% —9.6398x1075 1.4510x10% ]
5.9242x107% 9.8284x107! 9.9585x107% —1.6428x10* 5.2225%x107° 3.6788x10~7 —7.0184x107° 9.5650x10~7
—4.3298%107! 4.0718x1073 8.0876x10~1 —2.4586x1072 1.8725x10™3 —2.6758x10™* —5.5680x10~> 1.4413x10~4
3.1393x10~! —1.1807x10~! 5.6784x1072 7.5675x10~1 1.6457x1072 1.9424x10~% —7.5567x107°—4.4716x10~3

0 0 0 0 6.3656x10~*° 0 0 0
0 0 0 0 0 6.3656x10~0 0 0
0 0 0 0 0 0 6.3656x10 4 0
| 1.7555x107! —6.5758x1072 3.1911x1072  4.2687x107" 9.2087x10~* 1.0861x10~* —4.2300x10~°—2.5223x10~? |
(4.21)

[0.2530 0.0412 —0.0138 —0.0111]
0.0044 0.0000 —0.0063 —0.0001
0.2730 —0.0138 —0.0101 —0.0111

0.0903 0.0104 —0.0042 0.6455
B= 1.0000 0 0 0 (4.22)
0 1.0000 0 0
0 0 1.0000 0

10.0499  0.0057  —0.0023 —1.0406
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Figure 4.3: Comparing the constrained lasso estimator (4.1) and the least-squares (ls) esti-
mator (4.20) for the Tennessee Eastman challenge problem. The circles plot the magnitude
of the disturbance d; when it is non-zero. The difference is measured in the Frobenius norm

-1l
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that there are fundamental limits on this identification scheme. It would be interesting to
study when consistency and error bounds hold for other models of attack. More generally,
other identification schemes such as iterative re-weighted least squares and its variations are
promising to analyze in the system identification context.
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