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Wavelet Deconvolution

Jianqing Fan and Ja-Yong Koo�

August 20, 1999

Abstract

This paper studies the issue of optimal deconvolution density estimation using

wavelets. We explore the asymptotic properties of estimators based on thresholding

of estimated wavelet coe�cients. Minimax rates of convergence under the integrated

square loss are studied over Besov classes B�pq of functions for both ordinary smooth

and supersmooth convolution kernels. The minimax rates of convergence depend on

the smoothness of functions to be deconvoluted and the decay rate of the characteristic

function of convolution kernels. It is shown that no linear deconvolution estimators

can achieve the optimal rates of convergence in the Besov spaces with p < 2 when the

convolution kernel is ordinary smooth and super smooth. If the convolution kernel is

ordinary smooth, then linear estimators can be improved by using thresholded wavelet

deconvolution estimators which are asymptotically minimax within logarithmic terms.

Adaptive minimax properties of thresholding wavelet deconvolution estimators are also

discussed.

Keywords. Adaptive estimation, Besov spaces, linear estimators, minimax estimation,

thresholding, wavelet bases.
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1 Introduction

Deconvolution is an interesting problem that arises often in engineering and statistical ap-

plications. It provides a simple structure for understanding the di�culty of ill-conditioned

problems and for studying fundamental properties of general inverse problems. The de-

convolution problem can be formulated as follows. Suppose we have n independent ob-

servations Y1; : : : ; Yn having the same distribution as that of Y available to estimate the

unknown density f of a random variable X, where

Y = X + "

and " has a known distribution. Assume furthermore that the random variables X and

" are independent. Then, the probability densities g and f of Y and X, respectively, are

related by a convolution equation

g(y) = (f � f") (y) =
Z

1

�1

f(y � x)f"(x)dx;

where f" is the density function of the contaminating error ". The function f" is called a

convolution kernel. Our deconvolution problem is to estimate the unknown density function

f based on observations from the density g.

Models of measurements contaminated with error exist in many di�erent �elds and have

been widely studied in both theoretical and applied settings. Nonparametric deconvolution

density estimation is studied by [3], [6], [10]{[12], [16]{[19], [21], [23], [28], [32], among oth-

ers. In particular, the optimal rates of convergence are derived by [3], [11], [12], [18], [32].

[22] extends the study to stationary random processes and [14] studies Poisson demixing

problems. Recently, a number of authors employ wavelet techniques for nonparametric in-

verse problems [1], [7], [15], [25], [29]. In particular, [25] studies linear wavelet deconvolution

density estimators for the Sobolev classes of density functions. Nonparametric deconvolu-

tion problems have important applications in statistical errors-in-variables regression [4],

[13].

This paper focuses on nonparametric deconvolution density estimation based on wavelet

techniques. This allows us to take full advantages of sparse representations of functions

in Besov spaces by wavelet approximations. As a result, deconvolution wavelet estimators

have better ability in estimating local features such as discontinuities and short aberrations.



They can estimate functions in the Besov spaces better than the conventional deconvolution

kernel estimators.

Let � be a scaling function and  be its corresponding wavelet function [5], [24]. Set

�j;k(x) = 2j=2�(2jx� k) and  j;k(x) = 2j=2 (2jx� k):

Then, for any given j0, the family f�j0;k;  j;k : j � j0; k 2 Zg forms an orthogonal basis for

L
2(R). For the unknown density f 2 L

2(R), it can be decomposed as

f =
X
k

�j0;k�j0;k +
X
j�j0

X
k

�j;k j;k:

For ordinary smooth convolution kernels with degree of smoothness s, it will be shown that

f2sj j;k �f"g behave like the vaguelettes which are described for several homogeneous oper-

ators in [7]. Examples of homogeneous operators include integration and Radon operators.

The vaguelettes for homogeneous operators can be expressed by dilations and translations

of a �xed function [7]. Since the convolution operator mapping f to f � f" is inhomoge-

neous, the family of functions f j;k � f"g can not in general be expressed by dilations and

translations of a �xed function. However, for each �xed j, they are translation of a �xed

function, which is enough to derive asymptotic results for wavelet deconvolution. A similar

result holds for supersmooth convolution kernels.

Our approach to the deconvolution density estimation is as follows. Observe that

�j0;k =

Z
1

�1

�j0;k(x)f(x)dx =
1

2�

Z
1

�1

�̂j0;k(�t)
�Y (t)

�"(t)
dt; (1)

where �̂j0;k is the Fourier transform of �j0;k and �Y and �" are the characteristic functions

of the random variables Y and ", respectively. The unknown characteristic function �Y can

be estimated from the observed data via the empirical characteristic function. This can be

used to provide an unbiased estimate of �j0;k. Using only the estimated �j0;k to construct

estimators of f yield so-called linear estimators. The linear deconvolution estimators behave

quite analogously to deconvolution kernel density estimators. They can not be optimal for

functions in the general Besov spaces, no matter how high the resolution level j0 is chosen.

This drawback can be ameliorated by using nonlinear wavelet thresholding estimators:

Estimate the coe�cients �j;k in an analogous manner to �j0;k, keep estimated coe�cients

only when they exceed a given thresholding level and use the wavelet decomposition to

construct an estimate of density f . The resulting thresholding wavelet estimators are



capable of estimating functions in the Besov spaces optimally within a logarithmic order,

in terms of the rates of convergence.

The di�culty of deconvolution depends on smooth of the convolution kernel f" and the

smoothness of the function f to be deconvoluted. This was �rst systematically studied in

[11] for functions in Lipchitz classes. We will show that the results continue to hold for

the more general Besov classes of functions. The smoothness of convolution kernels can

be characterized as ordinary smooth and supersmooth [11]. When a convolution kernel

is ordinary smooth, we will establish that the optimal rates of convergence for both linear

estimators and all estimators. They are of polynomial order of sample size. Furthermore, we

will show that no linear estimators can achieve the optimal rate of convergence for certain

Besov classes of functions, whereas the thresholding wavelet deconvolution estimators can.

This clearly demonstrates the advantages of using wavelets thresholding procedure and is

an extension of the phenomenon proved by [8] for nonparametric density estimation. When

the error distribution is supersmooth, we will show that the optimal rates of convergence are

only of logarithmic order of the sample size. In this case, while the linear wavelet estimators

can not be optimal, thresholding wavelet estimators do not provide much gain for estimating

functions in the Besov spaces. The reason is that the last resolution level in the thresholding

wavelet estimators has to be high enough in order to reduce approximation errors, but this

creates very large variance in the estimated wavelet coe�cients when convolution kernels

are supersmooth.

The rest of this paper is organized as follows. In Section 2, we introduce some necessary

properties on wavelets, Besov norm and smoothness of convolution kernels. Technical con-

ditions are also collected in Section 2. Minimax properties of linear wavelet estimators are

studied in Section 3. Section 4 describes minimax rates of thresholding wavelet estimators.

Adaptive results are studied in Section 5.

2 Preliminary

2.1 Notation

Let E , P and V denote expectation, probability and variance of random variables, respec-

tively. Denote by Cr the space of functions having the rth bounded derivatives. We use the



notation hj;k(x) = 2j=2h(2jx�k) for a given function h, where j; k 2 Z. Let C be a generic

constant, which may di�er from lines to lines. For positive sequences fang and fbng, let

an � bn mean that C�1 � an=bn < C. Denote by ĥ the Fourier transform of a function h,

de�ned by

ĥ(t) =

Z
1

�1

e
itx
h(x)dx;

and let h(m) be the mth derivative of a function h. The �2-distance between densities f1

and f2 is de�ned by

�
2(f1; f2) =

Z
(f1 � f2)

2

f1
:

For any two probability measures P and Q, their Kullback-Leibler information is de�ned

by

K(P;Q) = EP log(dP=dQ)

if P is absolutely continuous with respect to Q; otherwise, K(P;Q) = +1.

2.2 Wavelets

Recall that one can construct a function � satisfying the following properties [5], [24]. The

sequence f�(x � k) : k 2 Zg is an othonormal family of L2 (R); the function � 2 Cr and

satis�es the following moment conditions:Z
x
j
�(x)dx = 0; for j = 1; � � � ; r� � 1:

Furthermore, \j2ZVj = f0g and L
2 (R) = [j2ZVj when � 2 L

2 (R), where Vj denotes the

space spanned by f�j;k : k 2 Zg. The function � with these properties is called a scaling

function having regularity r and of order r� for the multiresolution analysis (Vj)j2Z.

By the construction of the multiresolution analysis, Vj � Vj+1. De�ne the space Wj

by Vj+1 = Vj �Wj. Under the above conditions, there exists a function  (the `mother

wavelet') having the following properties. f (x � k) : k 2 Zg is an orthonormal basis of

W0; f j;k : j; k 2 Zg is an orthonormal basis of L2(R);  2 Cr and satisfy the following

moment conditions: Z
x
j
 (x)dx = 0; for j = 0; 1; � � � ; r� � 1:

Furthermore, if � has a compact support, so does the wavelet function  .



From the above construction, the sequence f j;k; k 2 Zg is an orthogonal basis for Wj

for each j, and for each given j0 f�j0;k;  j;k : j � j0; k 2 Zg forms an orthogonal basis for

L
2(R). For the probability density f 2 L

2(R), it admits a formal expansion

f =
X
k

�j0;k�j0;k +
X
j�j0

X
k

�j;k j;k:

The coe�cients �j0;k and �j;k are called wavelet coe�cients of f .

2.3 Besov spaces

Let Ej be the associated projection operator onto Vj and Dj = Ej+1 � Ej . Besov spaces

depend on three parameters � > 0, 1 � p � 1 and 1 � q � 1 and are denoted by B�pq.

Say that f 2 B�pq if and only if the norm

J�pq(f) =



Ej0f





Lp(R)

+
nX
j�j0

�
2j�kDjfkLp(R)

�qo1=q
<1

(with usual modi�cation for q =1). Using the decompositions

Ej0f =
X
k2Z

�j0;k�j0;k; Djf =
X
k2Z

�j;k j;k;

the Besov space B�pq can be de�ned via the the equivalent norm

kfk�pq = k�j0�kp +

8<:X
j�j0

�
2�

0jk�j�kp
�q9=;

1=q

<1;

where

�
0 = � +

1

2
� 1

p
:

Here we have set k�j�kp = (
P

k2Z
j�j;kjp)1=p and the same notation applies to the sequence

(�j0;�). Abusing the notation slightly, we will also write k�k�pq for the above sequence norm

applied to the wavelet coe�cients.

The Besov spaces have the following simple relationship:

B�1pq1 � B�pq for �1 > � or �1 = � and q1 � q

B�pq � B�1p1q for p1 > p and �1 = � � 1=p+ 1=p1:

They include the Sobolev spaces B�22 and bounded �-Lipschitz functions B�11 for � 2

(0; 1).



Set B�pq(M) = ff : kfk�pq �Mg. The spaces of densities we use are de�ned by

D�pq(M) =

�
f :

Z
R

f = 1; f � 0; kfk�pq �M

�
and

D�pq(M;S) =
n
f : f 2 D�pq(M); supp f 2 [�S; S]

o
;

where M and S are given constants.

2.4 Error distributions

The asymptotic properties of proposed deconvolution wavelet estimators can be character-

ized by two types of error distributions according to [11]: ordinary smooth and supersmooth

distributions. Let �"(t) = Ee
it" be the characteristic function of a random variable ". We

call the distribution of the random variable " the ordinary smooth of order s if �"(t) satis�es

d0jtj�s � j�"(t)j � d1jtj�s as jtj ! 1

for some positive constants d0, d1 and nonnegative s. Examples of ordinary smooth dis-

tributions include Gamma, symmetric Gamma distributions (including double exponential

distributions). We call the distribution of a random variable " supersmooth of order s if

�"(t) satis�es

d0jtjs0 exp(�jtjs=�) � j�"(t)j � d1jtjs1 exp(�jtjs=�) as jtj ! 1

for some positive constants d0, d1, s, � and constants s0 and s1. The supersmooth distri-

butions include Gaussian, mixture Gaussian and Cauchy distributions.

2.5 Technical conditions

To facilitate our presentation, we collect all technical conditions that will be needed in

this section. These conditions are not necessarily independent and can even be mutually

exclusive. Indeed, some of them are stronger than others. We �rst collect conditions needed

for scaling functions, which entail the conditions for wavelet functions.

(A1) The function � is compactly supported.

(A2) The function � 2 Cr with r � s+ 2.



(A3) The scaling function � is of order r� with r� � s+ 1.

(A4) The supports of �̂ and  ̂ are ft : jtj � 4�=3g and ft : 2�=3 � jtj � 8�=3g, respectively.

(A5) For every integer N � 1 and 0 � q � r,��� (q)(x)
��� � dN (1 + jxj)�N :

[5], [24] contain examples of scaling functions satisfying the above conditions. In par-

ticular, Daubechies' wavelets satisfy (A1) and Meyer's wavelets (A4) and (A5). When the

error distributions are ordinary smooth, the Daubechies' wavelets will be used. On the

other hand, the Meyer's wavelets are adopted for the supersmooth error distributions.

We need the following conditions for the convolution kernels that are ordinary smooth.

Double exponential and Gamma distributions satisfy the following conditions. It can be

noted that condition (B2) implies that �"(t) 6= 0 for any t.

(B1) j�"(t)j � C(1 + jtj)�s.

(B2) j�"(t)j � C(1 + jtj)�s.

(B3)
����(m)

" (t)
��� � C(1 + jtj)�s�m for m = 0; 1; 2.

When the error distribution is supersmooth smooth, the following conditions are re-

quired.

(C1) j�"(t)j � C(1 + jtj)s1 exp(�jtjs=�) with s; � > 0 and s1 a constant.

(C2) P (j"� xj � jxj��) = O(jxj�(a���)) as x! �1 for some 0 < �� < 1, a > 1 + ��.

(C3) j�"(t)j � C(1 + jtj)s0 exp(�jtjs=�) with s; � > 0 and s0 a constant.

(C4) For m = 0; 1; 2,
����(m)

" (t)
��� � C(1 + jtj)s2 exp(�jtjs=�) with s; � > 0 and s2 a constant.

If " is Normal or Cauchy, then (C1){(C3) are satis�ed. The Normal error distribution

satis�es condition (C4) with s2 = 2. We note that condition (C3) implies that �"(t) 6= 0

for any t.



3 Linear wavelet deconvolution estimator

In this section, we wish to establish the minimax rate for the best linear estimator under the

integrated square loss. This is achieved by �rst establishing a minimax lower bound over

the class of linear deconvolution estimators and by proposing linear deconvolution wavelet

estimators that achieve this lower bound. From the results in this and the next section, we

will see that the linear estimators can be optimal only when the function class is Sobolev,

a special case of the Besov space B�2q. For the general Besov space B�pq with p < 2, no

linear estimators can achieve the optimal rates of convergence.

3.1 Linear estimators

The class CL of linear estimators is de�ned by the representation

f
?

L(Y1; : : : ; Yn; x) =

nX
1

Tm(Ym; x);

where fTm(�; �)g are arbitrary measurable functions. The class of estimators are wide

enough for most practical applications. For example, the deconvolution kernel density

estimators [28] admit such a form with Tm being a deconvolution kernel. The deconvolution

estimators induced by an orthogonal series method is also of linear forms.

We propose unbiased estimators of the wavelet coe�cients �j0;k of the unknown density

function f . When �X is absolutely integrable, the Fourier inversion theorem provides that

X has a bounded, continuous density function f(x) given by

f(x) =
1

2�

Z
1

�1

e
�itx�X(t)dt:

Since X and " are assumed to be independent, �X(t) = �Y (t)=�"(t) when �"(t) 6= 0 for

all t. It can be seen that the wavelet coe�cients at level j0 can be written as (1). Let b�n

be the empirical characteristic function de�ned by

b�n(t) =
1

n

nX
m=1

exp(itYm)

and de�ne

�̂j0;k =
1

2�

Z
1

�1

�̂j0;k(�t)
b�n(t)

�"(t)
dt: (2)



The relation (1) implies that �̂j0;k is an unbiased estimator of �j0;k. Note that

�̂j0;k =
1

n

X
m

(K�

j0
�)j0;k(Ym);

where the operator K�

j
is formally de�ned by

(K�

j
h)(x) =

1

2�

Z
1

�1

e
itx

ĥ(�t)
�"(2jt)

dt:

Under Condition (A2), by integration by parts, we obtain that

j�̂(m)(t)j � C(1 + jtj)�r and j ̂(m)(t)j � C(1 + jtj)�r for m � 0: (3)

These imply that K�

j
� and K�

j
 are well-de�ned for the ordinary smooth error distributions

of order s. On the other hand, when the error is supersmooth, we use the Meyer's wavelet

whose Fourier transforms are of compact supports so that K�

j
� and K�

j
 are also well-

de�ned.

Now we de�ne the linear wavelet estimator as

f
?

n;j0
=
X
k

�̂j0;k�j0;k: (4)

By choosing j0 properly, we will show in the next two subsections that the above linear

estimator achieves the optimal rate of convergence among linear estimators.

3.2 Ordinary smooth case

The Daubechies' compactly supported wavelets are employed for deconvolution with the

ordinary smooth convolution kernels. The following Theorem states best possible rate for

the class linear estimators when the convolution kernel is ordinary smooth.

Theorem 1 Suppose that 1 � q � 1, 1 � p � 2 and � > 1=p. Then, under conditions

(A1) { (A3) and (B3), we have that

inf
f?
L
2CL

sup
f2D�pq(M)

[E f kf?L � fk22]1=2 � Cn
��0=(2�0+2s+1)

:

Since � has compact support for the case with ordinary smooth error, the summation in

k of the linear wavelet deconvolution estimator (4) is �nite. The following theorem shows

that the lower bound on the linear estimators is achievable by linear wavelet estimators

when the error is ordinary smooth.



Theorem 2 Suppose that 1 � q � 1, 1 � p � 2 and � > 1=p. Under Conditions (A1){

(A3) and (B2), we have that

sup
f2D�pq(M;S)

[E f kf?n;j0 � fk22]1=2 � Cn
��0=(2�0+2s+1)

:

provided that 2j0 � n
1=(2�0+2s+1). The result also holds for the class f 2 D�pq(M) under

the additional condition (B3).

3.3 Supersmooth case

For the supersmooth convolution kernels, the Meyer's wavelets are employed. The follow-

ing theorems establish the lower and the upper bounds. The optimal rates are only of

logarithmic order.

Theorem 3 Suppose that 1 � p; q � 1, p � 2 and � > 1=p. Then, under Conditions

(A4), (A5), (C1) and (C2), we have that

inf
f?
L
2CL

sup
f2D�pq(M)

[E f kf?L � fk22]1=2 � C(logn)��
0=s
:

Lemma 2 below implies that, for all x 2 R,




X
k

�̂j0;k�j0;k(x)







1

� C sup
k

j�̂j0;kj � C

under the conditions (C1){(C3). Hence, the linear wavelet estimator f?
n;j0

(x) is also well-

de�ned for the supersmooth case. According to the following theorem, the lower bound

on the linear estimators is achievable by linear wavelet estimators when the error is super-

smooth.

Theorem 4 Suppose that 1 � q � 1, 1 � p � 2 and � > 1=p. Under the assumptions

(A4), (A5), (C1){(C3), we have that

sup
f2D�pq(M;S)

[E f kf?n;j0 � fk22]1=2 � C(logn)��
0=s
;

provided that 2j0 = [(4�=3)�1(�=4)1=s(log n)1=s]. The result also holds for the class f 2

D�pq(M) under the additional condition (C4).



3.4 Proof of Theorem 1

We �rst introduce a few lemmas before proving Theorem 1. De�ne the operator K+
j
by

(K+
j
h)(x) =

1

2�

Z
1

�1

e
�itx

ĥ(t)�"(2
j
t)dt:

By Fourier inversion formula,Z
h(y � x)dF"(x=2

j) = (K+
j
h)(y); (5)

where F" is the distribution function of the random variable ".

Lemma 1 Under the assumptions (A2), (A3), (B3), we have���(K+
j
 )(y)

��� � C2�sj(1 + jyj)�2
:

Proof. By (A2) and integration by parts, we obtain that��� ̂(m)(t)
��� � C(1 + jtj)�2 for m = 0; 1; 2: (6)

It follows from (A3), (B3) and (6) that

j(K+
j
 )(y)j � C2�sj

Z
j ̂(t)jjtj�sdt � C2�sj;

which implies that

j(K+
j
 )(y)j � C2�sj(1 + jyj)�2 for jyj � 1:

Suppose jyj > 1. Let �(t) =  ̂(t)�"(2
j
t). By (B3) and (6), �(m)(t) ! 0 as jtj ! 1 for

m = 0; 1. It follows from these and integration by parts that

j(K+
j
 )(y)j � Cy

�2

Z
1

�1

j�00(t)jdt

� Cy
�22�sj

Z
1

�1

jtj�s
h
j ̂(t)jjtj�2 + 2j ̂0(t)jjtj�1 + j ̂00(t)j

i
dt

� C2�sjy�2
:

The conclusion follows. �

Lemma 2 [30] Suppose h(y) is a function on R such that jh(y)j � C(1 + jyj)�2. Then for

any sequence of scalars (�k)k2Z, we have that, for 1 � p � 1,


X
k2Z

�khj;k





p

� Ck�kp:



Lemma 3 Under the assumptions (A2), (A3), (B3), we have that for any sequence of

scalars (�k)k2Z, 


X
k2Z

�k j;k � f"




2
� C2�sjk�k2:

Proof. Observe that

( j;k � f")(y) = (K+
j
 )j;k(y):

By Lemma 1 and Lemma 2, we have the desired result. �

Let f0(x) = Cr0(1 + x
2)�r0 , 1=2 < r0 < 1, where Cr0 is a constant such that f0 is

a density. Note that as r0 gets close to 1=2, the constant Cr0 is close to zero. Since f0

is in�nitely di�erentiable, by choosing r0 arbitrarily close to 1/2, we may assume that

M � 2kf0k�pq. Consider the hypercube de�ned by

FO

j =

8<:f = f0 +
X
k2Kj

�j;k j;k : �j;k = 0 or �

9=; ;

where Kj = fk : supp  j;k 2 [�S; S]g.

Lemma 4 Suppose that (A2), (A3) and (B3) hold. If � can chosen such that






X
k2Kj

�j;k j;k








1

� 1

2
inf

x2[�S;S]
f0(x); (7)

then

�
2(f1 � f"; f2 � f") � C2j�22�2sj

for all f1; f2 2 FO

j
.

Proof. Let g0 = f0 �f". By (7), f �f"(�) � 1
2
f0(�) for all f 2 FO

j
, from which it follows

that

�(f1 � f"; f2 � f") � 2

Z
(f1 � f" � f2 � f")2g�1

0 for all f1; f2 2 FO

j : (8)

Write f1 � f" � f2 � f" = H � f" with H =
P

k
�j;k j;k. Then, we deduce from (5), Lemma

1 and Lemma 7 of [13]

j(H � f")(y)j = 2j=2
���X
k

�j;k(K+
j
 )(2jy � k)

��� � C2j=2�2�sj(1 + jyj)�2
:

It follows from Lemma 5.1 of [11] that

I2 �
Z
(H � f")2(y)g�1

0 (y)dy � C2j�22�2sj

Z
(1 + jyj)�4

g
�1
0 (y)dy � C2j�22�2sj

:



Noting (8) and combining the bounds on I1 and I2, we obtain the desired result. �

To prove Theorem 1, we use the subclass of densities FO

j
with

� = min

�
C12

�j=2k k�1
1 ;

M

2
2��

0j

�
:

The constant C1 will be chosen below. When 0 � � � �, the functions f+
k
= f0+� j;k and

f
�

k
= f0 � � j;k belong to FO

j
, and the pyramid

Pj = ff0 � � j;k; k 2 Kjg for j � 0

is contained in D�pq(M).

Suppose that f?
L
is such that E f f

?

L
(x) <1 for all f 2 FO

j
and x 2 R. We �rst use the

information inequality to establish a lower bound for the variance of the estimated wavelet

coe�cient:

�̂j;k =

Z
f
?

L(x) j;k(x)dx:

Let

bj;k =

Z
@

@�j;k

h
E f f

?

L(x)
i
 j;k(x)dx:

By applying the information inequality (Theorem 6.4 in Chapter 2 of [20]) to the model in

which Y1; : : : ; Yn is an i.i.d. sample from f� � f" for f� 2 FO
j

with an unknown parameter

� = �j;k, we have

V(�̂j;k) �

�
@

@�
E � �̂j;k

�2
nI(�)

=
jbj;kj2
nI(�)

;

where

I(�) = E �

�
 j;k � f"(Y )
f� � f"(Y )

�2
:

Observe that

D(x) �
���X
k

�j;k j;k(x)
��� � �

X
k

j j;k(x)j:

For �xed x, #fk :  j;k(x) 6= 0g is a �xed �nite number depending only on the support of

 . Hence

D(x) � C�2j=2k k1:

Choose C1 in the de�nition of � su�ciently small such that D(x) � 1
2
infx2[�S;S] f0(x) for j

su�ciently large. By the argument used to prove Lemma 4, we have I(�) � C2�2sj . Thus,

E � j�̂j;kj2 � V(�̂j;k) � C22sjjbj;kj2=n: (9)



We now follow arguments used to prove Theorem 1 of [8] to complete the proof. Observe

now that

kf?L � fk2 � kDj(f
?

L � f)k2;

and hence

Ef kf?L � fk22 � E f

X
k2Kj

j�̂j;k � �j;kj2:

By the de�nition of the pyramid Pj,

R
L

n := sup
f2D�pq(M)

Ef kf?L � fk22 �
1

jPj j
X
f2Pj

E f kf?L � fk22

� C2�(j+1)
X
k2Kj

h
E
f
+

k

kf?L � fk22 + E
f
�

k

kf?L � fk22
i

� C2�(j+1)
X
k2Kj

" X
k02Kj

k0 6=k

n
E
f
+

k0

j�̂j;k0 j2 + E
f
�

k0

j�̂j;k0 j2
o

+E
f
+

k

j�̂j;k � �j2 + E
f
�

k

j�̂j;k + �j2
#
:

Note that

E
f
+

k

�̂j;k � E
f
�

k

�̂j;k = 2�bj;k:

Using this, we have

E
f
+

k

j�̂j;k � �j2 + E
f
�

k

j�̂j;k + �j2 � jE
f
+

k

�̂j;k � �j2 + jE
f
�

k

�̂j;k + �j2

� 1

2
jE
f
+

k

�̂j;k � E
f
�

k

�̂j;k � 2�j2

= 2�2jbj;k � 1j2: (10)

Combination of (9) and (10) entails

R
L

n � C2�j

8>><>>:
X
k2Kj

�
2jbj;k � 1j2 +

X
k2Kj

X
k02Kj

k0 6=k

22sj jbj;k0 j2=n

9>>=>>; :

The double sum is bounded from below by 2(2s+1)j
P

k2Kj
jbj;kj2=n. Setting �2 = 2(2s+1)j

=n,

we have

R
L

n � C
2(2s+1)j

n
2�j

X
k2Kj

�
jbj;k � 1j2 + jbj;kj2

�
� C

2(2s+1)j

n
:

Recall that � was constrained to be at most �. This amounts to requiring that � �

M2��
0j�1 when n is large, since � > 1=p. To maximize the lower bound subject to this



constraint, 2(2s+1)j
=n and 2�2�0j should be of the same order. This leads to choosing j so

that 2j � n
1=(2�0+2s+1) and hence

2(2s+1)j

n
� n

�2�0=(2�0+2s+1)
;

which establishes Theorem 1.

3.5 Proof of Theorem 2

Lemma 5 Under Conditions (A2), (B2), we have���(K�

j
�)(y)

��� � C2sj and
���(K�

j
 )(y)

��� � C2sj:

Proof. By (3), (A2) and (B2),���(K�

j
�)(y)

��� � C2sj
Z
j�̂(t)j(1 + jtj)sdt � C2sj;

which is the desired result for K�

j
�. Since the same argument can be applied for K�

j
 , the

proof is now complete. �

Lemma 6 Under Conditions (A3), (B2) and (B3), we have���(K�

j
�)(y)

��� � C2sj(1 + jyj)�2 and
���(K�

j
 )(y)

��� � C2sj(1 + jyj)�2
:

Proof. By Lemma 5,
���(K�

j
�)(y)

��� � C2sj. Suppose jyj � 1. Let �(t) = �̂(�t)=�"(2
j
t).

By (B2), (B3) and (3), �(m)(t)! 0 as jtj ! 1 for m = 0; 1 andZ
j�00(t)jdt � C2sj

Z 2X
m=0

h
j ̂(m)(t)j(1 + jtj)s�2+m

i
dt � C2sj:

Hence, by integration by parts

j(K�

j
 )(y)j � Cy

�2

Z
1

�1

j�00(t)jdt � C2sjy�2
:

This completes the proof since the same argument is true for  . �

Now we prove Theorem 2. If f 2 D�pq(M), then

kfk1 � (1� 2��
00
q
0

)1=q
0

J�001q(f) �M(1� 2��
00
q
0

)1=q
0

;



where �00 = � � 1=p > 0 and 1=q + 1=q0 = 1. Consequently, if f 2 D�pq(M), kfk1 � C

from which it follows that kgk1 � C. We now consider two cases.

(a) Suppose that f 2 D�pq(M;S). Then, the number of �j that is not vanishing is only

of order 2j0 . Recall that �k = E (K�

j0
�)j0;k(Y ). By Lemma 5,

E (�̂j0;k � �j0;k)
2 =

1

n
V

n
(K�

j0
�)j0;k(Y )

o
� 1

n

Z ���(K�

j0
�)j0;k(y)

���2 g(y)dy
=

1

n
22sj0

Z
g(y)dy � C

22sj0

n
;

from which it follows that

Ef kf?n;j0 �Ej0fk22 =
X
k

Ef j�̂j0;k � �j0;kj2 � C
2(2s+1)j0

n
: (11)

Using the fact that B�pq � B�021,

kf �Ej0fk22 =
X
j�j0

k�j�k22

� Ckfk2�pq2�2�0j0 : (12)

Choose 2j0 � n
1=(2�0+2s+1). Combination of (11) and (12) leads to

E f kf?n;j0 � fk22 � Cn
�2�0=(2�0+2s+1)

:

(b) Consider the case when f 2 D�pq(M). Let �j0(y) =
P

k2Z

���(K�

j0
�)(y � k)

���. Observe
that for any given y

X
k2Z

(1 + jy � kj)�2 � C

Z
(1 + jzj)�2

dz � C:

It follows from this and Lemma 6 that �j0(y) � C22sj0 . Hence,

X
k2Z

E (�̂j0;k � �j0;k)
2 =

1

n

X
k2Z

V

n
(K�

j0
�)j0;k(Y )

o
� 1

n

Z X
k

���(K�

j0
�)j0;k(y)

���2 g(y)dy
=

1

n

Z
2j0 [�j0(2

j0y)]2g(y)dy

� 2j0

n

h
sup
z

�j0(z)
i2 Z

g(y)dy � C
2(2s+1)j0

n
:

Now we obtain the desired result as in (a). This completes the proof of Theorem 2.



3.6 Proof of Theorem 3

The key idea of the proof is similar to that in the proof of Theorem 1. We continue to use

the notation introduced in the proof of Theorem 1.

Lemma 7 Suppose that Conditions (A4), (C1) hold. Then,




X
k2Z

ak j;k � f"







2

� C2s1j exp(�2sj=�)
 X
k2Z

jakj2
!1=2

:

Proof. By the Parseval identity and Conditions (A4) and (C1),




X
k2Z

ak j;k � f"







2

2

=
1

2�

Z
2�=3�jtj�8�=3

���X
k

ak exp(itk)
���2j ̂(t)j2j�"(2

j
t)j2dt

� C22s1j exp(�21+sj=�)
Z 4�

0

���X
k

ak exp(itk)
���2dt:

This completes the proof. �

Lemma 8 Assume that Conditions (A5) and (C2) hold. Then, there exists a large C such

that when jyj > c2j, ���(K+
j
 )(y)

��� � C(2�jjyj)�a+��
:

Proof. Choose N in (A5) such that (N + 1)�� > a. By Lemma 5.2 of [11] and (5),

when jy=2j j � c,���(K+
j
 )(y)

��� = ����Z 1

�1

 (y � x)dF"(x=2
j)

���� � C(2�jjyj)�(a���)

as having to be shown. �

Consider the hypercube de�ned by

FS

j =

8<:f = f0 +

2jX
k=1

�j;k j;k : �j;k = 0 or �

9=; :

Lemma 9 Suppose that (A4), (A5), (C1), (C2) hold. If � can be chosen such that f(�) �
1
2
f0(�) for f 2 FS

j
, then we have

�
2(f1 � f"; f2 � f") = O

�
2s1j�2 exp(��12sj)

�
for all f1; f2 2 FS

j ;

where �1 = min((1� r0)=�; �0=2�) and �0 = 2(a� ��� r0)� 1.



Proof. Again let g0 = f0�f" and write f1�f"�f2�f" = H �f", where H =
P

k
�j;k j;k.

By Lemma 7, Z
(H � f")2(y)dy � C22s1j exp(�21+sj=�)

X
k

�
2
j;k:

It follows from Lemma 7 of [13] and Lemma 8 that

j(H � f")(y)j � 2j=2�

2jX
k=1

���(K+
j
 )(2jy � k)

��� � C2j=2�jyj�(a���) for jyj � c: (13)

LetZ
1

�1

(H � f")2(y)g�1
0 (y)dy =

Z
jyj<exp(2sj=�)

+

Z
jyj�exp(2sj=�)

(H � f")2(y)g�1
0 (y)dy � I1 + I2:

Using Lemma 5.1 of [11] and Lemma 2, we obtain that, for a positive constant C,

I1 � C exp(r02
1+sj

=�)

Z
1

�1

(H � f")2(y)dy � C exp(r02
1+sj

=�)22s1j exp(�21+sj=�)
X
k

�
2
j;k
:

By (13),

I2 � C2j�2

Z
jyj�exp(2sj=�)

jyj�2(a���)

jyj�2r0
dy � C2j�2 exp(��02sj=�):

Combining the bounds on I1 and I2, we have the desired result. �

To complete the proof of Theorem 3, we consider the subclass FS
j
. By (A5) and Lemma

7 of [13], when N > 2r0 and j is large,���Pk
�j;k j;k(x)

���
f0(x)

� 2j=2�(1 + x
2)r0�N=2 � C2j=2� � 1=2;

which implies that f(�) � f0(�)=2 for all f 2 FS

j
. We now follow the arguments in the proof

of Theorem 1 to complete the proof.

By the argument used to prove Lemma 9, we obtain that I(�) � C2�2j"2 exp(��12sj)

for some �2. Hence,

E � j�̂j;kj2 � C22j�2 exp(2�12
sj)jbj;kj2=n:

Now, as in the proof of Theorem 1, we can show that

R
L

n � C22j"2
exp(2�12

sj)

n

after setting �
2 = 22j�2 exp(2�12

sj)=n. To maximize the lower bound subject to the

constraint � is at most �, choose j so that 2j = (2�1)
�1=s(log n � �3 log logn)

1=s with

�3 = 2("2 + �
0). Then,

22j�2
exp(2�12

sj)

n
� C(logn)�2�0=s

;



which establishes Theorem 3.

3.7 Proof of Theorem 4

Lemma 10 Under Conditions (A5), (C3), we have���(K�

j
�)(y)

��� � C2�s0j exp
�
(4�=3)s2sj=�

�
and ���(K�

j
 )(y)

��� � C2�s0j exp
�
(8�=3)s2sj=�

�
:

Proof. Let b = 4�=3. Observe that���(K�

j
�)(y)

��� � C

Z
jtj�b

�����"(2
j
t)
����1

dt:

By (C3), when C2�j � jtj � 4�=3,

j�"(2
j
t)j � C(2jt)s0 exp(�bs2sj=�) (14)

and

j�"(2
j
t)j � max

jtj�C

j�"(t)j > 0 when jtj � C2�j: (15)

The conclusion follows directly from the above inequalities. �

Lemma 11 Under Conditions (A5), (C3){(C4), we have that, for some real constant s3,���(K�

j
�)(y)

��� � C2�s3j exp
�
(4�=3)s2sj=�

�
(1 + jyj)�2

and ���(K�

j
 )(y)

��� � C2�s3j exp
�
(4�=3)s2sj=�

�
(1 + jyj)�2

:

Proof. By (14), (15), the desired result follows as in Lemma 6. �

If f 2 D�pq(M;S) or f 2 D�pq(M), then kgk1 � C. Using Lemma 10, we can prove the

desired result for the case when f 2 D�pq(M;S) as in Theorem 2. Now consider the case

when f 2 D�pq(M). Let �j0(y) =
P

k2Z

���(K�

j0
�)(y � k)

���. It follows from this and Lemma

11 that �j0(y) � C2(2�s)j0 exp
�
(4�=3)s2sj0=�

�
. Hence,

X
k2Z

E (�̂j0;k � �j0;k)
2 � C

2aj0

n
exp
�
(4�=3)s2sj0=�

�
= o(n�1=3);



by choosing the level j0 such that 2j0 = (4�=3)�1(�=4)1=s(log n)1=s, where a = 5 if s0 � 0,

and a = 5�2s0 if s0 < 0. Hence,
P

k2Z
E (�̂j0;k � �j0;k)

2 is negligible. Since kf �Ej0fk22 �

C2�2�0j0 , we have

E f kf?n;j0 � fk22 � C

�
n
�1=3 + (log n)�2�0=s

�
from which the desired result follows.

4 Nonlinear wavelet deconvolution estimator

The aim of this section is to establish the minimax rate for estimating the density f in B�pq.

This is accomplished by �rst establishing a minimax lower bound and then showing that a

class of nonlinear wavelet deconvolution estimators achieve the rate of the lower bound. For

ordinary smooth convolution kernels, we will show that thresholding wavelet deconvolution

estimators are optimal within a logarithmic order. However, for the supersmooth case, since

the optimal rates are only of logarithmic orders (See Theorems 3 and 7), losing a factor

of logarithmic orders in nonlinear wavelet deconvolution estimators make the thresholding

wavelet estimators perform similarly to linear wavelet estimators. Indeed, our study shows

that the last resolution level (see notation j1 below) in thresholding wavelet estimators

has to be large enough in order to make approximation errors negligible. Yet, this creates

excessive variance in the estimated wavelet coe�cients at high resolution levels and hence

the thresholding does not have much e�ect on the overall performance of thresholding

wavelet estimators. For this reason, we don't present the upper bound for the thresholding

wavelet estimators for the supersmooth case. Only lower bound is presented to ensure that

minimax rates for deconvolution with supersmooth kernels are only of logarithmic orders.

4.1 Minimax lower bound

To establish minimax lower bounds, we follow the popular approach, which consists of spec-

ifying a subproblem and using Fano's lemma to calculate the di�culty of the subproblem.

The lower bound will then appear, where the Kullback-Leibler information is crucial in

using Fano's lemma.

Let

� =
�

2� + 2s+ 1
:



We have the following minimax lower bound for the ordinary smooth error distributions.

Theorem 5 Suppose that 1 � q � 1 and � > 1=p. Under Conditions (A1){(A3) and

(B3), we have

inf
f?
n

sup
f2D�pq(M)

[E f kf?n � fk22]1=2 � Cn
��
:

For supersmooth convolution kernels, we have shown (Theorems 3 and 4) that linear

wavelet estimators have very slow rate of convergence. Can they be improved signi�cantly

by other types of estimators? The following theorem shows that linear wavelet estimators

for the supersmooth case are optimal within a logarithmic order. As discussed at the

beginning of this section, thresholding wavelet deconvolution estimators do not seem to

enhance the performance, due to excessive variance of estimated wavelet coe�cients at

high resolution levels.

Theorem 6 Suppose that 1 � q � 1 and � > 1=p. Under Conditions (A4), (A5), (C1),

(C2), we have

inf
f?
n

sup
f2D�pq(M)

[E f kf?n � fk22]1=2 � C log(log n)��=s:

4.2 Thresholding wavelet estimator

Among nonlinear estimators, we study a very special one: a truncated threshold wavelet

estimator. De�ne

�̂j;k =
1

2�

Z
1

�1

 ̂j;k(t)
b�n(t)

�"(t)
dt: (16)

It can be seen that �̂j;k is an unbiased estimator of �j;k. Note that

�̂j;k =
1

n

X
m

(K�

j
 )j;k(Ym):

De�ne empirical coe�cients �̂j0;k and �̂j;k as in (2) and (16) and employ the hard-

thresholding:

~�j;k =

8<: �̂j;k; if j�̂j;kj > Tcjn
�1=2

;

0; if j�̂j;kj � Tcjn
�1=2

:

;

where cj = 2sj
p
j. Then the nonlinear deconvolution wavelet estimator f?

TW
associated

with the parameters j0(n), j1(n) and T is

f
?

TW = f
?

n;j0
+ D̂j0;j1 =

X
k

�̂j0;k�j0;k +

j1X
j0

X
k

~�j;k j;k:



Take j0 and j1 such that

2j0(n) �
�
n

�
logn

�(2�p)=p�1=(2�+2s+1)

and 2j1(n) � n
�=�0

:

Theorem 7 Suppose that � > 1=p, 1 � p � 2, 1 � q � 1 and s < [p=(2 � p)]�0. Then,

under Conditions (A1){(A3), (B2), we have that there exist constants C = C(�; p; q;M)

and T0 = T0(�; p;M) such that for T > T0,

sup
f2D�pq(M;S)

fE f kf?TW � fk22g1=2 � Cn
��(log n)(1��=�p)�;

where � = �p� 2�p
2
� s(2� p).

The condition s < (p=(2 � p))�0 is purely a technical condition. It was also imposed in

[7].

4.3 Proof of Theorem 5

Let f0, j and Kj be the same as those de�ned in the proof of Theorem 1. Consider the set

of vertices of a hypercube de�ned by

Fj =

8<:f = f0 + f� : f� =
X
k2Kj

��k j;k; �k = 0; 1

9=; ;

with

0 � � � � = min

 
C2�j=2

k k1
;
M

2
2�j(�+1=2)

!
:

Observe that

kfk�pq � kf0k�pq + kf�k�pq �M=2 + 2j�
0

�

�X
k2Kj

j�kjp
�1=p

�M;

and that we can choose C such that

kf�k1 � C2j=2�k k1 � 1

2
inf

x2[�S;S]
f0(x) for f 2 Fj :

Let jFj j denote the number of elements in the set Fj . By Lemma 3.1 of [16] and the

orthonormality of f j;kg, there is a subset F�
j
of Fj such that

kf1 � f2k2 � C2�j� for f1 6= f2 2 F�

j ; and log(jF�

j j � 1) > 0:272 log(jFj j) (17)



when n is su�ciently large and jFj j > 8.

By Jensen's inequality and Lemma 4, it can be seen that

K(u � f"; v � f") � �
2(u � f"; v � f") � C2�2j(�+s) for u; v 2 F�

j : (18)

By Fano's lemma [2], [31], if f? is any estimator of f , then

sup
f2D�pq(M)

22�jE f kf? � fk22 �
 
sup
f2F�

j

2�jE f kf? � fk2

!2

� C
�2 sup

f2F�

j

Pf

�
kf? � fk2 > C2�j�

�
� C

�2

8<:1�
n supu;v2F�

j

K(u � f"; v � f") + log 2

log
����F�

j

���� 1
�

9=; : (19)

Finally, let 2j � n
1=(2�+2s+1) as n!1. By (17) and using that log(jFj j) � C2j for some

constant C, the desired result of Theorem 5 follows readily from (18) and (19).

4.4 Proof of Theorem 6

We use the same Fj , except that  is the Meyer's wavelet satisfying (A4) and (A5). As in

the proof of Theorem 1, we can see that f(�) � 1
2
f0(�) for f 2 FS

j
by choosing C su�ciently

small.

From the orthonormality of f j;kg and Lemma 3.1 of [16], (17) holds for the class Fj ,

even when the Meyer's wavelets are used. By Jensen's inequality and Lemma 9, it can be

seen that

K(u � f"; v � f") � �
2(u � f"; v � f") � C2�2(��s1)j exp(��12sj=�) for u; v 2 F�

j :

By Fano's lemma, if f? is any estimator of f , then

sup
f2D�pq(M)

22�jEf kf? � fk22 � C

�
1� n

2(2�+1�2s1)j exp(�12sj=�)

�
:

Choosing j such that 2j = (�=�1)
1=s(logn� �2 log log n)

1=s for a constant �2 as n!1, we

obtain the desired result of Theorem 6.

4.5 Proof of Theorem 7

In the �rst we also set up the technical tools of the proof: moment bounds and large-

deviation results. In the second part, we derive the results.



Moment bounds. We use the result of [27]. Let Z1; : : : ; Zn be i.i.d. random variables

with EZm = 0, EZ2
m � �

2
Z
. Then there exists ca such that

E

���n�1
X

Zm

���a � ca

�
�
2
Z

na=2
+
E jZm ja
na�1

�
if a � 2;

E

���n�1
X

Zm

���a � �
2
Zn

�a=2 if 1 � a � 2:

Note that kgk1 � C as it was shown in the proof of Theorem 2.

Recall that �̂j;k = n
�1
P

n

m=1(K
�

j
 )j;k(Ym) and that E �̂j;k = �j;k =

R
 j;k(x)f(x)dx.

Applying Rosenthal's inequality to Zm = (K�

j
 )j;k(Ym)� �j;k, by Lemma 5,

E jZm ja � 2aE
���(K�

j
 )j;k(Ym)

���a = C2ja=22asj2�j � C2(a=2+as�1)j
:

It follows that for a � 2,

E

����̂j;k � �j;k

���a � C

(
22sj

na=2
+
2(a=2+as�1)j

na�1

)
: (20)

Large-deviation. We use the Bernstein's or Bennett's inequality (p.p. 192-193 [26]). If

Z1; : : : ; Zm are i.i.d. bounded random variables such that EZm = 0, EZ2
m = �

2
Z
, jZmj �

kZk1 <1, then

P

����n�1
X

Zm

��� > 


�
� 2 exp

�
� n


2

2(�2
Z
+ kZk1
=3)

�
:

Applying this to Zm = (K�

j
 )j;k(Zm) � �j;k and noting that, by Lemma 5, �2

Z
� M22sj

and ���(K�

j
 )j;k(y)

��� � 2j=2 sup
y

���(K�

j
 )(y)

��� �M2(s+1=2)j
;

we conclude that if j2j � n, then there exists a constant T = c(M)� such that, for all

� � 1,

P

�����̂j;k � �j;k

��� > (T=2)
q
j22sj=n

�
� 2 exp

�
� T

2
j

8M(1 + T=2)

�
� 2��j :

For example, it su�ce to choose c = c(M) such that c2 � 8M(1 + c=2) log 2.



We are ready to complete the proof. Write f = Ej0f + Dj0;j1f + f � Ej1f , where

Dj0;j1f =
P

j1

j=j0
Djf . Note that by the de�nition of f?

TW
,

Ef kf?TW � fk22 � 3
�
Ef kf?n;j0 �Ej0fk22 + E f kD̂j0;j1 �Dj0;j1fk22 + kf �Ej1fk22

�
;

where D̂j0;j1 = Dj0;j1f
?

TW
.

Using (12), we have kf �Ej1fk22 � Ckfk2�pq2�2�0j1 � Cn
�2�. This bound has the rate

of convergence speci�ed in Theorem 7.

By (20), E f j�̂j0;k � �j0;kj2 � C22sj0=n. It follows that

E f kf?n;j0 �Ej0fk22 =
X
k

E f j�̂j0;k � �j0;kj
2 � C2(2s+1)j0=n = O

�
n
�2�(log n)(1��=�p)�

�
:

This bound is the rate of convergence speci�ed in Theorem 7.

To decompose the details term, de�ne

B̂j = fk : j�̂j;kj > Tcj=
p
ng; Ŝj = B̂

c

j

Bj = fk : j�j;kj > (T=2)cj=
p
ng; Sj = B

c

j

B
0

j = fk : j�j;kj > 2Tcj=
p
ng; S

0

j = B
0

j

c
:

We may then write

D̂j0;j1 �Dj0;j1f =

j1X
j0

X
k

�
�̂j;k � �j;k

�
 j;k

h
Ifk 2 B̂jSjg+ Ifk 2 B̂jBjg

i

�
j1X
j0

X
k

�j;k j;k

h
Ifk 2 ŜjB0

jg+ Ifk 2 ŜjS0jg
i

= (ebs + ebb) + (esb + ess) :

For the term ebs, we set f̂j;k = (�̂j;k � �j;k)Ifk 2 B̂jSjg and

Gj;k =

�
k :
����̂j;k � �j;k

��� � (T=2)
cjp
n

�
;

the large-deviation event. Clearly, B̂jSj � Gj;k. Using this, and the Cauchy-Schwartz

inequality and (20), we have

X
k

Ef

���f̂j;k���2 �X
k

�
E f j�̂j;k � �j;kj4

�1=2
P(Gj;k)

1=2 � C2j

 
22sj

n2
+

2(4s+1)j

n3

!1=2

2�(�=2)j
:



Choosing � > 4s+ 3, we have

E f kebsk22 =
j1X
j0

X
k

Ef

���f̂j;k���2 � C

 
2j0(4s+3��)=2

n3=2
+

2j0(1+s��=2)

n

!
� Cn

�1
:

Hence, it is negligible.

To give a bound for esb, we note that ŜjB
0
j
� Gj;k. Hence,

E f kesbk22 � C

j1X
j0

X
k

j�j;kj2P (Gj;k) � C

j1X
j0

k�j�k222��j

� Ckfk2�21
j1X
j0

2�j(2�
0+�) � C2�j0(�+2�0) � Cn

�2�

by choosing � > 2(� � �
0). Hence, esb is at most of the speci�ed rate of convergence.

To derive a bound on ebb, let f̂j;k = (�̂j;k � �j;k)Ifk 2 B̂jBjg. In this case, using (20),X
k

Ef

���f̂j;k���2 � C
22sj

n

X
k2Bj

���� �j;k

(T=2)cj=
p
n

����p
� Ck�j�kpp2(2�p)sjj�p=2n�(2�p)=2

� Ckfkp�p12(2s�p�
0�ps)j

j
�p=2

n
�(2�p)=2

:

Since � = p�
0 � (2� p)s > 0 and j�p=2 � 1,

Ef kebbk22 =
j1X
j0

X
k

E f

���f̂j;k���2 � Cmax(2��j0 ; 2��j1)n�(2�p)=2 � Cn
�2�(log n)�!

for some ! > 0, from which we have that Ef kebbk2 is negligible.

Finally, we consider the case ess. Let �j;k = 2�sj�j;k, and write � = (�j;k)j�j0;k2Z and

� = (�j;k)j�j0;k2Z. By the de�nition of Besov norm, if � 2 B�pq(M), then � 2 B��pq(M),

where �� = � + s. Using the structure of sequence norms, we have

kessk2 �



�f�j;k : j0 � j � j1; k 2 S0jg

�



022

=



�f�j;k : j0 � j � j1; k 2 S0jg

�



s22

:

The condition k 2 S0
j
implies j�j;kj � 2T

p
j1=n � �n. We have

�
E f kessk22

�1=2 � 
n � sup
n
k�ks22 : � 2 B��pq(M); j�j;kj � �n

o
: (21)

From Theorem 3 of [9], we read o� that


n �M
1�2�

 
2T

r
j1

n

!2�

: (22)



Since j1 � logn, we conclude from this argument that 
n � C

�
n
�1 logn

��
.

The exponent of log n can be improved to (1� �=�p)� by the following argument. Let


�(j) = 2jsW �(�n;M
�j��0 ; 2; p; 2j) � 2jsmin(�n2

j=2
;�1�p=2

n (M2�j��
0

)p=2;M2�j��
0

);

where ��0 = �� + 1=2 � 1=p and W
�(�; C; p0; p;m) = min(�m1=p0

;�1�p=p0
C
p=p0

; C) by the

assumption that p � 2 (see Lemma 4 of [9]). Letting �n2
j=2 = �

1�p=2
n (M2�j��

0

)p=2 leads

to 2j
�

3 (n) = (M=�n)
p=(��0p+1) and �n2

j=2 = M2�j��
0

, to 2j
�

4 (n) = (M=�n)
1=(��0+1=2). Since

1=(��0 + 1=2) � p=(��0 + 1), the least favorable level j�(n) is chosen as j�4(n). One can

see that the range of j 2 (j0(n); j1(n)) in f
?

TW
lies entirely above the least favorable level

j
�(n), which satis�es 2j

�(n) � n
1=(2�+2s+1) and leads to the bound (22). It leads to 
n �

2k
�(j)Ifj � j0(n)k2, where 
�(j) satis�es


�(j) � 2js�1�p=2
n (M2�j��

0

)p=2 = 2sj�nn
1=2
0j ;

where n0j = (M��1
n 2�j��

0

)p. Let us note that when n is su�ciently large, n0j=2
j � 1 for

j � j0(n). Thus


�(j) � C�1�p=2
n 2j(s���0=2)

:

When s < �
0
p=(2� p), we have that s� ��0=2 < 0 and therefore that


n � 2k
�(j)Ifj � j0gk2 � C�1�p=2
n

0@X
j�j0

�
2(s���0=2)j

�21A1=2

� C(
p
j1=n)

1�p=22(s���0p=2)j0 � Cn
��(log n)(1��=�p)�:

Since the term ess has the speci�ed rate of convergence, the desired follows from this and

(21).

5 Adaptation results

In this section, we wish to show that a slight modi�cation of f?
TW

gives an adaptive minimax

estimator in the sense that it approximately achieves the rates of convergence in Theorem

7 without the need to specify �, p and q. For a given integer r, de�ne a class of parameters

J =

�
(�; p; q; S) :

1

p
< � < r; 1 � p; q � 1; 0 < S <1

�
:



The modi�ed estimator f?
ATW

is obtained from compactly supported and r-regular functions

�,  , using resolution levels

2j0 � n
1=(2r+2s+1)

; 2j1 � n= log2 n:

Theorem 8 Suppose that the conditions (A1){(A3) and (B2) hold. If f 2 D�pq(M;S),

where (�; p; q; S) 2 J , then, for all (�; p; q; S) 2 J , there exist c = c(�; p; q; s;M) and T0

such that for T � T0, �
Ef kf?ATW � fk22

�1=2
� c(log n=n)�: (23)

Proof. Because Lp -norms decrease in p for compactly supported functions, the case

p > 2 reduces to the case p = 2. Thus, we investigate only the case p � 2. De�ne indices

ji(�; p; q; s) by

2j0(�;p;q;s) �
�
n= log n

�1=(2�+2s+1)

; 2j1(�;p;q;s) � n
�=�0

:

The indices used in Theorem 7 are denoted by j�
i
. Then,

j0(n) � j0(�; p; q; s) � j
�
0(�; p; q; s) � j1(�; p; q; s) � j

�
1(�; p; q; s) � j1(n):

First of all, on D�pq(M;S), the bias and linear terms have rates can easily be bounded

as follows:

kEj1f � fk22 � C2�2�0j1(n) � Cn
�2�

;

Ef kf?n;j0 �Ej0fk22 � C
2(2s+1)j0(n)

n
= o(n�2�):

Secondly, the large-deviation terms esb and ebs can be treated exactly as for f?
TW

. The

term ebs is bounded by Cn�1 which is smaller than the bound in (23). For the term esb,

by choosing � su�ciently large, 2�(�+2�0)j0(n) � n
�2�. Therefore, it has the speci�ed rate

of convergence

We can establish the bound in Theorem 8 for the term ess. For a bound on ebb, we

decompose

ebb =

0@j0(�;p;q;s)X
j0(n)

+

j1(n)X
j0(�;p;q;s)

1AX
k

(�̂j;k � �j;k)Ifk 2 B̂jBjg

= ebb1 + ebb2:



The term ebb2 is bounded exactly as in the previous section. For the term ebb1, we have

E f kebb1k22 � C
2(2s+1)j0(�;p;q;s)

n
� C

2(2s+1)j�
0
(�;p;q;s)

n
� Cn

�2�
:

The proof is completed. �
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