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A METHOD TO RENDER SECOND ORDER BEAM OPT! CS PROGRAfi1S SYt·1PLECTI C* 

David Douglas and Roger V. Servranckx 

I. Introduction: The Problem of Nonsymplecticity 

Concern has been expressed by a number of accelerator design teams 

because they have observed apparent violations of Liouville•s theorem during 

tracking c·alculations using second order beam optics programs. This effect 

has heen encountered by Theissen (1) when tracking a LAMPF II lattice with 

DIMAT (2) and by Iselin (3) when tracking a LHC lattice with the TRANSPORT 

option of r,1AD (4). In both cases, the lattices contained bend magnets with 

substantial sextupole components. When tracking was done, small amplitude 

particles were well behaved, but the phase space of particles launched at 

· 1 arge amplitudes displayed a phase ell ipse which i rcreased in area over a 

few hundred turns. 

It is well known that second order matrix beam transport techniques are 

not canonical and are therefore subject to the very violation of Liouville•s 

theorem observed by Theissen and Iselin (5). For this reason, the programs 

TRANSPORT and TURTLE are to be considered 11 Single pass .. codes (applicable to 

transport lines, rather than circular machines) (6). In fact, using the 

program ~1ARYLIE (7) (which can be operated in a nonsympectic (matrix emula

tion) mode as well as a symplectic mode), A. Dragt and associates have 

*This work was supported by the Director, Office of Energy Research, Office 
of High Energy and Nuclear Physics, High Energy Physics Division, U.S. Dept. 
of Energy, under Contract No. DE-AC03-76SF00098. ,. 



shown the LAMPF II observations to be due to a true violation of Liouville's 

theorem. The apparent phase space growth can be directly attributed to the 

fact that second order matrix beam transport schemes are only approximately 

canonical (8}. (A proof that second (and higher) order matrix transport 

schemes are only approximately canonical is given in Appendix I.) 

Methods to construct completely canonical transport codes have been 

detailed by a number of authors (9). An example of such a program is 

MARYLIE (7). In this note, we approach the problem of extending existing 

second order matrix beam optics programs to circumvent the problem of non

symplecticity. We present a method (analogous to that used in MARYLIE) 

which will render an approximately canonical second order matrix trans-· 

formation, such as those used in the programs TRANSPORT, TURTLE, DINAT, and 

MAD, completely canonical. It is sho\'m that these approximately canonical 

transformations 'can be made completely canonical with no change in the 

structure of the existing programs by simply adding a few short sub

routines. These subroutes define a transformation to canonical variables, 

construct a canonical transformation using the noncanonical one provided by 

the program, and perform ray traces in a manner which, by construction, 

maintains the symplectic condition. This "symplectification" method is 

outlined bel ow, and applied to the program DIMAT ( 2). Results for a simple 

example lattice, using both nonsymplectic anrl symplc><:tic transformations in 

DIMAT, are presented . 

. WP. remark that use of the method we outline will allow the extension of 

single pass programs, such as TRANSPORT and TURTLE, to multi-turn applica-:

tions. Moreover, this method insures that violations of Liouville's theorem 

cannot occur. It may therefore be applicable to even thin-lens tracking 

codes (such as PATRICIA) which because of the use on noncanonical variables, 
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may not maintain the symplectic condition under certain circumstaoces. {A 

proof that thin lens .transformations may violate the symplectic condition 

under certain circumstaoces is given in Appendix II. 

·-· ,J' i 

I I. Outline of 11Sympl ec tificati on11 Procedure. 

A. To insure that all transformations are c ononical, we must work in 

canonical variables. Starting from the Hamiltonian describing the motion of 

a charged particle in an electromagnetic field, one is led to choose as 

canonical variables the traverse deviations in position from the design 

orbit, the transverse .momentum components conjugate to these position 

deviations, the deviation in particle time of flight from the time of flight 

of ·a syochronous particle, and the canonical conjugate to the time· of 

flight deviation, which is just the negative of the deviation of particle 

energy from design energy. These choices assume that the motion is 

parameterized by displacement along the design trajectory {10). We 

collectively denote this set of canonical variables as {x,px,y,py,t,pt). 

The use of canonical variables is necessary to insure that the 

.sympl~tic condition is maintained. Most matrix optics codes use the 

variables {x,x•,y,y•,/,o), which are not canonical. Some matrix codes {such 

as thin lens tracking codes, e.g. PATRICIA) do employ transformations which 

are, strictly speaking, symplectic. That is, the.Jacobian of these trans-

formations, relative to, the noncanonical variables, is a symplectic matrix. 

However, the Poiocare integral invariants {Liouville•s theorem as a special 

case) refer to fuoctions of the canonical variables, not fuoctions of the 

noocanonical variables. Moreover, if a transformation is mathematically 

symplectic, when written in noocanonical variables, it need not be symplectic 

when written in canonical variables {See Appendix II). That is, a symplectic 

transformation of noocanonical variables need not be a symplectic trans-
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formation when rewritten in equivalent canonical variables. Thus, codes such 

as PATRICIA which are mathematically symplectic may not be canonical when 

viewed from a dynamical viewpoint (in terms of canonical variables). A care

ful choice of variables must be made to insure that the canonical dynamical 

behavior is preserved. 

Given the stated choice of canonical variables, we construct the trans

formation relating the noncanonical sets employed in existing matrix codes to 

the desired canonical variables. 

B. Provided with a transformation to canonical variables, we rewrite 

the noncanonical transformations fn noncanonical variables, as given. by the 

beam optics codes, to obtain a none anonical transformation in canonical 

variables. These two transformations are required to provide identical re

sults through second order - the degree of accuracy of the optics code itself. 

c. Given a noncanonical transformation in canonical variables which is 

accurate through terms of second order, we construct a completely canonical 

transformation in canonical variables, which is accurate through terms· of 

second order. This is done by choice of an appropriate generating function, 

·the existance of which is guaranteed by the definition of the second~order 

·matrix transformations under consideration and the form of which i~ im-

mediately apparent when the problem is cast in terms of canonical variables. 

D. Given the appropriate generating function, a completely canonical 

ray trace may be performed. The images of i ni ti al c ondi ti ons under this ray 
\ 

trace will satisfy the symplectic c ondi ti on exactly, analytically, and to the 

precis i on of a computer, numerically. 

E. If des ired, the results of the ray trace in D. may be converted back 

to noncanonical variables using the inverse transformation to those obtained 

in A. 
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III. The Choice· of Variables - Noncanonical Sets and Canonical Sets 

Most existing matrix beam optics programs describe particle motion with 

the six component vector (X,X 1 ,y,y 1 ,/,6).· The components are, respectively, 

the horizontal transverse devi,ati on fran the design orbit, the derivative of 

x with respect to displacement along the design orbit, the vertical trans

verse displacement fran the design orbit, the derivative of y with respect to 

displacement from the design orbit, the deviation in total manentum~./fran 
,~ 

design momentum. This set is not canonical; in particular, [x,x 1
] ~-"'i and 

[y ,y 1
] ~ 1. To insure that the trans formaton produced by our efforts is 

canonical, we make a change of variables to the canonical set 

In this case, x .and y have the same meaning as in 

the noncanonical set; p and p are the canonical conjugates to x and y; 
X y 

t is the deviaton in particle arrival time fran the arrival time of the 

\ design particle (the synchronous particle) and Pt is the momentum conju

gate tot (actually, -(deviation fran design energy)). This choice of vari

ables is a natural consequerx:e of writing the single particle equations of 

motion in Hamiltonian form (10)). 

We must obtain the connection between X I' yl, I, 6, and Px' Py' 
·, 

t, Pt. (As noted, X and y 
I 

are the same in each case.) We note that 

X I' y I are related to the mechanical momentum c anponents as follows. 
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In these relations; . p~ and p; are the transverse components of the 

·mechanica 1 momentum, 

is the mechanical momentum component along the design orbit, and p is the 

··total mechanical momentum; we write p = p
0 

(1 + 6) • 

. ,..... . 

For the purposes of the symplectification calculation, we asume the 

~ransverse compohents of the canonical and mechanical momenta are equal. ·As 

-P canonica 1 ·-m = p + q A , this is equivalent to Ax·= AY = 0 at the 

. initial and final observation points of a ray trace. This is a condition 

wh'ich is easily fulfilled. Simply make the starting and ending points lie 

in field· free regions. Moreover, the condition that the magnetic vector 

potential be purely longitudinal is not particlularly restrictive; it is a 

c:·ondition that can be fulfilled· in most common magnetic elements (quadru

pbles, bends (at ieast normal entry), sextupoles, etc.). 

We therefore restrict the initial and final observation points of rays 

which will be tracked using the symplectified form of the transformaton to 

locations with Ax = Ay = 0. That is, we require the transfer matrix in 

question describe a transformation between two points at which the magnetic 

v~ctor pot~ntial is longitudinal (A= A z). We may then derive the tra·ns 
z 

formation from canonical to noncanonical variables in the following manner. 

Scale the canonical momentum components by p p --->P =P /p X X X 0 

p --->P =P /p (this scaling is canonical, provided we also scale y y y 0 

the Hamiltonian h--->H=h/p
0
). Solving for the transverse momentum com-

ponents then yields the following results: 
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Px = (l+o)X 1 

~1 + (x 1 2 + yl2) 

p = ( l+o )y I 
y 

~1 + (x·l2 + yl2) 

The scaling of ·Px,y--->Px,y=Px,y/p
0 

forc'es a .scaling of longi

tudinal variables (through the scaling of the Hamiltonian 

h--->H=h/p • A convenient (and canonical) choice of scale is t---> i =tc 
0 

and Pt--->P 7 =PiP 0c. Here c 

p~ the negative of the design 

fallows: 
' I 

(1 + 0) = p/p 0 

implying 

(1 + o)2 = p~/p 2 = 
0 

Solving for p gives 

is the speed of 1 ight and we denote by 

energy. Then, we may relate o to p
7 

as 

p = 1 
7 -

B 
~ ,(1 + o ) 2 

+ [ 0-B 
2 ) I B 

2 ] 

In this expression, a = vdesign/c is the design value. 

Path length and arrival time deviations are sanewhat more difficult to 

relate. Denote by T the (unsealed) time of flight and by L the· total path 

length. Then (with T
0

, L
0 

the design values) assuming constant velocity 

we may write: 

. ,· 

7 



= = T L 
--v v 

ro•t = ~:(·("o:v)· ~o(~o:v~ 
t = ~: ~ ·:) + !0 + ~0 (':y 

implying 

7 = ct =~(o~)+. i..+ 1 (_j__vv) s v .· T ~-

.. '•· 

The velocity v and velocity deviation ov should be rewritten in terms of the 

momentum deviaton o Doing so yields the foll o~1i ng transformation 

relating 7 to path length deviation. 

7 = 
(Lo + p l [a ~(1 + o)2 + (1-s 2)/s2 

(!+6) ]· * B . (1 + o) 

Here also B = design value. i< 

~ 

It is clear that in order to transform to canonical variables, we must 

carry with us the accumulated design path length for the transformation 

under consideration. This· is ·straightforward if tr.ansformati ons to 

cano11jcal·variables are made onan element-'to-element basis, or if the total 

length .of a beamline represented by a particular concatP-nated transformation 

is recorded,' 

In summary, the relationships beb:een the none a nonica 1 variables used 

in most matrix beam optics programs and the canonical variables that will be 

employed in the symplectification procedure described belo~·l are as follows: 



·~ 

,_ .. 

"-' 

X X 
( 1) 

= 

p (1 + <S) x• 
= X 

~~1 + (x•2+ y•2) 

y = y 

py = 
o + <S) x· 

{I-+ (x.2+y•~) 

7 _j_ + (La+ J) {s~Cl + 6)
2 

+ (1- s2lts2
- (1 +.6)} = (1 + <5) a a 

In these expressions, a is the particle beta at the design energy. These 

expressions may be inverted to porvide a back-transformation that determines 

values of the noncanonical variables, given values for the canonical vari-

ables. The inverse transformation equations are as follows: 

X = X 

x• 
px 

= Jl- ~ + 2p7 2 (P 2 + p 2) -
a X y 

y = y o· l 
p 

y• = 
y 

J 1 - _gez: + 2 (P 2 + p 2) p7 -
X y 

8 
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( "(p[ + 11~) 2 - (! - dt~2 - ~) + B 
1/s - pT) 

o = -1 + ~ p2 - 2pT/s + 1 

We remark that the path length transformation requires knowledge of the 

design time of flight T
0

• 

IV. Change of Variables to Canonical Set- Rewriting the tJoncanonical 
Transformation of Noncanonical Variables to Obtain a FJoncanonical 
Transformation of Canonical Variables As Applied to the Program DIMAT. 

We now rewrite the second order matrix transformation of noncanonical 

variables as a second order matrix transformation of canonical variables. 

This will be done in the context of the program DIMAT (2) as it was for this 

code that the sympl ecti fica ion procedure has been de vel oped. The method we 

describe will, however, be applicable to any other matrix optics program 

form. 

DIMAT represents second order matrix transformations in the following 

27 
= LA .. v. 

. 1 1 J J J= 
i = 1,2, ... ,6 (2) 

In this expression, Zi is the i-th canponent of the six vector 

-z = Cx,x1 ,y, y 1 ,I,6) and v j is the j-th component of the 27 vector 

v = ( 
I I 2 I I 12 I I I I I 2 I 2 X,X ,y,y ,Q,,o,X ,XX ,xy,xy ,XQ,,Xo,X ,X y,X y ,X R,,X o,y ,yy ,y, 

yo,y 12 ,y 1£,y 1o,£2,£o,o 2). We replace the noncanonical varables on both 

sides of the equations for Zi with their canonical equivalents. Because 

the transformation (2) is known only to second order, we need to retain 

terms of second order and lower in the transformaion equations (1 1
). The 

result will be a noncanonical transformation of canonical variables which 

reproduces, through second order, the result of the transformation (2). 

10 
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This straightforward, albeit slightly cumbersane, procedure is simpl i

fied to some extent by the fact that DIMAT (which was written to simulate 

high energy electron synchrotrons) assumes the design beta is 1. Thus, path 

length and time of flight are exactly proportional. Using this assumption 

in equations o•) and expanding everything through second order we obtain 

the following approximate transformations relating canonical and non-

canonical variables. Thus the path length and time of flight are exactly 

proportional. Using this assumption in equations (1 1
) and expanding every

thing through second order we obtain the following approximate trans-

formations relating canonical and noncanonical variables. 

X = X 

x• = Px(l + p7/e) ( 111) 

y = y 

y• = PY(l + p7/e) 

f = 7 

-h.+ 1 ( 1 ) 2 0 = 2 1 - ~2 p7 e 

We insert these in equation (2). The result will be a system which can be 

reduced to the following form. 

~ = 
27 
L B.. . 
. 1 1 J J. 
J= 

i = 1,2, .•. ,6 

In this expression ~ i is the i-th canponent of the six vector 

( 3) 

~= (x,Px,y,"P"Y,T,p7 ) and ~is the j-th canponent of the 27 vector 

11 



Equation ( 3) is the des ired noncanonical transformation of canonical vari

ables. By construction, it will reproduce the result of equation (2) through 

terms of second order. The coefficients B .. of this transformation are 
1J ' 

completely specified in terms of the Aij of equation (2) and the design 

beta; the B .. are tablulated in Table I. 
1 J . 

V. Symplectification of the Transformation (3); Choice of Generating 
Function. 
We now have a noncanonical transformation of canonical variables with 

the following structure. 

27 
= L B . • r. 

. 1 1 J ~J J= 
i = 1,2, •.. ,6 

The linear portion of this transformation is described by a 6x6 

symplectic matrix (symplecticity is guaranteed by the manner in which it was 

constructed). We donote this matrix by If and observe that B -lis just 

the 6x6 part of B. As If is symplectic, B -l will be given by 

where II - II 

J = 

- -1 -
B =-JBJ 

denotes the transpose and J is the antisymmetric matrix 

0 1 
0 

-1 0 ° .................. 

0 

0 0 1 : 
0 0 

: -1 0 : 
0 1 

0 -1 0 

12 
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We can now observe that the noncanonical transformation of noncanonical 

variables can be decomposed into two transformations. The first is a 

nonlinear noncanonical transformation, the linear part of which is the 

·identity; the second is a linear canonical transformation defined by B. 

The complete second order transformation is therefore given by the following 

pair of transformations. 

6 ,., 
LB .. ~. 
. 1 1 J J 
J= 

(4a) 

i = 1,2, ... 6 

(4b) 

Here, ~ = (x,Px,y,Py, 7,p7 ) and .~, fare defined in a similar 

fashion. The 6x27 matrix C is defined as follows, and r is the 27-

component vee tor defined previously. 

Because B is the 6x6 portion of B, the 6x6 portion of C is simply the 

identity. We can therefore write the nonlinear noncanonical transformation 

more compactly as follows. 

27 
= ~ c .. r. 

J=l 1 J J 

13 



The linear transformation is, by constructon, symplectic. We therefore 

need to bring the nonlinear transformation (4a) to canonical form. This 

may be done by finding a function F(q,p) such that the canonical trans-

formation 

q.= aF (q,p) 
1 -

ap. 
1 -

p. = aF ( q, p) 
1 aq. 

1 

(Sa) 
i = 1,2,3 

(5b) 

reproduces equation (4a) through terms of second order. That is we seek the 

generating function of a canonical transformation and s ti pul ate that the 

canonical transformation reproduce the behavior of the noncanonical trans-

formation (4a) through terms of order two. Here, q E (x,y,T ) 'and 

p~(p ,p ,p
7

) with analogous definitions for q and p. 
X y 

The transformation (5) is, by construction, exactly symplectic. It may 

be evaluated, for specified F and initial conditions, by solving the 

equations (5) for the images q,p. As the transformation is to be a linear 

identity and must reproduce the effect cf the second order nonlinearities in 

equation (4), we take 

F(q,p) = 

where F3 is a homogeneous polynomial of degree 3 in the components of q 
-and p. With this generating function, equations (5) become 

14 
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+ 
aF3(q,p) 

(Sa 1
) q. = qi -1 

a pi 
i = 1,2,3 

+ 
aF3(q,p) 

( Sb I) pi = pi aqi 

To relate F3 (q,p) to the C .. of equations (4a), we 11Solve11 the 
1J 

implicit equations (5 1
) by iteration- at least to obtain terms of second 

Pi - Pi aq. 
1 

- - + ~3(q,P)r i = 1' 2',3 

Pi = Pi = Pi 

We now observe that by the choice of generating function, (q,p) differs from 

(q,p) only in second and higher order. We therefore may expand the terms in 

the equations above about the initial values (q,p). The following system 

results. 

aF 3 ( q,p) 3 2 aF 3 ( q, p) + ..• a F3(q,p) 
qi = qi +- L: a pi apjapi aq. j:l J 

i = 1,2,3 
aF 3( q, p) 3 2 aF 3 ( q, p) + ... - a F3(q,p) 

pi = p. +- L: 1 aq. j:1 ap .aq. aqj 
1 J "1 

Because F3 is, by choice, a degree three polynomial in canonical vari

ables, all terms involving second derivatives are third order in the initial 
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conditions (q,p). The transformation (5 1
) yields the following 

approximate result, exact through second order only, for qi, and pi. 

(+0(3). •• ) 

( 6) 
i = 1,2,3 

Pi = Pi (+ 0(3) ••• ) 

We demand that this result reproduce the result of the transformation (4a). 

Comparison of equations (6) and (4a) therefore require that F3 (q,p) 

be given in terms of the C .. by the following expressions. 
1J 

~3(q,p) 
27 

= L: c2. 1 .r;. 
ap. j:7 1- ,J J 

1 

aF 3 27 i = 1,2,3 

- (q,p) = L: -c2. ·z;. 
aqi j:7 1,J J 

The desired canonical transformation is therefore given by the following 

system of equations: 

q. = 1 

pi = 

In this system, 

27 
qi + 1: c2. 1 ·>- • (7) 

j=7 1- ,J J 

27 i = 1,2,3 

p. - L: c21 ·>- • 1 j:27 , J J 

>.. is the 27-component vector assembled from the initial 
J 

coordinates and the final momenta: 

16 
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The transformation ( 7) is canonical to all orders, reproduces the known 

second order behavior of the transfomation equation (4a) and may be directly 

obtained from any given second order matrix transformation bescribing a beam 

line. The following pair of transformations therefore will reproduce the 

linear and quadratic behavior of the original transformation (2) and will be 

canonical. This pair therefore represents a 11Symplectified11 form of the 

. . 1 . \ f or1g1na matr1x trans orm. 

27 
~ = q. + ~ c2. 1 .A. 

1 j:7 1- ,J J 

pi 
27 

= P. - L c2. .>.. 
1 \j=7 1 ,J J 

6 
= L B.k~. 

. 1 J J J= 
k = 1,2,3 .•.. ,6 

In these relations, the arrays are defined as follows: 

- - - 2 - - 2 - _- 2 
;>. = (x,PX,y,Py,T,p

1
,x ,XPX,xy,xPY, ..• ,T ,TpT,pT) . 

6 
" (- -1) C.·= LJ B 1.kBkJ" 1 J k:1 

17 
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V.I Comments on the Symplectic Ray Trace- Evaluation of Equations (S) 

Equations (Sa") provide an implicit specification of the "final" mo-

mentum AJ p. It is not, in general, possible to explicitly invert such 

equations in closed form. It is, however, straightforward to invert such 

equations numerically through the use of a nonlinear system solver. The 

proced~~e is particularly simple in this case because equations (sa•) 

·represent a transformation which is close to the identity and because the 

nonlinearity represented is only quadratic. 

In practice, a multidimensional Newton•s search procedure proves ade-

quate for the present applicaton. This method is widely used; an excellent 

presentation is given in Ref. (11). Such a procedure is employed (and found 

to be very efficient (12)) in the program MARYLIE (7); we have implemented a 

similar procedure in the program DIMAT. It is, wih the use of this method, 

possible to solve equations (sa• •) for the image momentum "' p to within 

computer precision. The result for p, together with the initial co

ordinates q, may then be used to evaluate the image coordinates q through 

the use of equations (sa•). Equations (Sb) are a simple 1 inear trans

formation of the images provided by equations (Sa). 

VII. FORTRAN Coding Implementing The Symplectification Procedure 

In this section, we present and discuss a short block of FORTRAN code 

which implements the symplectification procedure described above. This code 

is a self-contained module which may be inserted in any second order matrix 

beam optics program. We have done so in the program DIMAT: results ob

tained using this "symplectified" ray trace (and the nonsymplectic, standard 

second order ray trace) are discussed in the next section. 
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DI~1AT (2) employs internally the standard noncanonical sixtupl e 

Z(= (x,x 1 ,y,y 1 ,l,oL As mentioned above, it represents the second order 

transformation using 6x27 matrices written in the following manner. 

27 
z1 = L A .. v. i = 1,2,.~.6 

. 1 1 J J 
J= 

I h · · · th t ( · 1 1 1 2 1 A2 n 2) n t 1s express1on, v 1s e vee or x,x ,y,y , ,o,x ,xx ,xy, ... ,x.- ,,(lo,o . 

To numerically implement the symplectification procedure described in sec

.tions II through V, the following facilities must be available: 

a) There must be a means of converting internally stored rays in 

noncanonical variables (X,X 1 ,~ •• ,o) to the equivalent rays 

(x,Px,. ··Pr) in canonical variables; the inverse capability 

should also be present. 

b) Given the matrix elements of a noncanonical transformation of 

noncanonical variables, there must be· a means of obtaining the 

matrix elements defining an "equivalent" (through second order) 

noncanonical transformation of canonical variables. That is, 

given the matrix elements in equation (2), we msut be able to 

compute the matrix elements in equations (8). 

c) Finally, given an initial condition, we must be able to· solve 

equations (8a) for the image of the intitial condition under the 

nonlinear canonical transformation. 
I 

These facilities have been provided in DIMAT by the addition of four 

simple FORTRAN subroutes. Two of these fulfill requirement a); the re

maining two meet requirement b) and c). The subroutines and their arguments 

are as follows. 
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SUBROUTINE CVAR(ZNC,ZC,BETA) 

This subroutine evaluates equations (1) numerically. Given an array 

ZNC(6) containing the components of the noncanonical phase space vector and 

given the design BETA, CVAR returns the components of the canonical phase 

space vector in an array ZC(6). 

SUBROUTINE NCVAR(ZNC,ZC,BETA) 

This subroutine serves as the inverse to CVAR by returning in the array 

ZNC(6) the noncanonical values corresponding to canonical values stored in 

ZC(6). BETA is, once more, the design a. The computation performed is a 

simple evaluation of equations (1'). 

SUBROUTINE CMAP(A,BMAT,CMAT,BETA) 

This subroutine carries out the conversion required in b). 

the DIMAT second order transformation matrix of equation (2); 

A(6,27) is 

CMAT (6,27) 

defines the nonlinear transformation of equations (8a) while BMAT (6,6) 

defines the linear canonical transformaton of equation (8b). BETA is as 

above. The calculation begins with a straightforward evaluation of the 

matrix elements in Table I to obtain a second order matrix array B(6,27) 

describing the noncanonical transformation of canonical variables of 

equation (3). BMAT(6,6) is then taken to be the linear part of the trans

formation. The subroutine employs the symplectic nature of this 6x6 matrix 

to obtain its inverse, which is stored in the array BINV(6,6). A matrix 

product BINV*BMAT is computed and stored in the array CMAT(6,27). To

gether, BMAT and CMAT define the canonical transformation. (8). 

The subroutine performs a variety of checks to insure the proper trans-

formations are obtained. (For example, BMAT is checked to insure it is 
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symplectic, BINV*BMAT is compared to the identity, and the 6x6 part of CMAT 

is compared to the identity). 

As currently implemented in DH1AT, the transformation of AMAT to Bf~AT 

and CMAT assume velocity does not vary with energy (consistant with the 

DIMAT assumption of s=1) and assumes energy is constant (of the terms in 

Table I, it is assumed A6j = 0 , except for A66 = 1). These as

sumptions. may be relaxed by proper treatment of path 1 ength deviations 

(described above) and use of all terms in Table I (including the i=6 terms). 

SUBROUTINE SYMRAT(BMA T, CMAT,ZI,ZF) 

SYMRAT is the heart of the sympl ectificati on coding, as it evaluates 

the symplectic ray trace (S). The canonical transformation of interest is 

passed in the arrays BMAT (6,6) and CMAT (6,27) (evaluated by CMAP); the 

initial condition, in canonical variables, is passed in the array ZI(6). 

The subroutine first carries out a Newton's search to evaluate the non-

linear transformation (Sa) using as C. . the elements in the array 
1J 

CMAT. The elements in BMAT are then used to evaluate the linear trans

formaion (Sb) and thereby the image (in canonical variables), store,d in the 

array ZF(6), is obtained. 

The Newton's search is rapidly convergent (14) so that a solution is 

typically reached in 3 to 5 iterations. As a precautionary measure, up to 

50 iterations are all owed; if the procedure has not converged to the 

-13 desired 10 tolerance, an error warning is printed. As an additional 

precaution, equatiqns (Sa 11
) are directly re-evaluated to obtain the initial 

momentum. This is compared with the value passed in the aray ZI; if in

tolerably large deviations (greater than one part in 1013) are en-

countered, an error message is printed. Listings of these subroutines are 

provided i n Appendix II I. 

21 



EXAMPLE: Trackint a Simple Lattice Using Both Symplectic and 
Nonsymplectic Ray races in DIMAT 

VIII. 

This section provides an example (based. on the LAMPF II ·experience of 

Thiessen) which illustrates the need for a symplectified ray trace when 

tracking with second order matrix methods. We have designed a simple lat

tice consisting of normal FODO cells and matched insertions, and tracked an 

initial condition in this lattice for several hundred turns, using both 

nonsymplectic and symplectified ray traces. The results indicate a 

violation of Liouville's theorem occurs when the nonsymplectic ray trace is 

used, but no such violation arises when the symplectic ray trace is used. 

The lattice under consideration is defined in detail in an attached 

DIMAT run. It consists of a matched insertion, TW, followed by three normal 

FODO cells, the same matched insercion, and four more normal FODO cells. 

The normal cells consist of only two elements; a four metre long bend magnet 

with a horizontally defocuss i ng quadrupole component, and a second four 

metre 1 ong bend, with a horizontally focussing quadrupole c anponent. The 

bends are assumed to produce a 2 degree angle in the beam trajectory; the 

quadrupole c anponents are chosen so as to provide horizontal and vertical 

phase advances of 60 degrees in one normal cell. The magnets are separated 

by 1 metre long field free regions. 

As the 1 i near transfer matrices are symplectic, to observe a viol a ton 

of Liouville's theorem, a nonlinear term must be introduced in the 

transformation under study. For this case, such a nonlinear term has been 

provided by correcting the lattice chromaticity. Sextupole components have 

been introduced in each bend to bring the total 1 attice chromaticity to zero. 

The "matched insertions" are, in this case, actually Twiss matrices 

which have been introduced to adjust the tunes of the 1 attice. This was 
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done in order to enhance any nonlinear ·effects which would otherwise be 

depressed by the symmetry of the periodic· lattice of 60° cells. In 

particular, were these insert'ions not present, '(if -the lattice were only 

FODO cells) the machine could· ·easily become a second order achromat. ·The 

terms driving the violaton of Liouville•s theorem would then be third order 

and would not be observable in a second order matrix code. In this case, 

the phase advances across the 11 i nsertion 11 are taken to by 79° horizontally 

and 48° vertically. '· 

After all tunes and chromaticities were fit, a· particle was launched 

into this lattice in the midplane with a displacement of 5 mm and no trans

verse momenta or energy deviations. It was tracked for 50 iterations of the 

lattice transfer map, with a surface of section plot for the 50 iterations 

made at the end of the calculation. Tracking was then continued for an 

additional 2050 turns. A second surface' of this section plot was then made 

as iterations 2050 to 2100 were performed. This calculation was- first done 

using the nonsymplectic ray trace. The results, displayed in Figure I, 

indicate a substantial phase space growth has occured. The calculation was 

then repeated using the symplectified ray trace. The results, displayed in 

Figure I I, indicate no phase space growth has occured. The nonsympl ectic 

ray trace therefore violates Liouville •s theorem; this problem can be 

avoided through use of the procedure we have outlined above. 

IX. Summary Remarks and Conclusions 

We have presented evidence that second order matrix-based beam optics 

programs violate the symplectic condition. A simple method to avoid this 

difficulty, based on a generating function approach to evaluating transfer 

maps, has been described. A simple example illustrating the non-
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sympl ecti city of second order matrix methods, and the effectiveness of our 

solution to the problem, was provided. We conclude that it is in fact pos

sible to bring second order matrix optics methods to a canonical form. The 

procedure for doing so has been implemented in the program DIMAT, and could 

be implemented in programs such as TRANSPORT and TURTLE, making 'them useful 

in multiturn applications. 
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TABLE I. Coefficients B;j of the Noncanonical Transformation of 
Canonical Variables. All unlisted B;j = A;j: B is the design value. 

For i = 1,3,or 5 

B. 6 = -A. 61a 
1 ' 1 ' 

B; ,12= -A; ,1218 

Bi,17=- Ai,171B + A;,21B 

Bi,21= -Ai,211B 

For i = 2 or 4 

B. 6 = -A. 61a 
1 ' 1 ' 

8i,7 = Ai,7+Ai,1A61 

8; ,8 = Ai,8+Ai,2A61+Ai,1A62 

Bi,9 = Ai,9+Ai,3A61+Ai,1A63 

B; ,10= Ai,10+Ai,4A61+Ai,1A64 

8; ,11= Ai,11+Ai,5A61+Ai,1A65 

B; ,12= -Ai,12IB-A;,6A611B-A;,1A66IB 

B; ,13= Ai,13+Ai,2A62 

B; ,14= Ai,14+Ai,3A62+Ai,2A63 

8; ,15= Ai,15+Ai,4A62+Ai,2A64 

Bi,16= A; ,16+~i ,5A62+Ai,2A65 

For i = 6 

B6j = -aA6j 

866 = A66 

j:l,2,3,4,5 

3 2 2 = - sA6 7 + ( B I 2) 0-1 I B ) A61 

B. 24= -A. 241B + A. 41B 1, 1, 1, 

Bi,26= -Ai,261B 
. 2 2 

Bi,27= Ai,271B + Ai,6(1-1IB )12 

Bi,17= -Ai,171B-A; ,6A621B-A; ,2A661s+A; ,2IB 

B; ,18= A; ,18+A; ,3A63 

B; ,19= Ai,19+Ai ,4A63+Ai,3A64 

B; ,20=· Ai,2o=A; ,5A63+Ai,3A65 

8; ,21= -Ai,211B-A; ,6A6/B-A; ,3A66/B 

Bi,22= Ai,22+A; ,4A64. 

Bi,23= Ai,23+A; ~5A64+A; ,4A65 

8;,24= -Ai,241B-A; ~6A641B-A; ,4A661s+Ai ,41B 

8i,25= Ai,25+Ai ,5A65 

8i,26= -Ai,261B-A; ,6A65IB-A; ,5A661B 

Bi,27= Ai,271s2+A; ,6A661s2+A; ,6(1-1ls2) 
-2-

B6 19= -BA6 19+ 
' ' 

86,20= -BA6,20+ 
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APPENDIX I 

VIOLATION OF THE SYMPLECTIC CONDITION BY 
SECOND ORDER MATRIX BEAM TRANSPORT SCHEMES 

We demonstrate that second order matrix beam transport schemes are not 

canonical. Denote by q and p the images of a coordinate and its conjugate 

momentum, respectively, under a canonical transformation. In general, these 

will have the following structure. 

( 1.1) 

p = 0 (1) + 0 (2) + 0 (3) + 0 (4) + p p p p ..• 

In these expressions, 0 (n) denotes the n-th order contribution of 

all variables to the image of the (= q or p) under the canonical trans

formation. The symplectic condition requires that the Poisson bracket 

[q,p] be invariant under this transformation. It follows that 

[q,p]=[q,p]=1; substitution of equation (I.1) in this relation yields: 

l=[q,p] = [Oq(l)+Oq(2)+0q(3)+0q(4)+ .•. , Op(l)+Op(2),+0p(3)+0p(4) + ..• ] 

= [Oq(l),Op(l)] 

+ [Oq(l),Op(2)] + [Oq(2),0p(l)] 

+ [Oq(1),0p(3)] + [Oq(2),0p(2)] + [Oq(3),0p(1)] 

+ [Oq(1),0p(4)] + [Oq(2),0p(3)] + [Oq(3),0p(2)] + [Oq(4),0p(1)] 

+ 

Decomposing this into it's various orders gives the following expressions 

that must be satisfied if the transformation in question is to be canonical. 
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1 = [Oq(1),0p(1)] 

0 = [Oq(1),0p(2)] + [Oq(2),0p(1)] (I. 2) 

0 = [Oq(1),0p(3)] + [Oq(2, Op(2)] + [Oq(3),0p(1)] 

0 = [Oq(1),0p(4)] + [Oq(2),0p(3)] + [Oq(3),0p(2)] + 

Second order matrix methods retain, in these expressions, only terms through 

0(2). All other terms are considered to be zero. Therefore, matrix trans-

formations for individual beamline elements are canonical if and only if 

1 = [Oq(1),0p(1)] 

0 = [Oq(1),0P(2)] + [Oq(2),0p(1)] 

0 = [Oq(2),0p(2)] 

(I. 3) 

In general, the last of these is violated. As the matrix elements are derived 

directly from the equations of motion, the second order terms are exact 

representations of the behavior of the canonical transformation. The 

[Oq(1),0P(3)] and [Oq(3),0P(1)] terms are therefore required to keep the 

Poisson brackets invariant. 

Even if a pair of individual transformations did in fact satisfy 

equations (1.3), violations of the symplectic condition could still arise. 

If the two second order symplectic transformations in question were 

concatenated, the result would be a symplectic transformation of the form 

(I.1). but with terms of 0(1) through 0(4) only. Arguing as above, the 0(3) 

and 0(4) terms are required to insure equations (1.2) are satisfied. Second 
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order matrix based programs will, however, truncate the transformation at 

the 0( 2) terms. The concatenated transformation will then be symplectic 

only if (1.3) is satisfied. However, (1.3) is not, in general, satisfied by 

a concatenated transformation, even if the individual second order trans

formations do satisfy (1.3). The concatenated transform will, in general, 

satisfy only the conditions (1.2). We therefore conclude that even cases in 

which the individual second order transformations are canonical is it pos

sible to violate the symplectic condition through the use of truncated con

catenated transformations. (See note (13)). 
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APPENDIX II 

VIOLATION OF THE SYMPLECTIC CONDITION BY 

THIN LEtJS TRANSFORMATONS USING NONCANOtHCAL VARIABLES 

Thin 1 ens programs use exactly symplectic mappings to trans form non

canonical variables. In this appendix, we demonstrate that this leads to an 

inconsistancy. Specifically, the Poincare integral invariants (in particu-

lar, the volume invarient of Liouville•s theorem} apply to the canonical 

phase space variables only. Therefore·, if the Poincare integral invariants 

are to apply to thin lens tracking programs, two conditions must be ful

filled. 

1} The equations of motion represented by the transformations in the 

program must be derivable from the canonical (Hamil toni an} 

equati 011s, 

and 

2} The transformations utilized by the program must be canonical 

transformations when written in terms of canonical variables. 

As for the first point: The transformations employed in thin lens tracking 

programs are the usual linear transfer matrices, augmented by thin lens kick 

transformations. These transformations can be derived directly from 

Hamil ton •s equations, although, in the context of accelerator physics they 

.are more often obtained from a statement of Newton•s law (15}. The·use of 

noncanonical variables x,x• ... is not a fundamental problem, as these 

variables are. simply the generalized coordinates and corresponding 

generalized velocities used in a Lagrangian treatment of the problem. 
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The second point gives rise to the inconsistancy. We show, in this 

appendix, that a symplectic transformation of noncanonical variables is not, 

in general, a canonical transformation when re-written in terms of canonical 

variables. Consequently, many thin lens tracking programs fail to be 

canonical on this second point. It is the use of noncanonical variables 

which leads to this inconsistancy. In order to avoid .. spurious damping or 

growth 11
, the authors of such codes have (artificially) forced the trans

formations employed (which, in fact, transform noncanonical variables) to be 

symplectic (area preserving). They have overlooked the vital point that in 

order for Liouville•s theorem 'to be applicable, the variables undergoing 

transformation must be canonical. To insure that Liouville•s theorem (and 

the conservation of other Poincare invariants) is obeyed, we must insure 

that the transformations employed are both physical (i.e. derivable fom a 

valid equation of motion) and canonical (i.e. symplectic transformations of 

canonical variables). 

The situation at hand is depicted in Figure All. Fig. Alia illustrates 

the condition of the transformations employed in most thin lens tracking 

programs. The transformation J1 is symplectic; the physical transformation;;( 

is not. Mother nature operates as illustrated in FigureAIIb. The trans

formation')( is symplectic, the transformation')( is, in general, not 

symplectic. We therefore conclude that if thin lens codes are to use non

canonical variables, then the transformations employed should in fact be 

nonsymplectic so as to insure that the transformation of canonical variables 

these programs are attempting to simulate is, in fact, canonical. 

We now provide the required proof that a symplectic trans formaton of 

noncanonical variables is in fact not a canonical transformation of 

canonical variables. 
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Denote by~~ the symplectic transformation on noncanonical variables . . tJ:' . 
used by the tracking program; denote by J' the noncanonical transformation 

from canonical vari ab 1 es to noncanonical vari ab 1 es. The equivalent trans

formation between initial and final values of the canonical variables is 

?» ~-1 -then given by m-;J mJ (see Figure Alia). We claim the transformation is 

not canonical. Denote by M the Jacobian of ; denote by M the Jacobian 

of 1fi ; denote by T the Jacobian of j. By the chain rule, 

f\f = T-1 M T I I. 1 

The transformation~is canonical if and only if M is a symplectic 

matrix. Therefore, we must compute the quantity 

(where J is the 4x4 version of the fully antisymmetric matrix defined in 

the text and .. _ .. denotes the transpose of a matrix) to determine if the 

symplectic condition 

I I. 2 

applies. 

Inserting 11.1 in the quantity ~1Jr~, we find that the symplectic condi

tion I I. 2 may be written as follows. 

= J I I. 2 1 

The transformati on~s given by equations ( 1 1
). For the purposes of this 

calculation, we consider the on momentum case. The Jacobian T is therefore 

given by the following expression. 
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0 0 0 

(1 - p 2) 
y 

(1 - p 2 - p 2)3/2 
X y 

0 
(1 - p 2 - p 2)3/2 

X y 

T = 0 0 1 0 

0 

p p 
X y 

(1 - p ~- p 2)3/2 
X y ' 

0- Px 2) 

0 
(1 -

We take a particularly simple form for the transformation 1fl. Let be a 

1 i near symplectic transformation represented by the rna trix 

0 

0 
cos vy Bysin vy 

-1 sin vy cos vy 
By 

The Jacobian M is then precisely the matrix above. Computing the matrix 

product in equation !1.2', we find 

a b 
M J M = 

c d 
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a = 

b = 

c = 

0 

P P (-a s c +as c ) 
X y ~ y X X X y 

(1 - p - p 2)3/2 
X y 

(1-P 2)P P (1- c c -a s s Ia ) 
X X y X y X X y y 

1 + 

0 

P P (1-P 2)(C C +(~ S S Ia )-1) 
X y y X y X X y y 
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d --

0 P 2P 2(1- c c -e s s /e ) 1+ x y xy yxy x 
(1 - p 2 - p 2) 

X y 

-1 - 0 

and where \=sinvx, Cx=Cosvx, Sy=sinvy, Cy=eosvy. 

This clearly violates the symplectic condition ,(though only in second 

order). The violation is modulated, of course by the paramenters of the 

symplectic transformaiton used to compute the image of the noncanonical 

variables. In the particularly simple case considered here, the violation 

of the symplectic condition disappears if the horizontal and vertical tunes 

are equal and the horizontal and vertical betas are equal. It is therefore 

conceivable that in practical (i.e. realistic) situations, the actual viola

tion of the symplectic condition is so small as to be numerically un

observable. This conjecture should be examined for a variety of familiar 

cases; in light of the above arguement, we must conclude that a symplectic 

transformation of noncanonical variables is not, in general, a canonical 

transformation when written in terms of canonical variables. 

Observe that in 1 dimension (x,Px, and/or x,x') this is not the 

case; if the transformation is canonical in one set of variables, it is 

canonical in the other. This is readily seen by setting PY = 0 in the 

above relations. 
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FIGURE A I I 

f;s the transforrriation from canonical to noncanonical variables; Jn is 

the symplectic dynamical transformation used by thin lens codes,Jt is the 

symplectic dyna~ical transformation used by Mother ~Jature 

a) Thin lens codes (
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APPENDIX III Code listings of symplectification subroutines 
c 
c 
c••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••• 
c 

SUBROUTINE CVAR(ZNC,ZC,GAMMA,BETA) 
c 
c••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••• 
c 

HfPLIC IT 8EAL*8 (A-H,Q-Z) 
DIMENSION ZNC(6),ZC(6) 

C "WRITE(6,99998) (ZNC(J),J=1,6) 
C9998 FORMAT(' IN CVAH, ZYC 15? 1 ,/,6(' 1 ,E12.6)) 

DO 1 0 J = 1, 5, 2 
ZC (J) =ZNC (J) 

10 CONTINUE 
PAC=(1uDO+ZNC(6))/DSQRT(l.DO•ZNC(2)**2+ZMC(q)**2) 
ZC (2) =FAC*ZNC (2) 
ZC(4)=FAC•ZNC(4) 
ZC(6)= (1.00/BE'.tA) 

& -DSQRT((l.DO+ZNC(6))**2+((1.D0-BETA**2)/(BETA**2))) 
C WRITE(6,99999) (ZC(.J),J=1,6) 
C9999 FORMAT(' IN CVAR, ZC 15? 1

1 /,6( 1 1 ,E12.6)) 
IH.:TUBN 
END 

c 
c••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••• 
c 

SUBROUTINE NCVAB(ZC,ZNC,GAMMA,llETA) 
c 
c••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••• 
c 

c 
C9998 

IMPLICIT HEAL*S (A-H,O-Z) 
DIMENSIO~ ZC(6),ZNC(6) 
WRI'l'E(6,99998) (ZC(J),J=1,6) 
fORMAT(' IN NCVAR, ZC IS?',/,6( 1 1 ,E12.6)) 
DO 1 0 J = 1 , 5 , 2 
ZNC (J) =ZC (J) 

10 CON1'INUE. 

c 
C9999 
c 
c 
coooo 
c 100 

c 
c 

AHG= (ZC (6)- ( 1. DO/BETA)) ••2-ZC (2) **2-ZC (4) **2 
& -((1.DO-BETA**2)/(BJ::TA**2)) 

FAC=l.DO/DSQRT(A&G) 
ZNC (2) =FAC*ZC (2) 
ZNC(4) =fAC*ZC(4) 
ZNC(6)=-1.DO+DSQBT(l.OO•ZC(6)**2-(2.DO*ZC(6)/BETA)) 
lriRITE(6,99~99) (ZNC(J),J=1,6) 
FORMAT(' IN NCVAB, ZNC 15? 1 ,6( 1 1 ,E12.b)) 
DO 100 J=1, 6 
WBITE(6,90000) J,ZNC(J) 
FORMAT(' ZNC( 1 ,I2, 1 )-= 1 .E16.10) 
co~·riNUE 

NE'I'URN 
END 
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c 
c••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••• c ' 

SUBROUTINE C~AP{A,DftAT,CMAT,GAMMA,BETA) 
c 
c••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••• 
c 

IMPLICJT REAL*8 (A-H,O-Z) 
DIMENSION A (6,27) ,B(6,27j ,CMAT (6,27) 
DIMENSION !HUT {6, 6) • BINV (6, b), R I (6, 6) , RJ {6, 6), TEMP (6,6) ,TEST (6, b) 
DATA 

& BJjO.DO,l.D0,4*0.D0,-1.D0,8*0.DO,l.D0,4*0.D0,-1 .. D0,8*0 .. DO, 
& l.D0,4*0.D0,-1 .. DO,O.DO/, 
& IU/1 .. DO, 6* 0. DO, 1. DO, 6*0 .. DO, 1 .. DO, 6•0. DO, 1. DO, 6•0. DO, 
& 1 .. D0,6•0.D0,1.00/ 

c 
C1111 
c 
C2222 

WRITE(6,11111)GAMKA,BETA 
FORMAT(' I~ C~AP GA~MA,BETA ABE1 1 ,2E12.4,/) 
WRITE ( 6 , 2 2 2 2 2) ( (A ( 1 W, J Ill~ , J W = 1 , 2 7 j , I Ill= 1 , 6 ) 
FORMAT(' IN CliAP A IS?',/,6(5( 1 1 ,5E12 .. 4,/), 1 1 ,2812.4,/)) 
DO 20 J=1 ,6 

c 

DO 10 K= 1, 21 
CMAT(J,Kj=O .. DO 
B (J, K) =A (J, K) 

10 CONTINUE 
20 CONTINUE 

C NOW TOUCH UP B TO ~ET MATRIX IN CANONICAL FOiM 
c 

c 

DO 30 J=1,5,2 
D(J,6) = -1 .. DO~A(J,6) /BETA 
~(J,1.2)= -1.DO*A(J,12)/BETA 
D(J,17jd -1.DO*(A(J,17)-A(J,2))/BBTA 
B(J,21)= -1.DO*A(J,21)/BETA 
B(J,24)= -1.DO*(A(J,.24)-A(J,4))/BETA 
B(J,26)= -1.DO*A(J,26)/BETA 
D(J,27)= (A(J,27)-(A(J,6)*(1.DO-(BETA**2))/2.DO))/(BETA**2) 

30 CONTINUE . 
DO 40-J=2,4,2 
B(J,6) = -1.DO*A(J,6) /BETA 
D(J,12)= -1.DO*(A(J,12)•A(J~1))/BETA 
B(J,17)= -1.DO*A(J,17)/BETA 
B(J,21)= -J .. DO*(A(J,21)+A(J,3))/BETA 
B(J,24)= -1.DO*A(J,24)/BETA 
B(J,26)~ ~1.DO*(A(J,26)+A(J,5))/BETA 
B(J,27)= (A(J,27)+A{J,6)*(1.D0-((1 .. D0-BETA**2)/2.DO))) 

& /(BETA**2) 
40 CONTINUE 

C WE HAVE ASSU~ED A(6,J)=O SAVE FOB A(6,6) = 1 
c 

DO 60 J=1,6 
DO. 50 K= 1, 6 
BMAT(J,K)=B{J,K) 
TEMP(J,K)=O.DO 
TEST (J, K) =0. DO 
BINV(J,K)=O.DO 

50 CONTINUE 
60 CONTINUE 
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c 
C CHECK tl - IS HMAT A SYMPLECTIC MATRIX? 
C BMAT*RJ•BMAT(TRANSPOSED)=RJ ? 
C (MAY BY-PASS AFTER DEBUGGING) 
c 

c 

DO 9 0 J = 1, 6 
DO 80 K =1,6 
DO 1 0 L Y N = 1 , 6 
TEMP(J,K)=TEMP(J,Kj+RJ(J.LYN)*BMAT{K,LYN) 

70 CON'riNUE 
80 
90 

100 
110 
120 

CONTINUE 
CONTINUE 
DO 120 J = 1, 6 
DO 110 K = 1, 6 
DO 1 0 0 .L Y N = 1 , 6 
TEST(J,K)=TEST(J,Kj+BMAT(J,LYN)*TEHP(LYN,K) 
CONTINUE 
CONTINUE 
CONTINUE 

C CHECK POR SYMPLECTICITY 
c 

EHROR=O. DO 
DO 1ij0 J=1,6 
DO 130 K= 1, 6 
EfiROR=ERROR+DABS(TEST(J,K)-RJ(J,K)) 
TI::S'r(J,K) =O.DO 
TEMP (J, K) =0. 00 

130 CONTINUE 
140 CONTINUE 

IF' (ERJ10B.GT.1.D-14) WlUTE(6,1400) ERiWR 
1400 FORMAT(40H ***BMAT PAILS XO BE SYMPLECTIC, ERHOR =,E1ij.6) 

c 
C NOW INVERT BHAT TO GET BIHV = -RJ•BMAT(TRANSPOSED)•RJ 
c 

DO 170 J =1,6 
00 1 bO K = 1, 6 
DO 1 50 L Y N = 1 , 6 
T E tt P ( J , K I =TEMP ( J, K j + BJU T ( L Y !», J) * R J ( L Y N , K J 

15 0 CO NT l.N U E 
160 CONTINUE 
170 CONTINUE 

DO 200 J =1,6 
DO 190 K =1,6 
DO 180 LYH=1,6 
BINV (J,K)=BINV (J,K)-RJ (J,LYN) *TEMP(LYN,K) 

180 CON'l'INUE 
190 CON1.'1NUE 
200 CONTINUE 
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c 
C CHECK w2 ( IS BINV A VALID INVERSE OP BMAT? 
c 
C B~NV*DMAT = BI ? 
c 
C (KAY BYPASS AFTEH DEBUGGING), 
c 

DO 230 J = 1, 6 
DO 220 K = 1, 6 
UO 2 1 0 L Y N = 1 , 6 
TEST(J,KJ=TEST(J,K~•BINV(J,LYN)*DMAT(LYN,K) 

210 CONTINUE 
2 2 0 CO NT I N U E 
230 CONTINUE 

EltlWR=O. DO 
DO 2 50 J;:: 1, 6 
DO 240 K-=1 ,6 
ERBOR=EBROR+DABS(TEST(J,K)-BI(J,K)) 
TEST (J, K) =O.DO 
TEMP (J, K) =O.o. DO 

240 CONTINUE 
250 CONTINUE 

IF (EBROR.GT. l.D-14) WBITE(6,2500) .ERROR· 
2500 FORMAT(38H ***BINV PAILS TO INVERT B!AT, .ERROR =~E14.6) 

c 
C FINALLY, SET UP C!AT. THE NONLINEAR TRANSFORMATION CLOSE TO THE 
C IDENTITY 
c 

DO 280 J =1,6 
DO 2 7 0 K = 1 , 27 
DO 260 LY~==1,b 
CMAT(J,K)=CMAT(J,K) +BINV(J,LUI) •D(LYN,K) 

260 C.:ON'fiNUE 
270 CONTINUE 
280 CONTINUE 

c 
c· CHECK t3 - IS 616 PART OF CMAT EQUAL TO THE IDENTITY RI? 
c 
C (CAN BYPASS A¥TER DEBUGGING) 
c 

290 
300 

3000 
c 
C3333 
c 
C4444 

ERROR=O.DO 
DO 300 J=1,6 
DO 290 K=1,6 
ERROR=EBBOR•OABS(BI(J,K)-CMAT(J,K)) 
CONTINUE 
CONTINUE 
IF (ERROR. GT. 1. D-14) WRITE (6. 3000) ERROR 
FORMAT(48H •••LINEAR PART OF CHAT MISSES IDENTITY, ERROR =,E14.6) 
WRI'l'E(6,33333) ( (CMAT{IW,JW) ,JW=1,27) ,IW=1,6) · 
PORMAT(' IN CltAP CrtAT IS?',/,6(5( 1 •,5E12.4,/) , 1 '•2EI2.4,/)) ·. 
WRITE(6,44444) ( (BMAT(IW,JW) ,JW=1,6) ,IW=1,6) 
FORMAT(I IN CltAP Bl'tA1' IS? 1 ,/,6(' ',6E12.4,/)) 
RETURN 
END 
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c 
c••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••• 
c 

SUBROUTINE S!MRAT(B~AT,CMAT,ZI,ZP} 
c 
c••••••••••••••*•••••••••••••••••••••••••••••••••••••••••••••••••••••••~ 
c 

IMPLtCIT REAL*8 (A-ll,O-Z) 
DIMENSION BMAT(6,L),CMAT(6,27),ZL(6),ZP(6) 
DIMENSIO~ ULIN(3,3),RINV(3,3) 
DI~ENSION XTEMP(6),P0(3),PTEMP(l) ,PMAP(l),ZTEMP(6),DELP(l),CP(l) 
DIMENSION IAD1 (27,2j,IA02(6,3) ,RWT(6,3) 
DATA 

& IAD1 
& /1,2,3.4,5,6,1,1,1,1,1,1,2,2,2,2,2,3,3,3,3,4,4,4,5,5,6, 
& o,o8o,o,o,o,1,2,3,4,5,6,2,3,4,5,6,J,4,5,6,4,5.6,5,6,6/, 
& IAD2 . 
& /8,1J,14,15,16,17,10,15,19,22,23,24,12,17,21,24,2b.27/, 
& UWT 
& /1 • DO , 2. D 0 , 1. D 0 • 1 ,.. 0 0 , 1 • DO • 1 • 00 , 1 • DO , 1. DO , 1. D 0 , 2. D 0 , 1. D 0 , 1. D 0, 
& 1.D0,1.DO,l.DO,l.DO,I.D0,2.DO/ 

C WRITE(6,99998) (Z.I(J},J=1,6) 
C9998 FORMAT(' IN SYMRAT, I.C. ARE?',/,6( 1 'E12.6)) 
c 
c 
c 
c 

c 

INITIALISE GLOBAL VARIABLES ZF,PO, AND INITIAL GUESS XTEMP FOR 
NEWTON SEARCH 

DO 10 J=1,6 
ZF (J) =0- DO 
X'rEKP (J) -=ZI (J) 

10 CONTINUE 
DO 20 J=1,3 
PO(J) =ZI(2•J) 

20 CONTINUE 

C NEWTON SEARCH FOR IMAGE ZTEMP OF ZI UHDEi NONLINEAR TRANSFORM CMAT 
c 

DO 5000 ILOOP=1,50 
c 
C INITIALISATIONS POR EACH ITERATE 
c 

c 

DO 500 J= 1, 3 
PTEMP(J)=XTEMP(2*J) 
CP (J) =XTEMP (2*J) 
PMAP (J) -=PO (J) 

500 CONTINUE 
DO 520 J=1,3 
DO 510 K= 1 ,J 
HLIN(J,K)=O.DO 

510 CONTINUE 
BLIN (J,J) =1.D0 

520 CONTINUr; 

C EVALUATr; l~AGE PMAP OF PTEKP UNDER NONLINEAR MAP 
c 

00 540 J= 1, 3 
DO 530 K=7, 27 
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c 

c 

c 

PKAP(J)=PMAP(j)•CMAT(2*J,K,*XTEHP(IAD1 (K,1j)*lTEKP(IAD1(K,2)) 

5JO CONTINUE 
540 CONTINUE 

C EVALUATED LlNEARlSED MAP ANU ITS INV~RSE AT PTEHP 
c 

c 

c 

c 

DO 5 70 J= 1, J 
DO 560 K= 1,3 
DO 55 0 L Y N = 1 , 6 

li LIN ( J , K) = B LI N ( J, K) - R W T ( L Y N , K) * C MAT ( 2 • J , I AD 2 ( L Y N, K) ) • X T E K P ( L Y '111) 

550 CO N'fiNUE 
560 CONTINU~ 
570 CONTINUE 

C THIS SETS ltLIN (WHICH ·rs REALLY (IDENTITY)- (JlCOJHAN EVALUATED AT PTEftP)] 
C NOW FIND ITS INVERSE, RINV 
c 

c 

c 

c 

c 

DET= ~LIN(1,l)*RLIN(2,2)*RLlN(3,3) 
& +RLIN(1,2)*BL1N(2,l)*RLIN(3,1) 
& +RLIN(1,l)*RL1N(2,1)*RLIN(3,2) 
& -RLIN(1,1)*RLIN(2,l)*RLIN(3,2) 
& -RLIN(1,2)*HLIN(2,1)*RLIN(3,J) 
& -RLIN(l,l)*RLIN(2,2)*RLIN(3,1) 

RtN~(1,1)=(RLIN(2,2)*RLIN(l,1)-RLIN(3,2)*RLIN(2,3))/DET 
RINV(2,2)=(RLIN(1,1)*RLlN(l,J)-RLlN(1,J)•MLlN(l,1))/DET 
RINV (J,Jt =(RLIN(l, 1) *HL!N (2,2) -HLIN( 1, 2) *RLIN(2, 1) )/DET 

RINV(1,2)=(RLIN(l,J)*liLIN(J,2)-RL~N(1,2)*RLIN(J,J))/DET 
RINV(1,3)=(RLIN(1,2)*BLIN(2,J)-RLIN(2,2)*RLIN(1,3))/DET 

. . 
R I NV (2 , 1 ) = ( R Ll N ( 2, 3 ) • R LIN ( J, I ) - R LIN ( 2 , 1 t • R L.l N (3 , 3 )') IDE T 
RINV(2,l)=(RLIN(2i1)*RL1N(1,3)-RLIN(1,1)*RLIN(2,3))/DET 

RINV(J,l)={RLIM(2,1)*RLIH(J,2)-RLIN(2,2)•RLIH{3,1))/DET 
RINV(3,2j~(RLIN(1,2)*RLIN(3~1)-RLIN(1,1)*HLIN(3,2))/DET 

c 
C SET THE COH!iECTION TO TUE ILOOP-'fU GUESS - I.E. COMPUTE THE II.OOP-TH 
C ITERATE OF TilE CONT&ACTIOM MAP ON THE INITIAL GUESS. 
C CP = IMAGE OF PTEHP UNDER THE CONTRACTION MAP 
c 

c 

c 

DO 590 J=l,J 
DO 580 K= 1 ,J 

CP(J)=CP(J)-HINV(J,K)•(PTEMP(K)-PMAP(K)) 

580 CONTINUE 
DELP(J) =CP(J)-PTEKP(J) 
XTE HP ( 2*J) =CP (J) 

59 0 CO N 'l' I N U 1:: 
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c 
C AT THIS POINT, TH~ •HEW GUESS• FOB PP (THt PINAL P VALdE) 
C IS ESTABLISUHD 
C AND MAY BE POUND IN CP, AND WE HAVE RESET XTEMP TO THE VALUES 
C (X,CP(1j,Y,CP(2),T,CP(3)). NOW CHECK FOB CONV~BGENCE BY LOOKIMG AT 
C DELP (COMPUT~R DEPENDENT CRITERION). HEBE WE CHOOSE AN ERROR OP 
C l.D-13 pc:)n CONVJH<GENCl:: 
c 

5000 

DEL2=DELP(1)**2+DELP(2)•*2+DELP(3)**2 
SQR =(1.D-26)•(CP(1)**2+CP(2)**2+CP(J)**2) 
IF ( {DEL2. LT. SQB~. OR .. (DEJ.2 •. EQ. SQR)) GO TO 6000 
CONTINUE 
PRINT 5001 

5001 
6000 

c 

PORMAT(44H •~EWTON FAILS TO CONVERGE IN 50 ITERATIONS*) 
CONT1NUE 

c 
c 
c 
c 

TO Pl~ISH COMPUTING THE NONLINEAR TBANSFOB4ATION, USE THE GENB~ATING 
!'UNCTION APPliOACH TO EVALUATE fNEWI COORDINATES, GIVEN THE IO.LDI 
COORDINATES AND IHEWI MOMENTUM AS STOBED IN XTEMP 

DO b01 J=1,6 
ZTEMP(J)=XTEKP(J) 

601 CONTINUE 
DO 610 J=1;3 
DO 600 K=7,27 

C COMPUTE NEW COORDINATES 
ZTEMP(2•J-1)=ZTEMP(2*J-1) 

& +CMAT(l*J-1,K)•ITEKP(IAD1(K,1))*XTEMP(IAD1(K,2)) 
C COMPUTE OLD MOMENTA 

ZTEKP(2*J) =ZTEKP(2*J) 
& -CKAT(2*J,K)*XTEKP(IAD1(K,l)~*ITEKP(IAD1(K,2)) 

600 CONTINUE 
610 CONTINUE 

c 
C FLAG OLD MOMENTA COftPUTATIONS FOR CONSISTANCY 
C CHECK ZI(2,4, AND 6) VS. ZTE~P(2,~,AND b). 
C (~AY BYPASS THLS AFTER DEBUGGING) 
C f'J.AG CHITERION IS MACH~NE DEPEHDENT - WE TOLERATE ERBOBS OF J.D-13 
c 

c 

DEL2= (Z'l'EKP (2) -ZI (2)) ••2• (ZTEMP (4) -ZI (4)) ••2+ (ZTEMP (6) -ZI (6)) ••2 
SQU;(1.D-26)*(ZI(~)**2+ZI(4j*•2+Zl(6)*•~) 
If (DEL2.liT.SQR). l-'kiNT 611 

631 POBKAT(~~H * MOMENTUM ERROR IN SYMRAT •) 

C RESET ZTEMP TO CONTAIN IYEWI MOMENTUM AS WiLL AS •NEWf COORDINATES 
C TO COMPUTE Z.P 
c 

DO 620 J=2,6,2 
ZTEMP(J)=XTEMP(J) 

620 CONTINUE 
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c 
C FINALLY, TRANSFORft BY THE LINEAR ~RAN~PbRKATION TO GET ZP 
c 

DO 710 J= 1, 6 
DO 700 K= 1, 6 
ZF(J)=ZF(J)•BHAT(J,K)•ZTEKP(K) 

700 CONTINUf: 
710 CONTINUE 

c 
C IMAGE OF ZI IS NOW STOBED IN ZF 
c 
c 
C9999 

c 
c 

WRITE(6,99999) (Zi'(J) ,J=1,6) 
FORMAT(' lN SYMBAT ZF 15? 1 ,/,6( 1 1 ,E12.6)) 
BETU.BN 
END 
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~ 
00 

TEST Cl' SYM~LECTIC OFT!C~ CN LBL VERS:ON 

EX~ULSIO~ FAClC~ FO~ FkRTJCLE5 IS? 1Cot0 

Fl t.~uc;ccoo C.1CD CCD.l:l 0.100 COOCCC 
HCl '-oCCtCJOC~C z.CCG CJQGC ",;E~Oc11E~E+C~ -D.20~E570Z;~t0& 

c.cocc•ococ c.toc cc.cco c. Cli:i ca:co ~.CH.OJ~OC 

Hfl ~o.CtuCCCCCC z. Hc:co:cc -c.c:~zcaH4E•c~ C.! !UC.H;C:E+C6 
C.C Ci;OGOLDL ~.occcc.;:;,;,c o. :c;; c,c;;oc ~.c::.t~o:oco 

Tl< 7S.: Gi:CCCC.CC l~olHSOCJ~~ lol!fo7~C:IC~ 48.00CCGJDOO 
t.lL.CCCCi.OD 

LIST CF MAC~I~E COMPONENTS 

1 h 
2 F1 1101 fl Hfl 
& 1'1 "'01 fl Hf! 

1Q ~'1 t<Dl fl "'Ft 
~lo T~ 

15 ~1 ~'Cl fl HFl 
1~ F1 "'C! F~ Hf1 
23 fl Htl F! Hfl 
Z7 1'1 H01 Fl Hf!t 

TCTAL lE~GT~ CF ~ACHINE IS? 1~.co: t'£TC:!:S 

TEST CF SVMPLECTIC OFT;C~ 0~ LEL VEFS:CN 

OFE~ATICN LIST • 

~ATF.I~ fOF U~TUNEC LtTliC£ 

z -•• 

AFTE~ ?~fl tLEME~T ~? !t 

•••••••••••••••••••••••••••••• 
TFA~SFCF~~TIC~ ~AT~l) • ..........•.......•.•...•...•. 

J.ocoooo~oo 

"·DCOOilDCOt 

c.ococcoooo 
~.cooacccoz 

..... a.!02e~HCO 

. o .n ccoo coco 
"D.HCCC CCUC 

I!.OCCOO£COO 
'C.lCtCOCCCJ 

-1. ~ n 78 CCC 0 

o.oocooo~oc 
D. 10CCOOOOt 

o.coco~noco 
t.1t~~.:cocc 

C.lOOODCOOC 



.,j::>o 
1.0 

FI~ST OROL~ ~AT~!) 
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a) PhC1~~ ~pace for turns J to 50 using nonsymplectic ray .trace. 

64 

50 



PLCTS Of PARTICLE POSITJCNS AfTER ELEMENT 3CCHfl ) O~RIN~ TURN 2lOQ 

C.1CCE-Ol + 1 ] ) ) 1 J 1 + 

111 1 
1 1 
11 1 

1 
1 

... 1 1 

1 1 
1 
1 1 

1 
1 11 

1 1 
1 1 11 

1 1 1 

-C.1COE-01 + 1 ) ] 1 1 + 
~c.5CO£-Cl C.5COE- Cl 

b) Phase space for turn~ 2050 to 2100 ~sing nons)'mple~t~E ~ay tra~~-~ 

Growth of the phase space (in violation of Liouville's theorem) is 

apparent. 
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