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StructuralBalance and InterpersonalAppraisalsDynamics:
BeyondAll-to-All andTwo-FactionNetworks

Wenjun Mei a, Ge Chen b, Noah E. Friedkin c, Florian Dörfler a

aAutomatic Control Laboratory, ETH Zurich, Switzerland

bAcademy of Mathematics and Systems Science, Chinese Academy of Sciences, Beijing, China

cDepartment of Sociology, University of California, Santa Barbara

Abstract

Structural balance theory describes stable configurations of topologies of signed interpersonal appraisal networks. Existing
models explaining the convergence of appraisal networks to structural balance either diverge in finite time, or could get stuck in
jammed states, or converge to only complete graphs. In this paper we study the open problem how steady non-all-to-all structural
balance emerges via local dynamics of interpersonal appraisals. We first compare two well-justified definitions of structural
balance for general non-all-to-all graphs, i.e., the triad-wise structural balance and the two-faction structural balance, and
thoroughly study their relations. Secondly, based on three widely adopted sociological mechanisms: the symmetry mechanism,
the influence mechanism, and the homophily mechanism, we propose two simple models of gossip-like appraisal dynamics, the
symmetry-influence-homophily (SIH) dynamics and the symmetry-influence-opinion-homophily (SIOH) dynamics. In these
models, the appraisal network starting from any initial condition almost surely achieves non-all-to-all triad-wise and two-
faction structural balance in finite time respectively. Moreover, the SIOH dynamics capture the co-evolution of interpersonal
appraisals and individuals’ opinions. Regarding the theoretical contributions, we show that the equilibrium set of the SIH
(SIOH resp.) dynamics corresponds to the set of all the possible triad-wise (two-faction resp.) structural balance configurations
of the appraisal networks. Moreover, we prove that, for any initial condition, the appraisal networks in the SIH (SIOH resp.)
dynamics almost surely achieve triad-wise (two-faction resp.) structural balance in finite time. Numerical studies of the SIH
dynamics are conducted on how the final proportion of negative links depends on the initial proportion of negative links and
the network topology. These simulation results imply some insightful take-home messages on whether multilateral relations
reduce or exacerbate conflicts.

Key words: Structural balance; Signed social networks; Co-evolutionary dynamics; Influence process; Homophily.

1 Introduction

Motivation and problem description Properties
and dynamics on/of signed networks have been widely
studied in social science as well as applied mathematics.
Structural balance (also referred to as social balance) the-
ory, first proposed in the seminal works by Heider [17,18],
characterizes the stable configurations of interpersonal
appraisal networks with both friendly and antagonistic
relations. An appraisal network satisfies structural bal-
ance if each individual obeys the famous Heider’s ax-
ioms: Friends’ friends are friends; Friends’ enemies are
enemies; Enemies’ friends are enemies; Enemies enemies

‹ This material is based upon work supported in part by
the ETH Zurich funding.

Email addresses: wmei@ethz.ch (Wenjun Mei),
chenge@amss.ac.cn (Ge Chen), friedkin@soc.ucsb.edu
(Noah E. Friedkin), dorfler@ethz.ch (Florian Dörfler).

are friends.” As suggested by [17,18], imbalance of in-
terpersonal relations sensed by individuals leads to cog-
nitive dissonances that the individuals strive to resolve.
Dynamic structural balance theory, aiming to explain
how an initially unbalanced network evolves to a bal-
anced state, has recently attracted much interest. In ex-
isting models [2,3,30,23,20,24,29,31,26], appraisal net-
works either diverge in finite time, or get stuck in unbal-
anced equilibria, or converge to all-to-all graphs satisfy-
ing structural balance. It remains an open problem what
models lead to the convergence of appraisal networks to
structural balance with arbitrary non-all-to-all network
topologies. In this paper, we address this open problem.
To be more specific, we propose and analyze dynamics of
interpersonal appraisals in which the appraisal networks
are initially non-all-to-all and converge to structurally
balanced equilibria with also a non-all-to-all topology.

Before studying the convergence of interpersonal ap-
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praisals to non-all-to-all structural balance, one would
need to first clarify what structural balance means in this
scenario. In this paper, the interpersonal appraisal net-
works are modeled as signed graphs. Intuitively, struc-
tural balance in non-all-to-all signed graphs can be de-
fined in two ways. The first one is a straightforward gen-
eralization of the aforementioned Heider’s four axioms.
Mathematically, Heider’s four axioms mean that, every
three nodes (i.e. individuals) in the appraisal network
form a “positive triad”, i.e., a triad with either three
symmetric positive relations or two symmetric positive
relations and one symmetric negative relation. Since ev-
ery three nodes in a non-all-to-all graph do not neces-
sarily form a triad, an intuitive generalization of Hei-
der’s axioms is to require that every existing triad in the
appraisal network is positive. We refer to such a defini-
tion as triad-wise structural balance. Compared to Hei-
der’s classic structural balance, triad-wise balance al-
lows for more realistic scenarios, e.g., one does not nec-
essarily know all of her/his friends’ friends. The second
definition, referred to as two-faction structural balance,
was first proposed by Cartwright et al. [7] and has been
widely adopted in the studies of opinion dynamics on
signed networks [1,22,28]. It requires that the appraisal
network can be partitioned into two antagonistic factions
where the inter-faction relations are all non-positive and
the relations within each faction are all non-negative.

In this paper, we first thoroughly study the rela-
tions between triad-wise structural balance and two-
faction structural balance, and then propose two simple
discrete-time dynamic models, the symmetry-influence-
homophily (SIH) model and the symmetry-influence-
opinion-homophily (SIOH) model, such that the inter-
personal appraisals almost surely converge to triad-wise
and two-faction non-all-to-all structural balance respec-
tively. In our models, links in appraisal networks take
values from t´1, 1, 0u, corresponding to antagonistic,
friendly, and no/neutral relations respectively. At any
time, one such link is activated and updated via (some
of) the following sociological mechanisms of local in-
teractions: the symmetry mechanism [12], the influence
mechanism [14], the person-person homophily mecha-
nism [21], and the person-opinion homophily [7]. The
symmetry mechanism means that individuals tend to
be friendly to (antagonistic against resp.) those who
are friendly to (antagonistic against resp.) themselves.
The influence mechanism assumes that one individual’s
attitude towards another is influenced by their mutual
social neighbors’ attitudes. The homophily mechanisms
in general mean that individuals are friendly to (an-
tagonistic against resp.) each other if they hold similar
opinions on some issues, or similar appraisals of others.

Literature review Following the early works by
Heider [17,18], static structural balance theory has
been extensively studied, including the characteriza-

tion of the balanced configurations [7,11], the degree
of balance [6,19], and empirical validations [25,27,13].
Generalized structural balance has also been studied
in terms of removing some of Heider’s four axioms,
e.g., see [10,4]. Different from these generalizations, the
triad-wise structural balance proposed in this paper ex-
tends the applicability of the classic Heider’s structure
balance from all-to-all graphs to arbitrary topologies by
requiring all the existing triads in the appraisal network
to satisfy Heider’s four axioms. For a comprehensive re-
view of static structural balance theory, we refer to [32].

Previous works on dynamic structural balance theory
include the discrete-time local triad dynamics (LTD) [2]
and constrained triad dynamics [3]. These models suffer
from the existence of unbalanced equilibria, i.e., the
jammed states. Other models based on network games
are proposed by Malekzadeh et al. [23] and van de
Rijt [30]. The model in [23] applies to only complete
graphs. The model in [30] propose smoothed best-
response dynamics with vanishing noise, in which some
generalized structurally balanced graphs with arbitrary
topologies are the only stochastically stable configura-
tions. But stochastic stability is a weaker condition than
almost-sure convergence, and the model in [30] actually
does not admit any steady state. Friedkin et al. [15]
propose a generalized model based on rule of transitive
closure in which the temporal elimination of violations
of Heider’s four axioms appears as a special case.

Dynamic structural balance models with continu-
ous link weights have also been widely-studied, e.g.,
see [20,24,29,26,9]. In terms of the microscopic socio-
logical mechanism, these models are all based on either
the influence mechanism [14] or the homophily mecha-
nism [21]. In these models, the appraisal networks either
diverge in finite time [20,24] or converge from certain
sets of initial conditions to complete graphs satisfying
structural balance [26,9].

Contributions The contributions of this paper are
as follows. Firstly, we conduct comprehensive analysis
of the relation between triad-wise structural balance
and two-faction structural balance for non-all-to-all
appraisal networks. We show that if a directed signed
graph satisfies triad-wise structural balance, then any
node’s ego-network satisfies two-faction structural bal-
ance. Moreover, we provide a graph-theoretic condition
with clear geometric interpretation, under which these
two definitions of structural balance are equivalent.

Secondly, to the best of our knowledge, the SIH and
SIOH models proposed in this paper are the first to
establish the almost-sure convergence of interpersonal
appraisals, via local social interactions, to triad-wise
and two-faction non-all-to-all structural balance respec-
tively. Since real social networks are usually not all-to-all
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graphs, our models significantly broaden the applicabil-
ity of the dynamic structural balance theory and, in this
sense, are more realistic than previous models.

Thirdly, regarding the theoretical analysis of the SIH
(SIOH resp.) model, we prove that its equilibrium set
corresponds to the set of all the possible triad-wise (two-
faction resp.) balanced configurations. We further show
that, for any initial condition, the appraisal network al-
most surely reaches a triad-wise (two-faction resp.) bal-
anced equilibrium in finite time. For the SIOH dynamics,
we also prove the convergence of individuals’ opinions.

Fourthly, by numerical studies, we investigate how the
final degree of conflicts of the SIH dynamics, i.e., the ra-
tio of negative links at the final steady states, depends
on the initial degree of conflicts and the network topol-
ogy. Simulation results lead to very clear and insightful
sociological interpretations: 1) The final degree of con-
flicts tend to increase with the initial degree of conflicts
and such correlation is stronger in sparser networks; 2)
Multilateral relations tend to reduce the final degree of
conflicts when the initial degree of conflicts is high, but
tend to increase the final degree of conflicts when the
initial degree of conflicts is low. In addition, such corre-
lations are stronger in sparser networks.

Organization The rest of this paper is organized as
follows. Section 2 is about some basic notations and def-
initions. Section 3 presents the results on the relation
between triad-wise structural balance and two-faction
structural balance; In Section 4, we propose and ana-
lyze the SIH and SIOH dynamics respectively. Section 5
presents the numerical study and some further discus-
sions. All the proofs are provided in the Appendix.

2 Notations and Definitions

Let φ be the empty set and N be the set of natural
numbers. Let V “ t1, 2, . . . , nu.

Two type of graphs are involved in this paper. A di-
rected and unweighted signed graph with n nodes is de-

noted by
áG“ pV,áE`,áE´q, where V is the nodes set and

the two disjoint sets
á
E
`
Ď V ˆ V and

á
E
´
Ď V ˆ V are

the set of all the positive and negative directed links
in
áG respectively. We only consider unweighted graphs

and thereby the term “unweighted” is omitted in the
rest of this paper. An undirected unsigned graph is de-
noted by |G| “ pV,Eq, where E is the set of all the undi-

rected links. A directed path (path resp.) in
áG (|G| resp.)

from node i1 to node im is an ordered sequence of nodes

i1, . . . , im such that pik, ik`1q P
á
E
`
Y
á
E
´

(tik, ik`1u P

E resp.) for any k “ 1, . . . ,m ´ 1. This directed path

(path resp.) has length m ´ 1. A graph
áG (|G| resp.)

is strongly connected (connected resp.) if, for any i, j P
V , there exists at least one directed path (path resp.)
from i to j. An ordered sequence pi1, . . . , imq of non-

repeating nodes is a cycle with length m in
áG (|G| resp.)

if pik, ik`1q P
á
E
`
Y

á
E
´

(tik, ik`1u P E resp.) for any

k P t1, . . . ,mu. Here we take im`1 as i1. A cycle on
áG is

positive if it contains either zero or an even number of
negative links. A triad is a cycle with length 3 and a pair
of nodes linking to each other is a cycle with length 2.

Given a graph
áG (|G| resp.) and a subset of nodes Ṽ Ď

V , denote by
áG Ṽ (|G|Ṽ resp.) the induced subgraph of

áG
(|G| resp.) associated with Ṽ . Namely,

áG Ṽ“ pṼ ,
á
E
`

Ṽ ,
á
E
´

Ṽ

q, where
á
E
`

Ṽ“ pṼ ˆ Ṽ qX
á
E
`

and
á
E
´

Ṽ“ pṼ ˆ Ṽ qX
á
E
´

,

and |G|Ṽ “ pṼ , EṼ q, where EṼ “
 

ti, ju
ˇ

ˇi, j P Ṽ
(

X E.

Given a subset of nodes Ṽ Ď V and subsets of links
á̃
E
`

Ď
á
E
`

Ṽ and
á̃
E
´

Ď
á
E
´

Ṽ (Ẽ Ď EṼ resp.), the graph
á̃G “

pṼ ,
á̃
E
`

,
á̃
E
´

q ( ˜|G| “ pṼ , Ẽq resp.) is called a subgraph of
áG (|G| resp.) with the nodes set Ṽ .

Given a group of n individuals, their interpersonal ap-
praisals are characterized by a ternary appraisal matrix
X “ pXijqnˆn P t´1, 0, 1unˆn. Here Xij “ 1 (Xij “ ´1
resp.) means that individual i is friendly (antagonistic
resp.) to individual j, while Xij “ 0 means that ei-
ther i does not know j or i holds neutral attitude to-
wards j. An appraisal matrix X induces a directed and

signed graph
áG pXq “

`

V,
á
E
`
pXq,

á
E
´
pXq

˘

, referred

to as the appraisal network, where
á
E
`
pXq “ tpi, jq P

V ˆ V |Xij “ 1u and
á
E
´
pXq “ tpi, jq P V ˆ V |Xij “

´1u. The matrix X also induces an undirected unsigned
graph |G|pXq “ pV,EpXqq, where EpXq “

 

ti, ju | i, j P

V, Xij ‰ 0
(

. In this paper, we use the terms “graph”
and “network” interchangeably. The appraisals network
áG pXq is bilateral, or, equivalently, the appraisal matrix
X is bilateral, if “Xij ‰ 0 ô Xji ‰ 0” holds for any
i, j P V . We consider no self loop, i.e., Xii “ 0 for any
i P V . For anyX P t´1, 0, 1unˆn, define |G|pXq “ pV,Eq
as V “ t1, . . . , nu and E “

 

ti, ju
ˇ

ˇXij ‰ 0 or Xji ‰ 0
(

.

The triad-wise structural balance described in the In-
troduction is mathematically formalized as follows.

Definition 2.1 (Triad-wise structural balance). An ap-

praisal network
áG pXq satisfies triad-wise structural bal-

ance, or, equivalently, is triad-wise balanced, if the ap-
praisal matrix X satisfies the following properties:

P1: (Symmetric appraisals) XijXji ą 0 for any

pi, jq P
á
E
`
Y
á
E
´

;
P2: (Positive triads) XijXjkXki ą 0 for any triad

pi, j, kq in
áG pXq.

Note that, by property P1 above, any appraisal net-
work satisfying triad-wise structural balance is bilateral.
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The two-faction structural balance is defined below.

Definition 2.2 (Two-faction structural balance). An

appraisal network
áG pXq satisfies two-faction structural

balance, or, equivalently, is two-faction balanced, if either
áG pXq has no negative link or its nodes set V can be
partitioned into two disjoint sets V1 and V2 such that
Xij ě 0, for any i, j P V1 or any i, j P V2, and Xij ď 0,
for any i P V1, j P V2, or any i P V2, j P V1.

The following lemma was first proposed in [7] and
provides a necessary and sufficient condition for two-
faction structural balance in strongly connected graphs.

Lemma 2.3 (Cycle-wise structural balance). Given
a bilateral and strongly connected appraisal network
áG pXq, it satisfies two-faction structural balance if and

only if every cycle in
áG pXq is positive.

3 Relations between Triad-Wise Structural
Balance and Two-Faction Structural Balance

3.1 General relations

Triad-wise structural balance is a local feature of
signed appraisal networks, while two-faction structural
balance characterizes some global structure. It is well
known that, in all-to-all appraisal networks, these two
definitions are equivalent [7]. In non-all-to-all bilateral
appraisal networks, we have the following obvious fact.
Fact 3.1. Given a bilateral appraisal matrix X P

t´1, 0, 1unˆn, the associated appraisal network
áG pXq

satisfies triad-wise structural balance if
áG pXq satisfies

two-faction structural balance.

In general, triad-wise structural balance does not im-
ply two-faction structural balance, e.g., see Figure 1.
However, some meaningful connections can still be made
from triad-wise structural balance to two-faction struc-
tural balance. For any i P V in

áG pXq, define Ni “

tj P V |Xij ‰ 0u Y tiu and define the induced subgraph
áGNi

pXq as node i’s ego-network, i.e., the induced sub-

graph in
áG pXq involving node i itself and all the nodes

that node i has links to. We have the following proposi-
tion and its proof is given in Appendix A.

Proposition 3.2 (Structural balance in ego-networks).

For any appraisal matrix X P t´1, 0, 1unˆn, if
áG pXq

satisfies triad-wise structural balance, then
áGNi

pXq sat-
isfies two-faction structural balance for any i P V .

Proposition 3.2 has a clear sociological interpretation.
Since individuals strive to resolve the cognitive disso-
nance generated from structural imbalanced [17,18] and
since, intuitively, individuals can feel the imbalance from
only their ego-networks, as long as the entire appraisal
network satisfies triad-wise balance, all the individuals’
ego-networks satisfy structural balance in both the triad-
wise sense and the two-faction sense. Therefore, when-
ever an appraisal network satisfies triad-wise structural

(a) Graph 1 (b) Graph 2

Fig. 1. Examples of the difference between triad-wise struc-
tural balance and two-faction structural balance. Here all the
directed links are bilateral and sign-symmetric. Therefore
the arrows are omitted. Solid lines mean positive bilateral
links while dash lines mean negative bilateral links. Graph 1
satisfies both definitions of structural balance. Graph 2 sat-
isfies triad-wise structural balance but does not satisfy two–
faction structural balance. However, for each node in Graph
2, her ego-network satisfies two-faction structural balance.

balance, even if it is not two-faction balanced, individu-
als should not feel any cognitive dissonance and thereby
have no motivation to further adjust their appraisals of
others. In Section 4, we will see a profound implication
of Proposition 3.2: any sort of local appraisal dynamics
driven by imbalance in individuals’ ego-networks do not
necessarily achieve the global two-faction balance.

3.2 Conditions for equivalence

In this subsection, we further investigate under what
conditions the triad-wise structural balance is equiva-
lent to the two-faction structural balance in non-all-to-
all appraisal networks. The main results reply on some
important concepts and properties presented below by
Definitions 3.3, 3.4, 3.7, Facts 3.5, 3.8, and Lemma 3.6.
See Figure 2 for their visualized illustrations.

Definition 3.3 (Maximal cyclic subgraph). Consider
an undirected unsigned graph |G| “ pV,Eq. An induced

subgraph |G|Ṽ with Ṽ Ď V is a maximal cyclic subgraph
if it satisfies the following two conditions:

(i) There exists a cycle pi1, . . . , imq in |G| pass-

ing through exactly all the nodes in Ṽ , i.e.,
Ṽ “ ti1, . . . , imu;

(ii) For any V̂ such that Ṽ Ă V̂ , there does not exist a

cycle in |G| that passes through all the nodes in V̂ ,
i.e., the nodes i1, . . . , im are not in any cycle longer
than pi1, . . . , imq in |G|.

Definition 3.4 (Chords and chordal graphs [5]). In
undirected unsigned graphs, a link is a chord of a cycle if
it connects two non-consecutive nodes on that cycle. An
undirected unsigned graph is a chordal graph if every cy-
cle with length greater than three has at least one chord.
A triad alone is also a chordal graph.

Regarding cycles and chords, the following is obvious.
Fact 3.5. Given a cycle pi1, i2 . . . , imq in an undirected
unsigned graph |G| “ pV,Eq, if tip, iqu P E is a chord of
this cycle, with q ą p ` 1, then pi1, . . . , ip, iq, imq and
pip, ip`1, . . . , iqq are both cycles in graph |G|.

The following lemma about chordal graphs are fre-
quently used in this paper.
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Graph 1 Graph 2

Fig. 2. Visualized illustrations of maximal cyclic subgraphs,
chordal graphs, and subchordal cycles. Denote Graph 1
(undirected and unsigned) by |G|. The induced subgraph
|G|t3,4,5,6,7u is a maximal cyclic subgraph, while the induced
subgraph |G|t3,4,5,6u is not. The links t3, 6u, t3, 5u, and t5, 7u
are chords of the cycle p3, 4, 5, 6, 7q. As indicated by Fact 3.5,
t3, 6u splits the cycle p3, 4, 5, 6, 7q into two cycles p3, 6, 7q and
p3, 4, 5, 6q. Graph 1 is a chordal graph according to Defini-
tion 3.4, and one could easily check that any of its induced
subgraphs is also chordal, as indicated by Lemma 3.6. Graph
2 is not a chordal graph since some of the cycles with length
greater than 3, e.g., p3, 4, 5, 6q, does not have a chord. How-
ever, the cycle p3, 4, 5, 6, 7q in Graph 2 is a subchordal graph
since the subgraph |G|1 “ pV 1, E1

q, with V 1
“ t3, 4, 5, 6, 7u

and E1
“

 

t3, 4u, t4, 5u, t5, 6u, t6, 7u, t7, 3u, t4, 7u, t5, 7u
(

is a chordal graph. As indicated by Fact 3.8, if p3, 4, 5, 6, 7q in
Graph 2 is embedded on a plane as a convex polygon, then
there exist triads p3, 4, 7q, p4, 5, 7q, and p5, 6, 7q in |G|1 corre-
sponding to a non-overlapping partition of this polygon.

Lemma 3.6 (Induced chordal subgraphs [5]). Every in-
duced subgraph of a chordal graph is also chordal.

Definition 3.7 (Subchordal cycles). A cycle pi1, . . . , imq
in an undirected unsigned graph |G| “ pV,Eq is
a subchordal cycle if in |G| there exists a subgraph
|G|1 “ pV 1, E1q associated with C such that

(i) V 1 “ ti1, . . . , imu, i.e., the node set of |G|1 is the set
of all the nodes in the cycle;

(ii)
 

ti1, i2u, ti2, i3u, . . . , tim, i1u
(

Ď E1, i.e., |G|1 con-
tains all the links the cycle;

(iii) |G|1 is a chordal graph.

The concept of subchordal cycles has a very clear ge-
ometric interpretation and the proof is in Appendix B.
Fact 3.8. Suppose a cycle pi1, . . . , imq in an undirected
unsigned graph |G| is a subchordal cycle, associated with
a subgraph |G|1 as defined in Definition 3.7. If |G|1 is
embedded on a plane such that the cycle pi1, . . . , imq forms
a convex polygon, then there exists a set of triads in |G|1,
i.e., triangles on the plane, that forms a non-overlapping
partition of the polygon.

With all the preparation work, now we are ready to
present some graph-theoretic conditions on which the
triad-wise structural balance and the two-faction struc-
tural balance are equivalent. First of all, we point out
that, as a straightforward consequence of statement (iii)
of Lemma C.1 and Lemma 2.3, the triad-wise structural
balance and the two-faction structural balance are equiv-
alent if the corresponding undirected unsigned graph is
connected and every cycle in it is subchordal.

Proposition 3.9. Given any undirected unsigned graph
|G| that is connected. If every cycle in it is subchordal,

1

2

3

45
(b) Graph 2

1
2 3

4

5
6

7

(c) Graph 3

1

2 3

4

56
(d) Graph 4

1

2

3

45
(a) Graph 1

6

Fig. 3. Examples where triad-wise structural balance is or is
not equivalent to two-faction structural balance. In all these
directed signed graphs the links are bilateral and sign-sym-
metric, and the arrows of links are thereby omitted. Solid
lines represent positive bilateral links while dashed lines rep-
resent negative bilateral links. In panel (a), the correspond-
ing undirected unsigned graph satisfies teh conditions in
Proposition 3.9. In panel (b), the corresponding undirected
unsigned graph satisfies all the conditions in Theorem 3.10,
but does not satisfies the conditons in Propisition 3.9 since
the cycle p1, 3, 4, 5q is not subchordal. Graph 1 and Graph 2
are examples where the directed signed appraisal networks
satisfy both triad-wise and two-faction structural balance.
The grey nodes form one faction and the other nodes form an-
other faction. In panel (c), the corresponding undirected un-
signed graph |G| itself is maximal cyclic but not subchordal.
As a result, Graph 3 satisfies triad-wise structural balance
but its nodes can not be partitioned into two factions. In
panel (d), the cycle p1, 2, . . . , 6q in the corresponding undi-
rected unsigned graph is subchordal but the link t1, 4u vio-
lates condition ii) in Theorem 3.10. As a result, Graph 4 is
triad-wise balanced but not two-faction balanced.

then, for any bilateral appraisal network
áG pXq with

|G|pXq “ |G|, áG pXq satisfies triad-wise structural bal-

ance if and only if
áG pXq satisfies two-faction balance.

The condition for the equivalence between triad-wise
and two-faction balance can be further relaxed. Below
we present the main theorem of this section and its proof
is provided in Appendix C.

Theorem 3.10 (Equivalence between two definitions of
structural balance). Consider any undirected unsigned
graph |G| “ pV,Eq that is connected and satisfies the
following conditions: For any maximal cyclic subgraph
|G|1 with m ą 3 nodes,

(i) it contains a cycle C “ pi1, . . . , imq that passes
through all the nodes in |G|1 and is subchordal;

(ii) for any chord tip, iqu of C in |G|, with q ą p ` 1,
at least one of the two cycles pi1, . . . , ip, iq, . . . , imq
and pip, ip`1, . . . , iqq in |G| is subchordal.

For any bilateral X P t´1, 0, 1unˆn with |G|pXq “ |G|,
áG pXq satisfies triad-wise structural balance if and only

if
áG pXq satisfies two-faction structural balance.

In Figure 3 we provide examples in which the undi-
rected unsigned graphs |G| satisfy (or not resp.) the con-
ditions in Theorem 3.10 and, as the consequences, triad-
wise balance in any

áG pXq with |G|pXq “ |G| always (or
not resp.) always implies two-faction balance.
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4 Convergence of Appraisal Networks to Non-
All-to-All Structural Balance

4.1 Convergence to triad-wise structural balance

In this subsection we propose and analyze a discrete-
time gossip-like model that characterizes how appraisal
networks evolves to triad-wise structural balance with
non-all-to-all topologies via local interactions. This
model is built on three sociologically intuitive mecha-
nisms: 1) the symmetry mechanism [12], i.e., individuals
tend to be friendly (unfriendly resp.) to those who are
friendly (unfriendly resp.) to themselves; 2) the influ-
ence mechanism [14], i.e., any individual i’s appraisal of
individual j is influenced by individual i’s friends’ and
enemies’ appraisals of individual j; 3) the homophily
mechanism [21], i.e., individual i tends to be friendly
to individual j if they have similar appraisals of others.
Such a model is referred to as the symmetry-influence-
homophily (SIH) dynamics, formally defined as follows.

Definition 4.1 (SIH dynamics). Given any initial ap-
praisal matrix Xp0q P t´1, 0, 1unˆn, the evolution of
Xptq is defined by the following stochastic process: At
each time step t P N, randomly pick a pair of nodes i and
j, with i ‰ j, such that at least one of Xijptq and Xjiptq
is non-zero.

(i) If there does not exists any k P V zti, ju such that
XikptqXjkptq ‰ 0, then update Xijptq according to
the symmetry mechanism, i.e.,

Xijpt` 1q “ Xjiptq;

(ii) If there exists k P V zti, ju such that XikptqXjkptq ‰
0, i.e., if i and j have a common neighbor, then
randomly pick such a common neighbor k and let

Xijpt` 1q “

$

&

%

Xjiptq, with probability p1,
XikptqXkjptq with probability p2,
XikptqXjkptq with probability p3,

for some p1 ą 0, p2 ą 0, and p3 ą 0 with p1 ` p2 `
p3 “ 1. These three equations above correspond to
the symmetry mechanism, the influence mechanism,
and the homophily mechanism respectively.

All the other links remain unchanged from t to t` 1.
Fact 4.2. Along the SIH dynamics, if

áG pXpT qq is bi-

lateral for some T P N, then
áG pXptqq is bilateral and

|G|pXptqq “ |G|pXptqq for any t ě T .

Below we define the equilibria of the SIH dynamics.

Definition 4.3 (Equilibrium). An appraisal matrixX P

t´1, 0, 1unˆn, or equivalently an appraisal network
áG

pXq, is an equilibrium of the SIH dynamics, if
áG pXq re-

mains unchanged after any possible update described in
Definition 4.1 of any pair of its nodes.

The proposition below characterizes the equilibrium
set of the SIH dynamics. The proof is in Appendix D.

Proposition 4.4 (Equilibrium set). For any appraisal
matrix X P t´1, 0, 1unˆn, X is an equilibrium of the SIH

dynamics if and only if
áG pXq is triad-wise balanced.

Given any initial condition Xp0q P t´1, 0, 1unˆn, the
trajectory Xptq along the SIH dynamics is a stochastic
process, in which the randomness comes from the update
sequence, including which link is updated and which up-
date mechanism is triggered at each time step. We es-
tablish the almost-sure convergence of the SIH dynam-
ics by showing that, for any initial condition, there ex-
ists at least one finite update sequence along which the
trajectory achieves triad-wise structural balance. This
argument is formalized as a lemma and is presented in
Appendix E. A similar proof strategy has been adopted
in [8]. Note that a manual update sequence is one path
to almost sure convergence. However, the constructed
sequence in the proof is not unique, and there may be
other paths to convergence.

Now we present the main theorem on the almost-sure
convergence of the SIH dynamics to triad-wise structural
balance. The proof is given in Appendix E.

Theorem 4.5 (Convergence to triad-wise structural
balance). Consider the SIH dynamics given by Defini-
tion 4.1. For any initial condition Xp0q P t´1, 0, 1unˆn,
the trajectory Xptq almost surely reaches an equilibrium,
i.e., a triad-wise balanced configuration, in finite time.

Remark 4.6. The intuition behind the convergence to
triad-wise is clear: The symmetry mechanism makes
the links of the appraisal network bilateral and sign-
symmetric, while the influence and homophily mecha-
nism balance each triad. In addition, since the influence
mechanism and the homophily mechanism are identical
if the appraisal matrix is sign-symmetric, from the proof
in Appendix E, one can observe that the almost-sure
finite-time convergence of the SIH dynamics to triad-
wise structural balance still holds if either the influence
mechanism or the homophily mechanism is removed
from the dynamics. However, they cannot be both re-
moved, since the symmetry mechanism alone does not
balance sign-symmetric but negative triads.

4.2 Convergence to two-faction structural balance

In this subsection, we discuss the convergence of
appraisal networks to two-faction structural balance.
Regarding the SIH dynamics, the following fact is a
straightforward consequence of Theorem 3.10 and 4.5.

Fact 4.7. For any bilateral Xp0q P t´1, 0, 1unˆn such
that |G|pXp0qq satisfies the conditions for |G| in Theo-

rem 3.10,
áG pXptqq along the SIH dynamics almost surely

reach in finite time an equilibrium satisfying two-faction
structural balance.

For any arbitrary Xp0q P t´1, 0, 1unˆn, the SIH dy-
namics do not always guarantee almost-sure convergence
to two-faction structural balance, since in SIH dynam-
ics the updates of appraisals are driven by only the im-
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balance in individuals’ ego-networks, which eliminate
triad-wise imbalance but not two-faction imbalance. In
order to achieve almost-sure convergence to two-faction
structural balance via local interactions, we need some
“additional information” that is accessible from indi-
viduals’ ego-networks and flows over the entire graph,
e.g., individuals’ opinions on a certain issue. According
to the early works by Heider [17,18] and Cartwright et
al. [7], besides the person-person homophily, the person-
opinion homophily also plays a role in shaping the inter-
personal appraisals. This inspires us to consider the co-
evolution between opinion dynamics and person-opinion
homophily. Such a co-evolutionary model is presented
as follows and referred to as the symmetry-influence-
opinion-homophily (SIOH) dynamics.

Definition 4.8 (SIOH dynamics). Denote by yptq P
t´1, 1unˆ1 the vector of the individuals’ opinions on a
certain issue at time t. Given any Xp0q P t´1, 0, 1unˆn

and yp0q, the SIOH dynamics of the appraisal matrix
Xptq and the opinion vector yptq are defined as follows.
At any time step t P N, randomly pick a pair of nodes i
and j such that i ‰ j and at least one of Xijptq or Xjiptq
is non-zero. Update Xijptq or yiptq according to the fol-
lowing rule: If Xijptq “ 0, then update Xijptq via the
symmetry mechanism, i.e., Xijpt ` 1q “ Xjiptq ‰ 0; If
Xijptq ‰ 0, then

(i) With probability q1, a gossip-like opinion dynamics
is triggered and yipt` 1q “ Xijptqyjptq;

(ii) With probability q2, a person-opinion homophily
mechanism is triggered and Xijpt` 1q “ yiptqyjptq;

(iii) With probability q3, the original SIH dynamics as in
Definition 4.1 are triggered.

Here q1, q2, q3 are all positive and q1 ` q2 ` q3 “ 1.

Similar to the SIH dynamics, a pair pX, yq is defined as
an equilibrium of the SIOH ifX and y remain unchanged
after any possible update. The following theorem char-
acterizes the dynamic behavior of the SIOH dynamics.

Theorem 4.9 (Dynamic behavior of SIOH dynamics).
Regarding the SIOH dynamics in Definition 4.8, the fol-
lowing statements hold:

(i) For any X P t´1, 0, 1unˆn and y P t´1, 1unˆ1,
pX, yq is an equilibrium of the SIOH dynamics if and

only if the following two conditions hold: 1)
áG pXq is

bilateral and satisfies two-faction structural balance;
2) yi “ yj if i and j are in the same faction, while
yi “ ´yj if i and j are in different factions;

(ii) For any initial appraisal matrixXp0q P t´1, 0, 1unˆn

and initial opinion vector yp0q P t´1, 1unˆ1, the
trajectory pXptq, yptqq along the SIOH dynamics
almost surely reaches an equilibrium in finite time.
As a result, the appraisal network

áG pXptqq almost
surely reaches a two-faction structurally balanced
configuration in finite time.

5 Numerical Studies

In signed appraisal networks, since negative links rep-
resent antagonistic relations, the ratio of negative links
among all the links intuitively reflects the degree of con-
flicts in a social system. In this subsection, we investi-
gate by numerical studies how degrees of conflicts in the
final equilibrium states of the SIH dynamics are influ-
enced by the initial degrees of conflicts and the structure
of the appraisal networks.

Given an initial appraisal matrix Xp0q, the initial de-
gree of conflicts, denoted by c0, is defined as

c0 “
ÿ

i,jPV

1tXijp0qă0u

M

ÿ

i,jPV

1tXijp0q‰0u.

Here 1t¨u is the indicator function. Starting from Xp0q,
we know from Theorem 4.5 that the SIH dynamics al-
most surely reach an equilibrium at some time T ą 0.
Denote by c8 the final degree of conflicts, i.e.,

c8 “
ÿ

i,jPV

1tXijpT qă0u

M

ÿ

i,jPV

1tXijpT q‰0u.

Given Xp0q, c8 is a random variable depending on the
update sequence. As for the network structure, we first
mainly focus on the link density. Given an appraisal net-
work

áG pXq, its link density ρlink is defined as

ρlink “
ÿ

i,jPV

1tXij‰0u

npn´ 1q
,

i.e., the number of links divided by the number of all the
possible links between the nodes. In the SIH dynamics,
since the zero pattern of the appraisal network remains
unchanged, ρlink is constant once Xp0q is given.

We simulate the SIH dynamics on signed bilateral
Erdős-Rényi random graphs with n “ 8 nodes. The ini-
tial appraisal networks are constructed as follows: For
any pair of nodes i, j, links pi, jq and pj, iq are simultane-
ously built with probability p and then, for any directed
link pi, jq, its sign is flipped to ´1 with some probability
pneg. Apparently, in such graphs, the expectation of link
density ρlink is equal to p and the expectation of the ini-
tial degree of conflicts is pneg. In each simulation, once
the initial condition Xp0q is constructed, we randomly
generate valid updates untilXptq reaches an equilibrium
and then compute the final degree of conflicts.

We first fix the value of p and generate Xp0q with ran-
domly picked values of pneg for 3000 times. That is, we
generate 3000 different initial conditions Xp0q and c0,
from each of which we obtain the c8. The scatter plots
for the 3000 data pairs pc0, c8q under different fixed val-
ues of p are presented in Figure 4(a)-(d) respectively.
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Fig. 4. Scatter plots between initial degrees of conflicts (c0)
and final degrees of conflicts (c8) for the SIH dynamics on
signed bilateral Erdős-Rényi graph with p “ 0.2, 0.4, 0.6, 0.7
respectively. Each scatter plot contains 3000 data pairs
pc0, c8q. The linear equation shown in each figure is the lin-
ear regression result for each scatter plot, i.e., c8 “ kc0 ` b,
and r is the correlation coefficient between c8 and c0.

Linear regressions between c0 and c8 are also conducted
for each scatter plot. As indicated by Figure 4, in gen-
eral, c8 has a tendency of increasing with c0, which is
quite intuitive, and, moreover, their correlation becomes
weaker in denser networks, i.e., networks with larger p.
Second, we fix the value of pneg and investigate the re-
lation between c8 and ρlink in a similar way based on
3000 times of independent simulations. Figure 5(a)-(d)
show the simulation results on scatter plots between c8
and ρlink, as well as their corresponding linear regres-
sions, under different fixed values of pneg. As indicated
by Figure 5(a)-(d), for networks with low initial degree
of conflicts, c8 increases with ρlink, while, for networks
with high initial degree of conflicts, c8 decreases with
ρlink. Moreover, such correlations become less prominent
when pneg is close to 0.5. To sum up, these aforemen-
tioned simulation results lead to clear interpretations: i)
The more initial conflicts, the more final conflicts, espe-
cially in relatively sparse networks; ii) with low degree
of initial conflicts, sparser networks lead to fewer final
conflicts; On the contrary, with high degree of initial
conflicts, denser networks lead to fewer final conflicts.

We further speculate that the effect of link density
on final degree of conflicts might be related to the fact
that denser networks contain more triads, which repre-
sent the “multilateral relations” between nodes in the
appraisal network. Denote by ntriad the number of triads
in a given graph. In order to separate the effect of ntriad
from the effect of ρlink, we simulate the SIH dynamics
on independently randomly generated Erdős-Rényi with
fixed values of p and pneg, and then obtain the scatter
plots between c8 and ntriad. As indicated by Figure 6,
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Fig. 5. Scatter plots between link densities (ρlink) and final
degrees of conflicts (c8) for the SIH dynamics on signed bilat-
eral Erdős-Rényi graph with pneg “ 0.1, 0.3, 0.7, 0.9 respec-
tively. Each scatter plot contains 3000 data pairs pρlink, c8q.
The linear equation shown in each figure is the linear regres-
sion result for each scatter plot, i.e., c8 “ kρlink ` b, and r
is the correlation coefficient between c8 and ρlink.
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Fig. 6. Effect of the number of triads on the final degree of
conflicts in the SIH dynamics. Panel (a)-(f) are the scatter
plots between the final degree of conflicts and the number of
triads in the appraisal network, under different sets of val-
ues p and pneg. Each scatter plots contains 20000 data pairs
pc8, ntriadsq obtained by simulations on the Erdős-Rényi
graphs independently randomly generated based on the given
parameters p and pneg. Panel (g) provides the mean-square
estimations of the parameters k and b in the linear regres-
sions c8 “ kntriads ` b, and the correlation coefficients r
between c8 and ntriads.

the effect of the number of triads leads to very clear so-
ciological interpretations: Multilateral relations are neg-
atively correlated with the final degree of conflicts when
the initial degree of conflicts is low, but, with high initial
degrees of conflicts, multilateral relations are positively
correlated with the final degree of conflicts. In addition,
such correlation is more prominent in sparser networks.

8



6 Conclusion

This paper addresses the open problem how an inter-
personal appraisal network converges to a non-all-to-all
structural balance configuration. We first introduce two
well-justified and intuitive definitions of non-all-to-all
structural balance: the triad-wise structural balance and
the two-faction structural balance, and establish the
graph-theoretic conditions under which they are equiv-
alent. We then propose two discrete-time gossip-like
dynamics models of interpersonal appraisals based on
symmetry, influence, and (person-to-person or person-
opinion) homophily mechanisms, referred to as the
SIH dynamics and the SIOH dynamics respectively.
We conduct a comprehensive analysis of the dynami-
cal behavior of these models. We prove that the set of
equilibria of the SIH (SIOH resp.) dynamics is equal to
the set of all the possible triad-wise (two-faction resp.)
structural balance configurations. Moreover, we prove
that for any initial condition, the appraisal networks in
the SIH (SIOH resp.) dynamics achieves a triad-wise
(two-faction resp.) structural balance configuration al-
most surely in finite time. Numerical studies on the SIH
dynamics lead to some insightful sociological interpreta-
tions. For example, multilateral relations are negatively
correlated with the final degree of conflicts when the
initial degree of conflicts is low, but, with high initial
degrees of conflicts, multilateral relations are positively
correlated with the final degree of conflicts. In addition,
such correlation is more prominent in sparser networks.

Future research directions include the investigation
on the conditions for the convergence of the SIH dy-
namics to all-friendly appraisal networks, a special class
of structural balance configurations. The necessary and
sufficient graph-theoretic condition for the equivalence
between triad-wise structural balance and two-faction
structural balance is also an important open problem. It
is also of research value to consider extending the appli-
cability of the SIH dynamics to weighted signed graphs.

Appendix

A Proof of Proposition 3.2

Proof: Since
áG pXq is triad-wise balanced, we have

Xij “ Xji for any i, j P V . For any given i P V , defined

Vi “ tj P Ni |Xij “ Xji “ 1u Y tiu,

Ṽi “ tj P Ni |Xij “ Xji “ ´1u.

If Ṽi “ φ, then Vi “ Ni. For any j, k P Niztiu, if pj, kq

is a link in
áG pXq, then pi, j, kq is a triad and thereby

XijXjkXki “ 1, which in turn leads to Xjk “ 1. There-
fore, all the links in i’s ego-network are positive, i.e., i’s
ego-network satisfies Definition 2.2.

If Ṽi ‰ φ, due to the definition ofNi, we have ViXṼi “

φ and Ni “ Vi Y Ṽi. For any j, k P Niztiu, if pj, kq P
á
E
`

pXqY
á
E
´
pXq, then pi, j, kq is a triad in

áG pXq and is
positive due to the triad-wise structural balance, i.e.,

XijXjkXki “ 1 ñ Xjk “ XijXki.

Therefore, by the definitions of Vi and Ṽi,

Xjk “

"

1 if j, k P Vi, or j, k P Ṽi,

´1 if j P Vi, k P Ṽi, or j P Ṽi, k P Vi.

Moreover, since

Xil “ Xli “

"

1 for any l P Vi,

´1 for any l P Ṽi,

we conclude that, in
áGNi

pXq, Ni can be partitioned

into two antagonistic factions Vi and Ṽi, as defined in
Definition 2.2. Therefore,

áGNi
pXq satisfies two-faction

structure balance.

B Proof of Fact 3.8

Proof: We prove it by induction. Apparently, any
triad, i.e., any cycle with length 3, always satisfies
Fact 3.8. Suppose that Fact 3.8 holds for any subchordal
cycle with length less than m. Consider a subchordal
cycle C “ ti1, . . . , imu on graph |G| and an associ-
ated subgraph |G|1 as in Definition 3.7. Since |G|1 is
a chordal graph, the cycle C on |G|1 has at least one
chord, denoted by tij , iku with 1 ď j ă k ď m and
j ` 1 ă k. Due to Fact 3.5, C1 “ pi1, . . . , ij , ik, . . . , imq
and C2 “ pij , ij`1, . . . , ikq are both cycles on |G|1. That
is, if we embed |G|1 on a plane such that C forms a
convex polygon, then C1 and C2 also form two convex
polygons and partition the polygon corresponding to C
with no overlapping.

Moreover, since |G|1 is a chordal graph, according to
Lemma 3.6 and Definition 3.7, C1 and C2 are two sub-
chordal cycles on |G|1. Therefore, due to the assumption
that Fact 3.8 holds for cycles with lengths less than m,
there exist two sets of triads in |G|1 that partition the
polygons corresponding to C1 and C2 with no overlapping
respectively. Therefore, these two sets of triads combined
together also partition the polygon corresponding to C
with no overlapping.

C Proof of Theorem 3.10

Before proving Theorem 3.10, we first present and
prove the following lemma on some important proper-
ties of subchordal cycles.
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Lemma C.1 (Properties of subchordal cycles). Con-
sider an undirected unsigned graph |G| and a subchordal
cycle C “ pi1, . . . , imq in it. Let |G|1 “ pV 1, E1q be a
chordal subgraph associated with the cycle C as in Defi-
nition 3.7. The following statements hold:

(i) If tip, iqu, with 1 ď p ă p` 1 ă q ď n, is a chord of
C in |G|1, then the two cycles pi1, . . . , ip, iq, . . . , imq
and pip, ip`1, . . . , iqq are both subchordal cycles in
|G|1;

(ii) There exists at least one triad in |G|1 whose nodes
are three consecutive nodes in C. That is, there exists
k P t1, . . . ,mu such that pik´1, ik, ik`1q is a triad in
|G|1 (Here we take i0 as im and im`1 as i1);

(iii) For any bilateral appraisal matrixX P t´1, 0, 1unˆn

such that |G|pXq “ |G|, if
áG pXq satisfies triad-wise

structural balance, then the cycle C “ pi1, . . . , imq

on
áG pXq is a positive cycle.

Proof. Statement (i) is a straightforward consequence of
Definition 3.7, Fact 3.5, and Lemma 3.6.

Now we prove statement (ii) by construction. Since
|G|1 is a chordal graph, C must have a chord in |G|1,
denoted by tip1

, iq1u, with

1 ď p1 ă q1 ď m and 1 ă q1 ´ p1.

If q1 “ p1 ` 2, then we already find the triad
pip1

, ip1`1, iq1q in |G|1, whose nodes are three consecutive
nodes in C. Suppose q1 ą p1 ` 2. According to Fact 3.5
and Lemma 3.6, the cycle C1 “ pip1

, ip1`1, . . . , iq1q is
a subchordal cycle in |G|1 and the induced subgraph
|G|1
tip1 ,ip1`1,...,iq1u

is a chordal graph. As a result, C1
has a chord in |G|1

tip1 ,ip1`1,...,iq1u
(and thus also in |G|1),

denoted by tip2
, iq2u, with

p1 ď p2 ă q2 ď q1 and 1 ă q2 ´ p2 ď q1 ´ p1 ´ 1.

Iterate this argument as far as possible. For any j-th
iteration, pipj

, ipj`1, . . . , iqj q is a subchordal cycle on |G|1
with

pj´1 ď pj ă qj ď qj´1, 1 ă qj ´ pj ď qj´1 ´ pj´1 ´ 1.

Therefore, eventually we will obtain some j˚ ě 1 such
that pipj˚

, ipj˚`1, . . . , iqj˚ q is a subchordal cycle in |G|1
with 1 ď pj˚ ă qj˚ ď m and qj˚ “ pj˚ ` 2. Let k “
pj˚ ` 1 and thereby pik´1, ik, ik`1q is a triad in |G|1.

We prove statement (iii) by induction. Apparently,

if C has length 3, i.e., if C is a triad, then “
áG pXq

is triad-wise structurally balanced” implies that C in
áG pXq is is a positive cycle. Suppose statement (iii)
holds for subchordal cycles with length less thanm. Now
we prove that it also hold for the cycle C with length
m. According to statement (iii), there exists a triad
pik´1, ik, ik`1q in |G|1 (and thus in |G|). Without loss of

generality, assume k ą 1. Therefore, tik´1, ik`1u is a
chord of the cycle C in |G|1. According to statement (i),
the cycle pi1, . . . , ik´1, ik`1, . . . , imq is also a subchordal
cycle. Therefore, according to the pre-assumption that
statement (iii) holds for any subchordal cycle with length

less than m, the cycle pi1, . . . , ik´1, ik`1, . . . , imq in
áG

pXq is a positive cycle, i.e.,

Xi1i2 ¨ ¨ ¨Xik´1ik`1
¨ ¨ ¨Xim´1im “ 1. (C.1)

Moreover, since
áG pXq satisfies triad-wise structural

balance, we have Xik´1ikXikik`1
Xik`1ik´1

“ 1 and
Xik`1ik´1

“ Xik´1ik`1
. Therefore,

Xik´1ikXikik`1
Xik´1ik`1

“ 1. (C.2)

Multiplying both sides of equation (C.1) and (C.2), we
obtain

Xi1i2 ¨ ¨ ¨Xik´1ikXikik`1
¨ ¨ ¨Xim´1impXik´1ik`1

q2 “ 1,

which implies that Xi1i2 . . . Xim´1im “ 1, i.e., C is a

positive cycle in
áG pXq. This concludes the proof.

With Lemma C.1, now we can prove Theorem 3.10.

Proof of Theorem 3.10: The “if” part is exactly
Fact 3.1. Here we prove the “only if” part. We prove the
two-faction balance of

áG pXq by showing that all the cy-

cles in
áG pXq are positive. For any cycle C “ pi1, . . . , imq

in
áG pXq, it falls into either of the following two cases.

Case 1: The induced subgraph |G|ti1,...,imu is already
a maximal cyclic subgraph. Since this cycle in |G| is sub-

chordal and
áG pXq is triad-wise balanced, according to

Lemma C.1(iii), the cycle C in
áG pXq is positive.

Case 2: |G|ti1,...,imu is not a maximal cyclic subgraph.
According to Definition 3.3, this implies that there ex-
ists V 1 with ti1, . . . , imu Ă V 1 such that the induced
subgraph |G|V 1 is a maximal cyclic subgraph. Accord-
ing to condition (i) of Theorem 3.10, there exists a cycle
C1 “ pj1, . . . , jsq in |G| such that ti1, . . . , imu Ă V 1 “
tj1, . . . , jsu and C 1 is subchordal. In addition, for any
r P t1, . . . ,mu, there exists one unique kr P t1, . . . , su
such that ir “ jkr

. Note that we do not necessarily have
k1 ď k2 ď ¨ ¨ ¨ ď km.

Since the cycle C1 is subchordal and
áG pXq is triad-

wise balanced, according to Lemma C.1(iii), C1 is positive

in
áG pXq. Let yj1 “ 1 and, for any k P t2, . . . , su, let

yjk “

"

1 if Xj1j2 ¨ ¨ ¨Xjk´1jk “ 1,

´1 if Xj1j2 ¨ ¨ ¨Xjk´1jk “ ´1.
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In addition, since pj1, . . . , jsq in
áG pXq is positive and

áG pXq is triad-wise balanced, we have Xjsj1 “ Xj1js “

yj1yjs . Therefore, for any k P t1, . . . , su,

Xjkjk`1
“ Xjk`1jk “ yjkyjk`1

. (We take js`1 as j1).

Now we look back to the cycle pi1, . . . , imq. For any
r P t1, . . . ,mu, if |kr ´ kr`1| “ 1, i.e., if ir and ir`1

are also two consecutive nodes in the cycle pj1, . . . , jsq,
then, according to the argument in the above para-
graph, we already have Xirir`1

“ yirir`1
. (Here we

take im`1 as i1.) If |kr ´ kr`1| ě 2, without loss of
generality, suppose kr`1 ě kr ` 2. According to condi-
tion (ii) of Theorem 3.10, either pj1, . . . , jkr

jkr`1
. . . , jsq

or pjkr
, jkr`1, . . . , jkr`1

q is subchordal in |G|. Suppose

pj1, . . . , jkrjkr`1 , . . . , jsq is subchordal, since
áG pXq

is triad-wise balanced, according to Lemma C.1(iii),

pj1, . . . , jkr
jkr`1

, . . . , jsq is positive in
áG pXq. That is,

Xj1j2 ¨ ¨ ¨Xjkr´1jkr
Xjkr jkr`1

Xjkr`1
jkr`1`1

¨ ¨ ¨Xjsj1 “ 1

ô y2j1 ¨ ¨ ¨ y
2
jkr´1

yjkr
Xjkr jkr`1

yjkr`1
y2jkr`1`1

¨ ¨ ¨ y2js “ 1

ô Xjkr jkr`1
“ Xjkr`1

jkr
“ yjkr

yjkr`1
.

Suppose pjkr
, jkr`1, . . . , jkr`1

q is subchordal in |G|, sim-
ilarly, we have

yjkr
y2jkr`1

¨ ¨ ¨ y2jkr`1´1
yjkr`1

Xjkr`1
jkr
“ 1

ôXjkr`1
jkr
“ Xjkr jkr`1

“ yjkr
yjkr`1

.

Till now we have proved that, for any r P t1, . . . ,mu,
Xirir`1

“ yiryir`1
. (Again we take im`1 “ i1.) As a

consequence,

Xi1i2 ¨ ¨ ¨Ximi1 “ y2i1 ¨ ¨ ¨ y
2
im “ 1.

That is, pi1, . . . , imq is a positive cycle in
áG pXq.

Case 1 and Case 2 together imply that any cycle in
áG pXq is positive. Since

áG pXq is bilateral and |G|pXq “
|G| is connected, we have that

áG pXq is strongly con-

nected. According to Lemma 2.3,
áG pXq satisfies two-

faction structural balance. This concludes the proof.

D Proof of Proposition 4.4

Proof: By definition, X P t´1, 0, 1un̂ n is an equilib-
rium if and only if the following three conditions hold:
i) Xij “ Xji for any i ‰ j. That is, X is invariant under
any update via symmetry mechanism; ii) Xij “ XikXkj

for any i ‰ j and any k (if any) such that XikXjk ‰ 0.
That is, X is invariant under any update via influence
mechanism; iii)Xij “ XikXjk for any i ‰ j and any k (if

any) such that XikXjk ‰ 0. That is, X is invariant un-
der any update via homophily mechanism. Apparently,
conditions i)-iii) hold if and only if

áG pXq is bilateral and

XijXjkXki “ 1 for any triad pi, j, kq in
áG , i.e,

áG pXq is
triad-wise balanced. This concludes the proof.

E Proof of Theorem 4.5

To prove Theorem 4.5 we need the following lemma.
Lemma E.1 (Convergence by manually constructing
update sequences). Given any initial condition Xp0q P
t´1, 0, 1unˆn, let

Ω “
!

Y P t´1, 0, 1unˆn
ˇ

ˇ

ˇ
Yij ‰ 0 if Xijp0qXjip0q ‰ 0,

and Yij “ 0 if Xijp0q “ Xjip0q “ 0, @i , j
)

.

The set Ω is invariant along the SIH dynamics. More-
over, the trajectoryXptq starting withXp0q almost surely
reaches an equilibrium in finite time as long as, for any
X̂p0q P Ω, there exists an update sequence, along which

the trajectory X̂ptq reaches an equilibrium in finite time.

Proof. For any Xp0q P t´1, 0, 1un̂ n, based on Defini-
tion 4.1, one could eaily check that Xptq P Ω for any t,
i.e., Ω is invariant along the SIH dynamics. Since Ω is fi-
nite, Xptq is a finite-state Markov chain over the states
set Ω, with the absorbing states equivalent to the equi-
libria of the SIH dynamics. Moreover, starting from any
initial condition in Ω, there exists at least one update se-
quence along which the trajectory of the SIH dynamics
reaches an equilibrium in finite time. This means that,
for such a Markov chain, from any state there is a path
to an absorbing state. Therefore, this Markov chain is
an absorbing Markov chain. According to Theorem 11.3
in [16], Xptq with Xp0q “ X0 almost surely converges to
an equilibrium of the SIH dynamics. Moreover, since Ω
is finite, Xptq with Xp0q “ X0 almost surely reaches an
equilibrium in finite time.

Proof of Theorem 4.5: For any given Xp0q P

t´1, 0, 1unˆn, define Ω as in Lemma E.1. In order to
prove that Xptq reaches an equilibrium of the SIH dy-
namics in finite time, it is sufficient to show that, for
any X̃p0q P Ω, we can manually construct an update

sequence, along which the trajectory X̃ptq reaches an

equilibrium at some finite time T̃ . Such an update
sequence is constructed as follows.

Firstly, for any t P N, if there exists a pair of nodes i
and j such that one of X̃ijptq and X̃jiptq is non-zero and

the other is zero, pick such i and j and update X̃ijptq ac-

cording to the symmetry mechanism, i.e., X̃ijpt ` 1q “

X̃jiptq. Along this process, the number of such pairs of

nodes in the appraisal network
áG pXptqq is strictly de-

creasing. Therefore, there exists some time T1 ě 0 such
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that X̃pT1q is bilateral. According to the SIH dynamics

as in Definition 4.1, for any t ě T1, X̃ptq will always be
bilateral.

Secondly, for any t ą T1,

(i) if there exists i, j such that X̃ijptq “ ´1 and

X̃jiptq “ 1, then update the link pi, jq via the sym-
metry mechanism, i.e., Xijpt` 1q “ Xjiptq “ 1;

(ii) if X̃ptq “ X̃ptqJ but
áG pX̃ptqq is not triad-wise

balanced, then, according to Definition 2.1, there
exists a triad pi, j, kq in

áG pX̃ptqq such that

X̃ijptq “ X̃jiptq “ ´1 and

X̃ikptqX̃kjptq “ X̃ikptqX̃jkptq “ 1.

In this case, update the link pi, jq via either the
influence mechanism or the homophily mechanism
by choosing k as their common neighbor. As the
result, we obtain

Xijpt` 1q “ XikptqXkjptq “ XikptqXjkptq “ 1.

By definition, if neither of the two scenarios above ap-
plies at some time T̃ , then

áG pX̃pT̃ qq already satisfies

triad-wise structural balance, i.e., X̃pT̃ q is already an
equilibrium of the SIH dynamics, and the update se-
quence terminates at T̃ .

Define hpXq “
ř

i,j 1tXijă0u, i.e., the number of neg-

ative links in
áG pXq. Starting from any X̃p0q P Ω and

along the update sequence constructed above, we know
that, as long as

áG pX̃ptqq has not achieved triad-wise
structural balance, from t to t ` 1 one negative link
in

áG pX̃ptqq will be updated and flipped to positive.

Therefore, hpX̃ptqq is monotonically decreasing before
áG

pX̃ptqq achieves structural balance. Since 0 ď hpX̃p0qq ă
npn´ 1q, where npn´ 1q is the maximum number of di-
rected links in a graph with n nodes (not including self
loops), we know that the update sequence constructed
in last paragraph terminates in finite time steps. More-
over, since this algorithm terminates only when the ap-
praisal network achieves triad-wise structural balance,
we conclude that

áG pX̃ptqq achieves triad-wise structural

balance at time T̃ ă npn ´ 1q. Therefore, according to
Lemma E.1, any trajectory Xptq starting from Xp0q al-
most surely reaches to an equilibrium in finite time.

F Proof of Theorem 4.9

Proof: We first prove the “if” part of statement (i).

Since
áG pXq is bilateral and satisfies two-faction bal-

ance, according to Fact 3.1,
áG pXq also satisfies triad-

wise balance. As Proposition 4.4 implies, X remain un-
changed after an update of any pair of its nodes via ei-
ther symmetry or influence or person-person homophily

mechanisms. Moreover, for any link pi, jq, since yi “ yj
of i, j are in the same faction and yi “ ´yj if i, j are
in different factions, we have that Xij “ yiyj , i.e., Xij

remains unchanged via the person-opinion homophily,
and, moreover, yj “ Xijyi, i.e., yj does not change via
the gossip-like opinion dynamics. Therefore, pX, yq re-
mains unchanged via any possible update and is thus an
equilibrium of the SIOH dynamics.

Now we prove the “only if” part of statement (i). If
pX, yq is an equilibrium of the SIOH dynamics. Firstly,
since X remains unchanged via any possible update via
the symmetry mechanism, we have X “ XJ, which
implies that

áG pXq is bilateral. Let V1 “ ti | yi “ 1u
and V2 “ ti | yi “ ´1u. For any pair of nodes i and
j in V1, either Xij “ 0 or Xij remain unchanged via
the person-opinion homophily mechanism, which implies
that Xij “ yiyj “ 1. Due to the same argument, for any
i, j P V2, either Xij “ 0 or Xij “ 1. Similarly, for any
i P V1 and j P V2, either Xij “ 0 or Xij “ ´1. There-

fore,
áG pXq satisfies the two-faction structural balance.

By the construction of V1 and V2, we also have y1 “ yj is
i, j P V1 or i, j P V2, and yi “ ´yj if i P V1 and j P V2.
This concludes the proof for statement (i).

For statement (ii), we prove it by adopting the same
strategy as how we prove Theorem 4.5. That is, we show
that, for any initial condition Xp0q, we can manually
construct one update sequence, along which the tra-
jectory reaches an equilibrium in finite time. For any
given Xp0q P t´1, 0, 1unˆn, the update sequence is con-
structed in the following way:

Firstly, for any t P N, if there exists a pair of nodes i
and j such that one of X̃ijptq and X̃jiptq is non-zero and

the other is zero, pick such i and j and update X̃ijptq ac-

cording to the symmetry mechanism, i.e., X̃ijpt ` 1q “

X̃jiptq. Along this process, the number of such pairs of

nodes in the appraisal network
áG pXptqq is strictly de-

creasing. Therefore, there exists some time T1 ě 0 such
that X̃pT1q is bilateral. According to the SIOH dynam-

ics as in Definition 4.8, for any t ě T1, X̃ptq will always
be bilateral.

Secondly, for any t ą T1,

(i) if there exists i, j such that X̃ijptq “ ´1 and

X̃jiptq “ 1, then update the link pi, jq via the sym-
metry mechanism, i.e., Xijpt` 1q “ Xjiptq “ 1;

(ii) ifXptq is sign-symmetric but there exists a link pi, jq
such that Xijptq “ ´1 and yiptqyjptq “ 1, then
update Xijptq via the person-opinion homophily;

(iii) ifXptq is sign-symmetric but there exists a link pi, jq
such that Xijptq “ 1, yiptq “ ´1, and yjptq “ 1,
then update yiptq via the gossip-like opinion dy-
namics.

12



If, at some T ą T1, none of the above applies, then
XpT q is sign-symmetric and XijpT q “ yipT qyjpT q for

any link pi, jq. That is,
áG pXpT qq is bilateral and already

achieves two-faction structural balance. The two factions
are V1 “ ti | yipT q “ 1u and V2 “ ti | yipT q “ ´1u, which
in turn implies that pXptq, yptqq reaches an equilibrium
of the SIOH dynamics.

Define hpX, yq “
ř

i,j 1tXijă0u `
ř

i 1tyiă0u. For t ě

T1, hpXptq, yptqq is strictly decreasing if at least one of
cases (i)-(iii) occurs. Since hpX, yq ě 0 for any X and
y, there must be some T ě T1 such that none of cases
(i)-(iii) occurs, which implies that pXptq, yptqq reaches
an equilibrium at the finite time step T . This concludes
the proof.
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