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ABSTRACT

We address the problem of recovering highly oscillatory operators, represented as n X n matrices with a fixed
set of observed entries. Given that these matrices can be well compressed by butterfly matrix decomposition of
L = O(log n) levels requiring only O(nlogn) degrees of freedom, we propose a novel reformulation of the butterfly
structure as a compact tensor network. Specifically, we reshape the input matrix as an order 2L + 2 dense tensor, and
cast its butterfly decomposition as a tensor network consisting of order L + 3 dense tensors. This enables efficient
utilization of the existing software infrastructure for dense and sparse tensor computations. Next, we propose several
tensor completion algorithms based on the tensor reformulation of butterfly format, and compare them against
algorithms using the quantized tensor train (QTT) format. These algorithms leverage popular completion methods
such as alternating least squares, gradient-based optimization, and alternating directions fitting. Moreover, we
propose a novel strategy that uses low-rank matrix completion to efficiently generate an initial guess for the proposed
algorithms. To demonstrate the efficiency and applicability of our proposed algorithms, we perform three numerical
experiments using simulated oscillatory operators in seismic applications. In these experiments, we use O(nlog n)
observed entries in the input matrix and demonstrate an ©(nlog*n) computational cost of the proposed algorithms,
leading to speedups of orders of magnitude and significant accuracy improvements for large matrices compared to
state-of-the-art low-rank matrix and QTT tensor completion algorithms.

1 | Introduction

Matrix or tensor completion is the task of inferring missing entries in 2D matrices or higher-order tensors from
partial observations, which may be corrupted by noise. Completion problems have been widely studied for appli-
cations across data science (e.g., recommendation system [1] and computer vision [2]), imaging science (e.g.,
seismic inversion [3, 4], magnetic resonance imaging [5, 6], and X-ray tomography [7]), and high performance
computing [8].
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In many realistic applications, it is either too expensive or intrinsically impossible to collect the full matrix or tensor of
measurement or simulation data. That said, the matrix or tensor can be fully reconstructed with reduced numbers of
degrees of freedom given the following assumptions: (1) the matrix or tensor exhibits certain algebraic structures such as
low-rankness or sparsity, and (2) the observed entries satisfy certain incoherence or randomness. Specifically, the matrix
or tensor can be represented as a low-rank matrix or tensor decomposition, such as CANDECOMP/PARAFAC (CP) [9, 10],
Tucker [11], tensor train (TT) [12], hierarchical Tucker [13], and tensor ring [14] decompositions. One can then define
objective functions as the difference between the observed entries and the extracted ones from the low-rank representa-
tion, and use optimization algorithms to update the low-rank factors until convergence. Popular optimization algorithms
include nuclear norm minimization [15], alternating least squares (ALS) [10, 16], gradient-based optimization [17], alter-
nating direction fitting (ADF) [18] and Riemannian optimization [19], etc. More recent advances involve integrating more
sophisticated low-rank structures and smooth data priors into the completion algorithm frameworks [20, 21]. It’s worth
mentioning that unlike other low-rank reconstruction problems that allow, for example, randomized sketching of all
entries or evaluation of arbitrary entries, the completion problems can only work with a predetermined subset of entries.

For highly oscillatory operators such as large-scale Radon transforms or Green’s functions for high-frequency seismic
inversion, the aforementioned low-rank matrix and tensor completion algorithms do not approximate the underlying
structure of these operators efficiently, leading to increasing rank(s) and high computational cost. Fortunately, butter-
fly matrices [22-26] and tensors [27] are particularly designed for highly oscillatory operators. They have been used to
represent integral transforms [28-32], integral operators [26, 33-36], PDE operators, [37, 38] and neural network param-
eters [39-48]. Butterfly decompositions are well-suited to compress measurement operators of sizes n X n in seismic
applications with O(nlogn) (via butterfly matrix) or even O(n) (via butterfly tensor of [27]) computational and mem-
ory complexities. Therefore, butterfly decompositions will be powerful tools if used in matrix or tensor completion of
oscillatory operators, as they require significantly lower complexity and less number of observed entries than other exist-
ing low-rank completion algorithms. This motivates us to develop completion algorithms in the butterfly format in this
current paper.

In this paper, we develop efficient algorithms to perform completion of an oscillatory matrix via butterfly decomposition.
Our contribution is three-fold: (1) First, we reshape the matrix into a higher dimensional tensor by using similar tensoriza-
tion techniques as quantized tensor train (QTT) decomposition [49]. Under such reshaping, the corresponding butterfly
matrix decomposition can be converted into a higher-dimensional tensor network, which we call tensor reformulation
of butterfly matrices. Note that the result of tensor reformulation is mathematically equivalent to butterfly matrix repre-
sentation, but makes it convenient to leverage existing tensor network completion software and kernels. This is not to be
confused with the butterfly tensor of [27] which directly constructs a tensor decomposition from a tensor operator without
reshaping. (2) Next, we propose three tensor completion algorithms for the tensorized butterfly matrix based on ALS, ADF
and gradient optimization, with an initial guess generated and converted from low-rank matrix completion algorithms.
We analyze and demonstrate that for highly oscillatory operators, in the experiments presented in this manuscript, these
proposed completion algorithms require only ()(n log n) observed entries and thus achieve @(nlog*n) computational com-
plexities. This is in stark contrast to other completion algorithms such as QTT completion or low-rank matrix completion,
which require asymptotically larger numbers of arithmetic operations. It is also worth mentioning that although ALS and
gradient optimization-based algorithms have been considered for butterfly matrices [40, 47, 50], these existing algorithms
assume n? observed entries instead of a matrix completion setting. (3) Finally, we apply the proposed butterfly completion
algorithms to several operators in seismic imaging applications to numerically demonstrate their superior convergence,
accuracy and efficiency compared with other existing completion algorithms. Aside from applications in tensor comple-
tion, we also argue that the proposed tensor reformulation of butterfly can be used to represent neural network layers and
allows for efficient automatic differentiation.

The rest of the paper is organized as follows. In Section 2 we introduce background information about tensor decom-
position, completion and existing software. In Section 3 we briefly summarize the definition of the butterfly matrix.
The proposed tensor reformulation of a butterfly matrix is detailed in Section 4 followed by two proposed completion
algorithms with implementation detail and complexity analysis in Section 5. Finally, we provide three sets of numerical
examples to demonstrate the accuracy, convergence and efficiency of the proposed algorithms in Section 6.

1.1 | Notations

Given a matrix T, we use T'(i, j) or T(t, s) to denote its entries or submatrices, where i, j are indices and ¢, s are index
sets. Alternatively, we use ¢; to denote its i-th row or column, and ¢; ; to denote its entries. For an order d tensor 7, we
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use T (iy, iy, -+ ,i4) to denote its entries, where (i1, i,,- - - ,i,) are index tuples. Alternatively, we use #; ; .. ; to denote
its entries. For a set Q consisting of order d index tuples, Q, denotes its subset consisting of tuples whose kth elements
are fixed to i,. Throughout this chapter, for brevity of notation, we use superscripts and subscripts to label tensors, for
example, A* refers to a matrix with label k and not the kth power of 4, A, ; refers to a matrix indexed by two indices
i, j and does not refer to its row and columns. We define a block diagonal matrix with rectangular (possibly non-square)
blocks using the notation diag; {T,- };l to represent a block diagonal matrix whose blocks are the matrices T; € R™*", for
i=1,...,n—1.Thatis, it is a matrix given as

T,

diag,{T,}] := T ‘ , (1.1)

n—-1

where all off-diagonal blocks are zero. The submatrix corresponding to block T'; occupies rows from Z;:m, +1to Z;zlm,,
and columns from Y_\n, + 1 to ¥;_, n; with 1-based indexing.

2 | Background on Tensor Computations
21 | Tensor Decompositions

Tensor decompositions are mathematical constructs used to efficiently represent and manipulate high-dimensional ten-
sors. The key idea behind tensor decompositions is to decompose a tensor into a set of simpler tensors linked together
according to a specific pattern or topology. A tensor decomposition is represented by a set of parameter tensors S that are
contracted in a specific way according to the definition of the decomposition to reconstruct the tensor &'(S).

The simplest example of a low rank tensor decomposition is a low rank matrix decomposition of a matrix M € R’/ with
rank R, given by M ~ S'S*7, with parameter tensors S* € R/*R, §? € R/*R and parameter tensor set S = {5, §},
where X(S) = §'5°7.

Computing an optimal rank tensor decomposition for most problems is NP-hard [51]. Therefore, numerical optimiza-
tion techniques are used to compute the tensor decomposition by formulating an objective function that is minimized
with respect to the tensor decomposition parameters. We formally define the low-rank tensor decomposition optimiza-
tion problem for a given tensor T in this subsection. The objective that is minimized to compute the low rank tensor
decomposition &'(S),

1 .
min EIIT—X(S)II , (2.1)

where X(S) is the reconstructed tensor. Another critical parameter that is to be determined and not mentioned here is
rank(s) or dimensions of the tensors in the set S. These parameters are often determined based on the desired size and
representation accuracy of the tensor decomposition.

Various types of tensor decompositions have been proposed such as CANDECOMP/PARAFAC (CP) [9], Tucker [11],
tensor train [12], hierarchical Tucker [13], tensor ring [14]. We review the tensor train decomposition in this paper as it
has been shown to approximate oscillatory operators [27, 52, 53] and is considered as one of the baseline algorithms in
this work. Given an order 2L + 2 tensor T representing a L + 1 dimensional operator, the tensor train decomposition or
matrix product operator (MPO) representation [54] of T is written as

L-1
1 m+1 L+1
t~~.-=2s.. Hs.. Nl 2.2
fgseesi oo J1 ig-joor fodmoFmsTmat | iLdrre 22

Fiseenlp m=1

Here iy, ...,i; and jg, ..., j,; are used to index the input and output dimensions of the operator 7, and the parameter
tensor setis S = {S*, 82, ..., S}, Note that the tensors S' and ™™ are order 3 tensors, and the rest are order 4 tensors.
When given an operator in the matrix form, for example, T € R"™" with typically n = 271, the matrix can be reshaped
and permuted into an order 2L + 2 tensor and then represented by the tensor train decomposition in (2.2). This is called
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the quantized tensor train decomposition (QTT) [49] and has been used to represent both sparse and dense matrices [ 55,
56]. Tensor train decomposition (specifically MPO) has been widely used in accelerating quantum chemistry simulations
[57], quantum circuit simulations [58], and many time-dependent, steady-state, low-dimensional and high-dimensional
PDEs [59-63].

2.2 | Tensor Completion

The objective function in (2.1) assumes that all entries of the tensor are available and utilized in computing the decom-
position. However, in many applications of interest, only a fixed and limited subset of the tensor entries is observed. To
address this, a more general objective function is considered, given as

min2 | Po(T — ¥(S)I. @3)

where Q is the set of observed entries, and Py, is a selection operator that selects the entries of tensor denoted by 2. When
Q is a strict subset of all the entries of the tensor, the computation of the tensor decomposition and using the tensor
decomposition to compute the unobserved entries of the tensor is commonly referred to as tensor completion. Low rank
matrix completion [64-66] is one of the most established subjects in this category. Besides low rank matrix completion,
many algorithms have been proposed for tensor completion in different formats, such as CP [2], Tucker [19, 67], tensor
train [18, 68, 69], hierarchical Tucker [70, 71], and tensor ring decomposition [72].

It is important to note that tensor completion differs from scenarios where arbitrary entries of the tensor can be sam-
pled at will. Instead, only a fixed subset of entries are provided. The arbitrary sampling problem is generally easier than
the completion setting, and many algorithms have been proposed for different tensor decompositions in this context as
well [73-75].

2.3 | Software for Tensor Decomposition and Completion

Computing tensor decomposition and completion involve optimization of objective functions in (2.1) and (2.3). There
is a rich space of algorithms for these optimization problems, but their primary computational components are tensor
contractions and linear algebra. Hence, the algorithms can be implemented efficiently by making use of the existing
software libraries and infrastructure. We review several such libraries below.

Tensor Toolbox [76] is a MATLAB-based library that provides a wide variety of tensor operations and decompositions for
both dense and sparse data. It supports popular models such as CP, Tucker, and block term decompositions. Due to its
MATLAB foundation, Tensor Toolbox is widely used for prototyping and algorithm development. However, it is limited
to single-node computation and thus is not suitable for very large-scale problems.

Cyclops Tensor Framework (CTF) [77] is a C++ library that provides software infrastructure to perform dense and sparse
large-scale tensor computations in a distributed-memory setting. CTF has been used to implement various tensor decom-
position algorithms [78 -81]. Recently, new sparse tensor kernels to support tensor completion algorithms in Python were
added to CTF [82]. Additionally, a framework to support sparse tensor contractions with tensor networks [83] has been
proposed using CTF.

SPLATT (Sparse Tensor Algebra Toolbox) [84] is a high-performance C/C++ library specifically optimized for sparse ten-
sors. It provides parallel implementations of least squares CP decomposition as well as CP completion algorithms and
supports modes of parallelism including shared-memory (OpenMP), distributed-memory (MPI), and hybrid configura-
tions. SPLATT uses a compressed sparse fiber (CSF) [85] data structure that generalizes compressed sparse row (CSR)
format to tensors.

TuckerMPI is a scalable C++/MPI package designed for large-scale tensor compression based on the Tucker decomposi-
tion [86]. It is optimized for distributed computing environments and allows efficient storage and analysis of large-scale
dense tensors and grid datasets, making it suitable for large-scale Tucker decomposition.

TensorLy is a Python library that provides high-level tools and efficient implementations for tensor decomposition, tensor
algebra, and tensorized deep learning, with extensive backend support for frameworks such as NumPy, PyTorch, and
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TensorFlow [87]. Many algorithms for CP, Tucker, tensor train decomposition are available in Tensorly with different
backends, allowing for efficient and easy-to-use tensor decomposition on different hardware.

3 | Background on Butterfly Decomposition
31 | Complementary Low Rank Property

Oscillatory integral operators arise in many areas of applied mathematics and physics, particularly in wave propagation,
quantum mechanics, and harmonic analysis. A key challenge in working with such operators is that, when discretized,
they lead to matrices that are dense and typically lack global low-rank structure. As a result, standard low-rank compres-
sion techniques fail, and naive discretization followed by direct matrix-vector multiplication incurs a high computational
cost of O(n?), where n is the total number of degrees of freedom. In high-dimensional problems, this cost is expensive. For
example, discretizing a 3D domain with N points per dimension leads ton = N 3 making the matrix size N 3% N3, and
the multiplication cost scales as O(N°).

This discretized matrix may be dense and high-rank, however, it exhibits a structured pattern in which certain submatrices
are numerically low-rank. The property that characterizes which blocks are low-rank is known as the complementary
low-rank property (CLR) [24]. This property is mathematically described as follows.

Let T be an m X n matrix. Consider rows to be indexed by a set y and columns to be indexed by a set &, where y =
{0,...,m—1} and columns & = {0, ...,n — 1}, where without loss of generality we assume m = n. For each of the row
and column sets, complete binary trees 7, and 7, are associated respectively, each comprising L = O(logn) levels. We
extend the complete binary trees such that each node at level L has at most ¢ children which referred to as the leaf nodes.
For simplicity, we assume that all nodes have a leaf size ¢, and that the number of rows and columns satisfies n = ¢ - 2&.
However, this definition can be readily extended to arbitrary row, column, and leaf-node sizes. Let 7/ denote the set of all
sets of indices atlevel / in tree T and similarly vl denote the set of all sets of indices at level / in tree T§ We have that Vi, k €
{0,...,2" =1}, 1 € {0, .. L}w1th1;ék T nr =0, r —r Urle,andr = {0,...,n— 1} and analogously for v'.
The matrix T satisfies complementary low-rank property (CLR) if for any row set or node Til atlevel / in 7, and column set
or node ij‘l atlevel L—1[in T,
T(z],v;~")admits a low-rank approximation

where the rank of each submatrix T(z/, ij" ), denoted by rf’j, is bounded by a small constant r (the butterfly rank)
[23-25, 88]. This special property enables the computation a butterfly decomposition, which can reduce the storage com-
plexity of a matrix and computational complexity of matrix-vector multiplications from ©O(n?) to O(nlog n). We describe
the butterfly decomposition and briefly describe the algorithms to compute it in the next subsection.

3.2 | Butterfly Matrix Decomposition

Let T be an n X ninput matrix with CLR,and n = ¢ - 2L with L being the number of levels as described above. We assume
the number of levels, L = 2M, to be even for convenience and simplicity of description. A butterfly matrix decomposition
can be described for an arbitrary number of levels. By CLR, for any level / € {0,...,L}in T,

T(T{,vf—’) ~ UI.L,j"Vﬁ’j, vie{0,...,2' =1}, Vj e {0,...,2F" -1}, (3.1)

where UL - e RI% and V’ e R ¥ are low-rank decomposition factors. Note that for / = 0, we have i = 0 only;
31mllarly, for I = L, we have J = O only. Despite possibly being non-unitary, we refer to them as the column and row basis
matrices. Each of the ranks r 1 18 bounded by a constant r, allowing for decomposition of the input matrix into ©@(log n)
block sparse factors, with each factor having @(n) nonzeros. The decomposition of the matrix into these factors is known
as the butterfly decomposition. We derive the form of butterfly decomposition by starting at the finest levels of both the
trees and recursively constructing the bases for intermediate levels by propagating the row and column spaces derived at
these boundary levels.

At level / =0 in T, the row basis matrices VO each of size r ;X care defined by a low-rank factorization of each

corresponding submatrlx T( L) vj e {0,. —1}. Here 10 is the row index set at the root of the tree 7. Note
that for levels / € {1,..., M}, each submatrix T( L '), comprises row indices of its children in TX, i.e., the matrix is
Numerical Linear Algebra with Applications, 2026 50f31
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concatenated column-wise (and split row-wise). As the matrix is concatenated column-wise, the row basis matrices V’
are formed by concatenating linear combinations of the row basis matrices correspondlng to child nodes at the level / + 1
The row basis matrices V’ , with corresponding column and row index sets Ti and vj !, are represented in a nested fashion

in terms of the children of row index sets, vL +1 and vL ’1+ ! given as
Vl+1
T i2j
Vi =w' | Ve My, (3.2)
i2j+1

L—l+1 L l+1)

where W’ L is called the transfer matrix for corresponding set r vL !. By CLR, each W’ is of size r I'x (r; o rioiel

which is at most r X 2r.

Analogously, at level / = 0 of T, the column basis matrices U?,o’ of size ¢ x "?,o is defined by a factorization of each cor-
responding submatrix T(Tl.L, V) Vie{0,...,2 —1}. At levels | € {1, ..., M}, the column basis matrices at level / are
concatenation of the linear combination of corresponding basis at level / + 1. Therefore, column basis, Uij, with corre-
sponding column and row index sets Til and ij" , are represented in a nested fashion in terms of the children of index sets,

1+1 I+1
and Tylrs given as

I+1
2i+1,j

20 ]Pﬁj, vie{l,.. M}, (3.3)
where P’j is also called the transfer matrix for corresponding set r vL = Bach P’ is of size (r’ 1 + rlzwh ,) X r Wthh is
bounded by 2r x r by CLR property.

At level M = L/2 of both the trees (half level), from (3.1), we have a low-rank representation of a block T(rl.M , va ),
given by

M v~ U]‘fV]‘f (3.4)

where U% is the column basis matrix at level M and V% is the row basis matrix at level M of both the trees for a given
i, j. The column basis matrix UM can be computed recursively using (3.3) corresponding to the given  and va . The

column basis for 7 and vM is glven as
M 1
vM=ul|]P . )
1] 4 LJ
=1

_ 2M(i+1)
where U, = diagk{ Uy } , (3.5)
—
and the transfer factors Pl.j for!/ € {1, ..., M} are block diagonal matrices. They consist of transfer matrices Pﬁj, given as
— . . 2M-1(i41)
P, = dlagk{ P }szf,» (3.6)

The row basis matrix Vf‘f can be computed recursively using (3.2) and described analogously.

Since (3.4) is defined for an arbitrary i and j, collecting all the submatrices of T' at level M, we have the following approx-
imation of T,

M L
T~K-= Sl(HSm+l>< H Sm+1>SL+2’ (3.7)

m=1 m=M+1
where
2L
S = diag[{U?O} ,
’ 0
2L7m mel
diag,{ (P, )" |
("™ = diag; 2 ; 0 i ,¥me(1,...,M}, (3.8)
dlag,{(P om= 1}+1) }0 o
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St S? S3 S S° S6

FIGURE1 | [Illustration of a 4-level butterfly matrix decomposition X = S'.525%5*5°.56.

and S**?, and ™!, m € {M +2, ..., L} are defined analogously.

For reference, we plot an example of 4-level butterfly matrix decomposition of (3.8) in Figure 1. In S* and S°, each
approximately 2r X r block (shown in gray) represents one Pf,j in §* and S°, each approximately r x 2r block (shown in

!
gray) represents one W, ..

Each UI.L’0 and (ngj)T is of size ¢ x rwith i, j € {0, ...,2" —1}.Each P! is of size 2r x rwith i € {0, ... ,2k-m _1yandj e
{0,...,2" =1} for m € {1, ..., M }. Similarly, each ij is of size r x 2r, with i € {0,...,2' =1} and j € {0, ..., 25" -1}
for/ € {1,..., H}. Therefore, the outermost blocks require O(cr - 2-') memory, and all of the inner blocks require O(2L -
241y memory. Assuming r and ¢ to be constant, and L = O(log n), the full butterfly matrix decomposition can be repre-
sented in O(nlog n) memory. We present a brief overview of algorithms to compute the butterfly decomposition below.

3.21 | Computation of Butterfly Decomposition

When any entry of T can be sampled in (1), a butterfly decomposition can be efficiently approximated using SVD [24]
in O(n'?), or using Chebyshev interpolation [88, 89] or proxy points [26, 33, 90] in O(nlogn) complexity. When T can
be applied to arbitrary random vectors in O(nlogn) complexity, a butterfly decomposition can be approximated using
sketching algorithms [25] in O(n' log n) complexity. Note that none of these methods can be applied when only a fixed
subset of entries is given (i.e., the matrix completion setting). In this setting, numerical optimization algorithms must be
used and are described in Section 5.

3.3 | Butterfly Decomposition in Machine Learning

Due to its ability to approximate Fourier integral operators with a small number of parameters, butterfly decomposition
has recently been integrated into deep neural networks to efficiently learn structured linear transforms [40, 91]. Build-
ing on this, the Kaleidoscope hierarchy, which is a product of learnable orthogonal butterfly matrices, was introduced
into the Mel-Frequency Spectral Coefficients (MFSC) pipeline [92], achieving performance comparable to hand-crafted
transforms. These Kaleidoscope matrices are capable of learning latent permutations and accelerating inference [41]. To
further enhance their practicality and compatibility with GPU architectures, the sparsity structure of the butterfly fac-
tors was modified in various works [39, 42, 47]. Empirical evaluations in these works show that restructuring maintains
similar accuracy while improving efficiency by enhancing the ease of implementation.

Integrating butterfly matrices into machine learning frameworks like PyTorch has led to new developments in neural
network architectures and computational kernels. Although butterfly decompositions theoretically enable matrix-vector
products in O(nlogn) complexity, achieving these speedups in practice poses significant challenges. Traditional
block-sparse representations often lead to inefficient high-level implementations, as they require manual looping over
sparse blocks, which impedes performance. Realizing theoretical speedups for both the forward pass, that is, applying the
butterfly matrix, and backward pass, which is obtaining the gradients of block sparse matrices, demands carefully opti-
mized software kernels. While recent efforts have developed efficient GPU kernels for the forward pass [43, 44], kernels for
computing gradients (i.e., the backward pass) remain underdeveloped. To address this limitation, some works have mod-
ified the sparsity structure of the butterfly factors to better align with hardware efficiency [42]. In contrast, we propose a
new representation of the butterfly decomposition as a tensor network, enabling differentiation with respect to the factors
by leveraging automatic differentiation with tensor contractions. This reformulation is detailed in the next section.

Numerical Linear Algebra with Applications, 2026 7 of 31

959917 SUOWIWIOD SAITeRID 9|cedljdde 8y} Ag pauenoB aJe SSo1le YO 9SN JO S9N Joy Aleld 1 8U1IUO AS|IM UO (SUOTIPUOI-PUE-SLUBIWOD A8 1M AeIq 18Ul UO//:SAN) SUOIIPUOD pue SWiS 1 8u1 89S *[9202/TT/0T] Uo Akiqiauliuo A8|IM ‘86002 @IU/200T OT/I0p/Wod" Ao Im Akelq iUl juo//:Sdny WoJj pepeojumod ‘v ‘9202 ‘90ST660T



4 | Tensor Network for Butterfly Decomposition

In this section, we propose a reformulation that recasts the butterfly decomposition as a tensor decomposition. Each
butterfly factor is modeled as a dense tensor, and the product of block sparse matrices in the butterfly decomposition is
expressed through tensor contractions. These contractions are naturally supported by modern auto-differentiation frame-
works via einsum-like primitives, eliminating the need for hand-crafted software kernels.

4.1 | Butterfly Decomposition Rewritten as a Tensor Network

To describe the tensor decomposition reformulation, we will continue to use the same assumptions as in the previous
section. We consider an m X n input matrix T, where n = ¢ - 2°, and L is the number of levels in the butterfly decompo-
sition. The row and column sets, y = {0, ...,m — 1} for rows and & = {0, ..., n — 1} for columns of the matrix, and m = n.
These sets are organized into hierarchical trees 7, and 7, respectively as described in Section 3. 7! denotes the set of all
nodes at level / in tree 7, and v/ denotes the set of all nodes at level / in tree T.. Additionally, we assume that for each
level I € {0, ..., L}, the ranks of all the blocks are equal, that is, Vi, j, rfyj = R,. For the ease of later complexity analysis,
we further assume R, = r.

We reshape the matrix T, indexed by (i, j)-where i denotes the row and j denotes the column-into a tensor. The tensor
is formed by associating an (L + 1)-tuple to each of i and j, based on the nodes Til and vj’. that contain i and j respectively,
at each level /. For generating the tuple corresponding to rows, let 7 be the root node p. For each level / from 0 to L — 1:

« Assigni; = 0if i is in the left child of p else assign i, = 1.
« Update the root p to be its child where i is found.
This recursive process generates a binary tuple (i, ... ,i;_;) for each index i. The last index of the tuple, i, , is generated by

finding the position out of {0, ..., ¢ — 1} of i at the leaf level. The reshaping of index i into the tuple (i, ..., i, ) is formally
defined by

i mod c, ifl=1L, D
i, = . 4.1
! lﬁJ m0d2, ifl=0,...,L—1.

c2

A transformation to the index j — (jg, ..., ) is defined analogously. This leads to reshaping of the matrix T into an order
2L + 2 tensor, T, by representing each entry of the matrix (i, j) by a (2L + 2)— tuple (ig, ..., iy, jgs ---»J1)-
—— —

i J

With this approach, each of the block sparse butterfly factor matrices, S'vil e {1,..., L+ 2}, givenin (3.8) are transformed
into higher-order dense tensors S'. This is done by stacking up the non-zero blocks of the block-sparse matrices in S’
in (3.8) as slices of a higher-order tensor S’

To define this transformation, we define a function y. When given an integer i € {0, ...,2' — 1}, it outputs a binary tuple
as follows,

w(i,1) = (bg, by, ....b_1) € {0,1}, (4.2)

where each b,, € {0,1} is given by

m

b =l2Lmeod2, form=0,1,...,1 - 1. (4.3)

We can describe the transformation for the butterfly factor matrices S! to tensors {S’ cle{l,...,L+2} },
using (4.1), (4.2), and (4.3) with $" and S"** being order L + 2 and {S' : / € {2,... L + 1} } being order L + 3 tensors.
The slices of the higher-order tensors are indexed as follows

Vi, Sl(io, N P U?,O’ (g - sip_) =w(, L),
Vi, js S™ Mg oo ip_psdos s dips i) = P,

8 of 31 Numerical Linear Algebra with Applications, 2026

959917 SUOWIWIOD SAITeRID 9|cedljdde 8y} Ag pauenoB aJe SSo1le YO 9SN JO S9N Joy Aleld 1 8U1IUO AS|IM UO (SUOTIPUOI-PUE-SLUBIWOD A8 1M AeIq 18Ul UO//:SAN) SUOIIPUOD pue SWiS 1 8u1 89S *[9202/TT/0T] Uo Akiqiauliuo A8|IM ‘86002 @IU/200T OT/I0p/Wod" Ao Im Akelq iUl juo//:Sdny WoJj pepeojumod ‘v ‘9202 ‘90ST660T



(gseeesip_m) =W, L—m), (g ... Ju) =w(,m), Yme {1,...,M}, (4.4)

where UI.L0 are the column basis in (3.5), and P;"j are column transfer matrices in (3.6). The tensors
{S’ :1€{M+2,...,L+2}},are defined analogously.

Using the above assignment, each entry of the matrix T in (3.7) is mapped to a tensor 7. The input tensor 7 is approx-
imated by a butterfly matrix K, which is reshaped into K, and is represented by the tensor network with parameters
S = {S’ : 1 €({1,..., L +2}}. Using the transformations above, each ¢ X ¢ block in (3.7) is

M
K(W(l’ L)7 :all/(.]7L)a :) = Sl(l//L(i’ L)7 5 :)<HSm+1(W(l’L - 1)7 W(J’m - 1)’ . :)>

m=1

L
< I s et = 1w G L -0, :)>SL+2(l[/L(j,L), X (4.5)

I=M+1

where for convenience, we slightly abuse notation to write
K(io, ] iL_19 :7j01 7jL_1’ :) = K(W(l’ L)3 :7 lI/(.]9 L)! ) (46)

and similarly for the parameter tensors. This leads to the following elementwise expression,

LoseewslpsJo---JL LoseoslpsJo---JL

L
= 2 st I Isf”“. o st2. . 4.7)
fo-.-Ipr Lose el a3+ - 5T m=15"m>V me1 Jo--Jr-1"L+JL

Fiseesl 1 =

As an example, Figure 2a shows a 2-level butterfly matrix decomposition X = S'525°S* and how an entry, (i, j), of the
butterfly matrix is generated as highlighted in blue. Figure 2b shows the tensor diagram of the tensor network represen-
tation of the butterfly matrix decomposition in Figure 2a. Each gray circle represents the order L + 2 core tensors S' and
S* or the order L + 3 core tensors S$2 and S>. Each black dot represents an identity node, where all edges connected to it
represent the same (external) edge.

For notational convenience, we rewrite (4.7) as

L+1
z || 1
LoseeeslpsJo---JL Lgsee sk Lomsdose - -sJm=1>"mF mt1 ( )

Fiseenlpy \m=0

Here we define r, ., = j,, 7, = i, and extend the L + 2 order tensors S' and S**?

iy=1landj_; =1.

to L + 3 order tensors by defining

.

S! S? S3 St

=

@

io i 0
I I
sl_ 32_83
R
Jo Ji Jo

©

FIGURE2 | (a) A 2-level butterfly matrix decomposition X = S'.5%5°S*. For a matrix entry (i, j) with i = 2c + aand j = ¢ + b,
a,b < ¢, x;; is computed by the product of the subblocks highlighted in blue. (b) The diagram of reshaping the 2-level butterfly matrix
decomposition X as an order 2L + 2 tensor & with tensor cores S*, §2,- - - , §**!, §%*2_ Each gray circle represents one tensor core S’
of order L +3for1 <! < L+ 2or order L + 2 otherwise. Each black node denotes an identity node, representing an external edge i,
i1, iy OF jo, j1, jo- The (i, j) entry in (a) now becomes (iy, i1, iy, jo» j15 j2) = (1,0,a,0,1, b). (c) The diagram of the QTT representation of
the same tensor in (b): & with tensor cores S!, $2, $* where each tensor core has order 3 or 4, independent of L.
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It is worth mentioning that the reformulation of the butterfly decomposition described in (3.7) as a tensor network
representation described in (4.7) is a valid tensor network only when the ranks of all the blocks at each level are the same,
and the size of the leaf nodes is also the same. This is due to the fact that only in this case, we are able to stack the dense
sub-blocks in butterfly factors and represent them as tensors as in (4.7). Also, this tensor network reformulation is not
to be confused with approaches that leverage tensor low-rank compression algorithms (e.g., Tucker decomposition) to
construct tensorized butterfly algorithms (see [27] for an example), which leads to a different tensor diagram compared
with Figure 2b.

4.2 | Tensor Reformulation of Operations on Butterfly Matrices

Once the butterfly decomposition is represented as a tensor network, the operations involved with butterfly matrices can
be expressed using einsum-like primitives. This enables efficient and portable implementation on heterogeneous archi-
tectures by leveraging existing tensor contraction libraries. For example, the O(n log n) complexity of applying a butterfly
matrix X(S) to a vector v is realized by first reshaping the matrix and vector as described in (4.1). The matrix-vector
product u = X(S)v can then be computed by performing the following dense tensor contractions,

’0 dp T Z x(s)lo ipdo-- JLUJo Jr’

Jo---JL
L+1
= > ) || smL . (4.9)
Lo--lp—mJo-+-Jm=1"m"m+1
Floe T py1 JoooJL

Some algorithms require gradients of the objective function with respect to the butterfly factors for learning with butterfly
matrices. The reformulation of butterfly decomposition as a tensor decomposition enables easy and efficient computation
of the gradients via tensor contractions. We derive the gradients of butterfly factors with respect to an arbitrary objective
function below.

Consider an objective function ¢(X(S)), where X (S) is a butterfly matrix with factors S. Expressions for gradients with
respect to the factors can be derived by reshaping the butterfly matrix and other parameters involved as in (4.1). The
Gradient with respect to the resulting tensorized factor S is computed via chain rule and is given by

L+1
a¢ m+1
_— Zi i . S . . . N
Js 1 o LJo---JL Lo-elp—mJo---Jm=1"m"m+1

fg.ipry Jose- L Fyseeol gy \M=1

d
Zp i = —¢ (4.10)
0---Irdo---JL axio'..iLJVO“'jL

Similarly, the gradient with respect to $**2 is

L
l610) .
Os L+2 = Z ZiO"'iLj()-'JL Z <I ISIO Ao dme 1’m"m+1>’ (411)

Jo---Jr-1"ra1ir [ORERE m=0

and gradients with respect to S’“, lef{l,...,L},

L+1

osit1 - oo | 1 fgeeip mdo---Jmamlmi1 | ’
i o [T Loooli=1 | m=
o0 --Ep-tdo---Ji-1T1" 101 TiveendL Flg2-r L4l \ m#l

These expressions can be used to perform a backward pass for learning with butterfly matrices in neural networks using
dense tensor contractions or to obtain gradients for numerical optimization algorithms for tensor completion in the but-
terfly matrix format using sparse tensor contractions which is detailed in the next section.

5 | Tensor Completion with Butterfly Decomposition

Many applications require computation of a butterfly decomposition when only a fixed subset of matrix entries or indices
is given. This computation is formulated as a tensor completion problem. Let T € C™", n = ¢ - 2&, be the input matrix,
with observed entries set €, then the objective function is given as,
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03 = 5 [Pa - X3 5.1

where X(S) is a butterfly matrix with the butterfly factors S as a set of block sparse matrices as given in (3.8). Since
the numerical optimization of this objective function would require computations with block sparse matrices which
require complicated software kernels, we leverage the reformulation of butterfly matrix as a tensor network introduced
in Section 4. We transform the input matrix T into an order 2L + 2 tensor, T € C¥*¢x2x-X¢ hhy ysing the transforma-
tion of each index (i, j) € Qinto a tuple (ig, ..., i, Jjo> --- j.) € & according to (4.1). This transformation results in the
corresponding tensor completion problem, with objective,

1 2
$(S) = 2||PaT - 25)). (5.2)

where &'(S) is the reconstructed tensor. The reconstructed tensor is described by the tensorized butterfly decomposition
dense tensor parameters, S, as described in (4.7).

Tensor completion problem is a well-studied problem from numerical optimization perspective with many existing algo-
rithms such as alternating least squares (ALS) [10, 93], adaptive moment estimation (ADAM) optimization [17], alternat-
ing direction fitting (ADF) [18], and Riemannian optimization [19]. Next, we present the implementation and analyze the
computational complexity of the proposed butterfly completion algorithms using ALS, ADAM and ADF in Section 5.1.
Several practical considerations required to implement these algorithms are discussed in Section 5.2.

5.1 | Optimization for Tensor Completion of Butterfly Matrices

The proposed ALS, ADAM and ADF optimization methods for butterfly completion are described in this subsection. We
focus on the explanation of the ALS algorithm and its complexity analysis, and briefly summarize the ADAM and ADF
algorithms as many computational kernels are shared between them.

51.1 | Alternating Least Squares (ALS)

ALS has proven to be a competitive method for tensor completion problems for various tensor decompositions [10].
The proposed ALS-based butterfly completion algorithm proceeds by minimizing one factor at a time, summarized in
Algorithm 1. For minimizing factors of the tensorized butterfly, the resulting least squares to solve for the first parameter

tensor S' is given for each (i, ..., ;) and (j,, ..., j;) € Q; i as

1 _
ZS,‘OM,‘L,-Iaio..AiL_leA..erl =iy
r

L+1
— I I m+1
Gigewciprdodrry = Z 1si0"'iLfij"'jm—lrmrnH»l ’ (5:3)

Faseenl 1 \M=
Similarly, the least squares to solve for the last parameter tensor, $**2, is given for each (ji,...,j;) and (i, ...,i;) €
Q) j,»8s
L+2 L . =t . . .
Jow-diFier Bo---itdo--Jratra ig...ipjo---Jr’°
Fry
L
— m+1
Lig.oipfoedparin — Z Hsi[)'“iL—mj()“'jm—lrmrm+1 : (5'4)
(ST rp \m=0
The least squares to solve for the remaining parameters S 1e{1,...,L}, for each (igs -+ sip_p>Jo» ---»Jj—1) and
(popyrs oo sipsdps s ) € i o s s given as

E I+1 a =t
ig.ip—pjo---Ji=1r1ri41 10+ 1LJO---JLTITI41 ig...ipjo---JL’

ENES
L+1
— m+1
ig.ipjo-dprir = Z Hsio...i,__mj[,...j,,,_lrmrmH . (5-5)
Pl =1 m=0
P42 L+1 N\ m#l
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ALGORITHM1 | ALS for butterfly completion.

1: Input: Observed matrix T, (or its tensorization), rank r, initial guess S ii=1,...,L+?2, max iterations tmax> and
convergence threshold e.

2: Output: Updated butterfly cores $',i =1, ..., L + 2.

3: fort =1 tot,,, and not converged do

4: for/=1to L+2 do

5: if / = 0 then

6: for each (iy, ...,i;) do B> one row of a frontal slice of S!
7: Initializey =0, K =0

8 for each (jj,....j) €, ,; do

9: v= <H,ﬁ=1 AR (A S N S :)) Y 2oy v sdips t)
10: Updatey +=1, ;. ;U
11: Update K += vv’
12: end for
13: Solve Ks = y and update s!(ij, ..., i;,:) < s
14: end for
15: elseif / = L + 2 then
16: for each (jj,...,j;) do > one column of a frontal slice of SL+2
17: Initializey =0, K = 0
18: for each (iy, ..., i) € Q; ; do
19: v=s5"(g..ig, )" <]‘[§=1 S™ gy oo s s Jor v s s & :))
20: Update y += Lo yjorisV
21: Update K += vov”
22: end for
23: Solve Ks = y and update s“*2(ji, ..., j;,:) < s
24: end for
25: else
26: for each (ig, ..., iy jo» ---»Jji_y) dO > one frontal slice of $'*!
27: Initializey =0, K =0
28: foreach (i p,.eesipsisosd) €5 i o, 4O
29: u=s'Gg,...oig, )" (an‘:‘l S"™ iy oo i s o ee s Jimets o :))

30: v= <H5=,+1 YR (7NN S S SN :)) s 2o, i D)

31 Updatey +=1, ; ;. ; w0 ®u)

32: Update K += 0 Q@ u)(v @ u)”

33: end for

34: Solve Ks = yand update S (i, ...,i; ;. jgs---sJj_1» :» :) i = reshape(s, r,r)

35: end for

36: end if

37: end for

38: end for

All of the above least squares problems can be solved by solving for fibers of S @ and $ L+2 and slices of S ’, le{2,....,L+
1} in parallel, similar to tensor train completion [18]. We solve the least squares equations by using normal equations that
result in small symmetric positive semi-definite systems of size r x r for S* and $**? or r2 x r? for S',VI € {2, ..., L +
1}, that can be solved in parallel efficiently [82, 94]. We summarize the normal equations method in Algorithm 1. This
algorithm proceeds by iterating over each fiber of S Land $%*% and slice of S’ ,1 €{2,..., L+ 1}.This corresponds to lines
16, 6, and 26 and this loop can be parallelized as there is no dependency. These steps and their complexities are explained
as follows.

When solving for $* and $**2, the algorithm then iterates over each observed entry in Q and computes the corresponding
fibers of the system tensor .A in a vector v of size r by computing L matrix-vector products with matrices of size r X r and
vectors of size r, computed in lines 9 and 19 with cost O(Lr?). The right-hand side for each fiber is formed in vector y by
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accumulating scalar products of v with corresponding input tensor entries #; ; ; ; inlines10and 20 with cost O(r). The
semi-definite systems K are computed by accumulating the outer product of vectors v with themselves in lines 11 and
21 with cost O(r?). Lines 9, 10, 11, 19, 20, and 21 are executed for each nonzero; therefore, the cost of these operations is
O(|Q|Lr?). A positive semi-definite (PSD) solve is performed in lines 13 and 23 to form the updated fiber with cost O().
In practice, a regularization parameter is used to ensure the positive definiteness of the system. Since lines 13 and 23 are
executed for all the fibers, the total cost is O(nr3).

When solving for S'.1e {2,..., L+ 1}, the algorithm then iterates over each observed entry in Q and computes the cor-
responding fibers of the system tensor .A that are a Kronecker product of two vectors v and u formed in lines 29 and 30
by performing at most L matrix-vector products, each with cost O(+?). Similar to the above case, right-hand sides in line
31 and left-hand sides in line 32 are formed by accumulating scalar and outer products of vectors, but of size O(?); each
with a cost O(r?) and O(*), respectively. Each slice is then updated by performing a PSD solve in line 34, each with a
cost O(r°) and reshaping the result into a matrix in row-major ordering. The resulting total cost for updating all the slices
is (9( QL+ r) + nr6). Since the solves are performed for each factor, substituting L = ©O(log n), the total cost for one
iteration of ALS is O(|Q|(r*log’n + r* log n) + nr logn).

The ALS algorithm runs until maximum number of iterations are reached or convergence is achieved. The convergence
can be defined by (1) measuring the norm of the difference of factor tensors between iterations, (2) computing the gradient
of objective function ¢(S) in (5.2) or (3) comparing the relative difference of the reconstruction and ground truth using a
tolerance € defined as

[Pa(™ = 20| /||PaD)|, <€ (5.6)
Unless otherwise stated, we use (5.6) as the convergence metric in all the completion algorithms under consideration.

Although not detailed here, we remark that many software kernels of Algorithm 1 can be reused to develop a
QTT completion algorithm. The QTT representation of the same T matrix (and its tensorization 7) as (4.8) is
defined as

L
— m+1
Lioroipdoedy = Z | |Sim,/'m,rmwrm+1 . (5.7)

ri,...rp \m=0

Comparing with (4.8), QTT can be viewed as a more aggressive compression format than butterfly, consisting of order 4
tensor cores instead of butterfly’s order L + 3 tensor cores. The diagrams of butterfly and QTT of the same tensor with
L = 3 are shown in Figure 2b and c. The QTT completion algorithm (based on extension of the tensor train completion in
[18] will be used as one of our reference algorithms in numerical experiments of Section 6 and is discussed in Algorithm 5.
We also remark that Algorithm 1 reduces to low-rank matrix completion algorithm when L = 0, which is used as one of
our reference algorithms in numerical experiments, as well as the initial guess to the butterfly completion algorithms (see
Section 5.2).

51.2 | ADAM Optimization

Adaptive moment estimation (ADAM) [17] is a first-order optimization algorithm that combines momentum and
adaptive learning rates, making it effective for training deep models and non-convex optimization tasks. ADAM is
used in tensor completion problems to efficiently update the factors by obtaining gradients via sparse tensor contrac-
tions. The proposed ADAM-based butterfly completion algorithm is described in Algorithm 3. For the factors in ten-
sorized butterfly, the gradients are computed by computing the sparse tensor contractions in Equations (4.10), (4.12),
and (4.11), with Z = Po(X(S) — T). The cost of computing the gradients is O(|Q|Lr?) and a detailed description of
the sparse tensor contractions for gradients is summarized in Algorithm 3. Once gradients are computed, updates
can be computed via the ADAM optimization method as summarized in Algorithm 2. ADAM uses scalar operations
on parameters with the total cost of single iteration being O(|Q|L?r?* + Lnr?). Replacing L = O(logn) in the previ-
ous expression, the total cost of a single ADAM iteration is O(|Q|r?log’n + nr? logn). Comparing with the total cost
of a single ALS iteration, ADAM has an O(r?) reduction for the leading order term. That said, ADAM oftentimes
requires a much larger number of iterations to converge compared with ALS. Just like ALS, we also implement
a QTT completion algorithm with ADAM optimization with the same computational kernels as used for butterfly
completion.
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ALGORITHM 2 | ADAM Update(S,G, M.V, a, B, b,, €, 1).

AN S

Input: A tensor (or array) of parameters S, its gradient G, and the current first and second moment estimates M and
V, learning rate a, decay rates for moments f,, §,, small constant o, current iteration z.

Output: Updated parameters S, first and second moment estimates M and V

for each entry (s, g, m, v) in (S,G, M, V) do

m<« pm+(1-p)g > Update biased first moment estimate
v v+ (1—p)(g*g) > Update biased second moment estimate
M~ ]:"—ﬂ,, D« ]_”ﬂ, > Update bias-corrected estimates
§ — 5 — : am ’
ﬁ+o’
end for

ALGORITHM 3 | ADAM for butterfly completion.

Input: Observed matrix T, (or its tensorization), rank r, initial guess S*,i = 1, ..., L + 2,, max iterationsz,,,, learning
rate a, decay rates for moments f,, §,, small constant o, and convergence threshold e.

2: Output: Updated butterfly cores $',i =1, ..., L + 2.

3: Initialize gradient tensors, first and second moment estimate tensors, G=0eg,M=0eM,andV' =0eV,] =
,...,L+2
4: fort =1tot,,, and not converged do
5: for/=1to L+2do
6: Initialize G' = 0
7: if / = 0 then
8: for each (iy, ...,i;) € Qdo > one row of a frontal slice of S!
9: for each (jj,....j,) €Q; ,; do
10: Compute g' (g, .. ip, )+ = o050 =i i o,V
11: where v = (]‘[j=1 S™ gy ooy i s dor oo s dmts o0 2) ) SE 2 Gigs ovv s s 2)
12: end for
13: end for
14: elseif / = L + 2 then
15: for each (jj, ..., j,) € Qdo > one column of a frontal slice of $£+2
16: for each (i, ....i;) € Q; ; do
17: Compute g-*2(jy, ..., ji, )+ = ioiiody, = tigoinio. sy i
18: where u = s'(ig, ..., i, )" (H,ﬁ:] S™ N igy ooy ig s Jos o+ s et o5 :))
19: end for
20: end for
21: else
22: for each (iy, ....ip_jsjgs---»Ji_y) € Qdo > one frontal slice of $'*!
23: foreach (i;_; i, ...iz,jj,--»J1) € Qi iy i do
24: Compute g (g, vy ip_psfos oo s dimgs 0 )+ = Kooty = Ligoiyioni, )V @ U
25: where u = s'(ig, ....i,, )T (]‘[ﬁn;‘, RYARY (7SN S S SR
26:
27: v= <Hi=z+1 AR (AU S N ST :)) 52 oee s t)
28: end for
29: end for
30: end if
31: (S, M,V) « ADAM_Update(S,G, M, V,a, f;, p,,€,1)
32: end for
33: end for
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51.3 | Alternating Direction Fitting (ADF)

Gradient-based methods like ADAM are computationally cheaper than ALS, however, these methods converge more
slowly, taking much more time to reach an accurate decomposition. An alternative to solving least squares systems that
arise in the ALS method described above is the ADF algorithm [95]. ADF can be viewed as a variant of ALS that aims at
reducing the cost per iteration while maintaining a similar convergence property to get the best of both worlds [18]. The
ADF method relies on each of the linear systems being solved for ALS subiteration having orthonormal columns. Once
this property is satisfied, ADF replaces these least-squares solves with gradient-based updates of individual core entries
with accelerated convergence using an over-relaxation step size computation scheme. Our tensor network reformula-
tion of the butterfly decomposition allows us to make the observation that this property can be satisfied for the butterfly
decomposition, enabling a straightforward implementation of the ADF algorithm.

The step-size for each slice of the cores is determined by using the formula described in algorithm 5 in [18]. The key
comparison point with respect to ALS is that ALS forms normal equations in Line 32 (and Lines 11 and 21) of Algorithm 1,
leading to linear systems of sizes r? X r2 requiring O(r*) cost for each slice. Instead, ADF does not compute these systems at
all and works with gradient and sparse butterfly reconstruction contractions that cost 9(|Q|r2log”n) per iteration with an
additional cost of orthogonalizing cores at each subiteration, which requires O(n) parallel QR decompositions of matrices
of size 2r x r. The total per iteration cost of ADF for butterfly thus becomes O(|Q|r*log®n + nr? log n). The implementation
details of the orthogonalization for ADF for butterfly completion are described in Appendix A.3. The proposed ADF-based
butterfly completion algorithm is described as Algorithm 6.

5.2 | Initial Guess Generation

The ALS, ADAM, and ADF methods require an initial guess for the factors. Although random initial guesses are used for
many existing tensor and matrix completion algorithms for data science and scientific computing applications, we remark
that they do not work well for the proposed butterfly completion algorithms (and the reference QTT completion algo-
rithms), particularly for applications involving highly oscillatory matrices. This is particularly because the larger number
of parameters leading to a more complex optimization landscape. Additionally, as we will demonstrate in numerical exper-
iments, we use || = O(nrlog n) observed entries, making full recovery significantly more challenging and requiring an
initial guess that is closer to the true solution in Frobenius norm than a random guess. We propose to first use the low-rank
matrix completion algorithm (i.e., Algorithm 1 with L = 0 and » = R, R being a constant much smaller than the actual
rank of the matrix). Neither |Q| = O(nr logn) nor r = R is sufficient for the low-rank completion algorithm to recover the
underlying matrix with sufficient accuracy, that is, the relative error over observed entries defined in (5.6) stays over 0.5.
However, the resultant low-rank matrix provides a rough approximation of the target matrix and can serve as a better ini-
tial guess than a random guess for the butterfly completion algorithm. Our experimental observations suggest that obtain-
ing a low rank decomposition with relative test error of about 0.9 is enough to finally obtain a good butterfly matrix approx-
imation. It is worth mentioning that the low-rank completion algorithm only requires O(t,,,, || R* + nR?) operations.

Once the initial low-rank matrix is computed, the low-rank matrix of rank R needs to be converted to a butterfly matrix of
L levels and rank r, that is, $',i = 1, ..., L + 2, to use it as the initial guess. This low-rank to butterfly conversion can be
performed efficiently using a randomized algorithm based on a randomized algorithm that uses matrix-vector products
of the butterfly matrix [25]. In what follows, we briefly describe the randomized algorithm shown in Algorithm 4.The
input to Algorithm 4 is the low rank matrix X = AB of rank R, desired numbers of butterfly levels L and rank r, and an
oversampling integer p. The algorithm sketches the relevant blocks of X using Kronecker-structured sketching matrices.
Specifically, it employs Gaussian random matrices in Kronecker product with appropriately sized identity matrices. We
express these operations in tensor form in Algorithm 4.

The algorithm proceeds by first reshaping both the low rank factors to tensors using the reshape presented in (4.1). We then
generate a random Gaussian tensor of appropriate size. The tensor is a reshaping of matrix of size n X (r + p) using (4.1).
A tensor contraction with cost O(nrR) is computed in Line 5 to sketch the factors using the generated random Gaussian
tensor. The column and row basis for outer-most levels can then be computed with QR factorization with column pivoting
over the blocks of the resulting tensors denoted by QRCP in Line 6. Note that these blocks can be executed in parallel,
and the QR factorization costs O(nr?) operations, and the blocks of factor tensors are updated to the upper triangular
factors obtained from the QR factorization. Next, for each innerlevel / = 1, ..., H, anew Gaussian random tensor of order
L + 2 — [ is generated. The tensors implicitly represent Gaussian random matrices obtained as the Kronecker product of
identity matrices and appropriately sized Gaussian random matrices. The sketching and QR factorization are performed
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ALGORITHM 4 | Randomized LR _to_Butterfly.

1: Input: Factors A and B of a n X n low-rank matrix with rank R, butterfly levels L and butterly rank r, and oversam-
pling factor p

2: Output: Butterfly cores S, i =1,..., L + 2.

3: Reshape A of shape n X Rto A of shape2 X --- X2 X ¢ X Rand B of shapen x Rto Bofshape2 X ---Xx2Xc X Rby
using (4.1)

4: Generate random tensor @ of order L + 2 and shape2 X --- X2 X ¢ X (r + p)

3 My i g = ZZ Diy...iyz Zjo,...,jL bjU"-jLzojO"-qu
Mjooiia = 2z Bioeiyz Doy iy Gigeiy 2% i

6 8 (igseevip 1oty D), Vigsooesip_y, 0 0) «QRCP(M (g, ... if_y, 1, 2),r)
S5 2oy eeodiets T D W (igs eedip—1s 2 1) <QRCP(N (g, --v v fip_ys 5 1)) > QR with column pivoting

7. for/ =1to H do

8: Generate random tensor @ of order L + 2 — [ and shape 2 X - - - X2 X ¢ X (r + p)

9: My iy vjoediang — 2. Ui oip o iariz Zj,,...,jL b . ,z%. jrq
ni()"'il—ljU"'jL—IrL+2—[q = Z wi()"'il—2j()"'jL—/rL+27IZ [l aiO"'iLzoil"'iLq
10: S gy oo vip gdorsdits s 0 Vigeeeip_psjos e diy)
— QRCP(M iy« sig_jsJos -ev s Ji—1)s F)
ST Gy iy oo digs 1 Wi eee sy s s e s g ia D)
—QRCP(N (g, -, ij1s Jos -+ s dpmps 55 )
11: end for
12:
H+1 — H+1
to-tgJo-JH-1"H  H+1 , to--tg-1Jo---Ju-1"udq

Z Cig-ig—rio--in-192Wig.iy_vio-d i 2
z

at Line 9 and 10. These operations respectively cost O(nRr?), O(nr3) for each level /. Once all factor cores have been
computed, S”*! is updated by contracting the resulting tensors in Line 12, which requires @(n Rr log n) operations. Note
that this computation is equivalent to the computation done for the middle-level in algorithm 4.1 in [25] and sketching
is not required for the middle level factor when the matrix is given as a low-rank decomposition. Overall, the complexity
of Algorithm 4 is @(nRrlogn + nRr? log n + nr3 log n).

5.3 | Full Tensor-Based Butterfly Completion

The overall workflow and cost of the proposed tensor completion algorithms for butterfly matrices are as follow. Assum-
ing a butterfly rank r and given |Q| = O(nr log n) (which is the empirical estimate of the minimal number entries required
by the butterfly completion), we first generate the initial guess by low-rank completion with a constant number of iter-
ations and rank estimate R, followed by the low-rank to butterfly conversion (Algorithm 4). Unless otherwise stated,
we use R =r. Hence the initial guess generation requires a total of @(nr*logn) operations. Next, we run the butter-
fly completion (ALS-based Algorithm 1, ADAM-based Algorithm 3, or ADF-based) for at most ¢, iterations. Here
fmax 1S alSO set to a constant. Each iteration requires O(|Q|r*log’n + nrlogn) = O(nr’log’n) operations for ALS and
O(|Q|r210g2n + nr?logn) = O(nr3log3n) operations for ADAM and ADF. As a baseline, we also implement several QTT
tensor completion algorithms that are ALS, ADAM or ALS-based. All of the above algorithms are implemented in Python
and are available online.!

A remark on sampling complexity. We remark that identification of the sampling complexity of various matrix and ten-
sor completion algorithms is a still active research area. Ideally, the number of observed entries |Q2| should scale linearly
with the number of degrees of freedom of the underlying matrix or tensor representation. While practical algorithms for
completion have a long history of development, theoretical guarantees regarding their optimal sampling complexity have
only recently been established. For low-rank matrix completion, earlier works can reach the optimal sampling complexity
|Q| = O(rn) only for nuclear norm-based algorithms [96, 97], but sub-optimal complexity for ALS-based [98] algorithms.
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The optimal complexity for ALS-based algorithms has only been recently proved [99]. For QTT (or TT) completion, a very
recent work proves the optimal |Q| = O(r? log n) sampling complexity for Riemannian optimization-based completion
algorithms [100]. As our paper represents the first completion algorithms for butterfly representation, we do not attempt
to establish a theoretical bound for the sampling complexity, but rather focus on empirically demonstrating the effec-
tiveness of the proposed butterfly completion algorithms for highly oscillatory matrices. We empirically show that the
sampling complexity of |Q| = O(rnlog n) is sufficient for several numerical examples in Section 6 and leave its theoretical
justification as a future work.

6 | Numerical Experiments

This section provides several numerical examples to demonstrate the convergence, accuracy and efficiency of the pro-
posed completion algorithms when applied to incomplete data from high-frequency Green’s function for wave equations
(Section 6.1), inverse scattering applications (Section 6.2) and Radon transforms (Aection 6.3). Specifically, the pro-
posed algorithms are butterfly completion algorithms that are ALS-based (Algorithm 1), ADAM-based (Algorithm 3), and
ADF-based (Algorithm 6). As for the baseline algorithms, we use the ALS-based low-rank matrix completion algorithm
(Algorithm 1 with L = 0) and the QTT tensor completion algorithms that are ALS-based (Algorithm 5), ADAM-based and
ADF-based. A convergence tolerance of ¢ = 1072 is used for all the algorithms. All the proposed and baseline algorithms
are implemented in Python and executed using one CPU processor of the Perlmutter machine at NERSC in Lawrence
Berkeley National Laboratory, which has AMD EPYC 7763 processors and 128 GB of 2133 MHz DDR4 memory.

6.1 | Green’s Function for Helmholtz Equation

In this subsection, we consider a square matrix discretized from the 3D free-space Green’s function for high-frequency
Helmholtz equations. Letn = c - 2k denote the matrix size with ¢ = 4 and L representing the number of butterfly or QTT
levels. The matrix T is given by fi,j = M,wherewis the wavenumber, p = |x’ — /|, x' = (#, %, 0),y/ = (%, %, 1).
Here, i; = |(i — 1)/\/ZJ, i, = (i —1) mod \/ﬁ, and similarly for j; and j,. In this test, @ = @, that is, one wavelength is
discretized into 10 points. We apply the completion algorithms to the permuted matrix T' = PTP" with P presenting the
KD-tree-based reordering that yields the CLR property of T. The completion algorithms are trained on a set of entries
denoted by Q and tested on a set of entries denoted by Q,.,, both consisting of randomly generated row and column index
pairs. In other words, we define the training error using (5.6), and test error using (5.6) with Q — Q.

First, we consider an example of n = 4096 and compare the reconstruction quality of the butterfly completion algorithm
(Butterfly-ALS of Algorithm 1) and low-rank matrix completion algorithm. The real part of the full matrix T and the
observed submatrix T, are shown in Figure 3a and b, where the number of observed entries is empirically set to
|Q| = 66nlogn = 3244032. The low-rank completion algorithm uses rank estimate » = 400, max iterations ¢,,,, = 20, and
the reconstructed full matrix X is shown in Figure 3c. The butterfly completion algorithm (Algorithm 1) uses rank esti-
mate r = 11, max iterations ¢,,, = 20 and use the initial guess with R = 11. The reconstructed full matrix X is shown
in Figure 3d. As one can see, the reconstruction quality of Algorithm 1 is significantly better than that of the low-rank
completion algorithm, given the same set of observed entries.

Next, we examine the convergence of the completion algorithms using the real part of the Green’s function as T'. We first
consider an example of n = 16,384 (L = 12). As the ground truth, the matrix rank, butterfly rank and QTT rank with
tolerance ¢ = 1073 are 366, 11, and 96, respectively. For all algorithms in this example, we set the rank estimates in the
completion algorithms as the above true numerical ranks. Specifically, for low-rank completion, we use r = 366 and |Q| =
10rn = 59,965, 440; for the ALS-based (Algorithm 1), gradient-based (Algorithm 3) and ADF-based (Algorithm 6) butter-
fly completion, we use r = 11, R = 11, and |Q| = 6rnlogn = 15,138, 816; for the ALS-based (Algorithm 5), gradient-based
and ADF-based QTT completion, we set r = 96, R = 11, and |Q| = 16r%logn = 2,240, 000. The convergence history for
the training and test errors are shown in Figure 4. We set max iterations z,,,, = 20 for all algorithms. As we set || and
r to approximately the minimum numbers required by each completion algorithm, all algorithms show convergence.
Specifically, gradient-based methods such as Butterfly-ADAM and QTT-ADAM show slowest convergence; ADF-based
algorithms show slightly worse convergence behaviors than ALS-based algorithms. For low-rank matrix completion, we
also plot the convergence history for |Q| = 4rn = 23,986,176 (labeled as “low-rank(low)”), which appears to be insuffi-
cient. For QTT-ADF, we also plot the convergence history for |Q| = 82 logn = 1,120,000 (labeled as “QTT-ADF(low)”),
which also turns to be an insufficient number for convergence. Moreover, although QTT completion requires the lowest
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FIGURE 3 | Thereal partofa Green’s function matrix with n = 4096, ¢ = 4, L = 10. (a) The ground truth data T'. (b) The observed
data T, with |Q| = 66nlogn = 3,244, 032. (c) The low-rank reconstruction with rank r = 400. (d) The butterfly reconstruction using
Algorithm 1 with rank r = 11.

|Q|, the cost per iteration (see Figure 6 for more detail) is most expensive (e.g., at L = 12, QTT-ADF is 10x slower than
Butterfly-ALS, and QTT-ALS is 50x slower than Butterfly-ALS) and the test errors are less satisfactory than butterfly
completion. Next, an even larger problem is tested as n = 65, 536 (L = 14). We only test the low-rank matrix completion
algorithms with r = 200 or 400 and Butterfly-ALS/Butterfly-ADF with r = 11. We skip Butterfly-ADAM due to its slow
convergence and QTT-completion due to its high memory usage and computational cost attributed to large QTT ranks. We
set |Q2] = 69,206, 016 for both low-rank and butterfly completion algorithms. As can be seen from Figure 5, the low-rank
matrix completion algorithms diverge due to both insufficient rank estimate and |Q| (as will be seen in Figure 6, it requires
a projected 4 h per iteration for low-rank completion to converge). In contrast, the butterfly algorithm converges within
20 iterations. Again, the convergence of Butterfly-ADF is slightly worse than Butterfly-ALS.

Next, we investigate the computational complexity of these completion algorithms with the minimum number of nonze-
ros it took for the algorithms to converge. As L € {8, ..., 14}, we set the number of observed entries to || = 10rn for the
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FIGURE4 | The convergence of a Green’s function example with n = 16,384, ¢ =4, L = 12 using the low-rank matrix com-

pletion with r = 366, |Q| = 10rn = 59,965,440 (i.e., |Q|/n?> =0.22), and |Q| = 4rn = 23,986,176 (i.e., |Q|/n* =0.09, labeled as
“Low-rank(low)”), butterfly completion (ALS, ADAM, ADF) with r = 11, |Q| = 6rnlogn = 15,138,816 (i.e., |Q|/n* = 0.056), and
QTT completion (ALS, ADAM, ADF) with r = 96, |Q| = 16r2 logn = 2,240,000 (i.e., |Q|/n* = 0.0083). In addition, “QTT-ADF(low)”
denotes ADF-based QTT completion with |Q| = 872 logn = 1,120, 000. (a) Training error. (b) Test error.
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FIGURE 5 | The convergence of a Green’s function example with n = 65, 536, ¢ = 4, L = 14 using butterfly completion (ALS and
ADF) with rank r = 11. (a) Training error with |Q| = 6rnlogn = 69,206, 016. (b) Test error with Q.| = rnlogn = 11, 534, 336. The
results using low-rank matrix completion with rank » = 200, 400 and the same |Q| as butterfly completion are also plotted.

low-rank matrix completion algorithm, |Q| = 6nlogn for the butterfly completion algorithms, and |Q| = 162 log n for
the QTT algorithms. The rank estimates are set to the empirically smallest numbers such that the completion algorithms
converge for a given n. More specifically, we set r = 57, 134, 366 for the low-rank algorithm, r = 11 for the butterfly algo-
rithms and r = 30, 54, 96 for the QTT algorithm. Note that for n = 65536 (L = 14), both low-rank matrix completion and
QTT completion algorithms run out of memory or are too expensive to finish. We plot the CPU time per iteration for each
algorithm in Figure 6a and the number of observed entries |Q| in Figure 6b. For the time per iteration, Butterfly-ADF
is about 2x slower than Butterfly-ADAM as it requires two gradient-like computation per iteration (See Line 7 and 8 of
Algorithm 6). Surprisingly, we note that Butterfly-ALS and Butterfly-ADAM almost overlap with each other. This is likely
due to the fact that the butterfly rank = 11 is a small constant independent of n. As a result, we conclude that ALS is the
best algorithm among the three for butterfly completion of highly oscillatory matrices due to its fastest convergence (see
Figure 4 and Figure 5) and time per iteration. On the other hand, QTT-ADF is much faster than QTT-ALS due to relatively
large QTT ranks. Therefore, we conclude that ADF is the best algorithm among the three for QTT completion for highly
oscillatory matrices. Note that although QTT completion requires less |2| than butterfly completion (see Figure 6b), the
time per iteration at L = 12 is 3349 s for QTT-ADF but only 373 s for Butterfly-ALS. This time difference will be even
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FIGURE 6 | (a) Computational time per iteration and (b) |2| for a Green’s function example with ¢ =4, L = 8 — 14 using the
low-rank matrix completion, butterfly completion (ALS, ADAM, ADF), and QTT completion (ALS, ADAM, ADF). Butterfly com-
pletion: |Q| = 6rnlogn, r = 11 (i.e., the actual butterfly rank for T with tolerance e = 10~3). Low-rank completion: |Q| = 10rn with
r = 57,134,366 (i.e., the actual rank for T with tolerance ¢ = 10~%). Note that in theory low-rank representation requires r = O(n) for
sufficiently large n, but these numerical tests exhibit r = O( \/E) up to n = 16384. QTT completion: |Q| = 162 log n with r = 30, 54,96
(i.e., the actual QTT rank for T with tolerance e = 10~3). The QTT ranks scale approximately as r = O(n°>).

100t . QTT-ADF (r=54) | 10" &= __ . ]
. \v QTT-ADF (r=112) g
o 1071} R --Butterfly-ALS (r=11) | g -
) ~v-Butterfly-ALS (r=20)] © .
+ + 10 AN E
< 107 1 & QTT-ADF (r=330)

--Butterfly-ALS (r=\10) “v
1034 | | ‘ 1 102 7-v-Butterﬂ‘y—ALS (r:20 . | |
0 0.1 0.2 0.3 04 0 0.2 04 0.6 0.8

(a) Q]/n’ (b) Q2] /n

FIGURE 7 | Test errors with varying observation counts |Q| and rank estimates r for butterfly completion with ALS and QTT
completion with ADF. (a) A Green’s function example with ¢ = 4, L = 10. The actual rank for T with tolerance ¢ = 1072 is 10 for
butterfly decomposition and 54 for QTT decomposition. (b) A Radon transform example with ¢ =4, L = 8. The actual rank for T
with tolerance e = 1073 is 10 for butterfly decomposition and 380 for QTT decomposition. We remark that for Radon transforms, QTT
exhibits full ranks and requires |Q| = n? for accurate recovery.

larger for larger L. In terms of asymptotic behaviors, |Q| scales as O(n log n) for both butterfly (r stays as a small constant)
and QTT completion (r = O(n®>)) algorithms, and super-linearly for low-rank completion. As a result, the butterfly com-
pletion algorithms empirically achieve the lowest total asymptotic computational complexity, ©(nlog’n), among all the
completion algorithms.

Moreover, we study the effect of rank estimate and |Q| on the test error for QTT-ADF and Butterfly-ALS (i.e., the
best performing algorithms out of the three QTT completion algorithms and the tree butterfly completion algo-
rithms) using an example of n =4096 (L = 10). For QTT completion, the actual rank with tolerance ¢ = 1073 is
54 and we set the rank estimates to r = 54,112. For butterfly completion, the actual rank with tolerance ¢ = 1073
is 11 and we set the rank estimates to » = 11,20. The test errors with varying observation ratios |Q|/n? are plot-
ted in Figure 7a. For most values of observation ratios, the use of rank estimate higher than necessary leads to
over-parameterization and hence worse test errors. For this Green’s function example, QTT completion typically requires
lower observation ratios than butterfly completion (e.g., QTT-ADF reaches an error of 0.013 at |Q|/n* = 0.03 while
Butterfly-ALS reaches an error of 0.017 at |Q|/n? = 0.1), but struggles to achieve the same level of test errors as the ratio
increases.
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FIGURE 8 | Top: the transmission problem. Bottom: the reflection problem. From left to right: the velocity model under consider-
ation, the full target matrix 7', the observed matrix entries, the reconstructed matrix X by the low-rank completion algorithm and the

reconstructed matrix X by the butterfly completion algorithm. Here we set n = 1024, ¢ = 4, L = 8, |Q2| = 27nlog n for the transmission
problem and |Q| = 48nlog n for the reflection problem.

6.2 | Inverse Wave Scattering

Next, we consider a more realistic inverse scattering application governed by the following 2D Helmholtz equation

V2p(x) =—-f(x), (6.1)

COZ
v(x)
in a physical domain of 1000 m x 1000 m. Here x = (xy, x,), f(X) is the excitation function, p(x) is the pressure wave field,
w is the angular frequency, and v(x) is the velocity profile. Here v(x) = 2500 m/s everywhere except for a circular target
region where v(x) = 2750 m/s (see the first column of Figure 8). In the inverse scattering application, one is interested in
generating an array of point sources f(x) = 6(x — x?) atlocations x;,i = 1,2, ..., n and measuring the pressure wave fields
p(X;) at locations x;? ,J =1,2,...,n; from this measured n X n Green’s function matrix, one can infer the unknown velocity
(v(x) = 2750 m/s is the ground truth to be inferred) inside the target region. Here, we demonstrate how to reconstruct
the n X n matrix in some compressed formats from incomplete measurement, which can be potentially used to infer the
unknown velocity profile. We consider both the transmission problem where the source and observer arrays (with equally
spaced points) are located at z = 50 m and z = 950 m (see the top panel of Figure 8), and the reflection problem where
the source and observer arrays are located at z = 50 m and z = 200 m (see the bottom panel of Figure 8).

To generate the Green’s function matrix T, we leverage the simulation package WAVEFORM [101] to simulate the
responses p(X;), Jj=1,2,...,n for each excitation function f(x) = 6(x —x;). The frequency is set to @ = 500z and n is
set to 1024 (i.e., ¢ = 4, L = 8). Once the matrix is fully generated, we assume only || entries of the matrix are observed
and our goal is to fully recover T. For the transmission problem, we empirically set |Q| = 27nlogn, r = 9 for the but-
terfly completion Algorithm 1 and r = 120 for the low-rank completion. For the reflection problem, we empirically set
|Q| = 48nlogn, r = 12 for the butterfly completion Algorithm 1 and r = 120 for the low-rank completion. The recon-
structed matrices are plotted in the last two columns of Figure 8. Clearly, the butterfly completion algorithm achieves
significantly better reconstruction quality than the low-rank completion algorithm.

6.3 | Radon Transform

In this subsection, we consider a matrix T discretized from a 1D Radon transform:

1, = exprigp(x', y'))
P(x,y) =x-y+cX)|yl
¢(x) = (2 +sin(27x))/8
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FIGUREY9 | The real part of a Radon transform matrix with n = 1024, ¢ = 4, L = 8. (a) The ground truth data T'. (b) The observed
data T'q, with |Q] = 30nlogn = 307, 200. (c) The low-rank reconstruction using low-rank completion with rank r = 400. (d) The but-
terfly reconstruction using Algorithm 1 with rank r = 10. Note that only the real part of the data is plotted.

with x' = £, )/ = j — 2,i j=1,2,...,n For seismic migration, c(x) represents a 1D velocity model at spatial location x,
which can'be noisy or 1naccurate leadlng to T with noisy or missing data. This matrix is known to exhibit full rank when
represented as low-rank or QTT algorithms, but show constant rank when represented as butterfly.

First, we consider an example of n = 1024 and compare the reconstruction quality of the butterfly completion algorithm
(Algorithm 1) and low-rank matrix completion algorithm. The real part of the full matrix T and the observed submatrix
T, are shown in Figure 9a and b, where the number of observed entries is empirically set to |Q| = 30nlogn = 307, 200.
The low-rank matrix completion algorithm uses rank estimate r = 400, max iterations 7,,,, = 20, and the reconstructed
full matrix X is shown in Figure 9c. The butterfly completion algorithm (Algorithm 1) uses rank estimate » = 10, max
iterations ¢,,. = 20 and the initial guess with R = 10. The reconstructed full matrix X is shown in Figure 9d. As one
can see, the reconstruction quality of Algorithm 1 is significantly better than that of the low-rank completion algorithm,
given the same set of observed entries. This is no surprise as the low-rank completion algorithm requires r = O(n) and
|Q| = O(n?) for a good reconstruction.
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FIGURE 10 | The convergence of a Radon transform example with n = 4096, ¢ = 4, L = 10 using butterfly completion (ALS,
ADAM, ADF) with rank r = 12 (the actual butterfly rank for T with tolerance e = 1073 is 10), |Q| = 7rnlogn = 3,440,640 and
|Qest| = rnlogn = 491, 520. (a) Training error. (b) Test error. The results using low-rank matrix completion with rank » = 100, 400
and the same |Q| as butterfly completion are also plotted. Note that the actual rank for T with tolerance e = 1073 is r = 4096 (i.e., full
rank) for low-rank decomposition.

Next, we examine the convergence of the completion algorithms. We first consider an example of n = 4096 (L = 10) using
the ALS-based (Algorithm 1) and gradient-based (Algorithm 3) and ADF-based (Algorithm 6) butterfly completion with
rank r = 12 (the actual butterfly rank is 10 with tolerance ¢ = 10~3). Note that the QTT completion algorithm is not
considered as the full QTT rank will yield the algorithm prohibitively expensive (see later discussion of Figures 11 and 7b
for more detail). The number of observed entries is empirically set to |Q| = 7rnlogn for training and |Q,.| = nlogn for
testing. As the reference, we also tested the low-rank matrix completion with rank r = 100 or 200, but using the same || as
butterfly completion. The convergence history for the training and test errors are shown in Figure 10. We set max iterations
tax = 20 for all the ALS-based and ADF-based algorithms and ¢,,,, = 60 for the gradient-based algorithm. As expected,
the low-rank matrix completion algorithms do not converge due to both insufficient numbers of r and |Q|. In contrast, the
butterfly completion algorithms converge with a small rank estimate » = 12. Specially, the ALS-based butterfly algorithm
converges in 16 iterations, and the ADF-based butterfly algorithm is slightly worse, while the gradient-based butterfly
algorithm takes more than 60 iterations to converge.

Next, we investigate the computational complexity of the low-rank matrix, QTT and butterfly completion algorithms
for the radon transform matrices. As L € {6, ...,14}, we set the number of observed entries to |Q| = n? for low-rank
completion and QTT completion as they need all the entries to be observed to converge to sufficient accuracy, and |Q| =
6rnlog n for the butterfly algorithms. For QTT completion, we only test QTT-ADF as the actual QTT ranks with tolerance
e =103 for L = 6, 8,10 are 140, 380, 1140, which are almost full-rank and scale as O(n). The rank estimate is r = 10 for
the butterfly algorithms, r = n for the low-rank algorithm, and r = 140, 380 for the QTT completion algorithm. We plot the
CPU time per iteration for each algorithm in Figure 11a and the number of observed entries |€2| in Figure 11b. Similar to
the Green’s function example, the time per iteration for ALS-based and ADAM-based butterfly algorithms almost overlap
with each other, and ADF-based butterfly algorithm is about 2x slower. Clearly, the butterfly algorithms achieve the
quasi-linear asymptotic complexity as @(nlog’n). In stark contrast, low-rank and QTT completion algorithms scale at
least as O(n*) due to the unfavorable |Q| = n? and r = O(n) scaling. Note that at n = 1024, it requires 5 h per iteration for
QTT completion. Obviously, if all the entries of the matrix are available, one should use low-rank or QTT decomposition
instead of low-rank or QTT completion.

Finally, we study the effect of rank estimate and |Q| on the test error for QTT-ADF and Butterfly-ALS using an example of
n = 1024 (L = 8). For QTT-ADF, the actual rank with tolerance e = 1073 is 380 and we set the rank estimates to r = 380.
For Butterfly-ALS, the actual rank with tolerance ¢ = 1073 is 10 and we set the rank estimates to r = 10, 20. The test
errors with varying observation ratios |Q|/n? are plotted in Figure 7b. For most values of observation ratios, the use of
rank estimate higher than necessary leads to over-parameterization and hence worse test errors. It is clear that QTT-ADF
requires almost all matrix entries and hence does not represent an effective completion algorithm for Radon transform
matrices.
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FIGURE11 | (a) Computational time per iteration and (b) |Q| for the Radon transform example with ¢ =4, L = 6 — 14 using
the low-rank matrix completion, butterfly completion (ALS, ADAM, ADF) and QTT completion (ADF). Butterfly completion: |Q| =
6nlogn, r = 10. Low-rank completion: |Q| = n?, r = n (this requires all the entries as T is full-rank). QTT completion: |Q| = n? (this
requires all the entries as the actual TT-rank for T is r = 140, 380, 1140 for L = 6, 8, 10).

7 | Conclusion

In this work, we proposed three low-complexity butterfly completion algorithms, respectively based on ALS, ADAM and
ADF, for reconstructing highly oscillatory operators discretized as n X n matrices requiring only ©(n log n) observed matrix
entries and ©(nlog®n) computational cost empirically. The proposed algorithms are based on the reformulation of butter-
fly matrices into higher order tensors, which allows for efficient implementation via tensor computations. Numerical
results demonstrate the superior accuracy, convergence, and efficiency of the proposed algorithms for highly oscillatory
operators such as Radon transforms and Green’s functions in seismic applications, when compared with other comple-
tion algorithms such as low-rank matrix completion and QTT completion. While our experiments utilized only synthetic
datasets, the oscillatory operators studied here, such as high-frequency Green’s functions and Radon transforms, form the
mathematical foundation of several critical imaging tasks, where physical or cost constraints limit data acquisition. The
proposed butterfly completion algorithm is potentially useful for addressing missing-trace problem for high-resolution
reverse time migration of seismic exploration, the frequency-domain gaps inherent in low-dose medical CT, and the
“missing wedge" problem in electron tomography.

Future work includes exploiting butterfly completion for stochastic low-rank decompositions, high-performance and par-
allel implementations of the butterfly contraction operations, as well as integrating the tensorized reformulation of the
butterfly decomposition into neural network architectures to facilitate efficient learning with butterfly matrices.
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Appendix A: Efficient Implementation of ALS for Butterfly Completion

Implementation of the ALS algorithm for butterfly completion as described in Algorithm 1 efficiently can be a challenging task when
the number of levels of the butterfly decomposition increase. This is due to computations with high-order parameter tensors with
their order depending on the number of levels in the butterfly decomposition. In this section, we describe a method to efficiently
implement ALS for butterfly completion and QTT completion with a single software kernel that involves sparse tensor computations.
This method also allows for efficient sampling of entries of a butterfly matrix (section 3.4 of [38]). Our implementation is in Python
and is open-source.?

ALS for QTT Completion

Firstly, we present ALS for QTT format in Algorithm 5. Similar to butterfly completion, Algorithm 5 proceeds by taking the observed
input tensor, rank r (assumed to be the same for all tensors here, but can be easily generalized to different ranks), initial guess for
the tensors, and a parameter for controlling the maximum number of iterations if the convergence criterion is not satisfied. For the
outermost tensors, S' and $**!, the algorithm solves for each fiber (potentially in parallel) requiring an r X r positive semi-definite
(PSD) solve. The steps to compute the left and right-hand sides of the systems are similar to Algorithm 1, however, the L matrix-vector
products are indexed differently and are given in lines 19 and 9. Updating the outermost tensors requires at most L matrix-vector
products for each nonzero with a total cost O(|Q| Lr?) (including the outer product) and solving for each fiber of the tensor requires
O(r3) as there are only 4 fibers to be solved for. For the inner tensors, {S ie{2,...,L} }, the algorithm solves for each slice requiring
r? x r? PSD solve. The left and right-hand sides of the systems are computed in a similar manner as in Algorithm 1 except for the
matrix-vector products which are given in lines 29 and 30. Similar to Algorithm 1, the result is reshaped into a matrix in row-major
ordering to update the inner tensors. The total cost of performing the computations in lines 29 and 30 is O(|Q| Lr?), and the total cost
of forming the left-hand sides (9(|Q|(Lr2 + r4)), which includes the outer products of Kronecker products in line 32. The solve can
be performed in a total cost of O(r°). Since the number of tensors to be solved is L, the total cost of one iteration of Algorithm 5 is
O(IQIL(LF? + r*) + Lr®).

It should be noted that the Algorithm 5 is exactly the same as Algorithm 1 except for the indexing of the matrix-vector products used
to form the left and right-hand sides. Therefore, by introducing an indexing on the input tensor entries such that the outer tensors
are reshaped into matrices and the inner tensors are reshaped into order 3 tensors, one can use exactly the same software kernel for
tensor train, QTT and butterfly completion. This also means that the computational benefits of storing the sparse tensor entries in
the compressed sparse fiber (CSF) format [85] to amortize the matrix-vector products involved in each solve can be translated to the
butterfly completion algorithms. We describe this indexing in the next subsection.

Indexing for Butterfly Completion Algorithms

To reshape the higher-order tensors in tensorized butterfly factorization such that the outermost tensors are represented as matrices
and the inner tensors are represented as order 3 tensors, we use the inverse of the function defined in (4.2). Precisely, we use a function
w~1() that takes a p-bit binary number as input and outputs an integer given as

p—-1

W bg, s byy) = Db 271 (A1)
i=0

Therefore, a new list of factors Z = {Z’ lefl,...,L+ 2}} can be formulated based on the above reshaping, by reshaping the S!
introduced in (4.4) as

2! (ky, 1) = 8"Gg, oo ig, 0)
zL+2(kL+2, :) - sL+2(j0, ,jL, :)

Z" M (K 20 1) = 8™ M gy oo s dos ooe s dmets s 0 (A2)

wherem € {1,..., L}, ky = w g -oesip)s kpyo = W s ooesdp)s A0 Ky = W gy oev i f s Jigs -+ > 1)
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ALGORITHM 5 | ALS for QTT completion.

1: Input: Observed matrix T o, rank r, initial guess 8*,i = 1, ..., L + 1, max iterations 7, .
2: Output: Updated QTT cores S',i=1,..., L + 1.
3: fort=1tor,, do
4 for/=1to L+ 1do
5: if / = 0 then
6 for each (iy, j,) do
7 Initializey =0, K =0
8 foreach (iy,....i.j1, ... Jj) €Q, ; do
9 0 = (TI52 8™ 22 ) 8 )
10: Updatey +=1; ; ; ;v
11: Update K += vv”
12: end for
13: Solve Ks = y and update s'(iy, jg, 1) < s > K e R™
14: end for
15: elseif / = L + 1 then
16: for each (i}, j;) do
17: Initialize y =0, K =0
18: for each (iy, ..., iy 1, o, -, -1) €L, ;, do
19: u=s'G.,j.. )" (]‘[j;} S™G g :))
20: Update y += Liooi gy Y
21: Update K += uu”
22: end for
23: Solve Ks = y and update s“!(i,, j,, 1) < s >K e R™
24: end for
25: else
26: for each (i;_j, j,_;) do
27: Initializey =0, K =0
28: for each (i, ..., i)y, i .. sip, JosoesJi—asdis oo Jp) O
29: u= sy jo )" (anj S s e :))
30: v= (]‘Lﬁ;l‘ St :)) sy ips )
31: Update y += Liooip gy @ @ W)
32: Update K += (v @ u)(v @ u)"
33: end for
34: Solve Ks = y > K e R
35: Update S'(i,_;,j,_;» :» :) := reshape(s, r, r)
36: end for
37: end if
38: end for
39: end for

By using order 2 and order 3 tensor representations Z that adhere to the tensor train format, any tensor-train completion algorithm can
be used to optimize the factors. Note that similar reshapes can be defined for the QTT format as well to utilize the implementation of
tensor-train completion algorithms. We use the above reshapes for implementing Algorithms 1 and 5 with a tensor-train completion
optimization algorithm. In our implementation of ALS for tensor-train completion, we transpose the sparse input tensor according
to the index being solved for. This results in increasing the computational efficiency by using BLAS-3 instead of BLAS-2 operations
to form the left-hand sides (see [82]) without constructing the CSF trees. The software kernel can further be optimized by using the
computational trees which would allow for further increase in computational efficiency by reusing the matrix-vector products needed
to form left and right-hand sides (see [94]).

Orthogonalization Sweeps for Butterfly ADF

To apply ADF [18, 95] to the butterfly factors S, we require orthogonalization sweeps that produce orthonormal matrices in the local
least-squares systems. In the higher-order tensor representation S "(4.4), orthogonalization at level / + 1 proceeds by folding the outer-
most mode that is not shared with the adjacent factor into the rank dimension, forming a tall (or wide) matrix, and computing its QR
(or LQ) factorization. The resulting triangular factor R (or L) is then absorbed into the adjacent factor so that the overall product is
preserved. In the reshaped representation where we only have order 2 and 3 tensors (A2), the modes of Z™*" are encoded in the binary
digits of the index k,,..; = W (gs s ij_p>Jo» -+ s jm_1)» SO folding a mode corresponds to pairing matrices that differ at a specific bit
position in k,,., and concatenating them along the appropriate rank axis. We describe the QR factorization and absorption steps below
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ALGORITHM 6 | ADF for butterfly completion.

1: Input: Observed matrix T, (or its tensorization T ), rank r, initial guess $',i = 1, ..., L + 2, max iterations 7,,,., and convergence
threshold e.

2: Output: Updated butterfly cores S',i =1,..., L + 2.

3: Z«< RIGHTTOLEFTSWEEP(Z,L) > LQ sweep: concentrate weight in Z!

4: G« T43—RECONSTRUCTH(2) > Initial residual on Q

s5: foriter=1,...,1,, do

6 for/=1,2,...,L+2do

7: N « GRADIENT(G,Q,Z,1,L) > Asin Algorithm 5.3

8 Z <« RECONSTRUCT (Z\z1_p)

9: a; < [N olI% /11213 > Overrelaxation for each slice asin [31]
10: 2l Z v a N B> Slice-wise update
11: G, <G, —a,Z, > Slice-wise update
12: if /. < L+ 1then > Batched QR and absorb into next level
13: ZILR <« OR(Z',L,])

14: Z'+1 « ABSORB(R, Z*',L,1)
15: end if

16: end for

17: if |lgll,/IT qll<c then

18: break

19: end if

20: end for

for a left-to-right sweep; the right-to-left sweep is analogous and can be implemented by transposing each factor, performing the same
QR-based procedure in reverse order, and transposing back.

QR Factorization For the outer factor Z', we perform independent reduced QR factorizations of each of the 2% blocks of size (¢ X r),
yielding orthonormal blocks Q, and upper-triangular remainders R, . Here recall that k; = w (i, ... ,i;). For an inner factor Z"**
withm € {1, ..., L}, the mode to be folded is i; _,,, since this is the outermost row index that appears in Z™! but not in the next factor
Z™*? (compare their index sets in (A2)). In the encoding k,,,; = ¥ (igs -+ » i _m»Jo -~ » m_1)» the index i, _,, occupies bit position m
from the least significant bit. We therefore pair the 2°*! matrices Z"*'(k,,,;, :, :) € R™" over bit position m in k,,,,: for each pair
k9, kD) differing only at bit m (with £© having bit m equal to 0 and k1 having bit m equal to 1), we concatenate along the left-rank
axis to form a (2r x r) matrix and compute its reduced QR factorization. The two halves of Q are assigned back to indices k© and k),
yielding 21! matrices with pairwise orthonormal columns, while the remainder R € R™ must be absorbed into the adjacent factor

Zm+2

Absorption of R

m+2 m+1

Each remainder R is left-multiplied into the matrices of Z"™"“ that share the same remaining indices. Comparing the index sets of Z
and Z™*?, the transition from level m + 1 to m + 2 drops i, _,, and introduces j,,. The new index j,, occupies bit position 0 (the least
significant bit) in k,,,, = Wi, -+ i _p_1>Jo» - -+ » jm)- Each remainder R from the QR step therefore multiplies both matrices of the
pair (k©, k) differing at bit 0 in k,,_,:

Z"2k® 2 )« R Z™2(kW®, 1, ), be{0,1}). (A3)

L+2
kpyo'

When the target is the right outer factor Z*+2, each block Z ,f:“i of size (r X c) is instead updated as Z ﬁ:i <Ry, Z

The complete ADF algorithm for butterfly matrix completion is summarized in Algorithm 6. The gradient computation is the same as
that used in Algorithm 3 and the optimal step size for each slice of the computed tensors are computed as suggested in [18].
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