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ABSTRACT OF THE DISSERTATION

Virtual invariants of Quot schemes of surfaces

by

Woonam Lim

Doctor of Philosophy in Mathematics

University of California San Diego, 2020

Professor Dragos Oprea, Chair

Quot schemes are fundamental objects in the moduli theory of algebraic geometry. Quot
schemes of surfaces admit natural perfect obstruction theories if we consider 1-dimensional
quotients of trivial vector bundles. We study various virtual invariants of such Quot schemes
using the structure of Seiberg-Witten invariants and Hilbert schemes of points.

The main result expresses the virtual Quot scheme invariants universally in terms of
Seiberg-Witten invariants and certain cohomological data of a surface. When a curve class is
of Seiberg-Witten length N, we prove the multiplicative structural formula for the generating
series of equivariant virtual Quot scheme invariants in terms of the universal series and Seiberg-

Witten invariants. Furthermore, the universal series are completely determined up to the change



of variables. As an application, we prove the rationality of the homological and K-theoretic
descendent series for any curve classes of Seiberg-Witten length N. Explicit formulas are
available in several cases for specializations to the generating series of virtual Euler characteristics
and virtual _,-genera.

For K3 surfaces, the usual virtual Quot scheme invariants vanish. We thus define and
study the reduced invariants of Quot schemes. Rather surprisingly, we show that the reduced
X—y-genera of Quot schemes and Pair spaces are equal when N = 1. This implies that the reduced
X—y-genera of Quot schemes are given by the Kawai-Yoshioka formula.

We study the virtual Segre and Verlinde series of Quot schemes as a variation of the non-
virtual Segre and Verlinde series of Hilbert schemes of points. Analogously to the conjectural
algebraicity of the Segre and Verlinde series of Hilbert schemes of points, we prove that the
virtual Segre and Verlinde series of Quot schemes are algebraic for any curve classes of Seiberg-
Witten length N. Furthermore, we prove the virtual Segre and Verlinde correspondence relating
the universal series. This, in particular, matches the virtual Segre and Verlinde series for punctual

Quot schemes up to a sign.

X1



Chapter 1

Preliminaries

All schemes in this paper are finite type over C. By a surface, we always mean smooth

projective surfaces.

1.1 Introduction

Let S be a smooth projective surface. There are various sheaf-theoretic moduli spaces
on S whose invariants have been studied. The simplest and most studied moduli space in this
direction is the Hilbert scheme of points, denoted by S The famous formula of Géttsche [G]

computes their topological Euler characteristics:

n

o oo e(S)
n ]y _ 1
n;oq e(S )_<||1_ ) . (1.1)

This formula illustrates the common phenomenon in enumerative geometry; the structure of
invariants of moduli spaces are best studied by putting them into a generating series. In the above
case, it is the modularity that comes as a structure of the invariants. For virtual invariants of Quot
schemes that we study in this paper, rationality will often appear as a structure.

There exist two different interpretations of Hilbert scheme of points. First, we can
consider S™ as the moduli of ideal sheaves I. This point of view can be generalized to moduli

space of higher rank Gieseker semistable sheaves of fixed determinant. Second, we can consider



s as parametrizing zero dimensional quotients of the structure sheaf
0—-1; — Og— 07 — 0.

This point of view brings Grothendieck’s Quot scheme as another natural direction of generaliza-
tion.

Unlike the Hilbert scheme of points, none of the two generalizations above (moduli of
sheaves, Quot schemes) are smooth in general. However, moduli spaces often have a notion
of expected dimension coming from a natural obstruction theory. Under certain technical
conditions, obstruction theory defines a virtual structure on moduli spaces with which one can
define the ensuing virtual invariants. Specifically, one can define various virtual homological (or
K-theoretic) invariants of moduli spaces using the virtual fundamental class (or virtual structure
sheaf). These virtual invariants are extensively studied for moduli of sheaves under the name of
(K-theoretic) Donaldson invariants, (K-theoretic) Vafa-Witten invariants, virtual Segre/Verlinde
numbers. See Section 1.5 for a brief summary of existing results on virtual invariants of moduli
of sheaves. In this paper, we study analogous theories for Quot schemes.

We end the introduction by briefly explaining the main technical tools used in this paper.
Hilbert scheme of points S and Hilbert scheme of curves Hilbg are two basic building blocks,
at least philosophically, of various sheaf-theoretic moduli spaces on S. Fundamental tool to study
Hilbert scheme of points was developed in [EGL] where the authors use the recursive structure
to obtain universality and multiplicativity. On the other hand, [DKO] linked Hilbert scheme of
curves to the Seiberg-Witten invariants. Putting the philosophical comments in practice by his
seminar work, Mochizuki [Mo] derives a formula for descendent invariants of moduli of sheaves
on a surface with p, > 0 in terms of integrals over the product of Hilbert schemes of points
and Seiberg-Witten invariants. On the Quot scheme side, the dissertation author [L] derives an
analogous formula for virtual invariants of Quot schemes via virtual localization of [GP]. We

then apply this structural formula repeatedly to study various virtual invariants Quot schemes.



1.2 Virtual homological and K-theoretic invariants

Let M be a projective scheme with a cotangent complex L. A 2-term perfect obstruction

theory of M, in the sense of Behrend and Fantechi, is a 2-term perfect complex
E*=[E'—EY
together with a morphism in derived category
O:E*— 1Ly
such that #°(¢) is an isomorphism and 4~ !(¢) is a surjection. Denote the dual complex of E® by
E, = [Ey — Eq].

Given M with a 2-term perfect obstruction theory ¢, we define the virtual tangent bundle and

virtual cotangent bundle in the K-theory K°(M) as

YW =Ey—E;, Qur:=g°—Eg!
We also define the virtual dimension as

vd(M) = rk(T") = tk(Ey) — rk(E)).

Note that these definitions depend on the choice of an obstruction theory ¢ which we omit from
the notation.

Associated to a scheme with a 2-term perfect obstruction theory is the virtual fundamental
class [BF, LT]

[M]*" € Avaqu) (M),



and the virtual structure sheaf [BF, CFK, Lee]
OV € Ko(M).

These virtual structures replace the role of the fundamental class and the structure sheaf. We

define virtual homological invariants of M by integrating some cohomology class T € H*(M)

[ =
[M]Vll'

Similarly, we define virtual K-theoretic invariants of M by taking holomorphic Euler characteris-

over the virtual fundamental class

tic of some o € K°(M) tensored with the virtual structure sheaf
XM, a) = x(M,a® o).

Virtual Hirzebruch-Riemann-Roch theorem of [FG] relates virtual K-theoretic invariants to

virtual homological invariants:

1) = [ ch(e) (T,
[M]wr

Now we review the virtual invariants of particular interest; the virtual Euler characteristic
and the virtual y_,-genus. See [FG] for the detailed treatment. We define the virtual Euler

characteristic of M as

(M) = /[M]m cva(TYN) € Z.

The above definition is motivated from the Poincaré-Hopf theorem. Indeed, when the obstruction
sheaf ' (E,) vanishes, M is smooth and e"" (M) is equal to the topological Euler characteristic

e(M).



For any vector bundle E, we denote

o)

i AE|( S,E =Y [S"E]Y"
n=0 n=0

in the power series ring K°(M)[[y]] over the K-theory. Note that this definition extends multi-
plicatively to virtual bundles, i.e. K-theory classes of M. Using this K-theoretic operation, we

define the virtual y_,-genus as
x5(M) = XM, A Q)F) € Z]y).

It was shown in [BF] that )(Xiyr (M) is a polynomial in y of degree less than or equal to vd(M)
that specializes to e"'(M) at y = 1. In this sense, the virtual X—y-genus is a natural K-theoretic
refinement of the virtual Euler characteristic. One can also define the shifted virtual )_,-genus

as

2hM) =y (M) e Zly?,y ).

The virtual Serre duality of [FG] implies that the shifted virtual y_y-genus is symmetric under

ye—y L

1.3 Deformation theory of Quot schemes

Let X be a smooth projective variety. Fix a coherent sheaf E on X and a vector v €
H*(X,Q) encoding the topological data of quotients. Denote by Quoty (E,v) the Quot scheme

parametrizing quotients

0—-S—E—Q—0 suchthat ch(Q)=



Deformation theory of the quotients can be summarized as
Tan = Hom(S,Q), Obs = Ext!(S,Q).

If the higher obstruction spaces Ext™!(S, Q) vanish for all quotients parametrized by the Quot
scheme, then Quoty (E,v) carries a 2-term perfect obstruction theory with a virtual tangent
bundle given by

T (E.y) = R omz (S, 2).

Quoty

Here . and 2 are the universal subsheaf and quotient on Quoty(E,v) X X, and 7 is the
projection map onto Quoty (E,v).
Vanishing of the higher Ext groups as above are relatively rare. Whenever it happens,

however, it led to many interesting results. Here we list a few cases in low dimensions.
1. X curve, E arbitrary and v arbitrary,
2. X surface, E torsion free and v Chern character of torsion sheaf,
3. X surface, E satisfying Hom(E,E ® Kx) = 0 and v arbitrary.

In the first case, vanishing of Ext™!(S,Q) follows from the dimension argument which was
observed by [CFK] and [MO1]. Virtual intersection theory of Quot schemes over curves had
important applications to the study of moduli of stable bundles of curves by Marian and Oprea,
including the proof of strange duality [MO?2] and recalculation of the Verlinde formula [MO3].

The second and third cases were observed in [MOP1] and [OP], respectively. In general,

we have

Ext*(S,0)" = Hom(Q,S®Kx)
— Hom(Q,E @ Kx)

— Hom(E,E ® Kx)



by Serre duality for surfaces. Desired vanishing for the second case follows from the equality in
the first line because Q is torsion and S ® K 1is torsion free. Third case follows directly from
the injectivity. In [MOP1], the authors further observed that Quot scheme of K3 surfaces admit
reduced obstruction theory which they use to prove Lehn’s conjecture for K3 surfaces. See
Chapter 6 for reduced obstruction theory and reduced invariants of Quot schemes on K3 surfaces.

In [OP], Oprea and Pandharipande initiated the systematic study of virtual invariants of
Quot schemes over surfaces in the second case. In particular, virtual Euler characteristics of
Quot schemes on minimal surfaces of general type with p, > 0 are studied in connections to the
Seiberg-Witten invariants. Furthermore, reduced Euler characteristics of certain Quot schemes
of K3 surfaces are shown to be governed by the Kawai-Yoshioka formula.

In this paper, we restrict our perspective to the second case with E being trivial vector
bundle of arbitrary rank. More precisely, fix a smooth projective surface S with integers N,n and
a curve class B € H%(S,Z). Then we study Quot scheme Quotg(CV, B,n) parametrizing torsion

quotients
0-S—-CV®03—Q—0 suchthat ¢(Q)=B, x(Q)=n.
By Hirzebruch-Riemann-Roch calculation, we have
vd(Quotg(CN,B,n)) = Nn+ B>
In the case of Hilbert scheme of points
Quots(C', B = 0,n) ~ s,

there is a difference between the virtual dimension # and the actual dimension 2#. This can be



explained by the following obstruction bundle of rank n

Exty(ly,Oy) = Extz(Oy,0)
\Y
= <<%ﬂ0m7r(ﬁ§”7 Oy ®KS)>
\Y
- (%omn(ﬁg,ﬁg@)l(s))

_ (Kgﬂ)v (1.2)

where 2 denotes the universal subscheme in S” x S. This excess obstruction bundle will play

the crucial role in the computations.

1.4 Seiberg-Witten invariants

Seiberg-Witten invariants has played a central role in various enumerative geometry
of surfaces. For instance, see the following references for the relationship of Seiberg-Witten
invariants with each topic; Donaldson invariants and Witten’s conjecture [GNY, Mo], Gromov-
Witten invariants [Tal, Ta2], Stable pair invariants [K] and Vafa-Witten invariants [GK1, GK3,
Lal, La2, TT1, TT2]. Not surprisingly after all these developments, Quot scheme invariants can
also be expressed by Seiberg-Witten invariants and integrals over the product of Hilbert schemes
of points [L].

We review Seiberg-Witten invariants of surfaces. See [DKO] for the foundation of
algebro-geometric Seiberg-Witten invariants. There are two ingredients to define Seiberg-Witten
invariants; Hilbert scheme of curves and Abel-Jacobi map. We begin with the Hilbert scheme of
curves and its virtual fundamental class.

Let S be a smooth projective surface and B € H?(S,Z) be an effective curve class.

Consider the moduli space Hilbg parametrizing curves (or more precisely, effective divisors)

0— 0(-D)— Os— Op— 0 suchthat c¢;(0(D))=2p.



As a fine moduli space, there is the universal curve
1IN
P — Hilbg x §
with the associated ideal exact sequence

0—0(-%8)— 0,

Hitbxs — ©75 0

Since Hilbg parametrizes torsion quotients from the torsion free sheaf O, it possesses a 2-term

perfect obstruction theory with the virtual tangent bundle

g = R omn(0(=Tp), 09,) = R0 (Tp)).

This induces a virtual fundamental class

[Hilb§] ™" € Aya, (Hilb), vdg = w

Another ingredient for the definition is the Abel Jacobi map from the Hilbert scheme of

curves to the Picard group

AJP HilbE — Pick D 64(D).

Denote the Poincaré line bundle over F’icé3 x § by £ which we normalize at p € S. By See-Saw

principle, we have

where (1) denotes the line bundle over Hilbg defined as

00):=0Tp)| o



We denote its first Chern class by
h:=c1(6(1)) € HX(Hilbh 7).

Notation of &'(1) comes from the fact that if 8 is positive enough, then the Abel-Jacobi map is
naturally a projectivization with a relative ample line bundle &'(1).

Putting these ingredients together, we define the higher Seiberg-Witten invariants as
SWH(B) := AJE (0 [Hibg]™), k=0
which lives in
Hvay—i) (Pick, Z) ~ A2~ H' (S, 7).

For convenience, we also define the total Seiberg-Witten invariant

SW(B):=Y SWX(B) e A*H'(S,Z).
k>0
Note that when vdg = 0, the only non-trivial Seiberg-Witten invariant is SWO( B) for degree
reasons. In this case, the total Seiberg-Witten invariant is simply a degree of a zero dimensional

virtual fundamental class
SW(B) = SWO(B) = deg ([HiIb?]"") € .

Behavior of the Seiberg-Witten invariants of a surface depends heavily on whether the
underlying surface has a non-zero holomorphic 2-form or not. Most importantly, total Seiberg-
Witten invariants of surfaces with p, > 0 vanish unless vdg = 0. In other words, the only
non-trivial Seiberg-Witten invariants of surfaces with p, > 0 is a degree of the zero dimensional

virtual fundamental class of Hilbert scheme of curves. In contrast, surfaces with p, = 0 always

10



have infinitely many curve classes 8 of non-zero virtual dimension whose total Seiberg-Witten
invariant is non trivial. This property of the Seiberg-Witten invariants is responsible for the

difficulty in studying virtual invariants of Quot schemes of surfaces with p, = 0.

1.5 Virtual invariants of moduli of sheaves

Recall from the introduction that S admits two different generalizations: moduli of
sheaves and Quot schemes. In this section, we review some of the results on the moduli of
sheaves in literatures about virtual y_,-genera [GK1, GK3] and virtual Segre and Verlinde
numbers [GK4, GKW]. See also [GK2] for the detailed survey of a beautiful set of conjectures
and results in this direction.

Let (S,H) be a smooth projective surface with a polarization H. For each p € Z*,

c1 € HX(S,Z), c; € H*(S,Z) ~ 7, let

M =M (p,c1,c2)

be a moduli space parametrizing rank p Gieseker H-semistable sheaves E with ¢;(E) = ¢; and

¢2(E) = ¢;. Through out this section, we make the following assumptions:

1. S satisfies b1 (S) = 0 and pg > 0,
2. M does not contain strictly Gieseker H — semistable sheaves, (1.4)

3. There exists a universal sheaf & on M x S.

Under these assumptions, the moduli space M admits a perfect obstruction theory with

TY' = RmRAom(&,E)o|1]

where 7 and g denotes the projection maps

11



M xS

N

and the subscript 0 denotes the trace-free part. This in turn gives a virtual fundamental class
[M]'" € Aw(M), vd=2pcr—(p—1)ct —(p* = 1)x(O%).

We first review the conjecture of [GK3] describing shifted virtual ) _,-genera of moduli

of rank 2 sheaves. To do so, we introduce the following functions:

d 1
¢(x,y) = nI;[l (1 —x2)10(1 — x2ny) (1 — x2ny-1)’
03(x,y) = [J(1 =) (1+2>""y) (142" 1y,
n=1
1001

3
Il
—_

Conjecture ([GK3]). Under the assumptions (1.4), the shifted x—,-genus of M = M¥ (2,¢c1,c2)

is given by the coefficient ofod(M) of

2(05) [ 577 (42 K3 by 4K
4(%¢(x,y)) (M) Y SW(a)(—1)* (Lﬂ) '

1
63 (x,y2) acH*(S.Z) 03(—x,y?

Based on the above conjecture, the authors also conjecture the formula for the generating

series
d

i _1 1 g2 — Vi vd
Z& 0, (9) = q ax(05) ks Y xili(Mé"(%cl,cz))q“
€T
which is related to the S-duality conjecture of [VW]. See also [GK1] for the analogous study on
moduli of rank 3 sheaves.

We now review the virtual Segre numbers studied in [GK4]. Let & € K°(S) be a K-theory

class of rank s. Over the moduli space M = M¥ (p,c1,c2), we define the Chern character of the

12



tautological class
1
ch(oy) :=ch(—Rm (& ®@det(&) P @q"a)) € A*(M)q.

1
When the root det(&£’) » does not exist, we define the right hand side by Grothendieck-Riemann-
Roch formula. By the universal relation between Chern character and Chern class, this in turn
defines c(ays). The authors conjecture the following structural formula for the virtual Segre

numbers || [M)vir c(ayy) together with the explicit formulas for certain universal series.

Conjecture ([GK4]). There exists
|
VS7WS7XS7Y.§‘7ZS7Yi,szij,S€C[[Z§]] for 1§l§]§p_1

with the following properties.! For any M = Mgl (p,c1,c2) under the assumptions (1.4) and
a € K°(S) of rank s, the virtual Segre number Jppir c(Or) is given by the coefficient of Z2vd(M)

of

p—1

2 2 . ) o
RIS CENICLE S Sl ) R VICEE § ot
(ar,tp—1) i=1 1<i<j<p—1
2mi
where the sum is over all (ay,...,ap—1) € H*(S,Z)P~! and &5 := e P . Moreover

o (i) () (00

o (030 (69 0

o 15)) (65 03
(00

'We suppress the dependence of these universal series on p.

[}
B —

13



where

K =5
Z:t(l+(1——>t> .
P
Furthermore, Y, Z;,Y; 5, Z;j ¢ are algebraic functions for all s,1, j.

We also review the virtual Verlinde numbers studied in [GK4]. Recall the determinant
line bundle construction on M = Mgf (p,c1,c¢2) [HL, Chapter 8] from the orthogonal part of the
K-theory classes

A K ) — Pic(M).

pc1,c2

Fix r € Z and L € Pic(S)q such that
Z ::L®c1_£ € Pic(S), p divides Z.ci+r (M —cz) :
We define a line bundle p(L) ® E®” on M as
U(L) QE® :=A(v)

where v € K( is a K-theory class satisfying rk(v) = r, det(v) = .Z. Note that c;(v) € Z is

p7c1 76,2)
determined by the orthogonality condition with respect to (p,cy,c2). The authors conjecture the
following structural formula for the virtual Verlinde numbers x""(M, u(L) ® E®") together with

the explicit formulas for certain universal series.

Conjecture ([GK4]). There exists
1
Gr,FraArvBrvAi,r7Bij7V€(C[[Wj]] for 1§l§~]§p_l

with the following properties.”> For any M = Méf (p,c1,c2) under the assumptions (1.4) and

L € Pic(S), the virtual Verlinde number x*"(M, (L) @ E®") is given by the coefficient ofw%Vd(M)

2We suppress the dependence of these universal series on p.

14



p2—x(ﬁg)+l(§ GiC(L) Fr%l(ﬁs) Af"KS Bfﬁ Z H sla, clSW az Aa, H Bl-ll:'aj

4 Ly,r
(a1,ttp1) 1<i<j<p-1

2mi
where the sum is over all (ay,...,ap_1) € H*(S,Z)P~" and €, := e P . Moreover

G(w) =1+,

Frw)= (l—l—v)% <1—|—;—22v)_1,

where

1‘2 _]

=v(1+v)e?
Furthermore, A,,B,,A; ,,B;; , are algebraic functions for all 1,1, j.

Remark. There exists several evidence for the above conjectures. First of all, conjectures about
virtual ¥ _,-genera and virtual Verlinde numbers are true for K3 surfaces. This is because we may
reduce the conjectures significantly using the fact that M is deformation equivalent to the Hilbert
scheme of points. For Hilbert schemes of points on K3 surfaces, their y_,-genera [GSo] and
Verlinde numbers [EGL] were previously known and these are compatible with the conjectures.
Furthermore, Gottsche and Kool check all three conjectures for some numerics of p,s,r for
various surfaces up to certain virtual dimensions, depending on the examples. Main technics of
their computation include Mochizuki’s formula [Mo], multiplicative universality argument for
Hilbert schemes of points [EGL] and toric computations via localization. Surprising feature in
their approach is that actual computations are done for toric surfaces although toric surfaces are

not subject to the above conjectures as they are of p, = 0.

Lastly, we review the surprising conjectural relationship between virtual Segre theory and
virtual Verlinde theory. This extends the conjectural (non-virtual) Segre/Verlinde correspondence

for Hilbert schemes of points by [J, MOP2]. Before we state the conjecture, we remark that a
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direct calculation shows that the universal series with explicit conjectural formulas in virtual

Segre and Verlinde numbers are related as follows:

where s = p —r and

2 -3 -1
w=v(14v)7 z:t(1+<1—%)r) ’ v:t(1+£t> . (15)

The following conjecture expresses the relationship between the universal series in virtual Segre

and Verlinde theory whose explicit formulas are not yet conjectured.

Conjecture ([GK4]). Forany p >0, r € Z, s = p —r, and under the formal variable change
(1.5), we have

D=
~—

N —

Ar(w?) = W, (2)Ys(22), Air(w2) =Yz

N —
DI—

1 1
Br(w2) = Z(z2), Bijr(w2) = Zijs(22),

forall1 <i<j<p-—1.
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Chapter 2

Summary of results

In this chapter, we summarize the main results in this paper whose proofs and details can
be found in the subsequent chapters.

This paper considers various virtual invariants of Quot schemes; virtual Euler character-
istics, virtual ) ,-genera, homological and K-theoretic descendent invariants and virtual Segre
and Verlinde numbers. Here we introduce a general form of virtual invariants of Quot schemes
that can specialize to all the cases of interest.

We first define the tautological classes of Quot schemes for descendent insertions. Let S

be a smooth projective surface. For o € K°(S), we define the tautological class
ol := R, (24" a) € K°(Quots(CN, B,n)).

Here 2 is the universal quotient, and 7, g are two projections.
Let f(z) € F[z] be an invertible formal power series with coefficients in a field F. For
our purposes, F will be a rational function field in several variables over Q. For a vector bundle

V over a scheme M, we define the following multiplicative characteristic of V

v)=TTrw) e (H0.F))”
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where x; are Chern roots of V. This definition extends multiplicatively to K-theory
0 X
1 KO(M) — (H*(M,F))

which we denote by the same letter f by abuse of notation.

Fix K-theory classes and invertible power series

(X],...,ageKo(S)y fla"';fﬁagEF[[ZH'

Consider the associated generating series of virtual Quot scheme invariants

/8 . [”] vir
TCIEDY /Quotsw I RRRC $(Tevpm ) @D

nEZ

The underline notation will be used to denote vector of integers, curve classes, K-theory classes,
power series, etc. As virtual dimension Nn + B2 becomes negative for sufficiently negative n,

this generating series is a formal Laurent series in the variable g

2% (al@) € F((q).

The above general expression specializes to the generating series of each case of interest as

follows:

1. virtual Euler characteristics: £ =0 and g(z) = 1 +z,

2. virtual x—y-genera: £ =0 and g(z) = Z(i_yej),

W

. (master) homological descendent invariants: fs(z) = 1 +x,z and g(z) = 1+z,

Z(1—ye™)

4. (master) K-theoretic descendent invariants: f;(z) = 1 +x;¢%% and g(z) = ==,

5. virtual Segre numbers: f(z) = 11 and g(z) = 1,

18



6. virtual Verlinde numbers: f(z) = ¢% and g(z) = =

l—e 2

2.1 Universality of Quot scheme invariants

In this section, we explain the universal nature of the virtual invariants of Quot schemes
appearing in the generating series (2.1). Roughly speaking, the universality here refers to certain

independence of these invariants on the underlying surface. Consider an integral

w i) folag") g <T(5]iurots((CNﬁ.,n)> ' 2.2)

/[QUOtS((CNvﬁvn)}

By virtual localization of [GP], computation of this integral can be recovered from the residual

contributions of the each fixed loci

Flm,B] = (S[ml] oo xS[’"N]> x (Hilbgl XX Hi|b§N)

with respect to a C*-action. See Section 3.3 for the definition of the residual contributions.
To state the first theorem about universality of the residual invariants, we introduce a few

notations. Consider cohomology classes ¥ € H**(S) given by monomials in

Cl(as) ; CQ(OC) ) ﬁi ’ CI(TS) ; CZ(TS)'

For such y’s and t1,...,ty > 0 satisfying deg(y) + Y.t; = 4, we define

Wi € AUH!(S) 20+ AVH!(8)}) € H (Pic)
in Section 3.6. Since (higher) Seiberg-Witten invariants are defined in the homology of the Picard
groups, it makes sense to integrate a polynomial in variables of the form [7];, ., across the
product of Seiberg-Witten invariants as in the theorem below. Also, see (3.9) for the definition of

Tsi,Ti,rij in the statement below.
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Theorem A. There exists a collection of the universal power series

Dim € F(rs.isrisrig) (Wi, ww) [+]

in the variables of the form [Y|s, ... 1y as defined above with the following properties. The residual

contribution of F [m, B to the integral (2.2) is given by

)\ i
Hfs(wl.)x(as)—rs,i .Hg(o)ri—rii H (M) . Z / . D m-
50 i koo SWH(B)

iAj N Wi Wi
Furthermore, Dy, only depends on N, [, g,k,m and ranks of 0.

Remark. The crux of the matter of Theorem A is that Dy ,, is independent on the surface S and
the decomposition § = (B, ..., By) of the curve class. The only non-trivial inputs to the formula
are higher Seiberg-Witten invariants and various constructions using cohomology ring H*(S)

and Chern class inputs from o, §; and T.

2.2 Multiplicative structural formula

Even though Theorem A is helpful for understanding Quot scheme invariants conceptu-
ally, it is not suited for the computations. When Seiberg-Witten theoretic aspect of the curve
class is simplified, we obtain the multiplicative structural formula for the generating series of
equivariant Quot scheme invariants. The structural formula can be effectively used for various
types of Quot scheme invariants.

Let B be a curve class on S. We say that 8 is of Seiberg-Witten length N if for every

decomposition

B=pB1+--+By with SW(B)#0 forall i=1,...,N,

"Double bracket [[+]] is a place for the variables [y],, , for various yand q,...,ty.

jeeny
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it satisfies

vdg, =0 forall i=1,...,N.

There are various examples of Seiberg-Witten classes of length N. Most importantly, any curve
class on a surface with p, > 0 is of Seiberg-Witten length N for all N > 1. See Section 4.1
for more examples. When curve class is of Seiberg-Witten length N, we have a multiplicative

structural formula for the generating series of equivariant Quot scheme invariants.

Theorem B. There exist universal series

A, Bs, Ul' R Vi.,s , Wi,j € (F((Wl,...,WN»[[qH)X

that only depend on N, f, g,r with the following properties. Let B be a curve class of Seiberg-
Witten length N and let y,...,0y be K-theory classes with tk(¢) = rs. Then the generating
series of equivariant Quot scheme invariants is given by

S — 2 Ks.ci (o
Z§f/p( |Q)=q B'KS'AKS'HBSS 1(as)
s

W(B1)---SW(By) - HUﬁz Ks va;-cl(%) waljﬁj
B=P1+-+By bys i<j
VdBiZO

In addition to the structural formula, we in fact determine all the universal series up to

the change of variables

N

quS

with  Hj(q =0) = —w;. 2.3)

Theorem C. The universal series in Theorem B are explicitly given by formulas in Section 4.4

with respect to the change of variables (2.3).
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To give some flavor of the shape of the formulas, we record one of them here:

HH H H; 4wy . H g(Hh _Hiz)
fs Wil ke St wWI) sy, Hi—Hy
i17i2€[N]

N fg/ . N g_/ T 1
-g(;r‘w o+ (Lcmwr )

It 1s worth mentioning the idea behind these computations. The key ingredient is a
cosection of the obstruction bundle corresponding to the non-zero holomorphic 2-form 6 €

HO (S,Ks), if exists. At each point on the Quot scheme, the cosection is defined as a composition

Js0U—
S

o Ext'(S,0) -2 Ex2(0,0) ™ H2(0) C.

One can check by Serre duality that o is zero if and only if the quotient sheaf Q is scheme
theoretically supported on the canonical curve Cq := Zero(0). Therefore the zero locus of the
cosection O is, at least set theoretically, identified with a Quot scheme over the canonical curve
Cy. By the cosection localized class construction of [KL], computation can be expected to be
localized on the Quot scheme over a curve Cy.

Applying the above lines of idea is promising, but we follow a slightly different and
more effective path. We work with the convenient geometry, namely a blow up of a K3 surface
at a point, which determines all the universal series. In this case, the unique canonical curve
is the exceptional divisor E ~ P!, Using the equivariant localization and the Euler class of the
obstruction bundle, we express the Quot scheme invariants on the surface by certain integrations
over the products of Hilbert schemes of points on E. The generating series of such invariants is
then of the form to which we can naturally apply the Lagrange-Biirmann formula. The change of

variables (2.3) appears naturally in this procedure. See Chapter 4 for details.
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2.3 Virtual Euler characteristics and y_,-genera

The study of invariants of various moduli spaces has its long history. Amongst others,
Euler characteristics of moduli of sheaves on surfaces were of particular interest due to S-duality
conjecture of Vafa and Witten [VW]. Based on their conjecture, certain modular property is
expected for the generating series of Euler characteristics of moduli of shaves on surfaces. The
first instance of this was Gottsche’s formula (1.1). Subsequently, higher rank analogues of
this formula also appeared in several cases when the moduli spaces are smooth of expected
dimension.

Recently, Vafa-Witten theory in mathematics has undergone rapid development. Tanaka
and Thomas [TT1, TT2] laid a foundation of the theory by giving a mathematical definition of
Vafa-Witten invariants as residual virtual Euler characteristics of moduli of semistable Higgs
sheaves. K-theoretic refinement of these invariants can also be defined using the twisted virtual
structure sheaf [T]. The Vafa-Witten invariants consist of two different contributions: instanton
branches and monopole branches. It is proven that the instanton branch contributions to the K-
theoretic Vafa-Witten invariants are the (signed) shifted virtual ) _,-genera of moduli of sheaves
which is explained in Section 1.5. On the other hand, vertical components of the monopole
branch contributions are studied by Laarakker [Lal, La2] using the theory of nested Hilbert
schemes.

Motivated in part from the Vafa-Witten theory, Oprea and Pandharipande [OP] initiated
the study of virtual Euler characteristics of Quot schemes. As a result of the computations in
various examples, the authors conjecture rationality, opposed to modularity in the Vafa-Witten
theory, of the generating series of virtual Euler characteristics of Quot schemes. The dissertation
author [L] proves that the generating series of virtual y_,-genera, a K-theoretic refinement of
the virtual Euler characteristic, of Quot schemes are rational functions for arbitrary surfaces with

pg > 0.
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Denote the generating series of virtual ) ,-genera of Quot schemes as

253 5@ = Y 4" 2" (Quots(CY, B,n)) € QL) (4).

nez

As noted in Section 1.2, this specializes to the virtual Eulercharacteristic series at y = 1. By
the virtual Hirzebruch-Riemann-Roch theorem of [FG], this corresponds to the general series
/g

Zf

SNﬁ(Q‘Q) with

Applying Theorem B and Theorem C to this specialization, we obtain the explicit answers for
several cases with simple Seiberg-Witten theories.
To state the theorem, we introduce some functions. For each partition /U J of a set

[N]:={1,...,N}, we define a rational function

N 1—z;)(1 - J 1-(1 J1 1502
Miy = (—N)N-H H(l— 1+y)z,) 'H( ZJ)(. zj) 1 ( ﬂ)z fyzj Zj

jeJ jeJ Zj I Zjr T Zj
Jj2€d
where z1,...,zy are distinct roots of g = 7. By using these rational functions, we define new

rational functions

B _ 1
A:=My,pn, Grnegi= Y, <M1u1>g ;

1LJ=[N]
s.t. [1]=¢

foreach 0 < ¢ <N and g > 0. It is clear from the definition that these are symmetric in z,. .., Zy.

Therefore we can regard them as a rational function in the g variable

A, Gyig €QH)(q)

by symmetric reduction algorithm. Bar notations over A, GN,&g are to distinguish them from

their equivariant analogues in Chapter 5.
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Theorem D. In each case below, the generating series of virtual ) _y-genera of Quot schemes

are given by explicit rational functions.

1. S arbitrary, B =0:

ler _K2
ZSJ\%O(Q) = A S>

2. S relatively minimal elliptic surface, B rational multiple of the fiber :

vir

Zing@= X SW(B)--SW(Bw),
B=Pi++Bn
Vdﬁi:O

3. S minimal surface of general type with pg > 0, B = (K for some 0 <{ <N :

vir

zxe

iy 2 =
snak (@) = a5 - SW(Ks)" Gy g,

where g = Kg + 1 is the arithmetic genus of the canonical curve of S.

Remark. All Seiberg-Witten invariants in Theorem D are known. For minimal surface S of
general type with p, > 0, it was conjectured in [DKO] and proven in [CK] that SW(Ky) =

(—1)%(95)_See Section 4.1 for the relatively minimal elliptic surface cases.

The theorem below can be used to extend the formulas in Theorem D to non minimal

surfaces via blow up formula.

Theorem E. Let S — S be a blow up of a point with the exceptional divisor E. Assume that a

curve class B is of Seiberg-Witten length N. For each 0 < { < N, we have

vir vir

X=y _t.c Xy
s oD =9GN0 Zsyp(9)

Theorem D and Theorem E are sufficient to conclude that the generating series of virtual
X—y-genera of Quot schemes are rational in the g variable for arbitrary surfaces with p, > 0.

However, we explain more general rationality statement in Section 2.5.
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2.4 Reduced invariants of K3 surfaces

Surfaces with trivial canonical bundle often have zero enumerative invariants due to
the trivial factor in the obstruction spaces. In such cases, one can attempt to define non-trivial
invariants by reducing the obstruction theory. For K3 surfaces, reduced classes and the ensuing
invariants have been studied in Gromov-Witten theory, and stable pair theory. See for instance
[BL, KT1, KT2, MPT]. Since Yau and Zaslow [YZ] initiated the curve counting theory on
K3 surfaces, there has been a significant development in enumerative geometry of K3 surfaces
culminating in the proof of Katz-Klemm-Vafa conjecture [PT2].

Keeping with a theme of the paper, we study the reduced invariants of Quot schemes
on K3 surfaces. For a K3 surface S and a non-zero effective curve class 3, we consider a Quot

scheme

QuotS(Cl,ﬁ,n) ~ ngo}

which admits a reduced obstruction theory. Through the above isomorphism, their reduced

virtual structures are also identified. On the other hand, one can also consider a Pair space

PairS(Cl,ﬁ,n) ~ Sg)m]

that also admits a reduced obstruction theory identified through the isomorphism.

Under certain positivity and irreducibility condition on 3, surprising identity
¢*4(Quotg(C!, B,n)) = e(Pairs(C!, B,n))

between reduced invariants of Quot schemes and Pair spaces was found by [OP]. The proof of
[OP] can be modified to yield the same identity for the K-theoretic refinements [L]. In this paper,

we obtain the following theorem without any assumption on the curve class.
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Theorem F. Let S be a K3 surface and B be a non-zero effective curve class. Then we have

%f)?(QUOtS(Cl?B?n)) - xr—e;l(PairS(Cl7B7n))'

Furthermore, these invariants depend upon B only through the intersection number B> = 2g — 2.

Remark. In this paper, we in fact obtain the generalized version of Theorem F on the level of

reduced algebraic cobordism classes. See Remark 18.

By Theorem F, the reduced y_,-genus of Quots(C!, 3,n) can be computed by choosing
any K3 surface S’ with a curve class 3’ whose arithmetic genus is equal to that of 3. We can
always find such a pair with irreducible §’. Under the irreducibility assumption, the Pair space is
smooth as the reduced obstruction space vanishes. In such cases, Hodge numbers of Pair spaces
Pairg (C', B’,n) are computed by Kawai and Yoshioka [KY]. See (6.7) for the Kawai- Yoshioka

formula specialized to ) _-genus. These observations lead us to the following theorem.

Theorem G. Let S be a K3 surface and B be a non-zero effective curve class of arithmetic genus

g Then the generating series of reduced shifted ) _-genera of Quot schemes

red

S1/3 Zt 7" Quots((C1 B, ))

nez

is given by the coefficient of ¢¢ of

1

In particular, the generating series is rational in the t variable.
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2.5 Rationality of descendent series

Study of the generating series of virtual Euler characteristics (or virtual y_y-genera) of
Quot schemes can be extended to the homological (or K-theoretic) descendent series. Given a

collection of K-theory classes and integers
ar,...,00 € KO(S), ki,...,k; >0,

we define a homological descendent series

H . n [\ [n]y vir
Zonplalak):=) g /[Quots(ccm,n)}v"c"l(o‘l )i (0) C<TQuots(<cN,/3,n)>’

nez

and a K-theoretic descendent series

Z8yplalak) = X " 1" (Quots(CY, B.n), A (o) @ A% () 0 A, Q).

nez

Here €1,..., €& are £1 that we omit from the notation. When there are no tautological insertions,
i.e. £ =0 cases, these series specialize to the series of virtual Euler characteristics and virtual
X—y-genera, respectively.

The following rationality conjecture was one of the driving forces in recent developments

of virtual geometry of Quot schemes.

Conjecture. The homological descendent series and the K-theoretic descendent series are the

Laurent expansion of rational functions in q .

The conjecture is due to several papers: [OP] for the generating of virtual Euler character-
istics, [JOP] for the homological descendent series and [AJLOP] for the K-theoretic descendent
series. When curve class is of Seiberg-Witten length N, the affirmative answer for the conjecture

is given in [AJLOP]. In loc. cit., proof was explicitly written for the K-theoretic descendent
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series without A_yQ(V;,ifJ ot factor and it was noted that the same method applies to general homo-
logical and K-theoretic descendent series. In this paper, we spell out the necessary details for the

claimed proof in [AJLOP] for both homological and K-theoretic descendent series.

Theorem H. Let S be a surface and B be a curve class of Seiberg-Witten length N. Then the

homological and K-theoretic descendent series are given by rational functions in the q variable:

Z§y plalak) € Qlg), Zgy plqlak) € QY)(q).

Besides curve classes of Seiberg-Witten length N, little is known for the rationality
conjecture. When N = 1, evidences for the rationality conjecture include the followings: for a

simply connected surface S and any curve class 3, we have

S,l,ﬁ Z q evn QUOtS( ,ﬁ,l’l)) € @(C]) [JOP]7

nez

Z§, plglak=1) ’y_o =Y ¢" 2" (Quots(C', B,n),al") € Q(g) [AJLOP).

nez

Remark. We remark that the rationality phenomenon is not always guaranteed for virtual
geometry of Quot schemes. For example, it was proven in [AJLOP] that the generating series of
the cobordism classes are not given by a rational function, in general. In a similar direction, one
can check with the same techniques as in this paper that the rationality does not occur for the

following modified descendent series:

]\ 1] vir
Ziyplal k) ngi /Quots i VHC/q(%) cr (") -5 <TQuot5((CN7ﬁ,n)>’

ZSK,N,/B( |, k) : Z q" )er(QUOtS((CN ﬁ,n),Ak‘(a@)gl ®-- @A (a [n ])86®A_y CglurOt>

nez

The only differences from the previous definitions are that we replaced the total Chern class by

the total Segre class and replaced the virtual cotangent bundle by the virtual tangent bundle. For
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these modifications, the answers are expected to be only algebraic functions. These non rational

examples make the above rationality theorem more mysterious.

2.6 Virtual Segre/Verlinde series

Consider a smooth projective surface S and a K-theory class « € K°(S) of rank r. Using
the usual, i.e. non-virtual, geometry of Hilbert scheme of points, we define the (non-virtual)

Segre series as

sthilb(g) := an/[ ]S(Of[”])-
n=0 s

Major driving force in the study of the Segre series was Lehn’s conjecture computing the Segre
series with some exotic change of variable when r = 1. This is now proven by work of several
papers: K-trivial surfaces by [MOP1] and the general surfaces by [MOP1, MOP2, V]. See also
[MOP3] for developments in higher rank Segre series where the authors obtain the formulas
for all K-trivial surfaces in arbitrary rank r and for the general surfaces in relatively small rank
r € {£1,£2}. They further conjecture the algebraicity of the Segre series for arbitrary ranks.

With the same set of data, we can also define the (non-virtual) Verlinde series as

VHR(g) = ¥ ¢" - 2 (1 detal™).
n=0

This series was first studied in [EGL] where they determine the formulas for all K-trivial surfaces
in arbitrary rank r and for the general surfaces in small ranks r € {0, £1}. Since the Picard group
of S consists only of the determinant line bundles as above, the study of the Verlinde series
is self-justified. Apart from this, the Verlinde numbers can also be used for testing numerical
strange duality for surfaces.

As much of a surprise, interesting conjectural connection between the Segre and Verlinde

series was suggested by Johnson [J], motivated from strange duality. Based on his work,
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conjectural relations, called Segre/Verlinde correspondence, between the universal series in the
Segre series and the Verlinde series are formulated in [MOP3].

As explained in the introduction, most of the theory developed for Hilbert scheme of
points can be generalized into two directions: virtual geometry of moduli of sheaves and Quot
schemes. See Section 1.5 for the review of the virtual Segre and Verlinde theory for moduli of
sheaves. Here we summarize instead the virtual Segre and Verlinde theory for Quot schemes
studied in [AJLOP].

Using the virtual geometry of Quot schemes, we define the virtual Segre and Verlinde

series as

Sonaldl = S [t

nez Quots
Vsvplgla):=Y 4" 2 Quots((CN B,n),deta!™).
nez

Note that the virtual Segre and Verlinde numbers has already been appeared as a special case of

the homological and K-theoretic descendent invariants, respectively. More precisely, we have

vir a[n] = / vir v H TNir
/[QUO'CS((CNﬁ»”)} o [QUOts((CN,B,n)] cua(—a) ¢ (Quot)

where vd is the virtual dimension of the Quot scheme. Similarly, we have
2" (Quots(CY, B,n), det ) = x""(Quots(CV, B,n), A * gl o A_ Q" )

if y=0and a!” is a vector bundle. However, the difference with descendent series is that the
degree of the descendent insertions, namely vd and rk(a["]), in virtual Segre and Verlinde series
varies as n changes. This is responsible to the failure of virtual Segre and Verlinde series being
rational functions, in general. Nevertheless, we show that the virtual Segre and Verlinde series

are given by algebraic functions in the g variable for Seiberg-Witten classes of length N. This is
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analogous to the conjectural algebraicity of the Segre and Verlinde series for Hilbert scheme of

points [MOP3] and moduli of sheaves [GK4].

Theorem 1. Let S be a surface and B be a curve class of Seiberg-Witten length N. For any

a € KO(S), the virtual Segre series and the virtual Verlinde series

Ssnplala@), Vsnplqla) € Q(q))

are given by algebraic functions in the q variable.
Base on Theorem 1, it is natural to state the following conjecture.

Conjecture. For any surface S, curve class B and K-theory class a, the virtual Segre and

Verlinde series are given by algebraic functions in the q variable.

Apart from the algebraicity, we also have a virtual Segre/Verlinde correspondence describ-
ing the relations between the universal series in the Segre side and the Verlinde side. Suppose
from now that 8 is of Seiberg-Witten length N. By application of Theorem B, we have a

multiplicative structural formula for the virtual Segre series

SS,Nﬁ (q7ﬂ| OC) _ q—ﬁ.[(s . AK? . BKS.cl(a) . Z SW(E) H U?i‘KS _Hvlﬁi.cl(a) HWE_I]BJ7

B=Bi++By i i i<j
Vdﬁizo

and for the virtual Verlinde series

VS,N,ﬁ (a’ﬁ‘ OC) _ afﬁ.Ks . KKSZ . 'éKs,c](oc) . Z SW(E) _HG?[.KS ] H\N/lﬁ[.cl(a) HV"\’/E;ﬁj

B=PBi++Pn i ! i<j
vdg, =0

We used the tilde notations to distinguish the Segre side and the Verlinde side. For comparison,

we set up the relations between the equivariant parameters and the counting parameters:

=

e =14w, (~DVg=TJ01+w0) g
k=1
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Define power series

H],...,HN E@(W],...,WN)[[q]]

by the equation with the initial data
N
(—D)Ng=(—H)" - []Hi+wi) with Hi(g=0)=—w. (2.4)
k=1

2

Then explicit formulas of the universal series~ according to Theorem C satisfy

A7 Aa B> B7 Ui; Uiavia Vi; V\/i,jawi,jE @(W17"'7WN)(H17"',HN)-

These universal series are subject to the relations below.

Theorem J. With resepect to the change of variables (2.4), we have the following relations

between the universal series in the Segre side and the Verlinde side:

A=A,
B=8B,
V=V,
Wi,j:\Tvi,j'Vi'Vja

N ~
U, = (_1)N—1 ) H(l +wy)-B-V;-U;.
k=1

Theorem J, in particular, yields rather simple virtual Segre/Verlinde correspondence for

punctual Quot schemes.

Corollary. Let S be a surface and o € K°(S) be a K-theory class. Then the virtual Segre series

2We suppress the dependence of these universal series on N and r.
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and the virtual Verlinde series matches (up to sign) for the punctual Quot schemes:

SS7N,[5:O((_1)NQ la) = VS,N,ﬁ:O(CI| a).

This chapter is, in part, being prepared for submission for publication. The dissertation
author was the primary investigator and the author of the first material and the collaborator and

the coauthor for the second material.
e Woonam Lim “Virtual )_-genera of Quot schemes on surfaces ”

e Noah Arbesfeld, Drew Johnson, Woonam Lim, Dragos Oprea, Rahul Pandharipande “The

virtual K-theory of Quot schemes of surfaces”
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Chapter 3

Universality of Quot scheme invariants

3.1 Nested Hilbert schemes

Recently, there has been a rapid progress in understanding of the nested Hilbert schemes
of points and curves mainly due to their applications to Vafa-Witten theory [TT1, TT2, Lal, La2]
and reduced DT theory of local surfaces [GSY1]. It was noted in [L] that nested Hilbert schemes
also have applications to Quot scheme theory.

We review the notion of 2-step nested Hilbert scheme of points and curves. Define the

[my,m;)]

nested Hilbert scheme S B as a moduli space parametrizing zero dimensional subschemes

(Z1,7,) and an effective divisor D such that
length(Zi) =m;, C (ﬁ(D)) = ﬁ, 121 (—D) - IZz~
The virtual fundamental class of nested Hilbert schemes

|:Sl[3m1 ,mzq €Ap, +mytvdg (Sl[3ml ,mz])

are constructed by Gholampour, Sheshmani and Yau [GSY2]. Even though explicit description
of virtual fundamental classes of moduli spaces are usually not accessible, Gholampour and
Thomas [GT1, GT2] managed to give explicit formulas for the virtual fundamental class of

nested Hilbert schemes. The authors consider a natural embedding into the (virtually) smooth
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space

Frest 1 S "2} s sl s glmel s Hilbf 3.1)

together with a Carlsson-Okounkov K-theory class
COp" ") = R, 0(Z) — R A omz(l5,,1,( 7))

on the ambient space S x Simal % Hilbg. The main theorem of [GT2] is the following:

Theorem 1 ([GT2]). Pushforward of the virtual fundamental class gives

Srestx [Sg”l7m2]] vir = Cmy+my (CO%"hmz}) N ([S[md] % [S[mzl} > [H”bg]Vir),

Theory of nested Hilbert schemes specializes to several existing theories by letting
some of the parameters m,m;, B to be 0. In each case, identification also matches the virtual
fundamental classes as proven in [GSY2, Proposition 3.1]:

sp] " st [sp] " [Hitof | " s3] " [Pairs(C', B,n)| "

Here Pairg(C!, B,n) is the moduli space of stable pairs. As we see in the next section, Quot

]

scheme theory is related to the one of the missing specialization S%""O as observed in [L].

3.2 Virtual fundamental class of Quot schemes with N =1

In this section, we apply the well-developed theory of nested Hilbert schemes to Quot
schemes with N = 1. As a main result, we express the virtual class of Quot schemes rather
explicitly. This result will be used in the next section for Quot schemes with general N by means
of virtual localization.

We first identify Quot schemes with N = 1 and certain nested Hilbert schemes. This is

the content of the following lemma of Fogarty [F] that allows us to separate points and curves in
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the Quot schemes with N = 1.

Lemma 2 ([F]). Let S be a smooth projective surface and B be an effective curve class. Then
Quotg((Cl,B,n) ~ Slml Hilbg ,

where

nony BETES)

We remark that the isomorphism in the above lemma relates
[o—>12(—D) 05— 00| —(z,D). (3.2)

The formula relating n = x (Q) to m = length(Z) then follows from the Riemann-Roch calculation.
According to the definition of nested Hilbert schemes, the lemma identify the Quot scheme with
N =1 and a nested Hilbert scheme

Quots(C', B,n) =S5

The proposition below further matches the virtual fundamental classes.

Proposition 3 ([L]). Through the identification Quots(C', B,n) = Sgn’o], the virtual fundamental
class of the Quot scheme on the left and the virtual fundamental class of the nested Hilbert

scheme on the right agree:
vir vir
Quots(CL,B,m)| = [sp] .

Proof. By work of Siebert [S, Theorem 4.6], the virtual fundamental class of a projective
scheme with a 2-term perfect obstruction theory depends only on the virtual tangent bundle.

Therefore it suffices to equate the virtual tangent bundle of Quotg(C', B,n) and Sg"m through
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the identification.
By family version of the correspondence (3.2), the universal quotient over the product

Quotg(C!, B,n) x S is given by
0— 13(_9[3) - ﬁQuots(Cl,ﬁ,n)XS —£2—0.

where 2 and Zg denote the universal subscheme and the universal divisor, respectively. We

compute the virtual tangent bundle of Quotg(C!, B,n) as follows:

ot = R omz(I4(—Pp), 2)
=R omz(Io(—2p),0 —1»(—Zp))
= —RAomz(lx,1z)+RH omz(lx,0(Dp))
= RA omz(l7,12)o[1] ~ R omy(€,0) +RH omu(6 — O 5,0 + O5,(Tp))
= Ty + R7(O5,(Zp)) —RH omz (O, 6(Tp))

=Ty + T\ 5 — R omn(O, 0(Tp)).
S

The subscript 0 denotes the trace free part and 7 denotes the projection map from S to a point.
By [GSY2, Proposition 2.2], the virtual tangent bundle of S%’ho} as a nested Hilbert

scheme is

TSV[};,O} =R omz(ly,0(%g)) — |RH omz(Ix,15) +RHA omyz (0, 0) .
B

where the bracket with subscript O denotes again the trace free part. This removes one copy of

R omz (0, 0), hence

TSV[,i,fm = —RHomz(I¢,1) +RAomz(Ix,0(Dp)).
B
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This agrees with the third line of the computation of Tgurot. O

Consider the morphism (3.1) in the case of Quot scheme with the identification

Fauot : Quots(C!, B,n) = S[ﬁ’”’(’] = sl s Hilb?

Then Theorem 1 and Proposition 3 yields the following Corollary.
Corollary 4. Pushforward of the virtual fundamental class gives

ir

v vir
fauors |Quots(C', B,m)| = e(COp™) 1 ([s1] x [Hilb§] ™)
where
O™ =R omn(0,6(7))
is a vector bundle of rank m.

Proof. We can easily check that

O = Re.0(%y) ~ R omsl1. 0(7)

=R7,0(9p) —RA omn (O — O%,0(Zp))

=R omz(O5,0(Dp)).

On the other hand,

vV

R omy (0, 0(Tp)) = RA omy(6(Tp), 05(Ks))" = <7t*ﬁgg(KS - @ﬁ))

is a vector bundle of rank m by vanishing of the higher pushforwards. The rest follows directly

from Theorem 1 and Proposition 3. [
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3.3 Virtual localization formula

In this section, we analyze the necessary ingredients in the virtual localization formula

for the integral

e fir(og") (o) g (T o ) (33)

/tQUOtS(CNvﬁvn)}

in the generating series (2.1). Then virtual localization formula together with Corollary 4
expresses this as certain integrals over the product of Hilbert schemes of points and Hilbert
schemes of curves.

We begin by reviewing the virtual localization formula of Graber and Pandharipande
[GP]. Let M be a projective scheme with a C*-action. Suppose that M is equipped with a

C*-equivariant 2-term perfect obstruction theory
¢:E*=[E"' - E —Ly.

Let {Mg} be the set of connected components of the fixed loci MC". Then restriction of E® to

each fixed loci has a decomposition into the fixed and moving parts

fix mov
) e (E],)
Ma Ma

Each My, is equipped with an induced 2-term perfect obstruction theory

- (E
Mo,

fix fix
) (Lu],, ) =Ln
Mgy Mgy

which in turn defines the virtual fundamental class [M]"'". Define the virtual normal bundle of

Oq - (E'
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My, as the moving part of the restriction of E,

Ny (E

> mov
My ’

The following theorem localizes the virtual fundamental class [M]""" to the fixed loci i : M® < M

in the localized equivariant Chow group
AT (M) @ Q).

Here ¢ is the first Chern class of the C*-representation of weight 1.

Theorem 5 (Virtual localization formula, [GP]). In the localized equivariant Chow group as

above, we have

where e(-) denote the equivariant Euler class.

Consider a C*-action on CV with distinct weights
Wi,...,WN.
This induces a C*-action on Quots(CY, 8,n) by acting in the middle factor of
0-S—CVo0s— Q—0.
By weight decomposition, C*-fixed quotients are of the form
N N N
0 — EPSilwi] — @ Tslwi] — P Qilwi] — 0 (3.4)
i=1 i=1 i=1
where the brackets denote C*-weights. Therefore we have a natural splitting of the fixed loci
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into products of Quot schemes with N = 1:

C
(QUOtS(CN7B7n)> = |_| QUOtS(Clthnl) Xoeee XQUOtS(C17ﬁN7nN)-
B +-+By

n:n1+...+nN

For each decomposition 8 = f; +---+ By and n = nj + - - - + ny, define a vector

Bi(Bi +Ks)

m:= (my,...,my) suchthat m; =n;+ >

encoding the length of the zero dimensional parts of each Quotg(C', B;,n;). Denote each

components of fixed loci as

F = F[m,B] := Quots(C', Bi,n1) x --- x Quots(C', By, ny)

~ (S x .o x S ilblg" x - x Hilbg" ).
<[ ] % Sl N]>><<H||bﬁ ﬁN)

Now we analyze the induced virtual fundamental class [F]¥' and the virtual normal

bundle N}'. Recall that a 2-term perfect obstruction theory of Quots(CY, 8,n) is given by
¢ : R omz (7, 2)" — Lauots(cV p.n)

where .7 and 2 denotes the universal subsheaf and quotient over Quotg(CV,f,n) x S. By
applying the family version of weight decomposition (3.4), we can show that restriction of the

universal exact sequence to F' x S is given by
N N N
0 — P Silwil —» @ Orxslwi] = E 2ilwi] — 0,
i=1 i=1 i=1

where

0— S — Opxs— 2;—0
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is the pullpuback of the universal exact sequence over Quotg(C!, B;,n;) x S. Since we have

RV omy (S, 2)"

= @R%ﬂomn(%,o@j)v[wi —wjl,

FxS et
L,J

the fixed and moving part of the restriction is given by

(R%om,r(y, 2)V

fix
FXS) :@Rﬁomn(%,o@j)v

<R%0mn(Y,Q)V

mov
F><S> :§R%Omn(%,o@j)v[wi—wj]'
7]

Therefore the induced 2-term perfect obstruction theory of F is simply the direct sum of the

usual obstruction theories of N = 1 Quot scheme factors

¢F @R%Oﬂ’lﬂ %73 - @LQuots ﬁ,,n,

In turn, we obtain the splitting of the virtual fundamental class

vir vir

[ ]v1r QuotS( I,Bl,nl)} X oo X [QuotS(Cl,BN,nN)

In addition, the virtual tangent bundle and virtual normal bundle are

THT @R%omﬂ(%,o@ )

ir @R%omn(%,g Jwj—wil
i#]

As the integral (3.3) includes the descendent insertions, we also record the computation
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of the tautological class !l restricted to the fixed locus F:

o [n]

- (2®gq )F

— @Rn*(£i®q*a)[Wi]
= @al[;i""} [wil.

Here Oc[[?i] denotes the tautological class over the following Quot scheme with N = 1:

fquot : Quots(C, i, n;) — S 5 Hilb?,

3.4 Appearance of Seiberg-Witten invariants

In this section, we study the residual contribution of each fixed locus to the integral (3.3).

By virtual localization formula, the residual contribution of F = F[m, B] is

) gl STEENED
/[F]virfl(al }F) fl(ag }F) €<N1¥ir) (35)

where we used the decomposition

vir

TQUOtS ((CNvﬁ ,I’l)

_ Vir Nvir‘
P
By Corollary 4 and the splitting of the virtual fundamental class [F]¥"", we have
[F]Vir = ¢(Obsy)---e(Obsy) N ([S[ml]] N [S[mzv]] « [Hilbgl}\'ir %o [Hilng]Vir)

where

ObS,' = R%Ol’nﬂ(ﬁ%, ﬁ(@/}l))
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Therefore the integral (3.5) can be rewritten as

(T4 V)

vir e(%) ]_c(g[n] |F) ’ e(Nvir>
F

(3.6)

/[S[m]] x [Hilbg}

where underline notations stand for the obvious product terms.
Recall that the Seiberg-Witten invariants are defined by the virtual fundamental class of
Hilbert scheme of curves and pushforwards along the Abel-Jacobi maps. It is then natural to

consider the product of the Abel-Jacobi maps:

AJ: S 5 Hilbs — sl s pick

[m]

Let 7 be a cohomology class of S x Picg. By the projection formula and definition of Seiberg-

Witten invariants, we have

Rk ke A :/ 3.7
/[slml}x[Hnb?]m vy AL [S[m]]xswk(é)r G7

where

SWE(B) := SWXI (By) x - x SW¥ (By) € H.(Pick, 7).

To apply this to the integral (3.6), we need to write its integrand as a linear combination of terms
of the form

WY AT (3.8)

In this regard, we begin by applying the identity (1.3) to each K-theory class in the integrand.

Recall the identity (1.3) between line bundles
ﬁ(@ﬁz) = gﬁ, X ﬁ(hl)
Here we used the notation &'(h;) instead of ¢'(1) to distinguish the different factors of Hilbgi.
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Also recall from the proof of Lemma 2 that the universal subsheaf .7; is given by

Fi=15(~p) =120 2 @ O(—h).

Using these, we rewrite the K-theoretic classes
(ngt] , Rﬁomn(%,gj) , Obs;
appearing as the ingredients of the integrand in (3.6). First, we have

océ["l;"i] =Rm,.(2;®q% o)
=Rr.((0 - 12025 ©0(—h)) ©q* o)

= CH%) R (I ® %5 @4 o) @ O(=h;).

With a similar procedure, we obtain

RA omz(1,2)) = RA omz (15,0 Ly ', 0) @ O(hy)

—RA omz(l0 L5 " 1, ®$ﬁ;‘) ® O(h; — h;)
and

Obs; = Rﬁomﬂ(ﬁggf,gﬁi) X ﬁ(hl).
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For the ease of the notation, we introduce the following notations for various ranks

ry,i = rank R, (1% ®$ﬁ:] R4 ),
ri :=rank R7¢omz (I ®‘$ﬁ_-l ,O),

rij :=rank R omz (1 ®gﬁ717137 ®$ﬁ;1).

These can be computed using Hirzebruch-Riemann-Roch formula

Isi= X(as(_Di)) —I'k(OCS) -mj,
ri:x(ﬁ’(D,-))—mi, 3.9

rij=X(O(Di—D;j)) —m; —mj,

where D; € Hilbg".
To analyze the structure of the integrand, we need lemmas about multiplicative character-
istic of line bundle twist. See appendix for the statements and the proof. We first use Lemma 29

to rewrite the following part of the integrand:

. %((X.V)_rsj
£ =T] )

5, kgo(_hi)k 'fs(k) <rs7i |wi| e (R (I ®$ﬁ71 ®q*(xs))>

and

g(Tvir _|_N;/7ir) — Hg(wj _ wl_)ri—rij
i,j

ko) [l w: — s ~1

k)z:ohi g (r,\w] w,]c*(R,%”omn(ly;@fBi ,ﬁ)))
Z(h,-—hj)k-g(k)<r,~j]wj-—wi\c*(R%omﬂ(Igg®$f1,1%®fﬁf1))).
k>0 ' /
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We use Lemma 30 to obtain

— = |(wj—wy)"i
e(NE") g< i)

Y (hi—hj)k-e® (r,-j|wJ~ —w,-|c*(R,%”0mﬂ(I%®$f1,lgfj®fﬁf1)))
k>0 ! ' J

kg,ohf? e®) (r,- [wj—wile. (Rt omy(I5© 2", ﬁ)))

Lastly, we apply the standard formula for the Chern class of line bundle twist to obtain
e(0bs) = [ [ em (R omz(O 5, L3,) @ O(hy))
i
m;
:H hk~cmi_k(R%0mﬂ(ﬁg§,$ﬁi)) )
i k=0

As aresult, we can express the integrand of (3.6) as

Hfswl.)x(as)—rs,i,Hg(o)ri—rii H (M) Y Z hlfl ---h]]i}VA&m

i£j\ WjiTWi ks ky>0

where Ay ,, is the universal power series

Akm € F(rsisriyrij) (wi, -, ww)) [es]
where ¢, are Chern classes of

R (I2,0Zy " ©q* o), R omz (130 Ly ", O), RA oma (15,0 25 1, ®$B;1),R7r* (Z5,)-
(3.10)
Here we used the relation

RA omz(0 5, Lp,) = R.(Lp) —RA omz(l5,0 2y, 0)
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to replace R omy (0 %, ZLp,) by R7.(ZLp,). Power series A, depends only on N, f, g, k and
m. Dependence on m only comes from the ¢(Obs) contribution. As K-theory classes in the list

(3.10) are pullbacks from § [m] Picg, we can rewrite the integral (3.6) as
s . glw;—wi) "
fs(wi) )= T g(0)7 " (—) : / Aem  (3.11)
L1 L1 L= o 2 o [se] cswip Mm

using the observation (3.7). This expresses the residual virtual Quot scheme invariants of each
fixed locus as universal integrals over the product of Hilbert scheme of points and Seiberg-Witten

invariants.

3.5 Generalized recursive structure of Hilbert scheme of
points

In their celebrated work, Ellingsrud, Gottsche and Lehn [EGL] used a recursive structure

of Hilbert scheme of points to exhibit the universal nature of tautological integrals

/S[m] P(F 1[m} oo F é[m} ) Ts[m])~

Here P is a polynomial in the Chern classes of K-theoretic inputs. Their recursive argument
can easily be generalized in the following sense. First, we can consider a relative version over a
smooth projective base. Second, we can consider multiple factors of Hilbert scheme of points.

This generalization will be used in the next section to study the integrals of the form

As -
/[s[ml} xSWE(B) km

Let S be a smooth projective surface and Bj,...,By be smooth projective schemes.

We consider S; x B; as a trivial family of surfaces over the base B; where §1 =--- = Sy = S.
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Subscripts of S;’s are used to distinguish their corresponding base B;’s. Fix K-theory classes
o, € KO(S), s=1,....4,

and

FeK’S;xB;), i=1,...,N.

Using these data, we define the following tautological classes:

(F o)™ =R, (I 9 F' @ o) € KO(S!™) x By),
Fl[[mzﬂ — R%Ol’l’ln(l% ®Fi\/7 ﬁ) c KO(Sl[mJ X Bi)a

(B, F)lom] .= R om(15 @ F 1, @ F) € KO(SI™ x S x B x By).

ll

We further fix K-theory classes V; of B;. Consider a tautological integral

P (3.12)
/S[lml] ><-~-><S[NmN] XBj X XBy

where P is a power series in Chern classes of the K-theory inputs
(Foa)ld, E (R B v,

with coefficients in some field.
As in [EGL], we use the following recursive structure
§lmm—1]
N
glm] Stn=11 « s.
Key observation is that f is a generically finite morphism of degree m. This allows us to transform
integrals over the Hilbert scheme of m points to integrals over the Hilbert scheme of m — 1 points

with one copy of S. Applying this recursion m = ) m; number of times, we can show that the
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integral (3.12) is equal to

/ P’/ (3.13)
SMX B X--XBn

where P’ is a power series in Chern classes of the K-theory inputs

with coefficients in the same field. Superscript with (j) denotes the place of S factor in S where
it is pulled back. Furthermore, P’ only depends on P and ranks of F; and o,. By using Chern

classes of the diagonals, we can further integrate over S factor to equate (3.13) with

/ P (3.14)
B x--xXBy
where P” is a power series in the classes of the form
x.(TTen(as) - Ten(F) -cr(Ts)) - [Tea (Vi) (3.15)
s i i

Here 7 : § X B — B is the projection and /g, J;, P and Q; denote multisets defining monomials in
Chern classes. Similarly, P” only depends on P’ and ranks of F; and c.
The above procedure remains true even if we replace the fundamental classes [B;] with

any homology classes o; € H*(B;,Z). In other words, we have
/[m ] [mpy] P = / P//' (316)
Sy xSy N x oy % x o G| XX ON
In the case of interest, we will consider
Bi=Picl, F=%, Vi=Rm(%,), oi=SWN(B).
In this case, we can further analyze the classes (3.15) using the cohomological description of the
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Poincaré line bundles Zﬁi' We do this in the next section.

3.6 Integration over the product of Hilbert schemes of
points

In this section, we rewrite

Akm (3.17)

/[ ] xsWE(g)

by integrating over the product of Hilbert scheme of points S ] This integration process can be
studied via recursion explained in Section 3.5. More precisely, there exist power series By ,, in

classes of the form

m(l—lclS ay) HC1 Z)" - cp TS) HCQ (Rm,(Zp,))

such that

A m:/ B m-
/[5[m]}><swk([3) k,m SWE(B) k.m

By Grothendieck-Riemann-Roch, we have
ch(R7.(Zp,)) = m(ch(ZLp,) - td(S)).
Therefore, we may replace By ,, by another power series Cy , in classes of the form

m(HclS(as)-Hcl(fﬁi)’i-cj(TSD (3.18)

such that

Now we study classes of the form (3.18) in detail using the cohomological description
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of the Poincaré line bundles fﬁi. Note that the first Chern class of the Poincaré line bundle

decomposes
e1(Lp) = (Bid;,0) € HX(S) @ (H'(S)@H'(S))) @ A*H'(S);
after identifications
H'(Pict) =H'(S)!, H*(Picy) = A*H'(S),.

[

Subscripts i expresses the position among N factors of Picard groups. This decomposition

implies that the classes of the form (3.18) is a combination of
Pl = e (7eid] - id} ) € ATHN(S)] @+ @ AVH'(S)),
for each monomial 7y in the Chern classes
ci(og) , ea(@) , Bi, e1(Ts) , eo(Ts).
For degree reasons, we only need to consider [Y] t,ty With
deg(y) + Zti =4.

This explains that there exist a power series Dy ,, in classes 7l 11,...ty as above such that

Ck,m = Dls.m'
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Putting all these together, we conclude that the residual contribution (3.5) is given by

Hfs(wi))c(as)_r&i . Hg(o)ri—l’ii H (M) i~ Tij k Z

i N Wi W

Furthermore, Dy ,, only depends on N, ]_‘ , &, k, m and ranks of @,. Note that inputs of
power series Dy ,, are [7];,,..;, for various choices of y which depend on o, f; and Ts. One can
also check by tracing back the argument that Dy ,, is polynomial in classes of the form [y] with
deg(y) = 4, hence there is no issue of convergence. This proves Theorem A expressing virtual
Quot scheme invariants universally in terms of Seiberg-Witten invariants and cohomological
data of S.

This chapter is, in part, being prepared for submission for publication. The dissertation

author was the primary investigator and the author of the material below.

e Woonam Lim “Virtual ) _-genera of Quot schemes on surfaces ”
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Chapter 4

Multiplicative structural formula

4.1 Seiberg-Witten classes of length N

In the previous chapter, we expressed virtual invariants of Quot schemes universally
in terms of Seiberg-Witten invariants. Even though this provides a conceptual understanding
and even an algorithm for the computation for small numerics, it is hard to deduce any explicit
formula or structure of the generating series. In part, difficulty stems from the contributions of
higher Seiberg-Witten invariants SW*(B) for k > 0. This aspect of difficulty does not appear for

Seiberg-Witten classes of length N which was defined in [L].
Definition 6. Let 3 € H*(S,Z) a curve class.

1. We say that a decomposition 8 = 8; + - - - + By is Seiberg-Witten non-trivial if SW(f;) # 0
foralli=1,...,N.

2. We say that f3 is of Seiberg-Witten length N if for any length N Seiberg-Witten non-trivial

decomposition § = B; +--- + fy, we have vdg = O forall i =1,...,N.

3. If B is of Seiberg-Witten length N for all N > 1, then we say that 8 is a Seiberg-Witten

class of arbitrary length.

By the formula (3.19), the residual contribution of F[m, E | is zero unless E is a Seiberg-

Witten non-trivial decomposition. This implies that if 8 is of Seiberg-Witten length N, then we
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only need to consider decompositions by curve classes of virtual dimension O in order to compute
virtual invariants of Quots(CV, 8,n). This observation will eventually yield multiplicativity of
the generating series in the next section.

There are several examples of Seiberg-Witten classes of arbitrary length:
1. Zero curve class on arbitrary surfaces,
2. Curve classes in the fibers on relatively minimal elliptic surfaces,
3. Any curve classes on surfaces with p, > 0.

The first example can be seen easily because zero curve class only admits trivial effective
decompositions. Furthermore, we clearly have SW(0) = 1 because Hilbé3 =0 is a reduced point
representing the empty curve.

To explain the second example, we let p : § — C be a relatively minimal elliptic surface
over a smooth curve and denote the fiber class of p by F. By the canonical bundle formula, Ky is
a rational multiple of F. Let B be a curve class in the fibers, i.e. it satisfies f.F = 0. Consider

the following decomposition of arbitrary lenth
B=pB1+:--+Pnv suchthat SW(B;)#0 forall 1<i<N.

Note that each f; is effective class supported on the fibers. By Zariski’s lemma, this implies
Bl.z < 0 with the equality if and only if ; is a rational multiple of F'. On the other hand, K being

a rational multiple of F implies f;.Kg = 0. These add up to

ay = BB K B

2 2~

with equality if and only if B; is a rational multiple of F. Since SW(f;) # 0, we must have
non negative virtual dimension. Hence, we have vdg, = 0 for all i. This argument proves not

only the fact that 8 is of Seiberg-Witten class of length N, but also that it suffices to consider
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decompositions of 8 into rational multiples of F to compute Quot scheme invariants. It is worth
noting that Seiberg-Witten invariants are known for rational multiples of F by [DKO, Proposition
5.8]. Let Fy, ..., F, be the multiple fibers of p : § — C with multiplicities m,...,m,. Then for

each f3;, a rational multiple of F, we have

sW() = Y (f(FTH ),

ﬁi:dF-FZj a;F;
s.t. 0<a;<m;

where g is the genus of the base curve C.

The third case is a huge collection of examples for Seiberg-Witten classes of arbitrary
length. This is a direct consequence of [DKO, Proposition 4.20] saying that SW(f) # 0 implies
vdg = 0 for surfaces with pg > 0. Much more is known for a minimal surface S of general type
with p, > 0. In this case, SW(f3) # 0 only for B = 0 or B = K. Furthermore, it was conjectured
[DKO] and proven [CK] that

SW(Kg) = (—1)%(9s).

More examples of curve classes of Seiberg-Witten length N can be produced via blow
up construction as follows. Let p : S — S be a blow up of a point with the exceptional divisor
E. For each curve class B € H%(S,Z), we denote by E € H%(S,7) the pullback of B under the

morphism p.

Lemma 7. Assume that B is a curve class of Seiberg-Witten length N. Then E + (E is a curve

class of Seiberg-Witten length N for all { € 7Z.. Furthermore,
B+LE=(B+0E)+-+ (By +InE)
is a Seiberg-Witten non-trivial decomposition if and only if
B=Pit+ By
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is a Seiberg-Witten non-trivial decomposition and
l;=0o0r1 forall i=1,...,N.

Proof. We use the blow up formula of Seiberg-Witten invariants [DKO, Theorem 4.12]. It says

SW(B; + lE) = T<ovdy (Sw(ﬁi)> (4.1)
after the identification

H, (Picg%’f) — AH'(S)Y = A"H'(S)Y = H, (Picsf) .

Here 7<, denotes the truncation up to homological degree n. Simple calculation shows that

(Bi+LiE) (Bi + iE — Ks —E) blti—1)

VdEiJrL’iE = ) = Vdﬁl. — 2

4.2)
Now assume that [ is a curve class of Seiberg-Witten length N. Having a decomposition
B+LE = (B +01E) +--+ (By+(NE)

is equivalent to

B=Pi+--+PBy and (=01 +---+Ly.

First, we assume that SW(BV,- +¢;E) # 0 for all i. By (4.1), we have SW(f;) # O for all i. Since

B is a class of Seiberg-Witten length N, this implies that vdg, = 0 for all i. According to (4.2),

(i —1) <

Vdﬁi‘f'éiE:_ ) _0

with equality if and only if ¢; = 0 or 1. Since SW( B, + (;E) # 0, the virtual dimension must be
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non negative, hence equality condition is satisfied. This proves the one direction of the statement.

For the other direction, assume that
SW(Bi)#0 and ¢;=0orl forall i=1,...,N.

Since B is a class of Seiberg-Witten length N, we have vdg, = 0 for all i. Again by the formula

(4.2), we obtain Vdﬁ E T 0. Therefore blow up formula (4.1) reads

SW(B;+LiE) = <0 (SW(B) ) = SW(B) 0.

as SW(p;) is a pure degree zero term. This proves the other direction.
In particular, ,E + (E is of Seiberg-Witten length N because every Seiberg-Witten non-
trivial decomposition of length N consists of virtual dimension O classes due to the formula

4.2). ]

4.2 Multiplicative universal series

In this section, we define the shifted generating series of residual invariants for a fixed
curve class decomposition 8 = (f,...,Bv). When each curve class in the decomposition
has virtual dimension zero, we prove that the shifted generating series admits multiplicative
universality. This applies to the Quot scheme invariants for curve classes of Seiberg-Witten
length N. The main result then expresses the generating series of equivariant Quot scheme
invariants in terms of multiplicative universal series and degree 0 Seiberg-Witten invariants.

We begin by defining the shifted generating series of residual invariants corresponding to

the decomposition = (B, ..., Bn).

Definition 8. ! For a given vector B of curve classes, we define the shifted generating series of

'We take different notational convention from [AJLOP, L].
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residual invariants by

/, — Yoy M g(T3" + N
ZS7N7E(C]&|Q) =L >Oq /[S[m]]x[Hnb’;]m e(Obs) - fe [_D e(Nyr) 3

mp,...,my =

In the above definition, we used the following simplified notation as before:

Hfs Wl]

We call Z as a “shifted” generating series because the exponent of ¢ differs from the original

holomorphic Euler characteristic of the quotient. By Lemma 2, they are related by

n:Z(mi—m—+I(S) Yo~ Y v —B Ky

1

where B =Y ;. Therefore non-shifted generating series of residual invariants should be defined

as

,B Ks— ZVdﬁ ng]ﬁ(q7m’g>

If we add up these non-shifted residual generating series for all possible decompositions of f3,

then we recover the generating series of equivariant Quot scheme invariants

/g —B.K dg. /8
Zivglawlw) = Y ¢ PR ZE0 (g w|e) (4.4)
B:B1+‘“+.BN
as a result of virtual localization.
Now we suppose that = (Bi,...,By) consists of curve classes with vdg, = 0. In this

case, the shifted series (4.3) can be greatly simplified because the virtual class
[Hilb5 "™

is of zero dimension with degree equal to SW(f3;) € Z. For the integral calculations in this
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section, we may assume that

[HilbP]"™ = SW(B;) - [pt,].
We choose D; € Hilbgi to represent a point class [pt;]. Define the embedding

i 2 S s S 5 Hilb?

corresponding to the point class representatives D1,...,Dy. Then the shifted residual generating

series (4.3) decomposes into contributions from Seiberg-Witten invariants

W(B) :=SW(B1)---SW(By) €Z

and contributions from integrals over the products of Hilbert schemes of points

/g Lmi / i, < [m] g<TFVir+N%ir>>
W, Obs) - f(a e 4.5
s, m;oq ] e(Obs) - f(ag" [w]) o) (4.5)
More precisely, we have
/8
Zin plawl@) =SW(B) - Wix y(aw|a). (4.6)

We now study the series (4.5) to exhibit multiplicative universality following the proof of
[EGL, Theorem 4.2]. We first record the pullbacks under i,, of K-theoretic ingredients of the

integrand:

i,,(Obs;) = R omy (0 %, L;),

in(alh) = CH®) —Rr(1y 0 L 047 ay),

it (R omz( S, 2;)) = RA omz(I 5, QL 01y, ®L]71).

Here L; = Us(D;). In fact, the series (4.5) will be unchanged even if we replace L; by any line
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bundle in Picg’. Moreover, one may define the series (4.5) even if f3;’s are non-algebraic by
means of Grothendieck-Riemann-Roch.
Let r = (ry,...,r¢) be a vector of ranks ry := k() of tautological inputs. Define a set

JEN r as a set of tuples

(S|B1,...,Bn|an,...,a)

such that
S smooth projective surface, f; € H*(S,Z), oy K°(S) with rk(ay) = r.

The crucial point to the argument is that we allow disconnected surfaces in the above collection.
Hence %y , is equipped with a commutative monoid structure with respect to the disjoint union

operation LJ. The series (4.5) then define a map

WES (qwle) s i, — (F(Owr,eooww)lial)

in an obvious manner. As we considered only multiplicative characteristics to define the series,

this map is multiplicative with respect to disjoint union

/e /g /g
W pup (@ Wl @) = Wi s (gl w] @) - W'y g (gl w] o).

On the other hand, consider a map ¢ : Ay, — Q4 sending

(SIBi,-.-.Bnou,..., o)

to the collection of all possible Chern numbers

K§ R Ks.cl(as) R c1(as).c1(oc,) R CQ(OCS) R X(ﬁs) R Bi-KS R ﬁ,‘.C](OCS) R Bi-Bj~ (4.7)
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Here d is the number of all possible choices of Chern numbers. Note that the map c is clearly
additive with respect to disjoint union.

By argument in Chapter 3, each integral in the series (4.5) can be written as a universal
polynomial in Chern numbers (4.7) with coefficient in F((wy,...,wy)). This defines a map &

which makes the following diagram commutes:

sty e (P, wn)lial)”

Note that the image of the Chern class map c is Zariski dense by toric surface examples. Therefore
we conclude that / is a multiplicative function. Equivalently, there exist multiplicative universal
series

X
A, By, Cos, Dy, E, Ui, Vig, Wy € (F((wl,...,wN))[[q]]) (4.8)

depending only on N, f, g and r such that

(g, w| @) AKS HBKscl o) Hccl as).c1(oy) HDCZ((XS) EX(0s),

- s<t
HUﬁlKS Hvﬁzcl ) H\Nﬁlﬁ]'

i<j

4.3 Vanishing of some universal series

In this section, we show that some of the universal series in (4.8) are trivial. Let

Bi1 = --- = By = Ks. We may take L; = Kj to define the series (4.5), hence

i%,(Obs;) = R omz (05, Ks) = (01"
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Note that (ﬁ [ }) has a trivial summand if m; > 0. Therefore i, (Obs) vanishes unless m; =
--=my = 0. Since the integral is over a point in this case, we only need to consider equivariantly

non trivial terms. By computation of ranks in (3.9), we have
I‘k(OCs Ks) = x(as) — x(a ®KS_1) =T Kg + Ks.c1(0)

and

rk(R%OMﬁ(%,Qj)) = X(KS) —X(ﬁs) =0.

Therefore the series (4.5) becomes

which is equal to

AKS HBKscl o) Hccl o).cr(a) HDCQ o) CEX (O5) HUKS HVKscl o) wajg

s<t i<j

The independence of the Chern numbers implies

Therefore we have

Wivp(gwle) = A T8 TTUP - [TV Twl.
i i,s 1<j

Note that this formula is for arbitrary choices of S, 8, a. In this paper, we will apply this

formula only for curve classes of Seiberg-Witten length N. In such cases, we have extra relations
Bi.Ks = ﬁiz forall i=1,...,N,
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coming from vdg, = 0. Therefore we may rewrite the multiplicative formula in this case as

Wi plale) = A TTBE TIPS TV TIWEY @)

- i<j

by replacing U; with U; - W; ;. The only difference from the previous formula is that we are
missing W; ;’s. We will exclusively use this version of the formula in the paper.
By combining (4.4), (4.6), (4.9), we obtain the multiplicative structural formula for the

generating series of equivariant Quot scheme invariants

Zf7g ( ng) — q*ﬁJ(S . AKg . HBSK&CI(O(Y)
N

sN,p\4
Y sw(p) [TulS TTVE@ TIwWhP @0
B= [31+ +3N - i is i<j
vd 3—

whenever f3 is a curve class of Seiberg-Witten length N.

4.4 Calculation via blow up of K3 surfaces

In this section, we study the universal series appearing in (4.9) and find their closed
formula up to certain change of variables. Crucial to the argument is the Euler class iy, (e(Obs))
in the series (4.5) which allows us to localize the computations to curve geometry. This can be
also thought of as cosection localization of [KL] as hinted by the excess obstruction bundle (1.2).
We will use the convenient geometry, namely blow up of K3 surfaces, so that the curve involved
in the calculation is simply P'. In this case, we can apply the Lagrange-Biirmann formula [Ge]
where the aforementioned change of variables naturally arise.

Let S be a blow up of K3 surface with the exceptional divisor E. Let /LIJ = [N] be a

partition of the set [N] = {1,...,N} into two parts. In this section, we make a convention to
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denote the indices in 1, J and [N] by i, j and k, respectively. Define a vector of curve classes

Bi=E, ifiel,
Ey ;= (Bi,...,Bv) where
Bi=0, ifjeJ.
Note that every Hilbert scheme of curves for B,..., By is a reduced point

Hilb® = (£}, HilbY = {o}.
Hence the morphism i,, corresponding to the choices D; = E and D; = 0 is an isomorphism
iy - ST Sl s il

Since Kg = E and E? = —1, the equation (4.9) reads

f7g — E S E Ay
Wing,, (@wlo)=A"" HB c1(%) JT07 11 Vi c1(%) T Wi (4.11)
iel i€el,s 11<121
i1, €

We now compute Wsjfjf,’ Em(q, w| ) using the formula (4.5) for arbitrary dy = E.c; (@)
and partitions 7/ JJ = [N]. Comparison of the outcome to the multiplicative formula (4.11) will
determine all the universal series. For the computation, we begin by analyzing i,,(e(Obs)). Note
that if i € I, we have

;(Obs ) R%omn(ﬁ%,E) _ (ﬁgni])v'

This follows from the relative Serre duality and Kg = E. Therefore we conclude that iy, (e(Obs;))
vanishes if m; > 0 due to a trivial factor. Hence, we assume that m; = O for all i € I. On the other

hand, if j € J, we have

it,(Obs ) = RA omy (05, O5) = (E™1)"

66



for the similar reason. Note that we have a tautological section of E mj] that vanishes exactly

over EI"il, This implies that

Denote by

U HIP”"J' — HS[’"J'}

j€J j€J
the product of natural embeddings of the Hilbert schemes on E into the Hilbert schemes on S.

Then the above discussion about the Euler class sums up to

it (€(0bs)) = (—1)X" - 1, [HPW]

jeJ

Therefore we obtain the formula below which localizes the calculation to the Hilbert scheme

geometries of the exceptional curve E:

/8
W§N7E1u/(q’m|g): Z (_q)ij/

vjel, mj>0 H

(1 + )
i (£l S )y

We now write down the integrand explicitly after pulling back under 1,,. This is possible
because the Hilbert scheme of points on P! is simply a projective space over which we understand

the tautological classes explicitly. Recall that o], is a K-theory class on E = P! of rank r, and

e

degree d;. From the calculations of [L, OP], Sections 3 and 5 respectively, we have
L (e w]) = C i,
* m; ;i B (rs+ds
2. 1(0y wy]) = O(=h)) =i lwj] + (6 — O(~hj) ™)),

3. 15 (T3) zj:(ﬁ D46 (hy) — ﬁ),

41 Nv1r _ Z ( hj,) @mlz—}—ﬁ(hjl) ﬁ(hjl_hj2)>[wjz_wjl]
N#J2
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—l—Z(ﬁ )M [w wi]—l—ﬁ(hj)[wi—ij.

Here the /;’s denote the hyperplane classes of each projective spaces.

Having the integrands understood, now we perform the integral over the projective spaces.
Note that the integration over the product of projective spaces can be thought of as extracting the
suitable coefficient of /1;. We denote this operation by square brackets. After the careful analysis,

we obtain that

Wty (awla@)= Y (=)™ [Tjes ™) Tes @, 00)™ Wi ({h} ses)

mj>0

where

D@j(hj) = (—hj) 'Hfs(—hj +wj) H g(—hj+w;—wg) |

A —/’l‘+Wj—Wk
h-—w-+wk)
7] w r5+d . g( J J 4.13
I = |]| H Hfs k H h +w; )rs+ds g hj_Wj+Wk ( )

H h]l_ Jl_hjz+wjz '
g(hj, —wj —hj +wj,)

N1#h
Recall the convention that we use i, j, k for indices in 1,J, [N], respectively.

Even though the above expressions seem wild, we are able to apply the multivariable

Lagrange-Biirmann formula [G] which says

g kI,
Win g, (@we) = Koy ({hj}jer)

up to change of variables

h.
q= h] with 7j(g=0) =0,
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where

d
K =[] (1 —hjﬁlogq’j(hj)) -
J

JjeJ

Plugging in the functions (4.13), we obtain

N
—h;
T b hyg=0)=0,  (4.14)

q=
Hfs h—i—wj i1 8(—hj+wj—wy)

and

KIUJ:Hh"H er‘ﬁ(_h_}_w)_}_ﬁ(g_/(_h_}_w_wk)_F;) .
’ J : - f:s‘ J J g J J h]_wj+wk

Note that the change of variable formulas (4.14) are different for each h;’s. To work with

a single formula, we make the additional change of variables
Hj:hj—Wj. (415)

According to this additional change of variables, we obtain

3 sy g(Hj+w H. —H:
L8 sop LLA0w)™™ pﬂ‘( e g 3 o HH)
K , 7 2
W§N7E1uj(q’w|g) = 416)
1l (zrs F(=H))+ z (4, Wk)+H+Wk)>
Jj \'s
where
- ig=V)=—w;. )

As claimed before, we now have a single change of variable formula together with distinct initial

conditions. This observation will be crucial to the computations in the subsequent chapters.
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The formula (4.16) determines all the universal series by comparing with

/8 1 dy 1
Weve,, (@wle) = A" TTBE-TTU - TTVEG- TT W,
iel i€l,s 11<121
i1,h€

for various choices of partitions /LIJ. In the formula of universal series below, we do not follow
the previous convention to use i, j,k for indices in ,J, [N] because partition /L1J is not involved

in the universal series. First, we find

Bs: I]X[M Vi,s:fs(_Hi)a

by considering the terms with exponent d; and letting / = @ or I = {i}. Second, we find

HH H;)'™ H H; +wy ) H g(Hil _Hiz)
fs Wil e 8WHitwe) i, Hi — Hi,
i1,i2€[N]

ﬁ(zr;c +Z( ~H;- Wk)‘f’Hi_’l_Wk))

and

1 1 N H +w H, — H; H,— Hy
U= M T 1 s i
g(0) A fo(—H;)"s Hitwe g(Hy —H;) g(H;—Hy)

k=1 ! i’ i
i'€[N]
/ N g/ 1 -1
re- 15 (H;) + (——H—wk—l— )
;s fs( l) kz] g< l ) H;+wy
by comparing the terms with exponent (—1) and letting 7 = @ or I = {i}. Finally,
W g(Hi, —Hj) ‘g(le H;)
B H;, — H;

by considering I = {iy,ip} for i} < ip.
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Chapter 5

Virtual Euler characteristics and y_,-
genera

In this chapter, we study the generating series of the virtual Euler characteristics and

virtual )_,-genera of Quot schemes, denoted by

5@ €Q@), 253 5(@) Q) (),

respectively. Both of the series are conjecturally given by rational functions in the g variable.
Since virtual y_,-genus recovers virtual Euler characteristic at y = 1, we only record the virtual
X—y-genus from now.

When f is a curve class of Seiberg-Witten length N, we can use the structural formula

vir

(4.10) and the computation of the universal series in the previous chapter to study Z;C;v) B (q). It

Seiberg-Witten theory of decompositions of 3 is well-understood, the structural formula yields

explicit formulas. We do this for the following three cases:

1. S arbitrary and f =0,
2. Srelatively minimal elliptic surface and f rational multiple of the fiber,

3. S minimal surface of general type with p, > 0 and 8 multiple of K.

Furthermore, we prove blow up formulas of the generating series when the curve class is of

Seiberg-Witten length N. Answers for the above three cases and the blow up formulas are enough
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ir

to conclude that Z

SN 13'( q) is a rational function for arbitrary surfaces with p, > 0. This will be

generalized to K-theoretic descendent series for any Seiberg-Witten classes of length N in the
next chapter.

(q) is obtained by specializing the general series 7Ls (¢| @) to the case

Note that Z SN

SNB
of

Z(1—ye™)

t=0, gla)=——"=

by the virtual Hirzebruch-Riemann-Roch theorem of [FG]. Therefore the structural formula

(4.10) reads

Zg;v;s( ) = g~ P-Ks . AKS y HUﬁsz HWB, -B; 5.1)
B= ﬁ1+ +ﬁ1v i<j
vd Bii
where
l_efH,‘ Wy 1_ye +Hi2
A=(=n" ] “Hi— [1 “H, +H,
ey Lmye T g, T—e T
ll,i2€[N}
N §< (l_y)eHi+wk )
S\ N (L=yetlitwie) (1 — eflitwi) ) f 2
1 N | _ e Hi—wi | — ¢ HytHi | _ p—HitHy
Ui= == -H( e eﬁ#,) (5.2)
(l—y) k=1 I —e i ii 1 —ye M 1 —ye HiTH
i'€[N]
-1
. Z<— (1—y)eftitw >
N (L= yeflitvi) (1 — eflitw) ’
Wij = | —e HHH 1 _¢ H.i+Hi’
for change of variables
N1 — it
=\l ith Hi(g=0)=—w;. 53
kl;lll—yeHiJer wi i(q ) Wi (5.3)
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Note that all the universal series in (5.2) and the change of variables (5.3) can be simplified

by the exponential change of variables

eHi = X, ek = ty. 5.4
We record the simplified version here:
—1,-1 —1,.
A==y TI =g I 1o, iy
—1,-1 —1
ike[N] I —yx; nti, =X X
ilaiZE[N]
ﬁ i(_ (1 —y)xity )
=1 \i=1 (l—yx,-tk)(l—xitk) ’
1 My ! 1—x; b 1—x7ly
Vi= 1 11 yil f1 1 = XI—l)Cl (5.5)
(1—y) i l—x;"t, /2 L—yx; xi 1—yx; xp
i'€[N]
~1
_ i<_ (1 —y)xity )
=1 (1 —yxitk)(l —xitk) ’
1—yx; 'x; l—yxjflxl
Wi.,j - 1 —1_
l—xx; 1 X; X
and
N
l—x,-tk . 1
= with x;(g=0)=1_". (5.6)
q kI;Ill—yxilk (¢ ) =1

Note that rationality starts to appear from the formulas. More precisely, we have

A, U,', VV,'J' c Q(y)(tl,...,tN)(xl,...,xN).

We repeatedly use these formulas to study the following cases: punctual Quot schemes, Quot
schemes on relatively minimal elliptic surfaces, Quot schemes on minimal general type surfaces

with p, > 0 and blow up formulas.
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5.1 Punctual Quot schemes

The punctual Quot scheme Quotg(CY,n) parametrizes zero dimensional quotients of a
trivial vector bundle. We omitted 3 = 0 from the notation. Since 8 = 0 only admits a trivial

decomposition, the structural formula for virtual y_y-genera (5.1) reads

xxlr 2
ZSN()(% ) ARs.

Note that the universal series in (5.5)

Ae Q(y)(tl,...,tN)(xl,...,xN)

is symmetric in xp,...,xy. On the other hand, xy,...,xy are N distinct roots of the equation
N1 —xt
_ k
1= H 1 —yxt
=1+~ Yk

corresponding to distinct initial data

xi(g =0) :tlzl.

One can rewrite the above equation as a polynomial equation of degree N

N N
qH(l—yxtk H 1 —xty) =
k=1 k=1

Since xp,...,xy are roots of the polynomial equation, elementary symmetric polynomials

Gi(xl,...,xN), i=1,...,N
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can be expressed as a rational function in 1, ...,ty and g. Therefore we can express the universal

series as a rational function in the g variable

A€Q)(r;---,tv)(q)-

Furthermore, one can easily check that there are no poles at #{ = --- = fy = 1 or equivalently at
w1 =---=WN=0.

To obtain non-equivariant answer, we need to find the limit

In this limit, the equation becomes

We make a further substitutions

=z, L=z (5.7)

Using

straightforward computations gives

N N N
—Zi 1 —zi)(1 —yz) 1= (14y)zi +yzizj
Al =(=N)V. <—Z> Nt : I (5.8)
(=N) 11:1 1—(1+y)z ZIJ Zi g Zj—Z
i,j€[N]
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Here z1,...,zy are are roots of the equation
g=7"

or equivalently

h(z) :=72"—q=0.
We can factor the polynomial 4(z) using the roots

N
h(z) =[](z—z)

i=1

By plugging in certain values in the z variable and normalizing, we obtain

and

[T —uz) =u-h(1/u)=1-u"g.
i=1

Using the derivative formula and zf.v = g, we further obtain

N N N Nq
[T (-2 =TT =T]va"" =[]~ =30
i i=1 i=1 1 Zi
i,j€lN]

Substituting these identities to the equation (5.8) yields a simplified formula

_ (=gl —"g) - o
= (1= (14)Vg)" .%&](1 (T+y)ai+yziz))-
1,j€

A
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Functional equation of the term

Pv(g,y) =[]0 = (1 +y)zi +yzz))
i)

can also be obtained. Straightforward computation shows

Pn(g,y) = [10zz) - T[T = (1 +y D +y7 172
oy iy

N 2\N—1 -1 —1
=("g)" " Pnlg .y )
where we used the fact that zl_l yen ,z]:,] are roots of the equation

HN=qL.

5.2 Relatively minimal elliptic surfaces

Let p: § — C be a relatively minimal elliptic surface with the fiber class F. Recall that
the canonical bundle formula says that Ky is a rational multiple of . Suppose that 8 is a curve
class supported on fibers, i.e. B.F = 0. Since f3 is a Seiberg-Witten class of arbitrary length, the
generating series of virtual _-genera follows the structural formula (5.1)

ZX—_V (q,m) _ q*ﬁ,KS . AKS% Z SW(E) . HU?lKS . HWBIB]
i

S.N,B i,j
i<j

On the other hand, we have seen in Section 4.1 that f3; in the effective decomposition

B=Pi+-+ By
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satisfies vdg, = 0 if and only if f3; is a rational multiple of F". Therefore all the exponents

appearing in the above structural formula vanish

B.Ks = Ki = Bi.Ks = Bi.B; = 0.

Hence we conclude that

vir

P
Zgypl@)= ), SW(Bi)--SW(By).
B=Bi+-+Bn
vdp,=
In other words, we have
SW(Bi)---SW(By), ifn=0
2 (Quots(CY, B,m)) = ¢ P Ny o™
0, otherwise.

5.3 Minimal surfaces of general type with p, > 0

Let S be a minimal surface of general type with p, > 0. Recall that SW(f3;) # O only if
Bi = 0 or Ks. Therefore virtual y_,-genus of Quot scheme invariant vanish unless 8 = /K for

some 0 < ¢ < N. For the rest of the section, we suppose that
Pp=(¢Kg forsome 0</¢<N.

Since SW(f) = 0 unless ; = 0 or K for all i, it is enough to consider the decompositions

Bi:Ks, ifiel
K;y:=(Bi,--.,Bn) where
Bi=0, ifjel.
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for partitions /L1J = [N] such that |I| = ¢. Therefore the formula (5.1) reads

K2
XVII‘
Zgyplaw) =4 K SW(Ks) Y (A [Tui- T] Wll’Q) :
ILJ=[N] i€l i1<ip
s.t. [1|=¢ il €l

In this section, we use i, j, k to denote indices in 1,J, [N], repsectively.
Let g be the arithmetic genus of a canonical curve given by KZ = g — 1. For each

0< /<N and g >0, define

g—1
GN,K.,g:: Z (A'HU," H Wil,i2> G@(y)(tl,...,IN)()C],...,XN) (5.9)

[LIJ:[N] iel .i1.<i2
s.t. [I|=¢ i,in€l

where A, U;, W;

i1,i, are as in the list (5.5). Note that the range of parameter g that is relevant to

the case of minimal surface of general type with pg > 0 is
g=K:4+1>2

because Ky is big and nef. We will see in the next section that Gy ¢ , for g = 0 is related to blow
up formulas.

Straightforward computation shows that

(A-T1U- 1T W)
iel i1<ip
i1, €l

is equal to

—-1,.—-1
1—x7't 1—yx]1 Xj,

o [ (- ),

=YX i), l—xj Xj, yxjtk (1 —xjty)

After summing over these terms with the exponent (g — 1) for all partitions /LIJ = [N] such that

|I| = ¢, one can check that Gy ¢ , is symmetric in x1,...,xy. By the same argument as in Section
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5.1, we can rewrite Gy ¢ as a function in the g variable

Gn,eg € Q) (11, --5tn)(q)

which has no pole at 1y = --- =ty = 1. Using the same extra change of variables as in (5.7), we

find the non-equivariant answer

N
(1 —zj)(1—yz))
GN7f7g = N t ( ) . .
t=1 Iujg[N] ]g 1-(1 +y)zj ]g <j
s.t. [1]=¢
g—1
H 1_(1+y)Z]]+yZ]1Z]2 (510)
NF] L 2
Jnjaeld
where z1,...,zy are roots of the equation g = ZV. Therefore, we conclude that the answer is

given by a rational function in the g variable

ZEy (@) = a5 SW(Ks)' G| €Q()(a)

where g = K2+ 1 and SW(Ks) = (—1)*(%).
Rational functions Gy ¢ ¢ | can be explicitly calculated for choices of relatively small
l:
parameters N, ¢, g using the symmetric reduction algorithm. We compute few examples here.

Two extreme cases, when ¢ = 0 or N, are given by

_ <A
1=1 t

g—1
GN 0. tl) ; Gungl =1

81



When ¢ = N — 1, we have

— N WL A7 (I_Zi)(l—yz,-) g—1
GNN-1¢ ,_l—i_Zl(( YN Zi(l_(1+y)2i)N)

— (_1)(N+1)(8*1) NS gs L ZNq"[ZN"] ( (1=2)(1 - y2) )gl (5.11)
nez Z(l—(l—l—y)z)N

where we used the roots of unity formula

Ng*, ifk=Nn

i=l 0, otherwise.

The formula (5.11) for g = 0 case reads

GNN-1,0

B S Nn (1—(1+y)Z)N
_(_1)N+1_nglq I[ZN 1] (I_Z)u_yz).

=1

If we denote

Zaizi:: (1—(1—|—y)z)N, (5.12)

then

[Zanl] (1 - (1 +y)Z)N _ [Zanl] iaizi‘ i 1 _yk+lzk

(1-2)(1-yz) i=0 =0 l—y
0 1— Nn—i
Y a; 1y_
i=0 e
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Hence, we find the closed formula in this case

G _ (_I)N_H_ S . s n—1 (1_ Nn—i
N.N—1,0 zzl_—(l—y) z;()alr;lq y )
-1 N+1 o 1 —i
:((1zy) ';‘()al(l—q_ly—NyNQ)
_ (=pM! ((—y)N _yN(—y“)N)
-y \l—¢q 1—yNg

1 (l—yN)—(l—yZN)q'

Ty (1—g)(1—)Ng)

We used the equation (5.12) with the substitutions at z = 1 and z = y~! in the third equality.
Lastly, we record few of the higher genus cases for N =2 and ¢ = 1 case. By symmetric reduction

algorithm, we find

1+y)— (1+y+y*+y°
Gat :_461,( y)—(I+y+y . ¥')q
=1 (1—(1+y)%q)
Goral = gg Lo 0H0)a— (=37 +y0¢" + (143 (1= 2y =27 43¢ +5°(1+))*¢"
e (1—-(1+y)2)"

5.4 Blow up formula

Let S be a smooth projective surface and 3 be a curve class of Seiberg-Witten length N.
Consider a blow up morphism p : S — S with the exceptional divisor E. By Lemma 7, the curve
class E +(E on S is also of Seiberg-Witten length N. Hence, the series of virtual y_,-genera of

Quot schemes with this curve class follows the structural formula (5.1)

Z%f,\r' (q,m> _ q—(E+€E).(i(E+E) Z SW(’}’) ‘A(kvs—i-E)z HUB/Z(KS+E) . HWZIJYJ

SN.B+(E N 11
BHE=yi++W <J

(5.13)
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Recall that Lemma 7 also implies that SW(y) # 0 if and only if the decomposition of E +(E is

of the form
B+LE=(B+0E)+ -+ (By+IyE)
such that
SW(ﬁ,) 75 0, E,’ =0orl
foralli=1,...,N. Such decompositions are in one-to-one correspondence to decompositions

B = (B1,...,Bn) of B together with a choice of a partition /LIJ = [N] such that |I| = £. Denote

the corresponding decomposition of E + (E by

~ ~ — =1, ifiel
E"‘Eluj = (ﬁl +0E,--- ,BN+£NE> where

0j=0, ifjel.

Recall that blow up formula of Seiberg-Witten invariants (4.1) implies
SW(B +E,) =SW(B).
Also recall that the intersection form of the blow up surface admits an orthonormal decomposition
H*(S,Z) = H*(S,Z) & Z[E] with E>=—1.

Applying these two observations to the formula (5.13) yields the decomposition of the generating
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series

vir N
2 (gw) = (q“s- Y sw(p) AR TTURS. T wenle
k=1

S.N,B+(E
a B=Bi++Bn ky<ky
s.t. Vdﬁ[:() ky,kr€[N]
-1
4
(a E (ATTu T W)
ILJ=|N] i€l i<ip
s.t. [I|=¢ i,ig€l

into contributions from the base surface S and the exceptional divisor. It is clear from the above

decomposition that we have

§,N,E+ZE(q’w) _ZS,N,ﬁ (q,w) (q GN,€,0>
where Gy ¢ ¢ is defined in (5.9). By taking limit at wy = --- = wy = 0, we obtain the formula for

the non-equivariant generating series

= _ _(z_ ‘ )
Z§.,N,ﬁ+£E(CI) ZSvaB(q) 7 G0 =1/

This chapter is, in part, being prepared for submission for publication. The dissertation

author was the primary investigator and the author of the material below.

e Woonam Lim “Virtual ) _-genera of Quot schemes on surfaces ”
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Chapter 6

Reduced invariants of K3 surfaces

In this chapter, we study the reduced classes and reduced invariants of certain Quot
schemes on K3 surfaces. We first find several conditions under which Quot schemes on K3
surfaces admit reduced 2-term perfect obstruction theory. This mildly generalizes the result
of [MOP1]. When N = 1, the reduced class of Quot schemes are identified with the reduced
class of certain nested Hilbert schemes. Similar result exists for reduced classes in stable pair
theory by works of [KT1, GSY2, GT2]. Using rather concrete descriptions of reduced classes
in both Quot scheme theory and stable pair theory, we identify the reduced y_y-genera of Quot
schemes and Pair spaces when N = 1. Therefore we conclude that reduced y_,-genera of Quot
schemes of K3 surfaces are given by the Kawai-Yoshioka formula [KY]. In the last section, we
use elliptic K3 surfaces to compute the reduced ) -genera of Hilbert schemes of points without

curve classes.

6.1 Reduced obstruction theory

In the proposition below, we give certain conditions under which Quot schemes on

K-trivial surfaces admit reduced obstruction theory.

Proposition 9. Let S be a surface with a trivial canonical line bundle. Then Quots(E,v) admits

a reduced 2-term perfect obstruction theory in the following cases:

1. E simple sheaf and non-zero Chern character v distinct from ch(E),
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2. E torsion free sheaf and v Chern character of non-zero torsion sheaf.

Proof. Recall that Quotg(E,v) parametrizes quotients
f 8 N
0—-S—>E-=Q—0 suchthat ch(Q)=w

We have seen in Section 1.3 that Quot schemes of the second case admit a natural 2-term perfect
obstruction theory by showing that higher obstruction spaces vanish. For the first case, recall

that we have

Ext’(S,0)" = Hom(Q,S)
— Hom(Q,E)

— Hom(E,E).

We claim that Hom(Q, E) = 0. Suppose for contradiction that there is a non-zero morphism

¢ € Hom(Q, E). Since E is a simple sheaf, non-zero composition morphism
EL0LE

is an isomorphism. In particular, g is injective. Since g is also a quotient, we conclude that g
is an isomorphism. This contradicts the choice of v that is distinct from ch(E). This proves
Hom(Q, E) = 0, hence the higher obstruction space Ext?(S, Q) vanishes.

Consider the composition of the morphisms

trace

o Ext!(S,0) 2 Ex2(Q,0) < H2(0).

Roughly speaking, 6 sends obstruction classes for deforming the quotient to obstruction classes

for deforming the sheaf Q and the trace map sends this further to obstruction classes for deforming
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the line bundle det(Q). Since Picard group is smooth, there is no obstructions to deform a line
bundle. So obstruction classes for deforming the quotient lives in ker(o).

Crucial to the construction of the reduced 2-term perfect obstruction theory is the surjec-
tivity of the morphism o. This guarantees that the difference between the dimension of tangent
space Hom(S, Q) and the dimension of reduced obstruction space ker(o) stays constant. To
show that o is surjective, we show that both 6 and a trace map are surjective. By the long exact
sequence of Ext groups, cokernel of § lives in Ext?(E, Q) = Hom(Q,E)". We have seen above
that Hom(Q, E) = 0 for the first case. In the second case, the same follows from the fact that Q
is torsion and E is torsion free. So & is surjective. Note that the trace map is Serre dual to the
identity morphism

HO(Ks) ~4 Hom(Q, 0 ©Ks).

The fact that Ky is trivial and Q is non-zero implies injectivity of id, hence surjectivity of the

trace. ]

For the ease of the notation, we write the Quot scheme satisfying either of the conditions
in Proposition 9 simply by Quot. Reduced 2-term perfect obstruction theory of Quot induces a

reduced class

[Quot] red € A.(Quot)

and a reduced structure sheaf

S’Sot € Ko(Quot).

Furthermore, a reduced tangent bundle is given by
Tgﬁ)t =R omz(S,2)+ Oquot

which have an extra copy of the trivial line bundle to the usual virtual tangent bundle. A reduced
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cotangent bundle is defined as a K-theoretic dual of the reduced tangent bundle
ol = (153,
Using these definitions, the reduced y_,-genus is well-defined as
%r—e;l(QUOt) = ){(Quot, (A—ercS’ﬂot) ® ﬁggot)'
By virtual Hirzebruch-Riemann-Roch theorem [BF], we also have

2= Quot) = [ o (A Q75

[Quot]

6.2 Reduced class of Quot schemes with N =1

In this subsection, we study the reduced class of Quot schemes on K3 surfaces with
N = 1. Main output equates the reduced class of Quot schemes with that of the corresponding
nested Hilbert schemes.

We begin by reviewing the reduced class of nested Hilbert schemes. Let S be a smooth

[ml va}

projective surface. Recall that nested Hilbert schemes § B admit a natural perfect obstruction

theory constructed by [GSY2]. Under the condition that
H*(L)=0 forall effective L € Pich, 6.1)

it also possesses a reduced obstruction theory by [GSY?2, GT2]. This generalizes the construction
of a reduced obstruction theory in the case of Hilbert schemes of curves Hilbg [DKO] and Pair
spaces PairS((C1 ,B,n) [KT2] under the same condition (6.1). See Definition 13 for the definition

of Pair spaces.
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Now let S be a K3 surface and 3 be a non-zero effective curve class of Hodge type (1,1).

Recall that Lemma 2 says

Quots(C', B,n) = 55

where m = n+ (g — 1). Here g is the arithmetic genus of the curve class 8 given by 2g —2 = 2.
Note that the above choice of Quot scheme satisfies the second condition of Proposition 9, hence
admits a reduced obstruction theory. On the other hand, the condition (6.1) is also satisfied
because we have
2 0/7—1
H*(Lg)=H"(Lg")" =0

as Lﬁ is a non-trivial effective line bundle. Therefore S%"’O} above also admits reduced obstruction

theory. The proposition below identifies the resulting reduced classes for the Quot scheme and

the nested Hilbert scheme. This is analogous to Proposition 3.

Proposition 10. Let S be a K3 surface and B be a non-zero effective curve class of Hodge type
(1,1). Through the identification Quots(C!, B,n) = ngo], the reduced class of the Quot scheme

on the left and the reduced class of the nested Hilbert scheme on the right agree:

red

Quotg(Cl,ﬁ,n)Ted = [SE"’O}]

Proof. Recall that reduced classes only depend on the K-theory of reduced tangent bundles.
Therefore we only need to equate reduced tangent bundles of the Quot scheme and the nested
Hilbert scheme. Note that we have already identified the usual virtual tangent bundles of each
side in the proof of Proposition 3. Since reduced tangent bundles are equal to the usual tangent

bundles up to one additional copy of the trivial line bundle, this proves the statement. [

Consider the canonical isomorphism

Fauor : S5 = S x Hilbf.
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Similarly to Corollary 4, we have the following explicit computation of the reduced class of

Quot schemes.

Proposition 11 ((GT2]). Let S and B be as in Proposition 10. Pushforward of the reduced class

gives
fauar: [ S 0] = (O ) (5] < il ™)
where
O™ =R omn(0r,6(7p)).
Proof. This is a special case [GT2, Theorem 5]. ]

To make the formula in the above proposition more explicit, we study the reduced class
[Hilbg} "4 Since S is a K3 surface, Picé3 consists of a reduced point {Lg }. Therefore the Hilbert

scheme of curves is simply a projective space
Hilb? = P(H(Lg)). (6.2)

Since HZ(Lﬁ) =0, we have

2
W(Lg) —h' (Lp) :2+% —g+1

by Riemann-Roch formula. Therefore we have
dim(Hilb?) > ¢

where
2

g=7—|—1=Vdﬁ+1

is the reduced virtual dimension. When all higher cohomology groups of Lg vanishes, equiva-
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lently H' (Lg) = 0, the actual dimension and the reduced virtual dimension are equal, hence
[Hilb]™ = [Hib?].

As somewhat expected from the virtual fundamental class theory, the proposition below says
that we can regard the reduced class [Hilbg ] red s if it is a fundamental class of a g dimensional

projective space.

Proposition 12. Let S and B be as in Proposition 10 and g be the arithmetic genus of the curve

class B. Consider any linear embedding of g dimensional projective space
1: P8 — P(HO(Lp)).

Then we have

[Hilb? )™ = 1. [P#].

Proof. Through the identification (6.2), we have
0(%g) = 0p(1)KLg over P(H'(Lg))xS. (6.3)
We can calculate the reduced obstruction bundle as follows:

reduced obstruction = THilb? - T:ﬁi f
= (Op()*" ") — Op) — (RA oma(O(~Tp), O7) + O
— (ﬁp(l)@hO(Lﬁ) _ ﬁp> _ (ﬁp(l)@%@ﬁ) B ﬁ%(ﬁg) n @P)

= op(1)" 1),

We used the Euler sequence and formula (6.3) for the second and the third equality, respectively.

Since reduced class is the Euler class of reduced obstruction space, we conclude that the reduced
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class is

[P(H(Lg))]™" = e(ap(1)!" ™)) N [P(HO(Lg))].

This proves the proposition. 0

6.3 Reduced class of Pair spaces with N = 1

Let S be a smooth projective surface and 8 be a non-zero effective curve class.

Definition 13. Pair space Pairg(CV, 8,n) is a moduli space parametrizing morphisms
CVN@ 05— F with c¢((F)=8, x(Q)=n

such that F is a pure sheaf of dimension 1 and coker(s) is of zero dimension.

The main difference is that purity of sheaf F in Pair space is exchanged with surjectivity
in Quot scheme. However, Pair spaces are in many sense similar to Quot schemes.

First of all, the Pair space is a fine moduli space with the universal stable pair
N s
C" @ Opairg(cN pyxs — F -
We denote the complex of universal morphism by
N

I° = [CN@) ﬁPairs(CNaﬁ’”)XS —7

placed at the zeroth and first places. By result of [Lin], the Pair space as above also admits a

natural 2-term perfect obstruction space with a virtual tangent bundle

Tlglei)rirS(CNﬁ,n) - R%()mﬂ(ﬂ.vﬁ)'
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Using the virtual structure of Pairg(CV, 8,1), one can develop the parallel story to Quot scheme
theory. In this thesis, we focus on the special case of Pair spaces when N = 1.

When N = 1, the Pair space is naturally identified with a nested Hilbert scheme [PT1]:

Pairs(C!, B,n) = S/[?J”] (6.4)
where
m=n+ﬁ(B2+KS>.

Furthermore, [GSY?2, Proposition 3.1] below says that virtual fundamental class of the Pair space
on the left hand side is identified with virtual fundamental class of the corresponding nested

Hilbert scheme.

Proposition 14 ([GSY2]). Through the identification Pairg(C!, B,n) = Sg)’m], the virtual funda-

mental class of the Pair space on the left and the virtual fundamental class of the nested Hilbert

scheme on the right agree:

1 vir
[PairS(C ,B,n)] = [
Proof. Proof in [GSY?2] identifies the virtual tangent bundle of the Pair space with that of the
nested Hilbert scheme. ]

Under the condition (6.1), both Pairg(C', 8,7) and Sg)’m] admits a reduced obstruction

theory. Analogously to the above proposition, we can identify the reduced classes.

Proposition 15. Suppose that a surface S and a curve class B satisfies the condition (6.1).

Through the identification Pairg(Cl, B,n) = Sg)’m}, the reduced class of the Pair space on the left

and the reduced class of the nested Hilbert scheme on the right agree:

[Pairs((Cl,ﬁ,n)Ted - [sg””ﬂred.
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Proof. The usual virtual tangent bundles of each agree as noted in the proof of Proposition 14.
Since the reduced tangent bundles differ from the usual tangent bundles by trivial vector bundle
of rank p,, the reduced tangent bundles also agree. Therefore the ensuing reduced classes also

agree. 0

To state the formula for the reduced class, we consider the canonical embedding of the

Pair space, or equivalently Sg)’m}, to the (virtually) smooth space

fpai - SE)""] — S

Proposition 16 ([GT2]). Suppose that a surface S and a curve class B satisfies the condition

(6.1). The reduced class of Sg)’m} as a Pair space, or equivalently as a nested Hilbert scheme,

satisfies
m red m m . red
i[85 = e(COR™) 1 ([s™] x [Hig] )
where
COR™ =Rm.(0(%p)).
Proof. This is a special case [GT2, Theorem 5]. [

6.4 Reduced invariants of Quot schemes and Pair spaces

In this section, we apply Proposition 11 and Proposition 16 to compare the reduced
invariants of Quot schemes and Pair spaces with N = 1 on K3 surfaces. Let S be a K3 surface
and f3 be a non-zero effective curve class of Hodge type (1,1). Consider a Quot scheme and a

Pair space

Quotg(C!,B,n), Pairg(CL,B,n).

The following diagram summarizes the geometries involved in the comparison:
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id f,,1 X1
Slml Hilbé3 L slml x ps.

Pairg(C!,B,n) = si0m]

Rather surprisingly, the theorem below exactly matches the reduced yx_,-genus of the Quot

scheme and the Pair space above.

Theorem 17. Let S be a K3 surface and B be a non-zero effective curve class of Hodge type

(1,1). Then we have

xf’;i (Quots(Cl,B,n)) = xr_eyd(PairS(Cl,ﬁ,n)).

Proof. Since reduced geometry of the Quot scheme and the Pair space in the statement are
identified with the nested Hilbert schemes S%"m and Sg)’m], respectively, we need to prove that
d (gm0l _ , red ( gl0.m]
25 (Sg ) =25 (S5™)-
Calculation of a reduced x_,-genus involves two data, namely a reduced class and a

reduced tangent bundle. In our case, we know the formula of pushforward of reduced classes

under morphisms fQuot and fpajr:

JQuotx ([S[m’o]]red> e(CO%"’O]) N <[S[m]} % [Hilbg]red>’

foairs([8577°¢) = e(COP™) 1 (8]  [Hilbg]™).
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Similarly, we can express the reduced tangent bundles naturally as pullbacks via fqQuot and fpai,:

d d ,0
fQuot( Cr)iot> = T [m] +T|_rﬁ|b Cogn }7

0,m
fPa|r< Fggﬁ) TS’” +T|_r|f|:ﬁ;3 CO% }

Using the identification (6.3) and the definition of K-theoretic Carlsson-Okounkov classes, it is
easy to check that

m — m v M "
CO% 70]:<(LB1)[ ]> R op(1), COE ]:L%]&ﬁp(l)'

where P = P(H° (Lg)) = Hilbé3 . Serre duality is used for the computation of CO%"’O] which is
responsible for two dual signs. We show below that difference of extra duals in the Quot scheme
side can be disregarded in our case because S is a K3 surface.

Using the above formulas for reduced class and reduced tangent bundle, we can express

the reduced x_,-genus as an integral

red ["LO} _ [m 0] red
xjy (SB ) o /|:Spn]j| % [Hilbﬁ}red g (Coﬁ ) (TS[m) g(TH |b )

[0,m

with the similar formula for S B | Here g is a power series

(1 —ye™@)
1—e%

8(z) = € Q)[z]

defining the multiplicative characteristic corresponding to the ¥ _,-genus. We want to show that

f [m,0] i . red
/[S[’”]]X[Hilb?}red (COp™) () g(THilbﬁ)

0,m re
g SO sy
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In fact, we show this equality for arbitrary choice of power series

gEeF[], g(0)#0

for some field F. To do so, we define a new power series

- Z+x
= eF .
B0 = g € PO
By definition of g, we have
e ~
—(V®L)=g(V
‘ven=v)|_

for any K-theory class V and a line bundle L. Therefore we can rewrite the claimed equality as

red
8(Tsim ) 8(Tiip)

/[S[m]] « [H“bg}md g(((LEI)[m])\/)

x=h

[m] )

= /[5["1]] . [Hilbg}red §(Lﬁ

red
o 8 Tsm) (T p)

where h = ¢;(0p(1)). Since cohomology class  and a K-theory class T:ﬁiﬁ are pullbacks from
1By
the projection map

s Hilb? — Hilb? |

the above equality is implied by the following equality between two tautological integrals over a

Hilbert scheme of points:

/SM g((@hH)") -g(Tyem) =/ (L") -g(Tg) € F). (6.5)

Crucial to the argument is that S is holomorphic symplectic, hence so is St n particular,

we have T, >~ Ts\[/m]' Together with the fact that S is even dimensional, the left hand side of
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(6.5) is equal to

/S E(5) -8(Ty) = /S EL) 8Ty, (6.6)
By recursive argument of [EGL], there exist a polynomial
P(ui,uz,uz,ug) € F(x)[uy,un, u3,uy)
which only depends on m and g such that
/S B (Ty) =P <c2(TS) Ce1(To)?, 1(Ts).c1 (M) ,cl(M)Z)

for any choice of surface S and a line bundle M. By applying this to our case, the desired equality

(6.6) is equivalent to

P(cz(Ts) ,c1(Ts)?, e1(Ts).c (LBI) ’CI(L§1)2>

— P (Cz(TS) y Cl(Ts)z, Cl(TS).Cl (Lﬁ> 7C1(Lﬁ)2>-

This follows directly from the fact that ¢ (7s) = O for a K3 surface S. This completes the proof.

]

Remark 18. Since the proof in Theorem 17 works for an arbitrary choice of power series g, the

same proof gives the equality between the reduced algebraic cobordism class

[Quots(C!, B,n)] 5 = [Pairs(C', B,n)] 5 € Qu(pt),
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under the same assumption. See [Sh] for the definition of algebraic cobordism class of a

projective scheme with a perfect obstruction theory.

The proposition below allows us to compute the reduced ) ,-genera of Quot schemes,
or equivalently Pair spaces, by choosing a geometry (S, ) where the Pair space is smooth. In
such case, reduced ) ,-genus of Pairg(C', B,n) is equal to the non-virtual X—y-genus which is

computed by work of Kawai and Yoshioka [KY].

Proposition 19. Let S be a K3 surface and B be a non-zero effective curve class of Hodge type

(1,1). Then the reduced y—,-genera

XTS (QUOtS((Clvﬁvn)) = xr—e;j(PairS(Claﬁvn))

depend upon B only through the intersection number B* = 2g — 2.

Proof. By the proof of Theorem 17, we have

red [ o[0,m] . f [m] . . red
w5 )_/[s[m]]x[HnbE]redg(Lﬁ 9 0p(1)) - 8(Tyen) 8 (T0):
where
1_ —Z
g(Z)z%-

Recall that Hilbé3 =P(H"(Lg)) and m = n+ (g — 1). Proposition 12 says that the reduced class

of the Hilbert scheme of curve is given by
[HilbB]™¢ = 1, [P#]

for any linear embedding ¢ of P¢ into the Hilbert scheme of curves. Note that the reduced tangent
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bundle of Hilb is

- ﬁP(I)X(Lﬁ) _ ﬁ%(ﬁs) 1 Op

= Op(1)81! — Op.

Therefore the reduced tangent bundle pullbacks via t to the usual tangent bundle of the g
dimensional projective space

xred

! THilbg = Tps.

All these combined, we obtain

er; (Sglm}) - /[S[ml] X [Pg} E(L%"} i @P’g(l)) - 8(Tgim) - 8(Tie).

Following the proof of Theorem 17, one can compute this integral by applying the recursion
of [EGL] relative to 5. So we conclude that this integral depends only on m, genus g and the

Chern numbers
Cz(Ts) = 24, Cl(T5)2 = 07 C1 (TS)-CI(Lﬁ) = 0, C1 (Lﬁ)z = 2g —2.

This completes the proof. 0

To state the Kawai-Yoshioka formula, we introduce a notation
[m]
(2

for the Pair space Pairg(C', B,n) corresponding to the irreducible curve class B of arithmetic
genus g. Notation is partially supported from the above proposition because the invariant of (Kg[m]

that we consider here depends only on m and g. Under the irreducibility condition on f3, [KY]
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proved that %™ is smooth of dimension m + g which is equal to the reduced virtual dimension

as a Pair space. This implies that
15 (64") = 2} (Pairs(C', B, )

For simplicity of the formula, we use the shifted )_,-genus. Recall that the shifted virtual

X—y-genus is
X—y

Then the Kawai-Yoshioka formula reads
1

m+l-g g—1 _
(t+1=Vy—75)4a

q
1
") =gy /1) (1 =gt/ \/y)(1 = q"t\/y)(1 =" /1))
(6.7)

t

§>0

PRE
U] (I—¢gm)B8(1—gy)(1

This is a specialization to the shifted y_,-genera of the original formula computing the Hodge

S

polynomials. Aty = 1, the above formula is the Jacobi cusp form of weight 10 and index 1
Define the generating series of shifted reduced )_,-genera of Quot schemes, or equiva-

red (Pairg( cl, B, n)).

lently Pair spaces,
red 1
=Y "7 (Quots(C', =Y
nes

Sl[)’
nez

The above discussions sum up to the following corollary
Corollary 20. Let S be a K3 surface and B be a non-zero effective curve class of arithmetic

genus g. Then the generating series
-y
Zg gt
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of reduced invariants is given by the q® coefficient of the expression

1
e

i':

1
P (L=gM)B(1=g"y)(1—=q"/y)(1 = q"\/3/t)(1 =g/ \/y) (1 = q"t\/y) (1 —q" [t \/3)

H:S N.H

Remark 21. Note that Corollary 20 directly implies that the generating series of shifted reduced

X—y genera is a rational function in ¢ variable
7
ZE (1) € QU/H)(0)

which is symmetric under
-1
t<—1 .

We can also obtain the generating series of (non-shifted) reduced y_,-genera

Xred r
Zg (1) HGZZr ¢(Quots(C', B,n))

yg xred
:\/y 5717yﬁ(t\/_)

as the ¢¢ coefficient of the expression

¥8 1

(ty+——y—1) H V(1 —g"y)(1—q"/y)(1 —q"/t)(1 —q"t)(1 —q"ty)(1—q" /ty)

n=1

From the formula, we clearly have the rationality of the non-shifted series

red

Zg 5 (1) € Q) ().
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red

S,1,/3( ) for low genus cases:

Here we record a few computations of

t
C(I=0)(1=yt)’
. (1+y)(1+y2) + (14 18y +y*)t
& (I—0)(1—) ’
(T4 y ) (L+y7*) + (1420y 420y + %) (£ 4y ) 4 (1 420y + 192y* 4 20y° + y* )12
t(1—=1)(1—1y)

(6.8)

6.5 Reduced invariants of Hilbert schemes of points

In this section, we study the reduced )_,-genus of Quots(Cl,n) — Sl for K3 surface
S. Note that the reduced structure on S is defined only for non-zero quotient, i.e. n > 1 cases.

Define the generating series of reduced y_, genera of Hilbert schemes of points

Xre;i red [n
Zs 1 p—olt Z " (S

Recall that the usual obstruction space of S as a Quot scheme is given by

(k)" =~ (64")".
The reduced obstruction bundle
(08)" — O

is obtained by removing one copy of the trivial line bundle from the usual obstruction bundle.

Therefore we can express the reduced x_,-genus of § ") as an integral

re! n e n
x5 = [ S (@) = o) s
e/ n
= /sm p (ﬁs[ - ﬁg[n]) 8(Tgw) (6.9)
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where we used the fact that S is holomorphic symplectic variety for the second equality as in
the proof of Theorem 17. The function g in the formula is again defined as
_z(1—ye™)
g(Z) - 1 —e2 .

By the recursive formula of [EGL], the integral value of (6.9) is identical to any choice of K3
surface S.

Since the answer is independent on the choice of K3 surface, we assume that S is an
elliptic K3 surface with the fiber class f of arithmetic genus 1. Even though St does not involve

any curve classes, we show that the answer can be obtained from the previous section by using

the fiber class. More precisely, we claim that
xSy = xd(Pairg(C!, £,n)), n>1. 6.10)

The proposition below follows easily from this claim.

Proposition 22. The generating series of reduced ) _y-genera of Hilbert schemes of points on a

K3 surface S is given by
(2420y +2y*)t
(=01 —y)

x4
Zgp—o(t) =

red

Proof. We first assume the claim (6.10). The only difference of 75

S 1 ﬁzo(t) with the genus 1

computation in (6.8) is that we need to remove the 19 coefficient. Therefore we obtain

red 2 2
Zg 1 got) = (Hy)(lzy_tt))z(_l;;gyﬂ L —(1+y)
_ (24+20y+2y*)
(1=)(1=yr) -

Now we prove the claim (6.10). Denote the Chern roots of @[g"] by uy,...,u, with u; =0.
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Using the splitting principle, we can rewrite the equality (6.9) as

n

red ¢ o[n]y _ u
25" = [ T s o) (6.11)

On the other hand, the proof of Proposition 19 for the genus 1 case reads
. e
w5 (e 1m) = /[sw}x (1] §(L£?] X Opi (1)) - 8(Tg) - 8(Tr)-

Denote the Chern roots of Lgfl} by vi,...,vy, and let h = ¢;(Opi1(1)). Then the above integral can

be rewritten as

nohtvi g(h)?
/sln H g(h+vj) . g(0) -8(Tgin)- (6.12)

By integrating over P!, this is equal to

" h4v; g(h)2
/S[n] (Vll]gg(thw) " 2(0) ) 8(Ts)

Note that

nyr htvi 'g(h)z_ 1, 8(h)? T Vi Y] n h4-v;
M S = (%) T+ ( ]th+v,>

i=1

=2gM. Vi 0 v [ 8Wi) —vig'(vi) V;
28" ] )+g Z( g(v)? I1 ( .)>

i=1 g<vi i=1 JFi 8\Vj

=

where we defined g(¥) by

2(2) = 89 gz g@2 1 ...

Therefore the reduced y_,-genus of Pairg(C!, f,n) is

s - i'8 (Vl) Vi
/S[n] <2g(1) ',Eg@, ,; ( l) Hg(vj)>> -8(Tgm) (6.13)

J#i
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This is a tautological integral on S " with the insertion Lgf}. By [EGL], there exists a polynomial

P(x1,x2,x3,x4) that only depends on n, g such that the integral (6.13) is equal to

P(Cz(TS) , C1 (TS)Z, Cl(Ts).Cl (Lf) ,C1 (Lf)z).

Since ¢ (Ts) = 0 and ¢ (Ly)? = 0 from the fact that S is an elliptic K3 surface with a fiber class
f, we may replace Ly by Os. By doing so, we conclude that the integral (6.13) is unchanged
if we replace vy, ..., v, with the Chern roots of ﬁgz}. In other words, the reduced ) _-genus of

Pairg(C!, f,n) is

O o - —ulg(u,-)_ w \\
Ji <2g rmats Z( wp 1 <»fj>>) o)

J#i8

Using the fact that u; = 0, this further simplifies to

0 8lu) —ur-g'(ur) Uj Uj
/sw (g g(u1)? ,I;éIl 8(uj) ) s /S[” ]I_Izg

This matches with the integral (6.11), hence completes the proof. [

Remark 23. Since the proof of Proposition 22 works for arbitrary choice of the power series

g€ (FI)

the same proof yields the equality between the reduced cobordism class
n d . d
[S[ }]g* = [Pa|r5((Cl,f, )]g € Q.(pt).

This chapter is, in part, being prepared for submission for publication. The dissertation

author was the primary investigator and the author of the material below.

e Woonam Lim “Virtual ) _,-genera of Quot schemes on surfaces ”
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Chapter 7

Rationality of descendent series

In Chapter 5, 6, we have studied virtual (reduced) Euler characteristics and y_,-genera
of Quot schemes. Main outcome of the study is the rationality of the generating series of such
invariants for Seiberg-Witten classes of length NV. Note that all these invariants are integration
across the virtual (reduced) classes of certain cohomological classes defined by virtual (reduced)
tangent bundles.

In [JOP], the authors suggest more general framework for rationality of Quot scheme
invariants. Specifically, they conjectured rationality of homological descendent series which
they prove for punctual Quot schemes. It was commented in [AJLOP, Remark 18] that the same
argument with the proof of [AJLOP, Theorem 1] gives a proof of rationality of homological
descendent series for curve classes of Seiberg-Witten length N. We explain this in Section 7.1.

Refining the work of [JOP] using the K-theory, [AJLOP] studied K-theoretic descendent
series. As a main result, they prove the rationality of K-theoretic descendent series for Seiberg-
Witten classes of length N. In section 7.2, we study the generalization of K-theoretic descendent

series by including A_yQVir factor following the comment in [AJLOP, page 4].
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7.1 Homological descendent series

Define a homological descendent series

[n] [n] vir
SN B q | «, k YEZ /Quots N B v1r Cky (al ) Ck[(aﬁ ) (TQUOts((CN,ﬁ,n)> . (71)

When there is no descendent insertions, i.e. £ = 0, this specializes to the generating series of
virtual Euler characteristics. Note that one can define the similar series using Chern character
insertions instead of Chern classes. These parallel theories are related by the universal polynomial
expressing Chern characters by Chern classes and vice versa. In particular, rationality question
is equivalent for either convention. We take Chern class convention because it has the advantage
of being multiplicative.

To work with multiplicative characteristics, we form the master homological descendent

series using the Chern polynomials rather than Chern classes of fixed degrees:

H

Z;NB (g,x|a) : Z /

] . (] . vir
= QuotS N B o) Vlr Cx, ((Xl ) . Cxe(aﬂ ) C<TQuots((CN,ﬁ,n)> . (7.2)

We recover (7.1) for each k by taking derivatives of the master series

(7.3)

3 (AN (2 e
Zinpale) = | o 3 Zin (4, ]g)i_

For the rest of the section, we suppose that 8 is of Seiberg-Witten length N. Note that

the series (7.2) corresponds to the general series (2.1) with the choice of

F:Q<X1,...,XN), fs(Z):l—l—XsZ, g(Z>:1+Z
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Therefore the structural formula (4.10) reads

ZT H ( x m| a) — qfﬁ,KS AK% 'HBSKS.CI((XS)
S

sn.p\4
ﬁz ﬁlC s ﬁlﬁ
)3 HU " HV R § A\

B= ﬁ1+ +ﬁN i<j
Vﬁl_
where
A_Hﬁ(l—sti)rs_ H; +wy, I 1 +H;, —H;
ot (1 xswi)’s ike[N] I+ Hi+w ,i!é"[zzv] e
1,02
N N 1
. r + ) ,
iIJ ;S l—xs Z’(l—H —wy,  Hi+wg
V=TT 1 '11!11+H,+wk' 1 Hy — H; H; —Hy
VN (=X H) oy Hitwe g 1+Hy—H 1 +H;—Hy
i'€[N]
N —1
Z” X i < 1 1 )
- 1 —xH N —Hi—wy  Hi+wg
1+H;—H; 1+H;—H,
W; ;= +._l i 210 l

for change of variables

1
= I;I (1 —xH;

(7.4)

(7.5)

(7.6)

To show rationality of Z S N B(q[ a,k), we analyze the above universal series and the
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change of variables. First, observe that all the universal series are rational functions
A 9 Ui 9 Wl'.,j 9 BS 9 Vi,s 6 Q(&a&)(HhaHN)

As we have seen in various calculations in Chapter 5, it is desirable to have symmetry in variables.

Even though individual universal series are not necessarily symmetric in Hy,...,Hy, we can
) t.H .. . . ) .

write ZS7 N.B (¢,x| @) as a combination of symmetric ones. More precisely, it can be written by

using the symmetrized summations permuting the curve classes

1
|Stab|

Z (AKg ‘ H st.cl(as) ‘ H Uiﬁao)-Ks _ va;f(i)-cl (&) waj(i>ﬁ6<'j>> (7.7)

oESy i<j

where |Stab| is the size of the stabilizer group fixing (B, ..., Bn).
We work more generally by considering a function R that satisfies the following condi-

tions:

l.Re Q(&K)(Hl, "7HN),
2. no poles at the evaluation x = w = 0, (7.8)

3. symmetric in variables Hy,...,Hy.

It is clear from the formulas (7.5) that every universal series satisfies the first two conditions.
The symmetrized summation (7.7) further satisfies the third condition. Based on the derivative
formulation (7.3), the following lemma proves that Zg' N (q| @, k) is rational in the g variable if

the curve class f3 is of Seiberg-Witten length N.

Lemma 24. Let R be a function satisfying the conditions in (7.8). Let Hy,...,Hy be formal

power series in the q variable with coefficients in Q(x,w) defined recursively from the equation
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and the initial condition in (7.6). Then we have

1 o\ /oM
kl!---kg!'<8_x1> (87) i

€ Q(q)

x=w=0

for arbitrary k.

Proof. Proof consists of two steps. First, we prove that the conditions (7.8) are preserved by

taking arbitrary number of derivatives with respect to xi,...,xy. This reduces the proof to the

case with kK = 0. We do this in the second part of the proof.

For the first part of the proof, we apply the chain rule

JR
o0x;

oH,;
oxg

N
= 8X‘YR+ Z&HIR-
i=1

In the above formula, partial derivative notations with subscripts, as in dy,R and 8HI.R, denote

partial derivatives while considering x, w and H as independent variables. On the other hand, frac-

tional partial derivative notations, as in a R and aH’

, denote partial derivatives where Hy,...,Hy

are considered to be functions in the variables x, w and g. It is clear that d,,R satisfies all the

conditions in (7.8). Note that dy R is a rational function without poles at x

transforms to aH ) R under the permutation ¢ of Hy,...,Hy.

8H,

To analyze 5, we introduce a function

—H — Wi

N
P()_C,E,H) ::H(l—xs kI_Il H— W Q(L%H)

Then the equation (7.6) can be written as

g =P(x,w,H,).
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Taking partial derivatives by x; to the above equation yields

0= 0,,P(x,w,H;) 4+ duP(x,w,H;) - %

from the chain rule again. This gives the formula

OH;  9,P |
a_xs = —ﬁ(&mHz),

expressing % as an explicit rational function in variables x, w and H;. Since P has no poles at

x=w =0, so does 3Hf.
X=w X

In conclusion, we have shown that

JR N P
— =0d.R-Y odyR- = H;
axs Xs l:Zl H, aHP ()_67 Ma l)
satisfies all the conditions in (7.8). We used the summation over i = 1,..., N and the transfor-

mation rule for the summands for the third condition. By repeating the argument, we show
that conditions (7.8) are preserved under taking arbitrary number of derivatives with respect to
X1yeen s Xy

For the second part of the proof, we show that

Reow.Hy,.. Hy)| € Q(g).

We perform two specializations x = 0 and w = 0 one at a time. Recall that

Hy,...,Hy € Q(x,w)[q]

are solutions to the equation

q=P(x,w,H) (7.11)
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with distinct initial conditions at ¢ = 0. We first show that the equation and the solutions behave
well under x = 0 specialization. More precisely, we show that coefficients of the H;’s have no

poles at x = 0. Furthermore, x = 0 specializations of the solutions

are solutions to the x = 0 specialized equation

—H—Wk

N
=PO,w,H) =
q=P(0,w,H) kH]l—H—wk

with distinct initial conditions at ¢ = 0 as before. This can be checked easily by induction on the
degree of g for each H;. By the initial condition in (7.6), the constant term of the g power series
expansion of H; is given by

Hl' = —Wj.
q=0

This clearly has no poles at x = 0 as a rational function in Q(x,w). Suppose for the induction
hypothesis that coefficients of H; up to degree p — 1, for some p > 1, have no poles at x = 0.

P
Recall that the p’th degree part of H; is recursively determined by taking the derivative <%)

followed by the evaluation at ¢ = 0 to the equation (7.10) which yields

(30) ¢

Here the lower order term is a polynomial in

PH.
:8HP<)_C7E7 _Wi)' o',

a—p’ + (lower order terms).
q=0 g

q=0

0"H;
dq”

aﬁp(& w, _Wi)7
q=0

for 1 <u < pand1 <v < p. By induction hypothesis, the lower order term is a rational function

with no poles at x = 0. Therefore we only need to check that dy P (x, w, —w;) is a rational function
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which is non-zero at x = 0 so that we can divide. Explicit calculation using the definition (7.9)

gives

L -2 (1 equw).

duP(x,w, —w;) =
(6w 2 H(l—i—xswi)rs k#l%—wi—wk

s
This proves the first claim that H; is a power series with coefficients in rational functions without
poles at x = 0. Furthermore, since x is independent on the variable g, the above procedure
shows the second claim that x specializations of Hy,...,Hy are solutions of the x = 0 specialized
equation.

To finish the proof, we need to show that

S(w.z1,..w)| € Q)

w=

where we use the simplified notations

Zj ::Hi ) S(wvzlw"aZN) = R(Q7E7Z17"'>ZN)'

x=0

From the previous argument, z1, ..., zy are solutions of the equation

with the initial condition

Zi(C[ = 0) = —W;.

Note that the conditions (7.8) on R implies that S € Q(w)(zy,...,zn) iS symmetric in variables
Z1,.-.,2y without poles at w = 0. Let ¢; be the elementary symmetric polynomials in zy,...,2y
with a sign (—1)’. Since S is symmetric in z1,.. ., 2y, there exists T € Q(w)(e1,...,ey) without
poles at w = O such that

S(MZI;---,ZN) :T(W7el7"'7eN)-
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By rewriting the equation as

N N
(z+we) —q[JGz+wi—1) =0,
k=1 k=1
we obtain the equality
N N N
(z+wg) — H(z-l—wk—l):(l—q) H(Z_Zz)
k=1 k=1 i=1

=(1-q) (M+ed " +ed T+ +en).

We used the factorization with respect to the roots and definition of the signed elementary

symmetric polynomials. From this formula, it is clear that

ei € Q(w)(q)

without poles at w = 0. Therefore we conclude that

T(V_Vaela'“:eN) GQ(Q)

This completes the proof. 0

7.2 K-theoretic descendent series

Define a K-theoretic descendent series

Zinplalak) =Y ¢" XV“(QUOtS(C B.n), AN (08 - 0 AN () ®A,y§zgflot)
nez
(7.12)
where €1,...,€& are £1. For the ease of the notation, we omitted dependence on the vector of

signs € in the notation of generating series. This definition generalizes some of the virtual K-
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theoretic series that have been studied before. When there is no descendent insertions, i.e. £ =0,
this specializes to the generating series of virtual ¥ ,-genera. On the other hand, when y =0
and & = --- = & = 1, this specializes to K-theoretic invariants studied in [AJLOP]. However, it
was already noted in [AJLOP] that the same method of theirs works for this generalization.

Even though homological descendent series and K-theoretic descendent series are defined
by different structures of Quot schemes, essentially the same method applies to both cases. Ra-
tionality statement for K-theoretic descendent series can be seen analogously to the homological
case after the extra exponential change of variables. This is not unexpected because K-theory
and homology are connected via Chern character map. The exponential change of variables were
already seen in the study of virtual y_,-genera in (5.4).

To work with multiplicative characteristics, we form the master K-theoretic descendent

series using the total wedge products with formal variable xy, ..., x;:
Zinpla:xl ) = X ¢ 20" (Quots(CY. B, A (0" -+ A () 9 A=, Ol )
ne

(7.13)

We recover (7.12) for each k by taking derivatives of the master series

K _1.8k1...iﬂ<

By virtual Hirzebruch-Riemann-Roch formula, we can express the master K-theoretic descendent

x=0

series using the integrations over the virtual fundamental classes:

T.K
ZSN B (q Xl o /QuotS v1rS1—ICh€€ ( ) ch <A_YQ8fjot> td( (Silrot)

nEZ

(7.14)

For the rest of the section, we suppose that 3 is of Seiberg-Witten length N. Note that
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the series (7.14) corresponds to the general series (2.1) with the choice of

z(1 —ye‘z)'

F:Q(-x17~"7-xN7y)7 fS(Z): 1_|_xsesfz, g(Z): 1—e*

Therefore the structural formula (4.10) reads

K —p. 2 Kg.c1 (0
Z;,Nﬁ(q,)_c;ﬂ|g):q ﬁKS-AKS.HBsSH(Oﬂ)
B S

Bi-K. Bi-c1(a) Bi-B;
SW(B)-TTUs - [TV ™ - TIwi5™  (7.15)

B=B1++Pn i is i<j

where

A— (1 )NHfVI(]‘+x568SHi)rS H l_e*Hi*Wk H 1_ye—Hi1+Hi2
i[,izG[N]

ﬁ Z SS.XSe_SSHi + Z ( €_Hi_wk +y€Hi+Wk >

. Foo 5787 o ,

l:1 s s 1 +x_§‘e_8SHi k:] (1 —yeHl+Wk)(1 I e_Hi_Wk)

1 1 N 1 —ye_Hi_Wk 1— e_Hi/+Hi 1— €_Hi+Hi/
Ui - 1 H 1 —&H;\rg H 1 —H;—wy, ) 1 “H,+H;, 1 —Hi+H,
IR A = R p L —ye Mt L — yer it
i'€[N]
Ssxse*‘?sHi N e Hi=wi _|_yeH,-+Wk -1
. er . —1 “eH, + Z (— 1 Hwey (1 —H—wr ) ,
s +xse R (1 —yellitwe) (1 — e~ Hi=wx)
_1—ye HitHj | _ ye=Hj+Hi
BT e HiH ] g Hy
N Ew
1 4 x5e5"k
B. =
S kl;ll 1 +xse—£ng7
Vl,s =14+x €7£°H’,
for change of variables
1 N | _ oHitwi
= . with H;(g=0) = —w;.
! I:I (14 xe=&Hi)rs kI:[1 1 — yeHitwi ilg=0) Wi
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Now we use the following exponential change of variables as in (5.4)
el

= Z, e"k = Ig.

We record the universal series with respect to this extra change of variables

(14xz; ®)"s 1—z g ! 1—yz 'z
1_ NHH 1+;St ) ) H 1 l k 1' H 1 —11 :

i ke[N] I %y Siy
i1,i2€[N]
N Exyz; N i 4z I
11 erl +Z< 1 5 1— 7171> 7
i=1 \U's +x2, 0 5 ( f )( z t)
| —1

Ui=——I

1=y (1+xsz &)rs

N o[y —1 -1,
g e
e —1 -1
=1 =g v 1=y 1=-yg g
i'€[N]

-1
—& N —1,—1
£5X5Z; Z Lo yml
(er—l&_“Z(_ “1.-1 ltl)) )
k

S 1+ xgz; k=1 (l—yZi I )(I_Zi

l—yz; 'z; 1—yz: 'z
Wi j= 1 11 L —]1 l’ (710
—Z; Zj 1 Zj Zi
N xt
B, = i ks )
=1 1+ x5z,
Vis = 1+xsz;£s’
and
oM T2 v =0 an

It is clear from the formula that

A7 Ui ) Wi,ja BS ) Vi,S € Q()_Caz)(y)(zh“"ZN)'
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By the symmetrization method as in the previous section, we can write

K
Zgnp(a:xl@)

as a summation of functions R satisfying the following conditions:

1' R 6 Q('X’Z)(y)(zlﬁ A 7ZN)7
2. no poles at the evaluationx =0, r =1, (7.18)

3. symmetric in variables zp,...,zy.

Then the rationality statement

Ziy plalo.k) € Q(y)(q)

for curve classes 8 of Seiberg-Witten length N follows from the lemma below.

Lemma 25. Let R be a function satisfying the conditions in (7.18). Let z1,...,zy be formal
power series in the q variable with coefficients in Q(x,t)(y) defined recursively from the equation

and the initial condition in (7.17). Then we have

1 2 \" a \™
klx---kg!'(axl) (a_x) R

cQ)(q)

x=0,r=1
for arbitrary k.
Proof. Proof is identical to the proof of Lemma 24. [

This chapter is, in part, being prepared for submission for publication. The dissertation

author was the collaborator and the coauthor for the material below.

e Noah Arbesfeld, Drew Johnson, Woonam Lim, Dragos Oprea, Rahul Pandharipande “The

virtual K-theory of Quot schemes of surfaces”
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Chapter 8

Virtual Segre/Verlinde series

Let S be a smooth projective surface and o € K°(S) be a K-theory class. We define the

virtual Segre and Verlinde series, respectively, as

Ssvplala):=Y g / m(a“’b, @8.1)

neZ Q“°t5
Vsnplgla): Z g 1" ( QuotS((CN B,n), deta[”]). (8.2)
nez

Motivated from the parallel theory for non-virtual geometry of Hilbert schemes of points, we
study the virtual Segre/Verlinde correspondence and algebraicity.

In section 8.1, we prove the virtual Segre/Verlinde correspondence up to change of
variables for Seiberg-Witten classes of length N. The correspondence is simpler than the (non-
virtual) Segre/Verlinde correspondence for Hilbert schemes of points in the following sense.
First, it involves the same rank of the input « for both virtual Segre and Verlinde series. Second,
the change of variables are significantly simpler. For example, it it implies the perfect match of
the virtual Segre and Verlinde series for puntual Quot schemes up to a sign.

In section 8.2, we prove that the virtual Segre and Verlinde series are algebraic functions
for Seiberg-Witten classes of length N. As a result, we conjecture the algebraicity without the

assumption on the curve class.

121



8.1 Virtual Segre/Verlinde correspondence

For this section, suppose that 3 is a curve class of Seiberg-Witten length N. Note that the

Segre series (8.1) corresponds to the general series (2.1) with the choice of

Therefore the structural formula (4.10) reads

Ssvp(gw|a) =g P A B,y sw(p) TTUFS TTvP ) TTw”

B=Pi++By i<j
VdBi:O
(8.3)
where
N1+ w;) 1 A . |
A= e (H; 4+ wy) + )
E(l_Hl) lkIEI[N} 1113}1.2 Hil_le II:II l_FIZ ]§1Hl+wk
i1,02€[N]
Moo X
U=>010-H)"- Hy—H;)(H;—Hy) -
1 ( l) kI:IlHl—i_Wk l/r?éll( 1 l)( l l) 1_H1+I§1Hl+wk )
i'€[N]
1 1
W= . , (8.4)
H;—H; H;—H,
B N o1—H,
1 1—}—Wk7
1
Vi R
1—-H;
for change of variables
N
(—~D)Ng=(—H)" - []Hi+wi) with Hi(g=0)=—w. (8.5)
k=1

Recall that 7 is the rank of & in the above formulas.
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Now we look at virtual Verlinde series (8.2) which corresponds to the general series (2.1)

with the choice of

by application of virtual Hirzebruch-Riemann-Roch formula. In this case, the structural formula

(4.10) reads

Vs p(@ o) =g P AL B, YT swip) TP [TV TTwE”

B=Bi++Bn i i i<j
Vdﬁi:()
(8.6)
where
~ ﬁ e~rHi H H—w H 1 ﬁ i —eHliti
A: = . (1_6_ i_Wk). —_——= " r+ —= y
i=1 € eV iy 1—e MintHi Gy k=1 1 — et
ilviZE[N]
H al 1 Hy+H, Hi+H Al _eﬁiJer -
U=e" || ———— || 0—-e (1 —e "))l r+ )y ——— |
kI:II 1 — e Hi—wi zI’;IL k;l 1 — eHitwi
i'€[N]
~ 1 1
Wij=———— ———— (8.7)
1— e*H[‘I»Hj 1 e*Hj‘FH[
N
~ e
B= =,
U
\7, = e_ﬁ",
for change of variables
_ N _
g=emi. 1 — M) with  Hi(G=0) = —r. (8.8)

We used tilde notations to distinguish them from the virtual Segre series. To simplify the formulas

and compare them to their Segre analogues, we use the following exponential change of variables:
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Mi—1—H, and e ™ =1+w. (8.9)
According to these new variables, we can rewrite the universal series in (8.7) as
N (14 w;) Hi+w ~(1-H;,) & N
A=TT "% . ATk _\ TTh) r ’
H(I—Hi)r H —(I—Hi) H H; —H,; H a H+Wk

i1#0p Lo i=1 =1
i1,i2€[N]

—1
N _(1—H) Hy—H; H;—H;y - —(1-H)

U= (1—H;)" i = Aol P I
( ) kI;Il Hi+wy [l —(1—Hy) —(1—H) (r kg’l Hi~+wi

i'Ai
i'€[N]
~ 1-H; 1—H;
W, ;= ) L (8.10)
Y Hi—H; Hj—H;
N
~ 1—H,
B= ,
kl:ll 1+Wk
~ 1
Vi - )
1—H;
and the change of variables (8.8) as
N N
(1+wy) - H (H;+wy) with Hj(g=0)=—w;. (8.11)
k=1 k=1

Based on the above computations, we compare the virtual Segre series and virtual
Verlinde series. Note that we intentionally abused the notations wy, H; to denote the variables for
Segre side and the variables for Verlinde side after the exponential change of variables (8.9). To

do this more precisely, we first need to identify the equivariant variables
Wl?egre _ Wzlerlinde —. efﬁk -1

and use w; ambiguously for both. Second, we further equate the counting parameters

N
H (1+wy) (8.12)
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From the change of variable formulas (8.5) and (8.11), these identifications then imply

Hi

HSegre — Hi\/erlinde =:1—e¢

1

hence we use H; ambiguously for both. Under these identifications, the formulas in (8.4) and

(8.10) imply that some of the universal series are in perfect match

However, not all universal series match as we have

U; W, 1
Tl: -1 N-1 1_Hi/ , Nl7] —
o, 0 G )

that are not equal to 1 if N > 1. We can rewrite these discrepancies as relations between universal

series:

U; N
=L = (—I)Nil H(l +Wk) . B'Vi,
U; k=1

bV,

This proves the virtual Segre/Verlinde correspondence for Seiberg-Witten classes of length N.

For punctual Quot schemes, the only universal series involved in are A and B. Therefore

we have

Ssn.p=0(q,w| @) =Vsng—o(q,w|a).

Note that both A and B have no poles at w = 0 and are symmetric in Hy,...,Hy. By taking the

limit w=0, or equivalently w = 0, we obtain the equality for non-equivariant series

Ssnp=0(q| @) =Vsnp—o(q|a).
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Here, the counting parameters are simply related by

from the formula (8.12).

8.2 Algebraicity of virtual Segre/Verlinde series

In this section, we prove the algebraicity of the virtual Segre and Verlinde series for

Seiberg-Witten classes of length N. Since we have
A,A B, B, Ui, Ui, Vi, Vi, Wi i, Wi ;€ Q(wi,...,wn)(H, ... Hy),

we only need to check that the elementary symmetric polynomials in Hy,...,Hy are algebraic
functions in the g variable after taking the limit w = 0. Therefore, the lemma below proves the

claimed algebraicity.

Lemma 26. Let z3,...,2y be power series in the q variable with coefficients in Q(w) defined

recursively by

N
=1 =z)" | [zi+w) with zi(g=0)=—w;.
k=1
Let ey, ...,ey be the elementary symmetric polynomial in z1,...,zy. Then
e; NS S
g ren],_, € Q]

are given by algebraic functions in q.

Proof. For simplicity of the notations involving signs, we modify the problem by changing the

equation into

::]2

q= (Zi - 1)1‘ (Zz +Wk) with Zi(C] = 0) = —w;

k=1
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and replacing e; by a signed elementary symmetric polynomial (—1)‘e;. These changes do not

affect the claimed algebraicity. We divide the proof into four cases:
r>0, —-N<r<0, r=-N, r<-—nN.
First assume that » > 0. Denote

P(z):=(z—1)"= Zpid 4y,
N

Q@) :=[]G+we) = +q1 "+ +qn.

k=1

Since z1,...,zy € Q(w)[¢] are roots of the polynomial equation P(z) - Q(z) — ¢ = 0, we obtain
the factorization
1 N
P(2)-Q2) —qg=(Z+fi ' +--+f) [[le—2)
i~

=+ ) e T o ew) (8.13)

for some f,..., fr € Q(w)[g]- The second equality follows from the definition of e;’s.

Denote coefficients of ¢ with superscript notations, for example fl.(m) , eg.m). We prove by
induction on m that
e A e Qw)
satisfy the following condition:
N
rational function whose denominators are powers of A := H P(—wg). (8.14)
k=1

For the base case of the induction, we substitute g = 0 for the equation (8.13):
P(z)-Q(z) = (z’+f1(0)zr’1 +- Jrfr(o))(zNJre(IO)ZN*1 4. +€1(\(7)))-
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By the initial conditions z;(¢ = 0) = —wj, it is straightforward to check that

NNyl :ﬁ2+wk Q(z),

k=1

hence

0) erl

7+ 07 4 /9 = p(2).

The m = 0 case of the claim directly follows from these calculations. This also shows that f; and
e are naturally a g-deformation of p; and g, respectively.
For the inductive step, we compare the ¢ !1zV+" " coefficients of both sides of the

equation (8.13) form > 0 and 1 <n < N +r. Clearly, we have
[g" LA (P(z) Q(z) —q> — _1lor0 (8.15)

which satisfies the condition (8.14) trivially. On the other hand, we have

[qm“zN”*"]((zerﬁzr*l+---+fr)(ZN+elzN*1+---+eN)>
=" Y, fie
i+j=n

Y fi(mH)q j —|—e§.m+1) p,-) + lower order terms
i+j=n

where we define pg = fo = g0 = ep = 1 and p~, = f~, = ¢=n = e~y = 0. Note that the lower
(k)

order terms in the above equality is a polynomial in fi(k),e i for some i,j and k < m. By

induction hypothesis, the lower order terms satisfy the condition (8.14). Therefore, we conclude

that
(m 1 (m+1
=Y f g i
i+j=n
satisfies the condition (8.14) for all 1 <n < N +r. Since f0m+1 = e(()mH) =0, we can regard
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the above conditions as a linear system in

FomD gl D) gl (8.16)
whose coefficient matrix is given by a transpose of the Sylvester matrix associated to polynomials
Q(z) and P(z). By means of Cramer’s rule, we conclude that any elements in the list (8.16)
are given by a polynomial in ¢y, ..., cy+, with the denominator given by the determinant of the
coefficient matrix. On the other hand, determinant of the transpose of the Sylvester matrix is a

resultant of the two polynomials

N
Res(Q,P) = H

k=1

hence equal to A. This completes the induction.
Since A specializes to non-zero at w = 0 limit, the g™ coefficients of f; and e; are rational
functions in Q(w) without poles at the specialization w = 0. Therefore we can take w = 0 limit

for the equation (8.13) and obtain

(=1 P —g=E+h| _ 7T+ S

)(zN+e1‘w:OzN*1+~~+eN ).

w= w=0

This clearly shows that

oven|  €Qlg]

64
w=0

w=0

are algebraic functions in the g variable because they are polynomials in the roots of the equation
(z—1)"-zY — g = 0. This completes the proof of the first case.

Assume that —N < r < 0. Then similar method as above shows that

I]_V[ (z4wi)—qz—1)" = +ei VT4 Fey).

k=1
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Therefore ey, ...,ey have no poles at w = 0 and the specializations are given by the formula

N—qz—1)"T"=FN+e| N4 tey
w=0 w=0

and they are polynomials in ¢ variable.

Assume that r = —N. Then we have
N N
7V —q(z—1 _
#:ZN—’—el ZN 1_|_._|_eN
1— q w=0 w=0
which implies that ei‘ o are rational functions in gq.
W:

Lastly, assume that r < —N. Put R := —rand d := R— N > 0. Then we have

N ~
E=Df =g ' TIGc+we) = @+ Az "+ + fumiz+ ) e+ +ew).
k=1

By comparing coefficients of z%,z8~!, ... ZN*1 on the both sides, we show that

fi=—q "+ fi

where

fis--o s fa € Q(w)[q].-

We prove by induction that
()l ) )

are rational functions in w without poles at w = 0 for all m > 0. Base case is trivial. The
induction step 1s similar to the case with r > 0 except that the coefficient matrix is given by the

lower triangle matrix with a diagonal (1,...,1,—1,...,—1) of d number of 1’s and N number of

130



(—1)’s. Hence, we may take the w = 0 limit to obtain

(z—l)R—q_lzNz(zd+f1wzozd_1+---+fd O—q_l)(zNJrelWZOZN_1+---+eNW ).

w= —0

This proves the claimed algebraicity and completes the proof. 0

This chapter is, in part, being prepared for submission for publication. The dissertation

author was the collaborator and the coauthor for the material below.

e Noah Arbesfeld, Drew Johnson, Woonam Lim, Dragos Oprea, Rahul Pandharipande “The

virtual K-theory of Quot schemes of surfaces”
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Appendix A

Multiplicative characteristic of line bundle
twist

In this appendix, we prove lemmas regarding universal structure of the multiplicative
characteristic of line bundle twist. Let f(x) € F[x]] be an invertible power series with coefficients

in a field F'. Recall that this defines a multiplicative characteristic
0 X
1 KO(M) — (H*(M,F))

which is functorial in pullbacks.

Lemma 27. Let f € F|[x] be an invertible formal power series. Then there exist a power series

f(h|cl,C2,...) EF[[l’l,Cl,Cz,...]]

with a following property: Let V be a K-theory class of rank r with the Chern classes {cy }1>1

and L be a line bundle with the first Chern class h. Then we have

f(VQL)= f(h)" f(h|c1,c2,--.).
Furthermore, fonly depends on the reduced power series f*4(x) := %.

Proof. LetV and L be as in the lemma. As a K-theory class, V can be written as a difference
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of two vector bundles E and F. Denote the Chern roots of E and F by {u;}ic; and {v;} ey,

respectively. Then virtual Chern roots of V consist of

{Mi}ieb {@ Vj}jeJ-

Let {cy }x>1 denotes the Chern class of V. Chern roots and Chern class of V are related

by the equation

I +ut)
k;)ckz —H (v y) (A.1)

where we set ¢y = 1. To be more precise, we can express ¢ using {u;}ie; and {v;};c; by

computing the coefficient of X on the right hand side:

1! coefficient: ¢; = Zui—i—Z(—vj),

1% coefficient: ¢, = Zu,lulz—f— Z —vi ) (=vj,) Z”l —vj) Z vj)z,
113512 1135]2 J

We can rewrite these relations by taking logarithm of (A.1):

log(14cit+cot> +---) = Zlog(l + u;t) —Zlog(l +vit)
- -

xSV (xe-x9)).

n>1

By taking ¢ coefficient on the both sides, we obtain

Yl =Y = (=1)"n-["log(1 + et +cat? +-++), n>1 (A2)
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where the bracket extracts the coefficient of the specified monomials. For example, we have

n=1: Zui—Zvj:cl,
i J
n=2:Yu-Y 2= -2c+¢,
i J

If we denote ¢ (L) = h, then virtual Chern roots of V ® L consist of

{uithtier, {©j+th)}jer

Straightforward computation shows

fVeL) = (f(0)" f(VaL).

Write the logarithm of f™¢ as

log f™4(x) Z apx".

n>1

Then we have

log f*4(V®L) Zlogf (ui+h)—Y log f(v;+h)
j

n>1 i J
EeE (30T
> = i J
=r)Y ah"+ Z a i (Z) h”_k<2uf ZV’;)
n>1 n>1 k=1 J
=rlog fn)+ Y a, Zn: (Z) h”*k<ztuiC — Zv?),
n>1 k=1 i j
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and so

i J

v oL = (FOrm) exp (Zl W} (1) (T —Zv’i)) -

Clearly, we have f(0)f™4(h) = f(h). Note that equation (A.2) can be used to rewrite the
exponential part universally in terms of %, ¢y, ¢, ... which only depends on {a,},>1. This proves

the lemma. ]

If one specializes to the case f(x) = 1+ x, then one obtains the Chern class formula of

line bundle twist for a K-theory class.

Lemma 28. Let V be a K-theory class of rank r and L be a line bundle with the first Chern class

h. Then we have
" (r—n+k
(VoL =Y < L )hk-cn_k(V).
k=0
Proof. Let {u;}ic; and {©v;}jcs be a set of virtual Chern roots of V. Straightforward computa-

tion shows

cver) 1 IL(+h+w) L0+ W)
(+n)  (1+h)" TLA+h+vy) [0+ =

Therefore we have

c(VoL) =Y (1+h) " c,(V).

n>0

By taking cohomological degree n components, we obtain

en(VRL) = Z <r_z+k>hk-cn_k(V).

k=0

Now we prove a different version of Lemma 27 involving the equivariant weight.
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Lemma 29. Let f € F|[x] be an invertible formal power series. Then there exist unique set of

associated power series
O wler,ea,...) € F[[werca,...], k>0

with a following property: Let V be a K-theory class of rank r with the Chern classes {cy }r>1

and L be a line bundle with the first Chern class h. Let w be a C*-weight. Then we have

f(VQL[w] th (rlwleci,ca,...).
k>0

Furthermore, f (k) only depends on k and the reduced power series f*4(x) = %.

Proof. Lemma 27 reads
fFV@LW) = f(w)"- fwlei(VOL),e2(V L), ),

if we choose a K-theory class V ® L and an equivariant line bundle &'[w]. Denote the power
series fas

fwler,ea,...) = Z Ay [y W'CT R
n>0
n17n27“'20

By using Lemma 28, we have

(W|C](V®L) 02(V®L Zan{nl} w' HH( l+k”) .hkij.ci_kij(v)
i=1j=1

where summation takes over all possible choices of

I’lZO7 niZO(iZI,Z,...), ngijSi(i:1,2,...,j:1,2,...,n,~)
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with only finitely many non-zero n;’s. Note that
IO—OI ﬁ (r —i+k; j)
i=1j=1 kij

is a polynomial in r of degree ) k;; that is bounded by the exponent of 4. This completes the

proof. [
Lastly, we have the following basic lemma about the equivariant Euler characteristic.

Lemma 30. Let V be a K-theory class of rank r with the Chern classes {cy };>1 and L be a line

bundle with the first Chern class h. Let w be a non-zero C*-weight. Then we have

e(VoLw)=wY h ( Y (r_k’") ko, cm> .

k>0 m>0
In particular, e(V ® L|w)) is invertible in equivariant cohomology.

Proof. Denote the virtual Chern roots of V' as

{uiticr, {©vj}jes.

Then we have

vy iwtuw) o TLw™lw)
(V[ ]) - H](W+V]) - HJ(I‘FWilV]) w—1<V)
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With the line bundle twist, we use Lemma 28 to obtain

e(VRLw])=w"-c,1(V®L).

=w" Y we,(VeL)

n>0
—n+k
=w"- Z w”(r nt )hk-cnk
n>k>0 k
=w- Z (r B m> wikfmhkcm.
m,k>0 k
This completes the proof. [

Remark 31. For later use, we denote the power series appearing as a coefficient of /* in Lemma

30 by
r—m\ _,_
e(k)<r|W|C17C2,...>:_— 2 ( . )w k=m .

m>0

Since coefficient of ¢, is polynomial in r and rational in w, we have

B (rlwlcr,ca,...) € QW) [er,ca,- ]
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