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Abstract

Improving Wavefunction Efficiency by Tessellating Correlation Factors and Coupled
State-Specific Optimization

by

Beatrice Van Der Goetz

Doctor of Philosophy in Chemistry

University of California, Berkeley

Professor Eric Neuscamman, Chair

Rearranging chemical bonds is chemistry. Simulating chemical reactions is an expen-
sive and complex process, and is necessary to understand the photochemical reactions that
drive processes like chemical light-harvesting. The electronic many-body physics describing
the bonds that participate in these processes becomes complicated and expensive even on
modestly sized molecules, and computationally affordable approximations can qualitatively
fail. One approach to this problem relies on devising compact and expressive wavefunction
forms that are simple enough to be efficiently computed yet complex enough to capture the
subtleties of many-electron physics.

Due to their relaxed integrability conditions, position-space Quantum Monte Carlo meth-
ods permit the use of flexible wavefunction components like Jastrow correlation factors that
can be used to exactly express wavefunction cusps, which are otherwise difficult to describe.
As many existing factors used in these calculations focus primarily on short-range or gen-
eral correlation effects, we aim to augment the library of real-space correlation factors by
developing one designed to handle the strong electronic correlation of bond-breaking. These
factors do this by accounting for correlations between populations of electrons in different
pockets of space using a set of indicator-like functions fashioned into a tessellation of Voronoi
cells. These Voronoi cells can be automatically constructed around atomic coordinates or
further tailored to the chemical system, as the math describing them is flexible enough to
allow more subtle intra-atomic subdivisions and curved interfaces. In simple test systems,
this factor is able to correctly cleave chemical bonds when applied to a single-determinant
reference, and the resulting wavefunction is competitive with highly-accurate but expensive
methods.

Just as wavefunctions can be limited by their functional form, so too they can be limited
by the definition of their reference point. Many excited state methods are based on a linear
response formalism, in which excited states are generated in the language of perturbations
applied to a fixed ground state. When the wavefunction qualitatively changes upon elec-
tronic excitation – as they do in charge-transfer states and core excitations – these methods
can fail to predict excitation energies with errors on the scale of several electron-volts. Op-
timizing molecular orbitals for individual excited states is one particularly efficient way to
make the necessary zeroth-order changes to capture these states, but these state-specific
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methods can suffer from instabilities in their optimization. One particular benefit of this
state-specific approach is that these tailored orbitals naturally compress the wavefunction,
but in certain cases, the ground state can interfere when minimal representations of the
excited state are sought, ultimately causing variational collapse. We show that this collapse
behavior occurs in two different state-specific approaches, and show how this arises from an
inadequately-modeled avoided crossing, and argue that orbital-CI coupling plays a key role
in its prevention.

Newer excited state methods have also seen the use of target functions, where functions
of the energy such as the square-gradient magnitude are minimized in place of the energy
in order to stabilize state-specific optimization by transforming saddle points on the energy
surface into minima on the target function surface. While pilot implementations of square-
gradient-based optimizers for the Excited-State Mean-Field (ESMF) wavefunction are able
to obtain state-specific orbitals at low cost, these are still new and have yet to benefit from
numerical accelerations, limiting their use. For instance, while stable, the quasi-Newton
optimizer in the ESMF-GVP implementation uses no Hessian preconditioner, and while
stable to variational collapse due to its inclusion of orbital-CI coupling, is much slower
relative to the occasionally-unstable ESMF-SCF implementation. Using the exact Hessian
and full Newton-Raphson optimization as a benchmark, we explore a variety of Hessian
approximations, and find that an approximate diagonal Hessian can accelerate the ESMF-
GVP square-gradient minimization to match the speed of the gradient-only ESMF-SCF at
mean-field cost-scaling while resisting variational collapse.
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1 Introduction
Characterizing chemical reactions is at the heart of quantum chemistry. Many stable molecules
are modeled well-enough by existing theory, and quality thermodynamic information for
these systems can be routinely obtained.3 While the molecular-electronic problem is not
completely solved, chemical dynamics asks much more of theoretical methodologies.4 In
contrast to thermodynamics, which principally considers the endpoint structures of a given
reaction, chemical dynamics involves simulation and characterization of molecules during a
reaction process. The heavily strained – even broken – chemical bonds that appear in these
transformations provide a challenge for more conventional methods that are primarily tuned
for equilibrium chemical systems. Accurately simulating chemical reactions for even small
molecules can require quality potential energy surfaces that can most reliably be obtained
by expensive multi-configurational theories.5–11

As chemical bonds are stretched or twisted, complex many-body quantum correlation
effects start to appear. For instance, electronic repulsion separates electron pairs into a su-
perposition of correlated spin states between the two product fragments. Mathematically,
these open-shell states can be represented by a multi-configurational wavefunction that fully
maintains physical symmetries. Due to the high cost of fully including this correlation in
the general case, this straightforward approach is often sidestepped in routine calculations
in favor of approximate methods that break symmetry12–16 with the hope that it can be
later recovered. In the first part of chapter 1, we review the standard mathematical frame-
work of many-body quantum mechanicals, and discuss several classic examples of electronic
correlation as it manifests in chemical bond-breaking.

While breaking chemical bonds is an extreme physical example, and simpler cases of
bond-breaking can be described in an ad hoc framework, corrections of this form can be
difficult to generalize to more complex systems. On the other hand, formally exact methods
can have trouble representing or finding necessary wavefunction components at reasonable
cost, and often scale exponentially with the size of the system.17–20 Finding alternative
functional forms that can efficiently describe electronic correlation at low cost-scaling thus
remains a worthy goal. The second part of chapter 1 introduces the flexible formalism of
real-space Monte Carlo methods, and in chapters 2 and 3, we explore a wavefunction factor
designed to correlate total electron counts between spatial regions that takes advantage of
this flexibility. This is done in the language of spatial Voronoi partitions, and we show
how the inclusion of these correlation factors can accurately and affordably describe the
correlation of bond-breaking processes.

Electronic excitations can also require careful theoretical treatment, as excited states are
often constructed around reference wavefunctions tuned solely for the ground state. This
ground-state reference is especially unsuitable when there is a substantial migration of charge
upon excitation, and can confound even expensive and otherwise accurate methodologies that
do not adjust this reference.21 In time-dependent density function theory (TD-DFT),22–24
the most popular excited state method, adapting this ground-state reference for the excited
state is an involved process, and requires extension of the underlying linear-response the-
ory25–28 and functional approximations.28,29 Wavefunction-based methods have made effort
to address this with state-averaged30 and state-specific31,32 approaches, yet do so through
a non-linear orbital optimization problem that comes with its own fundamental complex-
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ities. While recent advances in ESMF theory33–37 have greatly improved the stability of
these excited-state orbital optimization procedures, its implementation has yet to benefit
from numerical accelerations and careful stability analyses necessary for their routine use.
In chapter 4, we identify an instability unique to this optimization process that appears in
a surprisingly simple molecular example, and show that a coupled optimization algorithm
that avoids these instabilities can be accelerated to compete with a cheap but less-stable self-
consistent field approach. This numerical acceleration is implemented as a Quasi-Newton
Hessian preconditioner and is derived from and compared to results from analytical Hessian
expressions.

1.1 Quantum Mechanics

Classical electrons do not form a bound molecular system,38 and so must instead be described
by quantum mechanics using a many-body electronic wavefunction:

Ψ(r1, . . . rn), (1.1)

For our purposes, this wavefunction can be understood as a direct precursor to a many-body
density distribution:39,40

ρ(r1, . . . , rn) = |Ψ(r1, . . . , rn)|2 (1.2)

Physical attributes of our state – energy, properties, interactions – can be obtained as ex-
pectation values of physical operators on the normalized wavefunction:

O[Ψ] =

∫
dr1· · ·

∫
drnΨ(r1, . . . , rn)OΨ(r1, . . . , rn)

/∫
dr1 . . . drn|Ψ(r1, . . . , rn)|2 (1.3)

These physical operators are defined by direct analogy to classical formulae and are iden-
tical with the notable exception of the momentum,40 which is now written as a differential
operator:

p = −i~∇ (1.4)

As these operators are linear, expectation values can be written as a bilinear form in what
is known as bra-ket notation:

O[Ψ] =
〈Ψ|O|Ψ〉
〈Ψ|Ψ〉

(1.5)

which is a unified notation to describe the abstract linear spaces used so often in quantum
mechanics: the ‘ket’, |Ψ〉, can be thought of as a vector; the operators O as linear operators
in this space; and the ‘bra’, 〈Ψ| as linear functionals.41,42

In direct analogy with classical Hamiltonian mechanics, the Hamiltonian operator is used
to obtain the electronic energy of the system:39

E =
〈Ψ|H|Ψ〉
〈Ψ|Ψ〉

(1.6)

and is particularly important since it defines the system’s dynamics, as in the time-dependent
Schrödinger equation:

−i ∂
∂t
|Ψ(t)〉 = H |Ψ(t)〉 (1.7)
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The time-dependence of a quantum state can be thus be described by an exponential prop-
agator applied to some initial state:

|Ψ(t)〉 = exp (−iHt) |Ψ(0)〉 (1.8)

Eigenfunctions of the Hamiltonian operator exhibit trivial time-dependence as an oscillating
phase factor e−iEt and their density distribution remains stationary over time.41 Analy-
sis of quantum systems thus often begins by identifying these eigenstates, as in the time-
independent Schrödinger equation:

H |Ψ〉 = E |Ψ〉 (1.9)

These stationary states can also be framed as stationary points of the energy functional with
respect to some parameterized description of the state:

∇pE(p) = 0 ↔ H |Ψ(p)〉 = E |Ψ(p)〉 (1.10)

which is the foundation for variational algorithms that search for these states in a wide
variety of methods.19,41,43–45

In atomic units, the Hamiltonian for molecular electronic systems is written:43

H ({ri}, {Ri}) = −
∑
I

∇I
2

2MI

+
∑
I<J

qIqJ
|RI −RJ |

−
∑
i

∇i
2

2
−
∑
iI

qI
|RI − ri|

+
∑
i<j

1

|ri − rj|
(1.11)

As the mass scales of electrons and nuclei differ by a factor of nearly 2000, the electronic
and nuclear degrees of freedom are often separated. This is done according to the Born-
Oppenheimer approximation46 in which the nuclear positions are fixed parameters and the
first term, the nuclear kinetic energy, is dropped:

HBO ({ri}; {Ri}) =
∑
I<J

qIqJ
|RI −RJ |

−
∑
i

∇i
2

2
−
∑
iI

qI
|RI − ri|

+
∑
i<j

1

|ri − rj|
(1.12)

Electronic energy of the system is obtained as a function of the fixed nuclear coordinates:

E({Ri}) = 〈Ψ({ri})|HBO({ri}; {Ri})|Ψ({ri})〉 (1.13)

Though this approximation is accurate in a wide variety of molecular systems, and this
electronic surface can serve as a potential energy surface on which nuclei move, breakdowns
in this approximation can and do occur to great effect in chemical reaction processes.4,5

1.2 Electronic Wavefunctions

Electrons belong to a class of particles known as Fermions, and as Fermions, exclude other
electrons from occupying the same quantum state.47,48 This property is responsible for
the volume-occupying nature of matter.49 The electronic wavefunction is a function of both
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spatial electronic positions and quantum spin state, and is the differential probability density
of a particular spatial and spin configuration of electrons.

|Ψ(r1, . . . , rn)|2 = P




electron 1 located at r1

electron 2 located at r2
...

electron n located at rn


 (1.14)

Individual electrons are physically indistinguishable, which is reflected as permutational
symmetry of the wavefunction magnitude:

|Ψ(r1, . . . , rn)|2 = |Ψ(rσ(1), . . . , rσ(n))|2, σ ∈ Sn (1.15)

The exclusive occupation of Fermionic quantum states is known as the Pauli exclusion prin-
ciple,47,48 and can be expressed by permutational antisymmetry of the bare wavefunction,
as an antisymmetric wavefunction vanishes on particle coalescence, reflecting the fact that
no two electrons can be found at the same point in space:

Ψ(r1, r1, . . . ) = −Ψ(r1, r1, . . . ) → Ψ(r1, r1, . . . ) = 0 (1.16)

In electronic structure theory, numerically solving such differential equations in multiple
dimensions relies on transforming function spaces into linear function spaces using integra-
tion. This framework can be thought of as a generalization of Fourier transforms, as their
construction relies on parallel mathematical arguments. However, this quantization process
can be involved,50 and can be summarized as a way to construct, manipulate, and evaluate
an approximate antisymmetric wavefunction using a vector space of linear operators. We
assume that the wavefunction can be written as a linear combination of orthonormal basis
states:

|Ψ〉 =
∑
i

ci |Di〉 ,
∫
dr1 . . . drn Di(r1, . . . , rn)Dj(r1, . . . , rn) = δij (1.17)

And after substituting this into the time-independent Schrödinger equation and integrating
against each of these basis states, we arrive at a linear equation whose solution provides us
with the linear parameters ci. ∑

j

Hijcj = Eci (1.18)

Hij = 〈Di|H|Dj〉 (1.19)

Antisymmetrized products of single-particle wavefunctions, themselves based on analyti-
cal single-electron solutions to simple atomic systems, are used to construct these basis states.
First, we define a set of atomic orbitals: products of spherical gaussian functions and spher-
ical harmonics, centered on each atom, that are variationally tuned to mimic approximate
solutions to many-body electronic states in atomic systems:51,52

φi(r,Ω) = exp(−αr2)Y m
l (Ω) (1.20)
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Next, molecular orbitals are written as orthonormal linear combinations of these atomic
orbitals:

χi(r) =
∑
j

Cjiφj(r),

∫
dr χi(r)χj(r) = δij (1.21)

And finally, electronic configurations are written as antisymmetric products of these molec-
ular orbitals:50

|Di〉 = |χ(i)
1 . . . χ(i)

n 〉 =
∑
σ∈Sn

sgn(σ)
∏
j

χ
(i)
σ(j) (1.22)

This is the basic component of a many-body electronic state, and is known as a Slater
determinant:53

Di(r1, . . . , rn) =

∣∣∣∣∣∣∣∣∣
χ

(i)
1 (r1) χ

(i)
2 (r1) . . . χ

(i)
n (r1)

χ
(i)
1 (r2) χ

(i)
2 (r2) . . . χ

(i)
n (r2)

...
... . . . ...

χ
(i)
1 (rn) χ

(i)
2 (rn) . . . χ

(i)
n (rn)

∣∣∣∣∣∣∣∣∣ (1.23)

Though we use finite basis sets in practice, in principle, one can continually expand the lin-
ear space to approach completeness – i.e. cover all of space – in which every (normalizable,
antisymmetric) wavefunction can be expressed exactly in the infinite basis limit.42,54 We will
also note that we are effectively working with two levels of linear spaces: the space of molec-
ular orbitals (equation 1.21), and the space of determinants (equation 1.17). The molecular
orbital space is a product of a square-integrable function space over physical coordinates
composed with a two-dimensional spin space, and roughly represents the state of a single
electron in a many-body quantum systems (thus: single-particle orbital). Basis elements of
the linear determinant space are defined by the molecular orbitals present within a particu-
lar Slater determinant, and its dimension is as large as the (combinatorial) number of ways
molecular orbitals can be assigned to electronic particles. These represent many-body elec-
tronic states, and superposition of its components describe intra-state correlations between
different electrons in the many-body system, but luckily, many electronic systems can be
qualitatively represented with a single determinant.53 We will refer to this many-body space
as the linear determinant space or the configuration interaction (CI) space interchangeably,
so named because different electronic configurations ‘interact’ through off-diagonal elements
of the linear Hamiltonian in equation 1.19.

Physically, we are most interested in finding low-energy ground state solutions to the
time-independent Schrödinger equation, as systems tend to equilibrate toward states with
lower energies. For the electronic problem in many small molecules, the energy gap between
the ground and excited states is often large enough at equilibrium geometries that only the
ground state is populated under ambient conditions. Conveniently, fast algorithms are well-
known for the numerical calculation of the eigenvalues and eigenvectors55–57 that represent
stationary electronic states. Inconveniently, the size of the Slater-determinant space grows
combinatorially with the number of single-particle states, as it consists of all combinations
of the electrons assigned to molecular orbitals. And while single-determinant wavefunctions
are a sufficient functional form for many ground states in equilibrium molecular systems,
it is often necessary to go further in determinant space to capture more complex systems
or chemical reaction processes in full. In thses cases, methods in quantum chemistry are
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built to avoid directly confronting this exponentially-large determinant space by finding
approximate solutions in a smaller subspace, exploiting compact wavefunction design and
numerical sparsity wherever possible.17–20 Selective CI methods,58,59 for instance, attempt to
find and fill in only physically significant parts of this space, using the sparsity of the linear
Hamiltonian (eq. 1.19) to craft a small but accurate approximation to the wavefunction.

As Fermions, electrons have a quantum of intrinsic magnetic moment known as spin53,60
that is irreducibly quantum-mechanical in nature. The full physical state of each electron
is described by a spatial component, discussed above, alongside a spin component, whose
quantum state can be fully described in a two-dimensional spin space. These states represent
the electron’s magnetic moment either aligned with or against a designated spin-quantization
axis, typically defined as the z-axis, in which these spin states, written here in atomic units,
are eigenstates of a spin-projection operator:

|si〉 ∈ {|↑〉 , |↓〉} , Sz |↑〉 =
1

2
|↑〉 , Sz |↓〉 = −1

2
|↓〉 (1.24)

Spin projection operators transform in the same way as angular momentum operators, and
spin components along the x− and y−axes can be directly obtained by commutation relations
obtained by symmetry arguments.60 The total spin operator is obtained as the sum of squares
of the spatial components:

S2 = S2
x + S2

y + S2
z (1.25)

As projected spin is additive, generalizing this to multi-electron systems is relatively straight-
forward, and algebra proceeds along the same lines as in the single-particle case.53 When
spin-orbit coupling is neglected, which it often can be with the exception of the core orbitals
of heavy elements,50,60 the Hamiltonian is symmetric with respect to both projected spin
Sz and total spin S2, and the overall spin-state of a wavefunction only indirectly affects the
energy based on Pauli exclusion effects. As pairing electrons of opposite spin allows two elec-
trons to occupy low-energy spatial states, the singlet spin state is often (correctly) assumed
to be the lowest energy state. Though spin-states can formally be taken as mixtures of these
two components (as it is in Unrestricted Hartree-Fock16 or Generalized Hartree-Fock15), spa-
tial components are often tied to one of the two spin-projected states. These components
are also often spin-paired to create the desired closed-shell singlet configuration, though this
is not always appropriate.

1.3 Second Quantization

Linear determinant spaces can more conveniently be written as a linear space of operators
that act to populate or depopulate molecular orbitals in a Slater determinant wavefunction.53
This space is isomorphic to the determinant space, as each determinant can be represented as
a string of creation operators applied to an unoccupied ‘vacuum state’. Each of these creation
operators can be thought to append a column and row to an existing Slater determinant
wavefunction:

|Di〉 = |χ1χ2 . . . χn〉 = 1†2† . . .n† |0〉 (1.26)

Creation operators are complemented by a set of destruction operators that perform the
opposite operation, instead removing a column and row of the specified orbital from the
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determinant matrix:
1 |χ1χ2 . . . χn〉 = |χ2 . . . χn〉 (1.27)

These operators are nilpotent, in that applying an annihilation operator to a vacant state or
a creation operator to a populated state returns the zero vector:53

1 |0〉 = 0, 1† |χ1〉 = 0 (1.28)

and also obey anti-commutation rules that implement Fermi antisymmetry:

{i†, j†} = 0, {i, j} = 0, {i, j†} = δij (1.29)

With these relationships in place, expectation values of vectors in this space can be
instead evaluated by algebraic manipulation and expectation values of these operators.61
The full Hamiltonian can be represented using creation and annihilation operators, and this
Second-Quantized form is often convenient when deriving working equations for numerical
algorithms:

H =
∑
ij

hiji
†j +

1

2

∑
ijkl

gijkli
†k†lj (1.30)

Here the coefficients are defined by integrals of one-body (h(r)) and two-body (1/r12) com-
ponents of the electronic Hamiltonian:53

hij =

∫
dr χi(r)h(r)χj(r), gijkl =

∫
dr1

∫
dr2 χi(r1)χj(r1)

1

r12

χk(r2)χl(r2) (1.31)

Where h(r) represents the single-electron terms that appear in equation 1.12:

h(r) = −∇
2
r

2
−
∑
I

qI
|RI − r|

(1.32)

Spin can be straightforwardly included by multiplying these integrals by the inner product
between spin-states of each molecular orbital pair:

hij = 〈si|sj〉
∫
dr χi(r)h(r)χj(r)

gijkl = (ij|kl) = 〈si|sj〉 〈sk|sl〉
∫
dr1

∫
dr2 χi(r1)χj(r1)

1

r12

χk(r2)χl(r2)

〈si|sj〉 = δij

(1.33)

and the energy of an electronic wavefunction can be written in terms of expectation values
of these these second-quantized operators:

E = 〈Ψ|H|Ψ〉 =
∑
ij

γ
(1)
ij hij +

1

2

∑
ijkl

γ
(2)
ijklgijkl (1.34)

γ
(1)
ij = 〈Ψ|i†j|Ψ〉 , γ

(2)
ijkl = 〈Ψ|i†k†lj|Ψ〉 (1.35)

These expectation values depend only on the wavefunction, and are known as the one-body
reduced density matrix and two-body reduced density matrix, respectively.62,63
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1.4 Mean-Field Theory

In Hartree-Fock theory, the minimum energy of a single-determinant wavefunction is found
by varying the molecular orbital coefficients defined by C in equation 1.21.43,64,65 These
molecular orbitals are defined as linear combinations of a set of basis orbitals {φi}:

χi(C; r) =
∑
j

Cjiφj(r) (1.36)

and the energy is minimized with the constraint that molecular orbitals form an orthonormal
set using the following Lagrangian:

L(C) =
〈Ψ(C)|H|Ψ(C)〉
〈Ψ(C)|Ψ(C)〉

+
∑
ij

εij

(∫
dr χi(C; r)χj(C; r)− δij

)
(1.37)

with Lagrange multipliers εij. After differentiating and imposing the stationarity condition:

∂L
∂Cij

= 0 (1.38)

the single-determinant energy is invariant to rotations amongst the occupied molecular or-
bitals, and ε can be diagonalized to give a matrix eigenvalue equation:

F (C)C = SCε (1.39)

The matrix F (C) is known as the Fock matrix and is a one-body approximation to the full
Hamiltonian operator. As the entries of this matrix depends on the solutions to the above
eigenvalue equation, the above equation must be solved self-consistently.

Self-consistent field (SCF) methods such as Spin-restricted Hartree-Fock (RHF) reduce a
linear algebra problem in an intractably large space to a self-consistent eigenvalue problem,
and single-determinant algorithms of this flavor are widely used in Quantum Chemistry.
Hartree-Fock is still an approximation, and the most common corrections come in the form
of Density Functional Theory22,66–75 (DFT), where the effective Fock operator is modified
to reproduce accurate energies and densities without increasing the cost of optimization
beyond solving this self-consistent eigenvalue equation. As the goal of Kohn-Sham DFT is
to completely avoid any complexity beyond single-determinant wavefunctions, we mention
it here because, despite its wide success and popularity, it can encounter many of the same
theoretical issues that afflict Hartree-Fock.

Electronic states of equilibrium systems are often well-described by a single-determinant,
but the Hartree-Fock wavefunction nonetheless misses some details. While having optimizing
this wavefunction with respect to orbital parameters means that we have explored a truncated
space, it is nowhere near the size of the exponential linear CI space. Inaccuracies in Hartree-
Fock are often understood in terms of the Coulombic repulsion term in the Hamiltonian:

1

r12

(1.40)

without which single-determinant wavefunctions would provide exact solutions within the
single-particle orbital basis. This can be seen by looking only at the one-body components
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in equation 1.31, where diagonalizing the h matrix would provide an orbital basis in which
every determinant is an eigenstate.

This Coulombic repulsion term means that electrons correlate their positions to avoid
each other when possible. In the sense that, absent this repulsion, a single-determinant
wavefunction would be exact, Hartree-Fock wavefunctions are often understood to be un-
correlated. This is not strictly correct, as the antisymmetry imposed by Pauli exclusion is a
strong form of exclusive correlation, as the two-body density cannot be written as a simple
product of one-body densities:

ρ(r1, r2) =

∫
· · ·
∫
dr3 . . . drn |Ψ(r1, . . . , rn)|2 6= ρ1(r1)ρ2(r) (1.41)

This muddies the waters a bit when talking about correlation, as strong repulsive effects
can be represented by the exclusive correlation of a determinant wavefunction.14,76 It is thus
more correct to consider a single determinant wavefunction as a set of uncorrelated Fermions
whose density may require additional pieces of correlation to fully account for electronic
repulsive effects. That additional correlation is necessary is most clear if we consider the
case of two opposite-spin electrons:77,78 antisymmetry does not correlate these electrons, but
these electrons still repel each other, and their two-body density should be correlated more
than their simple product wavefunction would imply.

1.5 H2 Dissociation

Chemical bonds are essential components of stable molecules, and their presence can be
inferred by inspection of the wavefunction coefficients by identifying as constructive linear
combinations of orbitals on neighboring atoms. However, accurately representing broken or
half-broken chemical bonds can require modification of our simple mean-field framework.
The simplest bonding configuration is the single chemical bond present in the H2 molecule
and consists of a spatially symmetric, normalized sum between atomic orbitals centered
around each atom. We represent this in the {L†,R†} basis, with each element representing
a basis function centered at the left and right atoms, respectively:

σ† =
1√
2

(
L† + R†

)
, σ∗† =

1√
2

(
L† −R†

)
(1.42)

At equilibrium geometries, an RHF-style single-determinant wavefunction that populates
this bonding orbital with a pair of opposite-spin electrons is a good approximation to the true
ground state, and is the electronic wavefunction at points A and B in figure 1.1. If we insist
on maintaining both spin and spatial symmetry between these two orbitals, by symmetry,
this configuration will be our wavefunction at any bondlength if we limit ourselves to a
single determinant. As we stretch the chemical bond, we expect the energy to approach the
energy of two non-interacting hydrogen atoms, each of which has an exact energy of −0.5
Eh . However, this single configuration deviates strongly from this expected result, and the
predicted dissociation energy for the molecule is too large by hundreds of mEh.79

To see why this happens, we analyze the σ-populated single-determinant wavefunction
in more detail:

σ↑
†σ↓
† |0〉 (1.43)

9



Figure 1.1: Dissociation of the dihydrogen molecule as a function of the distance between
two hydrogen atoms. The upper curve, calculated by spin-restricted Hartree-Fock (RHF),
has a wavefunction determined entirely by spin-symmetry, and is given by equation (1.43)
at both points A and B. The lower curve corresponds to a near-exact result obtained by
exhaustively diagonalizing the Hamiltonian in the full determinant space with a large single-
particle basis (FCI in cc-pV5Z). This near-exact wavefunction at equilibrium (point C) is
qualitatively captured by the single-determinant wavefunction (point A) while the near-exact
wavefunction at stretched geometries (point D), given approximately by equation (1.48) is
not.
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We expand each of the σ−orbitals in the atomic orbital basis:
1√
2

(
L↑
† + R↑

†) (L↓† + R↓
†) |0〉 (1.44)

After distributing the product, we arrive at an sum of four configurations with equal linear
weights:

1√
2

(
L↑
†L↓

† + L ↑†R↓† + R↑
†L↓

† + R↑
†R↓

†) |0〉 (1.45)

At stretched bond distances, the overlap between φL and φR will vanish, and the energy can
be written as a sum of the energies of each of the four configurations:

E =
1√
2

[
〈L↑L↓|H|L↑L↓〉+ 〈L↑R↓|H|L↑R↓〉+ 〈R↑L↓|H|R↑L↓〉+ 〈R↑R↓|H|R↑R↓〉

]
(1.46)

While the one-body contributions are the same for each of these terms, the first and last
terms – those which assign two electrons to one atom and zero to the other – include an
additional repulsion term between the two electrons. For instance:

〈L↑L↓|H|L↑L↓〉 = 2

∫
dr φL(r)h(r)φL(r) +

∫ ∫
dr1dr2 φL(r1)φL(r1)

1

r12

φL(r2)φL(r2)

(1.47)
As the minimum energy state, the exact ground state will omit these two high-energy pieces
and consist of only the two middle configurations (point D on fig. 1.1), and can also be
written as a difference between the σ and σ∗ configurations:

1√
2

(
L↑
†R↓

† + R↑
†L↓

†) |0〉 =
(
σ↑
†σ↓
† − σ∗↑

†σ∗↓
†
)
|0〉 (1.48)

As long as we follow the symmetry of the Hamiltonian, it is not always easy to write this
state using any less than these two determinant components. Because these components are
unlinked and individually have the same energy, it is tempting to take only one to be an
approximation to the ground state. If done, the wavefunction is no longer symmetric with
regard to spin and is formally contaminated with incorrect spin-states.16,80 While this can
sometimes produce workable results, the effect of this can be unpredictable in more complex
systems, and fixing spin symmetry once it has been broken is not always a cheap or simple
task.15,81,82 Breaking double bonds with a single-determinant wavefunction can also lead to
an artificial breaking of spatial symmetries, which can be even more difficult to detect and
fix.83,84

Wavefunctions that cannot be qualitatively described using a single-determinant are said
to be strongly correlated.12,13,85,86 Strong correlation can be understood as a strong statis-
tical co-dependence of two electronic states that cannot be expressed in the confines of a
single slater determinant. Looking at the exact dissociated H2 ground state more closely, we
can see that the electrons exactly avoid each other, as one electron is assigned to each atom
in each configuration. To maintain the singlet spin-state, the symmetric combination of two
configurations is necessary to correctly correlate the relative spin of the two electrons. While
this correlation is simple to include in the H2 molecule, straightforward multi-configurational
treatments can quickly become unaffordable in larger chemical systems, and alternative and
compact functional forms become necessary to express their extensive networks of correla-
tion.
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1.6 Density Matrices

While our example makes the presence of strong correlation relatively obvious, it relies on a
qualitative understanding of correlation. A more general and mathematically-clear picture
of strong correlation can be viewed from the perspective of density matrices,62,63 defined in
equation (1.35). We start with a multi-determinant wavefunction:

|Ψ〉 =
∑
i

ci |Di〉 (1.49)

First, we diagonalize the one-body density matrix to define a set of orbitals using the coef-
ficients in the eigenvectors:

γ(1) = UdUT , ĩ† =
∑
j

Uijj
† (1.50)

These are known as natural orbitals, and in this basis, the one-body density matrix is
diagonal by construction. Writing the full expectation value out:

〈Ψ|k̃†k̃|Ψ〉 =
∑
ij

ci 〈Di|k̃†k̃|Dj〉 cj = dkk = γ̃
(1)
kk (1.51)

When the configurations are written in the natural orbital basis – which can be done by
substituting in the inverse of the above identity – we obtain:∑

k,χk∈|Di〉

|ci|2 = dkk (1.52)

So that the eigenvalues of the one-body density matrix – the natural orbital occupation
numbers – equal the total fractions of configurations that contain the corresponding natural
orbital.

The natural orbital occupation numbers of single determinant wavefunctions are trivial,
consisting of ones on the diagonal for occupied orbitals and zero everywhere else. As de-
scribed above, strongly correlated wavefunctions deviate qualitatively from single-determinant
wavefunctions, and this is reflected in their 1-RDMs as partially-occupied natural orbital oc-
cupations. In the H2 example above, the density of the uncorrelated single-determinant
configuration is given by:

σ↑ σ↓ σ∗↑ σ∗↓


σ↑ 1 0 0 0
σ↓ 0 1 0 0
σ∗↑ 0 0 0 0
σ∗↓ 0 0 0 0

(1.53)

While the density of the strongly correlated multi-determinant wavefunction is given by:

σ↑ σ↓ σ∗↑ σ∗↓


σ↑ 0.5 0 0 0
σ↓ 0 0.5 0 0
σ∗↑ 0 0 0.5 0
σ∗↓ 0 0 0 0.5

(1.54)
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In practice, strong correlation is often diagnosed using this type of analysis, as it is generally
applicable and quantitative in nature. However, this is only most definitive near either end
of the scale: ambiguity enters when occupation numbers take on intermediate values. While
there is no universally-accepted standard for unambiguously identifying strong correlation
in general, orbitals that are strongly partially-occupied can often predict qualitative failures
in single-reference theory.

1.7 Twisted Ethene

Twisting a double-bond is another common motif that points to a strongly-correlated wave-
function. Drawing from the dissociation example, strong correlation can also be viewed
through the lens of energetically degenerate configurations in the linear CI space:[

〈D1|H|D1〉 〈D1|H|D2〉
〈D2|H|D1〉 〈D2|H|D2〉

]
(1.55)

The degeneracy point is where:

〈D1|H|D1〉 = 〈D2|H|D2〉 (1.56)

and any nonzero amount of coupling swiftly rotates the optimal CI vector to place equal
weights on each of the two configurations.

When twisting around a double-bond axis, we pay attention to valence π and π∗ orbitals
and the linear space of their doubly-occupied spin-restricted configurations in a minimal
two-element pz basis.14 These occupation operators are applied to the closed-shell reference
wavefunction ψ that populate the two carbon core-orbitals and five σ-bonding orbitals:

π† = p†L + pR
†, π∗† = p†L − p†R (1.57)

π↑
†π↓
† |ψ〉 , π∗↑

†π∗↓
† |ψ〉 (1.58)

Note that this linear space of closed-shell configurations {π, π∗} is isomorphic to the dihy-
drogen example above. The π orbital, due to its bonding character, is lower in energy than
the π∗ orbital at equilibrium geometries. As the HCCH dihedral angle is twisted to 90◦, the
energy of the π orbital increases and the π∗ orbital decreases until they match. By symmetry,
the potential curve from 90◦ to 180◦ is a reflection of the curve from 0◦ to 90◦ and the two
orbitals switch in their bonding/antibonding character.

The coupling between these two configurations can be calculated:

〈D1|H|D2〉 = (ππ∗|ππ∗) =

∫
dr1dr2 π(r1)π∗(r1)

1

r12

π(r2)π∗(r2) (1.59)

As this integral is nonzero, these configurations have nonzero coupling, and at 90◦ the optimal
linear coefficients are an even combination of bonding π and antibonding π∗ configurations
applied to a core reference state |ψ〉:

1√
2

(
π↑
†π↓
† − π∗↑

†π∗↓
†
)
|ψ〉 (1.60)
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Figure 1.2: Plot of electronic energy as a function of HCCH dihedral angle in ethene. Single
determinant wavefunctions with doubly occupied π and π∗ orbitals (red and orange curves
respectively, wavefunctions given in equation (1.58)) are good approximations to the equi-
librium ground state wavefunction at points A and C respectively. These single-determinant
states flip ordering and qualitative character at the D2d symmetry point at 90◦, and at this
point (B), a multideterminant wavefunction (blue curve and wavefunction in equation (1.60))
is able to produce the correctly differentiable energy curve.
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Just as in the dissociation case, when we rewrite this in the atomic orbital basis, the wavefunc-
tion is an open-shell singlet with electrons correlated between the two degenerate p-orbitals.
Following the lowest-energy-single-determinant wavefunction in figure 1.2, we also see an-
other hallmark failure of a single determinant wavefunction when treating strong correlation:
a cusp at the degeneracy point.53

In a similar vein, charge transfer excited states87–89 can require multiple determinants
to accurately represent. In limiting cases, these states can be thought of as a long-range,
single-electron excitation from a closed shell “donor” orbital to an unoccupied “acceptor”
orbital. In order to be considered charge transfer, these donor and acceptor orbitals must be
spatially separated. The similarity between this and the earlier two examples is no accident,
and the H2 ground state at dissociation can be viewed as a charge transfer process from a
hydride anion to a hydrogen cation.

By similar logic, the spin symmetry of the Hamiltonian requires that the two configu-
rations be degenerate, and unless there is no coupling between them, should be included
with equal weight. However, while the linear response space of a single determinant (such
as the CIS and ESMF wavefunctions, discussed more extensively in chapter 4) naturally
accommodates these types of open-shell singles, they are not generally considered strongly
correlated. Nonetheless, the wavefunctions commonly used to express them mathematically
share the same open-shell diradical singlet character as dissociating H2.

Though these are clear, limiting cases in which strong correlation appears, lines are not
always so clearly drawn in larger molecular systems. Each of these examples presents two
extremes, ultimately to point toward the physical and mathematical motifs characteristic
of strong correlation. There is continuous transformation between the two extremes of a
closed-shell single determinant reference and the strongly correlated multideterminant wave-
functions. This is most clear when looking at the two-configuration CI space vectors as a
function of the energy difference:

H =

[
E1 H12

H12 E2

]
(1.61)

After diagonalizing this matrix, we obtain the energies:

E± = Eav ±
√

∆E2 + 4H2
12

2
(1.62)

and normalized eigenvectors, which can be written in terms of a single angular parameter,
θ:

v+ =

[
cos(θ+)
sin(θ+)

]
, v− =

[
− sin(θ−)
cos(θ−)

]
(1.63)

which can be written directly in terms of the ratio between energy gap and coupling element:

θ± = tan−1

(
1√

x2 + 1∓ x

)
, x =

∆E

2H12

(1.64)

Assuming nonzero coupling, θ goes from 0◦ to 45◦ to 90◦ as ∆E goes from −∞ to 0 to ∞.
Each of the two linear coefficients in this example correspond to single determinant

components in a linear wavefunction. The two endpoints at θ = 0◦ and θ = 45◦ correspond to
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the closed-shell singlet and open-shell singlet states, respectively, the latter of which contains
equal parts of the two determinant components. The ratio x determines the angle, and at
large magnitudes, gives single configuration wavefunctions as Hamiltonian eigenstates. By
contrast, as x nears zero – which occurs as the energy difference ∆E approaches zero, and
as the coupling element H12 increases without bound – the open-shell singlet becomes an
eigenstate. In short, there a continuum between the two extremes of closed- and open-shell
singlet, and energy difference and interstate coupling are the two components that directly
determine where we are on this scale.

1.8 Strong Correlation Overview

These three examples are far from a complete account of how strong correlation manifests
in wavefunctions. In summary, strong correlation is often marked by the following:

i) Stretched chemical bonds, twisted double bonds, and nonequilibrium geometries.

ii) Degenerate configurations in the linear determinant space.

iii) Non-analytic features such as derivative discontinuities in electronic energy curves.

iv) Fractionally occupied natural orbitals in the 1-RDM.

Aside from some limiting examples, strong correlation is not generally a binary quality of
an electronic wavefunction – as natural orbital occupation numbers can vary continuously
between zero and one. As a result, it can be difficult to clearly separate and diagnose the
presence of strong correlation in more complex examples. In practice, orbital occupations in
the 1-RDM that deviate strongly from fully occupied or fully vacant are considered strongly
correlated. And although we have presented clear interpretations for the limiting cases of
uncorrelated and strongly correlated wavefunctions, in more complex systems, it can be
difficult to interpret intermediate occupations numbers in such a straightforward way.

Due to the contrasting manifestations of strong correlation and weak correlation, different
theoretical approaches are best suited for each. Most methods in quantum chemistry primar-
ily address weak correlation, as the most common use cases – e.g. organic molecules around
equilibrium geometries – require no dedicated description of strong correlation. Density func-
tional theory,66,67 coupled cluster theory,90,91 and Møller-Plesset perturbation theory92 are
all notable examples that rely on a single-determinant framework. In practice, DFT relies
on heuristically constructing an accurate one-body Hamiltonian via the single-determinant
Kohn-Sham approach;67 Møller-Plesset is finite-order perturbation theory around a single
determinant; and CCSD can be framed as a more sophisticated summation of perturbative
energy diagrams that remains centered on a single determinant.

Strong correlation, by contrast, is most often treated using multideterminant methods.
These approaches vary, and included truncated CI methods (MRCI,53,93,94 SCI58,95); ac-
tive space methods (CASSCF,44,96–104 RASSCF105–107) and their perturbative extensions
(CASPT2,108,109 RASPT2,110 NEVPT2111–113); stochastic methods (VMC,114 DMC,114
FCIQMC115–117); and others (MRCC,118 Gutzwiller Factors,119,120 RVB121). Many of these
methods rely on a expanding the wavefunction into a limited subspace of the full CI space,
and while the size of this linear expansion is manageably small in relatively simple systems,
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in larger molecules, a qualitatively correct description of complex reaction processes can
easily require linear determinant spaces so large as to be beyond computational reach.

Complete Active Space Self-Consistent Field (CASSCF) methods build these multide-
terminant spaces to include all configurations necessary to completely correlate a subset of
orbitals, dubbed the “active space”, and outside of this, orbitals are either fully occupied or
fully unoccupied. An active space is specified by selecting a particular number of occupied
and unoccupied orbitals, typically surrounding the HOMO-LUMO interface, and generated
by taking all possible excitations between orbitals in this space. Configurations so generated
form a basis of the multideterminant space used in the following multireference calculation.
However, active space selection is not always straightforward, and often relies on practitioner
intuition in practice, though methods have been proposed122,123 to select orbitals in an auto-
mated and efficient way. Active spaces can be exhaustively checked, and can be considered
to be large enough when increasing their size does not qualitatively affect the wavefunction,
most easily judged by active space natural orbital occupation numbers.

CAS methods are the most exhaustive – and expensive – ways of constructing these
spaces, but can guarantee that all correlation within the active space is accounted for. Vari-
ations like Restricted Active Space (RAS) methods break this active space into smaller
subspaces to avoid correlating energetically distant orbitals in different subspaces.105,108 In
principle, combinatorially generating configurations from an active space is only one way
to define a linear determinant space, and Selective Configuration Interaction (SCI)124 or
Density Matrix Renormalization Group (DMRG) do so respectively by perturbatively con-
structing this space or by approximating linear coefficients as a product of matrices.45,125–128
This space can also be explored stochastically with Full Configuration Interaction Quantum
Monte Carlo (FCIQMC).115–117 Though these approaches expand what is possible, they ulti-
mately end up succumbing to exponential cost-scaling, either directly through the size of the
active space in CASSCF, or indirectly through statistical error in methods like FCIQMC.117

Though active spaces are combinatorial in size and suffer from exponential scaling, this
cost-scaling depends only on the size of the active space, which can be tuned to capture only
the strongest pieces of correlation. The size of the active space can be very sensitive to the
molecular orbital basis, and so orbitals are often variationally optimized with respect to the
energy in order to reduce the size of the active space. In Multiconfigurational Self-Consistent
Field (MCSCF) theory,53 the electronic wavefunction is written as

|Ψ〉 =
∑
i

ci exp (X) |Di〉 , X =
∑
ia

Xa
i

(
a†i− i†a

)
(1.65)

Electronic ground states are obtained by minimizing the energy with respect to both the
linear parameters ci and nonlinear parameters X that describe a rotation in the molecular
orbital basis:

E0 = min
c,X

〈Ψ(c,X)|H|Ψ(c,X)〉
〈Ψ|Ψ〉

(1.66)

Due to the relative simplicity of the linear CASCI equations, optimization often proceeds
in a two-step procedure:

i) For constantX, obtain c that minimizes the energy, which can be written as a CASCI
eigenvector equation:

Hc = E0c, Hij = 〈Di|H|Dj〉 (1.67)
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ii) For constant c, locally expand the CASCI energy as a function of the orbital basis,
and approach a nearby stationary point according to standard nonlinear optimization
algorithms.

It seems natural and straightforward to separate the variables on whether they are or are
not linear parameters, which does help in many cases.53

In contrast to single-determinant methods, symmetry-preserving open-shell excited states
can be simply obtained by calculating higher roots of the CASCI equations. However,
this comes with its own set of tradeoffs, as without modification, these excited states are
obtained using orbitals optimal for the ground state. Simply selecting a higher root of
the CASCI equations and searching for optimal excited-state orbitals is not an immediately
stable proposition, as minimizations used to obtain ground states orbitals must now be recast
as excited-state saddle-point searches.129 As a result, the standard tactic is to instead find
orbital stationary points of a linear combination of CASCI root energies in what is called
state-averaged CASSCF:30

Eavg =
∑
i

αiEi (1.68)

While more straightforward and stable, state-averaged orbitals straddle multiple different
states, and when these states strongly differ, can inflate the size of active space necessary to
accurately depict any particular state in the average. State-specific orbital optimization31,32
will be discussed in more detail in chapter 4, and we will show that these can require careful
modifications to be variationally stable.

1.9 Weak Correlation and Wavefunction Cusps

Coulombic repulsion between electrons is responsible for their correlation, and so far we have
only discussed the regime of strong correlation, where this repulsion qualitatively impacts the
structure of the electronic state. In contrast to strong correlation, weak electronic correlation
manifests as a multitude of smaller corrections, and their cumulative effect results in small
changes to the reference wavefunction, reflected mathematically by small deviations in nat-
ural orbital occupation numbers. Though weak correlation is more subtle, its effects can be
significant,77 as it is necessary to describe van der Waals interactions72–74 and wavefunction
cusps.114,130,131,131–136 As strong and weak correlation effects dominate in opposing physical
limits,137–139 they are often most efficiently treated using different mathematical techniques.
For instance, while weak correlation’s multitude of corrections can be mostly corralled by
perturbation theory140 or coupled cluster theory,90,91,141,142 the large corrections necessary
for strong correlation often cannot be.

Capturing both strong and weak correlation together remains a serious challenge. The-
ories that exhaustively capture strong correlation, such as CASSCF or RASSCF,44,143 scale
exponentially with the size of the active space. Theories that try to instead sidestep this
often still inherit exponential scaling nonetheless, such as FCIQMC which suffers exponen-
tially growing noise due to the sign problem,117 or DMRG which scales exponentially in all
but one-dimensional systems.45 Other approaches instead adopt approximations to avoid
this scaling, such as Fixed Node Diffusion Monte Carlo144,145 (FN-DMC) which fixes nodes
to avoid exponential noise,146 or Valence Bond theory147,148 which concedes many internal
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degrees of freedom. In addition, as these methods are designed to most completely capture
the effects of strong correlation, their description of weak correlation can often be incom-
plete. Though this concern can be allayed by following up with perturbative corrections,
doing so can be expensive (due to the large size of the wavefunction) and insufficient (due
to low-orders of perturbation theory accessible) in complex cases.

To illustrate weak correlation more concretely and to cement nonlinear wavefunctions
as simultaneously expressive and compact, we will consider a subtle feature of the exact
electronic wavefunction that can be difficult to capture. The hydrogenic wavefunction con-
tains a derivative discontinuity – a cusp – that exactly cancels the singular nuclear Coulomb
potential upon electron-nuclear coalescence. In atomic units, the ground state wavefunction
of the hydrogen atom is spherically symmetric and given by a normalized exponential that
decays based purely on distance from the nucleus:

ψ(r) = Ne−r, N−2 =

∫
|ψ(r)|2dr (1.69)

The Hamiltonian is the sum of a kinetic energy term (the radial Laplacian) and a potential
energy term (the nuclear Coulombic potential).

Hψ(r) = −1

2

1

r2

∂

∂r

(
r2 ∂

∂r
Ne−r

)
− Ne−r

r
(1.70)

After going through the algebra while keeping the two terms separate, the singular Coulombic
potential is exactly counter-balanced by an equivalent and opposite term that appears in the
kinetic energy:130

Hψ(r) =

[
Ne−r

r
− Ne−r

2

]
− Ne−r

r
(1.71)

By direct analogy, one expects that, in molecular systems, singular Coulombic terms
in the Hamiltonian would cause wavefunction cusps to form at particle coalescence points.
While the simple Hydrogen example directly illustrates the presence of this cusp for the
electron-nucleus Coulomb potential, similar analysis can be applied to electron-electron co-
alescence. A thorough analysis of Coulombic operators in general along these lines brings
us to the Kato cusp conditions, which formally quantifies wavefunction derivatives at these
cusps.130 These conditions vary based on atomic charge for nuclear-electron coalescence or
relative spin for electron-electron coalescence.

The atomic orbital basis functions used in quantum chemistry are written as small com-
binations of products between radial gaussian functions and spherical harmonic angular
functions.52,53,149 For instance, a basis function for an atom at coordinates RI is of the
form:53

φI(r) =
∑
i

ci exp
(
−γi|r −RI |2

)
Y m
l (Ω) (1.72)

with spherical angle Ω signifying angular coordinates centered at the given single atomic
position. These gaussian functions are tuned to mimic the low-energy orbitals surrounding
each atom, and in routine calculations, are limited to accommodate only a few shells be-
yond the valence, with more added on for polarization effects or diffuse Rydberg states in
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molecular ions.53 Gaussian spherical harmonics are chosen as an (often worthwhile) com-
promise between accuracy and tractability over the exponential radial functions that serve
as exact wavefunctions in single-electron atoms. This tradeoff is made because the integrals
(eqs. (1.31)) required to transform the antisymmetric wavefunction to the linear determi-
nant space can be written and evaluated analytically for radial gaussian functions but not
for radial exponentials. However, in the gaussian basis, electron-nuclear cusp conditions can
never be fulfilled since every radial gaussian has a vanishing derivative at its corresponding
atomic origin.53

Further, while these electron-nuclear cusps could be described, in principle if not in
practice, with exponential basis functions, this is not true of electron-electron cusps. The
electron cusp condition applies whenever two electrons meet, which can happen at any point
in space, and an accurate wavefunction description would be written explicitly in terms of
interelectronic distances. However, evaluating the requisite integrals with wavefunction that
include these terms is extremely difficultand limits the use of explicitly-correlated r12 and
f12 methods132–136,150 to simple systems.

Though methods based on analytic integration have difficulty directly addressing elec-
tronic cusps, stochastic position-space Monte Carlo methods, which randomly sample elec-
tronic positions, can natively accommodate correlation factors based on interelectronic dis-
tances. These Monte Carlo methods forgo the basis-function integrals in equation 1.31 in
favor of stochastically sampling the many-body energy integral, which requires only evalu-
ation of wavefunction amplitudes (and some related quantities) as a function of electronic
positions. As inter-electronic distances are trivial to evaluate given a set of electronic co-
ordinates, we introduce a set of factors written directly in terms of electron separation
coordinates, that easily satisfy both cusp conditions exactly:

J1(r1, . . . , rn) =
∏
iI

exp (uI(|ri −RI |)) ,
∂

∂Ri

uI = −Z (1.73)

J2(r1, . . . , rn) =
∏
i<j

exp (u2(|ri − rj|)) ,
∂

∂Ri

u2 =

{
−1/2 same spin
−1/4 opposite spin (1.74)

by imposing conditions114,151,152 on the derivatives of uI and u2. In modern implementa-
tions,114,153 the functions present in the exponent are parameterized as a minimal polynomial
spline, and require as few as ten parameters for each function index.

Though we have recalled these factors to illustrate a concrete solution to the problem of
electronic cusps, these factors are the beginning of a many-body expansion.114,152,154 Much
like these cusp-correcting Jastrows, higher-order components are multiplicative symmetric
factors and are designed not to disrupt either wavefunction antisymmetry or the already-
fulfilled cusp conditions.155–157 Conveniently, Pauli exclusion ensures that components that
depend on three or more electronic coordinates are much less important, as at least two
of the electrons in close proximity will share a spin state. Higher-order terms thus involve
nuclear coordinates, and much like molecular orbitals, are written in terms of atom-centered
gaussian basis functions:

Exponential factors have also been explored in determinant space, where the nullpotency
of creation and destruction operators help simplify and truncate terms present in the se-
ries expansion. The exponential cluster operator from coupled cluster is perhaps the most
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well-known exponential operator in this context, and is famously effective at accurately cap-
turing weak correlation.90 The BCH expansion158 undergirds the power of coupled cluster
theory, and after several mild approximations, is used to show that infinite series of commu-
tator expressions terminates at fourth order. Gutzwiller factors,119,120 designed to capture
insulator-to-conductor transitions in the Hubbard model,138,139 are similar in form but dif-
ferent in function, and can be used to capture the strong correlation of localized electrons in
a Wigner crystal.137 Following the broad success of the cluster operator, more general corre-
lation factors have been developed in the context of Valence Bond wavefunctions,147,159–161
where the relative complexity of the AGP reference state encourages stochastic optimization
methods.162,163

While second-quantized space is limited by the wavefunction basis, Gutzwiller factors in
particular show that exponential factors can potentially describe strong correlation in an effi-
cient way. Not only can position-space Monte Carlo naturally accommodate cusp-correcting
Jastrow factors, but it also has the natural advantage of low cost-scaling, as it can skip the
costly evaluation and storage of two-electron integrals. However, cusp-correcting Jastrow
factors focus only on accurately capturing the intricate and close-range details surrounding
wavefunction cusps and do not describe qualitative adjustments to the wavefunction nec-
essary for strong correlation. In chapters 2 and 3, we show how to formulate a nonlinear
factor that naturally describes the strong correlation of bond-breaking that is mathematically
based on four-body position-space Jastrow factors and conceptually based on the projective
action of Gutzwiller factors. The remainder of this chapter will be dedicated to reviewing
the stochastic Monte Carlo Framework that these factors are posed in to provide a more
complete context for their development.

1.10 Quantum Monte Carlo

Quantum Monte Carlo (QMC) is a broad umbrella term that encompasses stochastic ap-
proaches to solving the Schrödinger equation. While QMC includes algorithms like AF-
QMC164 and FCIQMC,115 which sample energy contributions from determinants in linear CI
space, here we focus instead on two position-space QMC methods in particular. Variational
Monte Carlo (VMC) and Diffusion Monte Carlo (DMC)114,144,165 are of particular interest
to us because they can naturally accommodate nonlinear modifications to the wavefunction
based on electronic coordinates. The nonlinear Jastrow factors discussed later in chapters 2
and 3 are incompatible with the integral transformations described in equation (1.31) yet can
capture wavefunction details that would otherwise require lengthy determinant expansions.
In this section, we review the theory behind VMC and DMC in preparation of this later dis-
cussion, where we show how a nonlinear factor can capture the effects of strong correlation
when applied to a single-determinant wavefunction.

In the context of VMC, the energy integral is evaluated directly using randomly-sampled
electronic positions:166

E =

∫
|Ψ|2 HΨ

Ψ
=

〈
HΨ

Ψ

〉
|Ψ|2

(1.75)
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The energy is evaluated by calculating the statistical average of the local energy:∫
dx Ψ(x)HΨ(x)∫
dx |Ψ(x)|2

=

∫
dx |Ψ(x)|2 HΨ(x)

Ψ(x)∫
dx |Ψ(x)|2

=
1

N

N∑
xi∼|Ψ|2

HΨ(xi)

Ψ(xi)
(1.76)

using electronic positions sampled from the probability density of a given wavefunction Ψ.
Drawing samples from the wavefunction’s probability density is not a trivial task, how-

ever, as this distribution is, in general, a many-dimensional object with unknown normal-
ization. These samples are often generated by memoryless random walks in position space,
known as Markov chains.167,168 In a Markov chain, configurations are sequentially and
stochastically generated according to a transition probability function that depends only on
the current state. So if we start at some initial configuration x1, our next configuration x2

would be sampled according to a transition probability distribution T (x1 → x2) that depends
only on x1 and x2. As a result, Markov chains are often understood as a discrete walker ob-
ject probabilistically navigating a set of pair-wise connections between states. Markov chains
are constructed purely by defining this transition probability function, and can be tuned so
that the frequency at which a particular state is encountered follows a stable, prescribed
probability distribution.

In order to sample this stationary probability distribution, Markov chains must meet
a balance condition.169 This balance condition essentially states that the probability of
encountering a certain state must be equal the net probability flow into that state:

P (x1) =
∑
x

P (x)T (x→ x1) (1.77)

A stronger condition – used in many Monte Carlo algorithms due to its relative simplicity –
is the detailed balance condition,170 where the net probability flow between any two states
is zero:

P (x1)P (x1 → x2) = P (x2)P (x2 → x1) (1.78)

From this the balance condition can be derived by summing over all states xi:∑
xi

P (xi)P (xi → x) =
∑
x

P (x)P (x→ xi) = P (x) (1.79)

As we want the sampled distribution to be |Ψ(r)|2, imposing the detailed-balance condition
gives us an equation for the relative transition probability:

|Ψ(ri)|2

|Ψ(rj)|2
=
T (rj → ri)

T (ri → rj)
(1.80)

Often, the transition probability is further broken up into two components whose product
gives the net transition probability.171 These two components are known the proposal (T )
and acceptance (A) distribution, and respectively signify the probability of proposing a step
to a particular state and the probability that that step is taken.

P (rj → ri)

P (ri → rj)
=
T (rj → ri)A(rj → ri)

T (ri → rj)A(ri → rj)
(1.81)
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In stochastic algorithms, more samples reduce the statistical error of the final result, and it
is often wise to make these distributions as simple as possible to reduce computational costs.
Steps are often proposed randomly according to a symmetric distribution that depends only
on the distance between two positions so that the proposal distribution terms cancel in the
above ratio. As a result, we are left to define the acceptance probability to satisfy equation
(1.81), which can be most simply done by setting:

A(rj → ri) =


|Ψ(ri)|2
|Ψ(rj)|2 : |Ψ(ri)|2

|Ψ(rj)|2 ≤ 1

1 : otherwise
(1.82)

Generating Markov chains using these proposal and acceptance distributions is known as
the Metropolis-Hastings algorithm,171 and is summarized below.

i) Starting at a position ri, generate a proposed position p by sampling a symmetric
proposal distribution R(ri → p).

ii) Calculate the relative probabilities of each of these positions by using the ratio of
stationary probability distribution function evaluated at the original and proposed
points: π = P (p)

P (ri)
.

iii) Generate a random number from the uniform distribution ρ ∼ U(0, 1) and accept the
proposed step if ρ < π, in which case ri+1 = p

iv) Otherwise, reject the proposed step, in which case ri+1 = ri.

v) Repeat

This sampling procedure is not without limitations. As we are sampling a many dimen-
sional Cartesian space, there are an infinite number of states for us to consider, and a common
proposal distribution is a gaussian centered at the current position. This creates statistical
dependence between successive samples, as the proposal distribution is short-range, that goes
against the presumption of the statistical independence of samples when calculating expec-
tation values. This dependence can be accounted for by analyzing the autocorrelation of the
measured quantity (such as energy) between successive samples, defined as the normalized
covariance between pairs of time-staggered samples:172–174

C(t) =
1

N

∑
i

C(xi, xi+t) =

∑
i

〈(x− xi) (x− xi+t)〉∑
i

〈(x− xi)2〉
(1.83)

And finding the appropriate t for which this autocorrelation sufficiently small to claim that
staggered samples are statistically independent. Empirically, autocorrelation can often be
written as a decaying exponential function that depends on the number of samples between
these staggered samples (t) with an autocorrelation timescale τA:

C(t) ≈ e−t/τA (1.84)
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Because this autocorrelation function is itself subject to statistical issues, a blocking anal-
ysis175 is often done instead where segments of successive samples are averaged together to
form a reduced sequence of blocked samples.

sj(nb) =
1

nb

nb∑
i

xj∗nb+i (1.85)

In this analyis, block sizes are increased until the blocked samples are statistically indepen-
dent and can be used to calculate measured quantities.

The Central Limit Theorem176 states that the distribution from which we draw our
estimated energy expectation value E:

E =
1

N

∑
i

Ei (1.86)

converges to a normal gaussian, centered at the true energy value with a variance that
is inversely proportional to the number of samples: σ2

N
. Our final expectation value can

be viewed as a random variable sampled from a gaussian distribution that narrows as we
collect more samples. The error of our expectation values is the standard deviation of this
distribution, and is given by σ√

N
. Here σ2 is the wavefunction variance:

σ2 = 〈Ψ|(H− E)2|Ψ〉 (1.87)

which is a measure of the quality of our wavefunction, and indeed improving our wavefunction
also reduces the statistical error. According to the zero-variance principle, as we approach a
Hamiltonian eigenstate, the local energy ratio HΨ

Ψ
becomes a constant distribution and the

variance goes to zero.177
To calculate the cost-scaling of Monte Carlo Algorithms, we write the total cost as the

product of the total number samples by the cost per sample. In order to maintain a constant
absolute error, the number of samples should scale to match the variance of our energy
distribution. Wavefunction variance is an extensive quantity, and scales linearly with the
size of the system n, giving the error expression:

ε =

√
nσ2

N
(1.88)

And so to maintain a constant absolute error, the number of samples must also scale linearly
with the size of the system:

N ∝ n (1.89)

Though the number of samples necessary to reduce this error to chemical accuracy (approx-
imately 1 mEh or 0.02eV ) can run into the millions, multiple Markov chains can be run
independently. This allows QMC to take full advantage of massively parallel computer ar-
chitectures and has been successfully used on systems in excess of a thousand electrons.178–180

While the cost per sample depends on the form of the wavefunction, the Multi-Slater
Jastrow wavefunction is a popular choice:114

Ψ(x) = exp(J1(x)) exp(J2(x))
[∑

ciDi(x)
]

(1.90)
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The costly step here is the numerical evaluation of the determinant components at particle
ensemble positions,Di(x), as the dimension of the determinant matrix scales linearly with the
number of electrons. As the determinant of a matrix is equal to the product of its eigenvalues,
this is straightforwardly done by diagonalizing the numerical matrix (or, equivalently, LU
decomposition) at each sampled position at a cost-scaling of O(n3). Combining these two
factors gives a total cost scaling of O(n4), so long as the number of determinant components
in the wavefunction do not meaningfully scale with the system size.

1.11 Variational Monte Carlo

In Variational Monte Carlo, the electronic ground state is found as the variational energy
minimum with respect to a set of wavefunction parameters:

min
p
E(p) = E0 (1.91)

E(p) =
〈Ψ(p)|H|Ψ(p)〉
〈Ψ(p)|Ψ(p)〉

(1.92)

Many approaches to ground-state wavefunction optimization in VMC can be summarized as
non-stochastic algorithms that use stochastically-calculated energy derivatives.181,182 Energy
derivatives are obtained by analytically differentiating the energy integral and sampling the
differentiated integrand using Monte Carlo. A wide variety of minimization approaches have
been proposed, including stochastic reconfiguration,183–186 gradient descent,187–190 and hybrid
optimization methods.191,192

The most commonly used and widely-known approach in VMC is known as the Linear
Method,189,193,194 where the wavefunction is expanded into its parameters’ tangent space:

Ψlin(p; ∆p) = ∆p0Ψ(p) +
∑
i

∆pi
∂Ψ

∂pi
(p) (1.93)

The parameter step ∆p is calculated by imposing a stationarity condition on this wavefunc-
tion’s energy:

∇∆p 〈Ψlin|H|Ψlin〉 − Elin∇∆p 〈Ψlin|Ψlin〉 = 0 (1.94)

and can be directly written as an eigenvalue problem where matrix elements are expectation
values of wavefunction parameter derivatives:

H∆p = S∆p Elin (1.95)

ψi =

{
Ψ(p) i = 0
∂Ψ
∂pi

i 6= 0
(1.96)

Hij = 〈ψi|H|ψj〉 (1.97)

Sij = 〈ψi|ψj〉 (1.98)

The lowest-energy eigenvector ∆p is determined, and the parameters are updated accord-
ingly:

p(i+1) = p(i) + ∆p(i) (1.99)
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These matrix elements are stochastically calculated in the same way as the energy in equa-
tions (1.76), with local derivative ratios taking the place of the local energy:

〈ψi|H|ψj〉 =

∫
dx|Ψ(x)|2ψ

i

Ψ

Hψj

Ψ
(1.100)

=
1

N

N∑
xk∼|Ψ|2

ψi(xk)

Ψ(xk)

Hψj(xk)

Ψ(xk)
(1.101)

Once obtained, the eigenvalue problem in eq (1.95) is solved to provide the next proposed
step and is repeated until the stationary condition is approximately met.

As stochastically-sampled quantities, Linear Method matrices – and thus the proposed
parameter updates – contain statistical error. In order to prevent this error from setting
an absolute limit on the step accuracy, correlated sampling is employed to instead sample
energy differences across the proposed step. Correlated sampling in this context simply
means that we sample the two distributions present in the energy difference using the same
set of position-space samples:167,195–197

E(q)− E(p) =
1

N

∑
x∼|Ψ|2

E(q;x)− E(p;x) (1.102)

According to the central limit theorem, the variance of this estimated difference is propor-
tional to the variance of the difference distribution:

σ2[E(q)i − E(p)i] = σ2[E(q)] + σ2[E(p)]− 2cov[E(q,p)] (1.103)

The key to correlated sampling is the strong dependence of these local energy distributions
on each other; so long as the parameter step is small, the covariance term should be large.195
For instance, if we write:

E(q) = E(p) +
∑
i

∆p
∂E

∂pi
(1.104)

we find that the variance of the energy difference is proportional to the size of the step taken:

σ2[E(q)− E(p)] = 2σ2[∆p · ∇pE] (1.105)

Sampling these Linear Method matrix elements can be complicated by the fact that
these derivative ratios can be singular at particular points. While the expectation values are
finite – as singular derivative ratios are paired with nodes in the wavefunction probability
distribution – the variance of this distribution can nevertheless be infinite.198 This will
generally happen when nodes of the tangent space functions do not match those of the
zeroth order wavefunction Ψ(p), and troublesome derivatives in this regard include orbital
parameters and linear CI coefficients. This can be remedied by instead picking samples
from a nodeless guiding wavefunction199,200 that is designed to remove the nodes in the
wavefunction probability distribution by adding a positive shift.

In theory, the VMC engine is agnostic to the functional form it is minimizing, as sampling
and optimization methods depend only on evaluation of the integrand and its derivatives.
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While ground electronic states are a commonly-sought endpoint, and can be straightfor-
wardly obtained by variationally minimizing the energy, excited states are not so simple.
Energy minimization is not the only way to obtain Hamiltonian eigenstates, and we can
instead minimize functions of the energy such as the variance:33,201,202

σ2[Ψ] =
〈Ψ|(E −H)2|Ψ〉

〈Ψ|Ψ〉
(1.106)

Variance is notable in particular because it is always non-negative and attains a minimum
value of zero at each eigenstate. Variance-minimum wavefunctions are not necessarily su-
perior to one obtained through energy minimization,202 but as all eigenstates are variance
minima, the Variance can be used to target excited states.

In VMC, the square Hamiltonian operator present in the variance expression can be
conveniently calculated by stochastically resolving an identity between the two powers:

〈Ψ|H2|Ψ〉 ≈
∫
dx 〈Ψ|H|x〉 〈x|HΨ〉 ≈

∑
x∈|Ψ|2

(
HΨ(x)

Ψ(x)

)2

(1.107)

However, the energy variance does not favor any excited state in particular, and variance
minimization will often simply converge to the eigenstate closest the initial guess. To this end,
a variety of state-selective variational principles – Hamiltonian-based functionals designed to
target particular excited states – have been developed.31,33,203 As will be discussed further
in chapter 4, state-specific optimizations in more conventional second-quantized spaces can
encounter subtle difficulties, and VMC offers a parallel alternative with high flexibility.

In contrast to second-quantized methods, where basis components are analytically inte-
grated to simplify expressions, VMC requires only that a wavefunction be locally evaluable.
This relaxed condition allows the use of explicit correlation factors which are written in
terms of separation coordinates usually impermissible in analytic integrals. While this ex-
poses VMC to stochastic error which can require a large number of samples to overcome, this
error is well-understood, controllable, and scales only linearly with the size of the system.
Cusp-correcting Jastrow factors in particular can be evaluated at trivial cost and can be
used to satisfy wavefunction cusp conditions which are otherwise difficult to satisfy. How-
ever, VMC wavefunctions are still limited by the boundaries of the functional form used for
the wavefunction, and in the next section, we will describe a method which can go beyond
these boundaries.

1.12 Diffusion Monte Carlo

While VMC and Jastrow factors are effective at neatly wrapping up bundles of dynamic
correlation in a small correlation factor, VMC is still limited by the functional form of the
trial wavefunction. This limitation can be overcome by projector Monte Carlo methods,
which use imaginary time-propagation operators as projection operators, effectively pro-
jecting out excited state components from an initial wavefunction guess. Diffusion Monte
Carlo114,144,145,166 is one such method, which seeks to sample the exact ground state by
reweighting trial wavefunction components according to a well-approximated imaginary-time
propagation operator
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The formal solution to the Time-Dependent Schrödinger equation can be written as an
exponential operator known as the propagator applied to an initial state:

|Ψ(t)〉 = e−iHt |Ψ(0)〉 (1.108)

If we expand the wavefunction in the complete set of eigenstates of H, this time-dependence
can be isolated to an oscillating phase factor:

|Ψ(t)〉 =
∑
k

cke
−iEkt |Ψk〉 (1.109)

If we take t as an imaginary number, the “time-dependence” of the wavefunction instead
reweights each eigenstate by an exponential factor:

|Ψ(−it)〉 =
∑
k

cke
−Ekt |Ψk〉 (1.110)

After rescaling to cancel the ground-state exponential factor and taking the infinite-time
limit, we recover the ground state wavefunction:

lim
t→∞

eE0tΨ(−it) = lim
t→∞

∑
k

cke
(E0−Ek)t |Ψk〉 = c0 |Ψ0〉 (1.111)

Excited states are reweighted by an exponentially-decaying factor and are duly projected
out of the initial wavefunction.

The idea behind Diffusion Monte Carlo114,144,165 is to statistically evaluate this propa-
gator in position space to obtain and average local energy samples from the ground state
distribution. To set up this sampling procedure, we start with a mixed expectation value of
the energy that assumes we’re already sampling the ground state.

E0 =
〈Ψ|H|Ψ0〉
〈Ψ|Ψ0〉

= lim
t→∞

〈Ψ|H exp (−Ht) |Ψ〉
〈Ψ| exp (−Ht) |Ψ〉

(1.112)

Once projected, we should have an eigenstate of the Hamiltonian, and acting the Hamiltonian
on this state should provide an accurate estimate of the energy. To sample the ground state
wavefunction, we split the exponential operator into smaller time-slices as in path-integral
formulations and resolve stochastically-evaluated identity operators between each time-slice.

〈Ψ|H exp (−Ht) |Ψ〉 = 〈Ψ|H|
n∏
i=0

∫ [
dr(i) exp (−Ht/n) |r(i)〉 〈r(i)|

]
|Ψ〉 (1.113)

Here we sample pathways of coordinates from the iterated integration:{
r(1), . . . r(n)

}
(1.114)

with each successive component obtained by sampling the propagator using a weighted
Markov chain process.

〈r(i+1)| exp (−Ht/n) |r(i)〉 (1.115)
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As the Hamiltonian depends both on electrons’ position and momentum, values for these
propagator elements require additional approximation to obtain. To evaluate the propagator,
we symmetrically break the operator into kinetic and potential energy components using the
Trotter decomposition formula:204,205

e−Ht ≈ e−Vt/2e−Tte−Vt/2 (1.116)

which is exact up to second order in t. The flanking potential energy pieces are evaluated
at their respective positions, after which a Fourier Transform is used to obtain an analytic
expression for the propagator elements:

exp

(
−V (r(i+1)) + V (r(i))

2

)∫
dp exp

(
−p2τ

2

)
〈r(i+1)|p〉 〈p|r(i)〉 (1.117)

Importance sampling, discussed in the previous section, is performed in DMC just as it is
in VMC, and for similar reason. Particle configurations are sampled from a trial wavefunction
distribution according to the metropolis algorithm as in VMC. Doing this requires that we
modify the propagator elements, which turn out similar to equation (1.113), only with the
Hamiltonian being substituted out for the local energy. In the full path integral expression,
we effectively sample the VMC wavefunction and reweigh local energies by products of
propagator weights. This can become statistically unstable, so weights larger than one
are cloned into multiple Monte Carlo walkers and simulated independently. Walkers with
weight below a tolerance are deleted, and walker population can be adjusted to maintain an
equilibrium population for convenience.166

The projector formalism seeks the ground state of the Hamiltonian in position space and
has no knowledge of antisymmetry conditions. If nothing is done to prevent it, stochastically
simulating the above path sampling in the DMC integral will experience interference from the
nodeless, bosonic ground state. This manifests as a statistical error that scales exponentially
with the size of the system and is referred to as the sign problem.206 Sign problems in general
are endemic to projector Monte Carlo formulations, and can also be broadly understood
either as statistical interference with phase-shifted wavefunction samples or as high relative
error encountered when sampling oscillatory integrands.

To avoid statistical issues, and to ensure that we converge to a propery antisymmetric
wavefunction, we use the Fixed Node Approximation,144,207,208 in which the nodes of the
sampled distribution are constrained to match those of a trial wavefunction. This can be
straightforwardly done by adding an infinite potential barrier conicident with the guiding
wavefunction’s nodal surface:

HDMC = H + VFN , VFN(x) =

{
0 : Ψ(x) ≥ 0
∞ : Ψ(x) < 0

(1.118)

In the sampling procedure, this fixed node potential can be implemented by simply deleting
or rejecting the move of any walker that crosses a node of the trial wavefunction. DMC is
already variational to within statistical precision,209 and adding this always-positive potential
piece maintains this variationality.

At first glance, this appears to disrupt the stochastic sampling quite seriously by bar-
ricading half of space from being sampled at all. The tiling property210,211 assures us that
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these spaces – related by permutational symmetry – are simply reflections of each other, and
sampling either the positive or negative pocket exclusively does not affect our final result.
There is the more subtle concern that these nodal pockets may be topologically discon-
nected, leaving us with inaccessible pockets that are sampled. The positive and negative
nodal pockets in free particle systems are fully connected210 giving a total of two equivalent
nodal pockets, and properly correlated wavefunctions often share this property.212

DMC thus requires an antisymmetric guiding wavefunction to be used for importance-
sampling as well as to define a nodal surface constraint. However, the quality of the trial
wavefunction amplitudes limit only the statistical error of the energy, while the quality
of its nodal surface affects the variational energy estimate. For instance, in the Slater-
Jastrow wavefunction, the always-positive, symmetric Jastrow factor leaves the nodes of
the wavefunction untouched while significantly reducing the statistical error in DMC. By
contrast, the determinant expansion wholly defines the nodal surface of the wavefunction, and
orbital and linear determinant coefficients can be changed to manipulate the wavefunction’s
nodal surface.

Despite its simple definition, the antisymmetric nodal surface is a complicated and
difficult-to-visualize 3N−1 dimensional surface in position space,210,211,213–216 as it is defined
by a single constraint:

{x : Ψ(x) = 0} (1.119)

It should be emphasized that antisymmetric nodal surfaces are qualitatively different from
the nodes of molecular orbitals, and the two are not generally coincident. Antisymmetric
nodes are most obviously associated with electron-electron coalescence, this condition defines
only a 3N − 3 dimensional surface A full description of the nodal surface thus includes two
more dimensions that branch off the coalescence surface, and a straightforward characteri-
zation of these nodes beyond the linear multideterminant expansion remains elusive.

Research has been put toward directly finding nodal surfaces that better match those of
the true ground state.217 As above, it is not clear how to judge the quality of these nodal
surfaces simply by inspection of the wavefunction parameters. While some procedures that
directly target this nodal surface have been put forward, nodal surfaces are often assumed to
improve with a wavefunction’s variational energy, on the ground that an exact wavefunction
will have an exact nodal surface. While an orbitally-optimized VMC wavefunction will often
have a variationally better nodal surface, this need not always be the case.

However, variational changes made to a nodal surface often does improve DMC results.218
However, as the fermionic components wholly determine the nodal surface of the wavefunc-
tion, only orbital basis parameters can change the structure of the nodal surface. Though,
being symmetric, Jastrows don’t affect the DMC energy directly, they can nonetheless be
crucial to obtain an accurate nodal surface. This is because Jastrow parameters can couple
to the orbital parameters, and can straightforwardly allow the orbital optimization to focus
its efforts on correcting the nodal surface rather than making ambiguous tradeoffs when
correcting for wavefunction magnitudes.

To summarize, VMC stochastically evaluates energy functions and derivatives and is
compatible with nonlinear position-space factors that can easily express wavefunction cusps
and short-range correlations. DMC is a highly accurate projector Monte Carlo method that
effectively reweights VMC wavefunction within a fixed-node approximation to sample the
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Hamiltonian ground state variationally. While both have to manage idiosyncracies of sta-
tistical sampling, both scale quartically (O(N4)) with the size of the system with standard
trial wavefunctions, and are exceedingly compatible with massively-parallel computer ar-
chitectures. In the next two chapters we show how to design a nonlinear factor to handle
the strong correlation of bond-breaking without explicit reference to the linear determinant
space.
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2 Number-Counting Jastrow Factors

2.1 Abstract

We demonstrate that 4-body real space Jastrow factors are, with the right type of Jastrow
basis function, capable of performing successful wave function stenciling to remove unwanted
ionic terms from an overabundant Fermionic reference without unduly modifying the remain-
ing components. In addition to greatly improving size consistency (restoring it exactly in
the case of a geminal power), real-space wave function stenciling is, unlike its Hilbert space
predecessors, immediately compatible with diffusion Monte Carlo, allowing it to be used
in the pursuit of compact, strongly correlated trial functions with reliable nodal surfaces.
We demonstrate the efficacy of this approach in the context of a double bond dissociation
by using it to extract a qualitatively correct nodal surface despite being paired with a re-
stricted Slater determinant, that, due to ionic term errors, produces a ground state with a
qualitatively incorrect nodal surface when used in the absence of the Jastrow.

2.2 Introduction

Linear wave functions in quantum chemistry are fundamentally limited by their inability
to compactly describe a strongly correlated electronic state, a difficulty that arises directly
from the factorial growth of Hilbert space in the quantum many-body problem. The field
of quantum chemistry has therefore long pursued sophisticated nonlinear forms for its ap-
proximate wave functions.45,90,97,98,219 It remains a challenging task to design an effective
ansatz that is simultaneously size-consistent (gives the same energy for independent systems
whether treated individually or together) and variational (gives an upper-bound to the true
energy) with a cost that scales polynomially with the system size. Wave function stenciling,
a generalization of Gutzwiller’s approach,119 where a nonlinear correlation factor removes
unsuitable terms from an overabundant Fermionic expansion, has shown to achieve these
three properties,162,220,221 and so appears to be a promising ansatz design paradigm.

The Hilbert space Jastrow Antisymmetric Geminal Power (JAGP) is a characteristic
example of this stenciling approach, and while it has proven effective at capturing strong
correlation during bond dissociations,222,223 it is much less effective for capturing the full
range of dynamic correlation effects. One way to understand this difficulty is to consider
that its number-operator based Jastrow factor, which is central to its stenciling strategy,220
can also be written as a very limited coupled cluster doubles operator.222 This incomplete re-
production of the doubles operator only partially recovers dynamic correlation, and although
the Hilbert space Jastrow factor is effective at making large changes to the wave function,
it is unable to include the multitude of small changes required by dynamic correlation. By
contrast, more traditional real-space Jastrow factors, especially when used in tandem with
diffusion Monte Carlo (DMC),114 are renowned for their ability to capture dynamic correla-
tion. This pairing has been employed as a reliable substitute for the “gold standard” coupled
cluster with singles, doubles, and perturbative triples (CCSD(T))90 in cases where the lat-
ter’s high cost scaling makes it untenable.142 In addition, real space Variational Monte Carlo
(VMC) approaches remain the only tractable ab initio method capable of performing the
difficult geometry optimization encountered in extended conjugated systems,161,224 further
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motivating the development of improvements to existing real space Jastrow factors.
At present, we find that Jastrow factors largely play opposing roles in real space and

Hilbert space. Can we develop a real space Jastrow factor that can deliver both the large
changes required for stenciling and the small changes required for dynamic correlation?
The best current option for encoding static correlation effects in real space is through a
costly determinantal expansion; could we instead construct an affordable Jastrow factor
that describes these effects which is compatible with DMC in strongly correlated regimes?
In this chapter, we present a real space Jastrow factor that does this, we explain why previous
Jastrow formulations were unable to capture these details, and we demonstrate the efficacy
of this stenciling strategy when the stenciled wave function is a single Slater determinant. In
addition, we offer some thoughts on the conditions required for the action of these stenciling
Jastrows in real space, and we speculate on how these Jastrow factors might be extended to
larger and more complex molecular systems.

The essential challenge we confront in constructing a real space stencil is this: we desire
a multiplicative factor that is not only capable of making large changes to the wave function,
but also one that variationally favors these large changes. Making large changes to a wave
function through a smooth, well-behaved, multiplicative Jastrow factor requires that the
factor take on a large degree of curvature, and unless carefully controlled, this curvature will
tend to raise the kinetic energy of the wave function. This will lead the variational principle
to deem term deletion energetically unfavorable, even in cases where it should not be.

To address this challenge, we present a new form of four-body Jastrow factor that is
better-suited to hiding its curvature in regions of low wave function value, where it will
minimally raise the kinetic energy. These Jastrows factors are known as number counting
Jastrow factors, since they can be thought to count electrons within local regions of space, and
broadly mimic the mechanism by which Hilbert space Jastrows achieve stenciling. Combined
with traditional two-body Jastrows, these number counting Jastrow factors are able to correct
a single Slater determinant for both static and dynamic correlation effects within a real
space framework that is both compatible with diffusion Monte Carlo approaches and whose
complexity is explicitly polynomial.

2.3 Mimicking Hilbert Space Jastrows

Let us begin by reviewing Hilbert Space Jastrow Factors (HSJFs), which may be written in
terms of a matrix F and second-quantized number operators n̂i within an orthonormal (and
typically local) one particle basis,

eĴHS = exp

(∑
ij

Fijninj

)
(2.1)

Note that these can be thought of as four-body e-e-N-N Jastrow factors, as the indices i and
j run over orbitals that are localized at or near the nuclei while the results of operating with
the number operators tell us about the positions of up to two different electrons.

As number operators are idempotent and overall constant factors irrelevant, F can be
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chosen such that the HSJF contains any number of Gaussian factors

Γ̂W,HS = exp

−ξ(N −∑
p∈W

np

)2
 (2.2)

for use in wave function stenciling. Application of one of these factors to a Fermionic wave
function effectively reweights each configuration in that wave function’s expansion within
this particular orbital basis according to a Gaussian distribution in the total occupancy of
an orbital subset W . Provided that the “projection strength” ξ is sufficiently large, such a
Gaussian factor acts as a stencil, removing any configuration in which the set of orbitals
W contains an electron count differing from N . Given two or more molecular fragments,
this effect can be used to eliminate any configurations in which a fragment possesses an
unphysical charge (an “ionic configuration”), which turns out to be sufficient for restoring
size consistency to a geminal power.162 Crucially, this factor does nothing to components of
the wave function which do not deviate from the prescribed pattern of subsystem electron
counts, preventing the HSJF from raising the kinetic energy of configurations that survive
the stencil.

Unfortunately, a direct translation of the HSJF into real space is problematic for QMC
methods due to the nonlocal nature of a number operator’s real space form,

np =
∑
i

φp(ri)

∫
φ∗p(r̃i)dr̃i. (2.3)

Efficient stochastic integrations of a wave function in real space hinge on the ability to
evaluate local wave function values Ψ(r), which is complicated by the number operators’
nonlocality. Instead, we will seek a local function Q, associated with a region W , enclosed
within a Jastrow factor of similar Gaussian form

ΓW,RS = exp

−ξ(N −∑
i

Q(ri)

)2
 (2.4)

that permits efficient local evaluation and, thanks to the sum over all the electron positions
ri, maintains the bosonic symmetry required by the Jastrow factor to keep the overall wave
function correctly antisymmetric.

In order to mimic the effects of a HSJF, we therefore desire that each real space Gaussian
component approximate the effects of its Hilbert space counterpart as closely as possible at
any sampled position of the electrons; thus we want

〈r|ΓW,RS|Ψ〉 ' 〈r|Γ̂W,HS|Ψ〉, (2.5)

where |Ψ〉 is the Fermionic wave function that is to undergo stenciling. When basis orbitals
in W are spatially separated from others in the system — an ideal that is often approached
in the localized physics of strong correlation — it is sufficient to choose Q as a step function:

Q(ri)→
{

1 ri ∈ RW

0 ri 6∈ RW
(2.6)
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in which RW is a region exclusively supporting the orbitals in W . To preserve smooth wave
function derivatives and allow for a gradual approach to step like behavior in cases where
orbital subsets are partially overlapping in space, we relax the step discontinuity at the
boundaries of RW by employing an analytical approximation to the Heaviside function (see
Section 2.5).

So long as the smoothed form of Q rapidly approaches 0 as one moves away from the
boundary of RW , the Jastrow factor of Equation (2.4) retains the ability to precisely control
the electron count on a subsystem that is spatially well-separated from other subsystems,
as there is in this case ample room in between for the 1-to-0 switch to occur. Thus, as
with a HSJF, the real space form presented here can fully eliminate ionic terms between
well-separated subsystems, allowing it to restore exact size consistency to geminal powers
and to aid in the repair of restricted Slater determinants. The key question now becomes
whether we can construct functional forms for Q that permit useful demarcations of spatial
regions while also ensuring that the curvature they introduce can be hidden in regions where
its contribution to the kinetic energy, through the term

−1

2

∫
dr 〈Ψ|r〉〈r|

(
∇2ΓW,RS + 2∇ΓW,RS · ∇

)
|Ψ〉, (2.7)

is mitigated by small local wave function amplitudes 〈Ψ|r〉. This is of course trivial when
demarcating a region around a well-separated fragment, but becomes less so during dissoci-
ation events, where partial stenciling becomes beneficial long before the well-separated limit
is reached.

2.4 Existing 4-body Jastrows

Before detailing our proposed form for a stenciling-friendly 4-body Jastrow factor, it is
instructive to consider why existing 4-body forms are ill-suited for this task. Begin by
considering a previously used form121 for 4-body Jastrows that closely mirrors that of a
HSJF:

eJ4 = exp

(∑
ijIJ

ΦI(ri)FIJΦJ(rj) +
∑
iI

GIΦI(ri)

)
. (2.8)

By diagonalizing F , choosing G appropriately, and ignoring changes to wave function nor-
malization, one may convert this Jastrow into a product of Gaussians,

eJ4 →
∏
J

exp

−ξJ (NJ −
∑
iI

UIJΦI(ri)

)2
 , (2.9)

in which U is the unitary matrix that diagonalizes F . Written this way, we may immediately
identify the linear combination

∑
I UIJΦI as one possible form for the counting function Q

discussed in the previous section.
We may evaluate the suitability of 4-body Jastrows of the type given in equation (2.8) for

use in HSJF-style stenciling by asking how easily these linear combinations can approximate
a step function over a given region, and how much control they have over their curvature.
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By considering the task of controlling the electron count on a single atom well-separated
from the remainder of whatever system is being modeled, the above analysis makes plain
that the two common forms for the basis functions ΦI , atom-centered Gaussians155 and
symmetric polynomials,152 are not effective for wave function stenciling in Hilbert Space. In
the same way that one requires many Fourier components to converge to a square wave, small
Gaussian expansions or low-order polynomial expansions are unable to faithfully approximate
the switching behavior required for our Jastrow basis functions. Indeed, Gaussian functional
forms contain significant curvature at and about the atom’s center where the wave function
is large in magnitude, and thus cannot engage in the curvature hiding necessary to avoid a
rise in kinetic energy when ξJ is large, i.e. in the strong stenciling regime. Although it is
true that in the infinite basis set limit, a complete set of functions (such as the Gaussian
spherical harmonics) can represent any smooth function, they will converge to the nearly
steplike behavior required by Q only very slowly and so will retain appreciable curvature
near the center of the counting region unless the Jastrow basis is made extremely large.
In practice, therefore, the functional forms within previously-studied 4-body Jastrows were
inappropriate for stenciling, and so, during optimization, the variational principle did not
explore their ability to eliminate ionic terms, as doing so would have led to large, curvature-
induced increases in the kinetic energy. Ultimately, as can be seen in Sorella’s carbon dimer
results,225 the price for using a Jastrow basis that cannot easily represent a step function is, in
the context of the JAGP, a size consistency error stemming from the inadequate suppression
of ionic terms.

2.5 Mathematical formulation

We investigate the efficacy of real space number-counting Jastrow factors (NCJFs) that can
be written in the same general structure as existing four-body Jastrows,

eJNC = exp

(∑
ijIJ

CI(ri)FIJCJ(rj) +
∑
iI

GICI(ri)

)
. (2.10)

As discussed above, the key characteristic of NCJFs will lie in the choice of basis functions CI ,
for which we select a form that can, to a certain degree, act as local real space approximations
to Hilbert Space number operators. In the limit of disjoint orbital subspaces, bosonic step
functions in real space can exactly reproduce the effects of a sum of Hilbert space number
operators and can thus serve as a conceptual starting point for our basis functions. Although
we will soften this step-function extreme by employing smooth functions, we will retain the
spirit of spatially localized curvature so as to facilitate the curvature hiding that NCJFs
require in order to effect strong stenciling without unphysically affecting the kinetic energy.

This goal in mind, we propose “counting” basis functions of the form

C(r) = S(g(r)), (2.11)

where the Fermi-Dirac-like function

S(x) =
1

1 + e−βx
(2.12)
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plays the role of an analytic approximation to the Heaviside step function. The value of
S asymptotically switches from zero to one as its argument traverses the origin, with β
(which is not related to physical temperature) determining both the slope at the origin as
well as the effective width of the switching region in which S meaningfully differs from zero
or one and displays non-negligible curvature. The interior function g(r) is a scalar-valued
function of a real-space coordinate whose nodal surface defines the boundary, or switching
surface, of the region within which electrons are to be counted. The volume for which g takes
on positive values (negative values) is called the interior (exterior) of the counting region,
since composition with the switching function S ensures that C asymptotically evaluates to
one (zero) inside this region. We will refer to counting functions by the geometry of their
switching surface, and in the present study we investigate both planar

gP (r) = (r − c) · k̂ (2.13)

and ellipsoidal
gE(r) = (r − c)TT (r − c)− 1 (2.14)

counting regions. The nodal surface of gP is a plane centered at c and normal to the unit
vector k̂, while the nodal surface of gE is an ellipsoid with center c and axes defined by
the eigenvectors and eigenvalues of T . Together with S, these counting regions provide us
with a set of Jastrow basis functions whose only curvature appears at the edges of their
counting regions, making it more amenable to being hidden in regions of low wave function
magnitude. This positioning of curvature should be compared to the more traditional forms
given in Section 2.4, which display significant curvature at their centers. Note that varia-
tional optimization of a NCJF may also involve parameters internal to g: in the case of the
ellipsoidal counting function, this corresponds to optimizing the position (c) as well as the
shape and orientation (T ) of the switching surface.

In addition to this stenciling-friendly curvature, arithmetic operations between these
counting basis functions correspond to set operations between their interior volumes, which
gives their sums and products a somewhat intuitive meaning. For example, consider the
large-β limit of these counting functions,

lim
β→∞

C(r) =

{
1 r ∈ A
0 r 6∈ A (2.15)

in which these functions revert to actual step functions. Spatial regions’ complements now
occur simply as

1− CA(r) = CAc(r), (2.16)
while intersections

CA(r)CB(r) = CA∩B(r) (2.17)
and unions

CA(r) + CB(r)− CA∩B(r) = CA∪B(r) (2.18)
arise from products and sums of counting functions. In this way, the quadratic form in
equation (2.10) offers the possibility for the full set of first-order topological operations to
arise naturally during the variational minimization of a NCJF, raising interesting questions
as to whether adjacent regions will merge or produce cutouts from one another in pursuit of
optimal stencils.
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(a)

(b)

Figure 2.1: One-dimensional schematic for Jastrow basis functions in a diatomic molecule.
Filled circles indicate atomic positions and colored lines represent Jastrow basis functions.
With a Gaussian basis (a), curvature is concentrated around atomic positions, forcing the
variational principle to balance ionic term deletion with the kinetic energy introduced by
the Jastrow basis functions at the atomic center. With the counting function basis in (b),
curvature is concentrated in regions away from atomic positions, minimizing this kinetic
energy penalty.

2.6 Results

We have prepared a pilot implementation supporting planar and ellipsoidal NCJFs within a
development version of QMCPACK.226 NCJFs, as well as spline-based, cusp-correcting e-e
and e-n two-body Jastrows and the molecular orbital coefficients were optimized with respect
to energy using the variational Monte Carlo (VMC) linear method.181,182,227,228 The Hamil-
tonian is taken as the non-relativistic electronic Hamiltonian under the Born-Oppenheimer
approximation, with effective core potentials229 used to replace carbon atoms’ core electrons.
RHF solutions are taken as the reference configurations at each geometry in the cc-pVTZ
basis52 and are generated by GAMESS.230 Multireference configuration interaction calcula-
tions with the Davidson correction (MRCISD+Q93,94) were performed with MOLPRO231–241

also in the cc-pVTZ basis.
In our results, we will distinguish wave functions based on the types of Jastrow factors

employed, whether or not the molecular orbitals were re-optimized in the presence of the
Jastrow, and, where applicable, whether the molecular orbitals are symmetric (SA) or have
broken symmetry (SB). The presence of counting Jastrows will be denoted by C, traditional
spline-based e-e and e-n Jastrows by T, and orbital re-optimization by the prefix “oo-”. In
all cases, JS stands for Jastrow-Slater. For example, a Jastrow-Slater wave function with
both traditional and counting Jastrows whose orbitals were re-optimized starting from a
broken symmetry orbital guess would be denoted as oo-CTJS-SB. Finally, DMC results will
be denoted by adding DMC to the name of the wave function that fixes the nodal surface.
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Figure 2.2: VMC energies for the dissociation of H2 using a cc-pVTZ orbital basis. The solid
black line is twice the VMC energy of a single H atom in the same cc-pVTZ basis.

2.7 Hydrogen Molecule

As a minimally correlated wave function, a single restricted Slater determinant is insufficient
to describe electron correlation at stretched molecular geometries, which can lead to large
size-consistency errors during molecular fragmentation. To correct this, we apply a simple
NCJF with a basis consisting of two anti-aligned planar counting functions whose switching
surfaces are set to bisect the H-H bond. The NCJF matrix parameters FIJ and GI are
initially set to zero (so that the overall Jastrow factor is initially unity), after which both
the matrix parameters (FIJ , GI) and basis function parameters (βI , k̂I , cI) are optimized.
Figures 2.2 and 2.3 show that NCJFs paired with either cusp-correcting Jastrows (CTJS),
orbital optimization (oo-CJS), or both (oo-CTJS) prove far more effective at recovering size-
consistency than when only two-body Jastrows (TJS) are used, even if assisted by orbital
re-optimization (oo-TJS). At a separation of 4 Å, for example, we find that oo-CTJS is size-
consistent to within 0.4 mEh , while the smallest size-consistency error achievable without
NCJFs is over 14 mEh .
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Figure 2.3: VMC energies for the dissociation of H2 using a cc-pVTZ orbital basis, now
focusing on stretched geometries. The solid black line is twice the VMC energy of a single
H atom in the same cc-pVTZ basis.

2.8 Ethene

A variationally optimized Slater-Jastrow ansatz is often taken as a guiding function for
diffusion Monte Carlo calculations, but the appearance of symmetry-broken minimum-energy
solutions to the RHF equations at stretched geometries — which do not possess the correct
nodal structure required by DMC — means that we cannot naively take minimum-energy
configurations without issue. For instance, when stretching the C=C bond in ethene past
2.5 Å, an RHF solution with broken-symmetry orbitals sees its RHF energy drop below
that of the symmetric-orbital solution. However, the nodal surface of this broken-symmetry
solution is incorrect, and so when used in DMC it gives an energy that is 40 mEh or more
above that of a DMC based on the symmetric-orbital RHF solution (see Figure 2.3). In
more complicated systems, such effects can be more pronounced, and it would be highly
desirable to be able to predict beforehand which nodal surface is most appropriate. Given
a sufficiently flexible trial function to optimize, VMC can in principle produce the correct
nodal surface by selecting the VMC wave function with the lowest energy.
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Figure 2.4: VMC and DMC energies of symmetry-adapted (SA) and symmetry-broken (SB)
RHF solutions. The RHF minimum at stretched geometries corresponds to the symmetry-
broken configuration, which is not the best DMC guiding function.

However, this approach will only be reliable if the trial function is flexible enough, and
in the case of ethene, traditional Jastrow-Slater is not, even under orbital re-optimization,
as can be seen in Figure 2.5. Although multiconfigurational expansions can be used in
lieu of a single reference Fermionic function in order to achieve the flexibility needed to
describe the strong correlation responsible for flipping the energy ordering of these two
states, the complexity and thus cost of such an expansion must grow exponentially with the
number of correlated bonds. The cost of a stenciling approach using NCJFs — assuming a
constant number of counting basis functions per fragment — will by comparison scale only
quadratically with fragment number, and so it would be quite useful if stenciling were able
to capture a sufficient amount of strong correlation to produce the correct energy ordering
of states at the VMC level.

Using the same planar NCJFs as in the hydrogen case (except now the planes bisect the
C=C bond), we apply NCJFs, orbital optimization, and traditional two-body Jastrows to a
single Slater determinant that is either a symmetry-adapted (SA) or symmetry-broken (SB)
RHF solution. (Note that SA vs SB orbitals did not interconvert under orbital optimization
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Figure 2.5: VMC energies with orbitals optimized together with Jastrow variables. The
solid black lines are twice the VMC energy of a single CH2 fragment, with no Jastrow factor
(RHF) or with a cusp-correcting Jastrow (TJS), as indicated, and provide a reference for
size-consistency.

and appear to represent two separate minima on the optimization surface.) In the most
flexible case, oo-CTJS, VMC is now correctly able to predict that the SA energy lies below
that of the SB energy, a prediction that fails to materialize if the NCJF is omitted (see Figure
2.5). Upon using the oo-CTJS-SA and oo-CTJS-SB wave functions to fix the DMC nodal
surface, we find that the lower-energy VMC state now corresponds to the lower energy DMC
result, and that the lower energy DMC result is in close agreement with MRCISD+Q (see
figure 2.6). Thus, in the case of the ethene double bond dissociation at least, the NCJFs’
ability to suppress spurious ionic terms within a single Slater determinant is sufficient to
produce a qualitatively correct state ordering and nodal surface without resorting to multi-
determinantal expansions.
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Figure 2.6: DMC energies based on the oo-CTJS-SA and oo-CTJS-SB nodal surfaces, along
with results for (4e,4o)-MRCISD+Q.

2.9 Curvature Hiding

Using ellipsoidal basis functions, we will demonstrate the size-consistency problem encoun-
tered with basis functions used previously in four-body Jastrow factors. As noted earlier,
the main problem associated with taking atom-centered Gaussian functions as the Jastrow
basis lies in their inability to effectively hide their curvature in regions where wave function
values are small. We reproduce this effect in ethene at a stretched geometry (4.5 Å) by
changing our Jastrow basis from C=C bond-bisecting planes to a set of ellipsoidal counting
functions in which we scan over an axis scaling parameter L while keeping one edge orthogo-
nally bisecting the C=C bond axis. NCJF parameters (F , G, β) are fixed at values optimal
for planar counting functions, which allows us to reproduce the behavior of the planar basis
as we increase the axis scale (at large values of L). This gives us a suitable baseline to
compare the ellipsoidal and planar Jastrow basis at different geometries, and, as we expect,
VMC energies match reasonably well when each ellipsoidal counting function encompasses
an entire CH2 fragment.

However, as we shrink the ellipsoidal switching surface to only partially encompass each
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fragment, Figure 2.6 shows that the overall energy increases, which can be explained by the
fact that the curvature at the edge of the ellipsoidal counting region is now cutting through
a region with appreciable wave function magnitude. For Jastrow basis functions like these
too-small ellipses, these energetic penalties prevent the variational principle from increasing
the value of elements of the Jastrow matrix F , precluding any stenciling behavior. When
instead the basis functions allow for curvature hiding, such as when the ellipsoidal regions
are large enough to fully encompass the CH2 fragment, the variational principle is again
free to restore size-consistency by increasing the magnitude of F elements, deleting spurious
ionic terms without these energy penalties.

This example demonstrates the necessity of hiding curvature present in the Jastrow basis
within regions of low wave function value. The conventional choice of atom-centered Gaus-
sians as the Jastrow basis place this curvature directly on top of atomic positions, making
ionic term deletion variationally unfavorable, as discussed in section 2.2.
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Figure 2.7: CJS energies using ellipsoidal counting functions of variable size, placed according
to Figure 2.8. Vertical lines indicate values of L at which the ellipsoidal counting functions’
switching surfaces cut directly across an atomic nucleus. The horizontal black line indicates
the VMC energy of planar counting regions, which should serve as a lower bound for the
energy in the L→∞ limit.
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Figure 2.8: Two-dimensional schematic for counting function setup in Figure 6. Black cir-
cles represent carbon atom positions, white circles represent hydrogen atom positions, and
blue ellipses represent ellipsoidal counting functions. Multiple ellipsoidal counting functions
are shown superimposed with larger ellipses corresponding to larger values of the scaling
parameter L. The ellipse intersecting the carbon nucleus (the second smallest ellipse) corre-
sponds to L = 1 and the ellipse intersecting the hydrogen nuclei (the second largest ellipse)
corresponds to L ≈ 1.3.

2.10 Basis Construction Schemes

While we have shown that the combination of suitably chosen Jastrow basis functions with a
general 4-body Jastrow factor form can successfully include strong correlation effects through
the stenciling of ionic terms, a generally applicable method requires some rule or prescription
for how the Jastrow counting functions are to be chosen for an arbitrary molecule. Let us
discuss and discard two options based on the current planes and ellipses before motivating
future work with some observations on the properties that a general NCJF basis should
satisfy.

First, one might choose to place planar counting functions so as to bisect each bond in a
molecule. Such an approach would prepare the ansatz for suppressing unwanted ionic terms
in any given bond, but the infinite extent of the planes would clearly not in general satisfy
the requirement that the counting function’s curvature be hidden in regions of small wave
function magnitude. What if the plane from one bond intersects a far-away atom?

Second, one could consider using atom-centered ellipsoids for the counting regions, hop-
ing to take advantage of set operations to generate unions of ellipsoidal counting regions
where necessary to encompass an overall fragment. While this scheme sounds more promis-
ing, the data presented in Figure 2.9 show that in practice, such set operations do not work
out cleanly. The trouble in this case is due to the fact that the optimal switching functions
are much smoother than sharp step functions (which would have dire kinetic energy conse-
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quences), and so clean set operations to create a union of neighboring counting regions are
not achievable within the chosen 4-body form of the overall NCJF. While the symmetry of
ethene still allows for the elimination of ionic terms via an F that suppresses terms in which
the left-hand and right-hand fragments’ not-quite-correctly-unioned counting regions give
differing electron counts, the imperfections in the union create residual Jastrow curvature in
between the C and H atoms where the wave function magnitude is not small. This residual
curvature increases the kinetic energy of the neutral terms that survive the stenciling pro-
cess, and it appears from the results in Figure 2.9 that this effect is large enough that the
variational principle instead chooses to eschew strong suppression of ionic terms.
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Figure 2.9: VMC energies when using atom-centered ellipsoids (eCTJS) vs C=C bond bi-
secting planes (pCTJS) for the counting regions, applied to both symmetric and symmetry-
broken RHF determinants.

The difficulties in the above two schemes highlight the properties that should be sought
in future for general-purpose NCJF basis functions. First, the function should be finite in
spatial extent, so that when used for stenciling in one region they do not unduly affect the
kinetic energy in distant parts of the molecule. Second, the functions must be capable of
clean set operations so that they can combine when necessary to form a counting region
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around a group of atoms. Finally, they must remain efficiently evaluable for a randomly
chosen configuration of the electrons so as not to disrupt the algorithmic requirements of
VMC.

We conclude by outlining a simple scheme that fits our above criteria. First, along each
internuclear axis, we place a pair of axis-bisecting, anti-aligned planar counting functions.
Second, for each atom, we multiply together all planar counting function which contain that
atom, and take each product formed in this way as our counting function basis. These atom-
centered, Voronoi-like counting functions cleanly partition all of real space into disjoint, local
cells, and aside from minor deviations around their edges, behave like their constituent planar
counting functions under set operations. Finally, a naive implementation of this scheme has
cost which scales only quadratically with the number of atoms in the system, and does not
meaningfully change cost scaling of Monte Carlo sampling when paired with a standard
Fermionic ansatz.

2.11 Conclusions

We have demonstrated that 4-body real space Jastrow factors are, with a suitable choice
of Jastrow basis functions, capable of performing strong wave function stenciling, in which
a multiplicative Jastrow factor makes a large change to the wave function by deleting un-
physical configurations from a simple but overabundant Fermionic reference. In particular,
these Jastrow factors are capable of eliminating ionic terms between well-separated molecular
fragments, which restores exact size consistency to the geminal power and greatly improves
the situation for restricted Slater determinants, bringing real space Jastrows in line with
the size-consistency-restoring properties already enjoyed by Hilbert space Jastrows. Unlike
their Hilbert space brethren, the real space Jastrows presented here are compatible with dif-
fusion Monte Carlo, which creates exciting possibilities for generating qualitatively correct
nodal surfaces in strongly correlated regimes with a variational Monte Carlo approach that
is both polynomial cost and size consistent. Indeed, our preliminary results show that, when
equipped with these stenciling-capable Jastrow factors, the variational minimization of a
single reference Jastrow-Slater trial function produces a qualitatively correct nodal surface
during the double bond dissociation of ethene, which in turn leads diffusion Monte Carlo to
produce an accurate potential energy curve. As every step in this process has a polynomially
scaling cost, it will be very exciting in future to test the efficacy of this combination in larger
and more strongly correlated settings.

The key development allowing for effective stenciling was the introduction of a new form
of 4-body Jastrow basis function, in which a smoothed indicator function is used to check
whether or not each electron is within a given region of space. These basis functions thereby
allow the overall Jastrow factor to count and control how many electrons are in a given
region, which in turn allows for the suppression of unwanted ionic configurations. Unlike
previously explored basis function forms, these counting functions have no curvature except
at the boundary of their spatial region, allowing them to participate in strong stenciling so
long as the boundaries are arranged so as to hide their curvature in regions of small wave
function magnitude. In contrast, Gaussian-type basis functions have significant curvature
at their centers, leading to kinetic energy changes that prevent effective stenciling. The
most pressing priority in the future development of these number counting Jastrow factors is
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to formulate them in a way that permits for black-box treatments of arbitrary molecules in
which the variational principle can decide automatically how to demarcate important regions
in which to count and control electron number. Although the planar and ellipsoidal forms
used in this study do not appear to support this black-box ideal, research into promising
alternatives is underway.
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3 Automated Spatial Tessellations
for Correlation Factors

3.1 Abstract

We introduce a basis of counting functions that, by cleanly tessellating three dimensional
space, allows real space number counting Jastrow factors to be straightforwardly applied to
general molecular situations. By exerting direct control over electron populations in local
regions of space and encoding pairwise correlations between these populations, these Jastrow
factors allow even very simple reference wave functions to adopt nodal surfaces well suited
to many strongly correlated settings. Being trivially compatible with traditional Jastrow
factors and diffusion Monte Carlo and having the same cubic per-sample cost scaling as a
single determinant trial function, these Jastrow factors thus offer a powerful new route to
the simultaneous capture of weak and strong electron correlation effects in a wide variety
of molecular and materials settings. In multiple strongly correlated molecular examples,
we show that even when paired with the simplest possible single determinant reference,
these Jastrow factors allow quantum Monte Carlo to out-perform coupled cluster theory and
approach the accuracy of traditional multi-reference methods.

3.2 Introduction

Characterizing novel strongly-correlated systems requires an accurate description of the elec-
tronic wavefunction. Traditionally, this is achieved by adding correlations to a minimally-
correlated mean-field reference.43,53 It is often useful to divide these correlations into two
distinct classes – strong (static) and weak (dynamic)242 – based on their relative magni-
tudes and impact on the accuracy of the reference wavefunction. This dichotomy is not
well-defined, but it is useful in limiting cases, as each class describes effects that arise in
different physical limits. As different types of these correlation effects take on distinct math-
ematical forms, they are often treated using distinct theoretical methods. A quantitative
method must consider both to a high accuracy, a task that sharply grows in difficulty with
the complexity and size of the system.

These corrections introduce statistical correlations between individual electrons within a
many-body reference wavefunction. Static or strong correlations are those that require large,
qualitative corrections to a mean-field state to effectively describe, and manifest in chemical
systems as stretched or broken bonds. By contrast, weak or dynamic correlations are those
that give rise to more subtle effects like particle coalescence cusps114,130,151 and van der
Waals interactions,243 and are often described by perturbative or explicitly correlated53,136
methods. Without additional approximations, combining methods individually well-suited
for different classes of correlations can lead to prohibitive computational costs that are much
greater than the cost of the components. As a result, theoretical methods in quantum
chemistry still struggle to capture important contributions from both types of correlations
simultaneously in complex systems while remaining computationally tractable.244–247

In Fock space, static correlation is often treated using active-space methods,44,105,248 and
involves optimizing the energy of a wavefunction restricted to a subspace of configurations
generated from orbitals within a limited energy window. In this subspace, the number
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of configurations scales combinatorially with the number of electrons and orbitals, and in
cases where highly degenerate patterns of orbitals emerge, even the size of this active space
becomes impractical. Although great progress has been made in addressing this challenge by
DMRG,125–128,246,249 selective CI,95,124,125,250–253 and FCIQMC,115–117 it remains difficult to
go beyond 40 active orbitals due to the exponential asymptotic scaling that these methods
all possess.

Dynamic correlation is typically captured using perturbation theory.43 These corrections
are vital for accuracy, as they capture details such as wavefunction cusps130 and van der
Waals correlations.243 However, the cost of including these corrections scales both with the
system size and the size of the already-complex active-space wavefunction, and so in practice,
adding dynamic correlation effects on top of aggressive static correlation treatments remains
quite challenging. For example, in approaches like CASPT2,108 the cost of perturbatively
adding dynamic correlation to a CAS reference scales as the sixth power of the size of the
active space. As a result, it remains interesting to look for approaches that incorporate static
and dynamic correlation at low-order polynomial cost, even if they may be more approximate
than other post-CAS methods.

By contrast, real-space wavefunctions offer a number of powerful advantages when at-
tempting to capture both types of correlation simultaneously. For instance, the Slater-
Jastrow wavefunction114 is natively attuned to wavefunction cusps and can exactly express
them using a small set of variational parameters. The Jastrow factor, a symmetric many-
body multiplicative factor, is responsible for this compact description, as electron-electron
cusps are naturally described using the relative particle coordinates available to its explicit
position-space representation. This is in stark contrast to Fock space, where cusps may not
have an exact representation and where an equivalent factor would require a lengthy enu-
meration of corrections.53,136 This choice between real-space and Fock space wavefunctions
matters, as concise descriptions of particle correlations may appear only within a particular
representation. Those acquainted with real-space Monte Carlo114 techniques might argue
that projector-based methods such as Diffusion Monte Carlo (DMC) obviate the explicit for-
mulation of every detail of correlation, a powerful advantage not enjoyed by many advanced
Fock space methods. However, these methods rely on the accuracy of the wavefunction’s
nodal surface, which, though determined exclusively by the wavefunction’s antisymmetric
components, is nonetheless coupled to the symmetric Jastrow factor.

There have been efforts to expand the scope of Jastrow factors beyond particle cusp by
writing three-body and four-body correlation terms using higher-order functions of inter-
particle coordinates154,254–256 or a standard atomic orbital basis.121,156,157,257–261 Although
the hydrogenic functions used in this expansion have proven successful building blocks for
these sophisticated Jastrow factors, they have some formal shortcomings that makes the
exploration of alternatives worthwhile, especially in the context of strong correlation. For
example, enacting local projections on electron number, which can be useful when treating
static correlation, requires a very large basis of hydrogenic functions due to the fact that
the basis elements have non-zero curvature near their centers. As number projections can
help break chemical bonds,163 a Jastrow basis that cleanly accommodates them hold promise
as a way to compactly encode some static correlation in a way that complements existing
Jastrow factors.

In contrast to most standard methods, where a wavefunction is constructed through a
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hierarchy of additive corrections, projection factors remove high-energy components already
present in a reference state. Number projections are particularly suited to stenciling out
these high-energy components from compact functional forms which contain an overabun-
dance of spurious ionic configurations, such as the antisymmeterized geminal power (AGP)
wavefunction.147 Application of a Gutzwiller-style120 number projection factor has been
shown to successfully restore size consistency to the AGP,162 a feat which would otherwise
require an exponential number of individual additive corrections.

We have recently shown262 that Jastrow factors with a basis of sigmoidal “counting func-
tions” – real space functions which seek to mimic Fock space number operators – successfully
perform this number projection when applied to single-determinant reference wavefunctions.
Not only are these factors trivially compatible with existing Jastrow formulations that help
treat dynamic correlation, but their ability to projectively encode static correlations may
also help mitigate the size of multi-reference determinantal expansions needed to achieve
accurate predictions. However, the real-space counting functions we used previously were
constructed in an ad hoc way, and were not straightforwardly extensible to general chemical
systems.

In this chapter, we present a Number counting Jastrow Factor that is capable of number
projection using a basis of automatically-constructed counting functions. These counting
functions partition space into disjoint regions and tally the total electron count within each,
and pairs of the resulting populations are correlated in an exponential Jastrow factor. The
functional form chosen for these counting functions provides them both with the flexibil-
ity to adopt complex, quadratic shapes and the simple formal properties that permit the
creation of near-arbitrary spatial divisions. We provide two straightforward and automatic
generation schemes for these counting functions which can be used to partition space into
either spherical sections or polyhedral cells. These Jastrow factors were tested by applying
them to single-determinant reference wavefunctions in several strongly correlated systems
and exhibit surprising accuracy despite the simplicity of the reference state. In the future,
these Jastrows may be combined with more sophisticated Fermionic components such as
multi-Slater expansions or geminal power wavefunctions, but in this study we restrict our-
selves to pairing them with a single determinant in order to explore just how far they can
take us towards polynomial-cost static correlation on their own.

3.3 Review

Number counting Jastrow Factors, or counting Jastrows, are symmetric many-body factors
defined in terms of region populations NI and linear coefficients FIJ ,GI :

eJC = exp

(∑
IJ

FIJNINJ +
∑
I

GINI

)
(3.1)

Each region population NI estimates the total electron population in a spatial region RI for
each particle configuration. Counting Jastrow factors are able to perform particle-number
projections between these regions which can be directly seen by transforming the region
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Table 3.1: Key for mathematical notation.

Symbol Description
ne Number of electrons
nC Number of counting functions

i, j, . . . Particle index
I, J, . . . Counting region index
α, β, . . . Atomic index
a, b, . . . Molecular orbital index
ri Single particle position, ∈ R3

{ri} Particle configuration, ∈ R3ne

NI Region population
FIJ ,GI Population correlation coefficients
CI Counting function
RI Counting region, ⊂ R3

∂RI Boundary of RI

VI Voronoi region, ⊂ R3

CI/J Pairwise counting function
RI/J Pairwise counting region
VI/J Pairwise Voronoi region
gI Anchor gaussian
n Normal vector
µ Mean vector

ρI(N) Population density of RI
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populations {NI} to the basis that diagonalizes F :

eJC = exp

(∑
I

DII

(
PI − ÑI

)2
)
, F = UDUT (3.2)

When DII is negative, particle configurations are suppressed when the transformed region
populations ÑI deviate from the prescribed population PI , similar to performing a Hilbert
space number projection.162,163 Region populations are calculated using a set of real-space
single-particle counting functions {CI} which are designed to behave like indicator functions
over the counting regions {RI}:

CI(r) ≈
{

1 r ∈ RI

0 r 6∈ RI
(3.3)

As these functions are contained within the Jastrow factor, we must continuously approx-
imate this discrete switch at the counting region boundary to prevent singularities from
appearing in the wavefunction gradient. Each population is determined by summing the
counting function values evaluated at each particle coordinate ri:

NI =
∑
i

CI(ri) (3.4)

The primary focus of this section is to detail a simple and flexible functional form for these
counting functions with well-characterized counting regions that can be automatically con-
structed in a fully ab initio way.

We had previously262 used simple counting functions of the form:

C(r) =
1

1 + exp (αf(r))
(3.5)

which is a sigmoidal function with an inflection point at the zeros of f , at which it attains a
maximum slope proportional to α. In the infinite slope limit, we can directly relate this to
equation 3.3:

lim
α→∞

1

1 + exp (αf(r))
=


1 f(r) < 0

1/2 f(r) = 0
0 f(r) > 0

(3.6)

and we find that the counting regions are totally determined by the sign-structure of the
function f :

R = {r : f(r) < 0} (3.7)

The counting region boundary – which we will refer to as the switching surface, denoted ∂R
– is the set of zeros of f or, equivalently, when the counting function attains the intermediate
value of one-half:

∂R = {r : f(r) = 0} = {r : C(r) = 1/2} (3.8)

By implicitly defining the switching surface through the zeros of f , we avoid committing it
to any particular shape or topology. This approach is general and flexible, and mirrors tech-
niques used in level set methods used to describe and propagate interfaces in fluid dynamics,
computational geometry, and material science.263

53



With this analysis in place, we start by looking at switching surfaces that emerge from
simple functional forms of f . When f is a linear form:

fl(r) = −n · (r − µ), Cl =
1

1 + exp (−n · (r − µ))
(3.9)

The switching surface is a plane centered at µ and normal to n. Likewise, when f is a
quadratic form:

fq(r) = (r − µ)TA(r − µ)−K,

Cq =
1

1 + exp
(
K
(

(r − µ)T A (r − µ)− 1
)) (3.10)

the switching surface adopts a spherical, ellipsoid, paraboloid, or hyperboloid shape, depend-
ing on the sign-structure of the eigenvalues of A, centered at the point µ. Labeled examples
of each of these counting functions are illustrated in figures 3.1 and 3.2, and we will often
refer to counting functions by the shape of their switching surface.

We have shown that a pair of properly placed planar counting functions equip the counting
Jastrow with the ability to project out ionic terms in a molecular dissociation process.262
However, this relies on an ad hoc placement of the counting functions across the bond-axis,
and immediately runs into problems if naïvely generalized. The gradient and Laplacian of
the counting Jastrow exponent JC attain extreme values near the switching surface, and
when the switching surface overlaps with the wavefunction reference orbitals, these terms
can easily heighten the kinetic energy of the wavefunction:

〈eJCψ|T|eJCψ〉

= −1

2

∫
|eJCψ|2

[
∇2JC + |∇J |2 +

2∇JC · ∇ψ
ψ

+
∇2ψ

ψ

]
d {ri} (3.11)

Kinetic energy introduced by these terms is not necessarily unphysical, as the electronic
ground state performs a balancing act between kinetic and potential energy in which the
counting Jastrow may freely participate. However, simply bisecting every chemical bond with
a pair of planar counting functions in even trivial chemical systems can accidentally place the
switching surface on top of a distant atom, as shown in figure 3.3. In many of these cases, it
is easy to imagine modifying the counting region boundary to just avoid the distant nuclear
center while making only a small change to the counting region itself, ultimately lowering the
kinetic energy of the wavefunction with little to no tradeoff in potential energy. As a result,
the number projecting action of the counting Jastrow is limited by the uncontrolled overlap
between these planar switching surfaces and distant reference orbitals in this hypothetical
scheme.

Thinking instead that finite, enclosed boundaries won’t encounter this problem, we at-
tempted to generalize this basis by placing a single spherical counting function around each
atom, like in figure 3.4. However, as shown in figures 3.5 and 3.6, when stretching ethene
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Figure 3.1: A graph of a three-dimensional planar counting function (equation 3.9) projected
into the x-y plane. The counting region R is indicated in orange and the boundary ∂R as a
red line. The boundary is the plane normal to n that intersects the point µ and is the space
where the counting function value equals 1/2.

Figure 3.2: A graph of a three-dimensional ellipsoidal counting function projected into the
x-y plane. The counting region R is indicated in orange and the boundary ∂R is indicated
as a red line. The boundary is the ellipse centered at µ with axis length and directions
given by the eigenvalues and eigenvectors (respectively) of A−1/2 and is the space where the
counting function value equals 1/2.
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Figure 3.3: In a naïve generalization to a simple two-fragment system, we place a pair
of planar counting functions bisecting each bond axis back-to-back. Shown is an isosceles
arrangement of atoms (black circles) with a pair of planar counting functions bisecting the
base of the triangle. The counting regions are indicated by blue and red regions and the
switching surface by the black line. The switching surface intersects the atom at the top
vertex, and introduces a kinetic energy cost that limits particle-number projections between
electronic populations of the atoms at the base.

Figure 3.4: An illustration of a set of ellipsoidal regions (indicated by the shaded regions)
centered at atomic positions indicated by the black circles. Spherically packing counting
functions always produces an incomplete tiling of space, leaving significant curvature at the
void boundary. Due to the curved boundary of the counting regions, the interface between
neighboring counting regions is very narrow, making it impossible for particles to travel
between them without encountering this void curvature and incurring a kinetic energy cost
to prospective number projections. As the curvature from neighboring regions does not
cancel out in simple linear combinations, attempting number projections between multi-
atom fragments using linear combinations of counting functions will encounter this kinetic
energy cost as well.
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Figure 3.5: Schematic of the counting regions as a function of the scanning coordinate used in
figure 3.6. Single-point VMC energy calculations were performed for ethene with a distance
of 5 Å between carbon atoms as a function of the counting region scale factor L, indicated
in the figure, where the pair of ellipsoidal counting regions were set to touch at the bond
midpoint. The number projection was performed using F matrix parameters optimal for a
pair of bond-bisecting planar counting functions.
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Figure 3.6: Plot of potential, kinetic, and total VMC energies for ethene using a CJS wave-
function with a counting function basis of scaled ellipses, shown in figure 3.5 relative to VMC
energies of a CJS wavefunction using a pair of bond-bisecting counting functions. Scale fac-
tor values that correspond to an intersection of the ellipsoidal switching surfaces with atomic
centers are indicated by the labeled vertical lines. As the ellipsoidal regions completely en-
compass each fragment, the projecting action of the ellipsoid counting functions approaches
that of planar counting functions. At no point do the atom-centered ellipsoidal counting
functions improve the total variational energy of the CJS wavefunction relative to the planar
CJS benchmark indicated by the horizontal line.

58



symmetrically across the central double bond, we were unable to find an ellipsoidal count-
ing function basis which improved the variational energy of a CJS wavefunction relative to
one that used a pair of planes to bisect the chemical bond. Of course, the fundamental
mathematical reason for this failure is the same: the switching surface of the ellipsoidal
regions overlap with reference orbitals and limit the scope of variationally favorable number
projections. In this case, the overlap originates from the incomplete spatial packing of the
spherical switching surfaces which produce void regions that permeate a significant fraction
of space, greatly restricting number projections from the counting Jastrow no matter how
these ellipsoidal regions are placed.

3.4 Normalized Counting Functions

The collective pathologies of these schemes suggest that an improved counting function basis
will have the following attributes:

1. Localizability : regions permit finite boundaries.

2. Completeness : regions completely tile space.

3. Clean Additivity : summation seamlessly combines counting functions.

In this study, we look at counting functions of the form:

CI(r) =
gI(r)∑
J

gJ(r)
(3.12)

with the three-dimensional gaussian functions gI :

gI(r) = exp
(
rTAIr − 2BT

I r +KI

)
= exp

(
(r − µI)TAI(r − µI) + K̃I

)
(3.13)

which fulfills all three of these conditions. Note that normalized gaussian functions like
this are widely used in statistical classification algorithms such as quadratic discriminant
analysis264 and gaussian mixture models,265 which should not be too surprising, as the fun-
damental goal of our counting functions is to classify particles according to their location.
We will refer to counting functions of this form as normalized counting functions built from
the anchor gaussians gI .

The relationship between the gaussian parameters {AI ,BI , KI} and the counting regions
they produce is not immediately clear, but upon further investigation, we find that the
behavior of a normalized counting function can be modeled by what we will call a ‘pair
counting function’ throughout most points in space. Pair counting functions are those formed
from distinct pairs of anchor gaussians and are mathematically identical to the counting
functions discussed in equation 3.10:

CI/J(r) =
gI(r)

gI(r) + gJ(r)
=

1

1 + gJ(r)/gI(r)
(3.14)
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where the first element of the compound index I/J indicates the index of the gaussian in
the numerator. These pair counting functions approximate normalized counting functions
for most of space in the sense that, for I 6= J :

1. CI(r) ≈ CI/J(r) when gI(r) and gJ(r) are the largest two anchor gaussians.

2. CI(r) < CI/J(r) everywhere.

The space where the first property does not hold for any pair of anchor gaussian is limited
to neighborhoods about space where three anchor gaussians are equal:

{r : gI(r) = gJ(r) = gK(r)} (3.15)

As this set is defined by two independent constraints, it defines a one-dimensional path in
space. More precisely, since normalized counting functions are continuous, this condition
holds, to within a uniform convergence factor, except at a small neighborhood about these
paths. The size of these neighborhoods shrink as we increase the gradient of the counting
function at the switching surface – which is easily done by uniformly scaling the variance of all
anchor gaussians – and vanishes as the gradient diverges. These pair counting functions are
still good approximations to the boundary even at modest gradient values, and we can treat
the switching surface of these normalized counting functions as a patchwork of quadratic
surfaces formed by the pair counting functions, joined together at edges given by the paths
in equation 3.15.

We define the counting region RI as the region in which the normalized counting function
is greater than one-half:

RI = {r : CI(r) > 1/2} (3.16)

since the second property holds for all J 6= I, it follows that:

CI(r) < min
J 6=I

CI/J(r) (3.17)

so in order for a point to be contained in RI , it must also be contained in every pair counting
region RI/J . As the region boundaries coincide with the pair region boundaries to within
the aforementioned convergence factor, we conclude that RI is well approximated as the
intersection of the pair counting regions:

RI ≈
⋂
I 6=J

RI/J (3.18)

to within this convergence factor. As a result, the counting regions of these normalized
counting functions can be understood in terms of these pair counting functions, and we can
use them study their boundaries facet by facet.

When this analysis is accurate, which it is nearly everywhere in space, these normalized
counting functions are localizable, complete, and cleanly additive, as defined above. First,
these normalized counting functions are localizable simply because they can be bounded
into finite domains, either by a single ellipsoidal boundary or by multiple planar boundaries.
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Secondly, due to the normalization condition, the tiling is complete, as the entire set of
counting functions account completely for each particle at every point in space:∑

I

CI(ri) = 1 (3.19)

Finally, these are cleanly additive, since the pair counting functions along the shared bound-
ary between adjacent regions sum to one:

CI/J(r) = 1− CJ/I(r) (3.20)

and the contracted counting function, given by the sum:

CI+J = CI + CJ (3.21)

has no seam along the shared switching surface and acts as though its counting region is the
union of the components’ counting regions (to within some small convergence factor):

RI+J ≈ RI

⋃
RJ (3.22)

These contractions can be exactly represented in the linear Jastrow coefficients F and G
featured in equation 3.3, allowing variational methods to freely adjust them to form clean
region combinations – a feat that was not always possible in the previous basis formulation.
Thus, this normalized-gaussian functional form is able to perform number projections be-
tween composite regions without creating curvature in the interior of the contracted counting
functions and unduly raising the kinetic energy of the wavefunction in the process.

Anchor gaussians are so named because their mean positions serve as central anchoring
points for the normalized counting functions, and roughly embody their geometric centers,
as will become more evident in the partitioning schemes that follow. The normalization con-
dition in equation 3.12 used to generate these counting regions is at the heart of their con-
venient formal properties that allow them to automatically form regions with highly flexible
and well-characterized quadratic boundaries. However, this normalization condition induces
redundant wavefunction representations in the Jastrow parameter space, which manifest lin-
ear dependencies in the wavefunction tangent space and cause ill-conditioned numerics in
variational optimization algorithms. In Appendix A, we trace the cause of these issues and
describe how to remove this undesired behavior in the context of the Linear Method.

3.5 Classical Voronoi Partitioning

In a classical Voronoi tessellation,266 space is divided into disjoint regions according to its
distance from a set of Voronoi points {vI}. Each Voronoi point maps to a subset of space
VI which is defined as the region that is closer to that Voronoi point than any other:

VI = {r : ‖r − vI‖ < ‖r − vJ‖, for all I 6= J} (3.23)

Each of these Voronoi regions can be written as the intersection of Voronoi regions built
solely from pairs of Voronoi points:

VI =
⋂
J 6=I

VI/J , VI/J = {r : ‖r − vI‖ < ‖r − vJ‖} (3.24)
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The normalized counting functions described in section 3.4 can be parameterized to divide
space in a nearly identical way.

When the quadratic parametersAI for each anchor gaussian in a set of normalized count-
ing functions are equivalent, the counting regions are equivalent to (within some convergence
factor) Voronoi regions generated from the mean gaussian positions. For simplicity, we will
look at the case where these matrices are all equal to some scalar multiple of the identity
matrix:

AI ≡ αI (3.25)

With this restriction on AI , these pair counting functions can be manipulated to adopt the
general form of a planar counting function given in equation 3.9:

CI/J =
1

1 + exp
[
−4α

(
r −

(
µI+µJ

2

))
·
(
µJ−µI

2

)] (3.26)

with:
µ =

µJ + µI
2

, n =
µJ − µI

2
(3.27)

As a result, the pair counting region RI/J is identical to the Voronoi regions VI/J defined
above, and following section 3.4, the counting regions can be written as the intersection of
the pair counting regions (to within some convergence factor):

RI ≈
⋂
J 6=I

RI/J (3.28)

which echoes the Voronoi condition given in equation 3.23.
One immediate application of this scheme is to place anchor gaussians such that their

means coincide with each atomic center, which generates a set of atom-centered Voronoi
counting regions. The sum of normalized counting function values over electronic coordinates
generated in this way roughly corresponds to an atomic population analysis performed on
an individual particle configuration. As a result, these partitions are able to identify and
remove interatomic ionic terms such as those that appear in dissociation processes, with the
added benefit of a systematic and automated generation scheme, unlike the simpler counting
function basis used previously.

3.6 Spherical Voronoi Partitioning

Spherical coordinates are a natural choice in chemical systems due to the strong isotropic,
attraction between electrons and nuclei. Likewise, counting regions that partition space into
spherical sectors organically describe correlations between electrons near the same atomic
center. One might imagine approximating this partition using the scheme described in
section 3.5 by surrounding an atomic center with a set of anchor gaussians placed at the
vertices of a closed polyhedron. An increasingly fine angular mesh of the resulting flat-faced
Voronoi regions converge to the desired spherical partition, which could be recombined to
form any angular shape using the property of pointwise additivity described in section 3.4.
Though technically exact in the infinite limit, rough constructions like this can be unwieldy
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Figure 3.7: A spherical Voronoi diagram, in which the surface of a sphere is partitioned into
angular sections based on the surface arc-length from a set of Voronoi points, indicated by
labeled black circles. A planar division between these points in three dimensions is sufficient
to produce these boundaries, and figure 3.8 shows how these sectors can be further subdivided
using spherical boundaries.

Figure 3.8: The angular sector in figure 3.7 subdivided into three radial shells with radial
boundaries at R0 and R1. Gaps between regions are shown to highlight the location of radial
boundaries. In this partitioning scheme, the other spherical regions in figure 3.7 are radially
subdivided in exactly the same way.
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and imprecise, increasing either computational cost or introducing an unknown convergence
error in cases where exact spherical boundaries would be a better choice.

As discussed in the previous section, classical Voronoi tessellations are a natural way
to partition space based on distances from a set of predetermined points. This Voronoi
partitioning scheme may be easily adapted to partition a spherical surface in a directly
analogous way, as depicted in figure 3.7. Formally, these partitions are defined by restricting
our attention to the surface of a sphere and subdividing the surface regions according to the
Voronoi condition (equation 3.23) with the distance measured by great-arcs on the spherical
surface.266 Fortunately, we can generate this partition using the classical Voronoi scheme
described in the previous section by placing each anchor gaussian on the surface of this
sphere, as the planar surfaces intersect the center of the sphere and produce the correct
geodesic boundaries. As this generates only an angular partition, we will extend this scheme
into three dimensions by further subdividing this partition into radial shells. Luckily, the
normalized counting functions described in section 3.4 can easily accommodate the curved
radial boundaries through the quadratic parameters AI present in the anchor gaussians.

An algorithm to generate these spherical Voronoi partitions complete with explicit formu-
lae for anchor gaussian parameters is given in appendix B, which we summarize here. First,
we place NΩ anchor gaussians with identical quadratic parameters AI whose means µI lie
on the surface of a sphere, following the Voronoi scheme in section 3.5. When these anchor
gaussians are normalized to create normalized counting functions, the counting regions take
on the shape of angular sectors with boundaries that coincide with the spherical Voronoi
diagram generated from the means of the anchor gaussians shown in figure 3.7. Second, we
choose a set of NR radii along which we will subdivide each of these angular sectors starting
from the innermost shell and successively create spherical divisions between adjacent shells.
To add a single radial shell of counting regions, for each anchor gaussian that lay on the
current outermost shell, we place another at the same angular coordinates with parameters
chosen such that the pair counting functions made from these two anchor gaussians have
switching surfaces on a sphere at the prescribed radius, midway between the two anchor
gaussians. This generates a total of NΩ · (NR + 1) counting regions where the curvature
of the radial partition is not limited by the number of angular divisions. As depicted in
figure 3.8, the final angular sectors subdivided into radial shells can be visualized as radial
extrusions of the initial spherical Voronoi partition.

3.7 Region Composition

Both of these schemes are useful and complete and each is most appropriate at describ-
ing correlations at different scales in the context of molecular electronic structure. The
classical Voronoi partitioning scheme described in section 3.5 divides space into a set of
atom-centered Voronoi cells, naturally correlating electronic populations between different
atoms. The spherical partitioning scheme in section 3.6 instead divides space into a set of
spherical sections and is most suited to capture correlations within a single atomic shell. As
we look to apply these counting Jastrows in more complex systems, combining these two
approaches within a single normalized counting function basis appears a promising way to
describe correlations at both of these scales simultaneously. In addition, subdividing exist-
ing partitions while retaining the existing divisions allows us to approach the basis set limit
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Figure 3.9: Schematic depicting a composition which subdivides a single atom-centered
Voronoi region Rα into a set of regions {R(α)

I } that best match the given partition {RI}.
Counting regions are indicated by the shaded areas, atomic positions are indicated by the
red circles, and switching surfaces are indicated by black lines. To divide space according
to both partitions simultaneously, we must determine the g(α)

I that match the conditions in
equations 3.30 and 3.31.

for these counting functions in a systematic and chemically sensible way. In the following
discussion, we will consider a rough partition consisting of two regions, Rα and Rβ, and a
fine-grained partition {RI} which will be used to subdivide Rα, as depicted in figure 3.9.
Our goal is to combine the two partitions into a single normalized counting function basis
in a way that best preserves their boundaries simultaneously.

The property of clean additivity discussed in section 3.4 states that simple sums of
adjacent counting functions act much like a single counting function over their combined
region. This suggests a natural condition when splitting single counting function (Cα) into
a set of pieces (C(α)

I ):
Cα(r) =

∑
I

C
(α)
I (r) (3.29)

In order to retain the formal properties outlined in section 3.4, counting functions split in
this way must be built from a single set of anchor gaussians. Our task is to find a set of
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g
(α)
I (r) that both reproduces the divisions of the fine-grained partition internal to Rα:

C
(α)
I (r) =

g
(α)
I (r)∑

I

g
(α)
I (r) + gβ(r)

=
gI(r)∑
J

gJ(r)
(3.30)

and contracts to reproduce the counting function they replace:

Cα(r) =
gα(r)

gα(r) + gβ(r)
=

∑
J

g
(α)
J (r)∑

J

g
(α)
J (r) + gβ(r)

(3.31)

Since the degrees of freedom we use to fulfill these conditions are not immediately appar-
ent, producing this subdivision may seem either trivial or impossible. A full explanation of
how this can be done is given in appendix C, which we will summarize here by stating that we
can exactly fulfill these conditions at a single point to second-order in a local Taylor expan-
sion. We will use this scheme to subdivide two atom-centered Voronoi regions into spherical
sections, and we choose to satisfy these conditions at the midpoint of the chemical bond.
As the composite set of counting functions divides space into both atom-centered Voronoi
regions and spherical subregions simultaneously, it strictly improves the granularity of the
counting function basis. This composition scheme thus sets up a basis to capture popula-
tion correlations between subregions while retaining the ability to enact number projections
between distinct molecular fragments.

3.8 Results

Name Symbol Functional Form
One-Body Jastrow J1

∑
iα

u1(riα)

Two-Body Jastrow J2

∑
i 6=j

u2(rij)

Orbital rotation X
∑
ab

Xaba
†
aab, X† = −X

Counting Jastrow JNC
∑
ijIJ

FIJCI(ri)CJ(rj)

Table 3.2: Jastrow exponent functional forms.

Restricted Hartree-Fock (RHF), open-shell Hartree-Fock (ROHF), second-order Møller-
Plesset perturbation theory (MP2), coupled-cluster singles and doubles (CCSD) with per-
turbative triples (CCSD(T)), complete active space self-consistent field (CASSCF), and mul-
tireference configuration interaction singles and doubles with Davidson correction (MRCI+Q)
calculations were performed using GAMESS267,268 and Molpro.231–241 Due to the steep scal-
ing of DMC calculations with atomic number,269 the helium core of carbon and oxygen and
the neon core of calcium were replaced by energy-consistent pseudopotentials found in the
Stuttgart library270,271 in all calculations. Variational Monte Carlo (VMC) and diffusion
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Acronym Functional Form
TJS eJ1eJ2 |ΨHF 〉
CJS eJC |ΨHF 〉
CTJS eJ1eJ2eJNC |ΨHF 〉
TJS-oo eJ1eJ2eX̂ |ΨHF 〉
CJS-oo eJCeX̂ |ΨHF 〉
CTJS-oo eJCeJ1eJ2eX̂ |ΨHF 〉

Table 3.3: Ansatz acronyms and their corresponding functional forms. The reference wave-
function |ΨHF 〉 is a single-determinant spin-restricted Hartree-Fock wavefunction.

Monte Carlo (DMC) calculations114 were performed in a modified version of QMCPACK153

and the linear method272,273 was employed to minimize VMC energies.
We will indicate the functional form of wavefunction ansatzes according to the Jastrow

factor exponents in table 3.2 and acronyms in table 3.3. The CJS exponent was initially set
to zero and each TJS exponent was initially set to a minimal 10-parameter cubic basis spline
that fulfilled both electron-nuclear and electron-electron cusp conditions. Unless otherwise
indicated, orbital optimizations were performed after pre-optimizing the Jastrow variables,
and all variables were optimized together during orbital optimizations.

3.9 Ethene

We had previously shown262 that a pair of bipartite planar counting functions recovered
the correct energy ordering associated with nodal surfaces between orbitally-localized and
orbitally-delocalized single-determinantal wavefunctions of ethene dissociating symmetrically
along the carbon-carbon bond. The nearly-indistinguishable dissociation curves obtained
from FD-CJS and NG2-CJS ansatzes in figure 3.10 demonstrates the functional equivalence
of an explicit bipartite basis given in equation 3.10 and counting functions generated from
appropriately parameterized carbon-centered normalized gaussians given in equation 3.12.
The counting functions used in each of these wavefunctions are schematically depicted in
figures 3.11, 3.12, and 3.13.

Using six atom-centered Voronoi counting regions built using the scheme in section 3.5,
and depicted in figure 3.12, the NG6-CJS wavefunction achieves a lower variational energy
than its two-region counterpart. In the NG6-CJS wavefunction, a contraction of the three
counting functions that lay on the same methylene fragment behaves much like the counting
functions in the NG2-CJS wavefunction, as the counting function gradient and curvature
in the interior of the fragment cancels between neighboring regions due to the property of
pointwise additivity described in section 3.4. Thus, the NG2-CJS counting function basis is
(nearly exactly) contained in the space spanned by the NG6-CJS counting function basis,
and the NG6-CJS wavefunction strictly improves upon the variational freedom present in
the NG2-CJS wavefunction. As a result, we expect that the VMC energy of the NG6-CJS
wavefunction to be bounded above by the VMC energy of the NG2-CJS wavefunction, which
we do observe in figure 3.10. We can directly attribute this variational improvement to the
participation of the hydrogen-centered counting functions in the NG6-CJS wavefunction,
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Figure 3.10: VMC energy as a function of ethene bondlength of CJS wavefunctions with a
symmetry-adapted RHF reference using the counting function basis depicted in figures 3.11,
3.12, and 3.13. Fermi-Dirac style (FD) linear counting functions (equation 3.9) are explicitly
sigmoidal counting functions which are equivalent to a pair of carbon-centered normalized
gaussians (NG2). Subdividing these counting functions into a total of six atom-centered
Voronoi cells (NG6) lowers the VMC energy. Increasing the size of the counting Jastrow
basis by instead placing ellipsoidal counting functions (eFD6) around each atom did not
consistently improve the variational energy for reasons discussed in section 3.4.

Figure 3.11: Illustration of the counting regions used in the NG2-CJS and FD2-CJS wave-
functions within the plane of the ethene molecule. Carbon and hydrogen atoms are shown
as solid black and red circles respectively. Each colored region corresponds to the interior of
a single counting region and approximate region boundaries are indicated by the solid black
lines. Regions are generated either by explicitly constructing a planar counting function
(equation 3.9) with a switching surface that bisects the central double bond (FD2) or by a
two-region Voronoi tessellation using the carbon centers as Voronoi points (NG2).
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Figure 3.12: Illustration of the counting regions used in the NG6-CJS wavefunctions within
the plane of the ethene molecule. Regions are built using the scheme outlined in section 3.5
which generates a Voronoi tessellation with atomic coordinates as the Voronoi points.

Figure 3.13: Illustration of the counting regions used in the eFD6-CJS wavefunctions within
the plane of the ethene molecule. Regions are chosen to be packed ellipsoids using the Fermi-
Dirac style ellipsoidal counting functions in equation 3.10. As discussed in section 3.4, the
sigmoidal switches that occur between counting region interiors and the void regions disrupt
number projections by introducing a kinetic energy cost at the boundary.
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showing that these normalized gaussian counting functions can easily accommodate correla-
tions between atoms in a single molecular fragment, a feat that was not achievable using the
previous basis scheme due to the pathologies described in section 3.3. The same logic applies
as we produce increasingly granular subdivisions of counting regions that strictly expand the
span of the linear counting function space, and doing so systematically approaches the basis
set limit for these Jastrow factors in a variational way.

3.10 Random Planar H4

The bipartite counting function basis in earlier calculations262 had been set up in an ad hoc
way, and consisted of two counting functions whose collective planar switching surface was
carefully placed to bisect a dissociating chemical bond. As shown in section 3.5, an atom-
centered Voronoi tessellation can be easily generated using a normalized counting function
basis described in section 3.4 by placing the anchor gaussian means at atomic coordinates.
To investigate the effectiveness of this automatic generation scheme under less controlled
conditions, we look at the fractional correlation energy recovered in various wavefunctions
for 94 random planar geometries of H4, with each atomic coordinate chosen randomly and
uniformly within a 5Å × 5Å square. Geometries in which any two atoms were closer than
0.1Å were discarded from a total random sample of 100.

Wavefunction % Ecorr Average %Ecorr Std. Dev.
MP2 64.3% 6.1%

TJS-oo 78.6% 5.7%
CASSCF(4e,4o) 84.0% 12.5%

CCSD 87.1% 10.4%
CTJS-oo 95.0% 2.2%
CASPT2 97.0% 2.3%

Table 3.4: Mean and variance of the fractional correlation energies of 94 random H4 geome-
tries using the data set in figure 3.17.

Fractional correlation energies recovered by various methods are compared to those ob-
tained from CCSD in figure 3.17, and indicate that these counting Jastrow factors recover
a significant fraction of the total correlation energy in geometries where the other single-
reference methods (TJS-oo and CCSD) struggle to do so. Addition of the counting Jastrow
notably improves the correlation energy distribution relative to the standard TJS-oo wave-
functions across random geometries, shown in figure 3.14, and consistently recovers a high
fraction of correlation energy on par with standard deterministic multireference methods in
this simple system, as shown in table 3.4.

We can directly measure the projective effect of these Jastrows by plotting the density
of region populations within the many-body wavefunction:

ρI(N) =

∫
|Ψ({ri})|2 δ

(
N −

∑
i

CI(ri)

)
d{ri} (3.32)
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Figure 3.14: Frequency of fractional correlation energies recovered by the TJS-oo and CTJS-
oo wavefunctions relative to a CCSD reference, using the data set plotted in figure 3.17.
Fractional correlation energies for both wavefunctions were calculated using VMC, and the
average fractional correlation energy error is 0.2%.

Figure 3.15: A representative random arrangement of H4 atoms (indicated by solid red
circles) and counting regions (indicated by colored areas) in a 5Å×5Å plane. The population
densities of the orange counting function RH in the lower-right of the figure are calculated
using equation 3.32 for several variationally optimized wavefunctions in figure 3.16.
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Figure 3.16: Sampled population density of the counting region RH from figure 3.15 for
various real-space wavefunctions using equation 3.33 with σ = 0.03. Narrow peak widths
indicate both that there is little overlap between the reference wavefunction and the count-
ing function switching surface and that this counting function acts much like a Fock-space
number operator. The single-determinant reference contains high-energy ionic terms that
are only partially removed by the one- and two-body Jastrow factors present in a TJS-oo
wavefunction but are almost completely removed by the counting Jastrow factor in the CJS
and CTJS-oo wavefunctions.
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Figure 3.17: Fractional correlation energies recovered by various wavefunctions plotted
against the fractional correlation energy recovered by a CCSD reference for 94 random ar-
rangements of H4 in in a 5Å × 5Å plane. Correlation energy values for the TJS-oo and
CTJS-oo wavefunctions were calculated using Variational Monte Carlo (VMC), where the
absolute stochastic error is less than 1 mEh and the average error of fractional correlation en-
ergy is 0.2%, less than the plotted symbol size. Calculations were performed in the cc-pVQZ
basis and all wavefunction parameters were optimized in variational calculations. CASSCF
calculated were performed using a minimal 4e-4o active space and subsequent CASPT2 and
MRCI+Q calculations considered all single and double excitations from this space. The
counting regions used in CTJS-oo wavefunctions were generated according to section 3.5
in an atom-centered Voronoi arrangement, and an example counting region setup is given
in figure 3.15. Benchmark correlation energies were calculated by performing a three-point
(cc-pVDZ, cc-pVTZ, cc-pVQZ) basis set extrapolation on MRCI+Q energies.1,2
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The function ρI(N) is the density of electronic configurations in |Ψ|2 for which the counting
region RI contains N electrons as determined by the counting function CI .

The population density of the counting function RH in the atomic geometry shown in
figure 3.15 is plotted in figure 3.16. The value of this density function is approximated in
a continuous way by stochastically sampling the wavefunction probability distribution |Ψ|2,
approximating the integral in equation 3.32 as a sum over these samples, and smoothing the
resulting distribution using fixed-width gaussians:

ρI(N) ≈ 1

ν
√

2πσ2

ν∑
{ri}∼|Ψ|2

exp

−(N −∑
i

CI(ri)

)2

/(2σ2)

 (3.33)

The sampling procdure can be easily integrated into existing optimization techniques which
rely on wavefunction derivatives because the counting function values directly correspond to
the derivatives of linear counting Jastrow coefficients:

∂J

∂GI

=
∑
i

CI(ri) (3.34)

Comparing the population density peak-heights between different wavefunctions reveals
that the counting Jastrow factor suppresses ionic configurations in ways that one- and two-
body Jastrow factors cannot. Ionic configurations corresponding to the peaks at N = 0 and
N = 2 are only partially removed in the TJS wavefunction but more fully projected out
in CJS wavefunctions using a simple atom-centered Voronoi basis. Based on the counting
Jastrows’ effectiveness when applied to these randomly generated systems, we conclude that
these normalized counting function basis has potential as a black-box number projection
factor in more general chemical systems, and are primed to perform number projections
when variationally favorable.

3.11 Calcium Oxide

Our calculations have thus far focused on simple examples where the number projecting
action of the counting Jastrow is applied to remove ionic terms from a symmetry-restricted
single-reference wavefunction. A minimal, atom-centered Voronoi basis (section 3.5) of count-
ing functions is sufficient to correctly dissociate the hydrogen molecule, recover the correct
state nodal surface for ethene at dissociation,262 and account for strong correlation in ran-
domized planar H4 geometries. However, in non-symmetric dissociation processes, fragment-
based number projection accomplishes little, as molecular orbitals tend to already localize
in SCF algorithms to avoid producing high-energy interfragment ionic terms. Table 3.5
demonstrates this effect prominently in the dissociation of molecular calcium oxide, where
the 2-CJS wavefunction containing a counting Jastrow built from a pair of atom-centered
counting functions fails to meaningfully improve the wavefunction’s energy relative to the
Hartree-Fock reference.

Section 3.4 shows how normalized counting functions can tile space in systematic, au-
tomatic, and flexible ways while avoiding kinetic energy problems that result from careless
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Figure 3.18: Cutaway of the counting regions used in the CaO counting Jastrow factor. The
calcium atom is indicated by the solid blue half-sphere and the oxygen atom is indicated
by the solid red half-sphere, and the remaining colored spherical sections indicate individual
counting regions. Two atom-centered regions first divide space along a plane that bisects
the bonding axis and attains a maximum slope of 1.0 Bohr−1 and are further subdivided
into eight octants and two spherical shells to give a total of 32 counting regions. Only
those below the x-y plane are shown here. Radial boundaries of both spherical partitions
occur at a radius of 0.6 Bohr on which pair counting functions have a maximum slope of
0.2 Bohr−1. Angular switches divide each atomic region into eight octants, and attain a
maximum slope of 0.3 Bohr−1 across their entire switching surface. RCa corresponds to the
union of sixteen regions that subdivide the Calcium-centered Voronoi region, and is the focus
of the population density analyses in figures 3.19, 3.20, and 3.21.
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placement of switching surfaces. Normalized counting functions are built from a set of an-
chor gaussians whose parameters can be chosen to divide space into classical (section 3.5) or
spherical (section 3.6) Voronoi grids, and are not limited to the simple bipartite partitions
previously used. As described in section 3.7, smaller grids may be embedded within a single
larger grid so that the resulting patterns of counting regions preserves the structure of both
grids simultaneously. Subdividing atomic Voronoi regions into spherical sections using this
composition scheme gives counting Jastrows the ability to describe population correlations
within and between atomic centers simultaneously.

Molecular calcium oxide undergoes a complex dissociation, and exhibits both a singlet-
triplet crossing very near equilibrium geometries and a valence calcium d-orbital participating
in the chemical double bond. In order to address the complex electronic correlations during
the dissociation process, we embed a 16-region spherical partition within each of two atom-
centered regions. These spherical partitions divide the space around each of the calcium and
oxygen atoms into Cartesian octants and further into two radial shells, as depicted in figure
3.18. The composite counting regions very nearly meet the conditions discussed in appendix
C as the counting functions each 16-region subdivision can be recombined to approximately
form each of the two original atom-centered counting functions. Much like atomic orbital
exponents,274 the anchor gaussian exponent parameters are highly nonlinear – a small change
in these parameters potentially changes multiple switching surfaces simultaneously – and we
saw little variational benefit when optimizing them alongside other wavefunction parameters
in these more complex partitions. As a result, these anchor gaussian parameters are held
fixed in order to reduce the burden of parameter optimization and to simplify the population
density analysis performed afterward. The geometric parameters of this spherical partition
and the gradient values across the counting functions’ switching surfaces were chosen based
on those that minimized CJS variational energies for atomic beryllium, calcium, oxygen, and
nitrogen whose counting functions had the same radial and angular divisions.

In this system, we focus our attention on the accuracy of the crossing point and the
energy gap between the 1Σ singlet and 3Π triplet states of calcium oxide at bondlengths
between 2Å and 3Å using a single-determinant Jastrow-Slater wavefunction. In contrast to
the minimal, bipartite atom-centered Voronoi counting region partition, a counting Jastrow
using the more intricate 32-region basis recovers a significant amount of correlation energy
at the VMC level, and meaningfully improves both the singlet-triplet crossing point and the
RMSE of the singlet-triplet gap function, as shown in table 3.5. The combined effect of
both cusp-correcting and counting Jastrows in the 32-CTJS wavefunction moves the cross-
ing point approximately 0.1Å further toward the benchmark MRCI+Q crossing point near
2.25 Å. Further optimizing the orbitals in the 32-CTJS-oo wavefunctions also improves the
singlet-triplet gap RMSE by a modest 15.1 mEh relative to the more conventional TJS-oo
wavefunction.

We again look at population density functions defined in equation 3.32 to more precisely
judge the number projecting effect of the counting Jastrow factor. Population densities of
the aggregate calcium-centered counting regions, indicated by RCa in figure 3.18, are given
for singlet and triplet wavefunctions in figures 3.19 and 3.21 respectively. Integrated peak
areas of these population density plots – which signify the total fraction of the wavefunction
that attains the indicated electronic population in the calcium-centered region – are given in
table 3.6. These density functions clearly show that the counting Jastrow factors effectively
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Method Crossing (Å) Ecorr Gap RMSE
2-CJS 1.87(5) 0(3) 204.4
2-CJS-oo 1.94(3) 6(3) 188.6
32-CJS 2.01(4) 360(2) 60.4
32-CJS-oo 1.994(2) 394(3) 43.4
TJS 2.02(2) 524(1) 54.5
TJS-oo 2.012(6) 546(1) 43.8
32-CTJS 2.08(1) 543(1) 49.9
32-CTJS-oo 2.081(4) 581(1) 28.7
CCSD(T) 2.32(4) 697 16.2
MRCI+Q 2.250(3) 675 N/A

Table 3.5: Singlet-triplet crossing points, the singlet’s correlation energy Ecorr in mEh at
3 Å, and the root-mean square error (RMSE) of the singlet-triplet gap in mEh calculated
using VMC for a set of five Ca-O bondlengths at 0.25Å intervals from 2Å to 3Å compared
to an (8e,80) MRCI+Q reference. Number-prefixes for CJS wavefunctions correspond to
the size of the counting function basis, and are either atom-centered Voronoi regions (2-
CJS) or set up according to the description in figure 3.18 (32-CJS). Crossing points and
their uncertainties were determined by finding the roots of the singlet-triplet gap function
using a curve fit given by a three-parameter exponential function a + b exp (−cx) and were
found to be largely insensitive to the choice of fitting function. Estimates for the crossing
points of the 2-CJS wavefunctions are particularly poor since, much like the bare single-
determinant wavefunction, they did not exhibit a singlet-triplet crossing in the bondlength
interval studied.

redistribute electrons between atoms when applied to singlet reference configurations and
act most prominently when orbitals are coupled to the counting Jastrow factor, independent
of the presence of cusp-correcting Jastrow factors. Since the two-region partition in the
2-CJS wavefunctions showed negligible effect on the wavefunction, we conclude that these
are taking full advantage of this fine 32-region division to introduce intraatomic correlations
that allow the Jastrow to reweigh configurations based on atomic populations.

In contrast to VMC energies that are straightforwardly affected by the amplitudes of the
trial wavefunction, Diffusion Monte Carlo (DMC) energies are related to the trial wavefunc-
tion in a more indirect way. In order to ensure that the sampled distribution remains ap-
propriately antisymmetric while avoiding the exponential sign problem,146 DMC commonly
employs the fixed-node approximation, where the Fermionic nodes of a trial wavefunction
restrict the Monte Carlo sampling procedure.114 In addition, due to the smaller timestep re-
quired to resolve the higher energy scale of core electrons, nonlocal pseudopotentials replace
their explicit simulation, much like the frozen core approximation that reduce the number of
excitations considered in post-Hartree-Fock methods. In DMC, these nonlocal components
are evaluated through the locality approximation275 or its variational analogue276,277 (used
here), and their accuracy directly relies on the quality of trial wavefunction amplitudes rela-
tive to the projected ground state. However, the relative magnitude of these approximations
remains opaque due to the complexity of both the many-body nodal surface and nonlocal
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Method State R (Å) N=8 N=9 N=10
TJS-oo 1Σ 2.75 0.202 0.589 0.204
32-CJS-oo 1Σ 2.75 0.199 0.594 0.203
32-CTJS-oo 1Σ 2.75 0.138 0.624 0.222
RHF 1Σ 3.00 0.095 0.410 0.490
32-CJS 1Σ 3.00 0.075 0.526 0.396
TJS-oo 1Σ 3.00 0.133 0.524 0.336
32-CJS-oo 1Σ 3.00 0.147 0.618 0.229
32-CTJS-oo 1Σ 3.00 0.155 0.589 0.251
RHF 3Π 3.00 0.017 0.816 0.161
32-CJS 3Π 3.00 0.023 0.816 0.155
32-TJS-oo 3Π 3.00 0.007 0.861 0.129
32-CJS-oo 3Π 3.00 0.008 0.869 0.115
32-CTJS-oo 3Π 3.00 0.004 0.875 0.120

Table 3.6: Peak areas for the population density peaks of the indicated wavefunction, state
symmetry, and bond distance R, some of which are shown in figures 3.19 and 3.20, integrated
over the domain [N − 0.5, N + 0.5]. These values roughly correspond to the fraction of the
wavefunction in which the indicated number of electrons populate the aggregate calcium-
centered region RCa shown in figure 3.18.
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Figure 3.19: Population density distribution of the aggregate 16 regions surrounding the
calcium atom indicated by RCa in figure 3.18 calculated using equation 3.33 with σ = 0.03
for the indicated singlet wavefunctions at 3 Å. Distributions are rescaled to unit peak height
at N = 9 and integrated peak areas of the normalized distribution is given in table 3.6.
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Figure 3.20: Population density distribution of the aggregate 16 regions surrounding the
calcium atom indicated by RCa in figure 3.18 calculated using equation 3.33 with σ = 0.03
for the TJS-oo and 32-CTJS-oo singlet wavefunctions at 2.75 Å and 3 Å. Distributions
are rescaled to unit peak height at N = 9 and integrated peak areas of the normalized
distribution is given in table 3.6.
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Figure 3.21: Population density distribution of the aggregate 16 regions surrounding the
calcium atom indicated by RCa in figure 3.18 calculated using equation 3.33 with σ = 0.03
for the indicated 3Π triplet wavefunctions at 3Å. Distributions are rescaled to unit peak
height at N = 9 and integrated peak areas of the normalized distribution is given in table
3.6.
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Method Crossing (Å) Ecorr Gap RMSE
2-CJS 2.20(3) 571(2) 22.9
2-CJS-oo 2.220(4) 569(2) 23.3
32-CJS 2.19(3) 621(1) 24.1
32-CJS-oo 2.22(5) 651(1) 4.9
TJS 2.21(1) 627(1) 23.2
TJS-oo 2.19(5) 647(1) 10.1
32-CTJS 2.19(2) 630(1) 23.6
32-CTJS-oo 2.220(1) 664(1) 4.2
CCSD(T) 2.32(3) 697 16.2
MRCI+Q 2.249(3) 675 N/A

Table 3.7: As table 3.5, but for DMC instead of VMC.
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Figure 3.22: DMC singlet-triplet energy gap value for various wavefunctions as a function
of Ca-O bondlength between 2Å and 3Å. Lines are a guide to the eye. The DMC timestep
is 0.02 ~ Eh

−1 and absolute stochastic errors are less than 2 mEh and are smaller than the
plotted symbol size except for CJS and CJS-oo wavefunctions.
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pseudopotential terms,278 and it remains difficult to differentiate or address these sources of
error directly.

The behavior of the singlet-triplet DMC energy gap, shown in figure 3.22 with RMSE
given in table 3.7, roughly separates the real-space wavefunctions into two clusters: those
without optimized orbitals (TJS, 32-CJS, 32-CTJS) and those with optimized orbitals (TJS-
oo, 32-CJS-oo, 32-CTJS-oo) Despite their disparate VMC energies (table 3.5), those in the
former cluster exhibit very similar DMC energy gaps between 2.0 Å and 3.0 Å. Since
these wavefunctions all share the same Fermionic nodal surface, this strongly suggests that
that cusp-correcting and counting Jastrow factors largely affect nonlocal pseudopotential
evaluation uniformly in both singlet and triplet wavefunctions. Note that the difference in
singlet correlation energy between the 2-CJS and 32-CTJS wavefunctions gives us an idea
of the magnitude of the nonlocal pseudopotential error present, as the two-region counting
Jastrow does very little to change the underlying Hartree-Fock reference. At around 60 mH,
this error is surprisingly large, and yet the TJS and 32-CJS wavefunctions correct it to a
similar degree (56 mH and 50 mH, respectively) and in similar ways (missing only 3 mH and
9 mH from the composite 32-CTJS result, respectively) despite their very different functional
forms. By contrast, those in the latter cluster exhibit a marked improvement in the RMSE
of the singlet-triplet gap, and as orbital rotations provide the only avenue for changing the
wavefunction’s nodal surface, it is safe to say these orbital rotations – through coupling to
the Jastrow factors – are responsible for improvements to the nodal surface.

All of the DMC singlet-triplet gaps roughly match the MRCI+Q reference until the
crossing point around 2.2Å, after which they start to deviate more strongly. For example,
while the highly accurate single-reference Fock space wavefunction CCSD(T) is accurate
near equilibrium, it overestimates the crossing and starts to diverge at longer bondlengths,
producing a qualitatively incorrect singlet-triplet gap at stretched geometries. Interestingly,
the inaccuracy of the DMC gap of the TJS-oo wavefunction at 3.0 Å is coincident with a
stark change in the calcium population density, shown in figure 3.20 and table 3.6, a feature
not shared by either the 32-CJS-oo or 32-CTJS-oo wavefunction. In addition, the singlet-
triplet gap of the 32-CJS-oo wavefunction and the 32-CTJS-oo wavefunction are nearly on
top of each other despite the much higher VMC energy of the former (table 3.5). These
observations suggest that the counting Jastrow is particularly effective at coupling to the
orbital parameters in this case, which is seemingly linked to their ability to describe long-
range population correlations missing from cusp-correcting Jastrows.

3.12 Conclusions

In this chapter, we have shown how to construct a one-particle basis which partitions space in
a complete and natural way. These basis functions are referred to as counting functions, and
are designed to act as the position-space equivalent of Fock-space number operators. When
used as the basis in a four-body Jastrow correlation factor these counting functions are
able to correlate electronic populations between well-characterized counting regions. These
counting functions are smooth, sigmoidal functions that are made by normalizing a set of
three-dimensional gaussian functions and are complete, localizable, and cleanly additive. We
show how this normalization condition is responsible for these attractive formal properties,
and how it alleviates many of the problems posed by a real-space formulation of a population-
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based projection factor. Simple sigmoidal functions closely approximate local facets of these
counting regions, and the boundaries of these regions may be clearly visualized as a patchwork
of linear and quadratic surfaces. We provide two parameterization schemes designed to
describe correlations in orbital populations between and within atoms that arrange counting
regions in patterns of atom-centered Voronoi cells or extruded spherical Voronoi partitions
respectively. Finally, taking advantage of these basis functions’ clean additivity, we show
how a composition scheme can be used to subdivide these counting functions in a useful
way.

In simple molecular systems, these number projections, alongside cusp-correcting Jas-
trows and orbital rotations, capture nodal surface details and correlation energies beyond
what is currently achievable using several sophisticated single-reference methods. For exam-
ple, in random planar arrangements of H4, counting-Jastrow-augmented wavefunctions con-
sistently outperform CCSD and TJF-oo, and on average recovers nearly as much fractional
correlation energy as multi-determinant CASPT2, and can be optimized at a computational
cost that scales no higher than existing real-space Jastrows. For nonsymmetric dissociations,
like molecular calcium oxide, a simple pair of atom-based Voronoi counting regions are in-
effective at improving the wavefunction through the counting Jastrow. A counting function
basis that subdivides each of these atom-based cells into a coarse spherical grid meaningfully
improves the 32-CJS-oo variational energies, and reduces the mean square error of the DMC
singlet-triplet gap around the crossing point by a factor of two relative to the TJF-oo wave-
function and three relative to CCSD(T). The counting Jastrows’ number projecting action
is explicitly verified by inspecting measures of the counting region population density, and
appears to be more effective at suppressing molecular terms with high charge-separation
than standard real-space jastrow factors in H4 and CaO.

As a multiplicative real-space factor, counting Jastrow factors are trivially compatible
with existing real-space wavefunctions, and have the potential to augment them in a unique
and compact way. Our present calculations have used only a single-determinant reference in
an effort to demonstrate the power of these number projecting factors in a limited setting, and
future work will explore complex references that span a larger portion of the configuration
space, taking full advantage of recent advances in multi-Slater expansion optimization tech-
niques199,279 and compact functional forms like the antisymmeterized geminal power ansatz.
The counting Jastrow does not increase the compuational cost-scaling of wavefunction eval-
uations compared to those already within the reach of DMC in larger chemical systems (such
as TJS with ∼1000 electrons)178–180 and can be straightforwardly applied at scale, subject to
the development of optimization techniques194 that can efficiently handle the growing number
of variational parameters that these Jastrows and orbital rotations introduce. In particu-
lar, the counting Jastrow’s efficient representation of population-based correlations suggests
application to charge-transfer excited states and complements recent work in excited state
variational theory.33 As we look toward applying these counting Jastrows in more complex
systems, the flexibility and adaptability built into this normalized gaussian basis will allow
us to systematically construct compact and powerful number projections and optimize them
at low-order polynomial cost.
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4 Stable and Fast Excited State Orbital Optimization

4.1 Introduction

Electronically excited states are at the center of many chemical processes of practical interest,
including photodynamics,5,280 light harvesting,281,282 and x-ray spectroscopy.283 Electronic
excitations that involve significant changes to electronic density, such as charge-transfer or
core excitations,283 can introduce complications284–286 or inaccuracies34,287 in affordable ex-
cited state methods. Accurate treatment of these long-range excitations involves also treat-
ing the surrounding electronic response, and the algorithms that compactly describe these
these relaxation effects often involve finessing tricky non-linear optimization procedures to
consistently converge.288–291 Despite these difficulties, recent advancements in excited-state
targeting algorithms and in the Variational Principles that enable them31,33–35,37,203 have
shown that these orbital relaxation effects can be integrated into even more flexible wave-
functions at mean-field cost. However, as these methods are under active development,
straightforward numerical accelerations remain unimplemented and subtler algorithmic in-
stabilities remain unaddressed. Improving these nascent methods on both counts is vital for
them to see the widespread use that their theories rightly deserve.

Electronic ground states have the computational benefit of being global minima, and
many methods rely on Variational Principles39,43,53 to find them using well-established nu-
merical minimization procedures.57,292,293 By contrast, while excited states are also station-
ary points of the Hamiltonian, they often manifest as saddle points in the energy surface, and
optimization algorithms that pursue them can require special modifications to consistently
converge. There is convenient exception to this in linear spaces, however, where stationary
points can be straightforwardly obtained by standard diagonalization algorithms, where or-
thogonalization against lower-energy states stabilizes higher-energy states against collapse.
While this can be computationally inconvenient for even valence excitations, it is particularly
so for core excitations, as obtaining a highly-excited core state can first require calculation
of an unreasonably long tower of lower-energy states.

In practice, excited state methods are often built as direct extensions to ground state
methods, and one popular framework for this is known as Linear Response theory.23 Typi-
cally Linear Response (LR) theory involves calculating the ground state response to exter-
nal monochromatic electromagnetic perturbations, and excitation energies are identified as
those which provoke singular response. A close relative of LR theory instead constructs ex-
cited states directly in the wavefunction tangent space294,295 (also called the linear response
space21,199), a linear function space using wavefunction parameter derivatives as its basis:

|Ψexc〉 =
∑
i

ci

∣∣∣∣∂Ψgs

∂pi

〉
(4.1)

Wavefunction parameters pi characterize the ground state wavefunction, and can vary from
CI coefficients, to orbital parameters, and cluster amplitudes,53 and this space is often a
natural starting point in which to search for excited states.

Perhaps the simplest of these LR methods is known as Configuration Interaction Sin-
gles (CIS),296 in which excited states are formed in the tangent space of the Hartree-Fock
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wavefunction, consisting of the space of singly-excited determinants. While it can be un-
derstood as a truncated CI method, CIS can also be characterized as an approximation50
to time-dependent Hartree Fock theory.297 Though it fails to capture finer details of corre-
lation and can fail in more extreme situations, the CIS wavefunction qualitatively captures
what is meant by a single-particle excitation, in which a single electron is promoted from
a low-energy to high-energy orbital. This single-excitation is so ubiquitous in excited state
analysis and has been extended to a wide-variety of excited state methods as Natural Tran-
sition Orbitals,298–301 which can be used to obtain a picture of electronic density movement
upon excitation.

In order to accurately describe many real electronic excitations, however, excited state
methods must go beyond this single-excitation picture. For instance, CIS is most accurate
when excited electrons don’t travel far from their ground-state source, and infamously over-
estimates the energy of charge-transfer (CT) excitations by 1-2 eV287 and core excitations
by more than 10 eV.302 As their names imply, both CT and core excitations involve dras-
tic shifts in electronic density, and these inaccuracies are rooted in the fact that CIS does
not effectively allow the many-body electronic environment to shift its density in response.
This is an effect known as orbital relaxation, as this response involves a qualitative shift in
the zeroth-order position of the electronic environment that is commonly described in terms
of molecular orbitals. Perturbative approaches that aim to account for orbital relaxation
are not always successful,34,303 and variational methods have instead been developed35–37,304
to perform the orbital optimization necessary to describe this shift. However, orbital opti-
mization, especially of excited states, can be a fraught procedure, and its mathematical and
numerical complexity helps explain its absence from standard methods.

Time-dependent density functional theory22–24 (TD-DFT) is the most popular excited
state method due to its mixture of speed and accuracy for many systems and is broadly effec-
tive at capturing details of weak correlation in both ground and excited states. As TD-DFT
is based on an approximate treatment of electronic exchange, self-interaction error305 can
cause underestimation of charge transfer excitated state energies.306–308 Though functionals
that address the particular difficulties present in charge-transfer306 and core excitations have
been developed, results can nonetheless be highly sensitive to internal parameters284–286,309
and functional choice.283,310,311 While CIS by itself has little to offer over TD-DFT in terms
of raw accuracy, the relative simplicity of CIS theory makes improvements straightforward (if
not costly), while the theoretical underpinnings of TD-DFT can make improvements difficult
to implement. The adiabatic approximation312 that is used to adapt ground-state functionals
to excited-state calculations complicates extending TD-DFT to account for doubly-excited
states,25–28 orbital relaxations,29,313,314 or multi-determinant frameworks.315,316

Linear Response theory is not the only game in town, and ∆-SCF288–290,317 methods have
been developed as a variational alternative that efficiently folds in orbital relaxation effects.
These ∆-SCF methods conveniently use the same fundamental mathematical approach as
ground-state SCF methods, which variationally optimize the orbitals in a single-determinant
wavefunction, and only require slight modification of existing code to use. They differ only
by aiming at higher-energy solutions – now identified as excited electronic states – and the
flexibility of these orbital variations means that doubly-excited states289 can be accurately
represented.

These approaches, however, are not without their drawbacks. Excited state wavefunc-
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tions in ∆-SCF are written as a single Slater determinant, and as such, naturally miss the
details of weak correlation that aren’t captured by orbital variations. Strong forms of corre-
lation common to single excitations, such as is present in open-shell singlets, can be resolved
by spin-purification schemes,318 but these do not address more general correlation effects.
Excited states often manifest as saddle points on the excited state surface, and the orbital
optimization at the heart of SCF algorithms are highly nonlinear, and may converge to the
wrong state or fail to converge altogether. Because the excited-state orbitals are allowed
to vary independently of the ground-state orbitals, there is no longer a formal guarantee
of orthogonality between the two states, and re-orthogonalizing these states is not always
trivial.

Many of the alternatives to these approaches, such as EOM-CCSD,21 ADC,319 and
CASSCF,30,100–104 can be prohibitively expensive and may still be unable to effectively ac-
count for orbital relaxation effects. As a result, there is ample reason to search for methods
that can combine elements of both the CIS single excitation framework and orbital relax-
ations at low cost. Recent advancements in excited-state methods, including square-gradient
minimization289 and excited-state targeting functions31,33,35 have shown success in stabiliz-
ing otherwise difficult orbital optimization procedures. Recently, these developments have
been combined in the Excited State Mean-Field (ESMF) wavefunction,31,33–35,37,203 in which
orbitals of a CIS wavefunction are variationally-relaxed for a select excited state. Early
implementations of ESMF have accurately predicted excitations energies of CT34,37,320 and
core304 states, and show promise as a general excited state reference, upon which pertur-
bative corrections or other extensions could be applied. Strengthing the analogy to ground
state mean-field theory, SCF-like approaches for calculating the ESMF wavefunction have
been developed where a self-consistent commutator condition is used to enforce stationar-
ity,321 mirroring a commutator condition formulation of ground-state RHF theory.36 The
ESMF wavefunction itself can be fully optimized at O(N4) mean-field cost, at parity with
standard CIS theory, and its perturbative extension ESMP2320 scales as O(N5) and rivals
the accuracy of more expensive methods such as EOM-CCSD that scales as O(N6).

However, these methods are presently at an early stage of development, and while pilot
implementations have proven their favorable accuracy and cost-scaling, some vital numerical
accelerations have yet to be implemented. For instance, in the ESMF-GVP method,35 some
derivatives necessary for orbital optimization are calculated through an automatic differentia-
tion37,322 framework. While this avoids intractable analytic expressions, intermediate orbital
transformations like those commonly used in other orbital optimizations,323 can greatly re-
duce the complexity of derivative expressions. In addition, owing to the large cost-scaling of
Newton-Raphson optimization, approximate Quasi-Newton (QN) methods such as BFGS57
are instead used to generate orbital steps. However, the step-quality and convergence rate
of these optimization methods relies heavily56,323 on obtaining an accurate approximation
to the second derivatives of the orbital parameters, which is unfortunately missing from
the present ESMF-GVP implementation. And, as we will show, the composure of linear
and nonlinear optimization presents subtle but catastrophic convergence issues that afflict
wavefunction optimizations like ESMF unless special care is taken to avoid them.

This chapter will be organized as follows. First, we discuss in more detail some known
pitfalls present in orbital optimizations as they manifest in single-determinant ∆-SCF meth-
ods and in multi-determinant CASSCF methods. Second, we show how and why certain
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optimization procedures can fail in well-established multideterminant algorithms such as
CASSCF even when these careful precautions are taken, and identify some theoretical ways
to recover algorithmic stability. Finally, we show that upon adding a tuned Hessian pre-
conditioner to an existing ESMF implementation, it is accelerated to match the speed of
the current ESMF-SCF implementation while being far more resilient against variational
collapse.

4.2 Variational Collapse

Excited state orbital-optmization can require special considerations not necessary for ground
states. For instance, state-specific approaches are prone to “variational collapse”,31,289 where
they erroneously converge to the ground state instead of an excited state. However, in
linear wavefunctions, like CIS or CASCI, excited states are higher roots of the Hamiltonian
matrix, and are not prone to collapse in the same way. In these algorithms, excited states are
naturally ordered from lowest to highest energy, and varying nonlinear orbital parameters
can cause this ordering to change. As a result, identifying excited states purely by their
energy-ordering in this Hamiltonian can result in a nonconvergent behavior known as root-
flipping.31

While variational collapse and root flipping are well-known issues and a variety of solu-
tions have been proposed for each,33,35,203,288–291 there is an additional collapse behavior that
remains unaddressed. Energy degeneracies between multiple states combined with strong
coupling between linear CI parameters and non-linear orbital parameters can cause varia-
tional collapse and root-flipping behaviors to occur in tandem and avoid measures designed
to prevent them. Around these points, the energy surface undergoes an avoided crossing,
and uncoupled optimizers are liable to take grossly inaccurate steps, and can fatally destabi-
lize state-selective algorithms. Though these avoided crossings are similar in spirit to those
encountered in non-adiabatic dynamic – as they are described by energy degeneracies and
derivatives of inter-state coupling elements – these crossings occur only in wavefunction pa-
rameter space and bear no physical meaning. We will discuss this in more mathematical
detail in section 4.4 and provide a worked example in section 4.5, but we start by reviewing
variational collapse and root-flipping, as many of the same concepts apply.

Due to particle antisymmetry, single-determinant wavefunctions are perhaps the simplest,
but still physically-accurate, representation of a many-body electronic state. Electronic
structure calculations routinely begin by calculating single-determinant ground states upon
which corrections are applied to account for the correlative effects of electronic repulsion.
It is thus natural to extend these minimal wavefunctions directly for excited states, as they
conveniently obey the same formal stationarity conditions as ground-state wavefunctions.
Excited-state ∆-SCF methods take advantage of this by identifying alternative solutions to
the SCF equations as excited states, and are particularly convenient to implement and study
since the working equations are closely related.

As the only variables present in a single-determinant wavefunction are orbital coefficients,
excited states in ∆-SCF methods can be viewed as an orbital optimization. However, excited-
state stationary points can often manifest as saddle-points on energy surfaces, and converging
to them can be more complicated as saddle-points are maxima along some directions and
minima along others. This ambiguous curvature can confuse optimization algorithms which
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can propose unreasonable steps, ultimately causing failed convergence or convergence to the
more-stable ground state minimum.

However, this variational collapse of single-determinant excited-state methods is well-
understood and can be sidestepped with proper adjustment. In the ∆-SCF algorithm, initial
guesses for the excited state are generated by applying excitation operators to a reference
ground state. The same SCF procedures used for ground-states are performed on this initial
excited state wavefunction are used to vary the orbital basis in search of a nearby energy sta-
tionary point. However, these excited states are often described by a non-Aufbau occupation
pattern, in which some high-energy orbitals are occupied, and some low-energy orbitals are
left unoccupied. After orbitals are varied, the next iteration’s excited state is constructed by
populating a subset of these orbitals. In the ground state, the population pattern is obvious,
and the orbitals with the lowest orbital energies are chosen to be fully populated. As the
nonlinear diagonalization step can switch or mix orbitals, populating excited states is not
so straightforward, and small variations in the orbital basis can correspond to drastic or
discontinuous changes in the excited state character.

Unpredictable changes in the orbital basis can easily destabilize the optimization and ul-
timately produce oscillatory behavior or, given the relative stability of the Aufbau-populated
ground state minimum, variational collapse. Methods that endeavor to patch these instabili-
ties often scrutinize the orbital selection process, seeking to limit population to orbitals most
like those in the previous iteration. For instance, in the Maximum Overlap Method,288,317
orbitals that maximally overlap those from a previous iteration are populated in the next,
preventing discrete switches in orbitals regardless of their energy ordering. In the STEP
method,290 a level-shift is applied to the Fock matrix to heighten the energy of unoccupied
orbitals, allowing the more straightforward Aufbau filling to be used at each iteration.

Taking a step back, the approach these SCF algorithms are pursuing boils down to
limiting orbital step-size in each iteration. An alternative approach would be to instead
produce orbital steps using an algorithm unable to produce the global steps that can come
about by re-populating molecular orbital each iteration. In Geometric Direct Minimization323
(GDM), the orbitals within a single-determinant wavefunction are varied instead by locally
approximating the energy surface around the current wavefunction. As opposed to the
SCF eigenvector equations which generate a full set of orbitals each iteration, GDM instead
produces an orbital step δX that minimizes the second-order Taylor expansion of the energy
by approximately solving the following linear equation:

HX · δX = ∇XE (4.2)

Whose matrix HX and vector ∇XE coefficients are the energy Hessian and energy gradient,
respectively. The GDM algorithm has been found to be more stable than conventional SCF
algorithms for ground states, as its local steps cannot produce the discrete orbital swaps
that can confound SCF convergence.

Algorithms like GDM tend to approximate Newton-Raphson steps due to its expense,
since it involves building and inverting the Hessian second-derivative matrix. Quasi-Newton
methods, such as the popular BFGS algorithm,324,325 instead start with an approximation
to the Hessian inverse and iteratively updates it using finite-difference gradient information
obtained from successive iterations. Worthy of note is that NR optimization is able to
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converge to nearby stationary points, whether they be minima, saddle points, or maxima,
as it contains the necessary second-derivative information to account for negative curvature.
Due to the approximate Hessians used in Quasi-Newton methods, they are not always able to
comfortably converge to saddle points, and can struggle to find them consistently. In order
to partially offset their approximations, Quasi-Newton methods are often implemented with
line-searches to find optimal step-sizes that will minimize function values along the direction
generated by equation 4.2. Unfortunately, these line-search minimizations are inappropriate
for saddle-point finding, and is but one example of why adapting QN algorithms for saddle-
points can be a headache.

As saddle-point searches are fraught with complexities, it is often simpler to edit the en-
ergy function so that its desired stationary points become minima. These modified functions
are known as target functions, and their design often must sacrifice some computational ef-
ficiency to perform this transformation. For instance, both the wavefunction variance, used
in σ-SCF:291

σ2 [Ψ] = 〈Ψ|(H− E)2|Ψ〉 (4.3)

and the Square Gradient Minimization (SGM) used in ∆-SCF289 and ESMF-GVP:33,37

f [Ψ] = |∇E|2 (4.4)

are minimized by every eigenstate of the Hamiltonian. However, the optimization of these
target functions requires evaluation of the square Hamiltonian or higher-order energy deriva-
tives. Thankfully, the cost of evaluating these target functions and their derivatives can be
respectively reduced by resolving the identity between the Hamiltonian product:31,203

σ2 [Ψ] ≈
∑
I

〈Ψ|(H − E)|I〉 〈I|(H − E)|Ψ〉 (4.5)

or by evaluating derivatives by finite-difference289 approaches:

∇|∇E(p)|2 ≈ ∇E(p+ δ · ∇E)−∇E(p− δ · ∇E)

δ
(4.6)

with only a small loss in accuracy. And while these target functions can still suffer from
poor numerical conditioning289 or fail to fulfill formal properties like size-consistency or
state-selectivity33 if special care is not taken, they dramatically improve the stability of
excited-state orbital optimization.

4.3 Root Flipping

The orbitally-relaxed single-determinant wavefunctions used in ∆-SCF can be hugely effec-
tive for capturing the important details of excited states at mean-field cost, but their utility
is limited by the simplicity of single-determinant ansatz. DFT implementations of ∆-SCF
benefit from density functionals that can account for wide swaths of weak correlation and
have proven successful at recovering some charge-transfer states, core excitations, and double
excitations.326 While simple forms of spin-correlation common to many single excitations
can be recovered using relatively simple spin-projection methods, extending this further for
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higher-spin or correlated excited states can prove challenging. For instance, multiconfigu-
rational DFT is complicated by possible double-counting of weak-correlation effects, since
both the multideterminant expansion and the density functional can account for the same
components of electronic correlation.315 Multideterminant methods therefore remain a useful
and solid tool for accurately capturing complex excited states.

Multideterminant wavefunctions are most often expressed as a linear combination of or-
thonormal determinants, and the energy stationary points of wavefunctions in this space can
be straightforwardly obtained as eigenvectors of a projected Hamiltonian. Though finding a
single excited state in isolation is fraught with the same saddle-point issues discussed pre-
viously, the linearity of the solutions to the eigenvector problem provides a stable route to
preventing variational collapse. By the Courant-Fischer principle,327 higher eigenvectors of a
matrix can be defined as those that minimize the Rayleigh Quotient in the space orthogonal
to all of the lower eigenvectors. Many classic diagonalization procedures, such as the QR
algorithm, reflect this, and effectively perform extremal eigenvalue-finding algorithms and
this orthogonalization in tandem. In essence, to find an excited state, one generates a stack
of eigenvectors, each minimized in the space orthogonal to eigenvectors lower than it, that
reach up to the desired state. This can be straightforwardly extended to iterative procedures
designed for efficiently calculating only extremal roots of a large, sparse Hamiltonian such
as the Davidson method56 commonly used in CI theory.

Once these roots have been determined, they are naturally ordered from lowest to highest
in energy, but this is only the first step in an orbitally-optimized method. From these roots,
an excited state is identified – perhaps naïvely by its place in the energy ordering – and an
orbital-dependent energy expression is constructed using its eigenvector.

Ek(X) =
∑

UkiUkj 〈Di(X)|H|Dj(X)〉 (4.7)

This energy expression can then be minimized by using a NR or QN descent method until a
stationary point with respect to the orbitals is reached. After each orbital step, the orbital
basis is folded into the wavefunction according to Thouless’ theorem,328 which amounts to
rotating the orbital coefficient matrix using a unitary orbital rotation operator:

χ̃ = χeX (4.8)

These two steps are alternated until an orbital stationary point is reached, at which point
the optimization is complete.

While this approach appears straightforward, like with orbital orderings in ∆-SCF meth-
ods, the state ordering can abruptly change upon orbital variation. As orbitals drift away
from those suited for a lower-energy state, that state’s energy will increase and may cross
with the targeted root. As this crossing point is traversed, selecting our state purely by en-
ergy ordering means that we will start to optimize a discretely different state, as illustrated
in figure 4.1. Often, the orbital gradients of each of these two states oppose each other, and
orbital steps zig-zag across the energy degeneracy seam. This is a phenomenon known as
root-flipping, so named because orbital steps cause the indexed root to rapidly flip between
two states, never to converge.

To resolve root-flipping, we need only change our state-selection criteria from energy
ordering to some other measure that captures the state character. In some cases, such as
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Figure 4.1: An Illustration of root flipping. In both plots, the upper curve (blue) and the
lower curve (red) represent wavefunction energies as determined within the linear determi-
nant space, ordered by their energies, as a function of a wavefunction parameter p. At the
crossing point, the character of the states associated with each state switches. To optimize
an excited state, derivative information from the upper root is used to generate a param-
eter step. The wavefunction at each set of parameter values (p0,p1) qualitatively changes
character if the upper root is selected and the successive iteration will propose a parameter
step contrary to the first, leading to oscillations about the crossing point (indicated by the
blue arrows). Selecting the lower root instead continues optimization of a state with the
consistent character (indicated by the red arrow), and is expected to converge.
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when the two states that cross can be distinguished by their spin or symmetry, each state can
be discretely identified on either side of the crossing. In the more general case, comparison
might be done with observable state properties, but as many of these depend on the one-
body density, density-based measures – similar in spirit to MOM’s overlap metric – can be
used instead, to similar effect. In a recent implementation,31 this measure takes the form
of a density difference norm, which measures each state density relative to a fixed reference
(usually chosen as initial selected state):

M(Γ) = ‖Γref − Γ‖F (4.9)

Though these work well in many cases,31,32 even these density-based measures fail when
states mix their character. When this happens, selecting the right state can be an undoable
task, as its components may already be spread amongst multiple roots.

4.4 Coupled Collapse

This strong state mixing in state-specific algorithms gives us direction for further investi-
gation. While we could imagine simply taking some optimal mixture of states to minimize
this metric, state-selection is not the only issue at hand. In regions where this coupling is
significant and where mixing occurs, local expansions of the energy can misjudge the energy
curvature and produce poor orbital steps. We can trace these errors back to equation 4.7
where linear coefficients and orbital parameters are assumed to be uncoupled, independent
variables. The linear coefficients in U have an implicit dependence on the orbital basis that,
owing to the complex dependence of eigenvectors on matrix elements, can be difficult to
incorporate directly into the optimization algorithm. While there is a notable exception in
modern CASSCF implementations104 in which orbitals and linear coefficients are recoupled
in order to accelerate convergence, this is so far limited to ground-state and state-averaged
calculations.

The orbital dependence of eigenvectors is implicit and difficult to analyze directly, and so
we will look at how the off-diagonal Hamiltonian coupling elements affect our local estimation
of the energy surface. While off-diagonal coupling elements in the linear Hamiltonian are
zero by definition within each orbital basis, rapid changes in these coupling elements can
profoundly affect the curvature of the energy surface. To demonstrate how coupling can
affect local estimates of the energy surface, we have projected the Hamiltonian onto two
states for which we assume this coupling is significant.

H(X) =

[
H11(X) H12(X)
H21(X) H22(X)

]
, Hij =

∑
kl

UikUjl 〈Di(X)|H|Dj(X)〉 (4.10)

Because we are always working with eigenstates of the Hamiltonian in our current orbital
basis, the coupling element H12 at our expansion point is zero, but its derivatives may not be.
The projected 2× 2 Hamiltonian can be diagonalized analytically, giving energy expressions
for the upper (E+) and lower (E−) roots:

Eav =
H11 +H22

2
, ∆E = H22 −H11 (4.11)
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Figure 4.2: Coupled CASCI energies and uncoupled CASCI energies of ground and excited
states of the methanimine molecule at interpolated orbital rotations. Coupled energies are
obtained by diagonalizing the linear CASCI Hamiltonian within this basis, and correspond
to the real energy surfaces that are being explored. Uncoupled energies are obtained by
calculating expectation values using the CASCI vectors that diagonalize the Hamiltonian at
X = 0, and corresponds to the energy surfaces as they are approximated by local expansion
of equation 4.7.

92



E± = Eav ±
√

∆E2 + 4H2
12

2
(4.12)

The dependence of E± on the coupling element introduces an additional term into the Hes-
sian, and differs from those derivatives of equation 4.7 by a coupling square-gradient term:

∂2E±
∂X2

=

[
∂2Eav
∂X2

± 1

2

∂2∆E

∂X2

]
+

2

∆E

(
∂H12

∂X

)2

(4.13)

While one might rightly believe that this derivative coupling is negligible in many cir-
cumstances, we have found multiple simple equilibrium systems where omitting it can cause
variational collapse. Figure 4.2 shows an example of this phenomenon in methanimine (dis-
cussed in the next section), where a poor estimate of energy curvature leads the optimizer
to take poor orbital steps. In this plot, orbitals are rotated at each point along a linear-
interpolation of the orbital step vector, and two sets of energy calculations are performed.
As is plainly evident, the proposed orbital step at X = 0.1 drastically overshoots the coupled
minimum at X ≈ 0.02, and does so because it follows the vastly shallower curvature of the
uncoupled energy curves. As will be discussed in the next section in more detail, the fate of
these optimizations was often variational collapse to the ground state, as states would mix
their character. This ultimately confuses the state-selection metric, which – after several
poor orbital steps – selects the lower CASCI root, and promptly collapses to the ground
state.

4.5 Methanimine

Methanimine, CH2NH, is the smallest example of the imine functional group (fig. 4.3) and
contains a total of sixteen electrons. The lone pair on the nitrogen is found in an sp2 orbital
perpendicular to the double bond, the first singlet excited state can be summarized as an
n→ π∗ transition, and is well-represented as an open-shell singlet. While the ground state is
a closed shell singlet, the orbital basis necessary to represent it as such is radically different
from the optimal excited state orbital basis. As a result, when optimizing orbitals for the
excited state, unless a sufficiently large active space is used, the ground state will increase in
energy until the two states experience an avoided crossing in parameter space. As shown in
the previous section, around this avoided crossing, the optimizer incorrectly underestimates
the curvature of the energy, and makes erratic orbital steps before collapsing to the ground
state.

Though this chapter will later focus on similar collapse behavior in the context of the
ESMF wavefunction, state-selective CASSCF is used here because the span of complete
active spaces are conveniently invariant to orbital rotations. With a large enough active
space, any mismatch in ground state and excited state orbitals can be reversed within the
linear configuration space. And while expanding the active space is instructive because it
allows us to isolate the ground state orbitals disrupted by the state-specific optimization, it
also points to a larger concern in state-specific orbital optimization in CASCI spaces.

In order to avoid both the complexities of state-specific optimization while still partially
enjoying the benefits of orbital relaxation, active-space orbitals are often optimized with
respect to a weighted average of multiple state energies.30 Because multiple states feature
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Figure 4.3: Methanimine

in this average, the orbitals are not optimal for any one state, and are instead thought to
represent a reasonable compromise between states. Part of the appeal of state-specific opti-
mization in active space methods is that one expects, contrary to state-averaged calculations,
that active space orbitals can be tuned for a single excited state, and correlation present in
other states need not be represented at all. In addition, state-specific orbitals generally re-
duce the size of active space necessary to represent a multireference state at a given level of
accuracy. However, despite our state-specific approach, a larger active space appears neces-
sary to converge a state-specific calculation which should only require a minimal one. This
expanded active space is necessary to accurately represent the ground state and excited state
at the same time and so prevent the two states from crossing as the optimizer approaches
optimal excited state orbitals.

Here we show that in the case of methanimine, where the ground state is a closed-shell
singlet (that can be represented with a single determinant) and the first excited is a simple
open-shell singlet (that can be represented in a 2e-2o active space), that an uncoupled excited-
state-specific algorithm will variationally collapse if anything less than a 6e-4o active space
is used. Because the ground state is poorly represented in orbitals tuned for the excited
state, unless an overly large active space is present to allow the linear space to reverse
the orbital rotation, it steeply increases in energy before finally mixing with the excited
state. This collapse is caused by a mis-estimation of energy surface curvature due to missing
coupling terms between orbital parameters and CI coefficients as described in section 4.4
and depicted in figure 4.2. The state-selective metrics in place are powerless in the face of
avoided crossings, as states can freely mix in the coupling region, and do nothing to prevent
this collapse.

The natural orbital occupations of a reference 6e-5o CASCI wavefunction, given in table
4.1, confirms that the ground and excited states of methanimine can be – in their natural
orbital bases – respectively represented as a single configuration or within a 2e-2o active
space. However, active space orbitals in figure 4.8 indicate that these natural orbital bases
optimal for each of these states are vastly different from each other. When – after optimizing
orbitals for the excited state in the 6e-5o large active space – reducing the active space beyond
6e-4o, the energy of the CASCI ground state (table 4.2) increases by a massive 146 mEh . At
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Active space and State Orbital 6 Orbital 7 Orbital 8 Orbital 9
6e-5o ground state 1.994 1.991 1.904 0.098
6e-5o excited state 1.990 1.978 1.010 1.009

Table 4.1: Natural orbital occupation numbers of the reference 6e-5o SA-CASSCF wave-
functions. The near-unit values of the ground-state natural orbitals occupations indicate
that it is close to a single reference wavefunction (requiring no active space to qualitatively
capture). The excited state natural orbital occupations are those of an open-shell singlet,
suggesting it can be captured using a 2e-2o active space.

Active Space Ground State Energy / Eh Excited State Energy / Eh

6e-5o -94.0715 -93.8916
6e-4o -94.0582 -93.8825
4e-3o -93.9119 -93.8776
2e-2o -93.9115 -93.8764

Table 4.2: Energies of CASCI wavefunctions in a variety of active spaces using excited-state
natural orbitals optimized specifically for the excited state in the 6e-5o active space. While
ground-state energies sharply increase by 146 mEh upon shrinking the active space from
6e-4o to 4e-3o, excited state energies are largely unaffected, indicating that the excited-state
natural orbitals are unable to capture the ground state in less than a 6e-4o active space.

Active space 6e-5o 6e-4o 4e-3o 2e-2o
Ground state 0.976 0.978 0.866 0.867
Excited state 1.000 0.996 0.990 0.991

Table 4.3: Overlap of CASCI wavefunctions with the corresponding reference 6e-5o CASCI
wavefunction. Each wavefunction uses state-specific orbitals optimized for the excited state
in the 6e-5o active space. Following table 4.2, there is a sharp decrease in ground-state
character of the lower root upon decreasing the size of the active space from 6e-4o to 4e-3o,
while the excited-state character of the upper root is largely unaffected.

Active space change C δq N δq
6e-4o → 4e-3o ground state 0.725 -0.715
6e-4o → 4e-3o excited state 0.009 0.013
6e-4o → 2e-2o ground state 0.720 -0.705
6e-4o → 2e-2o excited state 0.013 -0.008

Table 4.4: Charge differences (in a.u.) on heavy atoms upon reducing the active space size
as indicated. Charge differences are nearly unit for the ground state and negligible for the
ground state, following the results from tables 4.2 and 4.3.
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Figure 4.4: Overlap of each 4e-3o CASCI root with the corresponding 6e-5o reference root
(i.e. overlap of lower root (4e-3o gs) with the reference lower root (6e-5o gs) and upper
root (4e-3o es) with upper root (6e-5o es), as indicated in the legend) tracked across state-
specific orbital optimizer iterations. The state-specific tracker initially targets the upper root
(orange). Around iteration 25, the overlap of each of these roots with the corresponding
reference root sharply decreases, coincident with a sharp increase in the overlap of each root
with the opposite reference root shown in figure 4.5. After this point, the state-specific
tracker tracks the lower root (blue), which slowly and consistently increases in reference
lower-root (i.e. ground-state) character until convergence, completing variational collapse.

96



Figure 4.5: Overlap of each 4e-3o CASCI solution with the opposite 6e-5o reference root (i.e.
overlap of the lower root (4e-3o gs) with the reference upper root (6e-5o es) and overlap of
the upper root (4e-3o es) with the reference lower root (6e-5o gs), as indicated in the legend)
tracked across state-specific orbital optimizer iterations. In the first 20 iterations, there is
little overlap between roots, indicating that there is little mixing in the character of the
lower two CASCI roots. Around iteration 25, there is a sharp spike in opposite-root overlap,
coincident with the sharp decrease of same-root overlap in figure 4.4, indicating that these
two states are strongly mixing. This overlap steadily decreases after the optimizer begins to
optimize the lower root, which eventually collapses to the ground state.
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Figure 4.6: As figure 4.4, but in the 2e-2o active space. Behavior is qualitatively similar.

Figure 4.7: As figure 4.5, but in the 2e-2o active space. Behavior is qualitatively similar.

98



the same time, nearly an entire electron (table 4.4) shifts from carbon to nitrogen, and the
overlap with the reference ground state (table 4.3) is cut by nearly a fifth. All of this is to
show that the ground state wavefunction is poorly represented in the optimal excited-state
basis.

Optimizer convergence in these smaller active spaces is chaotic, and very quickly start to
mix ground and excited states before undergoing variational collapse. Over this optimization,
we track the overlap (figures 4.4, 4.6) of CASCI roots with the 6e-5o CASCI reference states.
A healthy optimization would show a steady, if small, increase in upper-root overlap with
the reference excited state, and ultimately converge to a value near one. Lower-root overlap
with the reference ground state might decline as the orbital basis drifted away from ground
state orbitals, as the state-specific optimizer is free to ignore its affect on unselected roots.
Instead, however, we see a sharp decrease (figure 4.4) or large oscillations (figure 4.6) in the
overlap of both roots with their corresponding reference states. This decrease in overlap is
matched by a coincident increase in the overlap with the opposite reference state (figures
4.5, 4.7), indicating large levels of mixing between ground and excited states.

Figure 4.8: Methanimine state-specific natural orbitals in the 6e-4o active space. Natural
orbital occupation is indicated by the number adjacent each orbital isosurface. While the
span of these orbitals is very nearly the same, the difference in orbital shapes makes it
difficult to represent one state using the natural orbital basis derived from the other state.
When the active space is reduced to 4e-3o or smaller, the wavefunction has no ability to
transform the basis between these two sets, and only one of the two states can be accurately
represented.

Following the fall of both overlap measures, figures 4.4 and 4.6 show a steady increase
in the overlap of the ground state character of the lower root, and all figures show a steady
decrease of the excited state character of both roots. This change in behaviors corresponds
to the state-selector refocusing on the lower root, dutifully minimizing it toward the ground
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state and completing the variational collapse. These figures also indicate that, while the
optimizer follows the lower root, the quality of the upper root degrades (with temporary
exception in figure 4.4) until it has negligible overlap with both reference states. Just as the
optimal excited state orbitals are incompatible with the ground state, the excited state is
so poorly represented with the ground state orbitals that any component of the first excited
state is banished to higher roots.

While it would be satisfying to close this section showing that a coupled, state-specific
CASSCF algorithm converges correctly to the first excited state in a minimal 2e-2o active
space, this is unfortunately outside the scope of this study. In the following sections we
introduce the ESMF wavefunction alongside coupled and uncoupled optimizer implementa-
tions that exhibit all the same signs of this collapse behavior, but in a less obvious way.
Unfortunately for our present purposes, owing to the different construction of the ESMF
wavefunction, the first excited state of methanimine does not variationally collapse in either
coupled or uncoupled ESMF optimizer implementations. Displaying a converged result from
a coupled optimizer would not be meaningful; it simply does not fix this collapse problem in
methanimine, because it wasn’t present in the first place. Instead, we will investigate other
molecules in which this type of collapse is present.

4.6 Excited State Mean Field

Following the discussion in the introduction, the Excited State Mean Field wavefunction is
one that incorporates orbital relaxation effects into the CIS wavefunction. As orbital re-
laxation describes the many-body electronic response to the charge movement in electronic
excitations, it is crucial to accurately depict the large-scale shifts in charge-transfer and core
excitations. Multiple approaches to optimizing the ESMF wavefunction have been imple-
mented, each with their own benefits and idiosyncracies. In the Generalized Variational
Principle (GVP)35,203 approach, a target function is used to guide the ESMF wavefunction
to an excited state with selected energies and state properties. The GVP optimizer cou-
ples linear CIS parameters and nonlinear orbital parameters and treats them on the same
footing, contrary to standard two-step approaches which alternatively perform independent
linear optimizations and nonlinear orbital steps. By contrast, much like ground-state SCF
theory, the ESMF-SCF implementation is based on a Lagrangian with orbital orthonormal-
ity constraints whose stationary point is found by iteratively and self-consistently fulfilling
a commutator condition.36

The full ESMF wavefunction is written as:

|ΨESMF 〉 = eX

[
c0 |ψ〉+

∑
ia

ciaa
†i |ψ〉

]
(4.14)

where ψ is a closed-shell singlet reference state, eX is an orbital rotation operator, and cia
are linear CIS coefficients. For theoretical convenience, excitations are often constrained to
singlet-pairs and the reference configuration is omitted, following the common observation
that its contribution is negligible:

|ΨESMF 〉 = eX

[∑
ia

cia

(
a†↑i↑ + a†↓i↑ |ψ〉

)]
(4.15)
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Excited states are identified as stationary points of the energy with respect both to the linear
CIS parameters cia and nonlinear orbital parameters xia. Following the logic in section 4.2,
to prevent variational collapse, the stationary points of an energy-based target function are
sought:

f(E) = χ
[
(1− µ)(ω − E)2 + µ|∇E|2

]
+ (1− χ)E (4.16)

The different components of the GVP in equation 4.16 are each meant to serve different
purposes when searching for a particular excited state. By varying the values of χ and µ in
different regimes of optimization, each of the terms’ unique strengths can be invoked when
most needed. First we note that, regardless of the values of χ and µ, each component of
the GVP – and therefore the entire GVP itself – shares stationary points with the bare
energy function. Initially, the value of µ is set to a value of 0.5, χ to a value of 1 , and the
value of ω is set to a value near the expected energy of the targeted excited state. The first
term measures the energy-distance from this expected value, and its optimization biases the
wavefunction toward that energy. As previous discussed, the second term converts energy
saddle points to minima, and will push the optimization toward the closest excited state
while avoiding variational collapse to lower-energy states. As optimization continues, the
first term is assumed to have already done its job in locating the correct minimum basin,
and µ is progressively decreased until it hits a final value of µ = 0. Near the end of the
optimization, χ may be switched off to a value of zero and the optimizer switched to a full
NR optimizer in order to accelerate convergence.

In order to reduce the amount of moving parts in our target function, for our purposes
we focus solely on the central square gradient magnitude component (i.e. µ = 1, χ = 1).
Importantly, in the GVP implementation, optimization proceeds by a one-step procedure, in
which a QN algorithm generates steps for linear and non-linear parameters simultaneously.
While forgoing the independent linear optimization of CIS parameters means that the analy-
sis in section 4.4 does not apply, parameter coupling can nonetheless be found in off-diagonal
blocks of the Hessian. Empirically, table 4.5 shows that this coupled QN approach is effective
at preventing collapse to ground-state-like wavefunctions.

The other implementation variant is known as ESMF-SCF, so named because it is based
on a commutator condition that mirrors that of ground-state mean-field theory.321 Inspired
by single-determinant SCF methods, the ESMF-SCF36 algorithm writes excited states as
stationary points of a Lagrangian:

L = EESMF + tr
[(
I −CTSC

)
ε
]

(4.17)

whose second term enforces orthonormality of the molecular orbital basis using the Lagrange
multipliers in ε. After differentiating, we set the gradient to zero to enforce the energy
stationarity condition. This can be rearranged to give an equivalent commutator condition
for pairs of density matrices Γ(i) and Fock-like matrices F (i):∑

i

[
CTF (i)C,Γ(i)

]
= 0 (4.18)

Which is a direct analogy to the commutator condition that may be used in RHF-SCF
optimization: [

CTFC,Γ
]

= 0 (4.19)
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The ESMF commutator condition in equation (4.18) can be written as a function of the
orbital basis, linearized, recast as a linear equation, and numerically solved to generate an
orbital step. The linear parameters cia are then optimized by independently solving the
standard CIS equations, after which the process is repeated until the commutator condition
is met.

As discussed in section 4.4, derivative couplings between linear and nonlinear parameters
can be vitally necessary when the excited state stationary point is in the vicinity of a crossing
region. In the ESMF-GVP implementation referenced above, linear CIS coefficients and
nonlinear orbital parameters are optimized simultaneously in a coupled QN optimization,
and so include this coupling information in off-diagonal blocks of the Hessian matrix. In
the ESMF-SCF implementation, though both the Γ(i) and F (i) matrices depend on orbital
parameters, this dependence is not present in the orbital step generation. As coupling
between orbitals and CIS coefficients increases, ignoring this dependence risks variational
collapse, which we will show several examples of below.

4.7 ESMF-SCF Collapse

The methanimine example in section 4.5 shows how unexpectedly small molecules can un-
dergo variational collapse in state-targeted CASSCF algorithms even when careful precau-
tions are taken. We will see that a form of variational collapse also affects the ESMF-SCF
implementation in several small molecular examples. While the relative inscrutability of
the ESMF-SCF commutator condition makes its orbital steps difficult to analyze, its lin-
earization at least ensures that orbital steps are performed in a local way, and avoid the
orbital population issues endemic to ∆-SCF algorithms. The coupled-collapse mechanism
that methanimine follows can potentially arise in any multideterminant method, and the
ESMF-SCF method is no exception, given its missing parameter coupling. However, sta-
tionary points in the ESMF-SCF energy expression are still saddle points, and the lack of a
square-gradient target function or similar may also be partially responsible for the variational
collapse that we observe.

Because closed-shell determinants are excluded in present ESMF wavefunctions, the end-
point of collapse is not the closed-shell ground state and collapse is thus more difficult to
detect. However, there remain multiple signs that we can use to identify it, and with a
particular orbital rotation, it is possible for such an open-shell wavefunction to recover half
of the ground state. Consider a pair of orbitals, {χ, χ∗} that correspond to bonding and
anti-bonding configurations between orbitals {L,R} on two molecular fragments.

χ† =
1√
2

(
L† + R†

)
, χ∗† =

1√
2

(
L† −R†

)
(4.20)

and assume that the ground state wavefunction has occupied the two bonding configurations
in a closed shell configuration:

|ψgs〉 = χ†↑χ
†
↓ |ψ〉 (4.21)

Equivalently, we can write out this ground state in the fragment basis, in which case:

χ†↑χ
†
↓ |ψ〉 =

1

2

[
L†↑L

†
↓ + R†↑R

†
↓ + L†↑R

†
↓ + R†↑L

†
↓

]
|ψ〉 (4.22)
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By design, the ESMF wavefunction has the freedom to perform orbital rotations and single
excitations, and it can use this freedom to rotate the {χ, χ∗} basis to the {L,R} basis:

eX [χ↑χ↓ |ψ〉] =
[
L†↑L

†
↓

]
|ψ〉 (4.23)

Following this, a singlet excitation from the L to R orbital results in a wavefunction that
significantly overlaps with the ground state:

|φ〉 =
1√
2

[
R†↑L↑ + R†↓L↓

] [
L†↑L

†
↓

]
|ψ〉 =

1√
2

[
R†↑L

†
↓ + L†↑R

†
↓

]
|ψ〉 (4.24)

This wavefunction shares two configurations from the ground state wavefunction in equation
4.22, and so significantly overlaps:

〈φ|ψgs〉 =
1√
2

(4.25)

The significant ground state character of this open-shell state can often place this state lower
in energy than any excited state.

We should briefly note here that the exclusion of the closed-shell determinant from this
space makes analysis along the lines of section 4.4 less straightforward. Following the Bril-
louin condition, one can consider the RHF wavefunction a stationary point of the linear CIS
equations. As our ESMF wavefunction begins as a standard CIS state, the Aufbau state
plays the role of ground state, and the coupled-collapse analysis would anticipate the these
two states crossing in energy and mixing components before variational collapse. While this
can no longer occur, we have shown that a partial representation of the ground state may
lurk in the linear space in particular orbital bases. This still admits the possibility of this
partial ground state plummeting in energy and crossing with the targeted root as the opti-
mizer approaches this particular basis, but we cannot be sure that this is occurring without
more careful analysis.

It is still significant to say that target functions and coupling greatly improves the stability
of ESMF optimization. Regardless of how collapse occurs, the orbital rotation necessary to
converge to this partial ground state wavefunction is stark, and very likely to disrupt the
energy of the Aufbau determinant. As mentioned, the Aufbau configuration begins as the
RHF configuration, and in all cases shown, is lower in energy than all of its single excitations.
In cases where collapse has occured, we often observe an inversion in the relative energies
between the final Aufbau configuration and the collapsed, partial ground-state wavefunction.

To summarize, the following are signs of variational collapse in ESMF-SCF:

i) Unrealistically small excitation energies.

ii) Significant overlap between the ESMF wavefunction and the RHF ground state.

iii) Aufbau configuration energy higher than the ESMF wavefunction energy.

ESMF-SCF wavefunctions of molecules shown in table 4.5 meet all of these conditions,
while ESMF-GVP wavefunctions meet none. While the GVP optimizer consistently avoids
variational collapse, there are multiple cases where the final wavefunction nonetheless at-
tains nontrivial overlap with the RHF ground state. In these cases, convergence was often
considerably slower than in molecules of similar size, perhaps reflecting particularly strong
coupling of wavefunction parameters or of partial double excitation character.
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Excitation Energy / mEh RHF Overlap
molecule CISa L-BFGS b ESMF SCFc Aufbau to SCFd L-BFGS ESMF-SCF

cyclopropene 253.3 247.8 125.5 -235.8 0.024 0.697
furan 247.2 240.1 129.9 -241.5 0.000 0.671

pyridine 229.6 224.6 153.2 -217.7 0.000 0.649
aniline 211.4 201.6 146.3 -189.6 0.000 0.603
furfural 208.2 189.4 111.5 -213.2 0.144 0.662

benzofuran 209.2 203.3 130.6 -219.4 0.103 0.606
indene 198.1 195.2 113.0 -205.3 0.006 0.684
indole 205.0 194.0 136.9 -190.8 0.103 0.650

chromone 208.2 201.4 134.6 -206.7 0.073 0.596
coumarin 182.3 173.2 105.0 -129.3 0.023 0.684
quinone 195.6 167.9 140.0 -138.3 0.134 0.623
biphenyl 132.7 130.5 66.4 -164.8 0.002 0.673

Table 4.5: aExcitation energy from the RHF to CIS wavefunction.
bFrom RHF to the L-BFGS-optimized ESMF wavefunction (see next section).
cFrom RHF to the ESMF-SCF wavefunction.
dFrom the Aufbau determinant to the ESMF-SCF wavefunction.

4.8 Quasi-Newton Preconditioning

While stable, the current ESMF-GVP implementation has several numerical drawbacks.
BFGS, the QN method used in ESMF-GVP, iteratively constructs an inverse Hessian by
numerically updating a initial inverse Hessian guess using finite difference information cal-
culated between gradients in successive iterations. While step quality in BFGS relies heavily
on a good approximation to the initial Hessian inverse – which here we will refer to as a
“preconditioner” – the quality of this preconditioner must be balanced against its cost. In the
following section, we explore several approximate Hessian preconditioners and measure their
quality by cost-scaling, convergence speed, and wall-time in order to find such an optimal
balance. However, before we do this, we have several formal approximations that we will
later numerically justify.

First and second derivatives of the square-gradient magnitude target function used to
construct the preconditioner can be obtained at the same cost-scaling as first and second
derivatives of the energy function, with the exception of a contraction between the third-
derivative tensor and the gradient. Following finite-difference approaches in the literature,289
and to ease computational cost, this term can be approximated as the finite difference of
Hessian matrices in the direction of the gradient:∑

k

∂3E

∂pi∂pj∂pk
· ∇Ek ≈ lim

δ→0

H(p+ δ∇E)−H(p− δ∇E)

2δ
(4.26)

Theoretically, contraction with the energy gradient means that this term becomes vanish-
ingly small as one approaches a stationary point. Empirically, dropping this term had little
apparent adverse effect in exact Newton-Raphson optimizers, and to avoid both additional
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compute-time and finite-difference error, this term was entirely omitted from future calcula-
tions. Though existing SGM implementations use finite difference directional derivatives289
to avoid matrix-vector operations by the energy Hessian, our implementation performs these
Hessian operations analytically at a lower total cost (8 TEI tensor contractions) than the
finite-difference equivalent (9 TEI contractions).

Existing ESMF-GVP code relies on differentiating through the exponential orbital rota-
tion operator eX which formally involves evaluating an infinite series of product-rule terms:329

∂

∂xia
eX =

∞∑
n=0

n∑
k=0

1

(n+ 1)!
Xk ∂X

∂xia
Xk−n (4.27)

These derivatives are evaluated numerically by truncating the above expression to twelfth
order. By instead applying the orbital rotation operator each iteration, the value of orbital
rotation parameters are reset to zero so that all but the first term of this expansion vanish,
greatly simplifying evaluation. However, in order to retain the same wavefunction before
and after the transformation, the orbital rotation should be counter-balanced by an opposing
rotation in the linear CI space to satisfy the identity:∑

i

ci |Di〉 =
∑
i

c̃i |D̃i〉 =
∑
i

c̃ie
X |Di〉 (4.28)

As this is a change of variables, derivatives are subject to Jacobian transformations, for
instance:

∂2E

∂c̃i∂c̃j
=
∑
kl

∂ck
∂c̃i

∂2E

∂ckcl

∂cl
∂c̃j

=
∑
kl

Jik
∂2E

∂ck∂cl
Jlj, Jik =

∂ck
∂c̃i

(4.29)

Whose elements can be obtained by projecting and differentiating equation 4.28:

∂ck
∂c̃i

= 〈Dk|eX|Di〉 (4.30)

Due to the form of the ESMF wavefunction, in order to evaluate equations 4.28 and 4.30 for
the ESMF wavefunction, they must be projected onto the singles excitation space.

In practice, however, pilot implementations of both variable and Jacobian transforma-
tions did little to affect convergence behavior, and were accordingly omitted. Much like the
omission of the third-derivative term, we can rationalize dropping these Jacobians by arguing
that, in regions where large orbital steps are taken — where these Jacobian transformations
would be significant — the accuracy of the approximate Quasi-Newton Hessian inverse is
limited primarily by the accuracy of the BFGS update. Conversely, in regions where small
orbital steps are taken, these Jacobian transformations are small.

4.9 Hessian Preconditioning

The analytical energy Hessian was implemented to serve both as a reference and a launching
point for further approximation. In the following optimizations, derivatives of the square-
gradient ESMF target function was were calculated as:

∇|∇E|2 = 2HE · ∇E, H|∇E|2 = 2H2 (4.31)
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Term name formula symbol cost

Molecular Orbital Basis TEIs 2(ia|jb)− (ib|ja) 〈ij||ab〉 O(N5)

Aufbau Fock Matrix hia +
∑
p

〈pi||pa〉 fia O(N4)

Contracted TEIs
∑
ab

vbj 〈bi||ja〉 F [v]ia O(N4)

Half-Contracted TEIs
∑
ic

cic(ja|bc) — O(N5)

Double Half-Contrated TEIs
∑
cd

ciccad(jc|bd) — O(N5)

Table 4.6: Symbols and formulae for terms that appear in the ESMF energy Hessian in
appendix D.

following the above discussion. Approximations to the energy Hessian were made to satisfy
particular cost-scaling thresholds by dropping terms that exceeded them. In our experience,
approximating the energy using physical arguments before differentiating would often provide
ambiguous results, as the final expressions depended strongly on how one identified and
grouped ‘physically significant’ terms.

Analytical formulae for the energy Hessian are given in appendix D, and can be broken
down into classes of terms, named in table 4.6. Calculation of individual elements of the Hes-
sian matrix is an O(N5) proposition, owing to molecular transformations of the two-electron
integral (TEI) tensor necessary for both uncontracted and half-contracted TEI terms. Per-
forming exact matrix-vector multiplies with the Hessian matrix instead scales as O(N4), as
these terms can be recast as fully-contracted TEIs. As an example, we consider what we call
a double half-contracted TEI term: ∑

cd

ciccad(jc|bd) (4.32)

Which is calculated as a pair of one-index transformations on the TEIs, directly analogous
to a pair of O(N5) orbital basis transformations. When we perform a matrix-vector mul-
tiplication, this can instead be written as a set of O(N3) matrix multiplies applied to a
fully-contracted TEI term, F [v].∑

jb

Hia,jbvjb →
∑
cdjb

ciccadvjb(jc|bd) →
∑
cd

ciccadF [v]cd (4.33)

As the vector v can be transformed to the atomic orbital basis before contraction, these
terms can be calculated without requiring any TEI basis transformations, and the remaining
full TEI contraction can be performed at O(N4).

For numerically difficult optimizations, Quasi-Newton solvers must be preconditioned.323–325
The initial QN preconditioner is important since it serves as the foundation of a Hessian in-
verse that is iteratively updated over many steps. At the same time, we want to avoid
building or inverting the full Hessian matrix, as its dimensions are O(N2), following the
amount of orbital rotation and CIS linear parameters. Direct numerical inversion therefore
costs O(N6), which serves as the cost-scaling upper-bound and is realized both by exact

106



Newton-Raphson optimization and BFGS optimization that uses the full Hessian inverse as
its preconditioner. Alone, the BFGS algorithm attains a cost-scaling of O(N4), limited by
the cost-scaling of gradient evaluation of the target function, which involves a single Hessian-
gradient matrix-vector multiplication. While we will present the cost-scaling of Hessian pre-
conditioners assuming exact matrix mathematics, sparsity arguments can be used to reduce
the cost-scaling for the expensive TEI contractions to O(N3).37 This appears to be closer
to the minimum price of each BFGS iteration, given the multitude of matrix-multiplications
present in the SGM derivative expressions.

We will begin by looking at the convergence behavior of Newton-Raphson optimization
which uses the approximate SGM Hessian, given in the first column of table 4.7. As Hes-
sians are calculated and inverted in full each step, these results represent a benchmark for
step quality, as is evident by their low iteration count. Speedy convergence is achieved in
spite having dropped the expensive and imprecise finite-difference third-derivative gradient
contractions, and empirically justifies this approximation. In addition, since the Hessian is
recalculated in full every step, the Jacobian transformations in equation 4.29 do not apply.

In the second column of table 4.7, we perform a BFGS optimization preconditioned with
an fully inverted Hessian matrix. As this preconditioner is calculated a single time at the start
of the optimization, the Jacobian transformations in equation 4.29 formally apply. Slowed
convergence relative to the full NR optimization thus reflects inaccuracies both introduced
by the approximate BFGS Hessian and omission of these variable transformations. While
iteration count is roughly doubled in most cases, the cost per iteration has been reduced to the
cost of O(N4) target function gradient evaluation from O(N6) matrix inversion, and the total
optimization time has thus been cut by a significant factor. Though we have not separated
the effects of the BFGS approximation and disregard of Jacobian transformations, the latter
does not appear to hamper optimization speed enough to justify its implementation.

The third and fourth columns of table 4.7 test preconditioners at two significant tiers of
cost-scaling. In the third column, the full Hessian inverse is replaced by its diagonal equiv-
alent, and corresponds to perhaps the simplest way to sidestep the expensive dense matrix
inversion otherwise required. As the calculation of individual Hessian matrix elements still
requires the evaluation of MO-basis TEIs and half-contracted TEI terms, the cost of this
diagonal inverse preconditioner is still O(N5), To lower this cost even further to match the
ESMF gradient at O(N4) requires us to drop these terms, which we do in the “one-body”
diagonal Hessian in column 4. This approximation is so-named because the only remaining
expensive elements are full TEI contractions, and are so cost-limited by the same operation
as the mean-field Fock matrix. While iteration count steadily increases as cheaper precondi-
tioners are used, the total runtime of BFGS optimization steadily drops and finally becomes
competitive with the ESMF-SCF implementation with the one-body Hessian preconditioner.

Identity-matrix preconditioned optimizers in the GVP and BFGS implementations are
presented in columns 5 and 6 (respectively) of table 4.7 to serve as a concrete reminder of
just how profoundly preconditioners impact BFGS convergence speed. In addition, these
results help verify that the relatively slow convergence speed of the GVP implementation is
primarily limited by its choice of preconditioner. The differences between these two methods
can be explained by small implementation differences in GVP and BFGS, both in terms of
derivative numerics and optimizer line-searches. In the GVP algorithm, orbital derivatives
are calculated in a fixed orbital basis according to equation 4.27, and basis transformations
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are performed only when orbital rotation parameters become too large. In the present BFGS
implementation, orbital transformations are performed at each single step to simplify analytic
expressions, and so gradients may numerically differ between these two implementations. In
addition, the GVP implementation uses more general and aggressive line search to control
step-size, rigorously ensuring that each BFGS step follows the Wolfe conditions.330,331 When
a poor preconditioner is used, this step-size control is primarily responsible for its quicker
convergence and higher stability relative to the present BFGS implementation, which uses
no step-size control.

4.10 Conclusions

Many excited state methods have difficulty accurately predicting charge-transfer and core
excitations due to the large shift in ground-state electronic density – and the following many-
body response – that characterize these states. The ESMF wavefunction, which combines a
CIS linear wavefunction with orbital relaxation effects, can more efficiently and accurately
represent these states in a variational, state-selective way at mean-field cost. Though it
does not include either double excitations or dynamic correlation effects, it appears to be
an effective platform for further improvement.320 Along these lines, the state-specific orbital
optimization present in the ESMF wavefunction suggests that it may serve as excited-orbital
reference, filling the same role as ground-state Hartree-Fock for excited state wavefunctions.

Through the worked example of methanimine, we identify a subtle collapse behavior that
affects state-specific orbital optimization of multideterminant wavefunctions. When coupling
between linear CI and nonlinear orbital parameters is ignored, state-mixing can cause chaos
in the optimization process, ultimately causing variational collapse despite the best efforts
of targeting functions and state-selection metrics. We trace this behavior to the omission of
significant derivative coupling terms in the local expansion of eigenvalues in the linear space,
and orbital steps are made on an energy surface whose curvature is severely underestimated.
This behavior is directly observed in an uncoupled state-specific CASSCF algorithm and
expected to contribute to the variational collapse found in the ESMF-SCF optimizer, but
is notably absent from the coupled ESMF-GVP algorithm. While this coupling analysis
mathematically echoes derivative couplings and avoided crossings found in non-adiabatic
dynamics,332 we emphasize that these features are artifacts of a limited wavefunction space,
and are not physical in nature.

In order to accelerate the stable ESMF-GVP implementation, we explore several Hes-
sian preconditioning schemes for coupled BFGS optimization. Implementation of analytical
derivatives allows us to test the effect of intermediate orbital transformations, truncation of
expensive third-derivative terms, and we find that all of these approximations can signifi-
cantly improve convergence speed at marginal cost. Following cost-scaling arguments, we
drop off-diagonal elements and expensive terms in the Hessian to arrive at a one-body diago-
nal Hessian that can be calculated at mean-field cost and accelerates QN methods to match
the speed of gradient-only ESMF-SCF implementation. In addition, the stability introduced
both by the the square-gradient target function and coupling present in the off-diagonal
ellements of the iteratively-updated BFGS Hessian is enough to prevent variational collapse
that can be found in ESMF-SCF.

Orbital relaxation is a significant effect in many electronic excitations that can be ac-
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counted for at mean-field cost in state-specific ESMF optimizations. Though the non-linear
optimization necessary to tune orbitals state-specifically can open up subtle and opaque av-
enues for variational collapse, we show that stability can be recovered by employing target
functions and accounting for couplings in the wavefunction parameter space. While these
optimizations may appear prohibitively expensive at first glance, appropriate numerical pre-
conditioning and judicious approximation can greatly accelerate their convergence while
ensuring variational stability. It is our hope that state-specific orbital optimization can be
extended more broadly within quantum chemistry so that excited state wavefunctions can
be efficiently and accurately represented in their native orbital basis.

110



5 Concluding Remarks
Chemical processes such as bond-breaking, charge-transfer excitations, and core excitations
can require special theoretical treatment, and can often be difficult to describe with simpler
methods. These states can be complex enough that an exhaustive description becomes too
costly, and information-dense non-linear functional forms are an important tool to efficiently
capture these states. Position-space QMC is a good setting for compact functional forms, but
many position-space factors focus on general many-body correlation treatments, and are not
specifically designed to describe the strong correlation present in bond-breaking processes.
Excited states formalisms are limited by their adherence to a fixed reference point in linear
response theory, effectively limiting the reach of the wavefunction, and methods to extend
this directly can be unstable or difficult to implement. Addressing these limitations could go
a long way toward making accurate wavefunctions much more compact and accelerate the
methods that optimize them.

Following both of these threads, we implement and propose improvements for each. Using
special basis functions that tessellate space, number-counting Jastrow factors can naturally
account for bond-breaking in position space and variationally improves the wavefunction as
the granularity of this partition increases. While state-specific excited-state optimization can
compress and tune orbital parameters for an excited state, this can come with more costly
target functions and variational instabilities, and we carefully document an instability unique
to these procedures while showing that they can be accelerated to match more conventional
algorithms. Both of these threads aim to compactify the wavefunction and its expression of
complex electronic correlations in different contexts by qualitatively improving the zeroth-
order reference state by variational optimization.

Number-counting Jastrows most clearly work to correct for the strong correlation of
bond-breaking in small hydrogen clusters, and have been shown to correctly and strongly
remove inappropriate configurations present in mean-field descriptions of stretched chemical
bonds. In more complex dissociation processes, more careful subdivisions are necessary, and
are surprisingly effective at improving the accuracy of the wavefunction. For instance, in
the CaO dissociation, a composite 32-region partition made of Voronoi cells divided into
spherical shells can effectively couple with orbital parameters and starkly improve the nodal
surface of a single-determinant wavefunction. This is in contrast to both simpler partitions
and shorter-range cusp-correcting Jastrow factors, and shows that the flexible and tunable
subdivisions available from the normalized-gaussian basis functions are uniquely able to make
these corrections.

Further research could investigate finer subdivisions more closely. Stretching ethene
across the double bond produces two coupled, open-shell diradical fragments rather than a
pair of closed-shell singlets, since electrons correlate their positions to spread out between the
two degenerate valence p-orbitals present on each fragment. That the spherical subdivisions
used for Calcium Oxide were vital in attaining an accurate result indicates that core-valence
correlations are both significant and can be meaningfully captured by these number-counting
Jastrow factors. While the one-region-per-atom Voronoi partitions can be generated auto-
matically, these spherical subdivisions were instead prepared by hand due to their increased
complexity. One next step would be to find an algorithmic way to generate these partitions,
perhaps by adaptively adding subdivisions where they are needed most, as prescribed by
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a mathematical metric. Though these Number-counting Jastrows were able to variation-
ally order single-determinant wavefunctions for ethene, more exploration could be done here
to more precisely capture the intra-molecular open-shell correlation present. Finally, given
recent developments in multi-determinant wavefunctions and excited-state target-function
optimization in VMC, these Jastrows could be used in more complex systems, where their
ability to perform nodal surface relaxation could meaningfully improve DMC energies.

Our analysis of the coupled-collapse mechanism is general to multi-determinant state-
specific optimizations and can readily occur in what otherwise appear to be very simple
systems as we showed with methanimine. The coupled-collapse mechanism occurs through a
poorly-modeled avoided crossing region and can be nigh-invisible to uncoupled optimization
algorithms. This analysis is particularly important for state-specific CASSCF optimizations,
because while avoiding this collapse can be done by simply expanding the active-space to
include orbitals in each of the two crossing states, this nullifies one stated advantage of
state-specific algorithms – that only the targetted state needs to be represented accurately.
This is also important for methods like ESMF-SCF, where the wavefunction collapse can
be obscured by a restricted functional form and an unconventional orbital step condition.
The observation that iterative updates calculated by optimizing a square-gradient target
function is enough to prevent this collapse is significant, and provides a straightforward way
to generally include this coupling at an affortable cost. More generally, our analysis shows
that adding this coupling to an uncoupled algorithm can be done without increasing the
cost scaling, at approximately three times the cost. Future work could generalize state-
selection metrics to detect and account for possible state-mixing and appropriately model
these avoided crossings in parameter space when necessary.

The stability attained from the coupled algorithm is counterbalanced by the fact that it
requires higher-order derivatives, both from QN optimization and from its square-gradient
target function. Quasi-Newton optimizations are highly sensitive to the initial Hessian ma-
trix, but through a number of approximations, an accurate-enough initial guess can be
obtained by trimming expensive terms from analytical formulae, and evaluated at the same
cost as the target function gradient. While they are exceedingly convenient for simplifying
derivative expressions, intermediate orbital transformations formally transform linear wave-
function variables, and should (theoretically) be counterbalanced by transformations on the
gradient history in QN algorithms. In a similar vein, third-derivative terms that appear in
the square-gradient Hessian threatens to increase the cost of evaluation. However, both of
these expensive and complex pieces can be dropped completely without meaningful loss in
accuracy, theoretically justified by the already-approximate nature of Quasi-Newton opti-
mization, and empirically justified by progressively increasing the level of approximation to
study their effects. The preconditioned QN algorithm developed here enjoys the same cost-
scaling and runtime as the ESMF-SCF method which calculates only the energy gradient
and an enhanced variational stability, and is a worthy algorithmic platform on which to build
further perturtabive improvements. The acceleration and stability shown here will help push
it to the next stage in attaining widespread use, and lessons learned from this optimization
procedure may be useful in implementing or analyzing these extensions.

The electronic structure of molecules is a difficult problem to solve and complex systems
demand accuracy that pushes the boundaries of wavefunction size and intricacy. We have
pursued multiple novel avenues to improve wavefunctions and their optimization that extends
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the reach of variational methods in particular, in an effort to provide a concise baseline
for states that can otherwise evade compact descriptions. While our exploration of these
approaches has been limited to small molecular systems, there is room for each to be extended
to larger systems and more accurate methodologies, and we hope this work serves as a solid
foundation for future work.
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A Linear Dependencies
The Linear Method272,273 is a wavefunction minimization algorithm that begins by expanding
the wavefunction into its first-order derivative, or tangent, space:

|Ψlin〉 = d0 |Ψ(p)〉+
∑
i

di |
∂Ψ(p)

∂pi
〉 (A.1)

As wavefunctions at an energy minimum will necessarily have a vanishing gradient, we solve
for the linear coefficients di by setting:

∇d
(
〈Ψlin|H |Ψlin〉
〈Ψlin| Ψlin〉

)
= 0 (A.2)

which becomes a generalized eigenvalue equation whose lowest-energy eigenvector is used to
update the wavefunction:

H lind = ElinSlind, |Ψ(p)〉 → |Ψ(p+ d)〉 (A.3)

Matrix elements are given by the expectation values of tangent space components:

H lin
ij =

〈
∂Ψ(p)

∂pi

∣∣∣∣H ∣∣∣∣∂Ψ(p)

∂pj

〉
Slinij =

〈
∂Ψ(p)

∂pi

∣∣∣∣ ∂Ψ(p)

∂pj

〉
(A.4)

As often happens in numerical linear algebra, the solutions to this generalized eigenvalue
equation become ill-conditioned as the eigenvalues of the overlap matrix Slin approach zero.
The numerical properties of the overlap matrix are strongly intertwined with the basis used
to construct it, and becomes singular whenever this basis is not linearly independent. We
will show exactly how redundant representations of the wavefunction in parameter space lead
to linear dependencies in its tangent space basis, creating a singular overlap matrix. Though
the normalization condition is the source of many of the formal benefits enjoyed by the basis
introduced in section 3.4, it also produces exactly this type of parameter redundancy to the
counting Jastrow factor. As a result, the identification and removal of excess degrees of free-
dom is crucial to obtain numerically well-behaved linear method equations when optimizing
these counting Jastrow factors.

In this section, Φ represents a mapping from parameter space to the wavefunction Hilbert
space:

Φ : Rn → H (A.5)

First, we will assume that this mapping is continuous, and that there exists a continuous,
nontrivial ‘equivalence path’ p along which Φ maps to the same wavefunction to within a
normalization factor. For example, for:

〈x|Φ(a, b)〉 = exp
(
−abx2

)
(A.6)

this path would be:

p(α) = ab

[
α

1/α

]
, α ∈ (0,∞) (A.7)
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so that:
Φ(p(1)) ≡ Φ(p(α)), for all α ∈ (0,∞) (A.8)

In general, the derivative of this wavefunction mapping with respect to the path coordi-
nate α of any such path is the zero vector in H:

dΦ(p(α))

dα
= lim

∆α→0

Φ(p(α + ∆α)− Φ(p(α))

∆α
= 0 (A.9)

Expanding this derivative using the multivariate chain rule produces the linear dependency:

0 =
dΦ(p(α))

dα
=
∑
i

∂Φ(p(α))

∂pi

dpi(α)

dα
(A.10)

As this linear combination is equal to the zero function, projecting any vector in the tangent
space onto it produces a value of zero:〈

∂Φ(p)

∂pk

∣∣∣∣∑
i

∂Φ(p(α))

∂pi
p′i(α)

〉
= 0 (A.11)

This is equivalent to the action of the overlap matrix on the vector p′(α):

Slinp′(α) = 0 (A.12)

showing that the overlap matrix is singular. Removing these linear dependencies can be
done by identifying a formula for the coefficients of p′(α), integrating to find the path p(α),
and restricting parameters to stop variations along the path-coordinate α. Once done, this
removes the offending vectors from the linear method tangent space.

Our counting Jastrow factor is given by equation 3.1 with a normalized counting function
basis from 3.12 and is written:

Φ (F ,G, {gI}) = eJC (A.13)

JC =
∑
ijIJ

FIJCI(ri)CJ(rj) +
∑
iI

GICI(ri) (A.14)

CI(ri) =
gI(ri)∑
J

gJ(ri)
(A.15)

gI(ri) = exp
(
rTAIr − 2BT

I r +KI

)
(A.16)

The normalization condition in the definition of CI can be used to directly construct
these equivalence paths for the F and G parameters. We first note that these parameter
derivatives are given by:

∂Φ

∂GI

=
∑
i

CI(ri)Φ,
∂Ψ

∂FIJ
=
∑
ij

CI(ri)CJ(rj)Φ (A.17)

The sum of normalized counting function values for a single coordinate is always one, so the
sum: ∑

i

(∑
I

CI(ri)

)
= ne (A.18)
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is the total number of electrons ne. Consequently:∑
IJ

∂Φ

∂FIJ
− n2

eΦ = 0 (A.19)

∑
J

(
∂Φ

∂FIJ
+

∂Φ

∂FJI

)
− 2ne

∂Φ

∂GI

= 0 (A.20)

As the zeroth-order wavefunction Φ is included in the linear method space, these are linear
dependencies in the form of equation A.10. After integrating these constant linear coeffi-
cients, these supply us with the equivalence paths:

p1(α) = (F + α1,G, {gI}) (A.21)

p2,J(α) = (F + α(1TeJ + eTJ1),G− α(2neeJ), {gI}) (A.22)

with:
1
ij

= 1, 1i = 1, (ej)i = δij (A.23)

We restrict variation along each of these paths by freezing the following parameter values:

G = 0, FnC ,nC
= 0, nC = rank(F ) (A.24)

and omitting their parameter derivatives from the linear method tangent space.
Multiplying each of the anchor gaussians in {gI} by a single gaussian function g pro-

duces the same normalized counting function basis {CI}, as this operation is equivalent
to multiplying the numerator and denominator of equation 3.12 by g. Since multiplying
two gaussian functions together produces another gaussian function, this directly gives the
equivalence path:

p3(g) = (F ,G, {gI/g}) (A.25)

The coefficients p′3(g) that explicitly appear in the associated linear dependencies are more
complex, as they depend on the value of gaussian parameters internal to g. To remove these
dependencies, we find an equivalent set of anchor gaussians with ten fewer parameters by
dividing each by a single anchor gaussian gr:

{g̃I} = {1, g2/gr, . . . , gn/gr} (A.26)

and omit the parameters of gr from the linear method space.

B Spherical Voronoi Partitioning
Basis functions written in terms of spherical coordinates are a natural choice in chemical
systems, as discussed in section 3.6. Here we provide an algorithm that generates counting
functions that simultaneously divide space into angular sectors and radial shells. First, we
define an partition on the surface of a sphere with a set of unit vectors µ̂i. We will refer to
anchor gaussians by the pair index (j, i):

g(j,i)(r) = exp
(
−(rTA(j,i)r − 2BT

(j,i)r +K(j,i))
)

(B.1)
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where j indexes the radial shell (in order from smallest to largest radius) and i indexes the
angular position. We then specify the maximum slope S across switching surfaces set up by
the angular partition, which happens to be consistent across radial shells, and set

α = S/dmin (B.2)

where dmin is the minimum Cartesian distance between the µ̂i:

dmin = min
i 6=j
|µ̂i − µ̂j| (B.3)

This gives the following parameters for the innermost shell of anchor gaussians:

A(0,i) = αI, B(0,i) = αµ̂i, K(0,i) = α (B.4)

The pair counting region boundaries between any pair of these anchor gaussians is a plane
that intersects the center of the sphere, and partitions space into a set of angular sectors.
To further divide this partition along radial shells, we iteratively generate anchor gaussian
parameters using those from the current outermost shell:

A(j,i) = A(j−1,i)

(
Rj − 2Sj

Rj

)
(B.5)

B(j,i) = B(j−1,i) (B.6)
K(j,i) = K(j−1,i) − 2SjRj (B.7)

The pair counting function made from anchor gaussians on neighboring shells has a spherical
switching boundary centered at the origin with radius Rj and with maximum slope Sj, which
may be verified by comparing to equation 3.10:

C(j,i),(j−1,i)(r) =
1

1 + exp
(
−2RjSj

(
r2

R2
j
− 1
)) (B.8)

C Region Composition
In sections 3.5 and 3.6 we describe how to partition space into atom-centered Voronoi cells
and spherical Voronoi cells, and in section 3.7, we argue that subdividing regions within a
single Jastrow basis is necessary to capture both interatomic and intraatomic population
correlations simultaneously. We do this by ‘composing’ two existing, independent sets of
counting functions into a single set while retaining the boundaries present in both partitions
simultaneously as best we can. Conditions in equations 3.30 and 3.31 should be satisfied in
this composition process and we provide a scheme that best meets these conditions here.

We will start by considering the case shown in figure 3.9, which starts with a rough
partition of two counting functions (Cα and Cβ) and a set of counting functions ({CI})
that describe how Cα is to be subdivided. Our desired result is a set of anchor gaussians
{g(α)

I } that, when used to replace the anchor gaussian gα in the initial two-region partition,
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generates counting functions that reproduce the boundaries between the counting regions
RI within the region Rα:

C
(α)
I (r) =

g
(α)
I (r)∑

J

g
(α)
J (r) + Cβ(r)

=
gI(r)∑
J

gJ(r)
, whenever r ∈ Rα (C.1)

and whose counting functions can be added together to reproduce the counting function
Cα(r) everywhere:

Cα(r) =
gα(r)

gα(r) + gβ(r)
=

∑
J

g
(α)
J (r)∑

J

g
(α)
J (r) + gβ(r)

(C.2)

The first condition will be satisfied if we set:

g
(α)
I = gI(r) · gr(r) (C.3)

for any gaussian function gr(r), since the boundaries between the counting regions of C(α)
I

are characterized by the pair counting functions:

C
(α)
I/J(r) =

g
(α)
I (r)∑

J

g
(α)
J (r)

=
gI(r)∑
J

gJ(r)
= CI/J(r) (C.4)

which are the same as those of the original set {CI}.
To satisfy the second condition, we substitute equation C.3 into the expression for Cα(r):

Cα(r) =
gα(r)

gα(r) + gβ(r)
=

∑
J

gJ(r)gr(r)(∑
J

gJ(r)

)
gr(r) + gβ(r)

(C.5)

After solving for gr(r), this becomes:

gr(r) =
gα(r)∑
J

gJ(r)
(C.6)

The mismatch of the functional forms on the each side of this equation means that a solution
for the gaussian parameters of gr that holds for all r will not be possible except in trivial or
limiting cases. We instead match a second-order Taylor expansion of the natural logarithm
of each side at a single point r0:

ln(gr(r)) = Kr − 2rTBr + rTArr

= f(r0) + (r − r0) · ∇f
∣∣
r0

+
1

2
(r − r0)T H

∣∣
r0

(r − r0) (C.7)
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Where f(r),∇f
∣∣
r
,H
∣∣
r
are the right-hand side of equation C.6, its gradient, and its Hessian,

evaluated at r. Matching terms of the same order on each side gives us an explicit expression
for each gaussian parameter in gr:

Kr =
1

2
rT0H

∣∣
r0
r0 −∇f

∣∣
r0
· r0 + f(r0) (C.8)

Br =
H
∣∣
r0
r0 −∇f

∣∣
r0

2
(C.9)

Ar = H
∣∣
r0

(C.10)

In this case, where we are subdividing an atom-centered Voronoi region into spherical shells,
we choose r0 as a point midway between neighboring atomic centers, directly on the region
boundary. In our simple two-region example, this is:

r0 =
µα + µβ

2
(C.11)

This selection is made to best preserve the counting region boundary along the bond axis.
We can generalize this to replace both atom-centered regions Rα and Rβ with multiple

subpartitions {RI,α} and {RI,β} simultaneously. Working through exactly the same logic
with the first condition provides a similar prescription for g(α)

I and g(β)
I :

g
(α)
I (r) = gI,α(r)g(α)

r (r), g
(β)
I (r) = gI,β(r)g(β)

r (r) (C.12)

We substitute this into the second condition, with:

Sα(r) =
∑
I

gI,α(r), Sβ(r) =
∑
I

gI,β(r) (C.13)

which gives:

Cα(r) =
gα(r)

gα(r) + gβ(r)
=

Sα(r)g
(α)
r (r)

Sα(r)g
(α)
r (r) + Sβ(r)g

(β)
r (r)

(C.14)

As we can divide both numerator and denominator on the right-hand side by g
(α)
r , the

behavior of the composed set of anchor gaussians is uniquely determined by the quotient of
gaussians,

gq(r) =
g

(β)
r (r)

g
(α)
r (r)

(C.15)

which we solve for as before:

gq(r) =
g

(β)
r (r)

g
(α)
r (r)

=
Sα(r)gβ(r)

Sβ(r)gα(r)
(C.16)

We conclude exactly as before by matching the second-order Taylor series of the logarithms
of both sides of equation C.16 to solve for the gaussian parameters of gq. In cases where
performing the composition serially may distort the counting region boundary, this latter
scheme more faithfully reproduces the original boundaries ofRα andRβ in the final composed
basis.
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D ESMF Derivatives

D.1 Wavefunction and Notation

Notation used in the ESMF derivatives follow. Spin components have been integrated out,
and all formulae are in terms of spatial orbitals.

• ESMF wavefunction:
|Ψ〉 = c0e

X |ψ〉+ eXC |ψ〉 (D.1)

• Wavefunction Normalization

N = 〈Ψ|Ψ〉 = |c0|2 + 2
∑
ia

|cia|2 (D.2)

• Orbital rotation operator X and Single-excitation operator C:

X ≡
∑
ia

xia
(
a†i− i†a

)
C ≡

∑
ia

cia
(
a†i
)

(D.3)

• Occupied molecular orbitals in the reference ψ will be specified by ijkl indices.

• Virtual molecular orbitals in the reference ψ will be specified by abcd indicies.

• General orbitals will be specified by pqrs indices.

• Quantities in the atomic orbital basis will be indicated by an overhead tilde (i.e. c̃pq)

Numerical Quantities

• Integrals are as defined in equation 1.33.

• One-body Density matrix:

γij =

{
1 i = j and i ∈ occ
0 i 6= j or i 6∈ occ (D.4)

• Fock matrix elements:

fia = 2hia +
∑
p

γpp
(
2(pp|ia)− (pi|pa)

)
(D.5)

• Two-electron integral and Fock-like contractions:

J [d]pq =
∑
rs

drs(pq|rs) (D.6)

K[d]pq =
∑
rs

drs(pr|qs) (D.7)

F [d]pq = 2J [d]pq −K[d]pq (D.8)
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• Basis transformations:
(ij|ab) =

∑
pq

Cpi(p̃q̃|ab)CT
aq (D.9)

fia =
∑
pq

Cpif̃pqC
T
aq (D.10)

J [d]pq =
∑
ia

CpiJ̃ [d]iaC
T
aq (D.11)

K[d]pq =
∑
ia

CpiK̃[d]iaC
T
aq (D.12)

F [d]ia =
∑
pq

CpiF̃ [d]pqC
T
aq (D.13)

c̃pq =
∑
ia

CpiciaC
T
aq (D.14)

(
c̃T c̃
)
pq

=
∑
ajb

Cpac
T
ajcjbC

T
bq (D.15)

(
c̃c̃T
)
pq

=
∑
iaj

Cpiciac
T
ajC

T
jq (D.16)

D.2 Energy

Reference Energy
E0 =

∑
pq

γ̃pq

(
2h̃pq + 2J̃ [γ̃]pq − K̃[γ̃]pq

)
(D.17)

ESMF Energy

E =
1

N

[
NE0 + 4c0

∑
pq

c̃pqf̃pq + 2
∑
pq

(
c̃T c̃− c̃c̃T

)
pq
f̃pq

+2
∑
pq

c̃pqF̃ [c̃]pq

] (D.18)

D.3 First Derivatives

Reference coefficient

∂E

∂c0

∣∣∣∣
X=0

=
1

N

[
2c0(E0 − E) + 4

∑
ia

ciafia

]
(D.19)

CIS coefficient

∂E

∂cia

∣∣∣∣
X=0

=
1

N

[
4cia(E0 − E) + 4c0fia + 4

∑
b

cibfba − 4
∑
j

fijcja + 4F [c̃]ia

]
(D.20)
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Orbital Rotation coefficient

∂E

∂xia

∣∣∣∣
X=0

=
1

N

[
4Nfia + 4c0

∑
b

cibfba − 4c0

∑
j

fijcja

−4
∑
jb

cTajcjbfbi − 4
∑
jb

cibc
T
bjfja

+4c0F [c̃]ia + 4c0F [c̃]ai + 4F [c̃T c̃− c̃c̃T ]ia

+4
∑
c

cicF [c̃]ca − 4
∑
k

F [c̃]ikcka

]
(D.21)

D.4 Second Derivatives

Reference coefficient, reference coefficient

∂2E

∂c2
0

∣∣∣∣
X=0

=
1

N

[
2 (E0 − E)− 4c0

∂E

∂c0

]
(D.22)

Reference coefficient, CIS coefficient

∂2E

∂c0∂cia
=

1

N

[
4fia − 4cia

∂E

∂c0

− 2c0
∂E

∂cia

]
(D.23)

Reference coefficient, Rotation coefficient

∂2E

∂c0∂xia
=

1

N

[
8c0fia + 4

∑
b

cibfba − 4
∑
j

fijcja + 4F [c̃]ia + 4F [c̃]ai

]
(D.24)

CIS coefficient, CIS coefficient

∂2E

∂cia∂cjb

∣∣∣∣
X=0

=
1

N

[
4δijδab (E0 − E) + 4δijfab − 4δabfij + 8(ia|jb)− 4(ij|ab)

−4cia
∂E

∂cjb
− 4cjb

∂E

∂cia

] (D.25)
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CIS coefficient, Rotation coefficient

∂2E

∂xia∂cjb

∣∣∣∣
X=0

=
1

N

[
− 4

∑
k

ckb [2(ia|kj)− (ja|ki)]− 4
∑
k

ckb [2(ia|kj)− (ij|ka)]

−4
∑
k

cka [2(jb|ki)− (ib|kj)] + 4
∑
c

cjc [2(ia|cb)− (ib|ca)]

+4
∑
c

cjc [2(ia|cb)− (ab|ci)] + 4
∑
c

cic [2(jb|ca)− (ja|cb)]

+4c0 (2(ai|jb)− (aj|bi)) + 4c0 (2(ai|jb)− (ab|ij))

+16cjbfia − 4cibfja − 4cjafib − 4cjb
∂E

∂xia

+4c0δijfab + 4δijF [c̃]ab − 4δij
∑
k

ckbfka

−4c0δabfij − 4δabF [c̃]ji − 4δab
∑
c

cjcfic

]

(D.26)
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Rotation coefficient, Rotation coefficient

∂2E

∂xia∂xjb

∣∣∣∣
X=0

=
1

N

[
4Nδijfab − 4Nδabfij + 4N

(
2(ia|jb)− (ij|ab)

)
+ 4N

(
2(ia|jb)− (ja|ib)

)
−4c0cibfja − 4c0cjafib − 4cibF [c̃]aj − 4cjaF [c̃]bi + 4fij

∑
k

ckbcka − 4fab
∑
c

cjccic

−2c0δij
∑
k

ckafkb − 2c0δij
∑
k

fakckb − 2c0δab
∑
c

cicfcj − 2c0δab
∑
c

ficcjc

−2δij
∑
kc

ckackcfcb − 2δij
∑
kc

ckbckcfac + 2δab
∑
kc

cicckcfkj + 2δab
∑
kc

cjcckcfik

+4δijc0F [c̃]ab + 4δijc0F [c̃]ba − 4δabc0F [c̃]ij − 4δabc0F [c̃]ji

−2δij
∑
k

F [c̃]akckb − 2δij
∑
k

ckaF [c̃]kb + 4δijF [c̃T c̃− c̃c̃T ]ab

−2δab
∑
c

F [c̃]iccjc − 2δab
∑
c

cicF [c̃]cj − 4δab4F [c̃T c̃− c̃c̃T ]ij

−4c0

∑
k

ckb

(
2(ia|kj)− (ij|ka)

)
− 4c0

∑
k

cka

(
2(jb|ki)− (ji|kb)

)
−4c0

∑
k

ckb

(
2(ia|kj)− (ja|ki)

)
− 4c0

∑
k

cka

(
2(jb|ki)− (ib|kj)

)
+4c0

∑
c

cjc

(
2(ia|cb)− (ib|ca)

)
+ 4c0

∑
c

cic

(
2(jb|ca)− (ja|cb)

)
+4c0

∑
c

cjc

(
2(ia|cb)− (ab|ci)

)
+ 4c0

∑
c

cic

(
2(jb|ca)− (ba|cj)

)
−4
∑
kc

ckackc

(
2(jb|ci)− (ib|cj)

)
− 4

∑
kc

ckbckc

(
2(ia|cj)− (ja|ci)

)
−4
∑
kc

cicckc

(
2(jb|ka)− (aj|kb)

)
− 4

∑
kc

cjcckc

(
2(ia|kb)− (ib|ka)

)
−4
∑
kc

cicckc

(
2(jb|ka)− (ab|kj)

)
− 4

∑
kc

cjcckc

(
2(ia|kb)− (ab|ki)

)
−4
∑
kc

ckackc

(
2(jb|ci)− (ij|cb)

)
− 4

∑
kc

ckbckc

(
2(ia|cj)− (ij|ca)

)
−4
∑
kc

ckbcic

(
2(kj|ca)− (ka|cj)

)
− 4

∑
kc

cjccka

(
2(ki|cb)− (kb|ci)

)

+4
∑
cd

cjccid

(
2(cb|ad)− (cd|ab)

)
+ 4

∑
kl

ckbcla

(
2(kj|li)− (kl|ij)

)]
(D.27)
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