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ABSTRACT
We present a shape-optimized model-based reconstruction framework that addresses the limited-view problem in radiacoustic imaging arising 
from restricted detector placement, which creates severely ill-posed inverse problems that manifest as characteristic artifacts in reconstructed 
images. We first reconstruct an approximate dose-region boundary using a parametric level set–based shape optimization. Pointwise model-based 
dose reconstruction is then performed only within this shape-constrained region. By restricting reconstruction from the full imaging domain to 
only the pixels within the identified region, the number of unknowns is significantly reduced, transforming a severely ill-posed inverse problem 
into a much better-constrained one. We validate this methodology through computational studies and experiments using clinical x-ray and proton 
radiation sources under limited angular coverage data acquisition settings. Results demonstrate substantial artifact reduction and improved accu
racy compared to standard model-based reconstructions, with a 3%–25% improvement in correlation coefficients across different imaging settings, 
with the more pronounced improvements occurring under stronger limited-view conditions. This shape-optimized approach provides a viable 
pathway for accurate radiation therapy monitoring under clinically realistic detector configurations.

Published under an exclusive license by AIP Publishing. https://doi.org/10.1063/5.0326437

Radiacoustic imaging (RAI)1 is a fast evolving imaging tech
nique based on radiation-based excitation and acoustic detection. 
Since its inception in 2013,2 RAI has been explored by several groups 
for its applications in structural imaging3–11 as well as radiation 
dosimetry.12–22 The theory of RAI is that the absorption of tempo
rally short radiation pulses in tissues generates ultrasound (US) 
detectable by ultrasonic transducers2 (UTs) placed around the irradi
ated object. The collected US signals can then be fed to image recon
struction algorithms to reconstruct the map of dose distribution in 
the object. The 3D US propagation enables single-projection 3D 
imaging, reducing the need for rotating sources and detectors as 
needed by CT.23

RAI has found a niche application in radiation therapy (RT) 
monitoring. Advances in RT have made it a precise cancer treatment, 
but current techniques rely on pretreatment imaging24–26 and lack 
in vivo, real-time monitoring. RAI addresses this gap and has rapidly 

progressed from a research tool2,13–15,19,27–30 to early animal and 
patient studies,20,22 demonstrating strong potential for clinical 
translation. RAI-based dosimetry can be integrated into existing RT 
systems with minimal modifications, enabling seamless clinical 
implementation.

One of the major challenges in RAI is the limited-view prob
lem, as clinical constraints restrict detector placement to a small 
angular window, resulting in incomplete RA measurements. RAI 
reconstruction aims to recover the initial pressure distribution (/
deposited dose) from these signals. Conventional back-projection 
(BP)2 and time reversal31 methods are highly sensitive to noise 
and limited-view effects. Model-based (MB)8,32 algorithms 
improve noise robustness but offer limited mitigation of limited- 
view artifacts due to the inherent ill-posedness of the inverse 
problem (IP). Incomplete detector coverage leads to a severely ill- 
conditioned system matrix,33,34 with conditioning worsening as 
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the reconstruction region of interest (ROI) increases relative to 
the detector geometry.35 Larger ROIs therefore suffer from 
reduced angular coverage,36,37 amplifying measurement errors 
and necessitating regularization for stable reconstruction.38

Shape-based reconstruction frameworks are well-suited for such 
IPs in imaging.39–43 These frameworks have the potential to resolve 
the inherent ill-posedness in IPs by assuming that the target has dis
tinct piece-wise regions. Level-set representation is an efficient tool in 
shape reconstruction to reduce the dimensionality and improve the 
computational tractability of the IP.42,44,45 Parametric level sets based 
on the linear combination of radial basis functions (RBFs) have been 
used to solve for the boundary of abnormal absorption coefficient in 
diffuse optical tomography42,46 as well as to identify the cancerous tis
sue region using fluorescence-based optical and photoacoustic tomog
raphy.44,45 The boundaries of metallic targets are imaged from back- 
scattered electromagnetic measurements using shape optimization 
frameworks.47 The accelerated level-set approach is used to recon
struct the shape of obstacles.48 This demonstrates the potential of 
shape-based reconstructions for stable and accurate results. Here, we 
propose a two-stage shape-optimized model-based (SOMB) RAI 
reconstruction framework that addresses limited-view artifacts 
through spatial constraint. In stage-1, we reconstruct the approximate 
boundary of the dosed region rather than attempting to recover pixel
wise dose. This boundary is represented using parametric level sets— 
a mathematical representation requiring only 100 parameters instead 
of 10 000þ pixel values—and is optimized using a regularized trust- 
region algorithm to match the measured acoustic signals. The bound
ary thus obtained, with some tolerance, is considered as the compact 
support of the dose. In the second stage, pointwise MB dose recon
struction is performed within this reduced ROI. By restricting the 
inversion to this shape-informed ROI (80% less pixels than the full 
ROI), we rebalance the IP—the same measurements now constrain 
much fewer unknowns, transforming an underdetermined system 
into a well-constrained one. This dimensional reduction suppresses 
limited-view artifacts and improves reconstruction accuracy.

The propagation of RA waves generated due to instantaneous 
dose deposition is as follows:49 

@2pð~r; tÞ
@t2 − v2r2pð~r; tÞ ¼ CHð~rÞ

@dðtÞ
@t

; (1) 

where C is the Gruneisen parameter,50 v is the sound speed, and H is 
the radiation energy deposition (RED)—proportional to the dose 
deposition. The semi-analytic solution to Eq. (1) is given by 

pð~r; tÞ ¼
C

4pv
@

@t
1
vt

ð

Sð~r ;tÞ
Hð~r0 ÞdS0ðtÞ

 !

; j~r −~r 0j ¼ vt: (2) 

where S0ð~r; tÞ denotes a time-dependent spherical (circular for 2D) 
surface centered at a detector (located at ~r , radius vt) essentially 
denoting a surface of pressure sources from where the signals would 
be reaching the detector at time t such that j~r −~r 0j ¼ vt. Since this 
work focuses on 2D RAI, S0ð~r; tÞ represents a circle instead. 
Dropping the constant term and further solving Eq. (2) can be further 
simplified as 

p ~r; tð Þ ¼
@

@t

ð

S ~r ;tð Þ
H ~r0ð Þdh

 !

; j~r −~r 0j ¼ vt: (3) 

This can be solved by discretizing the spatiotemporal domains to 
obtain the acoustic measurements8 pðqÞ (size: Nd � 1; Nd being the 
number of detectors) at the qth time sample due to the discrete RED 
map h (size: N � 1; N being the number of nodes) as 

pðqÞ ¼MðqÞh; (4) 

where MðqÞ is the measurement operator (size: Nd � N) relating the 
RA measurements at all the detectors at the qth time step. The contri
bution matrices for all the time steps can then be stacked together 
relating the complete acoustic measurement vector p with h, 

p ¼ Mh; (5) 

where M is known as the model matrix and is stored in this work for 
performing image reconstruction.

The reconstruction problem in RAI is to obtain the RED map 
(ĥ ) from time-domain acoustic measurements (p

meas
). In MB image 

reconstruction algorithms, this problem is set up as a least squares 
minimization problem given as 

ĥ ¼ arg min
h
jjMh − p

meas
jj

2
þ k2jjRhjj2; (6) 

where R and k represent a regularization matrix and regularization 
parameter.

In benchtop and phantom studies, RA signals can be acquired 
using large transducer arrays or wide-angle scanning of single trans
ducers, enabling high-quality reconstructions. In clinical settings, how
ever, anatomical and practical constraints limit data acquisition to 
narrow angular windows. Such limited-view geometries lead to severely 
ill-posed IPs and characteristic artifacts, including tail-like structures 
and missing features perpendicular to the detector array. ROI reduction 
using prior information is an effective strategy to mitigate this ill- 
posedness by restricting the reconstruction domain, thereby reducing 
the number of unknowns constrained by the same measurements. This 
acts as implicit spatial regularization, concentrating information density 
and shrinking the solution space, and is particularly valuable for clinical 
RAI where detector placement is inherently limited.

In Fig. 1, we depict a basic demonstration where we have a circu
lar source [radius: 2 cm, Fig. 1(a)] with unit strength, and a 5 cm long 
16-element linear array is placed 5 cm away from its center. The mea
surement RA data at these detectors are computed using a semi- 
analytic model.8 The BP algorithm is then implemented for image 
reconstruction [Fig. 1(b)] in a 10 � 10 cm2 domain, which carries 
strong artifacts due to limited-view of data collection. Being an ana
lytic algorithm evaluated pixelwise, reconstruction in a small ROI 
[Fig. 1(c)] is equivalent to cropping the large ROI result. Next, an MB 
optimization was performed for reconstruction in the large ROI 
[Fig. 1(d)]. As expected, MB improves over BP but still exhibits strong 
limited-view artifacts and underestimates the source strength. 
Restricting the MB reconstruction to a smaller ROI forces the solution 
to explain the measured signals with a confined source. Thus, while a 
larger domain spreads source energy over a wider region, a smaller 
ROI confines it, reducing limited-view artifacts and improving quan
titative accuracy [Fig. 1(e)].

To obtain an approximate ROI for RAI reconstruction, we pro
pose employing a shape-based reconstruction that under the assump
tion of homogeneous source reconstructs its boundary. In shape- 

Appl. Phys. Lett. 128, 253701 (2026); doi: 10.1063/5.0326437                                                                                                                                                        128, 253701-2 
Published under an exclusive license by AIP Publishing

Applied Physics Letters                                                                                             ARTICLE pubs.aip.org/aip/apl 

 30 O
ctober 2026 20:07:56

pubs.aip.org/aip/apl


based representation, the contrast in h can be assumed piece-wise 
constant and represented as44 

hðHÞ ¼ hiHð/ðr; cÞÞ þ hoð1 − Hð/ðr; cÞÞÞ; (7) 

where Hð/Þ is the mollified Heaviside function,51 hi and ho are the 
values of h inside and outside. H is the set of parameters defining the 
shape (to be reconstructed): H � f hi; ho, a; b; v1; v2|fflfflfflfflfflffl{zfflfflfflfflfflffl}

c

g. In this work, 

we have utilized the compactly supported RBF level-set.42 More detail 
has been provided in supplementary material S1, and the demonstra
tion of the formation of shapes from four such RBFs is provided in 
supplementary material (videos) S2–S5. For our work, we have used 
24 RBFs, which we found to be good enough to reasonably represent 
the proton and x-ray dose map shapes.

The corresponding IP is set up as a Tikhonov-regularized least 
squares problem, 

Ĥ¼ argminH FðHÞ :¼
1
2
jjðMhðHÞ− p

meas
Þjj

2 þ sjjH−Hcjj
2   

¼
1
2

RTRþ sjjH−Hcjj
2
; (8) 

where s is the regularization parameter used with the minimum- 
norm regularization functional, and Hc represents an a priori known 
constant vector. This shape optimization problem is solved using 
trust-region-based iteratively regularized quasi-Newton Broyden– 
Fletcher–Goldfarb–Shanno (BFGS) algorithm routine detailed in sup
plementary material S6, and the corresponding pseudoalgorithm is 
given in supplementary material S7 (Algorithm 1). It reconstructs the 
source shape by finding the set of shape parameters H—the centers 
(x, y), weights, and dilation factors for the 24 RBFs—such that the 
acoustic signals predicted by the forward model for the shape thus 
formed best fit the measured acoustic signals. The regularization term 
is included in the cost function in Eq. (8) to avoid overfitting to the 
noise. In comparison to the standard MB optimization that aims to 
recover �10 000 pixel values, this shape optimization leads to �100- 
fold dimensional reduction. The iterative shape evolution—starting 

from a circular initial guess and converging to the final source bound
ary via Algorithm 1 (supplementary material S7)—is illustrated in the 
upcoming figures.

Following the shape-based reconstruction, we obtain an approxi
mate boundary of the RA pressure source defined by the optimized 
parameters Ĥ. This reconstructed shape provides an ROI that encloses 
the source. To account for potential boundary uncertainties, this ROI 
is isotropically expanded by a tolerance distance n in all directions to 
define the reduced ROI Xred for subsequent MB reconstruction, 

Xred ¼ ~r 2 R2
: dð~r; @X

Ĥ
Þ � n

n o

; (9) 

where @X
Ĥ 

denotes the boundary of the reconstructed shape (the 
zero level-set: ~r : /ð~r; ĉÞ ¼ 0

� �
), and dð~r; @X

Ĥ
Þ represents the dis

tance from point ~r to the nearest point on this boundary. The RA 
inverse problem is then re-solved within this reduced ROI using the 
MB least-squares formulation. Let Ired ¼ i :~ri 2 Xredf g denote the 
set of indices corresponding to nodes within Xred, and Nred is the 
number of nodes within Xred. The discrete RED map restricted to 
Xred is denoted as hred (size: Nred � 1), and the corresponding mea
surement operator Mred (size: Nd � Nred) is obtained by extracting 
the columns of M corresponding to nodes in Xred, 

Mred ¼ Mð:;IredÞ: (10) 

The reconstruction problem becomes 

ĥ red ¼ arg min
hred

jjMredhred − p
meas
jj

2
þ k2jjRredh redjj

2
: (11) 

By constraining the reconstruction domain to this smaller, 
shape-optimized ROI, we effectively reduce the ill-posedness of the 
IP, as demonstrated in Fig. 1. This two-stage approach leverages the 
geometric information from the shape-based method to improve the 
final reconstruction. The algorithms for shape-optimization and sub
sequent MB reconstruction algorithms are given in supplementary 
material S7.

To evaluate the proposed method, we conducted a computa
tional RAI study using proton pencil beam energy deposition 

FIG. 1. Effect of ROI on BP and MB 
reconstruction algorithms: (a) Source- 
detection setup, BP reconstruction in (b) 
10� 10 cm2 and (c) 5� 5 cm2 ROI, and 
MB reconstruction in (d) 10� 10 cm2 and 
(e) 5� 5 cm2 ROI.
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(107.66 MeV) in water from RayStation, a treatment planning soft
ware. A synthetic 16-element linear array (pitch 3.2 mm) was placed 
3.5 cm from the Bragg peak [Fig. 2(a)]. RAI measurements were simu
lated using a semi-analytic model8 at 8 MHz sampling and 0.5 mm 
grid resolution. White Gaussian noise was added to achieve 5 dB 
SNR, and the proposed algorithm was applied for reconstruction. The 
model matrix was first computed and stored using a 1 mm grid and 
2 MHz sampling, and the measurement data were downsampled 
accordingly to 241 samples. This lower sampling rate reduces compu
tational load and is adequate since RA waves from diffuse proton 
deposition are reported to be around hundreds of kHz.52 The model 
matrix was then used to evaluate reconstructions with the proposed 
shape-optimized MB algorithm and compare them to standard MB 
reconstructions.

The proposed methodology was also validated experimentally 
using clinical x-ray and proton sources with RA detection via single- 
element scanning and array measurements. At the OU Health Science 
Center, a Varian TrueBeam 10 MV linac irradiated water in a tank 
while an Olympus single-element ultrasound probe (0.5 MHz center 
frequency, 100% fractional bandwidth at −6 dB) was scanned along a 
130 mm circular path centered on the beam axis. RA waveforms were 
recorded at 60 uniform angles around the 40� 40 mm2 irradiation 
field. RAI reconstructions were evaluated within a 10� 10 cm2 imag
ing domain at the center.

The experimental proton RAI setup uses a Mevion S250i syn
chrocyclotron to deposit dose in water, generating proton-induced 
RA signals. A scintillator-photodiode assembly provided beam pulse 
detection and synchronization triggers. RA data were acquired using 
a 256-element (16� 16) 2D ultrasonic array (Doppler Tech Inc., 
dimensions: 50� 50 mm2, nominal frequency of 1 MHz, fractional 
bandwidth �60% at −6 dB). Signals were digitized using a 256- 
channel Legion ADC module (Photosound Technologies) with sys
tem control hardware. The accelerator delivers proton pulses at 
750 Hz with energies of 45.5–227.15 MeV, corresponding to penetra
tion depths of �19–320 mm in water. The array was placed coaxially 
in a water tank, and trigger pulses from a Keysight 33600A waveform 
generator initiated acquisition of �75 ls RA signals across all chan
nels. Front-end amplification provided up to 91 dB gain. For 2D 
reconstruction, only a single column (16 channels) was used, and the 

detector impulse response and proton pulse profile were deconvolved 
from the signals prior to reconstruction.

The in silico results are shown in Fig. 3. The standard MB recon
struction in the 10� 10 cm2 domain [Fig. 3(b)] locates the Bragg peak 
(BP) accurately compared with the true map [Fig. 3(a)], but exhibits 
tail-like limited-view artifacts and poor reconstruction of the pre-BP 
region, a known issue when structures perpendicular to the trans
ducer array are not well sensed.53,54 The shape reconstruction algo
rithm was then applied, and Fig. 3(e) shows the evolution of the 
reconstructed shape over 180 iterations starting from a 3 cm radius 
circle. The resulting shape reasonably represents the proton dose 
deposition and, with a 5 mm isotropic tolerance [Fig. 3(c)], we define 
the reduced ROI. MB optimization within this ROI [Fig. 3(d)] signifi
cantly reduces tail artifacts and recovers about 4 cm of the pre-BP 
region missing in the standard MB reconstruction. Reconstruction 
accuracy was quantified using Pearson’s correlation coefficient (CC) 
between the reconstructed dose distribution ĥ and ground truth hGT, 

CC ¼

XN

i¼1
ðĥi − �̂hÞðhGT

i − �hGT
Þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
XN

i¼1
ðĥi − �̂hÞ2

s ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
XN

i¼1
ðhGT

i − �hGT
Þ

2

s ; (12) 

where �̂h and �hGT are the respective means of ĥ and hGT, and N is the 
total number of pixels in the reconstruction domain. The SOMB 
reconstruction yields a higher CC of 0.77 vs 0.52 from the MB. Shape 
reconstruction required �4 s, while MB reconstruction took 0.02 s for 
the full ROI and 0.008 s for the reduced ROI using MATLAB’s “lsqr” 
function.

Figure 3(f) shows the singular value spectra for model matrices 
for the full system M [3856 (16 detectors �241 time samples) mea
surements � 10 201 unknowns] and the shape-reduced system Mred 
(3856 measurements � 1795 unknowns). The effective ranks of the 
two systems determined by identifying the point at which the magni
tudes undergo a catastrophic decay are found to be �2400 and 1300, 
respectively, indicating higher information content in the full system, 
as the large ROI has a greater number of independent source locations 
and paths for the acoustic waves to be sensed by the transducer array. 
However, the condition number (ratio of the maximum to minimum 
singular values) for the full system was found to be � 4:7� 1027, 
indicating extreme ill-conditioning and numerical singularity. In con
trast, the reduced ROI lowered this to � 7:6� 1016, representing sta
bility improvement of over ten orders of magnitude, significantly 
lowering the sensitivity of the IP to measurement noise. The funda
mental mechanism underlying the overall improvement is dimen
sional reduction of the unconstrained parameter space. The shape 
prior reduces total unknowns by �80% (from 10 201 to 1795) while 
the effective rank reduces only from 2400 to 1300 components. As a 
result, the null space shrinks from �7800 in the full ROI to only 
�500 in the reduced ROI, thereby reducing reconstruction ambiguity 
and preventing null-space-related artifacts.

To study the sensitivity of the shape reconstruction w.r.t. the ini
tial guess, five test cases were examined: in cases 1 and 2, the center of 
the initial guess was shifted by 1 cm in the y and x directions, respec
tively, while in case 3, the initial guess was a deformed circle. Cases 4 
and 5 demonstrate the cases where the initial guess is significantly 
larger and smaller than the target of the reconstruction. Shape 

FIG. 2. Detection geometries: Detection setup for (a) proton RAI (computational 
þ experimental) and (b) x-ray RAI also demonstrating the two limited-view scenar
ios considered with 120� and 90� angular coverage.
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optimization was performed for all five cases, with results shown in 
Fig. 3(g). All test cases successfully recovered the location and shape 
of the region near the Bragg peak. However, the influence of the initial 
guess becomes evident in the reconstructed shape at locations farther 
from the transducer array, toward the distal tail of the Bragg peak. 
This is expected, as acoustic signals originating from deeper regions 
are both weaker in amplitude and captured with limited angular cov
erage by the detector array. Consequently, the final solutions exhibit 
greater sensitivity to the initial guess in these regions. Moreover, if the 
initial shape estimate is too small, the shape optimization algorithm 
diverges because the forward model produces a very weak source. 
Hence, the residual gradient has minimal useful information, and the 
optimizer has no meaningful descent direction.

To assess sensitivity to the tolerance distance parameter n, we 
varied the tolerance from 0 to 18 mm in 2 mm increments and per
formed model-based (MB) image reconstruction within the corre
sponding ROIs. The correlation coefficient (CC) with respect to the 
ground truth proton dose distribution is plotted in Fig. 3(h). For small 
n, the resulting ROI is smaller than the actual source extent. Since 
reconstruction is constrained within this undersized ROI, portions of 
the true source remain unrecovered, leading to reduced CC with the 
ground truth. As n increases, the ROI becomes sufficiently large to 
encompass the majority of the source volume, resulting in improved 
reconstruction accuracy and higher CC values. However, when the 
tolerance becomes excessively large, and the ROI extends well beyond 
the source boundaries, the reconstruction begins to exhibit limited- 
view artifacts. These artifacts degrade the CC. At even larger n, the 
benefits offered by the shape-informed ROI diminish entirely. The 

problem reverts to the ill-posed nature of standard MB reconstruction 
without shape guidance, and the CC degrades toward baseline levels 
comparable to conventional MB reconstruction. The optimal toler
ance distance should be selected based on prior knowledge of the 
reconstruction target and informed by computational tuning. For the 
present study, we chose a tolerance of 5 mm, which, as indicated in 
Fig. 3(g), lies within the range where high CC values with GT are 
obtained. This value represents a favorable balance between two com
peting factors: ensuring the ROI is sufficiently large to capture the full 
extent of the dose map, while remaining compact enough to minimize 
spurious limited-view artifacts. The algorithm was also found to be 
robust w.r.t. reasonable choices of regularization parameter s and the 
trust-region radius D. The corresponding study is demonstrated in 
supplementary material S8.

In the x-ray RAI experiment, the MB reconstruction using the 
full dataset (60 detectors over the full circle) was taken as the reference 
[Fig. 4(a)], and reasonably represents the 4� 4 cm2 x-ray beam cross 
section in water. Limited-view reconstructions from standard MB 
and the proposed shape-optimized MB algorithms were compared 
against this reference. For the first test with 120� collection (20 con
secutive transducers), the standard MB result [Fig. 4(b)] is distorted 
with tail artifacts, while the shape reconstruction [Fig. 4(c)] locates 
the source accurately, and the MB reconstruction within the reduced 
ROI [Fig. 4(d)] shows substantially reduced artifacts. The improve
ment is even more pronounced for 90� collection [15 detectors, Figs. 
4(e)–4(g)]. Quantitatively, the correlation coefficient relative to the 
full-view reference increases by 3% and 9% for 120� and 90�
collection.

FIG. 3. Proton RAI in silico study result. 
(a) The original RA source map, (b) stan
dard MB reconstruction (CC¼ 0.52), (c) 
the shape reconstruction obtained from 
algorithm 1, and (d) the MB RAI recon
struction evaluation in the reduced ROI 
(CC¼ 0.77). (e) The evolution of the 
reconstructed shape using algorithm 1 
across iterations. (f) Singular value spec
tra for the full and shape-optimized 
reduced ROI systems with their effective 
ranks indicated. (g) Initial guesses (IG) 
for five test cases and corresponding 
shape reconstructions, and (h) the varia
tion of the CC with the tolerance distance 
n [ROI: 10� 10 cm2].
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For the proton RAI experiment, the treatment plan for the deliv
ered 107.66 MeV beam served as the reference [Fig. 3(a)]. The refer
ence dose map is accurately known relative to the proton machine 
isocenter and water tank coordinate system, as beam delivery parame
ters are regularly verified by the clinical quality assurance program. 
The transducer array position relative to the water tank was measured 
using a ruler, yielding an estimated axial uncertainty of approximately 
1 mm. Laterally, the proton beam was aligned with the transducer 
array center using laser-based alignment systems. All reconstructions 
were performed within a 10� 10 cm2 ROI centered at 6 cm depth 
from the detector center, and the reference dose distribution was cor
respondingly extracted for quantitative comparison. The standard 
MB reconstruction from signals from a single line of elements 
[Fig. 5(a)] only recovers the BP region and shows tail artifacts, 
because the axial acquisition and small aperture miss most cylindrical 
waves from the BP tail.52,53 Applying the shape reconstruction yields 
a smaller ROI [Fig. 5(b)], and the MB reconstruction within this 
reduced ROI reduces tail artifacts and recovers parts of the BP tail 
[Fig. 5(c)]. The shape evolution across iterations is shown in Fig. 5(d). 
Overall, the proposed shape-optimized MB strategy improves recon
struction quality, increasing the correlation coefficient by 23% from 
0.36 to 0.59.

To place the proposed algorithm in the context of existing 
limited-view artifacts mitigation techniques, we also performed total 
variation (TV) regularized MB (TV-MB) reconstruction and TV-MB 
reconstruction with Bregman iterations (BregþTV)55 (TV regulariza
tion implemented through the IRtools package56 function IRhtv), as 
well as prediction using a physics-informed neural network (PINN) 
algorithm,57 and the results thus obtained are shown in Figs. 5(e)–5(g). 
In Table I, we also compared the CC and the time taken for each of 
these algorithms with respect to the standard MB and the SOMB 
reconstructions. TV-MB favors piecewise-smooth reconstructions 
with preserved sharp features. Compared to standard MB reconstruc
tion (CC¼ 0.36), TV-MB achieves a higher CC of 0.42 and exhibits 
reduced tail artifacts. BregþTV mitigates the amplitude bias inherent 
in TV regularization by iteratively adding the reconstruction residual 
back into the modified data vector. This allows the algorithm to 
recover signal amplitudes initially underestimated by the regulariza
tion penalty, improving accuracy without sacrificing the piecewise- 

smooth structure. BregþTV further improves the correlation to 
CC¼ 0.50, with additional reduction in tail artifacts and improved 
capture of the Bragg peak volume. The proposed SOMB algorithm 
outperforms all physics-based reconstruction methods, achieving a 
correlation of CC¼ 0.59 with the ground truth while maintaining 
approximately 2.5-fold faster computation time compared to 
BregþTV. The PINN reconstruction achieves a substantially higher 
CC of 0.86 by accurately recovering both the Bragg peak region and a 
significant portion of its tail. However, this gain comes at the cost of 
generalizability: data-driven methods such as PINNs are inherently 
setup- and geometry-specific, requiring thousands of training datasets 
for each configuration and necessitating retraining whenever setup 
changes, limiting their applicability across diverse or evolving setups.

Akin to the typical nonlinear optimization algorithms, the shape 
optimization method requires a reasonable initial guess and tuning of 
algorithm-specific parameters D; s; n. While in the current study, this 
has been made based on our computational experience, we plan to per
form a systematic study for automatic selection of these parameters 
from known constraints and data. However, the sensitivity tests [Figs. 
3(g) and 3(h) and supplementary material S8] indicate that the shape 
reconstructions remain stable with respect to these parameters, and the 
subsequent MB pointwise reconstruction further reinforces this stability.

Real-time dose monitoring during RT is an unmet need. RAI 
has the potential to enable this capability. By monitoring internal 
organ motion using the same ultrasound (US) system employed for 
RAI sensing, US-derived dose maps can be co-registered to assess 
deviations from the treatment plan, which is typically generated from 
static CT images. Such a feedback allows for adaptive plan modifica
tions and improved outcomes. Clinical implementation of RAI has 
been hindered by limited-view artifacts arising from restricted detec
tor placement around the patient, and the proposed SOMB techni
ques directly address this. Implementing this technique will provide 
more reliable dose monitoring at depth, better addressing clinical 
needs for in vivo monitoring. This study currently demonstrates 2D 
reconstructions in uniform water phantoms and uses a single deliv
ered beam. Its efficacy remains to be tested over the complete treat
ment plan multibeam delivery on complex phantoms and in humans, 
where internal organ motion and inherent tissue heterogeneity 
could affect the outcomes. Mathematically, 2D–3D transition is 

FIG. 4. X-ray RAI experimental study 
result. (a) MB RAI reconstruction from full 
(60 detectors) data (used as reference), 
(b) standard MB reconstruction from one- 
third angular coverage (20 detectors, 
CC¼ 0.90), (c) the shape reconstruction 
obtained from algorithm 1, and (d) the 
MB RAI reconstruction evaluated in the 
reduced ROI (CC¼ 0.93). (e) standard 
MB reconstruction from one-fourth angu
lar coverage (15 detectors, CC¼ 0.84), 
(f) the shape reconstruction obtained 
from algorithm 1, and (g) the MB RAI 
reconstruction evaluated in the reduced 
ROI (CC¼ 0.93).
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straightforward, but the computational burden grows. To keep recon
struction times compatible with clinical workflows, graphics process
ing unit (GPU) acceleration will be necessary.

To conclude, in the proposed RAI reconstruction methodology, 
the shape reconstruction of the source using the regularized trust 
region method defines the ROI and is considered as a spatial prior for 
the subsequent point-wise reconstruction. Even though the interme
diate shape-reconstruction step is time consuming, it eliminates the 
limited-view artifacts and improves the accuracy and stability of 
point-wise reconstruction. Across the in silico and experimental RAI 
studies, the reconstructions thus obtained were found to be of supe
rior quality as compared to their typical MB counterparts. The future 

work will focus on extending the proposed methodology to 3D and 
accelerating it using GPUs to enable real-time and accurate dose 
monitoring during RT using RAI.

See the supplementary material for detailed descriptions of the 
shape representation framework and the optimization algorithm used 
in this work. S1 describes the shape representation using RBFs, 
including the mollified Heaviside function and the compactly sup
ported C2 polynomial RBF formulation. S2–S4 provide video anima
tions demonstrating the effect of each RBF parameter—weight (a), 
dilation (f), and center position (v)—on the resulting level set func
tion. S5 illustrates how four RBFs combine through superposition to 
form a composite shape boundary. S6 presents the trust region-based 
iteratively regularized quasi-Newton BFGS routine for shape recon
struction, including the full gradient derivation and sensitivity expres
sions. S7 provides the pseudocode for both the shape reconstruction 
algorithm and the shape-optimized model-based reconstruction pro
cedure. S8 demonstrates the robustness of the reconstruction algo
rithm to the choice of the initial regularization parameter s0 and the 
trust region radius D.

FIG. 5. Proton RAI (107.66 MeV) experi
mental study result. (a) The standard MB 
reconstruction (CC¼ 0.35), (b) the shape 
reconstruction obtained from algorithm 1, 
and (c) the MB RAI reconstruction evalu
ation in the reduced ROI (CC¼ 0.59). (d) 
The evolution of the reconstructed shape 
using algorithm 1 across iterations. (e) 
TV-MB (CC¼ 0.42), (f) Bregman-TV-MB 
(CC¼ 0.50), and (g) PINN reconstruc
tions (CC¼ 0.86) [ROI: 10� 10 cm2].

TABLE I. Algorithms and corresponding CC and computation time for experimental 
proton RAI. 

Algorithm MB SOMB TV BregþTV PINN

CC 0.36 0.59 0.42 0.50 0.86
Time (s) 0.03 3.03 1.3 7.8 3.8
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