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A FINITE ELEMENT METHOD FOR A CLASS OF VISCOELASTIC FLOWS 
IN DEFORMING DOMAINS APPLIED TO JET BREAKUP 

Roland Keunings 

Miller Institute for Basic Research in Science, 
Lawrence Berkeley Laboratory and 
Department of Chemical Engineering 

University of California, Berkeley, CA 94720 USA 

ABSTRACT 

We present a numerical method for solving a class of transient viscoelastic 
flows in domains with free boundaries. It is based on a Galerkin/Finite 
Element technique combined with a predictor-corrector scheme that allows for 
the prediction of stress field, velocity field and flow domain as a function 
of time. The numerical procedure is applied to the analysis of surface-ten
sian-driven breakup of liquid jets. We study the non-linear growth of a per
iodic disturbance imposed on an infinitely long jet and leading to breakup. 

In the Newtonian case, we pre"dict the birth of satellite drops when inertia 
forces are present. Results for an Oldroyd fluid show that elasticity 
accelerates the breakup process at short times, which is ~onsistent with 
linear stability analyses. However, this tendency is dramatically reversed 
at later times when a pattern of drops connected by remarkably stable 
filaments is obtained. We thus predict the stabilizing effect of elastic 
forces, known experimentally for many years, and show that the breakup 
mechanism of a viscoelastic jet cannot be described by linearized dynamics. 
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INTRODUCTION 

The mechanis~ of jet breakup has attracted the attention of scientists for 
more than a century. Although considerable success has been achieved in 
predicting the behavior of Newtonian jets (see the review by Bogy, 1979), no 
adequate theory is available to explain the remarkable stabilizing character 
of elastic forces observed with polymer solutions. Indeed. a small amount 
of polymer added to a Newtonian solvent suffices to substantially increase 
the breakup length of a jet issuing from a nozzle (Gordon, Yerushalmi and 
Shinnar. 1973). 

Until recently, theoretical studies of this phenomenon have been based on 
linear stability analyses, in which one considers the growth of a small 
harmonic perturbation imposed on the radius of an infinitely long cylin
drical jet. The actual spatial stability problem is transformed to an 
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evolution problem in a frame of reference mOving with the jet. All results 
indicate a destabilizing effect of elasticity, namely a breakup process 
faster than its Newtonian counterpart. Goren and Gottlieb (1982), who give 
a summary of these analyses, have attempted to resolve this anomaly by 
considering that the jet is still subject to an axial tension generated 
prior to extrusion. Doing this, the authors are able to predict a slower 
breakup process for certain values of this unknown tension. 

Linear stability theories are by nature limited to small perturbations of 
the cylindrical shape and are unlikely to be successful when the amplitude 
of the perturbation becomes finite.· Two complementary non-linear analyses 
of viscoelastic jet breakup are reported at this Conference: a one-dimen
sional model for the jet dynamics developed by Bousfield, l-1arrucci and Denn 
(1984), and a numerical simulation of the full two-dimensional process 
presented in this paper. Both approaches show that the breakup mechanism of 
viscoelastic jets indeed follows the prediction of linearized analyses at 
short times, while a drastic change in tendency occurs at later times when 
finite amplitude effects prevail. 

In the next section, we formulate the breakup process as a transient free 
surface flow driven by surface tension. The numerical technique is briefly 
described in the sequel. We have developed a discretization procedure for 
solving a class of moving boundary problems involving viscoelastic fluids 
(Keunings, 1984). It enables us to study transient flows of fluids of 
differential type in confined geometries or in globally representable 
def~rming domains. Two-dimensional planar or axisymmetric geometries can be 
handled. For the sake of brevity, our description of the numerical scheme 
will only focus here on aspects relevant to the present study. 

Results are presented in the last section. We systematically investigate 
the effects of inertia and elastic forces on the breakup process. We 
finally draw several conclusions arising from the numerical simulations. 

MATHEMATICAL FORMlJLATION 

Breakup of a viscoelastic jet is formulated here as a moving boundary 
problem driven by surface tension. 

We consider the growth of a periodic disturbance applied to the radius of an 
infinitely long cylindrical jet. It is assumed that the wave length of the 
disturbance remains constant in time. This framework is common to classical 
stability analyses and is well supported by experimental studies with 
externally controlled disturbances (see e.g., Gordon, Yerushalmi and 
Shinnar, 1973). Our analysis, however, is not restricted to small pertur
bations of the jet radius. 

We wish to solve the set of constitutive and conservation equations valid 
for an Oldroyd-B fluid under isothermal conditions. In terms of the extra
stress tensor T, the velocity vector! and the pressure p, these equations 
are given by -

Dv 
p -- - - Vp + V·T Dt 

(1) 

(2) 
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(3) 

where ~ is the shear viscosity, p denotes the density, A is a relaxation 
* D time and A is a retardation time. The symbol Dt stands for the material 

derivative, ¥ is the upper-convected derivative of T defined by 

V DT 
T" -Dt 

T 
(Vv) .T - T. Vv .... -

and D denotes the rate of strain tensor 
1 T 
2" (vv.... + V! ) • 

(4 ) 

Additional information is required to determine the evolution of the unknown 
flow domain. We use here the kinematic condition 

aR dR -+v --v at z dZ r 
(5) 

which relates the jet radius R(z,t) to the velocity components vr and Vz at 
the free surface. 

The integration domain is limited to half the wave length of the 
disturbance, as depicted in Fig. 1. 

r~_------. 
~ 

L Z O. 

Fig. 1. Integration domain 

Boundary conditions come from symmetry arguments and a force balance at the 
jet surface. Referring to Fig. 1, we specify 

v 
Z 

v 
r 

aVr aR .. ----0 az az 
av z 

--- .. 0 ar 

(- pI + T).n .. y (_1 + _1 ) n 
- -.... R1 R2 .... 

at z .. 0 and L , (6) 

at r "" 0 , (7) 

at r "" R(z, t) , (8) 

where I denotes the unit tensor, n is the normal to the free surface, y is 
\.' surface tension and R1, R2 are the principal radii of curvature of the jet, 

given by 

(9) 

(10) 
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Initial conditions are specified in terms of stress field, velocity field 
and jet shape. 

NUMERICAL TECHNIQUE 

We describe here the basic features of the numerical scheme that we have 
developed for solving the present class of moving boundary problems. A more 
detailed account will be published elsewhere (Keunings, 1984). 

Let us first rewrite the constitutive relations (1) in a form more amenable 
to numerical computation: 

(11) 

i/ 
Tl + AIl 3 2~lD , , (12) 

(13) 

Equat10ns (11-13) and (1) are easily shown to be equivalent when ~ = ~1 + ~2 
and A .. A~2/~· (Crochet and Keunings, 1982). 

We define finite element approximations for the elastic part of the stress 
1i, the velocity ~, the pressure p and the jet radius R as follows 

• - L Ii(t) • - I yj (t)Wj (r, z) Il 4>i(r,z) v 
i j 

• 
- L 

k • - L 
t 

P p (t)4>k(r,z) R R (t)1f t (z ). (14) 
k t 

i ~. k and Rt denote the unknown time-dependent nodal values, while Il ' P 

4>1' Wj and 1f
t 

are shape functions. 

The Galerkin procedure then leads to a weak formulation of the governing 

equations: 
• V. • 

fn(t)4>i [Tl + ATl - 2~lD ]dn .. 0 , 

• 
pD! I. •• 

fn(t)[Wj (I5t) + i/Wjo(-p!. + 2~2D + Il)]dn .. f W·tdan, 
an(t) J-

(15) 

(16) 

(17) 

(18) 

where 1 denotes the applied contact force at the boundary an. For the sake 
of brevity, we have written the Galerkin principle in a closed form valid 
for 2-d plane flow domains net). We will of course use here the proper 
axisymmetric version derived in a cylindrical coordinate system. 
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In order to impose the surface boundary condition (8), we extend to 
axisymmetric flows the method proposed by Ruschak (1980) which consists in 
integrating by parts the right-hand side of (16) along the free boundary. 
This enables the use of a CO quadratic representation of the jet shape. 

In contrast to our previous work on the simulation of steady flows of 
viscoelastic fluids (see e.g., Keunings, Crochet and Denn, 1983; Keunings 
and Crochet, 1984), pressure and extra-stress are given by CO first-order 
polynomials, while the velocity is approximated by CO second-order poly
nomials. We use here isoparametric nine-node quadrilateral elements, with 
curved sides along the free surface. 

As pointed out by Lynch and Gray (1980), care must be taken in the evalua
tion of time derivatives when the Galerkin principle is invoked in a de
forming domain. Since position vectors ~j of the nodes are a function of 
time, so are the shape functions ~i and Wj. It implies for example that 

* i aT1 dT 1 
at - L Cit ~i 

i 

where ye is the elemental velocity defined as 

(19) 

(20) 

At this stage, one could think of a purely Lagrangian approach, namely 
considering that nodes are moving at the local fluid velocity. Conse
quently, material derivatives present in (15-16) reduce to simpler partial 
derivatives. We feel however that this approach is not feasible in the 
present application where an over-distorted mesh would rapidly be ob
tained. We will rather impose a radial motion to the internal nodes, 
anchored to the motion of the free surface. 

Equations (15-17) and (18) lead to a set of coupled differential equations 
in time, formally written as follows 

dT dV dR 
F (d;' 

..... 
!, y, !, !) 0 dt' dt' 

,. 

dR 
G (d;' !, y) .. 2 ' 

where T, V, P and R are vectors of nodal values of T1 ' y, p and R 
respecti vely:-

(21) 

(22) 

We solve (21-22) by a predictor-corrector scheme. From a flow field known 
at time tn' we first predict the flow domain and the stress and velocity 
fields at time (t n + 6t). We then solve (21) on the predicted flow domain 
by a first-order implicit scheme in terms of I, y and f. The algebraic 
system resulting from temporal discretization is solved by the Newton
Raphson iterative technique with predicted vaiues as first guesses, in the 
spirit of Gresho's technique for solving the Navier-Stokes equations in 
confined geometries (Gresho, Lee and Sani, 1980). Only one iteration is 
necessary. Finally, we correct the flow domain by means of (22) and the new 
velocity field. A first-order implicit method is again invoked for the 
solution of (22). The difference between predicted and corrected jet radii 
allows us to estimate the local discretization error during time integration. 
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RESULTS 

As in linear stability analyses, denoted in the sequel by LSA, we consider 
the growth of a small harmonic disturbance initially applied to a 
cylindrical jet. We specify the initial condition 

(23) 

where ro is the radius of the unperturbed jet and € is a small Cluantity, 
set here to 0.05. Needless to say, the perturbation will lose its harmonic 
character as soon as non-linear effects come into play. For the sake of 
illustration, we select a value of 20 for the dimensiortless wavelength 
2L/r o. Three dimensionless groups arise in our analysis: a Reynolds 

number, Re - pyro/6lJ2, a Deborah number, De = >..y/6lJro' and the ratio A */A 

(this last group is only relevant to viscoelastic jets). Lengths, times, 
velocities and stresses are made dimensionless by means of their respective 
characteristic values, r, 6lJr Iy, y/6lJ and y/r • 

000 

We have systematically studied the influence of inertia and elasticity on 
the breakup process. Our reference solution corresponds to a Newtonian jet 
in the Stokesian regime (Re-De-O). It is depicted in. Fig. 2a, where we show 
the calculated flow domain as a function of time. Also shown are the 
deforming finite element mesh and the axial velocity contour lines. The 
time increment used for integration is 0.01. Breakup is fourtd to occur at 
the neck, namely at z-L. Comparison with the LSA reveals an excellent 
agreement at short times, as it should be: the values of the perturbation 
at the neck differ by less than 0.2% up to time t - 0.5. More interest
ingly, breakup times agree r.easonably well too: 3.3 from the LSA and 3.75 
from our analysis; the discrepancy is due to finite amplitude effects which 
cannot be accounted for in the LSA. 

a b 
t .1 

I I I I I I 
tc4 

1111111111111E 11111111111111111111111111 

I I I 
2 

~_. _7-----. 

C\_---8-06----, 
~_3 ____ ~~1~' ~I_I 
o -1 -2 -3 -4 -4 -2 0 

~-----~-2~~ 
~3.5 

iii' , 

"" 9.4 ~--------~;"~>----~ 
o -2 -4 -6 -a -8 -4 0 

Fig. 2. Flow domain, finite element mesh and axial velocity 
contour lines at selected values of time; Newtonian 
fluid; a: Re - 0, b: Re - 1.8 
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The influence of inertia forces is dramatic. Results are shown in Fig. 2b 
for a Reynolds number equal to 1.8; this corresponds to experimental data 
typical of the work of Goedde and Yuen (1970) with aqueous glycerol solu
tions. We specify the Stokesian flow field as initial conditions; this 
implies that the fluid response at short times is given by a combination of 
modes obtained from the LSA, and not by a single mode selected by our 
initial shape as it was the case with the Stokesian flow. The time incre
ment used here is 0.0025. 

We observe a process much slower than its Stokesian counterpart; this is 
consistent with the LSA which, for the present values of the parameters, 
predicts almost a threefold decrease in the maximum exponential growth rate 
of the perturbation (see e.g., Middleman, 1965). Our numerical results 
reproduce th~s growth rate at short times (t < 2), after the relative decay 
of the other modes present initially. In addition, our analysis predicts 
breakup away from the neck. This phenomenon is highly non-linear and is 
indeed observed experimentally: the jet disintegrates into drops with 
ligaments in between; these ligaments will form satellite drops if no post
merging with a main drop occurs. Fig. 2b agrees remarkably well with 
photographs of glycerin/water jets taken by Goedde and Yuen (1970). 

Before consi~ering the viscoelastic case, we note that results presented 
above have been obtained with a displacement technique in which the extra
stress is eliminated in the momentum equation in terms of the rate of 
strain; similar results have been obtained with the mixed formulation as 
well. 

Experimental observations with aqueous Separan solutions (Gordon, Yerushal
mi and Shinnar, 1973) show the strong stabilizing character of elastic 
forces. Although these solutions are shear thinning while the Oldroyd fluid 
used here is not, our numerical simulations reproduce this striking behav
ior. We compare in Fig. 3 the evolution of the jet surface for Newtonian 
and viscoelastic jets in the Stokesian regime. Viscoelastic results have 
been obtained with a Deborah number equal to 5, which corresponds to a 
hypothetical polymer solution with u a 2 poise, y - 70 dyne/cm, A = 0.~8 
sec, and geometrical dimensions ro - 0.1 cm and L = 1 cm. The ratio A /A is 
set to 0.25. Stokesian velocity and extra-stress fields are chosen as 
initial conditions and the time increment is 0.001. Our results again 
follow the ~diction of the LSA at short times: the perturbation grows 
faster in the viscoelastic case. However, this tendency reverses itself 
dramatically when the viscoelastic fluid reaches a configuration of drops 
connected by filaments. This pattern is already developed at time t = 1.5. 
From that time on, the fluid decelerates abruptly, while the Newtonian 
counterpart is, itself, ever-accelerating towards breakup. Results at time 
t - 5 indicate that the fluid is almost static. The simulation has been 
stopped at this point since the values of the radial velocity component are 
then so small that they can hardly be discriminated from numerical noise. 
W~ show in Fig. 4a the calculated flow domain and the mesh at" time t = 1.5, 
together with the contour lines of radial and axial velocity components. 
One observes that the flow is practically elongational in the filament. 
Fig. 4b clearly demonstrates that the stabilizing character of elasticity is 
the result of non-linear behavior. We give in a semi-logarithmic plot the 
amplitude of the perturbation at the neck as a function of time. We have 
also drawn a straight line whose slope is the maximum exponential growth 
rate given by the LSA (Middleman, 1965); it should prevail after the decay 
of all other modes if the dynamics were linear. ~ 
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Z.S Z.S 

R t= 1 1.5 
Z.O Z.O 

I. S I. S 

NEWTONIAN 
1.0 1.0 

o.S V I SCOELASTI C o.s 

VISCOELASTIC 
0.0 

0.0 Z.O 4.0 6.0 B.O 10. 0 
0.0 

0.0 Z.O 4.0 6.0 B.O 10. 0 

Z 
Z.S z.s 

2 

I. S 

1.0 

o.s 
VISCOELASTIC 

VISCOELASTIC 

4.0 6.0 8.0 10. 0 

3.5 5 

1.5 

1.0 

o.s 
VISCOELASTIC 

VISCOELASTIC 
o.o~--~----~----~--~----~ a. 0 Z. 0 4. 0 e. 0 8. 0 10. 0 a. 00.~O---Z.~O---4-.""O---6.""0----8.~0---1~0. a 

Fig. 3. Jet shape at selected values of time: Newtonian 
and Oldroyd fluids 
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m~~·~5 102 

p I 
I LSA / 

::G~ I 
la' I ~ -0.1 

~~ 
FEM 

I 
i 

I I 10° ' 
0 -2 -5 -5 -2 0 o. a 0.5 1. a 1.5 t 2. a 

Fig. 4. a: Flow domain, finite element mesh, radial and 
axial velocity contour lines at time t - 1.5; 
Oldroyd fluid. 
b: Perturbation at the neck as a function of time: 
p - IR-rol/Ero; Oldroyd fluid. 

CONCLUSIONS 

We have presented a numerical scheme for solving a class of transient visco
elastic flows with free surfaces. The technique has been successfully ap
plied to the study of surface-tension-driven breakup of liquid jets. In the 
Newtonian case, our analysis predicts the birth of satellite drops when in
ertia forces are present. In the viscoelastic case, we predict the remark
able stabilizing character of elasticity observed with polymer solutions. 
This is shown to be the result of a highly non-linear behavior which cannot 
be described by standard linear stability analyses. 
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