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Abstract of the Dissertation

Disturbance Rejection and System Identification

Using Multi-Channel Adaptive Filtering

and Receding-Horizon Control

by

Nolan Eizo Tsuchiya

Doctor of Philosophy in Mechanical Engineering

University of California, Los Angeles, 2015

Professor James S. Gibson, Chair

The research presented in this dissertation explores the application of a receding-horizon

adaptive controller to increase the disturbance rejection bandwidth far beyond the ca-

pabilities of a classical LTI controller. The receding-horizon controller is applied to two

laboratory experiments to analyze and test various aspects of the controller. In the laser

beam steering experiment a complex broadband disturbance is significantly reduced and

the laser spot is held tightly on the target. Control penalty parameters are analyzed and

frequency weighting is implemented in the single-input-single-output (SISO) experiment.

In the magnetic bearing experiment a steel shaft is magnetically levitated and rotated

to speeds up to 7200 rpm. The emphasis in this experiment is to test the receding-

horizon controller’s ability to reject time-varying disturbances and to operate in a multi-

input-multi-output (MIMO) configuration. Additionally, the forgetting factor parameter,

unique to the recursive least-squares (RLS) algorithm employed by the controller, is ex-

amined and analyzed in the context of disturbances with varying statistics. Furthermore,

in a collaboration project, a combination of the receding-horizon adaptive controller and
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a peak resonator controller is applied in a parallel structure to reduce a complex distur-

bance. Independence of the controllers is demonstrated and it is shown that the parallel

combination is capable of reducing the disturbance to a greater degree than either con-

troller applied individually.

Finally, many advanced controllers including the receding-horizon adaptive controller

require an accurate plant model in order to operate effectively. Currently, this plant model

must be generated by a one-time, offline system identification procedure in which the

system is driven with a white noise sequence with no disturbance present. The collected

input/output data is batch-processed at the end of the data acquisition period to generate

a plant model which can then be used by the adaptive controller. Because this scenario

is not always feasible in practice, a novel system identification procedure in which plant

models can be generated in real-time and in the presence of a disturbance is analyzed. The

online system identification process successfully demonstrates a real-time identification of

a complex plant in the presence of a broadband disturbance. The resulting plant model

that is generated is comparable in accuracy to the state-of-the-art subspace identification

methods.
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CHAPTER 1

Introduction

All mechanical systems are subject to external disturbances which can adversely affect

the system’s performance if left unaccounted for. Disturbances may come in many forms

including: mechanical vibrations, turbulence, and sensor / actuator noise and they can

be narrowband or broadband across the frequency spectrum as well as time-varying in

nature. For the class of control problems known as Disturbance Rejection, the goal of

the controller is to reduce the effects of these disturbances and maintain favorable system

performance. The counterpart to this most general classification of control problems is

known as Reference Tracking, however, for the experiments in this dissertation, the pri-

mary control objective is disturbance rejection and a receding-horizon adaptive controller

is used to address a variety of complex disturbances.

One of the primary benefits of using an adaptive control scheme is to extend the

disturbance rejection bandwidth beyond the relatively limited bandwidths achieved by

classical linear time-invariant (LTI) feedback controllers. While both least-mean-squares

(LMS) [1–3] and recursive-least-squares (RLS) [4–8] adaptive filters have been used to

minimize output error variance, this research is based on an RLS adaptive lattice filter that

predicts a specific linear combination of future disturbances, determined by the receding-

horizon performance index discussed at length in [9] and [10], as well as in Chapter 2.

While minimum-variance adaptive control based on an RLS adaptive filter has been

applied in practice [6], receding-horizon adaptive control (based on the same RLS filter)

offers a wider range of tuning capabilities, including the ability to more easily handle
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coupled-channel systems. The receding-horizon controller also enjoys a more natural

method of incorporating frequency weighting. A form of frequency weighting has been

previously used to reduce sensitivity to high frequency noise [6], but receding-horizon

controller design allows for this functionality in a more direct and flexible way. A sim-

ilar receding-horizon adaptive controller has also been applied in an adaptive optics ex-

periment [9] to correct aero-optical wavefront error. In that experiment, however, the

challenge was more rooted in the complex optics and volume of control channels (30+)

and less in the plant dynamics, which were simple and modeled by many single-input-

single-output (SISO) transfer functions. Both experimental setups in this research have

significantly more complex plant dynamics and the challenge of dealing with significant

plant modeling error is addressed by the receding-horizon adaptive controller for the first

time.

From a broader perspective, the receding-horizon (model predictive) control studied

in this research is used in a fundamentally different way than is has been in the past. In

practice, the most common application of receding-horizon control is in process control,

where it is important to avoid violating constraints on the control command and/or certain

terms in the state vector. By applying receding-horizon control in these applications,

the controller can determine whether a constraint will be violated before it occurs and

adjust accordingly to remain within an acceptable operating region. The application of

receding-horizon adaptive control used throughout this research is based on formulating

the algorithm as a disturbance rejection problem, where the adaptive portion is used to

predict a linear combination of a fixed number of future disturbances.

This dissertation focuses on two primary avenues corresponding to two distinct exper-

imental setups. In the beam steering experiment, the plant is comprised of two decoupled

single-input-single-output (SISO) plants, but the adaptive controllers are confronted with

a complex mix of narrow and broadband disturbances, resembling actual disturbances
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encountered in practice. These disturbances are injected experimentally by a dedicated

disturbance mirror, but are not available to the controller, which only has access to the

measured output. In contrast to the beam steering experiment, the magnetic bearing ex-

periment possesses inherent coupling between two pairs of coupled channels and lends itself

to a multi-input-multi-output (MIMO) approach. While this system is more complex, the

disturbance in this case comes primarily from the shaft imbalance during spinning and

manifests in the output as a single, dominant frequency. Additional experiments were con-

ducted to test the performance when subjected to a time-varying disturbance as well as an

additional broadband disturbance component. Both avenues apply the receding-horizon

adaptive controller discussed in [9] and [10], but each experiment highlights different ben-

efits and limitations of the adaptive controller. In both cases, plant modeling error is more

prevalent at high frequencies, and can cause problems with performance and stability.

Chapter 2 describes the adaptive control algorithm in detail and highlights some of

its key features, including the method of frequency weighting used. Chapter 3 presents

the results from applying the receding horizon adaptive controller to a 2-axis laser beam

steering experiment. Some important elements discussed in this section include: a de-

tailed discussion on the plant nonlinearities, a study on the effect of the adaptive filter

order, and a study on the effects of the weighting parameters, Ru and Rf . Chapter 4

presents results from applying a modified version of the receding-horizon controller to

a magnetically-levitated bearing system. Because this open-loop unstable multi-channel

plant is inherently challenging to control, a detailed discussion on the plant identifica-

tion is provided, including an analysis on the actuator saturation which contributes to

the system’s nonlinearities. In this section, the adaptive controller is challenged to re-

ject time-varying disturbances, as well as operate in a multi-input-multi-output (MIMO)

framework. A study on the forgetting factor λ is also conducted to analyze the controller’s

efficacy in handling non-stationary disturbances. Three distinct control architectures are
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also studied to reveal the ability of the adaptive controller to handle severely coupled

channels. Chapter 5 presents the results from a collaborative control effort in which the

receding-horizon adaptive controller along with a peak resonator work in parallel to reject

complex disturbances on the magnetic bearing system. Independence of the controllers is

demonstrated and it is shown that this parallel combination control structure is capable

of rejecting the disturbances to a greater degree than either controller operating alone.

In Chapter 6, a novel method of online system identification is analyzed. The algo-

rithm constructs a plant model in real-time, in the presence of a disturbance. This is

essential to this research because the adaptive controller requires a plant model of the

system it controls. Prior to this online method of identification, a one-time offline iden-

tification was usually performed under ideal circumstances with no disturbances present.

This is often impractical in application, as engineers do not have the luxury of obtaining a

clean, noise-free identification prior to closing an adaptive control loop. The online iden-

tification method eliminates the need for an offline procedure and is capable of generating

plant models in real-time and with disturbances acting on the system.
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CHAPTER 2

Receding-Horizon Adaptive Control

2.1 Overview

Fundamentally, the receding-horizon control algorithm used throughout this research is

based on the linear-quadratic regulator (LQR) optimal control structure which generates

an optimal control law, u(t), based on minimizing a given cost function. Figure 2.1

illustrates the receding-horizon control structure. The G(z) block has the state-space

representation:

xp(t+ 1) = Apxp(t) +Bpu(t), (2.1)

e(t) = Cpxp(t) + w(t) (2.2)

which represents the plant, where t is the sample number, xp(t) is the state vector, e(t) is

the measured output, w(t) is the disturbance signal, and Ap, Bp, Cp, Dp are the state-space

matrices with the direct feedthrough term equal to zero Dp = 0. It can either represent an

open-loop or closed-loop plant, however, in both experimental applications studied so far,

G(z) represents a closed-loop system consisting of an open-loop system with a classical

LTI feedback controller.

The dashed region shown in Fig. 2.1 represents the receding-horizon adaptive con-

troller. It is apparent that the controller requires an estimate of the plant, Ĝ(z). Since

only the error signal, e(t), is measured in applications, estimates of the state, x̂(t), and
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Ĝ(z)

F (z)U(z)

H(z)

z−hF (z)

−

e

w

ŵ

u

er

1

Figure 2.1: Block Diagram for Receding-Horizon Adaptive Control

disturbance, ŵ(t), are used. Additionally, the plant itself is a linear model obtained by

performing a one-time, offline system identification. Thus, the estimate of the plant avail-

able to the adaptive controller, Ĝ(z), has the n−dimensional state-space representation:

x̂(t+ 1) = Âx̂(t) + B̂u(t), (2.3)

e(t) = Ĉx̂(t) + ŵ(t) (2.4)

with x̂(t) ∈ Rn×1, u(t) ∈ Rl×1, and e(t), ŵ(t) ∈ Rm×1

As opposed to the more standard, infinite-horizon optimal controller, this research ap-

plies a model-predictive controller or receding-horizon controller, with fixed, finite horizon
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length, h. The quadratic performance index used in this research is:

Jh(x̂(t), ŵh(t), uh(t)) =

1︷ ︸︸ ︷
h∑
k=1

[
eT (t+ k)Q1e(t+ k) + x̂T (t+ k)Q2x̂(t+ k)

]
+

h−1∑
k=0

[
uT (t+ k)Ruu(t+ k)

]
︸ ︷︷ ︸

2

+ x̂T (t+ h)Q3x̂(t+ h)︸ ︷︷ ︸
3

(2.5)

with the Qi matrices symmetric and positive semi-definite and the R matrix symmetric

and positive definite and where the column vectors, ŵh(t) and uh(t), are defined by:

ŵh(t) = [ŵ(t+ 1), ŵ(t+ 2), . . . , ŵ(t+ h)]T ∈ Rmh×1 (2.6)

uh(t) = [u(t), u(t+ 1), u(t+ 2), . . . , u(t+ h− 1)]T ∈ Rlh×1 (2.7)

Additionally, we define:

x̂h(t) = [x̂(t), x̂(t+ 1), x̂(t+ 2), . . . , x̂(t+ h)]T ∈ Rn(h+1)×1 (2.8)

eh(t) = [e(t+ 1), e(t+ 2), . . . , e(t+ h)]T ∈ Rmh×1 (2.9)

Then, from equation (2.5), terms 1 and 3 can be written as:

1 + 3 = x̂h(t)
T Q̃2x̂h(t) + eh(t)

T Q̃1eh(t) (2.10)

=

x̂h(t)
eh(t)

T [ Q̃]
x̂h(t)
eh(t)

 (2.11)
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where, for Q1 ∈ Rm×m and Q2 ∈ Rn×n:

Q̃1 =



Q1

Q1

. . .

Q1


∈ Rmh×mh (2.12)

Q̃2 =



0

Q2

. . .

Q2

(Q2 +Q3)


∈ Rn(h+1)×n(h+1) (2.13)

and,

Q̃ =

 Q̃2 0

0 Q̃1

 ∈ R[n(h+1)+mh]×[n(h+1)+mh] (2.14)

From (2.3), (2.4), (2.6), and (2.7), x̂h(t) ∈ Rn(h+1)×1 from (2.8) can be written as:

x̂h(t) = Ã1

 x(t)

ŵh(t)

+ B̃1uh(t) (2.15)

where

Ã1 =



I

Â

Â2 [ 0 ]
...

Âh


∈ Rn(h+1)×(mh+n) (2.16)
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and

B̃1 =



0 . . . 0

B̂

ÂB̂ B̂

Â2B̂ ÂB̂ B̂

...
...

. . .

Âh−1B̂ Âh−2B̂ · · · ÂB̂ B̂


∈ Rn(h+1)×lh (2.17)

Also, from (2.3), (2.4), (2.6), and (2.7), the term eh(t) ∈ Rmh×1 in (2.9) can be written

as:

eh(t) = Ã2

 x(t)

ŵh(t)

+ B̃2uh(t) (2.18)

where

Ã2 =



ĈÂ

ĈÂ2

[ I ]...

ĈÂh


∈ Rmh×(mh+n) (2.19)

and

B̃2 =



ĈB̂

ĈÂB̂ ĈB̂

ĈÂ2B̂ ĈÂB̂ ĈB̂

...
...

...
. . .

ĈÂh−1B̂ ĈÂh−2B̂ · · · ĈÂB̂ ĈB̂


∈ Rmh×lh (2.20)

Combining (2.15) and (2.18), the term

x̂h(t)
eh(t)

 in (2.11) can be written as:

x̂h(t)
eh(t)

 = Ã

 x̂(t)

ŵh(t)

+ B̃uh(t) (2.21)
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where

Ã =

 Ã1

Ã2

 and B̃ =

 B̃1

B̃2

 (2.22)

Also, for R ∈ Rl×l, term 2 in equation (2.5) can be written as:

2 = uh(t)
T R̃uh(t) (2.23)

where

R̃ =



Ru

Ru

. . .

Ru


∈ Rlh×lh (2.24)

Finally, from (2.11), (2.21), and (2.23), the performance index in (2.5) can be re-written

as:

Jh(x̂(t), ŵh(t), uh(t)) =

(
Ã

 x̂(t)

ŵh(t)

+ B̃uh(t)

)T
Q̃

(
Ã

 x̂(t)

ŵh(t)

+ B̃uh(t)

)
+uh(t)

T R̃uh(t)

(2.25)

with Ã, B̃, Q̃, and R̃ defined above.

The minimizing uh(t) is a linear function of x̂(t) and ŵh(t) and has length hl as defined

in (2.7). The receding-horizon adaptive control command, u(t), is chosen to be the first l

terms in the minimizing uh(t) and is applied at each time step. The RH control command

at the next time step is again the first l terms in the minimizing uh(t) computed again at

that time step. In general, at each time step, h future control commands are produced,

but only the first one is applied, then the whole process begins again at the next time

step, applying only the first control command of that series of future control commands.
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Thus, the receding-horizon control command can be written as:

u(t) = −Kxx̂(t)−Hwŵh(t)

where Kx and Hw can be computed in terms of the state-space matrices in (2.3) and (2.4)

as well as Ã, B̃, Q̃, and R̃. To determine the Kx and Hw matrices, begin by expanding

the quadratic performance index in (2.25):

Jh(x̂(t), ŵh(t), uh(t)) = uh(t)
T [B̃T Q̃B̃ + R̃]︸ ︷︷ ︸

Q̄∈Rlh×lh

uh(t) + 2

 x̂(t)

ŵh(t)

T ÃT Q̃B̃
︸ ︷︷ ︸

bT∈R1×lh

uh(t)

+

 x̂(t)

ŵh(t)

T ÃT Q̃Ã
 x̂(t)

ŵh(t)


where,

b = B̃T Q̃T Ã

 x̂(t)

ŵh(t)

 ∈ Rlh×1 (2.26)

This quadratic form (in uh(t)) has the minimizing solution:

uh(t) = −Q̄−1b = − [B̃T Q̃B̃ + R̃]−1B̃T Q̃T Ã︸ ︷︷ ︸
Γ

 x̂(t)

ŵh(t)

 (2.27)

The matrix Γ ∈ Rlh×(mh+n) can be partitioned such that:

uh(t) = −Γnx̂(t)− Γmhŵh(t) ∈ Rlh×1 (2.28)

where Γn is the first n columns of Γ and Γmh contains the remaining mh columns of Γ.

Recall that uh(t) represents the h future control commands to be applied. However, the

11



receding-horizon controller only implements the control command at time t, and repeats

the entire process for each subsequent time step. To compute just the current control

command, u(t), the top l terms of uh(t) are used, so that:

u(t) = −Kxx̂(t)−Hwŵh(t) ∈ Rl×1 (2.29)

where Kx ∈ Rl×n is the top l rows of Γn, and Hw ∈ Rl×mh is the top l rows of Γmh. It

is important to note that the term Hwŵh(t) is a linear combination of h future values of

the disturbance ŵ(t).

The block diagram in figure 2.1 generates the adaptive control command as u(t) =

U(z)F (z)ŵ(t). To see how this is equivalent to the control command in equation (2.29),

first note that the term Hwŵh(t) can be written as

Hwŵh(t) =
[
Hw(1) Hw(2) . . . Hw(h)

]


ŵ(t+ 1)

ŵ(t+ 2)

...

ŵ(t+ h)


(2.30)

=
h∑
k=1

Hw(k)ŵ(t+ k)

=
h∑
k=1

Hw(k)zkŵ(t)

z−hHwŵh(t) =
h∑
k=1

Hw(k)z(k−h)

︸ ︷︷ ︸
H(z)

ŵ(t)

Hwŵh(t) = zhH(z)ŵ(t) (2.31)

Note that H(z) is a causal FIR filter since k − h ≤ 0.

Consider then the signal e′r = zhH(z)ŵ(t) + F (z)ŵ(t) and suppose the bottom copy
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of the adaptive filter F (z) minimizes the variance of e′r. This implies that the output of

the top copy of F (z), i.e. F (z)ŵ, would be a minimum variance prediction of −zhH(z)ŵ,

or −Hwŵh, as in (2.31). However, because the signal e′r is not available at time t (non

causal), it cannot be processed in real time. To work around this problem, the block

diagram constructs a delayed version of e′r as er = H(z)ŵ(t) + z−hF (z)ŵ(t). Noting that,

in steady-state, minimizing the variance of e′r is equivalent to minimizing the variance of

er, the adaptive filter F (z) can minimize the variance of er because the signal er is causal

and available at time t. The result is that the top copy of F (z) outputs a minimum

variance prediction of −Hwŵh(t) in real time.

It is then clear that the input to the U(z) block is −Hwŵh. Additionally, the desired

output of the U(z) block is u(t) in equation (2.29). This output is achieved by plugging

in the u(t) from equation (2.29) into the plant model in (2.3). Writing the state-space

equations such that the input is −Hwŵh, and the output is u(t), we have

x̂(t+ 1) = (Â− B̂Kx)x̂(t) + B̂(−Hwŵh)

u(t) = −Kxx̂(t) + (−Hwŵh)

Thus, the U(z) block has the state-space realization

U(z) = (Â− B̂Kx, B̂,−Kx, I). (2.32)

Due to the direct feedthrough term in (2.32), the output of the U(z) block is

u(t) = −Kxx̂(t)−Hwŵh(t)

which agrees with (2.29).

Additionally, it is clear that the weighting matrices in (2.5) should be chosen so that

13



the resulting Kx matrix yields a stable Â − B̂Kx matrix. One way to guarantee that

Â− B̂Kx is stable is to chose Q3 in (2.5) such that

ĈTQ1Ĉ +Q2 +Q3 = P (2.33)

where the symmetric P is a stabilizing solution to the algebraic Riccati equation

P = ĈTQ1Ĉ +Q2 + ÂT [P − PB̂(R + B̂tPB̂)−1B̂TP ]Â (2.34)

For this case,

Kx = (R + B̂TPB̂)−1B̂TPÂ (2.35)

However, for the applications in this research, Kx and Hw are directly computed as the

solution to a finite-dimensional linear-quadratic optimization problem with the objective

function in (2.25) as shown in (2.29).

To clarify, the adaptive part of the control algorithm minimizes the variance of er,

defined above, and is ultimately used to predict the linear combination of h future distur-

bances as in (2.29). It does so using a multi-channel recursive least-squares (RLS) lattice

filter [11] with finite-impulse response. In principle, a transversal FIR filter could be

paired with any multi-channel RLS algorithm to update the filter gains, however, the lat-

tice filter and RLS updating algorithm used in the is research has demonstrated superior

numerical stability and efficiency due to orthogonalization of the data channels [11].

2.2 Frequency Weighting

One of the primary benefits of the receding-horizon performance index in (2.5) is the large

design space parameterized by the weighting matrices Qi and Ru. The receding-horizon

control design also makes it straightforward to expand the state vector and plant model in
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(2.3) and (2.4) to incorporate frequency weighting. This state-space weighting filter can be

applied to the control signal, u(t), or the output error, e(t), or both. In past applications

of this type of frequency weighting [9], a weighting filter with a cutoff frequency above that

of the wavefront error bandwidth was used to penalize the control effort from amplifying

high frequency sensor noise. In this research, the frequency weighting filter is still used

to limit the control u(t) at high frequencies, but the motivation is slightly different. In

previous adaptive optics experiments [9], while the number of control channels is large, the

plant dynamics were relatively simple, modeled by just a delay. In the research presented

here, the plant dynamics for both experiments are significantly more complex. Because

the adaptive controller requires a model of the plant in each case, an accurate system

identification is required. However, due to inherent system nonlinearities and limitations

on identification methods, plant modeling errors tend to be significant at high frequencies.

Thus, the goal for the research here is to use the frequency weighting to limit the control

from acting at higher frequencies where the plant model is poor, but still allowing the

control to reject lower frequency disturbances as demonstrated in Chapters 3 and 4.

The method of incorporating frequency weighting depends on expanding the state

vector, x̂, in (2.3) and (2.4) as:

x̂ =

 x̂p

xf

 (2.36)

where x̂p is the estimate of the plant state vector, and xf is the state vector of the

frequency weighting filter. The frequency weighting filter has the state-space realization

(Af , Bf , Cf , 0), so that the state-space matrices in (2.3) and (2.4), and the Q2 matrix in

(2.5) have the form:

Â =

Âp 0

0 Af

 , B̂ =

 B̂p

Bf

 , Ĉ =
[
Ĉp 0

]
, Q2 =

 0 0

0 CT
f RfCf

 (2.37)
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Next, note that the receding-horizon performance index in (2.5) contains the term:

Jh(x̂(t), ŵh(t), uh(t)) =
h∑
k=1

[
· · ·+ x̂T (t+ k)Q2x̂(t+ k)

]
+ . . .

Using the expanded state vector and matrices above, the term x̂TQ2x̂ can be written as

x̂TQ2x̂ =
[
x̂Tp xTf

] 0 0

0 CT
f RfCf

 x̂p

xf


= xTf C

T
f RfCfxf

= Rfy
T
f yf

= Rf |yf |2 (2.38)

where yf is the output of the weighting filter, with u(t) as the input as described in (2.37).

Figure 2.2: Frequency Weighting Filter Schematic

Thus, if the weighting filter is chosen to be a high-pass filter as in Fig. 2.2, the term

|yf |2 will be large due to any high frequency content in u(t). As a result, the u(t) that min-

imizes the receding-horizon performance index will contain less high frequency content.

By then applying this penalized u(t) to the system, the high frequency plant modeling

errors and/or high frequency sensor noise are not amplified, which is desirable because

experimental results have demonstrated that sufficient amplification of high frequency

16



modeling errors can cause system instability.

Note also, that the performance index in (2.5) contains the term:

Jh(x̂(t), ŵh(t), uh(t)) = · · ·+
h−1∑
k=0

[
uT (t+ k)Ruu(t+ k)

]
+ . . .

The Ru weighting parameter here is used in a similar manner to penalize the control

command, u(t), but does so without the use of a weighting filter. By scaling Ru to

be larger, the value of the performance index also increases. The minimizing u(t) then

attempts to reduce (minimize) the value of the performance index by simply reducing

the amplitude of the control command (i.e. the control command is penalized equally

across all frequencies). The result is the same as with the frequency weighting in that the

control command is penalized at higher frequencies, and consequently does not amplify

high frequency plant modeling errors. It is different, however, in that it also penalizes the

control command at lower frequencies, where legitimate disturbances reside. The effects

of penalizing the control command using Ru and Rf are thoroughly discussed in Chapter

3.

Finally, it is important to note that in the derivation above, the measurement is

regarded as an output error denoted e(t). However, in subsequent chapters, the mea-

surement is considered to be the system output and is appropriately denoted y(t); it is

interchangeable with the e(t) signal used in the derivation.
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CHAPTER 3

Laser Beam Steering Experiment

3.1 Background

The ability to propagate laser beams over long distances and focus high-intensity light

onto precise targets is becoming increasingly important in applications such as laser com-

munications and directed energy systems. Regardless of the application, two primary

types of disturbances can severely degrade the performance of the system. Atmospheric

turbulence can produce inconsistencies in air density which can refract the light in dif-

ferent directions. This type of disturbance is generally broadband in nature and affects

ground-based systems that reside within the earth’s atmosphere. The second type of

disturbance comes from mechanical vibrations which can excite the natural frequencies

of the platforms on which the laser source or target is mounted. These disturbances

are generally narrowband and affect not only ground-based systems, but free-space sys-

tems, such as satellite-to-satellite communication, wherein atmospheric disturbances are

of lesser concern. These sources of disturbance (jitter) cause erratic fluctuations (beam

error) in the spot location at the target which corresponds to significantly less data trans-

fer (laser communications), lower levels of focused energy (directed energy systems), or

similar undesired effects in other applications.

The goal of the adaptive control scheme for the beam steering experiment is to max-

imize the light intensity at the target by rejecting the broad- and narrow-band jitter

discussed above, which may have changing statistics. The two primary adaptive filtering
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methods that have recently been developed are the least-mean-squares (LMS) and the

recursive least-squares (RLS) adaptive filters. While the LMS algorithms are stable and

simple to implement, RLS algorithms have been shown to converge to their optimal gains

more quickly, despite being numerically more complex. The research addressed in this

dissertation deals with a lattice realization of the RLS algorithm, as in [5, 6, 12], at the

heart of the adaptive controller.

Figure 3.1: Laser Beam Steering Experiment

The main components of the beam control experiment shown in Figure 3.1 are: a

laser source at position 1 , a MEMS fast steering control mirror (FSM-C) at position

2 , a fast steering disturbance mirror (FSM-D) at position 3 , and an optical sensor at
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position 4 . FSM-C is a Texas Instruments Micro Mirror and FSM-D is a 1” Newport

fast steering mirror. Both mirrors are capable of motion about horizontal and vertical

axes. The optical position sensor computes the position of the centroid of the incoming

light and outputs two voltages corresponding to the horizontal and vertical position of

the centroid. These signals are used in both the inner classical LTI control loop as well

as in the outer adaptive control loop.

A dedicated PC running xPC Target executes the control algorithm, receiving position

data and sending appropriate control signals to the actuators in real time. The adaptive

controller only has access to the position measurements, despite the fact that the distur-

bance commands to FSM-D are also provided by this machine. In earlier experiments [10],

the sample rate was 2kHz however, the most recent experimental results are based on a

faster sample rate of 5kHz.

3.2 System Identification

3.2.1 Open-Loop Plant

The transfer function, P (z), represents the open-loop mapping from a 2x1 input command

at FSM-C to a 2x1 output measurement at the optical sensor, both in volts. The true

open-loop plant, P (z), is a 2x2 coupled-channel system, with control inputs each affecting

both output measurements.

Careful calibration in the experimental setup yielded off-diagonal (coupling) terms

that were extremely small relative to the diagonal terms. For this reason, the experiment

is treated as two uncoupled single-input-single-output (SISO) systems throughout this re-

search. Fig. 3.2 (top) shows the Bode plots for the two open-loop SISO transfer functions

representing the vertical and horizontal axes, identified using Matlab’s n4sid subspace

identification function with 80,000 data points, or 16 seconds of data sampled at 5kHz.
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Figure 3.2: Bode Diagram of Identified Open-Loop Plants, P̂ (z) (top), Bode Diagram of Identi-

fied Closed-Loop Plants, Ĝ(z) (middle), Bode Diagram of Output Sensitivity Transfer Function,

Ŝ(z) (bottom)
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3.2.2 Closed-Loop Plant

A classical LTI PID controller, denoted C(z), is used in the feedback path to close the

loop around P (z) such that the closed-loop transfer function is: G(z) = P (z)
1+C(z)P (z)

. Figure

3.2 (middle) shows the Bode plots for the closed-loop plants, obtained from performing a

separate, one-time identification using input-output data. The output sensitivity transfer

function (Fig 3.2 (bottom)), Ŝ(z) = 1

1+C(z)P̂ (z)
, determines how the output error will

respond to a disturbance signal, w, as in Fig. 2.1 when only the LTI loop is closed.

The goal in designing C(z) was to maximize the disturbance rejection bandwidth while

minimizing the amount of disturbance amplification. Figure 3.2 (bottom) shows that the

PID controller designed for this experiment yields a 6dB disturbance-rejection bandwidth

of approximately 160Hz and amplifies output disturbance and noise by less than 5dB

between 300Hz and 700Hz. Attempting to increase the error-rejection bandwidth any

further resulted in unacceptably high levels of noise amplification at higher frequencies.

3.3 Laser Beam Steering System

3.3.1 System Nonlinearities

The configuration of the optical path used in this experimental setup is such that the

angular range of the FSM-C is larger than in previous experiments [13]. Put another way,

in order to achieve the same output displacement at the optical sensor in this research,

the FSM-C must be driven to a larger angle than in previous experiments. Because of

this, the piezo-electric actuators that drive the FSM-C mirror became saturated at times,

and the plant exhibited fairly severe nonlinear behavior. This actuator saturation was

was a function of both amplitude and frequency, as seen in Fig. 3.3.

Figure 3.3 shows the results of a test performed to identify and characterize the non-

linearities. In each of the three plots shown, two sinusoids (small and large amplitude)
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Figure 3.3: Output PSDs of sinusoidal signals passed though G(z) at three different frequencies

and at two different amplitudes each.
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were passed through the closed-loop plant, G(z), and the PSDs of the output signals were

plotted. ”Small” and ”large” amplitudes are in reference to the actual operating point, i.e.

they are smaller and larger compared to the adaptive control command used in the actual

experiment. In a linear system, the output PSD should reveal a single, dominant spike at

the frequency of the input sinusoid. This is the case at 150Hz for both a small and large

amplitude (Fig. 3.3, bottom). However, for larger amplitude sine waves at 850Hz and

1650Hz, the output PSDs show numerous harmonics, indicating the presence of nonlinear

behavior. The conclusion that the cause of the nonlinearities is actuator saturation was

drawn from a simulation where a saturation block was placed in front of the plant. The

output PSDs of the simulated signals exhibited the same harmonic spiking phenomenon

as in the above test.

3.3.2 Experimental Results

The experimental results in this section compare the effects of penalizing the adaptive

control command across all frequencies equally (Ru), and penalizing according to the

weighting filter by using the Rf parameter. Additionally, the effect of the adaptive filter

order is studied with regards to the minimum order required to effectively reduce the

disturbance as well as the robustness of the control system when confronted with a severely

over-parametrized adaptive controller (higher filter order than necessary).

Because the nonlinearities are most prevalent at frequencies above 700Hz, the fre-

quency weighting filter used in experiment is a high-pass filter with cutoff frequency of

1000Hz. The rolloff of this fourth-order filter yielded a sufficient amount of control com-

mand penalty at 700Hz (where the nonlinearities began to appear), with a greater effect

at higher frequencies (where the nonlinearities were more pronounced). Figure 3.4 shows

the bode plot of the weighting filter used throughout the experiment.

Figure 3.5 shows the gains in the FIR filter H(z) for two different combinations of Ru
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and Rf as a function of the horizon length, hp. In all cases, the gains become insignificant

above h ≈ 8. Because experimental tests confirmed that the results are nearly identical

for hp = 8,16, and 32, a horizon length hp = 16 is used throughout this experiment.

The disturbance applied to FSM-D was generated by passing broadband noise through

various filters in parallel, and is used throughout the experiment. The frequency compo-

nents of the disturbance signal are summarized in Table 3.1.

Jitter Bandwidths
30 Hz - 80 Hz

450 Hz - 500 Hz
Peak at 875 Hz
Peak at 1100 Hz

0 Hz - 500 Hz

Table 3.1: Jitter Bandwidths used in FSM-D to Generate Disturbance

Figure 3.6 shows the results of three independent experimental runs that compare the

performance of the LTI controller alone to the LTI loop augmented by two versions of the

adaptive controller. The first 6 seconds of each experiment are identical; the system runs

open-loop for 0 ≤ t < 3s, then the LTI loop is closed for 3s ≤ t < 6s. For 6s ≤ t ≤ 10s,

the legend indicates the control configuration. In one experiment, the adaptive loop is

never closed. This serves as a baseline case against which the adaptive loop performance

can be compared. In one of the experiments with the adaptive loop closed, the control

penalties are relatively small (Ru = Rf = 10−5) and the order of the adaptive filter, F (z),

is 2. In the other experiment with adaptive control, there is a higher penalty on the

adaptive control command (Ru = 10−5, Rf = 10−3), as well as a higher adaptive filter

order of 32.

With Ru = Rf = 10−5, the nonlinearities in the plant caused frequent instability at

adaptive filter orders greater than 2. However, when Rf is increased to 10−3, the frequency

weighting filter limited the adaptive control command at higher frequencies allowing the

adaptive filter order to be increased up to 90 without going unstable. Despite a higher
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Figure 3.6: Output error time series. Open-loop (0 ≤ t < 3s), classical LTI control only

(3s ≤ t < 6s), classical LTI control + adaptive control (6s ≤ t ≤ 10s). Top: vertical position

error. Bottom: horizontal position error.

penalty, the output error for the Ru = 10−5, Rf = 10−3 case with adaptive filter order 32

is much smaller than the case with adaptive filter order 2.

Figure 3.6 also illustrates the performance of the LTI controller. From 3s ≤ t < 6s,

the LTI controller is closed. It is apparent that the integrator is working to eliminate

the bias, however, during this time range the variance is actually higher than that of the

open-loop only interval (0s ≤ t < 3s). For the the vertical channel, the LTI controller

increases the output error variance by 27%, and for the horizontal channel, the output

error variance is increased by 36% when only the LTI controller is applied.
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Figure 3.7: Output error scatter plot. Represents spatial time series for 6s ≤ t ≤ 10s for all

three experiments in Fig. 3.6 .

Figure 3.7 depicts a spatial time series for the three cases (one LTI-only, and two

adaptive), for 6s ≤ t ≤ 10s. It shows the effect of the adaptive controller in reducing the

variance of the output and highlights the ability of the adaptive controller to hold the

laser spot tightly on a target, in the presence of a complex disturbance.

The power spectral densities (PSDs) in Fig. 3.8 reflect the output spectra for three

cases: (i) Open-Loop, (ii) LTI control only, and (iii) LTI control augmented by adaptive

control with order of F = 32. Each PSD is based on 3 seconds of data (15,000 samples).

While cases (ii) and (iii) are taken directly from the last three seconds of the time series

in Fig. 3.6, the open-loop PSD was generated by running a separate experiment for 10

seconds with no control and using the last 3 seconds of that time series.
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Figure 3.8: Power spectral densities of steady-state output errors for three cases: open-loop,

LTI control only, and LTI control + adaptive control with Ru = 10−5, Rf = 10−3, order of F =

32. Top: vertical error. Bottom: horizontal error.

The PSDs in Fig. 3.8 agree quite well with the output sensitivity transfer functions

in Fig. 3.2 (bottom). Comparing the open-loop case to the LTI-only case, it is appar-

ent that the LTI controller does a decent job attenuating the disturbances below about

200Hz, namely the 30Hz-80Hz band in the disturbance but also the lower portion of the

disturbance band from 0Hz-500Hz. Additionally, as the sensitivity transfer function pre-

dicts, there is some level of amplification of the disturbance from 300Hz-1100Hz. This is

clear when comparing the LTI-only PSD to the open-loop PSD at the 450Hz-500Hz band

and the peaks at 875Hz and 1100Hz and noting that the amplitude is larger than the

open-loop case.

The PSD in Fig. 3.8 associated with when the adaptive loop is closed reveals just

how effective the adaptive controller is in reducing the output error by targeting the dis-

turbance components. The frequency components in the output due to the disturbances

29



at 30Hz-80Hz, 450Hz-500Hz, and 875Hz are significantly reduced with the adaptive con-

troller closed. The peak due to the disturbance at 1100Hz is only mildly affected by the

adaptive controller, however, this is expected because this is a case where the adaptive

control command is penalized primarily according to the frequency weighting filter, which

has a cutoff frequency of 1000Hz. Put another way, by penalizing the control command

using a higher value of Rf , the adaptive control has less authority at frequencies above

1000Hz, and consequently does not target the 1000Hz disturbance peak as aggressively

as the lower frequencies. This is a visual confirmation that the frequency weighting filter

is effective in penalizing the adaptive control at higher frequencies.

3.3.3 Effect of Adaptive Filter Order

In general, as the complexity of a disturbance signal increases, so does the adaptive filter

order required to effectively predict that disturbance. Figure 3.9 shows the RMS values of

the output error signal for a range of adaptive filter orders (orderF ). For this study, the

control penalties are kept constant (Ru = 10−5 and Rf = 10−3) to isolate the effect of an

increasing value of orderF . There is a data point (green) that represents the RMS value

of the output error when only the LTI loop is closed. When closing the adaptive loop

and using an adaptive filter order of 2, there is a significant amount of reduction in the

output error. However, as expected, the output error can be further reduced by increasing

orderF . It is apparent, for this particular disturbance profile, that the best performance

(smallest output error RMS) is achieved when orderF is about 30. Increasing the filter

order beyond this value yields no significant improvement in performance.

Figure 3.9 also shows that, despite a negligible improvement in performance, the adap-

tive filter order can be increased beyond what is necessary to predict the disturbance

(over-parametrization) without causing detrimental effects on the performance. In early

experiments, a filter order too large would often cause an increase in output error, or
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Figure 3.9: RMS values of steady-state output errors vs. adaptive filter order. Top: vertical

error. Bottom: horizontal error. Ru = 10−5, Rf = 10−3.

in some cases, instability. Here, Rf is sufficiently large and allows for a reliably-stable

controller, even when the adaptive filter order is much larger than necessary. Table 3.2

provides a detailed study on the effect of the control penalties, Ru and Rf , on the max-

imum allowable adaptive filter order for constantly stable operation. It shows that a

sufficiently large control penalty must be used in order to be able to use a filter order

high enough to effectively predict the disturbance. In practice, it is valuable to be able

to use an over-parametrized adaptive controller (orderF higher than necessary), because

it is typically difficult to know the optimal orderf beforehand.
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Maximum
Ru Rf order of F

1× 10−5 1× 10−5 2
2× 10−4 1× 10−5 2
4× 10−4 1× 10−5 26
6× 10−4 1× 10−5 58
8× 10−4 1× 10−5 80
1× 10−3 1× 10−5 100+
1× 10−2 1× 10−5 100+
1× 10−5 2× 10−4 2
1× 10−5 4× 10−4 2
1× 10−5 6× 10−4 8
1× 10−5 8× 10−4 64
1× 10−5 1× 10−3 90
1× 10−5 1× 10−2 100+

Table 3.2: Effects of Ru and Rf on the maximum adaptive filter order for consistent stability.

3.3.4 Effect of Ru vs. Rf

As previously discussed, Ru penalizes the adaptive controller equally across all frequencies

whereas Rf penalizes the adaptive control command according to the frequency weighting

filter, allowing for less control effort to be applied at higher frequencies where plant

modeling errors are more abundant.

Figure 3.10 illustrates the effect of each control penalty (Ru, Rf ), on the RMS of

the output error in each channel. For all cases orderF = 32, but to isolate the effect

of each penalty term, either Ru or Rf was held constant and the other was allowed to

vary. In both plots, the RMS value of the output error is smaller when Ru is kept small

and a larger value of Rf is used. This behavior is expected because when penalizing

the adaptive control command with Rf , it only suppresses the control command at higher

frequencies, but allows the control to have higher authority at the lower frequencies where

the plant model is better and where most of the disturbance resides. By contrast, when

keeping Rf small and using the Ru parameter to penalize the control signal, the output
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error RMS tends to be larger. This is because, in addition to penalizing the higher

frequency components of the adaptive control command, the lower frequency range is

equally penalized, effectively restricting the control command from fully reducing the

amount of disturbances in the output.
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Figure 3.11: Visualization of Performance vs. Adaptive Control Command Penalty

Figure 3.11 depicts a visualization of the performance as a function of the severity

of the adaptive control command penalty, Rf . In region A, the penalty is extremely

small which, in theory, should yield nearly optimal performance. Experimental results,

however, yield a controller that is not robust to modeling errors and thus, cannot operate

near the optimal adaptive filter order (≈30) without consistent instability. The highest

adaptive filter order used in Region A is order 3. In region C, the controller is robust to

modeling errors because a sufficient penalty is applied to the adaptive control command.

As the amount of control penalty increases, the controller becomes more robust, allowing

for adaptive filter orders exceeding order 90. However, as a larger penalty is used, the

adaptive control command becomes too severely penalized and its ability to influence the

control mirror and significantly reject jitter becomes diminished. In region B, a balance

is achieved where there is enough of a control penalty to yield a robust controller capable
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of operating at sufficiently large filter orders (> 30), but not so much as to over-penalize

the control command and significantly restrict the controller’s influence.

While the plot in Fig. 3.11 depicts a varying Rf value while Ru is held constant, the

trend is similar for when Ru varies and Rf remains constant. Additionally, in Fig. 3.11,

the adaptive filter order varies and was chosen to be near its maximum value for reliably

stable operation for the given Ru and Rf values. This is in contrast to Fig. 3.10, which

is intended to highlight the difference between using Ru or Rf by holding the adaptive

filter order at a constant value.

The experimental results show that, when compared to a linear-time-invariant feed-

back loop, the adaptive controller significantly reduces the jitter in the position of the laser

spot on the target sensor. The receding-horizon performance index provides a large design

space for improving the robustness of the adaptive controller respect to plant modeling

error due to plant nonlinearities and unmodeled sensor noise. The experimental results

in this research demonstrate how control weighting in the performance index, especially

frequency weighting on the adaptive control signal, significantly improves the robustness

of the adaptive controller to unmodeled plant nonlinearities that are most prominent at

high frequencies.

While this experimental research has demonstrated a successful implementation of the

receding-horizon adaptive controller on a SISO plant, the controller is capable of imple-

mentation in a MIMO setting as well. Preliminary tests on the beam steering experiment

have shown that a MIMO adaptive control architecture works in implementation. In one

test, the two output channels were rotated in software, effectively generating a set of

coupled channels. A separate 2x2 system identification was performed and the resulting

model was using by the adaptive controller in a MIMO experiment with promising results.

Additionally, the adaptive controller is theoretically capable of adapting to non-stationary

disturbances, i.e. time-varying disturbances. Thus, the magnetic bearing discussed in the
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next chapter was the natural choice for a new plant on which to implement the controller

because it is MIMO by nature and it incorporates an inherent time-varying disturbance

as it rotates from rest to a final angular velocity.
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CHAPTER 4

Magnetic Bearing Experiment

4.1 Background

Active magnetic bearings (AMBs) have recently become a popular alternative to tradi-

tional ball, roller, and journal bearings in applications where mechanical wear and bearing

maintenance are of concern. Perhaps the greatest benefit of an AMB over a traditional

bearing is the lack of physical contact between moving surfaces. The requirements of

expelling heat and lubricating contact points in traditional bearings are eliminated with

an AMB. Additionally, the mechanical friction associated with the traditional bearing is

entirely eliminated in an AMB, improving the efficiency of many systems. Some applica-

tions that currently benefit from AMBs include: flywheel energy storage systems, wind

turbines, and jet engines.

While the benefits of the magnetic bearing are apparent, there are several challenges

and technological requirements that accompany the use of an AMB. Noting that any

magnetic levitation system is open-loop unstable, a stabilizing controller must first be

implemented simply to hold the bearing stationary within the bearing housing. Many

forms of this stabilizing controller have been used, including the built-in PD-controller

in the MBC500 described below as well as a similar lead compensator [14], and an LQG

controller [15].

Even after the bearing is stabilized, mass imbalances in the bearing shaft can cause

severe disturbances in the output when the shaft is spinning at high frequencies. The
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control problem can then be formulated as a disturbance rejection problem, in which an

additional outer-loop controller can be implemented for regulation. While the disturbance

is relatively simple (single-frequency sinusoid), it’s frequency is time-varying, and it mod-

ulates with the bearing’s angular velocity. Consequently, it is generally a non-stationary

disturbance. In order to reject this type of disturbance, several adaptive control schemes

have been implemented. One such control scheme is that in [16], in which a controller

based on the internal model principle was used to reject sinusoidal disturbances at prede-

termined frequencies. Variations using repetitive control have also been used due to the

periodic nature of the disturbance [17]. In this dissertation, the same inner-loop/outer-

loop control scheme is used, with the outer-loop controller being the receding-horizon

adaptive controller discussed in Chapter 2.

The Magnetic Moments MBC500 magnetic bearing system pictured in Fig. 4.1 is a

four degree-of-freedom (DOF) magnetic levitation experiment in which electromagnets

at each end of a 303-stainless steel rotor provide force in both horizontal and vertical

directions. The Turbo edition, used in this research, features a shortened shaft, designed

to push the resonant modes of the system past the speed range of the rotor. Hall-effect

sensors measure the horizontal and vertical displacements at both ends of the bearing

shaft and are recorded as voltages. The 4x1 endpoint displacement measurement vec-

tor,
[
x1 y1 x2 y2

]′
, is transformed into a vector containing rotation and translation

elements,
[
xr xt yr yt

]′
.

To describe the general control scheme, the open-loop unstable plant is stabilized using

an LQG controller, producing a stable closed-loop system referred to as G(z). Then, the

adaptive loop is wrapped around this G(z). The disturbances come from a shake-table

support system that introduces broadband disturbances into the output measurement,

as well as from mass imbalances in the shaft as it is spun to speeds up to 240Hz by an

attached turbine and compressed air controlled by a separate PID loop actuated by a
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Figure 4.1: Magnetic Moments Magnetic Bearing

mechanical servo valve.

To spin the rotor, the rotor shaft is also fitted with turbine blades and a 2-way servo

valve can be controlled to direct pressurized air. Regulating the speed of the rotor is

an important aspect of the experiment to the extent that repeatability of the process is

required. The pulses of the onboard encoder are used to trigger a high clock rate (20MHz)

counter card to determine the speed of the rotor. The measured speed is used to close

the loop on a Proportional-Integral-Derivative (PID) controller for servo valve command.

Stiction was observed to cause hunting of the speed set point, preventing the rotor

from reaching any useful constant speed. To counteract stiction in the servo valve, a high

frequency zero-mean dither signal was added to the valve command.

Data acquisition and control were implemented using the Mathworks xPC Target

platform at a sampling frequency of 10kHZ. National Instruments PCI-6052e A/D and
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PCI-6601 Counter cards were used for data acquisition and command. A shake table was

placed under a corner of the system to introduce a broadband disturbance also controlled

through the xPC environment. Figure 4.2 illustrates the primary hardware components

used in this research.

Figure 4.2: MBC500 Turbo magnetic bearing system hardware

4.2 System Identification

The adaptive controller requires a plant model, Ĝ(z), which was obtained from a system

identification based on recorded input/output data. The identified plant Ĝ(z) represents a

closed-loop stable system in which a 4-channel open-loop unstable plant P (z) is stabilized

by a robust LQG controller with an integrator C(z), designed to stabilize the plant across

a broad range of disturbance frequencies.

While the identification of Ĝ(z) was performed exclusively by the subspace methods
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utilized by Matlab’s n4sid function, the choice of the plant model structure was driven by

a test to determine the amount of coupling present in the system. Impulsive inputs were

applied to each channel of the closed-loop system, G(z), and the outputs were recorded.

Figure 4.3 shows that when an impulsive input is applied to the x-translation channel, the

output is seen predominantly in the same channel, but also a small amount is recorded

in the x-rotation channel. This indicates that there is essentially no cross-plane coupling

(into the y-channels), but there is some non-negligible in-plane coupling. This behavior is

typical of applying impulses to the other channels. Additionally, while the tests depicted

by Fig. 4.3 were conducted when the shaft was at rest, the results were similar when the

shaft was spinning, indicating the absence of any significant gyroscopic coupling.
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Figure 4.3: Impulsive input applied to x-translation channel

The likely reason for this in-plane coupling is that the transformation of coordinates

embedded within P (z) assumes that the center of mass of the shaft lies at half the shaft’s
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length:

xtrans =
yx1 + yx2

2
, xrot =

yx1 − yx2

2
(4.1)

ytrans =
yx1 − yx2

2
, yrot =

yx1 + yx2

2
(4.2)

However, this is not truly the case because the turbine that is attached to the shaft adds

a significant amount of mass to one of the shaft’s ends, shifting the center of mass slightly

to one end. While it may have been possible to define a different coordinate transformation

to account for the true location of the center of mass, the simple transformation above

is used throughout this work to test the adaptive controller’s ability to handle coupled

channels.

Because of the presence of some in-plane coupling and a lack of any significant cross-

plane coupling, the control structure is treated as two independent adaptive control loops,

one being for both horizontal channels, and the other being for the two vertical chan-

nels. Thus, the required plant models are two 2x2 MIMO models; one for the horizontal

channels, Ĝhor(z) and another for the vertical channels, Ĝvert(z). Figure 4.4 shows the

identified 2x2 plant models used.
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4.3 Magnetic Bearing System

4.3.1 System Nonlinearities

Initial experimental tests showed that the adaptive controller was effective in reducing

the disturbances caused by shaft imbalances while spinning. However, as shaft rotation

rates were increased to above approximately 250Hz, a severe reduction in performance

occurred in the x-plane channels. In the y-plane, a similar reduction in performance also

occurred, but at a higher threshold frequency (approximately 500Hz) than for the x-plane.

A series of tests ruled out the potential for a bad plant model as well as any malfunctioning

hardware. Additionally, a 3-dimensional mapping of control effort required to hold the
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shaft at positions on a grid of xr and xt values revealed no problematic or nonlinear

regions within the electromagnetic field.

The problem was ultimately identified to be a hardware limitation in the form of

actuator saturation. Figure 4.5 shows results for a test performed at a low frequency

(100Hz) and Fig. 4.6 shows results for the same test performed a high frequency (400Hz).

A sinusoidal signal (u = Ain sin(ωt)) was fed in parallel through the identified closed-loop

plant, Ĝ(z), and the true closed-loop plant, G(z). The amplitudes of the output sinusoids

for the simulated (blue) and experimental (magenta) cases were then plotted for a range of

Ain values. Immediately apparent was the flattening-out of the experimental (magenta)

output amplitudes for increasing values of Ain in the ω = 400Hz case. This indicates

actuator saturation, a phenomenon that occurs when the actuator simply cannot provide

the necessary force to drive the output to the proper amplitude at a given frequency. The

effect of this saturation is a nonlinear plant response, and consequently, poor adaptive

controller performance at frequencies above 250Hz.

The blue and magenta plots in Fig. 4.5 and Fig. 4.6 reveal only that there exists

actuator saturation at sufficiently large input amplitudes. In order to determine if the

magnetic bearing experiment was actually operating in the nonlinear region, a second

test was performed. First, in simulation, a sinusoidal disturbance was added without

closing the adaptive loop. The amplitude of this disturbance sine wave (Ad) was adjusted

until the output amplitude matched that of the output when the shaft was spinning at

that frequency. This served to emulate the disturbance due to the shaft imbalance at a

given frequency and is plotted as the green line in Fig. 4.5 and Fig. 4.6. Then, again in

simulation, the adaptive loop was closed and the adaptive control command was recorded.

The amplitude of the this signal was denoted Ain, req, the input amplitude of the control

command required to sufficiently reduced the output error. This is plotted as the orange

line on Fig. 4.5 and Fig. 4.6. In theory, the green and orange lines should intersect at the
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simulated (blue) plot, but because the control penalties cannot be exactly zero even in

simulation, the vertical Ain, req line is always slightly to the left of this intersection point,

as expected. Once this test was performed, it became clear that at 400Hz (and really, at

frequencies above ≈ 250Hz), in the x-Rotation channel, the actuators were saturated and

the experiment was operating in a severely nonlinear region. The performance degradation

was also seen in the x-translation channel, and is likely due to the coupling between the

rotation and translation channels in the x-plane. It may also result from the fact that the

operating point for the x-translation channel seems to be on the verge of the nonlinear

region.
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Figure 4.6: Plant Nonlinearity Test (400Hz)

4.3.2 Experimental Results

Because of the hardware limitation, the bearing’s angular velocity was kept below a max-

imum spin rate of 250Hz. However, to make the control problem more challenging, two

additional disturbance elements were added. The first element was to add a piezo-electric

shake table which is capable of broader-band disturbances. By designing the shake table

support system asymmetrically with respect to the shaft rotation axis, significant distur-

bances in the translational channel in each plane was achieved, as evident in Fig. 4.7 by

noting the increased amplitude in the blue time series plots between 15s ≤ t < 20s.
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Figure 4.7: Time Series Plots for Broadband Disturbance + Time-Varying Disturbance

For the time series shown in Fig. 4.7, the blue plot shows the performance of the

adaptive controller after t = 20s. The green plot in the background shows the system

output in the absence of the adaptive control, and the magenta plot is the noise floor. In

Fig. 4.7, the following sequence of events took place:

Time Action
0 ≤ t < 5s Shaft reaches stable equilibrium

t = 5s Shaft begins to spin up from rest
10s ≤ t < 15s Shaft spins at steady-state spin rate (120Hz)

t = 15s Shaker disturbance is added (Remains on until end of experiment)
t = 20s Adaptive control loop is closed (Remains closed until end of experiment)

25s ≤ t < 30s Shaft spin rate increased linearly from 120Hz to 240Hz
30s ≤ t < 40s Experiment reaches steady-state

Table 4.1: Sequence of events during experimental run
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Typically, a plot illustrating the power spectral density (PSD) of the output with

adaptive control vs. the PSD of the output with only the stabilizing loop would be

included. However, because the output is non-stationary from 25s ≤ t < 30s, this

comparison is omitted. Nonetheless, for t ≥ 20s it is clear in the blue time series that the

adaptive controller is effective in reducing the amount of disturbance present in output

signal on all four control channels.

4.3.3 Forgetting Factor, λ

The forgetting factor, 0 ≤ λ < 1, is a parameter built in to the RLS algorithm that

allows data far in the past to be weighted exponentially less than more recent data when

computing adaptive gains. The adaptive algorithm applies an attenuation multiplier

defined as λn, to a data sample n steps back. As an example, because the sample rate for

this experiment was 5000Hz, for λ = 0.999 a data sample taken 1 second in the past is

weighted by a factor of 0.9995000 = 0.0067. By contrast, for a small change in forgetting

factor, if λ = 0.9999, a 1-second old data sample is weighted by 0.6065, which illustrates

the sensitivity of the forgetting factor parameter.

Consequently, there exists an inherent trade-off when choosing a forgetting factor for

a complex disturbance of this type. On one hand, a larger λ is desired when treating

broadband disturbances (50-100Hz band produced by the shake table) because more data

samples are required to capture all of the embedded frequencies. On the other hand, when

a time-varying disturbance is present (i.e. shaft spin rate increasing), it is more important

for the algorithm to weigh very recent data more heavily by using a smaller λ.

Figure 4.8 illustrates the problem with using a forgetting factor that is too large when

dealing with only a time-varying disturbance:
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Figure 4.8: Forgetting Factor Comparison for Ramp Disturbance. Smaller values for λ yield

improved performance by reducing output error.

For λ = 0.99999, the adaptive algorithm is heavily weighting data from several seconds

back; even at 1 second in the past, the data is being weighted by a factor of 0.999995000 =

0.9512. However, during the spin from 120Hz to 240Hz between 25 < t < 30, the adaptive

controller should give very little weight to data far in the past and only consider very recent

data. Thus, for λ = 0.99, which multiplies data even 0.1s in the past by a factor of only

0.0066, the performance is significantly improved.

The trade-off, of course, is that for broadband disturbances, a larger forgetting factor

should be used to capture all of the frequencies contained. A similar plot is shown in Fig.

4.9 to show the opposite trend in performance as a function of λ when subject to only the

shake table’s disturbance. Here, the performance increases as λ gets larger because more

past data is considered by the adaptive algorithm, yielding a more accurate prediction of

the disturbance.
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Figure 4.9: Forgetting Factor Comparison for Shaker Disturbance. Larger values for λ yield

improved performance by reducing output error.

4.3.4 Coupled Channels in Ĝ(z)

One of the primary goals of this paper is to highlight the controller’s effectiveness in a

MIMO configuration with plants containing severely coupled channels. While the Bode

plots in Fig. 4.4 indicate that there is some amount of coupling between the channels

in the 2 × 2 plants, the relative amount of coupling has not yet been discussed. One

convenient way to visualize the amount of coupling between channels is to examine the

2 × 2 × h filter gains in H(z). Figure 4.10 shows the 2 × 2 × h gains for three different

controller configurations used for both the horizontal and vertical axes. The blue plots

in Fig. 4.10 depict a small amount of coupling as evidenced by the small gain values on

the off-diagonal elements. This indicates that the 2 × 2 plants in Fig. 4.4 are actually

relatively decoupled.
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In order to test the controller’s performance in a configuration with severely coupled

channels, two alternate versions of the experiment were conducted. The red plots in Fig.

4.10 depict the gains for the configuration in which the controller operates entirely in the

raw (endpoint measurement) coordinates. In this configuration the input and output of

the adaptive controller are in raw coordinates and the appropriate plant model for the

controller is
ˆ̂
G = TĜT−1, where T =

[
1/2 1/2
1/2 − 1/2

]
. There is significantly more coupling

in this case, as the off-diagonal gains are substantially larger than in the blue plots for

which the input and output of the adaptive controller are in the transformed (rotation

and translation) channels.

In another configuration, the input to the adaptive controller is in the raw coordinates,

but the output of the controller is in the transformed coordinates. This extreme case for

which
ˆ̂
G = ĜT−1 is depicted by the green plots in Fig. 4.10 and indicates the largest

amount of coupling among the three different configurations.

RH LQG T P (z) T−1
u y

−

TRH LQG T P (z) T−1
u y

−

Figure 4.11: Block Diagram Control Structure for
ˆ̂
G = TĜT−1

Figure 4.11 shows the block diagram structure for the raw coordinate configuration.

Where typically the measurement, y is fed back into the adaptive controller as transformed

signals representing translation and rotation, in this case the raw measurement is fed back

into the adaptive controller. Additionally, the output bock of the adaptive controller,

which is in raw coordinates, is transformed back into translation and rotation coordinates.
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Figure 4.10: 2× 2× h filter gains of H(z) for horizontal (top) and vertical (bottom) channels.

In each 2× 2 plot, larger gains in the off-diagonal elements indicate a stronger coupling between

channels.
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The gains for this configuration are shown in Fig. 4.10 in the red plots.

RH LQG T P (z) T−1
u y

−

TRH LQG T P (z) T−1
u y

−

Figure 4.12: Block Diagram Control Structure for
ˆ̂
G = ĜT−1

Figure 4.12 shows the block diagram for the mixed coordinate configuration. Note

that the input to the adaptive controller is in the raw coordinate frame, while the output

represents an adaptive control command in the translation / rotation coordinates. The

proper plant model for this scenario is
ˆ̂
G = ĜT−1 and the resulting adaptive filter gains

for this case are depicted by the green plots in Fig. 4.10.

Bode plots of the proper plant models are shown in Fig. 4.13 for the raw coordi-

nate case, referred to as Configuration 1 and for the mixed coordinate case, referred to

as Configuration 2. Indeed, Fig. 4.13 (Top) shows that when working entirely in raw

coordinates, there is substantially more coupling between channels than in the purely

transformed coordinates shown in Fig. 4.4. It is interesting to note that in the raw co-

ordinates (Fig. 4.13, Top), there seems to be more coupling in one direction than the

other within the vertical plane. In other words, an input at Endpoint 2 produces a larger

output at Endpoint 1 than the output at Endpoint 2 due to a similar input at Endpoint

1. This is likely due to the fact that one end of the shaft is heavier than the other because

of the attached turbine. This may explain why the phenomenon is more pronounced in

the vertical plane, since the effect of gravity is present. In any event, Fig. 4.13 (Bottom)

confirms that when working in mixed coordinates, the degree of coupling is the highest

among all three configurations, which agrees with the green plots in Fig. 4.10. This is also
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Figure 4.13: Bode magnitude plots for Configuration 1:
ˆ̂
G = TĜT−1(Top), and Configu-

ration 2:
ˆ̂
G = ĜT−1(Bottom).
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logical because an endpoint displacement at either end ought to produce both rotation

and translation of the shaft.

Figures 4.14 and 4.15 show time series results for the two configurations with the

most coupling between channels (raw and mixed coordinates). The results compare the

performance of the LQG control loop alone with that of the LQG control loop augmented

by the adaptive control loop. In these experiments, the disturbance consisted of narrow-

band unbalance of the spinning shaft combined with broadband vibration produced by a

piezo-electric shaker under one corner of the platform on which the bearing was mounted,

exactly as in Fig. 4.7. The shaker generated significant vibration both the horizontal and

vertical translational channels. Table 4.1 shows the sequence of events for each experiment

in which the adaptive loop is closed. It is important to note that the spin rate of the shaft

increases linearly between 25 and 30 seconds, resulting in a time-varying disturbance over

this range.

For the time series shown in Figs. 4.14 and 4.15, the blue plots show the performance of

the adaptive controller by displaying the measured output for the 4 channels after t = 20s.

The green plots in the background show the system output in the absence of the adaptive

control and are included to show the effect of the adaptive controller. The magenta plots

represent the noise floor generated by taking data with the stabilizing LQG controller

closed, but with the shaft being stationary and free of disturbances. These nominal plots

are included to depict the best possible performance achievable by the controller. The

blue time series plots in Figs. 4.14 and 4.15 show that, when the adaptive control loop

closes at 20 sec, the amplitudes of the output error signals are reduced quite substantially

in all four control channels.
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Figure 4.14: Configuration 1:
ˆ̂
G = TĜT−1 (raw input, raw output). Time series plots

for two experiments: one with LQG control only and one with LQG plus adaptive control. The

LQG control loop is closed throughout both experiments. Adaptive control begins at 20 sec in

one experiment. The disturbance consists of broadband vibration produced by the shaker +

narrow-band unbalance of the spinning shaft. The spin rate increases between 25 sec and 30

sec. Table 4.1 gives the complete sequence of events.
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Figure 4.15: Configuration 2:
ˆ̂
G = ĜT−1 (raw input, transformed output =⇒ most

coupling). Time series plots for two experiments: one with LQG control only and one with

LQG plus adaptive control. The LQG control loop is closed throughout both experiments.

Adaptive control begins at 20 sec in one experiment. The disturbance consists of broadband

vibration produced by the shaker + narrow-band unbalance of the spinning shaft. The spin rate

increases between 25 sec and 30 sec. Table 4.1 gives the complete sequence of events.
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Table 4.2 presents RMS values of the four output error measurements xR, xT , yR, yT

for various controller configurations and for three distinct time ranges. For each time

range, the LQG Only RMS value represents the magnitude of the output under the influ-

ence of the disturbance with no adaptive control, and the Nominal RMS value represents

the output magnitude with no disturbances. As in Figs. 4.14 and 4.15, this depicts the

noise floor, and hence the best possible performance achievable. The three highlighted

rows in each time range indicate the performance for three controller configurations. The

Transformed Ĝ row indicates the performance of the adaptive controller when operat-

ing entirely in the transformed coordinates, as in Fig. 4.7. The Raw and Mixed rows

correspond to Configuration 1 and Configuration 2, and it is apparent that the output

RMS values for all three time ranges are roughly the same, indicating that the adaptive

controller is capable of producing nearly the same results whether the plant channels are

essentially decoupled or severely coupled.

Because the output is non-stationary from 25s ≤ t < 30s in both configurations

(
ˆ̂
G = TĜT−1 and

ˆ̂
G = ĜT−1), the power spectral densities (PSD’s) of the output with

and without adaptive control are not compared over this range. However, Fig. 4.16 and

4.17 show the output error PSD’s for 21s ≤ t < 25s and 31s ≤ t < 35s, respectively for

configuration 2, in which
ˆ̂
G = ĜT−1. Because the results are similar for both configura-

tions 1 and 2, PSD’s are only shown for configuration 2, in which the coupling is most

severe. The disturbance in Fig. 4.16 consists of a frequency band from 50-100Hz, and

a narrowband peak at the shaft spin rate of 120Hz. Also visible are 2 to 3 additional

harmonics of this frequency, which are typical for this application. The most prominent

reduction in the output is of the broadband disturbance as well as the primary peak due

to the shaft unbalance. There is some amplification of the disturbances from approxi-

mately 250-400Hz, which is common for this type of adaptive control scheme which tends

to whiten the output error. Overall, the reduction of the broadband and primary narrow-
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RMS Values
of Output Error

20 ≤ t < 25s

Channel
xR xT yR yT

LQG Only 0.0822 6.7486 0.0819 9.8267

Transformed (Ĝ) 0.0176 1.5016 0.0270 2.9369

Raw (TĜT−1) 0.0148 1.4531 0.0274 3.2796

Mixed (ĜT−1) 0.0148 1.5300 0.0275 3.1364
Nominal 0.0054 0.6219 0.0082 0.9808

25 ≤ t < 30s

Channel
xR xT yR yT

LQG Only 0.0924 6.5029 0.0818 9.8201

Transformed (Ĝ) 0.0125 1.2355 0.0181 2.6126

Raw (TĜT−1) 0.0123 1.2430 0.0183 2.4524

Mixed (ĜT−1) 0.0118 1.4789 0.0176 2.5439
Nominal 0.0053 0.6173 0.0081 0.9672

30 ≤ t < 35s

Channel
xR xT yR yT

LQG Only 0.1015 6.1483 0.0726 8.7081

Transformed (Ĝ) 0.0147 1.7186 0.0238 2.9122

Raw (TĜT−1) 0.0162 1.7768 0.0224 2.8661

Mixed (ĜT−1) 0.0183 2.1499 0.0223 2.9096
Nominal 0.0053 0.6211 0.0080 0.9585

Table 4.2: RMS values of each output error channel xR, xT , yR, yT for various controller
configurations and for three different time ranges.
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Figure 4.16: Power spectral densities of output error for Configuration 2:
ˆ̂
G = ĜT−1,

(21s ≤ t < 25s). The broadband disturbance (50-100Hz) is due to the shaker. The narrowband

peak and the associated harmonics are due to shaft unbalance while spinning at 120Hz.

band peak yields a significant reduction in the output error, which agrees with the time

series plots in Fig. 4.14.

In Fig. 4.17, the broadband disturbance remains unchanged, but the shaft spin rate

has increased and settled at 240Hz. Because this disturbance is very close to exceeding

250Hz, where the plant begins to exhibit nonlinear behavior, the adaptive controller had

a more difficult time reducing the output due to the narrowband peak, but was still able

to significantly reduce the output error due to the broadband disturbances.
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Figure 4.17: Power spectral densities of output error for Configuration 2:
ˆ̂
G = ĜT−1,

(31s ≤ t < 35s). The broadband disturbance (50-100Hz) is due to the shaker. The narrowband

peak and the associated harmonics are due to shaft unbalance while spinning at 240Hz.

It is apparent from Figs. 4.14-4.17 that the performance in both horizontal plane

channels is notably better than in the vertical plane channels. This is due primarily to

the fact that the vertical channel plants both contain an unstable zero, making system

identification of the plant, and thus control, more challenging. Despite this, the adaptive

controller provides significant reduction in the output error on all 4 channels in the pres-

ence of a complex disturbance which includes broadband and time-varying components,

and regardless of the relative amount of coupling between channels.
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CHAPTER 5

Parallel Control for Targeted Disturbance Rejection

5.1 Background

While the receding-horizon adaptive controller is shown to be capable of complex broad-

band disturbance rejection, in certain circumstances, it may prove advantageous to apply

a combination of controllers that serve different purposes. In the case of the magnetic

bearing experiment in Chapter 4, a typical disturbance profile consists of a broadband

component generated by the shake table support system, as well as a sinusoidal com-

ponent and its associated harmonics. In this study, a combination of a peak resonator

controller and the receding-horizon adaptive controller discussed in Chapter 2 are applied

in parallel to reduce a complex disturbance more effectively than either controller alone.

The resonator and receding-horizon controllers are implemented in the structure in

Figure 5.1. The controller C (e.g. LQG with integral action) is used to stabilize the

4-channel open-loop unstable bearing system across the vast range of shaft rotation rates

(≥ 1000Hz). Because the primary objective of the stabilizing controller is to yield a

robustly stable closed-loop bearing system G, the disturbance rejection bandwidth of C

is nil, and essentially all of the disturbance rejection performance is the result of the

outer-loop controllers CRes and CRH .
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vres

v
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−
vadap

Figure 5.1: Block Diagram of Resonator and Adaptive Controllers

The configuration of the controllers shown in Figure 5.1 is such that the outer-loop

controllers CRes and CRH are independent of one another, and each controller can be

engaged or disengaged at will. This parallel structure is quite attractive in rejecting

complex disturbances as there is no fighting between the two controllers. In this study,

the resonator is designed to eliminate the sinusoidal components due the shaft rotation

and its associated harmonics. Simultaneously and independently, the adaptive controller

reduces the effects the broadband disturbances to improve the performance over any one

controller alone. Prior to discussing the results of this experiment, an overview of the

peak resonator is discussed.

5.2 Peak Resonator - Internal Model Control Design

To reject this harmonic disturbance, an internal model-based controller is examined

[18, 19]. Its design flexibilities make it attractive in addressing the subtleties of rotor

operations. Furthermore, stability in AMB-rotor application is paramount. To that end,

a pre-existing feedback loop provides stability or satisfy other design criteria, while the

harmonic resonator CR employed as a plug-in unit supplies targeted control effort. If the

adaptive loop is disconnected, the block diagram in Figure 5.1 can be reduced to that in

Figure 5.2. The controller CR is composed of two filters
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Figure 5.2: Block Diagram of Peak Resonator Controller

CR =
L

1− L · F (5.1)

the internal model L and a stable inversion F .

5.2.1 Internal Model Design

The Internal Model Principle requires a model of the disturbance to be placed in the

feedback path [20]. The internal model is designed by first designing a p-number of notch

filter and the inverting them [18,19].

Cascaded 2nd-order notch filters can be defined by

H =

p∏
k=1

1− 2βk cosωkz
−1 + β2

kz
−2

1− 2ρk cosωkz−1 + ρ2
kz
−2

(5.2)

This formulation makes specifying key parameters of the internal model straightforward.

The parameter ωk in (5.2) represents the location of the notch in the Nyquist band and it

is quite apparent that any frequency can be specified, including non-integer values. This

characteristic is an attractive trait in rotor operations, as the rotor speed and thus the

disturbance frequency can be general.

Furthermore, by using this 2nd-order notch filter as the basis, we can take advantage

of the direct control over the characteristic of each notch. Parameters of the filter, ρ

and β, shape the depth and bandwidth. They can be tuned independently for each kth

frequency. The two factors are chosen to satisfy the relationship 0 << ρ < β ≤ 1. In the
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notch filter, β = 1 places the zeros on the unit circle producing zero filter output. Once it

is inverted, the peak is at unity and will produce infinite gain in the feedback loop. The

parameter ρ controls radius of the poles of H. As ρ→ 1, the filter becomes more ideal in

that frequencies away from the notch are less affected while ρ < 1 is maintained to keep

the poles inside the unit circle to produce a stable filter.

The relationship between the two factors can be used to approximate the -3dB band-

width through the expression

BWHz ≈
π(βk − ρk)

2πTs
(5.3)

where Ts is the sample time of the system. A wider notch provides faster convergence

as well as robustness to mismatches between the disturbance and controller frequencies.

This must be balanced by the so-called “waterbed effect”, which describes the resulting

amplification in another part of the spectrum resulting in a loss of performance and

stability.

The peak filter is made by inverting the notch filter

L = 1−H (5.4)

In Figure 5.2, the internal model is generated by wrapping the peak filter in a positive

feedback loop.

D =
L

1− L (5.5)

5.2.2 Stability Condition and Inversion Filter F

Filter F is included to satisfy a stability condition derived from the Nyquist Stability

Criterion. A detailed discussion can be found in [18]. The stability condition can be

derived from Figure 5.2:

||L(1− FG)||∞ < 1 (5.6)
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This is easily satisfied in the majority of the spectrum by the design of L, where L ≈ 0 for

much of the band. Where L(ejω) = 1, the condition is met by choosing the filter which

satisfies F (ejω) ≈ G−1(ejω).

One approach is to invert the entire system. For stable minimum-phase systems, a

complete model inversion is easily done. In the MBC500 Turbo, the nonminimum-phase

systems of the Y-plane requires an approximate inversion method. The Zero Phase Error

Controller (ZPEC) is a useful algorithm which inverts the nonminimum-phase zeros such

that the phase is compensated [21]. For a factorization of the stable plant

G =
z−dB+B−

A
(5.7)

d represents the relative system order, and A,B+, and B− are the poles, stable zeros, and

unstable zeros, respectively. The ZPEC inversion is defined as

Fzpec =
A[B−]∗

γz−dB+
(5.8)

where [B−]∗ is the complex conjugate of the unstable zeros. This produces the cascaded

system FzpecG = B−[B−]∗

γ
which has zero phase since the zeros are complex conjugates of

one another.

Depending on the locations of the unstable zeros, the corresponding magnitude re-

sponse may be unfavorable. Nonminimum phase zeros near the unit circle results in a

filter which generates high gains near the Nyquist frequency [22]. To maintain stability,

the constant γ = [B−(ejw)][B−(e−jw)] is used to scale the magnitude of the filter output

to unity at the prescribed frequency.
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5.2.3 Causal Implementation

For strictly proper systems and/or those with nonminimum phase zeros, the resulting

inversions will be non-causal. They must be provided with enough “look-ahead” or “pre-

view” steps to form a causal filter. Separating into a causal filter and non-causal previews

zmFzpec,caus = zm
A[B−]∗

γz(d+2nu)B+
(5.9)

where nu is the number of unstable zeros andm = d+nu represent the preview requirement

for each respective filter.

A property of the peak filter formulation can be exploited in that L is relative-order 1.

This allows the internal model to absorb a preview step. To compensate n-step previews,

the notch filter can be up-sampled to

Hn =

p∏
k=1

1− 2βk cosnωkz
−n + β2

kz
−2n

1− 2ρk cosnωkz−n + ρ2
kz
−2n

(5.10)

Then (5.4) would produce a peak filter with n-relative order. Thus, an n-step preview

requirement can be compensated by the up-sampled filter and Lnz
n will remain proper.

However, directly applying (5.4) to produce Lm will cause (m− 1) aliased peaks to show

up in the band at locations

ωk,i =

∣∣∣∣(ωk ± 2πi

m

)
mod (2π)

∣∣∣∣ (5.11)

where i ∈ Z between 0 ≤ i ≤ bm
2
c. The aliased peaks are removed while maintaining the

correct filter order by combining two filters such that for an m-step preview requirement

Lm = L1L(m−1) (5.12)
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5.3 Experimental Results

In the following experimental results, the rotor is spun to 200Hz to generate the har-

monic disturbances. The shaker is also connected to generate a broadband vibration

between 50-100Hz. The results of three distinct controller configurations are presented

to illustrate the differences among the outer-loop controllers. In each case, the same

stabilizing LQG controller is applied first, then one of three outer-loop control configura-

tions (Resonator, Receding-Horizon, and both Resonator and Receding-Horzon) is closed

at t = 20s. It should also be noted that the particular configuration of the broadband

shake-table support system primarily affects the translational channels xT and yT and

very little broadband disturbance is observed in the rotational output channels xR and

yR.

Figures 5.3 and 5.4 show the results from only closing the resonator control loop;

there is no receding-horizon adaptive control in this configuration. From Fig. 5.3, it

is immediately apparent that greatest reduction in output RMS is seen in the rotational

channels, 92% RMS reduction in xR and 88% RMS reduction in yR. On the other hand, the

translational channels xT and yT experience far less reduction 37% and 27%, respectively.

This is explained by examining the power spectral densities shown in Fig. 5.4. In every

channel, the resonator is remarkably effective in eliminating the harmonic components

in the output, as each of the 3-4 harmonic peaks in each channel is essentially reduced

to the noise floor. However, the resonator cannot address the broadband disturbance

component seen prominently in the translational channels. The result is that the overall

RMS reduction in these channels is minimal.
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Figure 5.3: Time series plots of output channels with peak resonator control.
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Figure 5.4: Power Spectral Densities of output channels with LQG only and LQG +
resonator control for t ≥ 20s.
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The results from closing only the receding-horizon adaptive controller are depicted

in Figs. 5.5 and 5.6. The receding-horizon controller, unlike the resonator, attempts to

reject all observed disturbances. In this configuration, the RMS reduction is greater in

the xT and yT channels than with the resonator, but not nearly as substantial in the

rotational channels xR and yR. The PSDs in Fig. 5.6 indicate that most of the reduction

occurs below about 300Hz, which is the cutoff frequency of the frequency weighting filter

used with this controller. An examination of the translational channel PSDs indicates

a reduction of the broadband disturbance component of about 10dB which explains the

greater RMS reduction in the translational channels. Because this adaptive controller

is particularly sensitive to the system nonlinearities that occur above about 250Hz, the

controller cannot address the higher frequency peaks, and in some cases, tends to amplify

the higher frequency components.
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Figure 5.5: Time series plots of output channels with receding-horizon control.
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Figure 5.6: Power Spectral Densities of output channels with LQG only and LQG +
receding-horizon control for t ≥ 20s.

In the third configuration, both the resonator and the receding-horizon adaptive con-

troller are engaged. Figures 5.7 and 5.8 show the results from this configuration. It is

immediately apparent from the PSDs in Fig. 5.8 that all of the disturbances are effec-

tively rejected. The resonator is able to eliminate the harmonic components just as in

Figs. 5.3 and 5.4. However, in this configuration the receding-horizon adaptive controller

only observes the 50Hz broadband disturbance component, which it easily attenuates.

The time series plots in Fig. 5.7 indicate a reduction in output RMS far superior to either

controller alone.
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Figure 5.7: Time series plots of output channels with both peak resonator and reced-
ing-horizon control.
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Figure 5.8: Power Spectral Densities of output channels with LQG only and LQG +
resonator + receding-horizon control for t ≥ 20s.
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Figure 5.9: Time series plots of output channels with both peak resonator and reced-
ing-horizon control (aggressive tuning).
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Figure 5.10: Power Spectral Densities of output channels with LQG only and LQG +
resonator + receding-horizon control (aggressive tuning) for t ≥ 20s.
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An interesting phenomenon occurred when attempting to tune the receding-horizon

control parameters Ru, Rf when applied in combination with the peak resonator and

when applied by itself. It was discovered that the receding-horizon parameters can be

tuned more aggressively (less control command penalty, smaller Ru, Rf ) when applied in

combination with the peak resonator. Figures 5.9 and 5.10 depict this case, in which the

receding-horizon control parameters were tuned more aggressively than in Figs. 5.5 and

5.7 which utilized the exact same receding-horizon control parameters. The result was

improved performance over the combination configuration in Fig. 5.7 in the xT and yT

channels with a negligible reduction in performance in the xR channel.

This result alludes to the sensitivity of the receding-horizon controller to plant mod-

eling error ∆G. When the harmonic peaks are not first attenuated by the peak resonator

as in the LQG + receding-horizon case, the shaft is spinning at 200Hz and is subject to

the mass unbalance which causes it to wobble at the primary frequency and its higher

harmonics. This implies a larger ∆G because the plant model was obtained with no shaft

rotation. In the case of the LQG + resonator + receding-horizon combination control, the

resonator first attenuates the harmonic disturbances, so that the receding-horizon con-

troller observes essentially a non-rotating shaft with an additional broadband disturbance.

In this case, the plant model is much closer to the true plant and the ∆G is smaller. With

a smaller ∆G, the controller can be tuned more aggressively without risk of instability.

This phenomenon highlights the sensitivity of the receding-horizon adaptive controller to

varying amounts of plant modeling error, which is consistent with the findings in previous

chapters.

For the steady-state conditions examined, the commands generated by each controller

demonstrate the independent nature of the control structure in Fig. 5.1. Figure 5.11

shows that each controller generates a control command appropriate for reducing one

portion of the overall disturbance. That is, the peak resonator only rejects the harmonic
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components while the receding-horizon controller aims only to reduce the broadband

disturbance component. While only the yT channel commands are depicted in Fig. 5.11,

this trend is typical among all control channels. This is a desirable characteristic to observe

when using multiple controllers because it indicates that the controllers do not fight each

other, or attempt to reject the same disturbance components, which can potentially cause

instability or saturation.
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Figure 5.11: PSDs of control commands generated by peak resonator and receding-horizon
controller for yT channel in steady-state.

The RMS reduction of the output error is tabulated in Table 5.1 for each channel

and for each controller configuration. It is clear that the configuration in which both the

peak resonator and the receding-horizon controller are applied in parallel produces the

greatest RMS reduction in output error across all four channels. One may observe that

the combination configuration produced only a marginal improvement on the xR channel

when compared to that of the the LQG + resonator case. This is due to the fact that

the xR channel experienced essentially no effect from the broadband shaker, as evidenced

by the LQG only PSD of the xR channel in any of Figs. 5.4, 5.6, or 5.8. In this channel,

the resonator substantially reduced the harmonic peaks, and thus the receding-horizon

adaptive controller had essentially no further disturbance to attenuate. This reiterates
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the independence of the two controllers, as it was not the case that the two controllers

aimed to reduce the same disturbance.

Channel
LQG +

Resonator
LQG + RH

LQG +
Resonator + RH

LQG + Reson +
RH (Aggressive

Tuning)

xT 37.04% 45.75% 84.65% 88.79%

xR 91.57% 51.48% 92.14% 91.90%

yT 27.16% 56.06% 82.90% 84.56%

yR 88.05% 71.58% 92.18% 92.18%

Table 5.1: Percent reduction in RMS value of various controller configurations.

To summarize the results of this study, a peak resonator based on the Internal Model

Principle was applied in conjunction with a receding-horizon adaptive controller to reject

both harmonic and broadband disturbances in an AMB-rotor system. The controllers

were applied in a plug-in architecture to minimally effect the stability of the underlying

stabilizing controller while also not affecting the complementary control scheme. The re-

sults presented show superior rejection when applying a combination of the two controllers

over feedback (LQG) control alone as well as the over each controller applied indepen-

dently. Further, it is shown that when a combination control architecture is applied, the

receding-horizon controller can be tuned more aggressively because the resonator elimi-

nates the harmonic disturbances which otherwise increase the plant modeling error ∆G

associated with the receding-horizon controller.
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CHAPTER 6

Online System Identification

6.1 Background

A key component of the Receding-Horizon Adaptive Control scheme is having an accurate

plant model to generate an estimate ŵ(t) of the disturbance. In this research as well as

in [5, 6, 10], this model has been generated by a one-time, offline system identification

procedure. A white noise sequence of sufficient length (50, 000 data points at 5kHz) is used

to generate input / output data that is processed by MATLAB’s n4sid subspace algorithm.

The result is a model (transfer function) that is essentially the best linear representation

of the plant in question, and is henceforth referred to as the truth model. This model

is subsequently used by the adaptive controller in an experimental run. The limitation

of this type of offline identification process is apparent when making the transition to a

real-world application. The reason this method is not feasible in practice is twofold:

• This method takes place with no disturbance present. This is axiomatically im-

practical, as disturbances in real systems are ever present and cannot be paused or

temporarily turned ’off’ to generate a good plant model.

• This method excites the system with white noise sequences to levels that would be

detrimental to the performance of the adaptive controller if executed in realtime.

While it is true that the system needs to be excited across all frequencies to obtain

an accurate plant model, the overall goal of the adaptive controller is to reduce
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output error rather than amplify it.

Therefore, the goals for the online identification procedure are as follows:

1. Be able to generate a plant model Ĝ(z) in the presence of a disturbance.

2. Do so without significantly increasing the amplitude of the output error.

3. Achieve the above goals in the shortest amount of time possible.

It should be noted that the above objectives are in contention with one another. To

generate an accurate plant model, the output rms must be somewhat increased due to

the dither signal, and a sufficient amount of data is required with more data generally

producing better results. The subsequent discussion quantifies the accuracy of the plant

models generated using variations on the main identification algorithm (Chapter 6.1.1)

and analyzes each method.

6.1.1 Overview of Online System Identification Method

The algorithm for generating an accurate plant model relies on a pair of adaptive lattice

filters in series that together process the noisy output measurement y(t). Figure 6.1 below

shows the block diagram that achieves the desired plant model.

Kfir Karx

y(t)

v(t)

y̌(t)
−

ỹ(t)

ARX

1

Figure 6.1: Block diagram for online system identification

A small, white dither signal v(t) is injected into the plant such that the rms value of

the output error signal is not significantly increased. The first adaptive filter Kfir accepts
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both the dither signal and the total output error y(t) (which includes components due to

the dither as well as the disturbance) and projects out the portion of the output that is

uncorrelated with the dither signal denoted y̌(t). This y̌(t) signal is then subtracted from

y(t), yielding ỹ(t) which is interpreted as the portion of the output due only to the dither

signal. The second adaptive lattice filter Karx then takes v(t) and ỹ(t) and generates the

ARX coefficients of the plant. The plant transfer function is then computed and updated

in the RH adaptive controller at any arbitrary time specified by the user.

When applied to the receding-horizon control loop, this method allows the plant model

Ĝ(z) to be updated in real time, as opposed to a fixed plant model used indefinitely by the

controller. The overall receding-horizon control scheme including the online ID addition

is depicted in fig. 6.2 below:

RH G(z)

ID

Ĝ(z)

y(t)

v(t)

w(t)

1

Figure 6.2: Block diagram for overall adaptive control scheme using online ID method

The dashed region denotes the addition of the online ID algorithm.

6.1.2 Variations on the primary method

The method described above generates ARX coefficients of the plant after being passed

through two adaptive lattice filters. While this method has been shown to generate quite

accurate plant models, other variations on this method may be able to generate plant

models of similar accuracy in a shorter period of time.
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For example, sections 6.2 and 6.3 analyze tests that conclude optimal filter orders

for Kfir and Karx. Section 6.4 discusses the effect of the data length required by Karx

to produce an accurate Ĝ(z). Section 6.6 explores the possibility of bypassing the Karx

filter altogether. This is made possible by a feature of the Kfir filter to compute an FIR

realization of the adaptive lattice filter at any arbitrary time.

In order to analyze the effectiveness of this algorithm and study its nuances, an ac-

curate plant model that can be deemed a truth model is required. This model should be

the best possible linear representation of the true plant, and as such, is generated by the

standard offline method discussed in section 6.1.
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Figure 6.3: Bode plot of truth model Ĝtrue

Figure 6.3 shows the identified truth model of the closed-loop vertical channel from

the laser beam steering experiment described in Chapter 3. This model was generated in

the same way as in Chapter 3, wherein the open-loop system was first identified with no

disturbance present using MATLABs n4sid subspace algorithm. A classical LTI controller

was then designed to maximize the disturbance rejection bandwidth with the constraint

of minimizing higher frequency amplification. The resulting closed-loop plant was then

80



re-identified using the same process as for the open-loop plant. The subsequent results of

applying the online ID algorithm are compared to this truth model Ĝtrue as a measure of

the effectiveness of the method.

The output disturbance sequence w(t) (as in Fig. 6.2) used throughout the online

system identification research is broadband (175Hz - 275Hz) and is depicted in the figure

below:
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Figure 6.4: Power Spectral Density of Jitter w(t)

Additionally, unless otherwise noted, the amount of the white noise dither sequence

v(t) added to the plant in all of the subsequent simulation results is such that the output

rms of y(t) is increased by roughly 7%, which satisfies the second of the three goals of the

online ID procedure listed in section 6.1.

6.2 Effect of nfir

The goal of the first filter Kfir is to project out the portion of the output that is uncor-

related with the dither signal. The resulting FIR realization of the steady-state lattice
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filter has gains that approximate the system’s impulse response. Thus, it is important to

choose an appropriate filter order for Kfir.
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Figure 6.5: Simulated impulse response of Truth Model G(z)

Too small a filter order would not adequately capture the entire impulse response, but

too large a filter order would result in the FIR filter incorrectly attempting to identify

many terms that are essentially zero. This would generate erroneous data and introduce

error. The simulated impulse response in fig. 6.5 shows a 1% settling time of about 0.025s,

or 125 samples at 5kHz. Thus, the filter order for Kfir was chosen to be nfir = 125. Figure

6.6 below shows the effect of using too small or too large a filter order for Kfir for one

particular dither / jitter combination.
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Figure 6.6: ∆Ĝ for various orders of Kfir. ∆Ĝ =
||Ĝtrue − Ĝarx||2
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Ĝarx used in the computation of ∆Ĝ in fig. 6.6 is the plant model given by the second

lattice filter Karx, with the model order fixed at narx = 8. The truth model is referred

to as Ĝtrue. This plot iillustrates the effect of the nfir parameter and thus justifies the

choice for the nfir value; it is not indicative of the best possible performance in terms of

the smallest ∆Ĝ.

While a smaller value of nfir corresponds to faster convergence of the filter and thus

a shorter time to obtain a plant model, it is clear from Fig. 6.6 that a minimum filter

order is required to maximize the accuracy of the plant model. To visualize the rate of

convergence of the Kfir filter, the dither signal is first passed through Ĝtrue in a parallel

simulation, and the output is denoted yg. This is the output due only to the dither

sequence and should ideally be equal to ỹ in steady-state.

Plotting the error between yg and ỹ reveals how long the filter takes to reach steady

state:
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Figure 6.7: Error between yg and ỹ shows Kfir reaches steady-state gains in approximately

30s.

Figure 6.7 shows that for a filter order of nfir = 125, the adaptive filter takes about

30s to reach steady-state. The steady-state percent error between yg and ỹ is given by:

∆ỹ =
||yg − ỹ||2
||yg||2

× 100 (6.1)

which is computed for t > 30s. It should also be noted that this error in steady-state is

zero when there is no disturbance present, as expected. A preliminary look at the efficacy

of this online ID method is depicted in Fig. 6.8 below:
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Figure 6.8: Bode plots for Ĝtrue and Ĝarx

The percent modeling error is quantified as:

∆Ĝarx =
||Ĝtrue − Ĝarx||2
||Ĝtrue||2

× 100 (6.2)

and represents how close the online ID method comes to the truth model. Prelim-

inary experimental tests have shown that a plant similar to this (∆G ≈ 15%) may be

adequate as a Ĝ to use in the full receding-horizon adaptive jitter control experiment,

but the performance invariably suffers and consistent stability is questionable. Because

the performance of the receding-horizon adaptive controller is dependent on an accurate

plant model, it is critical to identify a plant model as close as possible to the true plant.

Another visualization of the accuracy of this plant is to compare the impulse response

of Ĝarx to the simulated impulse response of the true plant, as shown in Fig.6.9.
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Figure 6.9: Simulated impulse responses for Ĝtrue and Ĝarx

Again, it is clear that there is a notable discrepancy between the impulse response of

the true plant and that of Ĝarx. With an appropriate Kfir filter order chosen (nfir = 125)

based on Fig. 6.6, these preliminary results show promise in the online ID algorithm.

However, a more careful analysis of the Karx filter order (narx) is necessary to more fully

understand the capabilities of the algorithm.

6.3 Effect of narx

While the model of the true plant Ĝtrue has 3 states, it was shown that a ∆G of about 15%

resulted from choosing an narx value of 8. The following plot indicates that a minimum

order of narx ≈ 24 is required to achieve the smallest possible ∆Ĝ.
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Figure 6.10: ∆Ĝ for various orders of Karx. ∆Ĝ =
||Ĝtrue − Ĝarx||2
||Ĝtrue||2

. Kfir = 125.

The reason a seemingly overparameterized filter generates better results is likely a

result of insufficient data lengths. Even with 150,000 data points being used for the ARX

identification, the dither and jitter sequences are not completely uncorrelated (this can

only occur as data lengths approach infinity). The result is that the ỹ sequence used by

the ARX filter contains traces of the broadband jitter sequence, which Karx attempts to

identify, but can only do so with sufficiently large filter order.

Figure 6.11 below shows that, with narx = 24, the plant model becomes significantly

closer to the true plant, with ∆G = 5.46% computed in the same manner as in (6.2).
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Ĝarx, ∆ĜARX = 5.4564%

Figure 6.11: Bode plots for Ĝtrue and Ĝarx with optimal narx

6.4 Data sequence length required by Karx

It was shown that the minimum order for Kfir was about nfir = 125. This filter order

requires about 30s for the filter to converge to steady-state, effectively imposing a mini-

mum time constraint on the first filter. The analysis in section 6.3 indicated an optimal

filter order of narx ≈ 24, however, those results were generated by allowing an additional

30s (150,000 samples) of steady-state data ( u(t), ỹ(t) ) to be passed into Karx filter prior

to generating the ARX coefficients. Figure 6.12 below shows that Karx can produce an

accurate plant model with significantly less data.
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Figure 6.12: ∆Ĝ for Various Data Sequence Lengths

Recall from Fig. 6.10 that the smallest ∆Ĝ (5%) was obtained using nfir = 125

and narx = 24, with the Karx filter using 150,000 data points (30s) before producing ARX

coefficients. Figure 6.12 indicates that nearly the same performance can be achieved using

only 15,000 data points (3s). Additionally, if some accuracy is sacrificed, a ∆Ĝ as small

as 7% can be achieved using just 1000 data points (0.2s).

Below are Bode plots of plant models constructed from the ARX coefficients generated

using different lengths of data.
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Figure 6.13: Bode plots of Ĝarx for various data sequence lengths

Figure 6.13 indicates that the primary difference between using 30 seconds of data vs.

0.2 or 1 second occurs at higher frequencies (> 400 Hz), where the magnitude is relatively

small. The main dynamics of the plant (30 Hz < ω < 350 Hz) seem to be identified almost

exactly the same when using 30 seconds or just 0.2 seconds of data.

Note, however, that the results in this section only hold for a starting time of t = 30s.

That is, the 0.2, 1, and 30 seconds of data used by the ARX filter began at t = 30s, after

Kfir had already reached steady-state. The result is not the same when the window of

ARX data begins at a value of t < 30s. This is because the FIR gains, and thus ỹ(t),

have not yet reached steady-state. In this case, the amount of data required by Karx is

slightly longer, but still significantly shorter than the original test length of 30s.
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6.5 Data sequence length required by Kfir

While the required order of Kfir was established in section 6.2, the amount of data points

required by Kfir was not previously studied. Figure 6.7 shows that, for a given set of

parameters, the error between yg and ỹ reaches steady state at approximately 30s. While

this gives some indication of the amount of data required by Kfir, figure 6.14 below reveals

a more detailed analysis of ∆Ĝ vs. the number of data points used by Kfir.
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Figure 6.14: ∆Ĝ for various data sequence lengths used by Karx (no reinitialization)

Each line in Fig. 6.14 corresponds to a specified amount of dither relative to jitter.

The percentages in the legend reflect how much the dither increases the rms value of

the output while the disturbance is present. It is shown, as expected, that with a larger

amount of dither injected into the plant, the plant model can be identified more accurately

than with a shorter dither sequence. Additionally, as more data is used, the plant model

generated by Karx becomes a closer representation of the true plant. This is logical, as the

accuracy of ỹ gets better with time, ultimately settling to steady-state at approximately

t = 30s, as seen in Fig. 6.7. One question that arises is then whether the improvement
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in the plant model is truly due to Karx using significantly more data, or simply that the

data ỹ used by Karx is closer to the true yg as more time passes.

Note that in Fig. 6.14, the horizontal axis represents the total amount of data points

used by Karx, starting from t = 0, since Karx has a forgetting factor of λarx = 1. On

the other hand, in Fig. 6.15 below, the horizontal axis represents the time at which Karx

is reinitialized. Then, each point represents a plant model generated by Karx using the

subsequent 50,000 data points.
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Figure 6.15: ∆Ĝ for various re-initialization points used by Karx (re-initialization at times

according to horizontal axis)

The trend in Fig. 6.15 is similar to that of Fig. 6.14 in that the model error is reduced

as more time passes. Perhaps more importantly, however, is the conclusion that a shorter,

but more accurate ỹ sequence (Fig. 6.15) used by Karx, produces a better plant model

than using a longer sequence of data (Fig. 6.14), of which some is fairly inaccurate (the

transient portion of ỹ, see Fig. 6.7). For example, Fig. 6.15 shows that at a 7.1023%

increase in y due to the dither (green plot), using 10s of data between 20s < t < 30s

produces a ∆Ĝ of 9.38%. On the other hand, the corresponding plot in Fig. 6.14 shows
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that using all 150,000 data points from 0 < t < 30s produces a plant that yields a larger

∆Ĝ of 13.2%.

The results in section 6.4 are also consistent when applied to this test. That is, while

Fig. 6.15 uses a fixed number of data points (50,000), the trend is similar when fewer

data points are used. Specifically, for t > 30s, the results are nearly identical when using

just 10,000 points (2 seconds) rather than 50,000 points (10 seconds).

While there are several plant models (50) used to generate Fig. 6.14 and Fig. 6.15, not

all of them yield stable results when using them in an actual simulation of the experiment.

When applying the plant models in Fig. 6.14 and Fig. 6.15 on an adaptive control

simulation using the same disturbance, several cases where the ∆Ĝ exceeded 10% resulted

in instability. While this stability threshold is not a theoretical result, it offers a sense of

the acceptable accuracy required by the adaptive controller for stable operation.

6.6 Bypassing Karx

The original online ID method consists of two adaptive lattice filters (Kfir and Karx) and

it was shown that, with properly chosen filter orders, ∆Ĝ could be made very small. It

was also shown that the amount of time required to generate an accurate plant model

could be significantly reduced by feeding Karx fewer data points. Another variation is to

eliminate the need to for Karx by taking advantage of the ability of Kfir to compute the

FIR realization of the lattice filter at any specified time. The corresponding set of FIR

gains produced by the Kfir filter is theoretically identical to the impulse response of the

system G(z), however, in practice it is corrupted by the disturbance. By then performing

an SVD (singular value decomposition) on a Hankel matrix computed from the FIR

gains (an approximation of the impulse response), the Controllability and Observability

matrices can be constructed and the state-space matrices of the plant G can be generated.
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Figure 6.16 illustrates a group of results for when the FIR gains are generated using

only 10,000 data points, or 2 seconds of data. Figure 6.16 (bottom) shows the nfir = 125

gains generated by Kfir at t = 2s superimposed on the simulated impulse response of the

true plant Ĝtrue. As expected, the FIR gains are significantly different from the impulse

response, as the FIR gains have not yet converged (convergence occurs at approximately

t = 30s according to Fig. 6.7). The percent difference between the simulated impulse

response hsim and the FIR gains are computed as:

∆FIR =
||FIR gains− hsim||2

||hsim||2
× 100 (6.3)

and is equal to about 12.3% as indicated.

What is surprising about this case is the accuracy of the plant model when a 3-state

model is identified. Figure 6.16 (top left) indicates that the ∆Ĝ computed as in equation

(6.2) is only about 2.57%, when compared to Ĝtrue. Extracting such an accurate plant

model with only 2 seconds of data (as opposed to requiring 30 or more seconds as in

previous sections) is indeed noteworthy, however, a closer look at the conditions required

for this to occur reveal that it may be impractical in practice.
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Figure 6.16: Results for when FIR gains are generated at t = 2s.

The truth model is a 3-state system, implying that the Hankel matrix should have

3 significant non-zero singular values and rest should essentially be zero. When looking

at Fig. 6.16 (top right), there are 3 significant singular values, however, there are still

several more that are small, but non-zero. The non-zero singular values likely correspond

to portions of the broadband disturbance that have not been fully projected out of the

measurement. This is a consequence of constructing the Hankel matrix with FIR gains

that have not reached steady-state. Coincidently, however, the 3 significant singular values

in Fig. 6.16 (top right), are in fact very close to the corresponding singular values when

the Hankel matrix is constructed from the steady-state FIR gains at t = 30s (Fig. 6.17
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(top right)). The result is that, when the order of the plant model constructed from the

Hankel matrix is exactly equal to 3, the plant model is quite accurate, again indicated

by Fig. 6.16 (top left). The trouble is if the order of the plant is not known exactly,

then the ∆Ĝ becomes large very quickly. For example, in Fig. 6.16 (top left), if a 4th

order plant model was generated from the Hankel matrix, the ∆Ĝ is about 12%, which

exceeds the empirical threshold for stability when actually used by the adaptive controller

as discussed in section 6.5. Because the accuracy of the plant model hinges on knowing

the exact order of the true plant, this method of identification using just 2 seconds of

data is impractical.
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Figure 6.17: Results for when FIR gains are generated at t = 30s.
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On the other hand, when the same method of identification is used when the FIR

gains are allowed to reach steady-state, the result changes. This is the case in Fig. 6.17,

in which the FIR gains are generated at t = 30s, and have reached steady-state. The

bottom plot in Fig. 6.17 shows that the FIR gains are a much better approximation of

the true system’s impulse response (∆FIR = 2.61%). The result is that there are truly 3

significant Hankel singular values (Fig. 6.17, top right), and the rest are essentially zero.

The 3 significant singular values correspond to the system states and, similar to when

using 2 seconds of data (Fig. 6.16), if the order of the plant model generated is exactly

equal to 3, the plant model is very good (∆Ĝ = 1.369%).

However, contrary to the case where only 2 seconds of data is used, Fig. 6.17 (top left)

indicates that the plant model is still quite accurate when choosing a 4th order, or even a

5th order model. In fact, the ∆Ĝ in this case doesn’t exceed 10%, until a 8th order model

is generated. The reason for this is that the plant model states corresponding to the next

few, essentially zero, singular values contribute very little to the model, and so the model

is not significantly affected. The caveat to this is that if too many states corresponding

to erroneous, near-zero singular values are identified in the system, the accuracy of the

overall plant suffers. This is consistent with Fig. 6.17 (top left).

To illustrate that there is a range of cases in between these two, Fig. 6.18 depicts a

case where the FIR gains were generated at t = 10s. The gains have nearly converged, as

indicated in the bottom plot of Fig. 6.18, but not completely. In this case, the additional

Hankel singular values are closer to zero than in Fig. 6.16 (top right), but are still not

as close to zero as in Fig. 6.17. The upper left plot in Fig. 6.18 shows that, similar to

Fig. 6.17, there is a range of acceptable plant orders to choose from in order to keep the

overall ∆Ĝ below 10%. Since the FIR gains have not completely converged, this range

is smaller (between 3rd order and 5th order), when compared to the case where the FIR

gains have converged (between 3rd order and 8th order).
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Figure 6.18: Results for when FIR gains are generated at t = 10s.

The conclusion to be drawn from this analysis is that, this system identification method

of using the FIR gains of Kfir to build a Hankel matrix, generate Controllability and

Observability matrices, and compute state-space matrices of the plant can be practical

in some cases. If the FIR gains are allowed to reach steady-state, and there is confidence

that those gains closely resemble the true impulse response of the system, and if the

approximate order of the true plant is known beforehand (in the best case between a

3rd order and 8th order system), then this method is feasible in practice and can save

additional computation required by generating the ARX coefficients in Karx. If the FIR

gains are not allowed to reach steady-state and computed much too early, the case in
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Fig. 6.16 argues almost undeniably that this method is not feasible in practice because

knowledge of the exact order of the plant is required a priori.

One modification to this ID method may, however, make the process feasible in prac-

tice. Rather than comparing a plant model to the true plant and generating a ∆G, which

is not practical since the true plant G is unknown, the output error could be used instead.

That is, the true output y or the estimated ỹ, both of which can be stored in memory,

could be compared to several simulated outputs ŷ generated by passing the same input

dither through the many Ĝ’s of varying order. Then the Ĝ that results in the smallest ∆y

or ∆ỹ would presumably be the most accurate plant model. ∆y and ∆ỹ are computed

as:

∆y =
||ysim − y||2
||y||2

× 100 (6.4)

∆ỹ =
||ysim − ỹ||2
||ỹ||2

× 100 (6.5)

where ysim is the simulated output generated by passing the input dither through the

particular plant model Ĝ. It should be noted that this simulated output is due only to

the dither sequence, since the disturbance sequence in unknown.

Figures 6.19 - 6.21 below each show the ∆y and ∆ỹ for the various plant models Ĝ.

The grey plots indicating ∆G as a function of states in the model is the exact same data

as in Figs. 6.16 - 6.18. The green and orange plots indicate ∆y and ∆ỹ and are overlaid

on the ∆G data. If the number of states in the model corresponding to the minimum

value for either the ∆y and ∆ỹ plots coincide with the number of states in the model

corresponding to the minimum ∆G value, then the correct number of states could be

easily chosen. However, Figs. 6.19 - 6.21 all indicate that this is not the case. In every

situation, the Ĝ that yields the smallest ∆G contains 3 states. However, the minimum

value for each of the ∆y and ∆ỹ plots occurs when using the 5-state model.
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Figure 6.19: ∆y and ∆ŷ for when FIR gains are generated at t = 2s.
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Figure 6.20: ∆y and ∆ŷ for when FIR gains are generated at t = 10s.
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Figure 6.21: ∆y and ∆ŷ for when FIR gains are generated at t = 30s.

The reason for the ∆y discrepancy is because the total output y is used in the compu-

tation, whereas the the ysim is the simulated output due only to the dither signal. When

the simulated output contains the effects of both the dither and the disturbance, the ∆y

plot is nearly identical to the ∆G plot. However, noting again that the disturbance is

considered to be unknown, this would be unrealistic in practice.

The discrepancy in the ∆ỹ plot is because the dither and disturbance sequences are

not fully uncorrelated. It was suspected that the discrepancy was due to the ỹ sequence

being generated when the FIR filter was not in steady-state, however, this was not the

case as the same discrepancy was present even when the ∆ỹ values were computed using

only a window of data well after steady-state conditions were reached. Thus, even in

steady-state, the ỹ sequence contains traces of the disturbance, which negatively affects

the ∆ỹ values.

The result in Fig. 6.21 indicates that, even if the minimum value of the ∆ỹ plot lead

the user to select the 5-state plant, in this case, the 5-state plant might still be a good

choice since its associated ∆G is far below the empirically determined 10% threshold
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for stability. Still, the results presented here indicate that, in general, the choice of the

number of states in the model is rather difficult and that this modification to the method

of bypassing Karx may be impractical.

6.7 Summary and Case Study

The results in the prior sections have demonstrated that, for a practical application of

this online ID method, the requirements are:

• The order of Kfir should be sufficiently large to capture the impulse response of the

system. Over-parameterization of Kfir yields reduced accuracy of the plant model.

• The order of Karx should be larger than the order of the plant, to account for

correlation between dither and jitter. Over-parameterization ofKarx did not indicate

significant detrimental effects.

• Kfir should be allowed to reach steady-state before the data is used by Karx. In

other words, Karx should be reinitialized once Kfir reaches steady-state.

• Once Karx is reinitialized, it requires substantially less time before accurate ARX

coefficients are produced.

The following analysis applies the previous results to identifying a 4th-order plant

representing the sum of two channels of a laser beam steering experiment. Each channel

of the beam steering experiment (horizontal and vertical) was designed to operate in

an open-loop configuration. Then on each channel a simple classical LTI controller was

applied and designed such that the closed-loop system displayed a lightly-damped mode

at a specified frequency. Once both systems were summed, the resulting 4th-order plant

displayed 2 resonant peaks, and represented an overall more challenging plant to identify

than in the previous sections.
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The plant G in this study is:

G(z) =
0.001542z3 + 0.02829z2 − 0.06025z + 0.03084

z4 − 3.937z3 + 5.846z2 − 3.879z + 0.9703
(6.6)

and has the impulse response shown in Fig. 6.22. Recalling that the Kfir filter needs a

filter order that corresponds to the number of samples required to capture the impulse

response of the system, Fig. 6.22 indicates that the order of Kfir should be roughly

500-700.
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Figure 6.22: Impulse response of G(z).

A more detailed analysis of the Kfir filter order is represented in Fig. 6.23, which

suggests that the minimum ∆G is achieved once the order reaches about 400. This implies

that capturing the entire impulse response is not necessary, and maximum performance

can be achieved using the majority of the impulse response sequence.
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Figure 6.23: ∆G vs. nfir for fixed value of narx.

Consistent with the study in the previous sections, the order of the Karx filter required

in this analysis is substantially higher than true order of the plant. Figure 6.24 indicates

that the Karx filter should have at least an order of 48 to realize maximum performance.

Again, this is largely due to the inevitable correlation between the dither and the distur-

bance sequences. Because the contribution of ỹ sequence due to the disturbance is not

completely zero, the Karx filter attempts to identify those disturbance components and,

given the bandwidth of the disturbance, can only do so with a sufficiently larger filter

order.
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Figure 6.24: ∆G vs. narx for fixed value of nfir.

Figure 6.25 shows the Bode plots for the true plant, as well as two versions of the ARX

identification. In both of the identified plants, the FIR filter was allowed to reach steady-

state, at which point the Karx filter was reinitialized; this took 250,000 data points, or

50 seconds. Once the Karx filter was reinitialized, ARX coefficients were generated using

1 additional second of data and 10 additional seconds of data. The plants generated

by the ARX coefficients are denoted by Garx,1 and Garx,10, respectively. It should be

noted that using more than 10 seconds of data before generating ARX coefficients did not

significantly improve the accuracy of the plant model.
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Figure 6.25: Bode plots of true plant and two identified ARX plant models.

It can also be seen from Fig. 6.25 that the primary dynamics (peaks at ≈70Hz and

110Hz) are better captured byGarx,10, in both magnitude and phase. In both ARX models,

however, there is some model error between 200Hz and 300Hz. It is more pronounced in

the Garx,1, model, yet it is still apparent in both ARX models. This is not surprising,

as the PSD of the disturbance model shown in Fig. 6.26, indicates that nearly all of

the power in the disturbance sequence resides in this frequency band. This is another

indication that the dither and disturbance sequences are not fully uncorrelated.
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Figure 6.26: Power spectral density of disturbance sequence.

A balanced truncation of the high-order ARX model to a 4th-order plant model yields

slightly better plant models, as indicated by Fig. 6.27, but the primary dynamics are

captured equally well. Figure 6.28 shows the result from performing an offline batch

identification with the n4sid algorithm in the MATLAB System Identification Toolbox

[23]. This is included to show that the ARX model generated online is nearly as accurate

as the state-of-the-art subspace identification which is much slower and must be performed

offline.
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Figure 6.27: Bode plots of true plant and two identified ARX plant models with model order

reduction (4th order plants).
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Figure 6.28: Bode plots of true plant and plant identified with N4SID

Finally, it should be noted that the amount of dither used in this study increased the

rms of the output by approximately 10%. This serves as a reasonable increase in output

error, and would be practical in most cases if applied in practice. As the previous study

in section 6.5 indicates, model accuracy can be significantly increased if a larger relative

amount of dither is used to drive the plant. However, considering the constraint that the

rms output due to the dither should be as small as possible, a 10% increase in output rms

for a 5% ∆G (Fig. 6.25) is a reasonable tradeoff.
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CHAPTER 7

Concluding Remarks

This research has analyzed a novel receding-horizon adaptive controller designed to in-

crease the disturbance rejection bandwidth far beyond that of any classical LTI con-

troller. In addition to a larger disturbance rejection bandwidth, the receding-horizon

performance index contains several tuning parameters not employed by the previous gen-

eration minimum-variance adaptive controller. Specifically, the ability of the receding-

horizon performance index to penalize the adaptive control command yields a far more

robust controller, capable of being applied in experimental settings where plant modeling

error and nonlinearities are significant. Further, the structure of the receding-horizon

controller allows for frequency weighting to be incorporated in a natural and intuitive

manner, which is unique to this controller. This ability to tailor the bandwidth of the

adaptive control command further contributes to the robustness of the controller.

The receding-horizon adaptive controller was successfully implemented on two experi-

ments, each of which highlighted different controller attributes. In the laser beam steering

experiment, two independent SISO controllers worked to reject a complex disturbance.

The effects of the adaptive filter order as well as the control penalty parameters were

studied in detail. In the magnetic bearing experiment, the controller’s ability operate

in a MIMO configuration was tested and the added challenge of a time-varying distur-

bance was introduced. The effect of the forgetting factor λ was studied in the context

of broadband vs. time-varying disturbances. In a third experimental application, the

receding-horizon adaptive controller was paired with a peak resonator in a parallel archi-
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tecture. Independence of the controllers was demonstrated and the results concluded that

the combination controller was able to reduce a complex disturbance to levels lower than

either controller was capable of alone.

Because the adaptive controller requires a plant model for which it is controlling, a

significant effort was devoted to the development and analysis of a novel online system

identification method. This method would eliminate the need for a one-time offline sys-

tem identification, which is generally regarded as impractical in application due to the

perpetual nature of the disturbances that affect the particular system. Using a pair of

adaptive filters, the identification algorithm first filters out the portion of the output due

to a small input dither sequence. Then the second filter processes the input dither and the

supposed output due only to that dither and generates the ARX coefficients of the plant.

All of this is performed in real-time and in the presence of a complex disturbance, making

the identification particularly challenging. Several parameters and alternative methods

associated with this online identification algorithm were analyzed and simulated, and the

results were summarized and successfully applied to a more complex, 4th-order plant.
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