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Abstract

Many-body Effects on the Quasiparticle and Optical Properties of Quasi-two-dimensional
Systems

By

Diana Y. Qiu

Doctor of Philosophy in Physics

University of California, Berkeley

Professor Steven G. Louie, Chair

Quasi-two-dimensional (quasi-2D 1) semiconductors are the subject of intense research in-
terest as platforms for both developing atomically-thin devices and exploring novel physics.
These are atomically-thin structured derived from layered materials with covalent bonding
in each layer and weak coupling between layers so that individual monolayers can be easily
peeled off. Changes in confinement and screening in reduced dimensions can lead to drastic
changes in quasiparticle (QP) and optical properties when compared with bulk materials. In
this dissertation, we use ab initio methods based on many-body perturbation theory (MBPT)
to explain and predict the QP and optical properties of quasi-2D semiconductors. We de-
scribe the QP properties within the GW approximation, for single particle excitations, and
the optical properties within the GW plus Bethe Salpeter equation (GW-BSE) approach,
for two particle excitations, such as correlated electron-hole pairs, or excitons. We find that,
in general, reduced dimensionality results in strong spatial variations in the screening of the
Coulomb interaction as well as reduced total screening, allowing for strongly-bound, non-
hydrogenic excitons. We then use this understanding to explore how changing the external
screening environment through layering and substrate engineering can be used to tune prop-
erties of quasi-2D materials. Finally, we perform ab initio calculations of exciton dispersion
in quasi-2D and show that the 2D Coulomb interaction can give rise to unusual, massless
excitons. This dissertation is organized as follows:

• In chapter 1, we introduce the theoretical and computational techniques used to com-
pute the QP and optical properties of real materials.

• In chapter 2, we calculate the QP bandstructure and optical spectrum of monolayer
MoS2, a prototypical quasi-2D semiconductor. We find that monolayer MoS2 has very
strongly-bound excitons, with binding energies that are two orders of magnitude larger
than in the bulk. Moreover, we show that these excitons have excited states that do

1 Here, quasi-2D is used to describe atomically-thin materials embedded in a three-dimensional (3D)
environment.
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not follow the commonly used 2D hydrogenic model and that this strongly-bound, non-
hydrogenic behavior arises as a consequence of fast spatial variations in the screening
environment. For isolated systems, the screening is in fact diminished to zero in the
limit of large distances compared to the layer thickness.

• The inhomogeneous screening found in quasi-low-dimensional systems introduces sig-
nificant computational challenges because very fine spatial sampling is required to
capture this variation in screening. In chapter 3, we develop new computational tech-
niques to sample reciprocal space more efficiently, resulting in more than two orders
of magnitude reductions in computational time for GW and GW-BSE calculations on
low-dimensional systems.

• Based on our understanding of screening in MoS2, we then explore how screening from a
substrate or capping layer might change the electronic and optical properties in other
quasi-2D materials. In a joint experimental study, we find that a bilayer graphene
substrate can renormalize the QP band gap and exciton binding energies in monolayer
and few-layer transition metal dichalcogenides (TMDs) by as much as 30%. This work
is discussed in chapters 4 and 5.

• In chapter 6, we discuss how the substrate screening effect is even more pronounced in
black phosphorene, which has a lower intrinsic screening than TMDs. Consequently,
encapsulation, which is commonly used to stabilize the material under ambient condi-
tions, can completely eliminate the presence of bound excitons in few-layer systems,
changing the optical spectrum qualitatively as well as quantitatively.

• Traditional implementations of the GW-BSE approach focus on excitons with zero
center-of-mass momentum (Q), since these are the states probed by linear optical
probes. However, exciton dispersion–energy as a function of Q–is essential to under-
standing properties such as exciton dynamics, lifetimes, and the formation of novel
phases such as exciton condensates. In chapter 7, we implement GW-BSE for finite
Q, and calculate the exciton bandstructure of MoS2. We find that, in general, the
exchange interaction in 2D gives rise to a massless dispersion, while in MoS2 and other
TMDs in particular, the interplay of the intervalley and intravalley exchange gives rise
to a parabolic band and a massless, v-shaped band with a valley quantum phase of
winding number two.
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Chapter 1

Introduction

Here, I will briefly introduce and motivate some of the theoretical methods used throughout
this thesis in order to lend some additional context to the descriptions of computational
methods given in the following chapters. In the field of computational condensed matter
physics, our goal is to describe and predict the properties of solids from our understanding
of the fundamental, microscopic laws of nature. The challenge arises in the number of par-
ticles and the complexity of interactions between these particles, which must be accounted
for when scaling microscopic theories up to describe real materials with O(1023) atoms. De-
spite the overwhelming size of this problem, advances in theory, algorithms, and computing
power in recent decades have made it possible to predict diverse properties, from thermal
conductivity to optical absorption to mechanical strength, from first principles or ab initio–
i.e. without resorting to empirical models or fitting parameters. In this thesis, I will focus
on the methods of density functional theory (DFT) for ground state properties [57, 71], the
GW approximation for quasiparticle (QP) properties [54, 61], and the GW -BSE method for
optical properties [133, 122].

1.1 The Many-body Hamiltonian

A first approach to understanding many of the microscopic properties of a system is to write
down the total Hamiltonian of all the electrons and nuclei (neglecting spin orbit and other
relativistic effects for simplicity)

Htot = Te + Vee + Ti + Vii + Vei. (1.1)

Here, the subscript e is used for terms describing the electrons and i is used for terms
describing the nuclei. T and V refer respectively to the kinetic energy and the electrostatic
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potential between pairs of electrons and nuclei [22]. The terms of the Hamiltonian are

Te + Vee =
∑
j

p2
j

2
+

1

2

∑
j 6=j′

1

|rj − rj′|
, (1.2)

Ti + Vii =
∑
n

P2
n

2Mn

+
1

2

∑
n6=n′

ZnZn′

|Rn −Rn′|
, (1.3)

Vei = −
∑
j,n

Zn
|rj −Rn|

, (1.4)

where pj and rj denote the momentum and position of the jth electron, and Pn, Rn, Mn,
and Zn denote the momentum, position, mass, and charge of the nth nucleus. Throughout
this chapter, we will use Hartree atomic units in which ~ = me = e2 = 1.

Once we have this Hamiltonian, we can attempt to solve the time-independent Schrodinger
equation in the form of the eigenvalue problem

HtotΨ(r1, r2, ..., rNe ; R1,R2, ...,RNi
) = EΨ(r1, r2, ..., rNe ; R1,R2, ...,RNi

), (1.5)

where Ne and Ni are respectively the total number of electrons and nuclei in the system of
interest. However, such a problem cannot be solved exactly for the number of particles in
real solids, which typically number on the order of 1023. Instead, much of condensed matter
physics is based around developing and solving approximations to this Hamiltonian.

1.1.1 Born-Oppenheimer Approximation

The first simplification we make takes advantage of the fact that the mass of the nuclei
is generally much larger than the mass of an electron. For instance, the mass of a silicon
nucleus is roughly 104 times larger than the electron mass. Consequently, the nuclei move
much more slowly than the electrons, and the position of the nuclei can be considered fixed
with respect to the electrons. We can then decouple the electron and nuclei terms in the
total Hamiltonian and write down a Hamiltonian just for the electrons

He =
∑
j

[
p2
j

2
+
∑
n

Vn(rj −Rn)

]
+

1

2

∑
j 6=j′

1

|rj − rj′|
, (1.6)

which obeys the time-independent Schrodinger equation

HeΨe(r1, r2, ..., rNe) = EΨe(r1, r2, ..., rNe). (1.7)

Here, the potential due to the fixed nuclei is Vn(rj − Rn) = Zn

|rj−Rn| , and Ψe is the many-

electron wavefunction. This is known as the Born-Oppenheimer or adiabatic approxima-
tion [7].
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Up to this point, we have separated the Hamiltonian into terms involving the electrons and
the atomic nuclei. However, the electronic core states are tightly bound to the nuclei, and it
is therefore frequently more efficient to treat the nucleus and core electrons as a single rigid
entity called the “ion core” and separate the Hamiltonian into terms involving the ion cores
and the loosely bound or itinerant valence electrons. After separating the Hamiltonian into
valence and core, the electronic Hamiltonian can be used to describe properties of electrons,
holes, excitons, and plasmons, while the ionic Hamiltonian can be used to describe the
structure of the crystal lattice and the properties of phonons. We must go beyond this
approximation to consider processes involving coupling between electrons and phonons, such
as phonon-mediated superconductivity and phonon-induced renormalization of the electronic
energies. In this thesis, we will focus only on the electronic Hamiltonian.

1.1.2 Mean Field Approximation: Hartree and Hartree-Fock

Even after taking the Born-Oppenheimer approximation, there are still on the order of 1023

electrons in a solid. Solving the Schrodinger equation for these 1023 interacting electrons is
still inconceivably complex. Instead of trying to simulataneously solve for 1023 electrons, let’s
consider the behavior of a single electron. If we ignore the details of how this single electron
responds to the individual motions of all the other electrons, we can imagine the electron
interacting with some effective background or “mean field.” In this way, the problem of many
interacting electrons becomes one of a non-interacting electron in an effective potential. One
such such “mean-field approximation” is the Hartree approximation [97, 22]. In the Hartree
approximation, we approximate the ground-state many-electron wavefunction as the product
of single-particle orbitals (keeping the Pauli exclusion principle in mind)

ΨH
e (r1, r2, ..., rNe) = φ1(r1)φ2(r2)...φNe(rNe). (1.8)

Then, after minimizing the total energy E = 〈ΨH
e |He|ΨH

e 〉 with respect to variations of
the single-particle orbitals (δφi), we obtain a self-consistent Schrodinger equation for the
single-particle orbitals

hHφi(r) =

[
−∇

2

2
+ Vion(r) +

∑
j

∫
dr′
|φj(r′)|2

|r− r′|

]
φi(r) = εiφi(r), (1.9)

where Vion(r) =
∑

n Vn(r − Rn). Note that this is an equation for independent electrons
that interact only via the Coulomb interaction with the average charge density due to the
non-interacting single-particle orbitals. This neglects the local and dynamic changes to
the average charge density due to Coulomb repulsion with nearby electrons (known as cor-
relation) as well as the antisymmetry of the many-electron wavefunction (Eq. 1.8) under
exchange, which is required for identical fermions.

The Hartree-Fock (HF) approximation improves on the Hartree approximation by approx-
imating the ground-state many-electron wavefunction as a single Slater determinant of the
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single-particle orbitals [97, 22].

ΨHF
e (r1, r2, ..., rNe) =

1√
N !

∣∣∣∣∣
φ1(r1) φ2(r1) ... φNe(r1)
φ1(r2) φ2(r2) ... φNe(r2)

...
...

. . .
...

φ1(rNe) φ2(rNe) ... φNe(rNe)

∣∣∣∣∣. (1.10)

Note that the HF wavefunction is antisymmetric under the exchange of two electron coor-
dinates: i.e. ΨHF

e (r1, r2, ..., rNe) = −ΨHF
e (r2, r1, ..., rNe). An effective Hamiltonian for the

single-particle orbitals is derived similarly to the Hartree equation by minimizing the total
energy E = 〈ΨHF

e |He|ΨHF
e 〉 with respect to variations of the single-particle orbitals. The HF

effective Hamiltonian includes an additional non-local exchange potential Vx(r, r
′) not seen

in the Hartree approximation

hHFφi(r) = hHφi(r) +

∫
dr′Vx(r, r

′)φi(r
′) = εiφi(r), (1.11)

Vx(r, r
′) = −

∑
j

φ∗j(r
′)φj(r)

|r− r′|
. (1.12)

The exchange potential represents the decrease in the probability of finding an electron close
to another electron of the same spin due to the Pauli exclusion principle. This creates a
pocket of decreased charge density near an electron, which is known as an exchange hole.

In addition to the exchange hole, Coulomb repulsion will also decrease the probability of
finding two electrons close to each other. These “correlation” effects are quite complicated
and missing from the Hartree and Hartree-Fock pictures. We can improve further on the
Hartree-Fock wavefunction by considering a greater number of Slater determinants. This is
the approach taken by configuration interaction (CI) methods [25], which use wavefunctions
that are a linear combination of N -electron Slater determinants of single-particle orbitals. In
principle, with all Slater determinants of a complete set of single-particle basis functions, CI
can give you the exact many-body ground state and excited states. In practice, however, such
a “complete CI” is computationally intractable, and calculations are restricted to small basis
sets suitable mainly for describing single atoms and small molecules. Common approaches
to describing the electronic structure of weakly to moderately-correlated solids can be split
into effective mean-field methods, such as density functional theory (DFT) [57, 71]–which
provide a good description of the ground state–and methods for calculating excited states
based on many-body perturbation theory. In this dissertation, I focus on using the many-
body perturbation theory (MBPT) based GW approximation for calculating quasiparticle
(single-particle) excitations [54, 61] and the GW-BSE method for calculating optical spectra
involving two-particle electron-hole excitations [133, 122]. These methods are built on top
of a DFT mean field for the ground state. A brief overview of the theory is given in the
following sections.



5

1.2 Density Functional Theory

Density functional theory (DFT) is one of the most commonly used ab initio methods for
calculating the ground-state properties of solids. The main insight of DFT is that the total
energy of the many-body system is uniquely determined by the charge density n(r), and
thus, the many-body ground state can be determined by minimizing the total energy with
respect to the charge density. This idea is developed in two theorems by Hohenberg and
Kohn [57].

Theorem 1 The external potential for a system of interacting particles is uniquely deter-
mined by the ground state density. 1 Since the many-body Hamiltonian is determined solely
by the external potential and the number of electrons, the ground-state density must also
uniquely determine the many-body wavefunction, and thus, both the ground and excited
state properties of the system.

As a consequence of this theorem, the total energy E can be written as a functional of the
density. The total energy is the expectation value of the Hamiltonian with respect to a
many-body wavefunction |Ψ〉.

E = 〈Ψ|H|Ψ〉 (1.13)

= 〈Ψ|Te + Vee + Vei|Ψ〉 (1.14)

Theorem 1 states that all of the expectation values can be written as a functional of the
density, so the total energy can be written as

E[n(r)] = ET [n(r)] + EH [n(r)] + Exc[n(r)] +

∫
drn(r)Vion(r). (1.15)

Here, ET is the kinetic energy, EH is the Hartree energy due to the mean-field electrostatic
repulsion of the density n(r), and Vion is the external potential due to the ions. Finally,
Exc is the exchange correlation energy, which contains all of the additional effects of the
electron-electron interactions due to the fermionic behavior of the electrons (the exchange
piece) and the correlations arising from Coulomb repulsion.

From the variational principle, the ground state energy can always be determined by finding
the minimum energy with respect to a variation of the many-body wavefunction. The second
Hohenberg-Kohn Theorem follows from this observation.

Theorem 2 The ground state density is the density that minimizes the energy functional
(Eq. 1.15).

1In the case of electrons in a solid, the external potential is the potential due to the configuration of the
ions Vion(r).
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Going from the full many-body wavefunction Ψ(r1, r2, ..., rNe) to the single-variable function
n(r) is useful because it drastically reduces the dimensions of the problem. For instance,
if we imagine trying to solve a problem on a grid with Nr grid points, we can see that the
size of the many-body wavefunction grows as NNe

r , which is exponential with the number of
electrons, whereas the density only grows as Nr.

1.2.1 Kohn-Sham DFT

In simply writing down the energy as a functional of the charge density, we beg the ques-
tion of how to actually calculate E[n]. A practical approach was developed by Kohn and
Sham [71]. The Kohn-Sham formulation assumes that the ground state density of the inter-
acting many-body system corresponds to the density constructed from a fictitious system of
non-interacting single particles in an effective potential. That is, the charge density can be
written as

n(r) =
∑
i

|φKS
i (r)|2, (1.16)

where φKSi (r) are non-interacting single-particle orbitals. By varying the effective potential
until the density minimizes the total ground-state energy of the interacting system with
the constraint that the single-particle non-interacting orbital are orthonormal, this ansatz
leads to a set of self-consistent, single-particle, time-independent Schrodinger equations for
φKSi (r). [

−∇
2

2
+ Vion(r) + VH(r) + Vxc(r)

]
φKS
i (r) = εKS

i φKS
i (r). (1.17)

Here, VH(r) =
∫
dr′ n(r′)
|r−r′| is the Hartree potential, and Vxc is the functional derivative of the

exchange-correlation energy Exc such that

Vxc(r) =
δExc[n(r)]

δn(r)
. (1.18)

The remaining puzzle piece is how to actually determine the exchange correlation functional
or potential. If the exact exchange-correlation functional were known, then DFT would
give us the exact ground state of the interacting system, but the general form of the exact
exchange-correlation is still unknown and an approximation must be used. One of the earliest
and most common approaches is the local density approximation (LDA) [107, 97], where the
exchange-correlation functional is approximated as

Exc[n] ≈ ELDA
xc [n] =

∫
drn(r)εxc(n(r)), (1.19)

where εxc(n(r)) is the exchange correlation energy per electron of a uniform electron gas with
density n(r). This is a reasonable approximation as long as the density is slowly varying.
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For systems with faster-varying density, the simplest improvemet to LDA is the generalized
gradient approximation (GGA) [106], which accounts for the local gradient of the density in
the exchange correlation

EGGA
xc [n] =

∫
drn(r)εxc(n(r),∇n(r)). (1.20)

In this dissertation, the LDA mean field is used as starting point for GW and GW-BSE
calculations in chapters 2, 3, 4, 5, and 7. The GGA mean field as formulated by Perdew,
Burke, and Ernzerhof (PBE) [106] is used in chapter 6.

Finally, we note that assigning a rigorous physical meaning to the individual Kohn-Sham
orbitals is not possible, as they correspond to fictitious, non-interacting particles that give rise
to the same charge density as the interacting system and their choice is not unique. Likewise,
the Kohn-Sham eigenvalues εKS

i are mathematically the Lagrange multipliers used in the
variational minimization of the energy functional and cannot be interpreted as quasiparticle
energies. Thus, to obtain the quasiparticle energies and wavefunctions needed to describe
excited state properties, it is necessary to go beyond DFT.

1.3 Quasiparticles and the GW Approximation

We now turn our attention to the calculation of excited states. In the previous sections, we
have presented various approximations to the ground state of a system of interacting electrons
and ions. This system can be excited to a state with higher energy by 1) moving an electron
to a higher energy unoccupied state or 2) an aggregate motion of all the particles, such
as a wave-like vibration of the ions (phonon), the valence electrons (plasmon), or the spin
angular momentum (magnon). The first type of excitation is referred to as a quasiparticle.
The electron quasiparticle (quasi-electron) maintains the same fermionic properties as the
bare electron, but it has a different effective mass and a finite lifetime. The second type of
excitation is referred to as a collective excitation and behaves as a boson. These excitations
can be thought of as new bosonic or fermionic particles emerging from a perturbation on
the ground state and are described within a quantum field theory known as many-body
perturbation theory (MBPT) [38, 99].

We start by considering the excitation of a single quasiparticle added to the many-body
ground state. To describe these quasiparticles, we turn to the Green’s function formalism.
The probability of finding a particle at a position r at time t, after adding a particle at
position r′ at time t′, is described by the single-particle Green’s function (or propagator) at
zero temperature

G(r, t; r′, t′) = −i〈ΨN
0 |T [ψ(r, t), ψ†(r′, t′)]|ΨN

0 〉, (1.21)

where ψ(r, t) and ψ†(r, t) are the second-quantized operators for annihilating or creating a
particle at time t and position r; |ΨN

0 〉 is the many-body ground state for N particles, and
T indicates that the operators are time-ordered so that the earlier time is on the right. If
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we assume time-translational invariance, after a Fourier transform with respect to t− t′, we
can rewrite the Green’s function in the Lehman (or spectral) representation

G(r, r′, ω) =∑
s

〈ΨN
0 |ψ(r)|ΨN+1

s 〉〈ΨN+1
s |ψ†(r′)|ΨN

0 〉
ω − (EN+1

s − EN
0 ) + iη

+
〈ΨN

0 |ψ†(r)|ΨN−1
s 〉〈ΨN−1

s |ψ(r′)|ΨN
0 〉

ω + (EN−1
s − EN

0 )− iη
. (1.22)

Here, η = 0+, |ΨN±1
s 〉 are the eigenstates of the many-body Hamiltonian with N±1 electrons,

and EN±1
s is the total energy of the N ± 1-body system in the sth excited state. We can

define the quasiparticle energy εs as the energy of adding(subtracting) an electron to(from)
an N electron system so that the final state with N + 1(N − 1) electrons is in the sth excited
state

εs =

{
EN+1
s − EN

0 εs ≥ εF
EN

0 − EN−1
s εs < εF

, (1.23)

where εF is the Fermi energy.

We do not know the eigenstates of the interacting, many-body Hamiltonian, so let us start
by considering the Green’s function associated with the non-interacting system. The non-
interacting Green’s function can be written in terms of the mean-field states

G0(r, r′, ω) =
∑
s

φMF
s (r)φMF∗

s (r′)

ω − εMF
s ± iη

, (1.24)

where φMF
s (r) and εMF

s are the mean-field orbitals and eigenvalues, and η is positive or
negative depending on whether the state is above or below the Fermi energy.

The electron-electron interactions can be included as a perturbation on the non-interacting
Hamiltonian. Perturbing the mean field gives us a Dyson equation for the interacting single-
particle Green’s function

G(r, r′, ω) = G0(r, r′, ω) +

∫
dr1dr2G0(r, r1, ω)Σ(r1, r2, ω)G(r2, r

′, ω). (1.25)

Here, Σ is a non-local and energy-dependent operator called the self energy operator. The
self energy will give us the difference between the energy of the quasiparticle and the energy
of the non-interacting, or bare, particle. It thus contains all of the compicated many-body
interactions. When it comes to understanding the self energy conceptually, I especially like
an analogy by Mattuck [99]. In this analogy, the bare particle can be thought of as a pinball.
As it passes through the pinball machine, it can collide with an assortment of bumpers
any number of times in any order. Each bumper can be thought of as a different type of
interaction, and to obtain the total probability that the pinball will propagate from point 1
to point 2, we must sum over the probabilites of the infinite number of possible paths the
pinball can take. Contributions of different types of interactions to the self energy are found
by perturbing the non-interacting state with different types of interactions. Here, we are
interested in the electron-electron (i.e. Coulomb) interaction’s contribution to the self energy.
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If we perform a perturbation of the free electron states with the bare Coulomb interaction
and truncate after the first term in the Dyson series, the solution is the Hartree-Fock result.
Conceivably, we could improve on the Hartree-Fock result by keeping more terms in the series
up to infinite order, but this is easier said than done. An alternative approach is to instead
perform the perturbative expansion of G in terms of the screened Coulomb interaction W .
Since the screened Coulomb interaction is much weaker than the bare Coulomb interaction,
truncating at the first term in the expansion is a good approximation for the electron self
energy in most systems. This is known as the GW approximation and was first systematically
formulated by Hedin [54] and studied for the electron gas.

The expansion in W leads to a series of coupled equations for G. The self energy Σ is
approximated by

Σ(r, r′, ω) =
i

2π

∫ ∞
−∞

dω′G(r, r′, ω − ω′)W (r, r′, ω′)eiδω
′
, (1.26)

where δ = 0+. The screened Coulomb interaction is

W (r, r′, ω) =

∫
dr′′ε−1(r, r′′, ω)v(r′′, r′), (1.27)

where v is the bare Coulomb interaction and ε−1 is the inverse dielectric matrix

ε−1(r, r′, ω) = δ(r, r′) +

∫
dr′′v(r, r′′)χ(r′′, r′, ω), (1.28)

where χ is the polarizability, which can be written as the convolution of two Green’s functions
as formulated in the random phase approximation (RPA) within the GW approximation

χ(r, r′, ω) = − i

2π

∫
dω′G(r, r′, ω′)G(r′, r, ω′ − ω). (1.29)

We see that Eqs. 1.26–1.29 are self consistent: to find Σ, we must know G, but we do not
know what the interacting Green’s function is unless we already know the self energy. It is
also known from previous studies that performing full self consistency requires the inclusion
of higher order terms (vertex correction) to obtain accurate results.

Instead of working with the interacting polarizability χ, the screened Coulomb interaction
can be written as a Dyson series with the non-interacting polarizability χ0

W = v + vχ0W. (1.30)

Within the random phase approximation (RPA) [109, 6, 34], the non-interacting polarizabil-
ity is a convolution of two non-interacting Green’s functions

χ0(r, r′, ω) = − i

2π

∫
dω′G0(r, r′, ω′)G0(r′, r, ω′ − ω), (1.31)
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where non-interacting Green’s functions can be written in terms of the mean-field eigenstates
(Eq. 1.24). Building on this, Hybertsen and Louie [61] developed a method for performing
GW calculations on real materials from ab initio by using the Kohn-Sham DFT orbitals to
construct both the non-interacting RPA polarizability and the Green’s function of Eq. 1.26.
In the basis of the DFT orbitals, the non-interacting RPA polarizability for insulating ma-
terials is

χ0(r, r′, ω) =
1

2

occ∑
v

unocc∑
c

φDFT
v (r)φDFT∗

c (r)φDFT∗
v (r′)φDFT

c (r′)

×

[
1

εDFT
vk+q − εDFT

ck − ω − iδ
− 1

εDFT
vk+q − εDFT

ck + ω + iδ

]
, (1.32)

where v refers to the occupied (occ) valence states and c refers to the unoccupied (unocc)
conduction states.

Within ab initio GW with the additional assumption that the Kohn-Sham orbitals are the
same as the QP wavefunctions, the QP energy is

εQPnk = εDFT
nk + 〈nk|ΣGW (εQPnk )− Vxc|nk〉. (1.33)

This is a good approximation as long as the DFT eigenvectors are similar to the GW eigen-
vectors, which is the case for a great many moderately correlated systems. It is also possible
to evaluate the GW quasiparticle energies by diagonalizing 〈nk|ΣGW |n′k〉 and repeating the
calculation using the GW eigenvalues and eigenvectors. In practice, however, in cases where
self-consistency is necessary, it is simpler to improve the mean field starting point or use
self-consistent COHSEX (i.e. the static limit of the GW self energy) [65].

1.4 The Bethe Salpeter Equation

The GW approximation yields accurate QP energies, but it does not yield accurate optical
absorption spectra. For instance, in Fig. 1.1, which shows optical absorption of bulk Si
calculated within the GW approximation and the inter-band transition model compared
with experiment, you can see that the experimental spectrum has a different absorption
strength from the GW inter-band transition results and has peak-like features, which are
not present in the GW spectrum. This difference is not surprising, since GW plus inter-
band transitions is a theory designed to describe single-particle excitations, while optical
absorption is fundamentally a two-particle process. For instance, you can imagine a photon
coming in and exciting a quasi-electron and a quasi-hole, but the quasi-electron and quasi-
hole can interact. Thus, the true excitation is not a free quasi-electron and quasi-hole pair
but rather a correlated quasi-electron and quasi-hole pair known as an exciton, which can be
either a bonafide bound state or resonant (Fig. 1.2). To good approximation, we can write
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Figure 1.1: Comparison of the absorption spectrum of bulk Si calculated within the GW plus
inter-band transitions approximation (Non-Int.) and GW -BSE approximation (Interacting)
with experiment. This figure is taken from Ref. [30].

the exciton state as a linear combination of quasi-electron and quasi-hole states [122]

|SQ〉 =
∑
vck

ASvckQ|vk〉 ⊗ |ck + Q〉, (1.34)

where S indexes the exciton state; Q is the exciton’s center-of-mass momentum, and ASvck is
the amplitude of the free quasi-electron and quasi-hole pair consisting of an electron in state
|ck + Q〉 and an electron missing from state |vk〉.

For two-particle excitations, we need to introduce the electron-hole correlation function
L [133]

L(1, 2; 1′, 2′) = −G2(1, 2; 1′, 2′) +G(1, 1′)G(2, 2′). (1.35)

Here, the notation (1) represents the combined time, spin, and spatial coordinate; i.e. (1) =
(r1, σ1, t1), and G2 is the two-particle Green’s function. We will also use (x) to refer jointly
to the spin and spatial coordinate; i.e. (x) = (r, σ). The electron-hole correlation function
obeys a Dyson equation known as the Bethe Salpeter equation (BSE)

L(1, 2; 1′, 2′) = L0(1, 2; 1′, 2′) +

∫
d(3456)L0(1, 4; 1′, 3)K(3, 5; 4, 6)L(6, 2; 5, 2′). (1.36)

Here, L0(1, 2; 1′2′) = G(1, 2′)G(2, 1′) and describes a non-interacting quasi-electron and
quasi-hole pair. K is the electron-hole interaction kernel. Following Strinati [133] and
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Figure 1.2: Two pictures of excitonic states. The left-hand figure shows a photon with
momentum Q and energy ω exciting an exciton from the many-body ground state. The
excitonic states have an energy vs. center-of-mass momentum Q dispersion, and depending
on the strength of the electron-hole interaction, may have multiple bound states as well
as a continuum of states. The right-hand figure illustrates a exciton state as a combina-
tion of correlated interband transitions between occupied and unoccupied states in the QP
bandstructrue. This figure is adapted from Ref. [22].

Rohlfing and Louie [122], the BSE can be rewritten as a generalized eigenvalue problem

(εQP
ck+Q − ε

QP
vk′)A

S
vckQQPδk+Q,k′ +

∑
v′c′k′

KAA
vck,v′c′k′(Q)ASv′c′k′Q +

∑
v′c′k′

KAB
vck,v′c′k′(Q)BS

v′c′k′Q

= ΩS
QA

S
vckQ

(1.37)∑
v′c′k′

KBA
vck,v′c′k′(Q)ASv′c′k′Q + (εQP

ck+Q − ε
QP
vk′)B

S
vckQδk+Q,k′ +

∑
v′c′k′

KBB
vck,v′c′k′(Q)BS

v′c′k′Q

= −ΩS
QB

S
vckQ

.

(1.38)

Here, we use the convention that ck refers to a quasi-electron state, while vk refers to the
quasi-electron missing from state vk. Hence, εQP

vk′ , being the energy of the missing quasi-
electron, is the negative of the quasi-hole energy. In this form, the BSE Hamiltonian has the
matrix structure

HBSE(Q) = (εQP
ck+Q − ε

QP
vk′)δk+Q,k′ +

(
KAA(Q) KAB(Q)
KBA(Q) KBB(Q)

)
, (1.39)

where the kernel matrix elements in each block are calculated in the basis of the single-
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particle orbitals as

KAA
vck,v′c′k′(Q) = i

∫
d(3456)φvk(x4)φ∗ck+Q(x3, )K(3, 5; 4, 6)φ∗v′k′(x)φ∗c′k′+Q(x6) (1.40)

KAA
vck,v′c′k′(Q) = i

∫
d(3456)φvk(x4)φ∗ck+Q(x3)K(3, 5; 4, 6)φ∗v′k′(x6)φ∗c′k′+Q(x5) (1.41)

KBB = −KAA∗ (1.42)

KBA = −KAB∗. (1.43)

The off-diagonal blocks (KAB and KBA) couple the resonant (KAA) and anti-resonant (KBB)
transitions. Since the diagonal part of Eq. 1.39 contain contributions from the QP interband
transition energies ((εQP

ck+Q − ε
QP
vk′)δk+Q,k′), the off-diagonal blocks (KAB,KBA) can usually

be neglected as long as the energy of the electron-hole interaction is small compared with
the QP gap. Then, Eq. 1.39 becomes

HBSE,TDA(Q) = (εQP
ck+Q − ε

QP
vk′)δk+Q,k′ +KAA(Q) (1.44)

This is known as the Tamm-Dancoff approximation (TDA).

The BSE kernel is found by taking the functional derivative of the self energy.

K(3, 5; 4, 6) =
δ[VH(3)δ(3, 4) + Σ(3, 4)]

δG(6, 5)
. (1.45)

Within the GW approximation for Σ, the BSE Kernel becomes [121, 1, 122]

K(3, 5; 4, 6) = −iδ(3, 4)δ(5−, 6)v(3, 6) + iδ(3, 6)δ(45)W (3+, 4). (1.46)

We refer to the first term involving the bare Coulomb interaction as the exchange kernel
(Kx) and the second term involving the screened Coulomb interaction as the direct kernel
(Kd). When the exciton binding energies (i.e. εck − εvk − ΩS) are much smaller than the
plasmon frequency, we neglect the frequency-dependence of the screening in W . Then, in the
basis of the quasi-electrons, the exchange and direct contributions to the matrix elements of
the BSE kernel are

〈vckQ|Kx|v′c′k′Q〉 =

∫
dxdx′φ∗ck+Q(x)φvk(x)v(r, r′)φ∗v′k(x′)φc′k′+Q(x′) (1.47)

〈vckQ|Kd|v′c′k′Q〉 = −
∫
dxdx′φ∗ck+Q(x)φc′k′+Q(x)W (r, r′;ω = 0)φ∗v′k′(x

′)φvk(x′). (1.48)

When the spin-orbit interaction is small, the BSE matrix can be block-diagonalized and
decoupled into spin-singlet and spin-triplet classes of solutions [122]. For the singlet solutions,
the BSE kernel is Kd + 2Kx. For the triplet solutions, there is no exchange contribution,
and the BSE kernel is simply Kd. Only the singlet states are optically bright.

Once we have the solutions of the BSE Hamiltonian, we can relate them to the optical
spectra. Optical absorption and conductivity are proportional to the imaginary part of the
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macroscopic dielectric function, =εM . The macroscopic dielectric function is defined as

εM =

(
1

ε−1

)
G=G′=0

. (1.49)

Since we are only interested in optical properties, we want to avoid having to calculate and
invert ε−1, which is a large matrix. We use the double inversion procedure of Pick, Cohen,
and Martin [108, 51, 104] to directly obtain εM . In this procedure, we replace the Coulomb
potential in Fourier space v(q + G) in Eq. 1.47 with a modified Coulomb potential v̄, which
does not include a long-range contribution

v̄(q + G) =

{
0 G = 0

v(q + G) G 6= 0
.(1.50)

Then, we can construct =εM from the solutions of the modified BSE

=εM(ω) =
8π2e2

ω2

∑
S

|λ̂ · 〈0|v|S〉|2δ(ω − ΩS) (1.51)

=
8π2e2

ω2

∑
S

|
∑
vck

ASvckλ̂ · 〈vk|v|ck〉|2δ(ω − ΩS) (1.52)

where λ̂ is the polarization vector, and v is the velocity operator. We are assuming Q ≈ 0
and dropping the Q index, since the momentum carried by light is very small. In the
independent QP picture (i.e. neglecting excitonic effects), =εM is becomes

=εM =
8π2e2

ω2

∑
vck

|λ̂ · 〈vk|v|ck〉|2δ(ω − εQP
ck + εQP

vk ). (1.53)

A comparison of =εM in the BSE and independent QP inter-band transitions picture is
shown in Fig. 1.1. You can see that including the excitonic effects from BSE results in
optical spectra in excellent agreement with experiment.
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Chapter 2

Screening and Many-Body Effects in
Two-Dimensional Crystals: MoS2

In this chapter, we present a systematic study of the electronic and optical properties of
two-dimensional (2D) crystals within ab initio GW and GW plus Bethe Salpeter Equation
(GW-BSE) calculations. We use MoS2, which is a prototypical member of the family of
transition metal dichalcogenides as a case study. We find that monolayer MoS2 possesses a
large and diverse number of strongly bound excitonic states whose excitation energies do not
follow the hydrogenic Rydberg series. These extraordinarily large binding energies and non-
hydrogenic excitons are a consequence of the quasi-2D nature of the system, which gives rise
to enhanced Coulomb interaction and fast spatial variations in the screening environment.
We also discuss computational challenges arising from the fast spatial variations in screening,
including slow convergence with respect to k-grid sampling and cutoffs for various quantities
such as the dielectric screening. Our methodological findings apply to GW-BSE calculations
on any low-dimensional semiconductors.

This chapter draws from two previous works performed in the Louie group[113, 114] and is
primarily adapted from Ref. [114].

2.1 Introduction

Transition metal dichalcogenides (TMDs) are layered, weakly-coupled materials that can
exist in few- and monolayer forms. Recently, this class of materials has attracted intense
study due to the remarkable electronic and optical properties it exhibits, such as valley-
selective circular dichroism, as well as coupling of spin and valley quantum numbers [14,
146, 90] and the formation of strongly bound excitons and trions [117, 113, 89, 21, 140, 69,
158, 147, 56]. Molybdenum disulfide (MoS2) is a prototypical TMD. In its most common
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semiconducting form (2H), monolayer MoS2 consists of a layer of Mo atoms sandwiched
between two layers of S atoms in a trigonal prismatic arrangement. In bulk and few-layer
form, MoS2 is an indirect gap semiconductor, but in monolayer form, it becomes a direct gap
semiconductor, with a gap located at the K and K ′ points in the Brillouin zone [91, 132].

The optical spectrum of MoS2 has been extensively studied experimentally. It has an optical
gap of 1.9 eV at room temperature [91, 132], which blue-shifts by as much as 0.1 eV at
low temperatures between 5 and 100K [136, 130]. The first peak in the optical spectrum
is split by spin-orbit coupling by 0.15 eV into two peaks commonly referred to as “A” and
“B”[91]. The electronic quasiparticle bandgap is much harder to determine experimentally,
but various experiments suggest that the bandgaps of monolayer MoS2 and several other
TMDs with the same structure lies between 0.2 and 0.7 eV above the optical gap [21, 147,
158, 140, 69, 152, 56], indicating a large exciton binding energy.

There have also been numerous theoretical studies of the electronic and optical properties
of monolayer MoS2 with widely differing results. The many-body perturbation theory-based
ab initio GW approximation [61] plus Bethe Salpeter equation (GW-BSE) approach [121, 1]
is one the most common and accurate methods for computing quasiparticle (QP) band-
structures and optical response including electron-electron and electron-hole interactions.
However, even within the general GW-BSE approach, there is a great deal of disagreement
in the literature over everything from the magnitude and location of the QP bandgap to the
exciton binding and excitation energies [117, 19, 72, 101, 113, 128, 59, 130, 5, 105]. In this
chapter, we address the source of these inconsistencies and make note of computational issues
in GW-BSE calculations that arise for quasi-two-dimensional (quasi-2D) semiconductors and
other reduced dimensional systems.

The main results of this chapter are the following:

• The major computational challenges when dealing with mono- and few-layers TMDs
arise from the finite extent of atomic scale in one of the spatial directions. This intro-
duces rapid variations in the screening, which leads to complications in the computation
of the quasiparticle and excitonic properties [113, 59].

• The convergence of quasiparticle gaps with respect to the k-point sampling, dielec-
tric cutoff and number of bands included in the self-energy operator is much slower
than what is reported in earlier work and is closely tied to the supercell size used
and the treatment of the quasi-2D behavior of the Coulomb interaction. The lack of
convergence is sufficient to explain the varying results in the literature for GW-BSE
calculations on monolayer MoS2 and other TMDs.

• We show that different numerical treatments of the divergence in the Coulomb inter-
action shifts the exciton continuum and can lead to false convergence of the binding
energy with respect to k-point sampling. In particular, we find that it is possible
to obtain an apparent agreement of the calculated optical gap with experiment, even
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though the exciton binding energy and the higher excitonic states are not computed
correctly.

This chapter is organized as follows. In section II, we discuss the dielectric screening in
quasi-2D semiconductors and review the effect of the truncation of the Coulomb potential.
In section III, we discuss the QP bandstructure, the convergence of the self-energy, including
special considerations for quasi-2D systems, the effect of updating the Green’s function G
in the GW0 approach and the frequency dependence of the screening. In section IV, we
discuss the effect of screening on the optical response of MoS2, characterize the excitons and
their wavefunctions, discuss how they converge in our calculations, and discuss the effects of
quasiparticle lifetimes. We conclude in section V by summarizing our results.

2.2 Electron-electron and electron-hole Interactions and

Screening in 2D

2.2.1 Coulomb Truncation and Convergence

First-principles calculations using planewave basis sets require periodic boundary conditions.
This means that for 2D systems, such as monolayer MoS2, it is necessary to increase the
dimension Lz of the unit cell in the aperiodic direction to avoid interactions between repeated
monolayers [126]. With conventional DFT functionals, such as LDA or GGA, there are no
long range interactions for a neutral system, so a vacuum of ∼ 5 Å (Lz ∼ 10 Å) is sufficient
to converge the relative eigenvalues (other values, such as the work function and ionization
energies, require a larger vacuum to prevent interactions between periodic images). However,
when we compute the polarizability and related quantities in the GW approach, we end
up calculating a response function that is long ranged, and it becomes computationally
unfeasible to include enough vacuum to prevent periodic images from interacting.

One effective solution for this problem is to explicitly truncate the Coulomb interaction in
real space along the aperiodic direction. This is implemented in the BerkeleyGW package [30]
following Ismail-Beigi’s scheme [64]. The truncated Coulomb potential has a closed form in
reciprocal space,

vtrunc(q) =
4π

q2

[
1− e−

qxyLz
2 cos

(
qzLz

2

)]
, (2.1)

where qxy = (q2
x + q2

y)
1/2. This allows us to directly compute the static RPA inverse dielec-

tric matrix without spurious interactions between the repeated monolayers in our supercell
geometry as

ε−1
GG′(q) = δGG′ + vtrunc(q + G)χGG′(q), (2.2)

where χGG′(q) is the static non-interacting RPA polarizability.
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We now examine how the features of the dielectric matrix evolve with supercell size with
and without Coulomb truncation. In isotropic bulk systems, the screening is dominated
by the “head” element G=G′=0 [60, 61, 62, 154]. In quasi-2D systems, however, the Gz’s
(the reciprocal lattice vectors along the aperiodic direction) are almost continuous, so it is
no longer reasonable to look at the single element Gz=0. In Fig. 2.1, we plot ε−1

GG′
(q) for

elements where Gx=G
′
x=Gy=G

′
y=0 and Gz=G

′
z for several different values of Gz. When

the truncated Coulomb interaction is used, the behavior of ε−1
GG′

(q) changes depending on
whether Gz is odd or even. ε−1(q) goes smoothly to a value less than 1 as q goes to 0, when
Gz is odd, and sharply returns to 1 as q goes to 0, when Gz is even. This behavior arises
from the cos term in the truncated Coulomb interaction, and contrasts with the untruncated
case, where ε−1(q) goes to a number less than 1 as q goes to 0 for all Gz’s, with most of the
screening coming from Gz=0.

The screening behavior with and without Coulomb truncation also depends, unsurprisingly,
on the amount of vacuum Lz. In both cases, consecutive Gz’s for Gz > 0 become more
similar as Lz increases, since the separation between Gz’s is 2π

Lz
. Consequently, the number

of Gz’s required to capture the screening behavior increases proportionally with Lz.

There is also a direct correlation between the q-dependence of the dielectric matrix with
Lz when we employ the truncated Coulomb interaction. As shown in the left panels in
Fig. 2.1, the “dip” feature for even Gz’s becomes sharper as Lz increases, so the k-point
sampling must be fine enough to resolve the features in ε−1

00 (q). An important consequence
is that convergence of k-point sampling is tied to the size of the supercell. Fig. 2.2 shows the
convergence of the QP gap with respect to k-point sampling and the size of the vacuum.
When Coulomb truncation is used (Fig. 2.2 (b)), the QP gap converges more slowly for
larger Lz’s, reflecting the need to resolve sharper features in ε−1

00 (q). However, the QP gap
converges to the same value regardless of the supercell size when Coulomb truncation is used.

The picture is different and shows a significantly slower k-point convergence when we don’t
employ Coulomb truncation. As shown in Fig. 2.2 (a), the QP gap still displays a very
strong dependence on k-point sampling at the densest grid size of 36 × 36. There are two
important differences here with respect to the case with truncated Coulomb potential: (1)
these calculations converge to a smaller incorrect QP gap, and (2) the convergence with
respect to k-point sampling is not monotonic but changes direction as the k-grid sampling
becomes finer. Both these facts are understood from the long wavelength behavior of the
screening. Whenever q . 1/Lz, the calculation without a truncated Coulomb potential
includes a spurious polarization due to the repeated monolayers in the aperiodic direction.
This spurious term screens out the Coulomb interaction and decreases the QP gap.

Final, it’s important to mention the dependence of the number of bands needed for the
various quantities in the GW calculation on Lz. The number of empty states included in our
calculation is well approximated by the number of planewaves |G〉 with kinetic energy less
than the dielectric cutoff E = |G|2/2, so it is proportional to the supercell volume. If the
number of bands is kept constant while Lz is increased, the screening will not be captured
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Figure 2.1: Evolution of the first few diagonal elements of the inverse dielectric matrix,
ε−1(q), for Gx=Gy=G

′
x=G

′
y=0 and Gz=G

′
z with (left) and without (right) Coulomb trun-

cation for Lz=15 Å (a,b), 20 Å (c,d), and 25 Å (e,f) supercell sizes. A cutoff of 35 Ry and
6, 000 bands was used for calculating all ε−1

G,G′(q) in this figure. The value of Gz is given in

units of 2π
Lz

.

properly in the GW calculation, and the QP gaps will be overestimated. We attribute the
reason why some studies found that the QP gaps increase much more when the vacuum is
increased to this false convergence [59, 72].

2.2.2 Effective 2D Dielectric Function

For simplicity, we discuss here the static dielectric function. The same discussion caries
over for the dynamic case. In general, the dielectric function of a material is defined as the
following relation between the bare Coulomb potential v and the effective screened Coulomb
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Figure 2.2: Convergence of the error in the QP gap with k-point sampling (a) without
Coulomb truncation and (b) with Coulomb truncation, for supercell sizes Lz = 15 Å (black
squares), Lz = 20 Å (blue circles), and Lz = 25 Å (red triangles). Zero is set to the QP gap
with Coulomb truncation extrapolated to infinite k-point sampling for Lz =∞.
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interaction W:

W (r1, r2) ≡
∫

d3r3 ε
−1(r1, r3)v(|r3 − r2|). (2.3)

Our goal now is to define an effective 2D dielectric function between two electrons in a
monolayer material. Due to confinement, the modulus squared of the wavefunction (in a
tight-binding framework) associated to either electron, l = 1, 2, can be written as ρi(r− sl),
where i = 1, 2 labels different orbitals and sl is a coordinate in the xy-plane around which
the orbital is centered. In analogy to Eq. 2.3, we define the effective 2D inverse dielectric
function in terms of the strength of the electronic interaction integration between orbitals i
and j as

Wij(s1, s2) ≡
∫

d3r1 d3r2 ρi(r1 − s1)W (r1, r2)ρj(r2 − s2)

≡
∫

d2s3

(
ε−1

2D

)
ij

(s1, s3)v(|s3 − s2|). (2.4)

In order to gain further insight on the form of the response function, we assume that both
W and ε−1

2D are isotropic and depend only on s ≡ |s2− s1|. Such a simplification allows us to
write the strength of the electronic interaction between the two orbitals in real space as

Wij(s) =
1

2πLz
F0

∑
GzG′z

ρ∗i (q + Gz)WGzG′z(q)ρj(q + G′z)

(s), (2.5)

where ρ(q + Gz) ≡
∫

d3rei(q+Gz)·rρ(r), and F0[f ](s) ≡ 2π
∫∞

0
dq q f(q) J0(qs) is the Hankel

transform of f .

In reciprocal space, the effective 2D inverse dielectric function is simply the ratio between
the 2D screened Coulomb interaction (2D Fourier transform of Eq. 2.5) and the truly two-
dimensional bare Coulomb potential, v2D(q) = 2πe2/q. The simplest choice of orbitals is a
delta function at r = (s, z = 0), which yields the effective 2D screening

ε−1
2D(q) =

q

2πe2Lz

∑
GzG′z

WGzG′z(q). (2.6)

Eq. 2.6 defines an effective 2D dielectric for a quasi-2D material, where the complicated
details of the screening in the out-of-plane direction z have been integrated out. We note
that our expression for ε−1

2D(q) differs from that defined in Refs. [59, 74], who define it by
the field in a region in the slab induced by a plane-wave external potential. In contrast,
Eq. 2.6 measures how much the bare 2D Coulomb potential v2D(q) = 2πe2/q between two
point charges in the middle of the MoS2 plane gets screened due to electronic screening.
This is the relevant quantity to derive low-energy Hamiltonians to model electron-electron
and electron-hole interactions in quasi-2D systems, including excitonic states and electron
scattering.
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In Fig. 2.3 (c-f), we show the reciprocal-space effective 2D dielectric function ε2D(q). The
corresponding real-space curves are obtained by taking the Hankel transform of Eq. 2.6 and
are shown in Fig. 2.3 (a,b). There is a very sharp peak in ε2D(s) at s = 1.5 Å, which
corresponds to roughly half the thickness of the slab. This peak can be understood if
we consider the Coulomb interaction between two point charges embedded in a quasi-2D
semiconductor: as in 2D semiconductors, if two charges are very close together, there is not
enough space for the electronic cloud to polarize, so ε2D(s→0) = 1. At the same time, if the
two charges are very far away, the field lines connecting the charges travel mainly through
the vacuum, so they are not much affected by the intrinsic dielectric environment of the
quasi-2D semiconductor and ε2D(s→∞) = 1. Therefore, there is a finite distance smax where
ε2D(smax) must exhibit its maximum. The value of the peak of ε2D(smax) depends on the
polarizability and thickness of the material. We note that Lz should have no effect on the
effective 2D screening as long as it is large enough to contain the charge density within the
truncated Coulomb interaction approach. This is not true for the untruncated case.

For very short distances (s < 1 Å), the effective 2D dielectric screening with and without
truncation are similar, but at larger distances polarizability of the replica slab together with
the long-range interaction results in drastic overscreening. Instead of approaching 1, ε2D(s)
approaches a larger finite constant, which is the macroscopic dielectric constant of a bulk
system consisting of layers of MoS2 separated by layers of vacuum. While this constant
indeed approaches 1 as Lz → ∞, it does so very slowly. Thus, it is very important to
truncate the Coulomb interaction to include correctly the effects of the dielectric response
of quasi-2D systems.

Similar features are seen in the effective 2D dielectric function for the converged results in
reciprocal space, as shown in Fig. 2.3 (c,d). Specifically: (1) there is a peak in ε2D(q); (2)
when the Coulomb interaction is truncated, ε2D(q) does not depend on Lz; and (3) while
ε2D(q→0) = 1 when we truncate the Coulomb potential, it incorrectly approaches a different
and larger value when we don’t truncate the potential.

We also show the effective screening for different energy cutoffs for the dielectric matrix, in
Fig. 2.3 (e,f). The effect of changing the dielectric cutoff is similar for both the truncated
and untruncated Coulomb interactions. For very small q’s, before the peak, screening does
not depend strongly on the cutoff. For larger q’s, decreasing the cutoff results in overscreen-
ing. Therefore, depending on the property one is interested in (quasiparticle or excitonic
levels), different convergence parameters may have to be used. In particular, the convergence
of quasiparticle states, as computed within the GW approximation, converges very slowly
because the self energy depends on ε at both short and long distances.

Finally, we compare the effective 2D screening obtained from our ab initio calculations with
the screening model developed by Keldysh [68], which is frequently used to describe screening
of excitons in quasi-2D materials [26, 110, 4, 21, 144, 74]. In the Keldysh model, which is
based on a slab of constant dielectric value, the potential between two charges in a slab of
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Figure 2.3: Effective 2D screening between two point charges in the Mo plane with Coulomb
truncation (left) and without Coulomb truncation (right). Panels (a) and (b) compare the
effective screening in real space when Lz = 15 Å (solid blue) and Lz = 25 Å (dotted red)
with a 35 Ry cutoff. Panels (c) and (d) are the corresponding reciprocal space plots of (a)
and (b). Panels (e) and (f) compare effective screening in reciprocal space when the cutoff
is 35 Ry (dashed red) and 8 Ry (solid green) with Lz = 25 Å.
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thickness d has the form

V2D(s) =
πe2

2ρ0

[
H0

(
s

ρ0

)
− Y0

(
s

ρ0

)]
, (2.7)

where H0 and Y0 are respectively the Struve and Bessel functions of the second kind and
ρ0 is a screening length, which is ρ0 = dε

2
[68], where ε is the in-plane dielectric constant

of the bulk material. If the slab is taken to be strictly 2D, it has been shown [26] that
the screening length is proportional to the 2D polarizability of the layer, and taking the 2D
Fourier transform of Eq. 2.7 results in a dielectric function of the form

ε2D(q) = 1 + ρ0q, (2.8)

where ρ0 = 2πα2D. Here, α2D is the 2D polarizability and can be related to the polarizability
of the actual quasi-2D slab by fitting to the long wavelength limit of the ab initio polariz-
ability. We fit the Keldysh model to our ab initio effective dielectric function at small q, as
defined in Eq. 2.6, and obtain an effective screening length of ρ0 = 35Å or an effective slab
thickness of d = 6Å, which is about twice the thickness of monolayer MoS2 measured from
the center of the sulfur atoms. A comparison of our ab initio effective dielectric function with
the best fit to the Keldysh model is shown in Fig. 2.4. We see that the Keldysh model can
be adjusted to give a good description of the form of the screening in the long wavelength
limit and thus can describe the screening seen by excitons as long as the exciton radius is
on the order of or larger than the screening length ρ0, which is unknown without an ab
initio calculation. Moreover, for phenomena that depend on short-range or varying length
scale screening, the Keldysh model would drastically overestimate the screening in quasi-2D
systems.

2.3 Quasiparticle Bandstructure

In this section, we discuss the computational details and results of our GW calculation of
the QP bandstructure.

2.3.1 Computational Details and Convergence

We use density functional theory (DFT) [57, 71], as implemented in Quantum ESPRESSO [40],
in the local density approximation (LDA) to obtain a mean-field starting point for our GW
calculation [61]. Different choices of the DFT functional and a relaxed versus experimental
crystal structure can result in about 0.1 eV difference in the QP gap of MoS2. We find that
relaxing the structure with an LDA functional increases the gap at K by 0.04 eV compared
to the experimental structure. Given identical structures, using a GGA functional decreases
the gap by 0.03 eV compared to LDA.
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Figure 2.4: Comparison of the effective 2D screening as defined by Eq. 2.6 (red lines) with
the Keldysh model (black lines) in real space (a) and reciprocal space (b). The Keldysh
model uses an effective slab thickness of d = 6Å to obtain the best fit to the ab initio results.
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We use norm-conserving pseudopotentials and include the Mo 4s and 4p semicore states
and the 4d valence state. Including the semicore 4s and 4p states is necessary to accurately
capture the exchange contribution to the self energy. However, these deep 4s and 4p states
are not included in the charge density used in the Hybertsen-Louie Generalized Plasmon Pole
(HL-GPP) model [61] to calculate the self energy, since they are more than 35 eV below the
Fermi energy and, thus, do not contribute to low-energy screening. We use a supercell with
25 Å of vacuum in the aperiodic direction, and we relax the supercell using a wavefunction
cutoff of 350 Ry and a 24x24x1 k-grid, resulting in an in-plane lattice constant of 3.15 Å,
which deviates less than 1% from the experimental lattice constant of few-layer MoS2 [148].
Then, we generate wavefunctions used in the GW-BSE calculation using a wavefunction[61]
cutoff of 125 Ry, which is sufficient to converge the bare exchange contribution to the QP
gap to within 0.01 eV.

Our GW calculation is performed with the BerkeleyGW package [30]. We calculate the
dielectric matrix using the truncated Coulomb interaction discussed in section II and using a
24x24x1 k-point sampling to converge the QP gap to within 0.05 eV (see Fig. 2.2). We take
into account dynamical screening effects in the self energy through the HL-GPP model. We
also use the static remainder technique [29] to reduce the number of necessary unoccupied
states.

As discussed in our previous work [113], GW calculations on MoS2 and TMDs in general
converge very slowly with respect to the energy cutoff (ES) of the dielectric matrix and the
number of bands (Nb) included in the polarizability and Coulomb-hole summations of the
self energy. The slow convergence of ES arises from the presence of localized d orbitals near
the Fermi energy and the different character of the valence and conduction bands. The slow
convergence of Nb arises due to the large number of G-vectors in the dielectric matrix and
the supercell size, as discussed in section II.A. Our calculation required Nb = 6000 bands
and a dielectric cutoff of ES = 35 Ry to converge the QP gaps to better than 0.05 eV, for a
total error bar of ∼ 0.1 eV when combined with the error bar due to k-point sampling. To
test the convergence of the number of bands we calculated QP gaps with a dielectric cutoff
of up to ES = 45 Ry and up to Nb = 12000 bands (Fig. 2.5).

As Shih et al. [129] have noted, the dielectric cutoff and bands are interdependent parameters
and attempting to converge the number of bands using a dielectric cutoff that is too small
or converge the dielectric cutoff using too few bands will result in false convergence. The
static remainder technique speeds up convergence considerably when only a few bands are
included, but for a precision of greater than 0.1 eV, the convergence with respect to bands for
a fixed ES is about the same with and without static remainder. The static remainder is still
helpful, however, because when using static remainder, convergence with respect to bands is
in the opposite direction as convergence with respect to ES, resulting in some cancellation
of error.

We also self-consistently update the eigenvalues of the Green’s function, G, when building
the self-energy operator Σ. We find that going to G1W0 increases the QP gap at K by 0.08 eV
compared to G0W0. Further updating G increases the QP gap at K by only 0.02 eV, so we
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Figure 2.5: Convergence of the QP gap at the M point with respect to the number of
bands included in the partial sum for the Coulomb-hole contribution to the self energy, for
dielectric cutoffs of 15(blue), 25(red), 35(green), and 45(magenta) Ry. The static remainder
correction is included. The dashed lines indicate the value of the QP gap extrapolated to
infinite bands.

stop at the G1W0 level. The bandgap is 2.59 eV at the G0W0 level and 2.67 eV at the G1W0

level, with spin-orbit interactions included.

We also compare results obtained using the HL-GPP model with the full-frequency dielectric
matrix calculated using the contour-deformation approach [75, 73]. At the G0W0 level, the
full-frequency bandgap is 2.45 eV and increases to 2.54 eV after self-consistently updating
the eigenvalues in G. Thus, inclusion of the explicit dynamical effects decreases the gap by
0.13 eV compared with the HL-GPP. The dielectric matrix is calculated for all points on a
16 × 16 × 1 q-point grid plus additional q-points commensurate with a 64 × 64 × 1 q-grid
within the Voronoi cell about q = 0.

We include spin-orbit as a perturbation, and find that the valence band at K is split by
0.15 eV. The details of the implementation are discussed in section IV.A.3.

2.3.2 Results

The bandstructure of monolayer MoS2 at the LDA and G1W0 levels are shown in Fig. 2.6.
We find that monolayer MoS2 is a direct bandgap material at all levels of theory. The direct
gap at the K point increases from 1.71 eV at the LDA level to 2.59 eV at the G0W0 level to
2.67 eV at the G1W0 level. The spin-orbit splitting of the valence band at K is 0.15 eV.

The GW correction varies by k-point. The largest correction to the gap is 1.2 eV at the
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Figure 2.6: LDA (dashed blue curve) and G1W0 (solid red curve) band structure of mono-
layer MoS2.

M point, and the smallest is 0.96 eV at the K point. The GW correction also changes the
effective masses, making the electron mass smaller than the hole mass. At the LDA level,
the electron and hole effective masses at the K point are 0.5m0 and 0.6m0 respectively. At
the G1W0 level, the electron and hole effective masses are 0.4m0 and 0.2m0 respectively.

Comparison with other Calculations

There is significant disagreement on the electronic structure of monolayer MoS2, including
whether it has a direct or indirect gap, at various levels of theory, though it is well-known that
the experimental gap is direct [91]. We compare our results with previous GW calculations
on monolayer MoS2 in Table 2.1. Several calculations [59, 128] find an indirect gap from Γ to
K at the G0W0 level, and Shi et al. [128] argue that self-consistently updating G makes the
gap direct. We find a direct gap at the K point at all levels of theory regardless of k-point
sampling and the truncation of the Coulomb interaction. Different k-points converge with
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respect to Nb and ES at different rates, and the Γ point converges much more quickly than
the K point, so the indirect gap seen in some calculations is likely an artifact of a too small
dielectric cutoff. Because the self-energy correction is larger at Γ than at K, self-consistently
updating G may fortuitously restore the direct gap in those calculations.

Besides convergence, the largest source of differences across previous GW calculations on
monolayer MoS2 is the use of a truncated Coulomb interaction. As discussed in section 2.2.1
and also seen in Refs. [72, 59], not using Coulomb truncation in a calculation with periodic
boundary conditions results in over screening and decreases the QP gap by 100− 300 meV
depending on the supercell size used.

2.4 Optical Properties

2.4.1 Computational Details and Convergence

False Convergence and Shift of the Electron-hole Continuum

As several works have noted, the optical properties of monolayer MoS2, as calculated using
the Bethe-Salpeter Equation (BSE) formalism, converge very slowly with respect to k-point
sampling [72, 59, 113]. In reduced-dimensional systems, the screening varies rapidly as q
approaches the long wavelength limit (See section II). Excitons at the K point in MoS2

are highly localized in momentum space, which means they are extended in real space, so
most of the screening comes from the rapidly varying portion of ε2D(q). Hence, convergence
with respect to k-point sampling is slow because it is necessary to resolve the fast changes
in spatial dependence in screening. The extent of the exciton wavefunction in k-space is
discussed in greater detail in Section IV.B.2. We find that a 300x300x1 k-grid is required to
converge the exciton binding energy to within 0.1 eV (Fig. 2.7) for the lowest energy state.
It is even more demanding for the excited exciton states.

The convergence of the excitation energies with k-point sampling varies depending on the
treatment of the divergent term W (q=0). For semiconductors, the screened Coulomb in-
teraction W (q) diverges at q = 0, and it is common to avoid this divergence by replacing
the screened interaction, W (q=0), with an average over a small region of the Brillouin
zone [30, 59] near q = 0. We compare two different methods of treating the q = 0 term.
In the first, we average the screened Coulomb interaction over a small volume in reciprocal
space around q = 0. That is, we replace the divergent term, W00(q→0), with

W avg
00 (q) =

NqV

(2π)2Lz

∫
cell

d2q W00(q), (2.9)

where “cell” indicates an integral over the volume of the Voronoi cell around q = 0, Nq is
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)

E
G
W

g
a
p
,K

(e
V

)
E
G
W

g
a
p
,m

in

(e
V

)
D

ir
ec

t
G

ap

P
re

se
n
t

W
or

k
(G

1
W

0
)

Y Y
25 25

24
x
24

x
1

24
x
24

x
1

35 35
60

00
60

00
H

L
F

F
L

D
A

L
D

A
3.

15
3.

15
2.

67
2.

54
2.

67
2.

54
Y Y

G
1
W

0
[1

13
]

Y
25

24
x
24

x
1

35
60

00
H

L
L

D
A

3.
15

2.
7

2.
7

Y
G

1
W

0
[1

13
]

Y
25

12
x
12

x
1

35
60

00
H

L
L

D
A

3.
15

2.
84

2.
84

Y
G

0
W

0
[1

30
]

Y
25

24
x
24

x
1

35
60

00
H

L
P

B
E

3.
18

2.
63

2.
63

Y
G

0
W

0
[5

9]
Y

23
45

x
45

x
1

3.
7

20
0

G
N

L
D

A
3.

16
2.

77
2.

58
N

a

G
0
W

0
[1

01
]

N
24

18
x
18

x
1

2b
20

0
G

N
L

D
A

3.
15

2.
41

2.
41

Y
G

0
W

0
[7

2]
N

20
12

x
12

x
1

15
12

0c
F

F
P

B
E

3.
18

2.
60

2.
60

Y
G

0
W

0
[1

28
]

N
19

12
x
12

x
1

22
19

7
F

F
P

B
E

3.
16

2.
60

2.
49

N
sc

-G
W

0
[1

28
]

N
19

12
x
12

x
1

22
19

7
F

F
P

B
E

3.
16

2.
80

2.
80

Y
G

0
W

0
[1

17
]

N
15

6x
6x

1
20

96
F

F
H

S
E

3.
18

2.
82

2.
82

Y
sc

-G
W

0
[2

3]
N

9
–

7
–

F
F

P
B

E
3.

19
2.

40
2.

40
Y

Q
S
G

W
[1

9]
N

19
8x

8x
2

–
–

F
F

L
D

A
–

2.
76

2.
76

Y
a

G
ap

fr
om

Γ
→

K
.

b
E
S

es
ti

m
at

ed
fr

om
su

p
er

ce
ll

si
ze

an
d

n
u
m

b
er

of
re

p
or

te
d

G
-v

ec
to

rs
in

d
ie

le
ct

ri
c

m
at

ri
x

(5
0)

.
c

N
u
m

b
er

of
b
an

d
s

es
ti

m
at

ed
fr

om
su

p
er

ce
ll

si
ze

an
d

re
p

or
te

d
en

er
gy

of
h
ig

h
es

t
b
an

d
.



31

the total number of q-points, V is the volume of the unit cell in real-space, and W00 refers
to the divergent “head” element, G=G′=0.

This averaging treatment results in faster convergence of the excitation energies with k-
point sampling, but the convergence is non-variational – i.e. the excitation energy initially
increases with k-point sampling (Fig. 2.7 (a)). The non-variational convergence occurs be-
cause replacing W (q=0) with its average means that a k-point-dependent value is being
added to the diagonal of the BSE matrix, which is equivalent to shifting the exciton contin-
uum by W avg(q=0).

We emphasize that, while the widely-used averaging scheme is useful for improving the
convergence of the excitation energies, it may lead to misleading binding energies, defined
as the difference between the optical gap and the continuum of optical transitions. From
Fig. 2.7, the excitation energy from a relatively coarse 24x24x1 k-grid appears to agree better
with experiment than finer k-grids, but if the shift to the continuum energy is taken into
account, the binding energy is only 0.2 eV. As k-grid sampling increases, the continuum
energy increases linearly with 1/

√
Nk. Even more surprisingly, the excitation energy varies

in a non-uniform way, and increases until we hit a k-grid finer than about 90x90. For k-
grids finer than this, we start to sample q vectors before the peak in the quasi-2D dielectric
screening. Because the excitons are fairly spread out in real space, it is necessary to sample
very small wave vectors to capture the small screenings associated with these length scales.

In an alternative treatment of q = 0, we fix the exciton continuum at the QP gap (Ec−Ev)
by setting W00(q=0) = 0, which is the value of W avg in the limit of infinite k-points. In this
scheme, the excitation energies converge slower with respect to k-point sampling, but the
continuum does not move and the convergence is variational. There is again a kink in the
convergence of the excitation energy around 90x90, which comes from increased sampling in
the small q region. If we define the binding energy as the difference between the excitation
energy and the onset of the electron-hole or exciton continuum, the binding energy converges
at roughly the same rate regardless of the treatment of W (q=0).

Therefore, even though the commonly-used averaging scheme of the screened Coulomb inter-
action typically converges the optical excitation faster, it does so by moving the continuum
of optical excitations and introduces errors in both the excitonic wave functions and the
energies of higher excited exciton states. This is particularly important if one is interested
in properties such as the radius of the excitonic wave function or the energies and characters
of excited excitonic states.

As a final remark, we note that the fact that the exciton is tightly localized in k-space reduces
the dielectric cutoff, ES, needed to capture the screening for exciton calculations as opposed

to those for those for QP energies. As seen in Fig. 2.3, for q < 0.1 Å
−1

, the screening is the
same for ES = 8 Ry and ES = 35 Ry. Indeed, when we reduce the cutoff from 35 Ry to
8 Ry the binding energies of the first 40 excitonic states change by less than 10 meV.
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(a) Excitation energy
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Figure 2.7: (a) Convergence with respect to k-point sampling of the exciton continuum
(dashed lines) and the 1st (1s) excitation energy (solid lines) for the A series of excitons when
setting W (q → 0) = 0 (red) or using W avg(q → 0) (black). (b) Convergence of the binding
energy, defined as the difference between the continuum onset and the excitation energy of
the 1st exciton in the A series when setting W (q → 0) = 0 (red) or using W avg(q → 0)
(black).
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Computational Details

In this section, we describe the techniques that allows us to solve the BSE with a very dense
k-point sampling and include spin-orbit effects.

In Fig. 2.7, we explicitly solve the BSE on k-grids with up to 600x600x1 k-points in the
full Brillouin zone. However, to save computational cost, we only included k-points within

0.2 Å
−1

of the K point. This is reasonable for testing convergence, since more than 99% of

states contributing to the lowest energy exciton fall within 0.1 Å
−1

of the K point. To obtain
the entire optical spectrum, however, it is necessary to consider the entire Brillouin zone
using a k-point sampling of at least 300x300x1, which is very computationally demanding.

Rohlfing and Louie [121] originally proposed an interpolation scheme to eliminate this com-
putational bottleneck using two distinct k-grids, a coarse one where the matrix elements for
the BSE are calculated, and a fine one onto which the matrix elements are interpolated and
on which the BSE Hamiltonian is diagonalized. However, this interpolation scheme is no
longer accurate for quasi-2D materials since the dielectric matrix has a lot of structure for
small q’s, contrary to the case for bulk systems.

Here, we modify this interpolation scheme to fully capture these fast variations in ε−1
00 (q)

for small q’s. As in the original scheme, we use two k-grids: a fine 300x300x1 k-grid and
a coarse 24x24x1 k-grid where we explicitly calculate the BSE matrix elements between
all coarse k-points kco. However, in addition to these matrix elements, we also calculate
transitions from each coarse k-point to a number of fine k-points that form a cluster around
each coarse k-point. We call this second set of matrix elements that capture small q’s the
cluster matrix elements.

When we perform the interpolation of the matrix elements from the coarse to the fine k-
grid, we use the original scheme from Rohlfing and Louie [121] if a particular transition has
a wave vector q = kfi − k′fi larger than a given threshold. Otherwise, we use the cluster
matrix element. This interpolation scheme explicitly captures the fast variation in screening
at small q’s, and the resulting excitation energies of the first 20 exciton states are within
20 meV of excitation energies found by explicitly calculating the BSE matrix on a 300x300x1
k-grid.

In addition to k-point sampling, it is also important to consider spin-orbit interactions in
the optical absorption spectrum. If one directly solves the BSE on a relativistic basis set
that includes spin-orbit interactions, the time to diagonalize the BSE grows by a factor of
64 compared to the non-relativistic case and would not allow one to use such fine k-point
sampling. An alternative scheme to include spin-orbit interactions is therefore desirable.

Our solution is to take advantage of the facts that (1) spin-orbit splitting is smaller than the
exciton binding energy; and (2) spin along the z-axis is a good quantum number at the K and
K ′ points for monolayer TMDs [146]. This allows us to efficiently include spin-orbit effects as
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a perturbation. We perform both a spin-unpolarized DFT calculation, which is used as the
starting wave functions for our GW calculation, and a non-collinear calculation with spin-
orbit interactions included. We approximate the first-order spin-orbit correction to the GW
quasiparticle energies to be the difference between the two Kohn-Sham eigenvalues. That
is, we take ∆εSO

GW(nkσ) ≈ ∆εSO
LDA(nkσ) ≡ εnon−col(nkσ) − εunpol(nk), where σ is the spinor

index of the states in the non-collinear calculation. This is a reasonable approximation since
the overlaps between the spinor wave functions and the scalar wave functions are exactly 1
at K and greater than 0.7 in other regions with spin-orbit splitting, in our LDA calculation.

To obtain the absorbance with spin-orbit interaction, we apply a first-order perturbation
theory to the solution of the Bethe-Salpeter equation, which is justifiable because the quasi-
particle gap (∼ 2.7 eV) is much larger than the spin-orbit splitting (∼ 150 meV). Each
excitonic state |S〉 can be expanded as a linear combination of pairs of single-particle va-
lence and conduction band states as

|S〉 =
∑
vck

ASvck |vck〉 . (2.10)

We want to calculate the spin-orbit corrected exciton energies ΩS
σ = ΩS + ∆ΩS

σ , where
ΩS is the energy of the |S〉-state, neglecting spin-orbit, and ∆ΩS

σ is the first-order energy
correction,

∆ΩS
σ ≡ 〈S|HSO

σ |S〉 (2.11)

=
∑
vck

∑
v′c′k′

(
ASv′c′k′

)∗
ASvck 〈v′c′k′|HSO

σ |vck〉 ,

where the spin-orbit Hamiltonian, HSO, is block-diagonal in the spin-index σ and HSO
σ is a

block of the spin-orbit Hamiltonian for the spin σ.

We assume that HSO
σ is diagonal in the |vck〉 basis, which is valid due to the large overlap

between the spinor and scalar wave functions. Then, the spin-orbit correction to the excited-
state energies becomes

∆ΩS
σ =

∑
vck

|ASvck|2∆εSO
vckσ (2.12)

where ∆εSO
vckσ are the spin-orbit corrected differences in energy between the valence and

conduction states

∆εSO
vckσ = (εGW(ck) + ∆εSO

GW(ckσ))− (εGW(vk) + ∆εSO
GW(vkσ)).

Finally, the imaginary part of the dielectric function with spin-orbit interactions is calculated
using the spin-orbit corrected exciton energies,

ε2(ω) =
16π2e2

ω2

∑
Sσ

|e · 〈0|v |Sσ〉 |2δ(ω − ΩS
σ), (2.13)

where e is the polarization of the incoming light, v is the velocity operator, and |Sσ〉 = |S〉.
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2.4.2 Optical Spectrum

The absorption spectrum of monolayer MoS2 with and without electron-hole interactions
is shown in Fig. 2.8. The lowest energy exciton, which forms peak A in the spectrum,
has a binding energy of 0.63 eV. Peaks A and B are spin-orbit split states that arise from
excitons forming from transitions between the spin-orbit split valence band maximum and
the conduction band minimum at the K and K ′ points in the Brillouin zone. Both A and B
have bright excited states, which we label A’, B’, etc. The peak A” overlaps with peak B’.
We also see a large peak, which we label peak C, near the continuum onset at 2.7 eV.

The lowest interband transition energies, i.e. the energies of direct transitions from the
valence band to the conduction band throughout the Brillouin zone, are shown in Fig. 2.8(d).
The deepest valleys are parabolic valleys at K and K ′ points, which give rise to the A and B
series of excitons. There is also a shallower Mexican-hat shaped valley around the Γ point.
Transitions from this Mexican hat valley give rise to peak C and its excited states.

The fine features due to excited states of peaks A and B, which appear in our calculated
spectra, are broadened out in the experimental spectra. This is a signature of lifetime effects
due to electron-phonon and other interactions. We account for the electron-phonon lifetime
effects in our calculation following Marini [94], and the result is plotted in Fig. 2.8 (b). We
consider both emission and absorption of phonons at T = 300 K, and we extrapolate the
scattering rate for quasiparticle energies larger than those computed by Li et al. [81]. This
leaves the A and B peaks relatively sharp, while broadening out the intermediate peaks
between B and C, resulting in excellent agreement with experiment for peak shape and
position and the magnitude of the absorbance.

Comparison with other Calculations

As with the QP bandgap, there is a wide range of disagreement in the literature about
the binding energy of the exciton giving rise to peak A at the GW-BSE level, with values
ranging an order of magnitude from 0.1−1.1 eV. A comparison of values obtained in different
calculations is given in Table 2.2. There is, however, a smaller spread in the calculated
values of the excitation energy of peak A. This is largely because errors which result in
over screening or under screening tend to affect the QP gap and binding energy in opposite
ways, resulting in a cancellation of error in the excitation energy. The main sources of
difference across various BSE calculations in the literature are: (1) the k-grid sampling, as
mentioned in Section 2.4.1; and (2) the truncation of the Coulomb interaction. Coulomb
truncation is especially important to obtain the correct binding energy because, as seen
in Fig. 2.3 (a,b), Coulomb truncation mainly affects screening in the small-q region where
the exciton wavefunction is sensitive because of its localization in k-space. For instance,
Refs. [59] and [101] have both noted that very fine k-point sampling is required to converge
the solution of the BSE, yet obtain drastically different results (0.6 and 0.15 eV, respectively)
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Γ KK

K K

K K
2.7eV

4.2eV

(d) Interband transition energies:

4.2 eV

2.7 eV

Figure 2.8: (a) Absorption spectra of MoS2 without (dashed red curve) and with (solid green
curve) electron-hole interactions using a constant broadening of 25 meV. (b) Same calculated
data as in Fig. 2.8 (a), but using an ab initio broadening based on the electron-phonon
interactions[94, 81]. (c) Experimental absorbance[91]. (d) Direct valence to conduction
band transition energies in the 1st Brillouin zone.
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Figure 2.9: Comparison of the exciton state energy levels for the A series obtained from
ab initio GW-BSE calculation (left) with an effective 2D hydrogenic model (right). Bright
[dark] exciton states are represented by opaque red [translucent blue] lines.

for the binding energy.

2.4.3 Excitonic Spectrum of Series A and Comparison with Ryd-
berg Series

We can obtain further insight of the structure of the excitonic states by comparing them
to a 2D hydrogenic model. In Fig. 2.9, we plot the energies of the excitons in the series A
obtained from our GW-BSE calculation with those from an effective 2D hydrogenic model
Hhydrog = − ∇2

2m∗
+ e2

ε∗r
. This effective model is built by fitting the effective dielectric constant

ε∗ to reproduce the binding energy of peak A. Because there is very little coupling between
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+1

-1

Figure 2.10: Electron-hole pair amplitudes of lowest energy exciton wavefunctions in recip-
rocal space for states (a) 1s, (b) 2p, (c) 2s, (d) 3d, (e) 3p, (f) 4f, (g) 3d, (h) 4d and (i) 4p.
Each plot is centered around the K point in the Brillouin zone.
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the K and K ′ valleys [112], the A and B series of excitons are both doubly degenerate. We
focus here on the states in the A series coming from a single valley.

As previously noted[113, 147, 158, 21], the hydrogenic model deviates from the ab initio
results in two significant ways: (1) first, the binding energies of excited states are much larger
than expected from a 2D hydrogenic model; and (2) states with higher angular momentum
have a larger binding energy than states with lower angular momentum. Additionally, there
is also some splitting of states with the same angular momentum, such as 2p and 3d, due to
the trigonal warping of the MoS2 bandstructure at the K and K ′ valleys. The f states do
not split because they have the same three-fold symmetry as the bandstructure. Although
the excitation energies of the solutions of the BSE deviate from the hydrogenic model, for
simplicity, we still label the states as 1s, 2s, 2p, etc., using the same notation as a 2D
hydrogenic model, based on the number of radial and azimuthal nodes in the envelope
function of the exciton wavefunction.

To understand the physical reasons for these differences between the hydrogenic model and
the ab initio calculation, we will first analyze the character of the excitonic wave functions
and see how the actual ab initio and q-dependent screening differs from the hydrogenic
model. Each excitonic state |S〉 can be expressed as a linear combination of the electron-
hole transitions |vck〉,

|S〉 =
∑
vck

ASvck |vck〉 . (2.14)

The coefficients ASvck describe the envelope function or electron-hole pair amplitude of the
exciton wavefunction in reciprocal-space. The envelopes of the wavefunctions of the first few
states in the A series of excitons are plotted in Fig. 2.10. The plots are centered around the
K point in the Brillouin zone. The nodal structure of the envelope function of the states
is apparent from this plot. The plots also show that the excitonic wavefunctions are highly

localized in k-space, with most transitions falling within 0.1 Å
−1

or about 5% of the Brillouin
zone. In fact, this is well within the region of fast variation in screening seen in Fig. 2.3
and explains for the most part why convergence with respect to k-point sampling is so slow,
since the k-point sampling must be fine enough to resolve both the region before the peak in
the dielectric screening and the nodal structure of the exciton wavefunctions.

The deviations of the results of the ab initio calculation from those of the hydrogenic model
may now be understood. If we compare the real-space screening ε(s) with the envelope of
the exciton wavefunctions in real space, as shown in Fig. 2.11, it is clear that the varying
distribution of the wavefunction in real-space results in different states experiencing different
screening and therefore different effective electron-hole interaction. In general, states with
larger principal quantum number n have a larger binding energy than expected from the
hydrogenic model because they have a larger radius and are thus less screened than states
with smaller radii. Similarly, states with larger angular momentum quantum number are
more strongly bound than in the model because there is a node in the wavefunction where
screening is strongest.
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Figure 2.11: (a) Modulus squared of the exciton wavefunction in real-space for the states
1s (solid blue line), 2s (red line with dash and dot), 2p (green dashed line), and 3d (cyan
line with dash and two dots). (b) The effective 2D dielectric function over the same range
in real space.

Therefore, this effective state-dependent screening explains why (1) excited excitonic states,
such as 2s and 3s, appear lower in energy than what is predicted by a 2D hydrogenic model
(which assumes a constant dielectric constant), and (2) degenerate states with the same
principal quantum number n split, and the excitation energy for states with higher angular
momentum is lower.

2.5 Conclusion

In summary, we find that many-body effects, namely, the electron-electron and electron-
hole interactions for quasiparticle and optical excitations, in MoS2 are well-described by the
GW-BSE method, which gives results in good agreement with experimental optical spectra
and conclusions about the bandgap. We find that, for MoS2, G0W0 results do not differ
qualitatively from sc-GW0, as has been previously claimed. Instead, variations in GW-BSE
results in the literature arise largely from different treatments of the long-range Coulomb
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interaction in periodic supercell calculations and convergence of k-grid sampling and cutoffs
for the dielectric screening. We find that truncating the Coulomb interaction to prevent
artificial over screening from periodic images is essential to obtain accurate results. The 2D
nature of the system also gives rise to strong spatial variations in screening, which must
be captured by very fine k-point sampling. The sharpest variation in screening is at small
q-vectors (q. π/d, where d is the layer thickness), where the screening rapidly vanishes
as the wave vector q approaches zero. Even finer k-point sampling is required to converge
the BSE, as the exciton electron-hole amplitude functions in MoS2 are tightly localized in
k-space. Finally, a large energy cutoff for the dielectric matrix is required to capture the
spatial variation associated with the different characters of the VBM and CBM of MoS2, and
a correspondingly large number of empty states is required to avoid artificially truncating
the dielectric matrix and capture the nearly continuous states arising from using a large
vacuum. These are general conclusions that can be applied to GW-BSE calculations on any
semiconductor in low dimensions.
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Chapter 3

Non-uniform sampling schemes of the
Brillouin zone for many-electron
perturbation-theory calculations in
reduced dimensionality

First principles calculations based on many-electron perturbation theory methods, such as
the ab initio GW and GW plus Bethe-Salpeter equation (GW-BSE) approach, are reliable
ways to predict quasiparticle and optical properties of materials, respectively. However,
as seen in Ch. 2 for the case of MoS2, these methods involve more care in treating the
electron-electron interaction and are considerably more computationally demanding when
applied to systems with reduced dimensionality, since the electronic confinement leads to
a slower convergence of sums over the Brillouin zone due to a much more complicated
screening environment. Here, we present two new schemes to sample the Brillouin zone
for GW and GW-BSE calculations: the non-uniform neck subsampling method and the
clustered sampling interpolation method, which can respectively be used for a family of
single-particle problems, such as GW calculations, and for problems involving the scattering
of two-particle states, such as when solving the BSE. We tested these methods on several
few-layer semiconductors and graphene and show that they perform a much more efficient
sampling of the Brillouin zone and yield two to three orders of magnitude reduction in
the computer time. These two methods can be readily incorporated into several ab initio
packages that compute electronic and optical properties through the GW and GW-BSE
approaches.

This chapter is adapted from Ref. [27].
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3.1 Introduction

Many-electron perturbation theory methods, especially those based on density-functional
theory (DFT) as the starting mean field, are becoming increasingly popular for predicting
electronic excited-state properties of novel materials. Some of the most commonly used
methods of this family include: the ab initio GW approximation, which allows for the
computation of quasiparticle (QP) properties of materials [54, 61]; the GW plus Bethe-
Salpeter equation (GW-BSE) method, which accesses correlated two-particle states such as
excitons [133, 122]; and the adiabatic-connection fluctuation-dissipation theorem (ACFDT)
methods, which allow for accurate computation of the total energy of materials [39, 96, 85,
137, 76], among others. These methods are now available in a variety of mature and optimized
computer packages [30, 95, 45, 102] and have been applied with success to predict electronic
and optical properties of a variety of different systems, ranging from bulk 3D semiconductors
to systems with reduced dimensionality, such as molecules, graphene, carbon nanotubes, and
nanoribbons.

More recently, there has been interest in applying this family of methods to quasi-two-
dimensional (quasi-2D) semiconducting materials, which was motivated by the experimental
isolation of monolayer transition metal dichalcogenides (TMDs) such as MoS2 and MoSe2.
However, even though the conceptual approximations employed on conventional 3D systems
still hold for quasi-2D materials, it has been notoriously harder to perform ab initio many-
electron perturbation theory calculations on these monolayer TMDs. For example, while one
can typically converge GW QP energies on bulk Si with a 4× 4× 4 k grid, one needs a much
finer k grid of 24×24×1 to converge the quasiparticle gap of monolayer MoS2 [113, 101, 59,
114, 118]. This is unexpected at first, since: (1) the ground state properties of monolayer
MoS2 calculated with DFT within the local density approximation (LDA) converge on a
much coarser ∼ 6× 6× 1 k grid; and (2) monolayer MoS2 has a larger bandgap than Si, so
one might naively expect that a coarser k grid is enough to converge the electronic properties
of monolayer MoS2.

The difficulty in converging the electronic properties of quasi-2D semiconductors with k-point
sampling is an indirect manifestation of unusual features in electron-electron interactions in
these systems. In a plane wave basis set, these features are encoded in the dielectric matrix
εG,G′(q), which displays a strong, sharply-peaked feature in its q dispersion in the long
wavelength limit not found in typical bulk semiconductors [64, 26, 59, 21, 114, 118]. These
features in the dielectric screening manifest in a small portion of the Brillouin zone when
performing many-electron perturbation theory calculations, and give rise to the very slow
convergence with respect to the number of q-vectors included when computing the GW
quasiparticle self energy of systems with reduced dimensionality.

In this paper, we address this issue of slow convergence of many-electron perturbation theory
calculations with q-point sampling. We introduce two new methods here, the non-uniform
neck subsampling (NNS) method, which provides an efficient way to sample the Brillouin
zone and capture features of the dielectric matrix due the electronic confinement, which can
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be readily used in GW and ACFDT calculations; and the clustered sampling interpolation
(CSI) method, which is an approximation to efficiently compute matrix elements which
arise in two-body problems, such as in the context of solving the Bethe-Salpeter equation.
Specifically for the case of calculating the self-energy and excitonic effects on mono- or
few-layer transition metal dichalcogenides, we show that these methods perform a much
more efficient sampling of the Brillouin zone and yields orders of magnitude reduction in
the computer run time. Moreover, our methods do not assume any analytical form of the
dielectric screening [64, 118], and can be equally applied to 1D and 2D semiconducting
and metallic systems. These two methods can be readily incorporated into several ab initio
packages that compute electronic and optical properties through many-electron perturbation
theory methods.

This chapter is organized as follows: in Section 3.2, we introduce the non-uniform neck
subsampling (NNS) method to efficiently calculate sums in the Brillouin zone involving the
screened Coulomb interaction. Our main results are in Eqs. 3.10 and 3.11, and the NNS
is summarized graphically in Fig. 3.2. We give example of the NNS method by performing
calculations on bilayer MoSe2 and graphene. In Section 3.3, we develop the cluster sampling
interpolation (CSI) method. The main result of this part is Eq. 3.24, and the speed up due
to the method is presented in Figs. 3.8 and 3.9. We conclude in Section 3.4 by summarizing
our results.

3.2 Non-uniform neck subsampling (NNS) method

In this section, we introduce a method to perform non-uniform sampling of the Brillouin
zone. Our goal is to efficiently evaluate sums that are common in many-electron pertur-
bation theory calculations with plane-wave basis sets, which involve the screened Coulomb
interaction matrix WGG′(q, ω). In general, we will be interested in evaluating sums over the
Brillouin zone with the form

IGG′(ω) =
∑
q

BGG′(q, ω)WGG′ (q, ω) , (3.1)

where q is a transferred momentum, or q-vector, typically defined on a uniform, Γ-centered
Monkhorst-Pack grid, G and G′ are reciprocal lattice vectors, BGG′ is a smooth function,
and the screened Coulomb interaction is WGG′(q, ω) = ε−1

GG′(q, ω) v(q + G′), where ε−1(q)
is the dielectric matrix and v(q) is the bare Coulomb interaction.

We will be particularly interested in evaluating sums related to the electronic self energy,
such as the screened-exchange contribution to the GW self energy,

Σsx
nk(ω) = −

∑
vGG′

[∑
q

Bsx(q)WGG′(q, ω − Evk−q)

]
Bsx(q) = 〈unk|eiG·r|uvk−q〉 〈uvk−q|e−iG

′·r|unk〉 , (3.2)
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where v denotes an occupied band and the indices n,k,G, and G′ are implicit in Bsx(q).

Eq. 3.1 cannot be applied directly on semiconductors because of the divergence of the
Coulomb interaction at q=0. While several treatments have been proposed to deal with
this divergence [49, 15], we restrict our discussion to one particular stochastic method which
is well-suited for systems with reduced dimensionality. We start by taking the continuous
limit and then re-discretizing Eq. 3.1, assuming the matrix elements B(q) to be smooth.
This yields

IGG′(ω) =
∑
q

BGG′(q, ω)WGG′ (q, ω) , (3.3)

WGG′ (q, ω) =
1

Vq

∫
Cq

dDq′ WGG′ (q
′, ω) , (3.4)

where D denotes the number of dimensions on the system. Each integral is performed over
the Voronoi cell that surrounds each q vector, denoted by Cq 1.We denote the volume (or
area/length for 2D/1D systems) of Cq by Vq.

To evaluate the integral in Eq. 3.4, it is possible to employ the exact analytic behavior of
ε−1
GG′(q→0) and use a Monte Carlo average scheme to more efficiently sample Brillouin zones

with arbitrary shapes. This stochastic approach is used in a few GW packages [30, 95]. For
example, for bulk 3D semiconductors, ε−1

GG′(q→0) is smooth and approaches a constant as
q→0, so the integral in Eq. 3.4 can be evaluated for 3D semiconductors as

WMC
GG′ (q 6=0, ω) = ε−1

GG′(q, ω) vMC(q,G′),

WMC
GG′ (q=0, ω) = ε−1

GG′(q0, ω) vMC(0,G′),

vMC(q,G) :=
1

NMC

∑
qMC∈Cq

v(qMC + G),

(3.5)

where a small but finite vector q0 is employed to compute the long wavelength limit of the
dielectric matrix, and a value of NMC ∼ 106 Monte Carlo samples {qMC ∈ Cq} is typically
enough to converge the sum to within a few meVs.

To extend the above evaluation to systems with reduced dimensionality, one needs to resort
to a supercell approach, where a large vacuum region is included in the confined direction to
separate periodic images. In these cases, GW calculations typically converge very slowly with
the supercell size due to the long-range nature of the Coulomb interaction between replicas of
charged excitations on neighboring cells. A common solution to overcome this drawback is to
truncate the Coulomb potential along the confined direction to prevent spurious interactions
between periodic images. For instance, for a quasi-2D crystal, one can truncate the Coulomb
interaction in real space as

vtrunc(r) =
e2

|r|
θ(Lz/2− z), (3.6)

1A Voronoi cell can be thought of as a generalization of the Wigner-Seitz cell for non-uniform grids; if
the q-vectors are sampled uniformly on a nq × nq × nq grid, as is usually the case for 3D systems, then Cq is
simply the Brillouin zone scaled down isotropically by nq.
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where Lz is the length of the supercell along the confined direction [64]. Such a potential
has the following form in reciprocal space,

vtrunc(q,G) =
4πe2

|q + G|2

[
1− e−qLz/2 cos

GzLz
2

]
, (3.7)

where the q vectors are only sampled in the extended 2D plane, but all the reciprocal lattice
vectors, G, including those with components along confined directions, are sampled. With
such a truncated Coulomb potential, converged calculations typically depend very weakly
on the length of the supercell in the confined direction [64, 114].

Once we truncate the Coulomb potential [64], Eqs. 3.3 and 3.5 can also be applied to quasi-
2D semiconductors. In fact, it is possible to converge the absolute Fock exchange energy on
bilayer MoSe2 to within 70 meV on a 6× 6× 1 q grid, which shows that the matrix elements
Bsx(q) in Eq. 3.2 are smooth functions even for systems with reduced dimensionality, and that
Monte Carlo sampling methods can effectively capture the fast variations in the Coulomb
interaction. However, these stochastic methods, as usually employed, become much less
efficient to evaluate the total GW self energy for quasi-2D semiconductors. Still for the case
of bilayer MoSe2, a 24× 24× 1 q grid is necessary to converge the GW self energy to within
50 meV, even if we use a more sophisticated analytic expression for the inverse dielectric
matrix, ε−1

00 (q).

The slow convergence of Eq. 3.3 on systems with reduced dimensionality is a sign that the
analytic models typically employed for the dielectric matrix are no longer accurate in the
range of q- and G-vectors we are interested in. This is mainly due to two factors: first, the
dielectric matrices of these systems have many features as a function of q which are hard
to model analytically [26, 59, 21, 114]; and second, these Monte Carlo averages should be
performed not only for the head element (G=G′=0), but also for a series of reciprocal lattice
vectors G⊥,G

′
⊥ in the confined direction (e.g., along the direction of the normal vector for

a 2D material), which we denote to as the neck elements of the matrix.

The physical motivation for focusing on these neck matrix elements of the dielectric matrix,
εG⊥G′⊥(q), is that the G⊥ vectors in the confined direction become continuous as the sim-
ulation supercell grows in the confined direction, and so they become almost as important
as the G=0 vector. For example, in our calculation on bilayer MoSe2, the magnitude of the
smallest, nonzero reciprocal lattice vector G⊥ corresponding to the out-of-plane direction is
5% of that of the in-plane, primitive reciprocal lattice vector. Consequently, not only will
the head element of the screened Coulomb potential W00(q) = ε−1

00 (q)v(q) be large, but a
series of neck elements WG⊥,G

′
⊥

(q) will also be large, as long as |G⊥| and |G′⊥| are smaller
than, or of the same order of magnitude as the q-vectors in Cq=0.

We illustrate the sharp features in the inverse dielectric matrix of bilayer MoSe2 by plotting
in Fig. 3.1 some selected components of 1/(εG⊥,G⊥) and ε−1

G⊥,G⊥
, with G⊥ = (0, 0, Gz). It

becomes evident that the inverse dielectric matrix has completely different q→0 behavior
depending on whether Gz is odd or even. More importantly, even for a simple system
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Figure 3.1: Selected matrix elements of the dielectric matrix of bilayer MoSe2: 1/ε−1
GG(q)

(top panel) and ε−1
GG(q) (bottom panel). The difference between the two curves is related

to local field effects. Dots represent calculations performed with smallest non-zero q point
from an uniform 6× 6× 1 q grid.
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such as bilayer MoSe2, local fields play a very important role, as different G⊥ components
of the inverse dielectric function ε−1

G⊥,G⊥
disperse in a qualitatively different way from the

matrix elements 1/(εG⊥,G⊥). Because these differences are not uniform among different G⊥
components, this shows that local fields mix different components of the neck of the inverse
dielectric function in a non-obvious way, in the process of inverting the dielectric matrix.

Since local fields are important in systems with reduced dimensionality, an accurate ana-
lytical model for the neck of the inverse dielectric matrix ε−1

G,G′ requires us to carry out the
inversion of the dielectric matrix and explicitly include a series of off-diagonal matrix ele-
ments. So, while it is important to capture the q-dispersion of ε−1

G⊥G
′
⊥

(q) in order to evaluate

the sums in the Brillouin zone, it seems unlikely that there is a compact and reliable analytic
expression for ε−1 for the range of the G⊥- and q-vectors we are interested in, especially one
that is valid for a wide range of complex materials.

Even with no analytical expression for ε−1
G⊥G

′
⊥

(q), we can still speedup the convergence of

the sum in Eq. 3.4 dramatically if we sample more efficiently the inverse dielectric matrix in
the region where both the Coulomb interaction is larger and where ε−1(q) varies the most in
C0. We propose to explicitly capture these variations by breaking up the integral in Eq. 3.4
into one radial and one angular part, where the radial part is divided into Ns annuli, each
one having a thickness ∆s. We also approximate the radial integral with a discrete sum over
Ns points qs, which we refer to as subsampling points, and write

W sub
G⊥G

′
⊥

(q=0, ω)

≡
Ns∑
s=1

ws ε
−1
G⊥G

′
⊥

(qs ω) v(qs + G′⊥), (3.8)

ws ≈
1

NMC

∑
qMC

θ(|qMC| − as)θ(as+1 − |qMC|), (3.9)

where is ws the weight associated with each subsampling point, and as is just a shorthand
for the inner radius of each annulus, i.e., as ≡

∑s−1
i=1 ∆s.

While the approximation in Eq. 3.8 works best with isotropic materials, we stress that most
of the variation of ε−1(q) only depends on |q|, and we can always choose a direction for each
subsampling point qs that yields the same value for the inverse dielectric function as the
angle-averaged inverse dielectric function (at least for one particular pair of G-vectors).

For a given Ns number of subsampled points, we have the freedom to define two quantities:
the Ns subsampling points qs where the dielectric matrix has to be explicitly computed, and
the Ns annulus thicknesses ∆s. As we derive in the Appendix from simple assumptions of the
qualitative behavior of the inverse dielectric matrix, the optimal position of the subsampling
point is halfway between between the inner and outer radius of each annulus, qs = as + ∆s

2
,

where as+1 = as + ∆s. On the other hand, while the choice of optimal thicknesses is system
dependent, a practical solution is to use a polynomial sampling of degree p, ∆s = ∆1 × sp
(which corresponds to polynomial sampling of degree p+ 1 for the subsampling points). We
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Figure 3.2: Graphical representation of the NNS scheme. Left panel: q points involved
in the sum in Eq. 3.10. Each smaller hexagon represents the Voronoi cell Cq that encloses
each q point. The thicker red line denotes the Brillouin zone edge, and each dot on the left
panel represents one point where we calculate both the matrix elements B and the screened
Coulomb interaction W . Right panel: special treatment for q=0 point of Eq. 3.10. Each dot
in this panel represents a q point where we compute the screened Coulomb interaction. In
this example, we use Ns = 3 subsampled points.

tested different samplings by calculating the quasiparticle bandgap of bilayer MoSe2 with a
set of q-vectors defined on a regular 6 × 6 × 1 Monkhorst-Pack grid plus a set of Ns = 10
subsampling q points. We tested thicknesses generated with a polynomial of degree p = 0,
p = 1 and p = 2 and found little difference in the resulting energies, with the absolute
quasiparticle energies differing by less than 10 meV for states near the Fermi energy between
calculations generated with p = 1 and p = 2, and by less than 20 meV between calculations
generated with p = 0 and p = 1. However, subsampling points generated with a quadratic
grid (p = 1) capture the dip feature in Fig. 3.1 better than subsampling points generated
with a linear grid (p = 0), so, for simplicity, we use p = 1 from here on when performing
subsequent calculations.

In principle, the extra cost associated with the sampling technique would be the ratio of the
number of subsampling points to the number of q-vectors on the regular grid of q-vectors.
However, since the fast variations in the dielectric matrix are confined to a small number of
G⊥-vectors, we only need to calculate the dielectric matrices for the subsampling contribution
in Eq. 3.8 for a small number of neck G⊥-vectors. We choose these vectors on the condition
that |G|2 ≤ Esub

cut ≡ |Gmin
‖ |2, where Gmin

‖ is the smallest reciprocal lattice vector in a periodic

direction. The cutoff Esub
cut used for the subsampling points is typically much smaller than

the cutoff Ecut needed for the full dielectric matrix in GW calculations, so the extra cost
associated with the NNS scheme is small. For instance, on bilayer MoSe2, the number of
G-vectors up to Ecut = 35 Ry and Esub

cut ≈ 1.36 Ry is 11667 and 37, respectively. We arrive
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at the final expression to evaluate the sum in Eq. 3.1 within the NNS method,

IGG′(ω) =
∑
q

BGG′(q, ω)W
sub

GG′ (q, ω) (3.10)

W
sub

GG′(q 6=0, ω) = WGG′(q, ω)

W
sub

GG′(q=0, ω) =

{
WGG′(q0, ω) for |G|2 and |G′|2 > Esub

cut∑Ns

s=1wsWGG′(qs, ω) otherwise.
(3.11)

where q0 is an arbitrarily small but non-zero vector. Eqs. 3.10 and 3.11, together with the
definition of the subsampling weight in Eq. 3.9 form the basis of the NNS method.

A graphical representation of this discretization procedure is given in Fig. 3.2 for a quasi-2D
system with hexagonal symmetry. In the left panel, we show the q points involved in the
sum in Eq. 3.10 (a 4× 4× 1 q grid is used in this example). The thicker red line denotes the
Brillouin zone edge, and each dot on the left panel represents one point where we calculate
both the matrix elements B and the screened Coulomb interaction W . In the right panel,
we show the special treatment for the Voronoi region associated with the q=0 point from
Eq. 3.10. Each dot in the right panel represents a q point where we compute the screened
Coulomb interaction. In this example, we use Ns = 3 subsampled points.

When the inverse dielectric matrix is anisotropic, i.e., ε−1(q→0) depends on the direction of
q, there is an additional complication when employing either the uniform sampling (Eqs. 3.5)
or the NNS scheme (Eqs. 3.10 and 3.11). Still, the angular dependence on the screened
Coulomb interaction is typically much less important than the radial dependence, and a
simple model can effectively capture most of the anisotropy in ε−1(q→0) without additional
computational cost.

For quasi-2D systems and in the long wavelength limit, one can show that the head of the
inverse longitudinal dielectric matrix can be expressed as

ε−1
00 (q→0) = 1− q q̂ · α · q̂, (3.12)

where α is a 2 × 2 Hermitian tensor. The eigenvectors {ui}i of α give the principal axes

of polarization for the head of the inverse longitudinal dielectric function, and it can be
determined from either symmetry considerations of the crystal or from explicit calculations
of ε−1

00 (q0) along 3 different directions of q0.

Our goal is to find an optimal direction q̂0 for the subsampled q vectors such that, for
|q′| = |q0| → 0,

1

2π

∫
dθ′ ε−1

00 (q′) = ε−1
00 (q0), (3.13)

which results in a vector q0 that is parallel to the average of the eigenvectors of α, q̂0 =
1
2
(û1 + û2).
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Table 3.1: Comparison of the uniform sampling of the Brillouin zone with the non-uniform
neck subsampling method for bilayer MoSe2 with Ns = 10 subsampling points. We compare
the indirect Γ → Λ gap, CPU usage in core–hours, and the number of q points in the
irreducible portion of the Brillouin zone (N irr

q ). For the NNS method, we report the effective
q grid spanned by the smaller subsampling point. The two calculations with denser q grids
were performed with a smaller cutoff and extrapolated according to the process described
on the text.

Uniform sampling NNS method

q grid
Γ→ Λ
(eV)

CPU
usage

N irr
q

Γ→ Λ
(eV)

CPU
usage

N irr
q

Effective
q grid

6× 6× 1 3.31 96 7 1.75 157 16 1143× 1143× 1
12× 12× 1 2.14 930 19 1.76 1373 28 2286× 2286× 1
24× 24× 1∗ 1.85 3620 61 1.76 5130 70 4573× 4573× 1
36× 36× 1∗ 1.80 12280 127 1.76 15390 136 6859× 6859× 1

For the angular average of ε−1(q) in Eq. 3.8 to be accurately represented by a single eval-
uation of the inverse dielectric matrix along an average direction, one should also choose a
Voronoi region that is as isotropic as possible. So, one should keep the ratio bi/Nki approxi-
mately constant for all extended directions i, where each bi and Nki is a primitive, reciprocal
lattice constant and the number of k points along each direction, respectively. With this
geometrical setup, the NNS scheme can be readily employed on systems with anisotropic
screening response in the long wavelength limit as long as the NNS is performed in the
direction that averages the screening response. This direction can be obtained by either 3
computationally inexpensive evaluations of the head of the inverse dielectric function along
different directions, or by symmetry considerations.

We now turn to applying the NNS method as defined in Eqs. 3.10 and 3.11 for some systems
of interest. We will first discuss the convergence on semiconducting systems having both
isotropic and anisotropic dielectric response – bilayer MoSe2 and monolayer black phospho-
rous –, and on graphene.

3.2.1 NNS method applied to semiconductors

The application of the NNS method is straightforward for systems with isotropic in-plane
dielectric response (i.e., such that ε−1

GG′(q→0) does not depend on the direction of q). In
Fig. 3.3 (a), we compare the convergence of the quasiparticle gap of bilayer MoSe2 with the
number of q vectors on a regular grid, using both a conventional sampling of the Brillouin
zone with the Monte Carlo sampling method and the new NNS method. Our calculation
was performed with in a supercell arrangement with Lz = 53 Å. We chose bilayer MoSe2

instead of monolayer MoSe2 because the gap is indirect in the bilayer structure and converges
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(a)

(b)

(c)

Figure 3.3: (a) Convergence of the quasiparticle gap of bilayer MoSe2 as function of the q
grid using a uniform sampling of the Brillouin zone (Monte Carlo averaging scheme) and the
proposed NNS method, with Ns = 10. The gray shaded region corresponds to an interval of
±50 meV compared to our most converged value. (b) Error in the ionization potential (IP)
of bilayer MoSe2 as a function of the q grid. The values in parenthesis represent the effective
q grid captured by the smallest subsampling point. (c) Convergence of the quasiparticle gap
as a function of Ns for a 6× 6× 1 q grid.
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slightly slower with the number of q vectors. Whereas one would require a sampling of the
q-vectors on a 36× 36× 1 grid to converge the quasiparticle gap of bilayer MoSe2 to within
50 meV using a uniform sampling of the Brillouin zone – and even finer grids to check that
the answer is indeed converged – we can achieve a much better convergence by sampling the
q vectors on a 6× 6× 1 regular grid with an additional set of Ns = 10 subsampled q points,
which effectively samples features that would only be captured on a regular 1143×1143×1 q
grid. We also show the error2 of the ionization potential (IP) of bilayer MoSe2 as a function
of the q grid in Fig. 3.3 (b). The convergence of the IP with q grid is very similar to the
convergence of the QP bandgap, which is a result of the overall larger screened-exchange
contribution to the GW self-energy for valence states compared to conduction states.

We also compare the convergence of QP gap the as a function of the number of subsampling
points in Fig. 3.3 (c), where it is evident that the NNS method converges very fast with the
number of subsampling points. Indeed, the quasiparticle gap of bilayer MoSe2 changes by
just 3 meV if we vary Ns from 8 to 15. The extra cost associated with the NNS scheme is
also very small in this system, as shown in Table 3.1. Therefore, the NNS method allows one
to converge the quasiparticle gap of bilayer MoSe2 in an efficient way, providing savings of
about 2 orders of magnitude in the CPU time compared to a traditional uniform sampling
of the Brillouin zone.

Next, we illustrate the convergence for materials with anisotropic dielectric response by
studying monolayer black phosphorous, which is another prototypical quasi-2D semiconduc-
tor which exhibits large optical anisotropy, linear optical dichroism, and strong many-body
interactions. By the symmetry of the crystal, the principal axes of 1/ε−1

00 (q), i.e., the eigen-
vectors of α, have to lie along high-symmetry lines. If we setup the lattice such that (100) and

(010) correspond to the armchair and zigzag directions of the the black phosphorous mono-
layer, respectively, we find that the dielectric response is indeed anisotropic in this material,
with the eigenvalues of α being different along the two directions: α(100) ≈ 52.6 1/bohr

and α(010) ≈ 72.1 1/bohr. The optimal direction to compute the dielectric response is
q̂0 = 1

2
[(100) + (010)], which does not coincide with the (110) direction because the in-plane

lattice constants are not the same.

In Fig. 3.4, we show the convergence of the GW quasiparticle gap on monolayer black
phosphorous as a function of the q grid, computed in a supercell arrangement with Lz = 20 Å.
Just as in the case of bilayer MoSe2, we observe that the convergence is much faster with
the proposed NNS scheme, where we obtain a quasiparticle gap converged within 50 meV
employing q vectors on a grid as coarse as 7 × 5 × 1 with additional Ns = 10 subsampled
q points. In addition, we also show that the converge is remarkably fast if we perform the
NNS along the optimal direction, q̂0 = 1

2
[(100) + (010)]. Still, regardless of the direction, the

NNS scheme is much more efficient to converge the quasiparticle gap than using a uniform

2We report the error of the IP instead of the absolute IP because the convergence of the absolute IP is
much more sensitive to other numerical parameters, such as the cutoff of the dielectric matrix and number
of bands.
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Figure 3.4: Convergence of the quasiparticle gap of monolayer black phosphorous as func-
tion of the q grid using a uniform sampling of the Brillouin zone (Monte Carlo averaging
scheme) and the NNS method. For both methods, we compare the converge rate for different
directions of the small q vector(s), where (100) and (010) follow the armchair and zigzag
directions, respectively. The gray shaded region corresponds to an interval of ±50 meV
compared to our most converged value, and corresponds to the convergence threshold one is
typically interested. The values in parenthesis represent the effective q grid captured by the
subsampling points.
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Figure 3.5: Convergence of the quasiparticle interband transition energy at the M point of
the Brillouin zone of graphene as function of the q grid. The two curves and the shaded
region are the same as in Fig. 3.3. The values in parenthesis represent the effective q grid
captured by the subsampling points, which was kept fixed in this calculation.

sampling of the Brillouin zone.

3.2.2 NNS method applied to quasi-2D metals and quasi-metals

The NNS scheme can also be efficiently applied on systems other than 2D semiconductors.
Before we proceed, we must carefully distinguish k points used to compute the dielectric
matrix from the set of transfer momenta q where we evaluate the dielectric matrix. While
the NNS scheme deals with the sampling of q-vectors, we have used so far a uniform k
grid when we compute ε−1

GG′(q) for each particular q. However, there is a known additional
difficulty when calculating the dielectric matrix for metallic systems because the k grid
must be fine enough to sample intraband transitions. This problem can be mitigated by
also sampling the k points in the Brillouin zone in a non-uniform fashion. We write the
polarizability matrix as

χ0
GG′(q, ω) =

gs
Vcell

∑
nn′k

wk [f(En′k+q)− f(Enk)]
M∗

G(n′, n,k,q)MG′(n
′, n,k,q)

ω − (Enk − En′k+q) + i0+ sgn(Enk − En′k+q)

(3.14)

MG(n′, n,k,q) = 〈un′k+q|eiG·r|unk〉 , (3.15)

where Vcell, gs, f , and wk denote the unit cell volume, the spin degeneracy of the calculation,
the Fermi occupation factor, and the weight of each k point, with

∑
kww = 1, respectively.
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Here, we propose to associate different weights, wk, with each k point, proportionally to
the volume Vk of the Voronoi cell Ck that surrounds each k point. The weights wk can
be determined uniquely by the Voronoi tessellation of the Brillouin zone, and we use the
Voro++ package in BerkeleyGW [30] to efficiently compute the Voronoi tessellation including
periodic boundary conditions. This allows one to use non-uniform k grids to evaluate the
sum in Eq. 3.14 and more efficiently capture complicated regions of the Brillouin zone, such
as those associated with intraband transitions [125].

With this new method, we can now employ the NNS scheme on graphene, another prototypi-
cal 2D material where the k-point sampling is also complicated. We setup our supercell with
a distance Lz = 17 Å between repeated graphene layers. We employ the new non-uniform
k-point sampling scheme of the dielectric matrix by including k points from a coarse 8×8×1
grid if k is far away from the Dirac points at the K and K ′ points of the Brillouin zone but
include more k points commensurate with a much finer 512 × 512 × 1 grid near the Dirac
points. When we lay out the radial subsampling q points, we employ a constant thicknesses
∆s = ∆1, as we can then reuse more information when we construct the polarizability ma-
trix for different subsampling qs vectors. In Fig. 3.5, we compare the convergence of the
quasiparticle interband transition energy at the M point of graphene with the number of
q-vectors on the regular grid, for the two methods. Once again, the curve obtained with the
proposed NNS method converges much faster with the number of q-vectors, and a regular
8× 8× 1 grid for the q-vectors is enough to converge the quasiparticle transition energy at
the M point to within 50 meV.

Therefore, the NNS method can indeed be applied on a variety of systems with reduced
dimensionality and with different screening properties. Although the method was tested
here for GW calculations, which show order-of-magnitude speedups in the computer runtime
compared to a regular sampling of the Brillouin zone, it can be applied to other kinds of
many-electron perturbation theory calculations as well.

3.3 Clustered sampling interpolation (CSI) method

In the previous section, we introduced the NNS method to compute sums associated with
one-electron integrals, such as those needed to calculate the GW quasiparticle self energy. In
this section, we introduce the clustered sampling interpolation (CSI) method to efficiently
sample the Brillouin zone for problems involving two-particle correlated states, such as those
given by the Bethe-Salpeter equation (BSE). These problems are characterized by associ-
ated Hamiltonians, typically written in the occupation representation, with matrix elements
describing scattering amplitudes from one two-particle state at a k point to another state at
a different k point.

When solving the BSE to obtain the optical absorption spectrum, it is a well-known problem
that interaction matrix elements need to be constructed on a very fine k grid because excitons



58

are correlated states with wavefunction that has fine structures in k-space. For example, even
for bulk semiconductors such as GaAs, very fine uniform grids containing over a million k
points are necessary to resolve the exciton energies and wavefunctions [121]. In many cases,
the bottleneck for solving the BSE is in computing the interaction matrix elements, and in
the past, schemes based on interpolation between two different k grids, which we refer to as
”dual-grid” methods, have been employed to make these calculations feasible [121, 122]. We
will review here the scheme implemented in the current released version of BerkeleyGW [30],
describe its shortcomings when applying it on systems with reduced dimensionality, and
propose an extension for the scheme to mitigate these shortcomings.

We are interested in evaluating the two-particle matrix elements that are in the Bethe-
Salpeter equation, which is of the form

(Eck+Q − Evk)ASvck +
∑
v′c′k′

Keh
vc;v′c′(k,q=k′−k)ASv′c′k′ = ΩSASvck. (3.16)

Here, S indexes the exciton states; Q is the center-of-mass momentum of the electron-hole
pair; ASvck is the amplitude of a free electron-hole pair consisting of an electron in |ck + Q〉
and one missing from |vk〉; ΩS is the exciton excitation energy; Eck+Q and Evk are the
quasiparticle energies, and Keh is the electron-hole interaction kernel. The kernel contains
contributions from a direct term and an exchange term. The direct term is

Kd
vc;v′c′(k,q=k′−k) = −

∑
GG′

M∗
G(c, c′,k,q)WG,G′(q)MG′(v, v

′,k,q), (3.17)

where the matrix elements M are given by Eq. 3.15, and the exchange term is

Kx
vc;v′c′(k,q=k′−k) =

∑
G

M∗
G(c, v,k,Q)vG(Q)MG(c′, v′,k′,Q). (3.18)

In the BerkeleyGW code package, the original formulation of the dual-grid interpolation
method employs two sets of k points: one set of kco k points defined on a coarse grid and a
set of kfi k points defined on a fine grid. The direct (Kd) and exchange (Kx) matrix elements
in the BSE kernel are explicitly calculated on kco. Then, an interpolation is performed by
expanding each fine-grid Bloch state in terms of the closest coarse-grid Bloch state,

|unkfi
〉 =

∑
m

Ckco
nm |umkco〉 (3.19)

Ckco
nm =

∫
d3r unkfi

(r)u∗mkco
(r), (3.20)

which allows the kernel matrix elements to be approximated as

K
d/x
mn;m′n′(kfi,qfi=k′fi−kfi) ≈

∑
n1n2
m1m2

Ckco
nn1

Ckco∗
mm1

C
k′co∗
n′n2

C
k′co

m′m2
K

d/x
mn;m′n′(kfi,qco=k′co−kco).

(3.21)
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Notice in Eq. 3.17 and Eq. 3.18 that Kd depends sensitively on the relative reciprocal vector
q, whereas Kx depends only on the center-of-mass momentum Q, which is a constant. The
bare Coulomb interaction v(q) diverges as q→ 0. We therefore expect that Kd will change
very rapidly at small q, and consequently, any direct interpolation of Kd must converge very
slowly. To avoid this problem, as currently implemented in BerkeleyGW, Kd is decomposed
into its head (Kh), wing (Kw) and body (Kb) contributions, each of which has different
limiting behavior for the Coulomb interaction as q→ 0. The head contains the terms where
G=G′=0 and diverges as 1

q2 in 3D and 1
q

in 2D, for semiconductors and insulators. The

wing contains the sum over terms where G=0 6= G′ or G′=0 6= G and diverges as 1
q

in 3D
and goes to a constant in 2D, for semiconductors and insulators. The body contains the sum
over terms where G 6= 0 and G′ 6= 0 and goes to a constant value in the limit of small q.
With this understanding, for the 2D and 3D cases, the direct term can be written as

Kd
mn;m′n′(k,q) =

amn;m′n′(k,q)

qd−1
+
bmn;m′n′(k,q)

qd−2
+ cmn;m′n′(k,q), (3.22)

where d is the effective dimension, and

amn;m′n′(k,q) = qd−1 ×Kh
mn;m′n′(k,q),

bmn;m′n′(k,q) = qd−2 ×Kw
mn;m′n′(k,q),

cmn;m′n′(k,q) = Kb
mn;m′n′(k,q).

(3.23)

The functions a, b, and c, where the divergence in the Coulomb interaction is removed, are
interpolated in the dual-grid scheme and then used to construct Kd.

The interpolation procedure described above works efficiently for 3D metals and semicon-
ductors, where a, b, and c are smooth functions of q because the inverse dielectric matrix
is also a smooth function of q. However, as we previously discussed, ε−1

GG′(q) displays sharp
features in systems with reduced dimensionality as q→0, and thus, the head, wing and body
components of the matrix elements, which depend on ε−1, may also vary considerably with q
even when the divergence in the Coulomb interaction is removed. We illustrate this behavior
by plotting the head and wing components of the matrix elements associated with the direct
Coulomb term of the BSE (Eq. 3.17) for silicon and monolayer MoS2 on Fig. 3.6. In bulk
silicon, we multiply the head matrix elements by q2 and the wing matrix elements by q to
remove the divergence due to the bare Coulomb interaction. Then, the matrix elements are
smooth functions of q. In 2D, however, the non-smooth behavior cannot be removed by
multiplying any simple factor. We remove the divergence due to the bare Coulomb inter-
action by multiplying the head matrix element by q, but even after removing the Coulomb
divergence, both the head and wing components still have a sharp features at small q. These
features are a consequence of the sharp feature in the inverse dielectric matrix (Fig. 3.1).

To capture these sharp features in 2D, it is important to explicitly calculate K
h/w/b
mn;m′n′(k,q)

for a variety of small q. Consequently, a dual-grid scheme as described above necessarily
converges very slowly with respect to sampling of the coarse grid, which must be fine enough
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Figure 3.6: Head and wing components of the BSE matrix elements for bulk Si (top) and
monolayer MoS2 (bottom).



61

0.00 0.02 0.04 0.06 0.08 0.10 0.12 0.14
q= |k− k′| (bohr−1)

0

5

10

15

20

25

|k
−

k
′ |×
|K

d
(k
,k

′ )|
 (m

Ry
·bo

hr) Direct Coulomb interaction  ML MoS
0.044 0.048 0.052

5.5
6.0
6.5

Figure 3.7: Matrix element for the BSE involving the direct screened Coulomb interaction,
Kd(k,k′), calculated for an electron and hole states at the conduction band and valence
band, respectively, for monolayer MoS2, where k and k′ are any points on a 300× 300× 1 k
grid that lies within 0.02 bohr−1 of the K point. Note that Kd(k,k′) depends very weakly
on either k or k′ individually if q=k′ − k is kept constant. The inset zooms in on a small
region of the plot and illustrates the small spread in values for different k and k′ pairs with
the same q.

to resolve the sharp feature in Kh/w/b, and quickly becomes prohibitively expensive, since the
cost of calculating the matrix elements scales with the number of coarse k points squared.

In contrast to their sharply varying q-dependence, however, the head, wing, and body matrix
elements do not depend much on k. This is because the k-dependence comes in solely in the
matrix elements M(m,n,k,q), which are typically smooth functions of k, since the periodic
part of the Bloch functions are smoothly varying quantities. This is illustrated for the case
of monolayer MoS2 in Fig. 3.7, where the contribution to the BSE from the direct screened
Coulomb interaction, Kd(k,k′=k+q), displays a very small spread over a wide range of
values for k. Thus, in order to capture all of the screening effects, we need to minimally
sample a large number of finely-spaced q transitions from a set of k points that can be
relatively coarse.

In order to explicitly capture the small-q behavior, we develop an extension on the dual-grid
interpolation scheme. In addition to calculating BSE matrix elements on a coarse k grid, we
also explicitly calculate BSE matrix elements for scattering from each k point, kco, on the
coarse grid to an arbitrary cluster of k points, kcl, close to each kco. We will refer to this
scheme as clustered sampling interpolation (CSI). For simplicity, we will focus on the case
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of isotropic materials, where K
h/w/b
mn;m′n′(k,q) depends only on |q|. In this case, the cluster of

points can be chosen to lie along a radial line extending from each kco. The generalization
to anisotropic materials is straightforward with a small computational overhead.

We interpolate the BSE matrix elements from the coarse grid to the fine grid using a condi-
tional scheme. If the distance between two points on the fine grid, |k′fi− kfi|, is greater than
the smallest distance between two points on the coarse grid ∆co, the interpolation is identical
to the original dual-grid scheme. If the distance between two points on the fine grid, |k′fi−kfi|,
is less than ∆co, we expand the Bloch state at kfi over the Bloch states at the closest coarse
point, kco, and we expand the Bloch state at k′fi over the Bloch states at a cluster point, kcl,

for which K
h/w/b
mn;m′n′(kco,q=kcl−kco) has already been calculated, while preserving as closely

as possible the length of the transfer vector so that |q| = |kco − kcl| ≈ |k′fi − kfi|. Then,

K
h/w/b
mn;m′n′(kfi,qfi=k′fi−kfi) ≈

∑
n1n2
m1m2

Ckco
nn1
Ckco∗
mm1

Ckcl∗
n′n2

Ckcl

m′m2
K

h/w/b
mn;m′n′(kfi,qco=kcl−kco),

(3.24)

where

C
k′cl
nm =

∫
d3r unk′fi(r)u∗mkcl

(r). (3.25)

We now apply clustered sampling interpolation to a system of interest, monolayer MoS2.
The calculation is performed in a supercell setup with Lz = 25Å. Fig. 3.8 shows how the
binding energy of the lowest energy 1s and 2p excitons in monolayer MoS2 converges with
respect to an explicit calculation on a single uniform grid (the single-grid scheme) and with
respect to the coarse k grid when using either dual-grid interpolation or clustered sampling
interpolation. For both the dual-grid interpolation and CSI, the coarse grid is interpolated
to a 300 × 300 × 1 fine grid. The binding energy is defined, following Ref. [114], as the
difference between the electron-hole continuum and the exciton excitation energy, which is
independent of the numerical treatment of the divergence at W (q=0). From Fig. 3.8, it is
clear that the clustered sampling interpolation converges much more quickly than the dual-
grid interpolation, requiring only a 18 × 18 × 1 coarse grid to converge the binding energy
to within 0.1 eV. In contrast, the dual-grid scheme does not converge until the coarse grid
sampling is increased beyond 48×48×1. Moreover, we see that while in most cases the dual-
grid interpolation is still an improvement on the uniform gird, the convergence fluctuates.
This erratic convergence occurs because different uniform k grids sample different regions of
the sharp feature in the screening. The different convergence rates are even more dramatic
for higher energy states, such as the 2p state (Fig. 3.8), whose complex nodal structure is
even more sensitive to the spatially varying screening at small q.

In general, calculating the BSE matrix elements scales with the total number of k points
squared. Thus, in the dual-grid scheme, the computational cost scales with the number of k
points on the coarse grid squared, N2

kco
. Clustered sampling interpolation has an additional

cost associated with calculating the matrix elements involving transitions between the coarse
k points and cluster points. This additional term scales as Nkco × Nkcl

, where Nkcl
is the

number of k points in each cluster. For isotropic systems Nkcl
is typically much smaller than
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Nkco , since the sampling is only along one dimension. Thus, the additional cost of clustered
sampling interpolation is small compared with the cost of calculating the matrix elements on
the coarse grid. The total cost of calculating the matrix elements scales as N2

kco
+Nkco×Nkcl

.

Table 3.2 shows the CPU time required to calculate the BSE kernel, Keh, for MoS2 in the
dual-grid and CSI schemes as a function of the coarse grid and interpolated to a 300×300×1
fine grid. On identical coarse grids, there is a small computational overhead in the CSI
scheme, on the order of 10 core-hours, which scales linearly with Nkco . However, the binding
energy of the 1s exciton state converges in the CSI scheme on an 18 × 18 × 1 coarse grid,
whereas it is still unconverged on a 48 × 48 × 1 coarse grid in the dual-grid scheme. Thus,
for MoS2, CSI results in a speed-up of at least one order of magnitude. To directly calculate
the BSE matrix elements on a 300× 300× 1 as reported in Fig. 3.8, we solve the BSE on a

patch, which only includes k points within 0.2Å
−1

of the K point in the Brillouin zone. This
allows us to obtain the binding energy of the lowest energy excitons within 20meV of the
calculation on the full Brillouin zone but is insufficient to obtain the entire optical spectrum.
Since we know that calculating the BSE matrix elements scales as N2

kco
, we estimate that

directly calculating the BSE matrix on a 300× 300× 1 k grid would take approximately 15
million core-hours, compared with 228 core hours with CSI scheme.

The proposed clustered sampling scheme assumes an isotropic system, where the BSE matrix
elements depend only on the magnitude of q. However, in practice, it also results in improved
convergence for anisotropic materials such as few-layer black phosphorus. Fig. 3.9 shows the
performance of the CSI scheme for monolayer black phosphorus, when the clustered points
are sampled along the (100) direction, (110) direction and (010) direction. The calculation is
done in a supercell setup with Lz = 20Å. Here, the convergence of the binding energy for the
different interpolation schemes is referenced to a single grid calculation with 160 × 160 × 1
k-points performed in a patch of radius 0.2 Å around the Γ point in the Brillouin zone. The
reference converged binding energy is 0.47 eV. For the same coarse and fine k grids, the
CSI scheme always converges more quickly than both the single and dual grid scheme, with
convergence being the fastest when the clustered points are sampled along the (100) direction,
which is the more highly-dispersive armchair direction in black phosphorus. Once again, the
convergence of the dual grid scheme is erratic due to the spatially varying screening. While
some k grids give similar results to the CSI scheme, as the k grid is increased to 56× 40× 1
the dual grid binding energy still undershoots the converged value.

3.4 Conclusion

In summary, we address the problem that many-electron perturbation theory calculations,
such as those performed in GW and GW-BSE theories, on low-dimensional systems converge
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Figure 3.8: Convergence of the binding energy of the 1s(top) and 2p(bottom) states of the
lowest energy series of excitons in MoS2 using an explicit calculation without interpolation
(single grid), a dual-grid method and the proposed CSI method. The x-axis represents the
k-point grid used in the single grid method and the coarse grid used in both the dual grid
and CSI methods. The gray shaded region corresponds to an interval of ±50 meV compared
to the converged value, which is the convergence threshold one is typically interested in.
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Figure 3.9: Convergence of the binding energy of the 1s state of the lowest energy series of
excitons in monolayer black phosphorus using an explicit calculation without interpolation
(single grid), a dual-grid method and the proposed CSI method with sampling along the
100, 110, and 010 directions. The x-axis represents the k-point grid used in the single grid
method and the coarse grid used in both the dual grid and CSI methods. The gray shaded
region corresponds to an interval of ±50 meV compared to the converged value, which is the
convergence threshold one is typically interested in.

Table 3.2: Comparison of computational time required to calculate the BSE kernel matrix
elements Keh with different Brillouin Zone interpolation schemes for MoS2 on different coarse
k grids, kco. The binding energy of the 1s state, E1s

b , is given after interpolating from the
coarse k grid to a 300× 300× 1 fine grid.

Dual Grid CSI

kco grid CPU Usage (core–hour) E1s
b (eV) CPU Usage (core–hour) E1s

b (eV)

12× 12× 1 39 0.44 59 0.83
18× 18× 1 196 0.41 223 0.62
24× 24× 1 579 0.52 613 0.65
36× 36× 1 2948 0.20 3017 0.64
48× 48× 1 8857 0.51 8979 0.63
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very slowly with respect to sampling of the Brillouin zone due to sharp features in the
spatial variations in screening, which manifest as sharp features in the q-dependence of the
dielectric matrix and cannot be described by a simple analytic model due to the complexity
of the out-of-plane local fields. Thus, we present two new schemes to sample the Brillouin
zone in a computationally efficient way for low-dimensional systems. The first scheme,
which we refer to as the non-uniform neck subsampling (NNS) method, allows for efficient
sampling of single-particle problems, such as GW and ACFDT. In the NNS method, an
additional radial sampling is performed in the Voronoi cell that surrounds each k point with
appropriately chosen weights. The second scheme, clustered sampling interpolation (CSI),
addresses two-particle scattering problems, such as in solving for the solution of the BSE.
In CSI, we explicitly calculate two-particle scattering matrix elements in small, uniformly-
spaced clusters of k points and use these clusters to interpolate to a uniform fine grid. Both
schemes result in typical speedups of about two orders of magnitude in the computer run-
time and can be easily incorporated into several ab initio packages that compute electronic
and optical properties employing many-body-perturbation theory methods.

3.5 Appendix

For a given Ns number of subsampled points, we have the freedom to define two quantities:
the Ns annulus thicknesses ∆s that define the intervals for the radial integrals and, thus, the
weights ws; and the Ns subsampling points qs where the dielectric matrix has to be explicitly
computed. In order to make the discretization in Eq. 3.8 practical, it is necessary to choose
appropriate subsampled points qs and/or the thicknesses ∆s that approximates the integral
in an efficient way. We introduce a scheme to use a crude approximation of the screened
Coulomb interaction to provide constraints on either qs or ∆s.

For semiconductors, the inverse dielectric matrix approaches a finite constant as q→0, so we
can write the head of the (truncated) screened Coulomb interaction as W (q) ∝ 1/q2, 1/q or
log(q), depending on whether we have a 3D, 2D or 1D system, respectively. A good choice of
∆s and qs is such that the screened Coulomb interaction evaluated at the subsampled point
represents the average value of the W according to the analytic limit,

W (qs, ω=0)

∫ as+1

as

dDq′ =

∫ as+1

as

dDq′ W (q′, ω=0), (3.26)

which, together with the constraint of aNs from Cq=0, provide Ns + 1 constraints and allows
us to obtain the optimal subsampling points qs given Ns − 1 thicknesses ∆s for the radial
integration.

We summarize the relationship between ∆s and qs obtained from Eq. 3.26 for 3D, 2D and 1D
semiconducting systems in Table 3.3. For systems other than semiconductors, the screened
Coulomb interaction has different analytic behaviors for q→0, so other optimal subsampling
points could be determined. Fortunately, for metallic systems of any dimensionality, the
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Table 3.3: Optimal choice of the subsampling point qs in terms of the thickness ∆s of each
radial interval for 3D, 2D and 1D semiconductors. The inner radius of each interval is denoted
by as ≡

∑s−1
i=1 ∆s. We also compare the first optimal point q1 for different dimensionality.

D qs q1

3
√
a2
s + as∆s + ∆2

s/3 0.577∆1

2 as + ∆s

2
0.500∆1

1 (as + ∆s)(1 + ∆s/as)
as/∆s/e 0.368∆1

condition in Eq. 3.26 is fulfilled for any choice of qs, and for quasi-2D systems with linear
energy dispersion, such as graphene, the optimal subsampling point is still given by qs =
as + ∆s

2
. So, we use the relationship between qs and ∆s as defined in Table 3.3 for all types

of systems we consider.
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Chapter 4

Observation of giant bandgap
renormalization and excitonic effects
in a monolayer transition metal
dichalcogenide semiconductor

As we have seen in previous chapters, reduced screening in two dimensions results in markedly
enhanced electron-electron interactions, which have been predicted to generate giant bandgap
renormalization and excitonic effects [19, 117, 72, 113]. Here we present a rigorous experimen-
tal observation and theoretical explanation of extraordinarily large exciton binding energy in
a 2D semiconducting TMD. In collaboration with the experimental groups of Profs. Michael
Crommie and Feng Wang, we determine the single-particle electronic bandgap of single-layer
MoSe2 by means of scanning tunnelling spectroscopy (STS), as well as the two-particle ex-
citon transition energy using photoluminescence (PL) spectroscopy. These yield an exciton
binding energy of 0.55 eV for monolayer MoSe2 on graphene–orders of magnitude larger
than what is seen in conventional 3D semiconductors. This finding is corroborated by our ab
initio GW and Bethe Salpeter equation calculations [61, 122], which include electron corre-
lation effects. The renormalized bandgap and large exciton binding observed here will have
a profound impact on electronic and optoelectronic device technologies based on single-layer
semiconducting TMDs.

This chapter is adapted from Ref. [140]
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4.1 Introduction

The remarkable properties of atomically-thin semiconducting TMD layers include an indirect-
to-direct bandgap crossover [91, 132, 157], field-induced transport with high on-off ratios [10],
valley selective circular dichroism [88, 151, 14, 67], and strong photovoltaic response [5, 48].
Fundamental understanding of the electron/hole quasiparticle band structure and many-
body interactions in 2D TMDs, however, is still lacking. Enhanced Coulomb interactions
due to low-dimensional effects are expected to increase the quasiparticle bandgap as well
as to cause electron-hole pairs to form more strongly bound excitons [18, 117, 72, 113].
Such low-dimensional effects have been observed previously in other reduced dimensional
systems such as and carbon nanotubes [131] and nanostructured materials [127]. Untangling
opto-electronic many-body effects in single-layer TMDs requires measurement of both the
electronic bandgap and the optical bandgap, the most fundamental parameters for transport
and optoelectronics, respectively. The electronic bandgap (Eg) characterizes single-particle
(or quasiparticle) excitations and is defined by the sum of the energies needed to separately
tunnel an electron and a hole into monolayer MoSe2. The optical bandgap (Eopt) describes
the energy required to create an exciton, a correlated two-particle electron-hole pair, via
optical absorption. The difference in these energies (Eg − Eopt) directly yields the exciton
binding energy (Eb) with no need for additional modeling (Fig. 4.2(a)). Here we provide
evidence for significant Coulomb-driven quasiparticle bandgap renormalization from stan-
dard density functional theory (DFT) band results and unusually strong exciton stability
in 2D TMDs through direct independent determination of Eg and Eopt using STS and PL
spectroscopy. Using this technique we also directly observe a reduction in exciton binding
energy as substrate screening is increased.

4.2 Main Results

STS and PL measurements were carried out on the same high-quality sub-monolayer MoSe2

films grown on epitaxial bilayer graphene (BLG) on a 6H-SiC(0001) substrate as well as on
cleaved graphite (HOPG). Because the MoSe2 surface coverage for our sample was ∼ 0.8 ML,
we were able to simultaneously image the MoSe2 monolayer and the underlying graphene
substrate using scanning tunneling microscopy (STM). Fig. 4.1(b) and Fig. 4.1(d) show
atomically-resolved STM images taken of a MoSe2 monolayer region and a BLG substrate
region, respectively. The BLG substrate (Fig. 4.1(d)) shows typical hexagonal atomic con-
trast due to the Bernal AB stacking overlaid with the (6

√
3× 6

√
3) SiC reconstruction [93].

The high-resolution STM image acquired on MoSe2 (Fig. 4.1(b)) shows a honeycomb atomic
lattice with one sublattice brighter than the other. Both sublattices show a unit cell of 3.3 ,
corresponding to the interatomic spacing in both the basal Se and Mo planes of MoSe2 (see
Sec. 4.3). The larger-scale MoSe2/BLG image (Fig. 4.1(c)) shows only one sublattice due to
a slightly lower (and more typical) spatial resolution. The atomic registry of the MoSe2 lat-
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Figure 4.1: Morphology of monolayer MoSe2 on bilayer graphene. (a) Top and side view
sketches of monolayer MoSe2, including the substrate. (b) High-resolution STM image of
MoSe2 (Vs = −1.53 V, It = 3000 pA, T = 5 K). (c) STM image (typical resolution) of
monolayer MoSe2 showing 9.7 x 9.7 moir pattern with an angle of 3 between the moir
pattern and the MoSe2 lattice (Vs = −0.9 V, It = 20 pA, T = 5 K). Unreconstructed unit
cells are indicated in green for MoSe2 and dark red for BLG. Approximate moir pattern unit
cells for MoSe2 are outlined in orange. (d) High resolution STM image of BLG (Vs = −0.5 V,
It = 30 pA, T = 5 K).
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tice was often oriented precisely with the graphene lattice (yellow arrows in Figs. 4.1(b) and
4.1(d)) but also frequently showed a slight rotation angle (dashed purple lines in Fig. 4.1(c)).
An additional periodic superlattice was always visible in the STM images (Figs. 4.1(b) and
4.1(c)). This superlattice is explained by the fact that when the MoSe2 and graphene lattices
are overlaid, four graphene unit cells accommodate three unit cells of MoSe2, thus forming
a quasi-commensurate 9.87 × 9.87 superstructure (a moir pattern) as observed in the STM
images of MoSe2. Rotationally misaligned MoSe2 domains show slightly smaller incommen-
surate moir patterns. Similar structure was seen in STM images of single layers of MoSe2

grown on HOPG (see Sec. 4.3).

We experimentally investigated both the electronic structure and the optical transitions in
monolayer MoSe2 by combining STS and PL spectroscopy. Fig. 4.2(b) shows a typical STM
dI/dV spectrum acquired on monolayer MoSe2/BLG. The observed electronic structure is
dominated by a large electronic bandgap surrounded by features labeled V1–4 in the valence
band (VB) and C1 in the conduction band (CB). The MoSe2 band edges are best determined
by taking the logarithm of dI/dV, as shown in Fig. 4.2(d). There the VB maximum (VBM)
for monolayer MoSe2 is seen to be located at −1.55±0.03 V and the CB minimum (CBM) at
0.63±0.02 V. The relative position of the Fermi energy (Vbias = 0 V) with respect to the band
edges reveals n-type doping for our samples, although with a very low carrier concentration.
We tentatively attribute the n-doping of our MoSe2 samples to intrinsic point defects such
as vacancies and/or lattice antisites, which have been found to be responsible for n-doping in
similar materials [58]. Our STS measurements yield a value for the single-particle electronic
bandgap for MoSe2/BLG of Eg = ECBM − EVBM = 2.18 ± 0.04 eV. Similar behavior is
seen for MoSe2/HOPG except that the electronic bandgap is reduced by 11% (see Sec. 4.3)
owing to different dielectric screening properties of the two substrates. The uncertainty in
Eg can arise from both lateral positional variations as well as tip-induced electronic artifacts
(which we broadly refer as tip-induced band bending, or TIBB). TIBB can arise due to poor
screening of electric fields at a semiconducting surface [37]. We are able to rule out TIBB as
a significant source of error in our Eg measurements via two methods: (i) tip-sample distance
variation (which allows us to access different electric field values) and (ii) comparison of our
spectra with our angle-resolved photoemission spectroscopy (ARPES). We find that the V1

feature, for example, arises from the spin-split valence band at the K-point that is seen for
single-layer semiconducting TMDs (see Sec. 4.3 for a more detailed discussion of TIBB and
STS/ARPES comparison).

Measurement of the optical bandgap (Eopt), i.e. the electron-hole excitation energy, was
performed using PL spectroscopy. PL from single-layer MoSe2 on either graphene or HOPG
is strongly quenched by non-radiative channels opened by the substrate, but the PL signal
is still clearly observable as a well-defined peak. A representative set of data taken at two
different temperatures for MoSe2/BLG is shown in Fig. 4.3. At room temperature, the
PL spectra show a clear Lorentzian shape centered at 1.55 ± 0.01 eV. At 77 K, the peak
position of the PL is shifted to 1.63 ± 0.01 eV. This decrease of photon energy at high
temperature has been observed previously [124] and is attributed to thermal reduction of
the MoSe2 electronic bandgap. Since previous studies [124] have shown that PL does not
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Figure 4.2: Electronic structure of monolayer MoSe2 on bilayer graphene (BLG). (a) Energy
diagram schematically indicates the electronic bandgap (Eg), the optical bandgap (Eopt),
and the excitonic binding energy (Eb). (b) STM dI/dV spectrum acquired on monolayer
MoSe2/BLG shows the electronic bandgap and nearby electronic features: V1–4 in the valence
band (VB) and C1 in the conduction band (CB) (f = 873 Hz, It = 5 nA, ∆Vrms = 3 mV,
T = 5 K). (c) Close-up view of MoSe2 STS (boxed region in b and d) showing the valence
band maximum (VBM) and V1 feature (f = 873 Hz, It = 4 nA , ∆Vrms = 2 mV, T = 5 K).
(d) Logarithm of a typical dI/dV spectrum used in the statistical analysis to obtain Eg

(f = 873 Hz, It = 5 nA, ∆Vrms = 3 mV, T = 5 K).
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Figure 4.3: Optical characterization of monolayer MoSe2 on bilayer graphene (BLG): Rep-
resentative photoluminescence spectra acquired at room temperature (RT) (black) and at
77 K (green) for 0.8 ML MoSe2 on BLG/SiC substrate. The photoluminescence at room tem-
perature is centered at 1.55 eV. The peak shifts to 1.63 eV at 77 K. This photoluminescence
peak corresponds to the lowest-energy exciton transition (Eopt) in single-layer MoSe2 (inset).

shift significantly when temperature drops below 77 K, we determine the low-temperature
MoSe2/BLG optical bandgap to be Eopt = 1.63±0.01 eV (uncertainty here arises from spatial
variations and temperature dependence). The optical bandgap only rises slightly (by 2%)
for MoSe2/HOPG (see Sec. 4.3).

The MoSe2/BLG optical bandgap of Eopt = 1.63 eV differs from the electronic bandgap
Eg = 2.18 eV by the amount 0.55± 0.04 eV, which corresponds to the binding energy of the
MoSe2/BLG electron-hole excitation. For MoSe2/HOPG we find that the exciton binding
energy is reduced by 51%, compared to MoSe2/BLG, which shows directly how environ-
mental screening modifies this quantity. The exciton binding energy seen for single layer
MoSe2/BLG is two orders of magnitude higher than the binding energy seen in conventional
semiconductors such as Si or Ge.

In order to better understand and interpret our experimental findings, we performed ab
initio GW [61] and GW plus Bethe-Salpeter equation (GW-BSE) calculations [122, 30]
on MoSe2 using the BerkeleyGW package [30]. This allowed computation of monolayer
MoSe2/BLG quasiparticle electronic structure and optical transitions including electron-
hole interactions. (For details of the calculations, see Sec. 4.3). Within this approach we
find that MoSe2 monolayers are direct gap semiconductors at both the DFT and GW levels
of theory. For quantitative comparison between experiment and theory we had to take
into account the screening of the MoSe2 layer by the BLG underneath (the screening from
SiC was neglected because its polarizability is much smaller than that of BLG). Substrate
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screening is expected to decrease both the quasiparticle bandgap and the exciton binding
energy of an isolated MoSe2 layer. To avoid the high computational demanding of performing
a highly converged calculation for the explicit MoSe2/BLG supercell system, we developed
a novel method to incorporate substrate screening. We first separated the total screening
into the intrinsic MoSe2 and the BLG substrate contributions [82]. We calculated the ring
approximation the intrinsic contribution of MoSe2 fully from first principles including all
local field effects. For the substrate contribution, we fully took into account the in-plane
substrate long wavelength screening and the full perpendicular component of the screening
while neglecting in-plane local fields produced by the substrate (this is justified by the
in-plane delocalization of the orbitals in graphene). Within this approach we calculated
a quasiparticle bandgap of 2.13 ± 0.10 eV for MoSe2/BLG, in good agreement with the
experimental value (2.18± 0.04 eV). The theoretical uncertainty arises primarily due to the
GW approximation of the electronic self-energy (see Sec. 4.3).

Combining this screening approach with the GW-BSE method allowed us to calculate the
optical spectrum and the exciton binding energy of a MoSe2 monolayer both with and without
BLG substrate screening. We find that the BLG substrate decreases the exciton binding
energy from 0.65±0.10 eV to 0.52±0.10 eV, with the latter value in good agreement with the
corresponding experimental MoSe2/BLG value of 0.55 ± 0.04 eV. Similarly, the calculated
optical gap for MoSe2/BLG is found to be 1.61 ± 0.14 eV, in good agreement with the
measured optical gap of 1.63± 0.01 eV. The calculated electronic bandgap, optical gap, and
exciton binding energies are all graphically compared with the experimental results in the
energy level diagrams of Fig. 4.4(a-c). In Fig. 4.4(d), we compare our calculated optical
absorption spectrum with the experimental reflectivity data for MoSe2/BLG. We observe
good agreement between experiment and theory for the first two excitonic peaks A and B.
Higher energy excitonic states, such as A′ and B′, are known to be more affected by electron-
phonon interactions [113] (not included in the present calculation) and are more spectrally
broadened. Fig. 4.4(e) shows the predicted spatial dependence of the lowest energy bright
exciton state.

Our theoretical experimental results reveal that many-electron interactions are strong in
MoSe2/BLG and prominently affect the quasiparticle excitations and optical response of the
system. The 51% reduction seen for the exciton binding energy in MoSe2/HOPG arises
from the stronger substrate screening which reduces both the quasiparticle electronic gap
and the exciton binding energy without changing significantly the optical gap. Our results
directly demonstrate that increased free carrier screening in graphite plays a large role in
determining the TMD exciton binding energy [55, 156]. Similar behavior on the quasiparticle
electronic gap has indeed been observed in previous ARPES measurements on highly doped
MoSe2 [157]. The strong, environmentally dependent, excitonic binding energies observed
here should play a significant role in the room-temperature performance of optoelectronic
nanodevices composed of single-layer semiconducting TMDs as well as more complex layered
heterostructures.
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Figure 4.4: Comparison between ab initio excited-state calculations and single-layer MoSe2

experiment: Relevant energy levels sketched for (a) GW-BSE calculation without substrate,
(b) GW-BSE calculation with bilayer graphene (BLG) substrate, and (c) experimental data.
(d) Calculated optical absorbance of single-layer MoSe2 with and without electron-hole inter-
actions, including BLG screening. A constant Gaussian broadening of σ = 50 meV (30 meV)
was used in the curve with (without) electron-hole interactions. The shaded gray area cor-
responds to energies above the single-particle electronic gap. The experimental differential
reflectivity spectrum measured at 77 K is displayed in green. (e) Spatial map of the exciton
wavefunction corresponding to the excitonic peak labeled ‘A’ in a-d (wavefunction is shown
with the hole (black circle) xed in space). Mo atoms are small black squares, Se atoms not
shown.
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4.3 Technical details

The measurements were carried out on high-quality sub-monolayer MoSe2 films grown by
molecular beam epitaxy on epitaxial BLG on a 6H-SiC(0001) substrate as well as on HOPG.
The structural quality of the samples and the MoSe2 coverage were characterized by in-situ
reflection high electron diffraction (RHEED), low energy electron diffraction (LEED), core
level spectroscopy, and Raman spectroscopy. Scanning tunneling microscopy (STM) imaging
and STS experiments were performed in an ultra-high vacuum (UHV) system equipped with
a home-built STM operated at T = 5 K. STM differential conductance (dI/dV) spectra were
measured at 5 K by using standard lock-in techniques. In order to avoid tip artifacts, the
STM tip was calibrated by measuring reference spectra on the graphene substrate [9, 92].
PL experiments were performed in high-vacuum using continuous wave excitation centered
at 532 nm with a power of 500 µW and a focused spot size of 2 µm. Different spots across the
sample consistently showed similar PL, absorption and STS spectra. Differential reflection
spectra were taken using a supercontinuum laser (∼ 470 to 1800 nm) focused to a spot size
of 2 µm. Both STM/STS and optical measurements were performed consecutively on the
same samples.

We performed our mean-field density functional theory (DFT) calculations in the local den-
sity approximation (LDA) using the Quantum Espresso [40] code. The calculations were
done in a supercell arrangement with a planewave basis using norm-conserving pseudopo-
tentials with a 125 Ry wavefunction cutoff. We included the Mo semicore 4d, 4p and 4s
states as valence states for our DFT, GW and GW-BSE calculations. The distance between
repeated supercells in the out-of-plane direction was 25 . We fully relaxed the MoSe2 ge-
ometry and included spin-orbit interactions as a perturbation as in a previous work [113].
Similar to previous calculations on related MoS2 [113], we found it necessary to employ a
large energy cutoff of 38 Ry and to use a large number (10000) of unoccupied states to obtain
well-converged quasiparticle energies.

In order to include the substrate screening from the bilayer graphene, we first relaxed a
supercell structure with the van der Waals density functional with Cooper exchange [24]
and found a separation of 3.4 between the MoSe2 layer and the upper graphene layer.
We then calculated the irreducible polarizability in the ring approximation for the bilayer
graphene alone in reciprocal space and mapped the sets of G (reciprocal lattice vectors) and
q wavevectors that describe the polarizability χ0,bilayer

G,G′ of bilayer graphene to the primitive
unit cell of MoSe2.

For the GW calculations, the dielectric matrices were evaluated up to a cutoff of 38 Ry on a
12× 12× 1 k-grid. Additionally, we calculated a correction to the quasiparticle bandgap as
the difference between the gap obtained on a denser k-grid of 21×21×1 and the gap obtained
on a coarser k-grid of 12×12×1, where these two calculations where performed with a 15 Ry
cutoff for the dielectric matrix. This procedure closes the quasiparticle bandgap calculated
without the bilayer graphene substrate by 142 meV, and the gap for the calculation with
substrate by 34 meV.
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For the Bethe-Salpeter equation (BSE) calculation, we first evaluated the necessary matrix
elements on a 21×21×1 k-grid and then interpolated them to a 90×90×1 k-grid, where we
diagonalized the BSE Hamiltonian keeping two conduction and one valence band. Further
increasing the number of bands to three conduction and three valence bands does not change
the absorption spectrum in the energy range from 0 up to 2.4 eV.

The uncertainty in the theoretical calculation arises primarily due to the approximation to
the electronic self-energy within the GW approach. Our calculated quasiparticle bandgap
is converged to within better than 50 meV, where the error arises primarily due to k-point
sampling. However, the GW approximation is known to be accurate to within approximately
100 meV [61]. So, we estimate that our theoretical quasiparticle bandgap should be accurate
to within 100 meV.

Similarly, one source of uncertainty when calculating the exciton binding energy is the ap-
proximation to the kernel of the electron-hole interaction in the BSE, which is typically a few
percent [122]. This uncertainty corresponds to at most ∼ 25 meV in MoSe2. On the other
hand, we estimate that our numerical solution of the BSE is accurate to within 100 meV due
to finite k-point sampling. Therefore, we estimate our exciton binding energy to be accurate
to within roughly 100 meV.
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Chapter 5

Probing the role of interlayer coupling
and Coulomb interactions on
electronic structure in few-layer
MoSe2 nanostructures

Despite the weak nature of interlayer forces in bulk transition metal dichalcogenide (TMD)
materials, their properties are highly dependent on the number of layers in the few-layer
two-dimensional (2D) limit. Here, we build on the work in the previous chapter and present
a combined scanning tunneling microscopy/spectroscopy and GW theoretical study of the
electronic structure of high quality single- and few-layer MoSe2 grown on bilayer graphene.
We find that the electronic (quasiparticle) bandgap, a fundamental parameter for transport
and optical phenomena, decreases by nearly one electronvolt when going from one layer to
three due to interlayer coupling and screening effects. Our results paint a clear picture of the
evolution of the electronic-wavefunction hybridization in the valleys of both the valence and
conduction bands as the number of layers is changed. This demonstrates the importance of
layer number and electron-electron interactions on van der Waals heterostructures and helps
to clarify how their electronic properties might be tuned in future 2D nanodevices.

This chapter is adapted from Ref. [8].

5.1 Introduction

Owing to their inherently 2D nature, few-layer semiconducting TMDs exhibit a number of
unique physical attributes that are extremely sensitive to the number of layers [91, 50, 132,
11, 156, 140]. This provides new opportunities for creating van der Waals heterostructures



79

with tailored properties and designed functionalities. For example, few-layer TMDs have
been shown to support larger current densities than single layer electronic nanodevices [141],
and the photovoltaic response of p-n junctions has been shown to be sensitive to the number
of TMD layers [77]. Despite the promise of few-layer TMDs for electronic and optoelectronic
applications, however, there is so far little understanding of how the overall electronic struc-
ture evolves with layer number close to the 2D limit. Most previous spectroscopic studies
of few-layer TMD semiconductors have been via optical measurements [14, 67, 90, 88, 151]
that only indirectly measure bandstructure, as well as photoemission [157, 66] studies that
primarily focus on states near the Fermi energy and in the valence band. Although many
theoretical studies have been performed [18, 72, 112, 28, 53, 101], a consistent picture has not
yet emerged and many critical parameters, such as bandgaps and conduction bandstructure,
remain ambiguous. In the present combined STM/STS/theory study of few-layer MoSe2 on
bilayer graphene, we characterize how the electronic bandgap (Eg), the valence band local
density of states (LDOS), and the conduction band LDOS change with the number of MoSe2

layers between 1 (monolayer (ML)), 2 (bilayer (BL)) and 3 (trilayer (TL)). These measure-
ments compare favorably with ab initio GW calculations, revealing the important influence
of interlayer coupling and Coulomb interactions on these properties, as well as the relative
contributions from different parts of the Brillouin zone.

5.2 Main Results

Low temperature (T = 5 K) STM/STS experiments were carried out on high quality MoSe2

grown on bilayer graphene (BLG) on 6H-SiC(0001) substrates via molecular beam epi-
taxy [157]. A sketch of the structure of few-layer MoSe2 is shown in Fig. 5.1(a). 5.1 b
depicts the 2H stacking arrangement for MoSe2, which we have confirmed in this study
based on comparison between experiment and theory (see Sec. 5.3 for a detailed discussion
of the stacking). Samples grown with an average MoSe2 coverage ranging between 0.8 and 2
ML exhibit coexisting regions of ML, BL, and TL MoSe2, as well as bare BLG substrate, as
shown in the STM image of Fig. 5.1(c). Though the TL regions in Fig. 5.1(c) are relatively
small compared with the ML and BL regions, we are able to tune the sizes of the different
layered regions by altering the MoSe2 coverage. This allowed us to maximize the area of
ML, BL or TL regions and to avoid confinement and edge effects in our STS measurements.

Variations in the electronic structure between ML, BL, and TL MoSe2 films on BLG were
experimentally determined via STS using standard lock-in techniques6 (all STS data were
acquired at least 5 nm away from step edges, defects, and domain boundaries). Fig. 5.2(a-c)
show typical STM dI/dV spectra for ML, BL, and TL MoSe2, respectively. Each spectrum
reveals relatively wide bandgap surrounded by features in both the valence and conduc-
tion bands. Prominent features that determine the band edges (V1, C1), as well as newly
discovered features in the conduction band (C1, C2), are marked in the spectra. Bandgap
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Figure 5.1: (a) Sketch of few-layer MoSe2. Se atoms are shown in green, whereas Mo atoms
are in purple. (b) 2H stacking configuration of MoSe2 with both the Se and the Mo atoms
in an AB1 stacking pattern (see Sec. 5.3 for more details). (c) Typical STM image of 1.4
monolayer MoSe2 / BLG (Vbias = 1.5 V , It = 30 pA, T = 5 K).
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Figure 5.2: Representative STS spectra (T = 5 K) obtained for (a) ML MoSe2/BLG lock-
in wiggle voltage: ∆Vrms = 4 mV, f = 872 Hz, set point current: It = 5 nA), (b) BL
MoSe2/BLG (lock-in wiggle voltage: ∆Vrms = 5 mV, f = 871 Hz, set point current: It =
100 pA), and (c) TL MoSe2/BLG (lock-in wiggle Voltage: ∆Vrms = 5 mV, f = 871 Hz, set
point current: It = 5 nA). (d-f) same STS curves shown on a logarithmic scale to highlight
the electronic and edges (band edges are marked by dashed lines).
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Figure 5.3: Right panels: ab initio GW bandstructure of ML, BL, and TL MoSe2, including
screening effects from the BLG substrate. Left panels: corresponding simulated LDOS
(dashed blue lines) along with experimental TM dI/dV spectra for ML (dark red), BL
(orange) and TL (yellow) MoSe2. The horizontal solid lines mark the experimental VBM
and CBM, and the dashed lines denote the experimental Fermi energy.
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values were determined by examining the dI/dV spectra on a logarithmic scale (Fig. 5.2(d-f))
and following the statistical analysis procedure described in Ref. [140]. For ML, BL, and TL
MoSe2/BLG we determine bandgap values of Eg,ML = 2.18±0.04 eV, Eg,BL = 0.56±0.04 eV,
Eg,TL = 1.32 ± 0.04 eV, respectively. Uncertainty in the values of Eg arises mainly due to
lateral spatial inhomogeneity and tip-induced band bending [140, 37]. Lateral inhomogene-
ity causes band edges to rigidly shift by 10s of meV from point to point in both the bilayer
and trilayer, whereas lateral variations in ML MoSe2 are smaller by an order of magnitude.
These rigid shifts are presumably due to inhomogeneous doping effects and do not signifi-
cantly affect the measured energy gap values. The position of the Fermi energy (Vbias = 0 V)
with respect to the band edges indicates that these samples have very low n-type doping.

In order to interpret our experimental results, we performed ab initio simulations of the
quasiparticle electronic structure of ML, BL, and TL MoSe2. These simulations allowed us
to systematically study how the electronic structure of few-layer MoSe2 is affected by the
following actors: (1) different multilayer stacking configurations; (2) many-electron inter-
actions; (3) interactions with the substrate; and (4) the spatial distribution of electronic
states. We start by discussing the role of the stacking configuration. Five possible stacking
configurations exist for two layers of MoSe2. Three of these have an inversion center and
two do not. We performed density functional theory (DFT) simulations for all five stacking
configurations and determined that the stacking labeled AB1 (Fig. 5.1(b)) is the correct
stacking sequence based on both its calculated stability and its match with experimentally
observed spectroscopic features (see Sec. 5.3 for more details). All calculations for BL and
TL MoSe2 were therefore performed using the AB1 structure.

Many-electron interactions were included in our calculations through the ab initio GW tech-
nique [61] as implemented using the BerkeleyGW package [30] (this as necessary because bare
DFT does not yield accurate quasiparticle energies [61] nor optical transition energies [122]).
In the first stage of the calculations we intentionally neglected the effect of the substrate by
considering free-standing ML, BL, and TL MoSe2. In order to speed the convergence with
respect to k-point sampling, we employed nonuniform sampling of the Brillouin zone, where
the smallest q-vector corresponds to 1/1150th of a reciprocal lattice vector (more details in
Sec. 5.3). To address the role of the substrate we then calculated the effect of a doped bilayer
graphene substrate on supported few-layer MoSe2 (the SiC was ignored because it is much
less polarizable than BLG and is further away from the MoSe2 layers). BLG screening of
the MoSe2 layers was calculated following the same method as in Ref. [140].

The final calculated quasiparticle bandstructure (including screening contributions from the
BLG substrate) for ML, BL, and TL MoSe2 is plotted in the right panels of Fig. 5.3. This
electronic structure was used to compute the LDOS above the MoSe2 surface which gives a
measure of the STM differential conductance (dI/dV) within the Tersoff-Hamann approxima-
tion [135] with no adjustable parameters (see Sec. 5.3 for technical details). These theoretical
STM dI/dV simulations are compared with the experimental STS spectra in the left panels
of Fig. 5.3. We observe good agreement between the theoretical LDOS and the experimental
dI/dV curves, especially near the valence band maxima (VBM) and conduction band minima
(CBM). This procedure allows us to identify the reciprocal-space origin of the experimental
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Figure 5.4: Direct and indirect bandgaps for few-layer MoSe2 calculated within different
levels of theory (triangles and squares) and obtained from experimental STS measurements
(diamonds). The shaded regions mark the theoretical uncertainty in the GW calculations
(see Sec. 5.3). All levels of theory predict a crossover from direct to indirect bandgap as the
number of layers is increased from one to two. The theoretical uncertainty arises primarily
due to the GW approximation of the electronic self-energy and the approximate treatment
of the substrate.

features V1, C1, and C2 in Fig. 5.2 by calculating the contributions of different regions of
the Brillouin zone (see Sec. 5.3 for more details). We are thus able to conclude that the
experimental valence band feature V1 originates from the K point for the ML and from the
Γ point for the BL and TL structures. The experimental conduction band features C1 and
C2 are seen to arise from near the Λminand Σminpoints of reciprocal pace, where Λminis the
point halfway between Γ and K, and Σminis the point halfway between Γ and M (see inset
in Fig. 5.3). The general good agreement between theory and experiment, especially for
features close to the VBM and CBM, provides strong evidence that the main features seen
in the experimental STS spectra come from the intrinsic electronic structure of MoSe2 and
not from extrinsic effects (such as defect states).

A comparison of our experimental and theoretical bandgaps for few-layer MoSe2 can be seen
in Fig. 5.4. The most accurate calculated bandgaps (taking into account both GW and
substrate corrections) for the ML, BL, and TL structures are 2.05± 0.15 eV, 1.65± 0.15 eV,
and 1.46± 0.15 eV respectively, within the experimental error bars. Though the magnitude
of the calculated gap varies significantly with theoretical formalism, all levels of theory
predict that monolayer MoSe2 is a direct bandgap material at the K point of the Brillouin
zone, whereas BL and TL MoSe2 have indirect gaps spanning Γvto Λmin

c (in contrast to some
predictions that the indirect gap spans Γvto Kv [156, 66]). These indirect transitions are
also corroborated by the experimental dI/dV curves because the valence band edge signal is
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stronger in the BL and TL structures than in the ML structure, indicating that the valence
band edge is closer to the Γ point in BL and TL MoSe2 (see V1 features in Fig. 5.2(a-c)). From
our calculations, the effect of the substrate reduces the direct energy gaps inhomogeneously
in reciprocal space (not shown), affecting states near Γ more than states near K. In all cases,
the substrate plays a decreasing role as the number of layers is increased.

We are able to gain further insight into the electronic structure of few-layer MoSe2 by ex-
amining how the spatial dependence of the simulated electronic states changes with layer
number. Fig. 5.5 shows the modulus squared of ML and TL wavefunctions at the K, Γ,
and Λ points in the bandstructure. The major contribution to the conduction band state
at K (ψcK) upper left panel) is from the Mo d orbital, so it is not expected to hybridize
significantly as we add more layers. Indeed, the corresponding state ψc(K) in the TL struc-
ture (lower left panel) looks very similar to the ML state. The valence states at K (not
shown) also display little hybridization, and so we may conclude that the direct bandgap at
K would not be significantly affected by hybridization between different layers. This picture
is consistent with the fact that the direct gap at K predicted by DFT is constant with the
number of layers (green line in Fig. 5.4, left panel). The picture is different for the indirect
gap. The highest valence state at Γ (ψv(Γ) in ML MoSe2 (upper middle panel in Fig. 5.5)
has a significant contribution from Se p orbitals that are able to interact with similar or-
bitals on Se atoms in adjacent layers. Indeed, the corresponding state ψv(Γ) in TL MoSe2

(lower middle panel) displays significant hybridization. The lowest conduction band state
at Λmin(ψc(Λ

min)) is qualitatively different in the degree to which it is highly delocalized.
This state is strongly modified as its spatial confinement is decreased by going from the
ML to the TL structure (right panels). These differences in the character of the ψv(Γ) and
ψc(Λ

min) states are responsible or driving the direct-to-indirect transition in MoSe2 as layer
the number is increased.

In conclusion, we have measured the electronic structure of semiconducting MoSe2 as a
function of layer number for monolayer, bilayer, and trilayer tacking. We find that the
addition of layers in the 2-dimensional regime causes the electronic bandgap to significantly
shrink in size while simultaneously creating new features in both the valence and conduction
ands. These experimental results are explained with theoretical GW calculations that take
into account stacking geometry, wave function hybridization, electron-electron interactions,
and substrate screening, thus providing new insight into how different electronic structure
features rise from Bloch state properties within the Brillouin zone. The deeper understanding
gained here into the electronic properties of few-layer TMD materials should help in the
creation of next-generation 2D nanodevices.
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Figure 5.5: Modulus squared of calculated electronic wavefunctions for different Bloch
states for ML and TL MoSe2. The horizontal axis follows the [110] direction (same as
Fig. 5.1(a)), the vertical axis points in the out-of-plane direction, and the wavefunctions
have been integrated in the direction perpendicular to the page. Se atoms are shown in
green, while Mo toms are in purple.
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Figure 5.6: MoSe2 stacking configurations: (a) AA1, (b) AA3, (c) AB1, (d) B2, (e) AB3.
(f) Bandstructure of AA1-stacked bilayer MoSe2 from fully-relativistic LDA calculation. (g)
Bandstructure of AB1-stacked bilayer oSe2 from fully relativistic LDA calculation.
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5.3 Technical details

5.3.1 Finding the bilayer stacking configuration

There are five possible commensurate stacking configurations for bilayer MoSe2 (Fig. 5.6(a-
e)). Of these, three stacking configurations, referred to as AB-stacked, have an inversion
center and two configurations, referred to as AA-stacked, do not. There are two configura-
tions (AA1 and B1) where a Mo atom in the top layer is above a Se atom in the bottom
layer. There is one configuration (AB2) where a Se atom in the top layer is above the
hexagon center of the bottom layer, and two configurations (AA3 and AB3) where a Se
atom in the top layer is directly above a Se atom in the bottom layer. To determine the
stacking configuration of our samples, we performed fully relativistic density-functional the-
ory (DFT) calculations using the local density approximation (LDA) and scalar relativistic
DFT calculations using both LDA and the van der Waals density-functional with Cooper
exchange (vdW-DF-c09x) [31, 24]. We find that AA1 and AB1 are the most stable stacking
configurations. AA1 and AB1 also minimize the interlayer distance, suggesting that steric
repulsion effects determine the stability of MoSe2 stacking configurations, as is also the case
in MoS2 [83]. The other stacking configurations, AA3, AB2, and AB3, are between 0.03
and 0.09 eV/(unit cell) higher in energy than AB1 and AA1. The Kohn-Sham bandgaps and
total energies of the different MoSe2 stacking configurations are reported in Table 5.1.

Since AA1 has no inversion symmetry, spin-orbit coupling splits the valence bands near the
K point into four bands that are roughly equally paced (Fig. 5.6(f)). In the bandstructure
of AB1 (Fig. 5.6(g)), however, time-reversal and inversion symmetries ensure that the four
highest valence ands become two doubly degenerate bands, which are separated by 0.23 eV.
Our STM data (Fig. 5.7(b)) and previously published ARPES measurements of our bilayer
MoSe2 sample [156] show two valence bands at the K point separated by 0.2 eV. This strongly
suggests that our sample has AB1 stacking. AB1 is also the bulk stacking configuration of
2H-MoSe2. Hence, all our GW calculations are done on AB1-stacked MoSe2.

5.3.2 Theoretical dI/dV calculation

We calculated the LDOS and used it to simulate the dI/dV curve within the Tersoff-Hamann
formalism [135]. For each MoSe2 structure, we used a spherically localized tip 4 above the
top Se atom (center-to-center). The tip position was averaged in a plane parallel to the
MoSe2 surface to reduce numerical noise.

Fig. Fig. 5.7 shows partial contributions to the theoretical dI/dV from the Γ, K, Λmin,
and Σminpoints in the Brillouin zone. For an MoSe2 ML, this wavevector-resolved dI/dV
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Table 5.1: Total energy, Kohn-Sham band gap, valence band maximum (VBM), conduction
band minimum (CBM), and bandgap at the K point for different bilayer MoSe2 stacking
configurations as calculated with different DFT functionals (total energy is relative to energy
of AB1-stacked bilayer).

Fully-relativistic with LDA functional

Etot − Etot(AB1) (eV/cell) Eg VBM CBM ∆EK (eV)
AA1 0.005 1.070 Γ Λmin 1.417
AA3 0.082 1.296 K Λmin 1.478
AB1 0.000 1.066 Γ Λmin 1.492
AB2 0.033 1.192 Γ Λmin 1.474
AB3 0.077 1.327 K Λmin 1.503

Scalar relativistic with LDA functional

Etot − Etot(AB1) (eV/cell) Eg VBM CBM ∆EK (eV)
AA1 0.000 1.08 Γ Λmin 1.50
AA3 0.075 1.44 K Λmin 1.52
AB1 0.000 1.07 Γ Λmin 1.54
AB2 0.031 1.15 Γ Λmin 1.51
AB3 0.075 1.41 K Λmin 1.56

Scalar relativistic with vdW-DF-c09x functional

Etot − Etot(AB1) (eV/cell) Eg VBM CBM ∆EK (eV)
AA1 0.000 1.12 Γ Λmin 1.47
AA3 0.093 1.40 K Λmin 1.53
AB1 0.000 1.12 Γ Λmin 1.50
AB2 0.022 1.20 Γ Λmin 1.51
AB3 0.088 1.43 K Λmin 1.53
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Figure 5.7: Theoretical dI/dV (blue) for the (a) ML, (b) BL, and (c) TL with partial con-
tributions from several different points in the Brillouin one: K (green), Γ (red), Λmin(purple)
and Σmin(yellow).

break-down indicates that the feature labeled 1 comes from the K-point (not visible in the
scale), and that the feature labeled C1 comes from states from Λminand Σmin. For BL MoSe2,
feature V1 comes from Γ, C1 comes from Λmin, and C2 comes from Σmin. For the TL, feature
V1 comes from Γ, C1 comes from Λmin, and C2 comes from a combination of Λminand Σmin.

5.3.3 Electronic structure calculations

We performed mean-field density-functional theory (DFT) calculations in the local density
approximation (LDA) using the Quantum Espresso code [40]. The calculations were done in a
supercell arrangement with a planewave cutoff basis using norm-conserving pseudopotentials
with a 125 Ry wavefunction cutoff. We included the Mo semicore 4d, 4p and 4s states as
valence states for our DFT and GW calculations. The distance between repeated supercells
in the out-of-plane direction is 50 . We fully relaxed the few-layer MoSe2 structures including
the bilayer graphene substrate,and included spin-orbit interactions as a perturbation as in
Ref. [113]. We calculated the substrate screening due to the bilayer graphene following the
same procedure as in Ref. [140].

As mentioned in Sec.5.2, we found the GW quasiparticle bandgap o converge very slowly with
respect to the number of k-points in the Brillouin zone. This slow convergence originates
from the large lattice constant in the out-of-plane direction, which leads to a sharp variation
in the dielectric matrix εG,G′(q) for small wavevectors q. A Monkhorst-Pack grid of at
least a 60× 60× 1 k-points is necessary to converge the quasiparticle bandgap to within 100
meV. In order to address this computational challenge, we employed a non-uniform sampling
scheme for the Brillouin zone. We first set up a regular 6×6×1 Monkhorst-Pack k-grid, and
we then overlaid an extra set of 10 q-points around Γ to accurately capture the long wave
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length behavior of the screening for few-layer MoSe2. This non-uniform approach yields the
same gaps as those obtained on regular 60 × 60 × 1 k-grids, but at a small fraction of the
computational cost.

We estimate our quasiparticle bandstructures to be converged to within 100 meV for our GW
calculations. The error arises mainly from the cutoff of the dielectric matrix (20 Ry) and
number of bands (5000) included in the expression for the self-energy operator. We estimate
the error as roughly 150 meV for our GW calculations that include substrate screening.
The extra error of ∼ 50 meV is estimated from neglecting hybridization between MoSe2

and BLG, as well as from the discretized frequency sampling employed to calculate the
frequency-dependent dielectric response from BLG.
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Chapter 6

Environmental Screening Effects in
2D Materials: Renormalization of the
Bandgap, Electronic Structure, and
Optical Spectra of Few-layer Black
Phosphorus

Few-layer black phosphorus has recently emerged as a promising 2D semiconductor, notable
for its widely tunable bandgap, highly anisotropic properties, and theoretically-predicted
large exciton binding energies. In order to avoid degradation, it has become common practice
to encapsulate black phosphorus devices. As we saw in the previous chapters, substrates
are expected to quantitatively renormalize QP gaps and exciton binding energies in low-
dimensional materials, but it is generally assumed that the optical properties are not affected
at the qualitative level. Here, we show that the contrary is true. We have performed ab
initio GW and GW plus Bethe-Salpeter equation (GW-BSE) calculations to determine the
quasiparticle (QP) band structure and optical spectrum of one-layer (1L) through four-layer
(4L) black phosphorus, with and without encapsulation between hexagonal boron nitride
and sapphire. We show that black phosphorus is exceptionally sensitive to environmental
screening. Encapsulation reduces the exciton binding energy in 1L by as much as 70% and
completely eliminates the presence of a bound exciton in the 4L structure. The reduction in
the exciton binding energies is offset by a similarly large renormalization of the QP bandgap
so that the optical gap remains unchanged, but the nature of the excited states and the
qualitative features of the absorption spectrum change dramatically.

Additionally, we worked with experimentalists in the groups of Prof. Feng Wang and Prof.
Yuanbo Zhang to experimentally measure the reflectance spectrum of few-layer black phos-
phorus. We experimentally demonstrate that the electronic structure of few-layer phospho-
rene varies significantly with the number of layers, in good agreement with theoretical pre-
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dictions. The interband optical transitions cover a wide, technologically important spectrum
ranging from visible to mid-infrared. In addition, we observe strong photoluminescence in
few-layer black phosphorus at energies that match well with the absorption edge, indicating
they are direct bandgap semiconductors. The strongly layer-dependent electronic structure
of phosphorene, in combination with its high electrical mobility, gives it distinct advantages
over other two-dimensional materials in electronic and optoelectronic applications.

This chapter is adapted from Refs. [79, 115]

6.1 Introduction

Layered materials, such as graphite and transition metal dichalcogenides (TMDs), that can
be thinned down to structures of only a few atomic layers, are the subject of intense interest,
as these few-layer structures demonstrate rich physics and great potential for applications in
next-generation devices. Black phosphorus has recently emerged as another such versatile
layered material [145, 111, 83, 80, 155]. It has the added benefit of having a direct optical
gap in both the monolayer and bulk limits, which can be sensitively tuned by strain and layer
thickness/stacking [83, 119, 139, 47, 79], as well as high carrier mobility [111, 83, 80] and a
structural anisotropy leading to direction-dependent and switchable optical and electronic
properties [13]. A single layer of black phosphorus has an observed direct optical gap between
1.3 and 1.7 eV [83, 155, 79, 142]. The optical gap decreases with increasing layer number
until it reaches 0.3 eV in the bulk and thus spans an energy range that is especially useful for
applications in optoelectronic technologies. Theoretical calculations also suggest the presence
of strongly-bound excitons with binding energies as large as 0.9 eV [139, 142, 138, 119] in
the monolayer. Consequently, black phosphorus shows great potential for optoelectronic
applications and as a platform for exploring new physics in two dimensions (2D).

The development of black phosphorus for practical devices, however, is severely limited by
its fast degradation in ambient conditions, with Raman signals quenching within hours and
measured carrier mobility decreasing by more than two orders of magnitude over 36 hours [70,
63, 36, 16, 143]. This degradation can be avoided by encapsulating or sandwiching the few-
layer black phosphorus between a substrate and a capping film of a few to tens of atomic
layers of another materialmost commonly hexagonal boron nitride (hBN). Encapsulation has
allowed 2D black phosphorus devices to achieve the same mobility in ambient conditions as
in vacuum without degradation [80, 143, 3, 32, 20, 42], and allowed for the measurement of
the absorption spectra of mono- and few-layer black phosphorus, which shed light on the
layer-dependent evolution of both the optical bandgap and higher-energy resonance features
arising from inter-subband transitions [84, 79, 153].

It was unclear, however, how these measured results may be affected by the encapsulating
environment. In atomically thin materials, the screening environment plays a much larger
role than in bulk materials. [140, 8, 74, 2, 103, 21, 116] In TMDs, for example, additional
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screening from a metallic, graphene substrate or capping layer can result in a renormal-
ization of the quasiparticle band gap by as much as 0.3 eV. [140, 8, 116]. In this work,
we address the effects of encapsulation on the electronic and optical properties of few-layer
black phosphorus. We have performed ab initio GW and GW plus Bethe Salpeter equa-
tion (GW-BSE) calculations [61, 122, 30] to determine the quasiparticle band structure and
optical spectrum including excitonic effects of one-layer (1L) through four-layer (4L) black
phosphorus, with and without encapsulation between bulk hBN (30 Å thick) and sapphire
(Al22O3) (26 Å thick), which are respectively two of the most common capping and substrate
materials. We find that, compared to other 2D materials, black phosphorus is exceptionally
sensitive to environmental screening. Individually, a substrate of either sapphire or hBN
can renormalize (i.e., reduce) both the quasiparticle (QP) bandgap and the exciton binding
energy of monolayer black phosphorus by up to 0.3 eV, despite these substrate materials
being wide gap insulators, which are generally assumed to have little effect on the electronic
structure of the sample of interest, which it supports. Taken together, as we briefly reported
in Ref. [79], the sapphire substrate and hBN capping film reduce the exciton binding energy
by 70% in 1L black phosphorus and completely eliminate the presence of a bound exciton
in 4L black phosphorus. The extreme sensitivity of black phosphorus to the screening envi-
ronment is analyzed systematically here and is a consequence of its low intrinsic dielectric
constant. This sensitivity opens up a realm of new possibilities for dramatically tuning the
electronic and optical band gaps, as well as the spectrum itself, through engineering encap-
sulated nanostructures, and for controlling confinement and screening as separate degrees
of freedom in quasi-2D materials. For instance, engineering nanostructures with a 3D-like
screening environment and quasi-2D confinement could boost the efficiency of processes that
rely on exciton dissociation, such as photocurrent generation, while preserving some desirable
features of quasi-2D materials, such as the large optical absorption at the bound excitonic
peak.

6.2 Computational Methods

A single layer of black phosphorus has a puckered honeycomb structure (Fig. 6.1), which
results in an anisotropic electronic structure with a direct band gap at the Γ point of the
Brillouin zone and a large effective mass along the zigzag (y) direction and a small effective
mass along the armchair (x) direction [134]. In our calculations, we relaxed the isolated 1L
through 4L black phosphorous using the Perdew Burke Ernzerhoff (PBE) functional [106]
with an empirical van der Waals correction [46], which gives the best agreement for the
structural parameters in a bulk calculation when compared to experiment (see Sec. 6.2.2).
We find that the relaxed structure is quite sensitive to the layer number. As the number of
layers is reduced, the puckering along the armchair direction softens, elongating the lattice
constant along the x-axis by 4% compared with the bulk structure. The interlayer distance
and the length of the a-axis along the zigzag direction remains roughly constant with layer
number (see Sec. 6.2.3). The relaxation was done with the Quantum Espresso code. [40]
Next, we performed one-shot GW and GW-BSE calculations on top of the PBE mean field,
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with screening effects in the electron self-energy accounted for with the Generalized Plasmon
Pole (GPP) model. [61] We calculated the QP band structure and optical spectra of 1L
through 4L suspended black phosphorus using the BerkeleyGW package. [61, 122, 30] Then,
we included the effect of screening from individual hBN and sapphire substrates, as well as
encapsulation between BN and sapphire (Fig. 6.1). We first relaxed the distance between
the different substrates and the black phosphorus in a nearly commensurate supercell that
minimized the lattice mismatch in order to obtain the distance between each substrate and
the black phosphorus (see Sec. 6.2.4). Then, we separately calculated the RPA dielectric
matrix of each substrate. We included the screening from the different substrates in the
GW-BSE calculation following the methods developed in Refs. [140, 8].

6.2.1 Parameters of the DFT, GW, and GW-BSE Calculations

We first performed density functional theory (DFT) calculations in the generalized gradient
approximation (GGA) using the Quantum Espresso code [40]. We relaxed the geometry of
one to four layer phosphorus in a supercell arrangement using a plane wave basis with norm
conserving PBE [106] pseudopotentials with a van der Waals correction [46], a 55 Ry wave
function cutoff, and uniform 28x20x1 k point sampling. The functional and form of the van
der Waals correction were selected by comparing relaxed structural parameters of bulk black
phosphorus with experimental values (see subsection 6.2.2 below). A large vacuum was
included between repeated supercells in the aperiodic (c-axis) direction so that 99% of the
charge density was contained in half of each supercell.

The GW-Bethe-Salpeter equation (GW-BSE) calculation was done with the BerkeleyGW
code [30, 61, 122]. We performed a one-shot GW calculation to obtain the QP bandstructure.
The dynamical screening effects were accounted for with the Hybertsen-Louie generalized
plasmon pole (HL-GPP) model5. The dielectric matrix was calculated on a 7x5x1 uniform
q grid with an additional 10 q points in the small-q region, following the Nonuniform Neck
Subsampling (NNS) method [27], which is equivalent to a uniform sampling of 70x50x1 q
points. The dielectric matrix included plane-wave components up to 15 Ry, and unoccupied
states with energy up to 10 Ry were included in the sum over unoccupied states in the
calculation of both the polarization and the GW self energy. These parameters converge the
QP gap at Γ to better than 0.1 eV. The static remainder technique was used to speed up
convergence with respect to unoccupied states [29], and a truncated Coulomb interaction
was used to prevent spurious interactions between periodic images [64].

The BSE matrix elements were calculated on a uniform 28x20x1 k grid and then interpolated
to a 160x160x1 fine k grid using the Clustered Sampling Interpolation (CSI) technique [27].
In CSI, BSE matrix element are explicitly calculated for 10 additional k points in each
cluster, sampled along the (110) direction. This converged the BSE eigenvalues to better
than 0.1 eV.



96

B          N          P          Al          O

a) b)

x

z

y

z

Figure 6.1: Schematic of supercell containing 1L black phosphorus sandwiched between
10 layers of hBN and 2 unit cells of (0001) Al2O3 along the (a) armchair and (b) zigzag
directions. The overlaid black rectangle corresponds to the periodic supercell used in the
calculation.
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Table 6.1: Comparison of structural parameters determined from relaxing bulk black phos-
phorus with different DFT functionals and experiment. The in-plane lattice constants are a
and b; d1 is the vertical distance between planes of phosphorus atoms in the same layer; and
d2 is the vertical distance between the closest planes of phosphorus atoms in different layers
(Fig. 6.2(a)). Numbers in parentheses are the percentage difference from the experimental
value.
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a (a.u.)
6.25

(-0.3%)
6.28

(+0.2%)
6.33

(+1.0%)
6.38

(+1.8%)
6.33

(+1.0%)
6.33

(+1.0%)
6.27

b (a.u.)
8.57

(+3.6%)
8.35

(+1.0%)
8.61

(+4.1%)
8.70

(+5.2%)
7.87

(-4.8%)
7.91

(-4.3%)
8.27

d1 (a.u.)
intralayer

4.01
(-0.5%)

4.05
(+0.5%)

4.04
(+0.3%)

4.06
(+0.7%)

4.12
(+2.2%)

4.15
(+3.0%)

4.03

d2 (a.u.)
interlayer

6.50
(+11.0%)

5.84
(+0.5%)

6.10
(+3.9%)

6.12
(+4.3%)

5.52
(-6.0%)

5.54
(-5.6%)

5.87

Direct Gap
(eV)

0.060 0.278 0.251 0.345 0.007 0.038 0.33

6.2.2 Comparison of Different van der Waals Functionals

We use PBE [106] functionals with a van der Waal’s correction [46] (PBE-D2) in our DFT
calculations. To determine which functional to use, we first relaxed bulk black phosphorus
with several different functionals and selected the one that relaxes to a structure that is
closest to the bulk structure from experiment. [12] As summarized in Table 6.1, the relaxed
structure of black phosphorus varies significantly with the functional used, with the in-plane
lattice constant along the armchair direction (b) and the interlayer distance (d2 ) being
especially sensitive to the form of the functional. The relaxed structure is within 1% of the
experimental structure for all parameters when the PBE-D2 functional is used.
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Figure 6.2: (a) Structure of bilayer black phosphorus: a is the lattice constant along the
zigzag direction, b is the lattice constant along the armchair direction, d1 is the intralayer
thickness, and d2 is the interlayer distance. Dotted lines are a guide to the eye identifying
planes of P atoms. (b) Blue line (corresponding to left y-axis) shows the change in the relaxed
lattice constant, a, as a function of the inverse number of layers. Red line (corresponding
to right y-axis) shows the change in the relaxed lattice constant, b, as a function of the
inverse number of layers. (c) Blue line (corresponding to left y-axis) shows the change in
the thickness of each layer (d1 ) as a function of the inverse number of layers. Red line
(corresponding to right y-axis) shows the change in the interlayer distance (d2) as a function
of the inverse number of layers.
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6.2.3 Structural Relaxation for Different Numbers of Layers

When relaxing few-layer black phosphorus, the in-plane lattice constant along the armchair
direction changes dramatically with the number of layers due to the softness of the buckled
structure along that direction. The different structural parameters as a function of layer
number are shown in Fig. 6.2. The lattice constant along the zigzag direction (a) and the
interlayer distance (d2 ) remain roughly constant with layer number. The lattice constant
along the armchair direction (b) decreases with the layer number, and the height of each
layer (d1 ) increases slightly with layer number.

6.2.4 Encapsulation in Al2O3 and BN: Supercell construction, re-
laxation, and dielectric matrix

We included the effect of screening from the sapphire substrate and boron nitride capping
film on the self-energy and the electron-hole interaction following the method in Refs. [140, 8].
To do so, we explicitly calculate the dielectric matrix of each substrate separately and then
calculate a correction to the self energy of the adsorbate due to the additional screening
from the substrates. To include the effect of the encapsulation, we needed to know the
distance between each substrate and the adsorbate. Thus, we explicitly relaxed the distance
between monolayer black phosphorus and each substrate at the DFT level. The relaxation
was performed in a supercell arrangement with the adsorbate on top of a thick slab of the
substrate, mimicking a semi-infinite slab (see Fig. 6.1). The dimension of the supercell was
90 Å in the aperiodic, out-of-plane direction so that it was large enough to contain four
layers of black phosphorus, the Al2O3 slab, and the hBN slab, as well as enough vacuum to
prevent spurious interaction between periodic images. The substrates were strained slightly
in the periodic, in-plane direction to make the substrate and adsorbate unit cells nearly
commensurate. During relaxation, the in-plane lattice constant was fixed to that of the
relaxed, freestanding monolayer black phosphorus. We assumed that the substrate does not
change the lattice constant of the adsorbate and that the adsorbate to substrate distance for
2L to 4L black phosphorus is identical to that of 1L black phosphorus.

The sapphire slab was roughly 25 Å(2 unit cells in the c direction) thick with a (0001) O-
terminated surface. The nearly commensurate supercell with black phosphorus and sapphire
contained 1x4 unit cells of sapphire—strained by roughly 3%—and 4x1 unit cells of monolayer
black phosphorus. The relaxed distance between sapphire and black phosphorus was 3.6 Å,
and the band gap of the relaxed sapphire slab was 4.7 eV.

We separately relaxed a supercell of 3x1 monolayer black phosphorus with 4x2 bulk BN. The
bulk BN slab contained 10 layers ( 30 Å) of boron nitride and was strained by roughly 3%,
creating a nearly commensurate supercell with a tractable number of atoms. The relaxed
distance between the BN and black phosphorus was 3.2 Å.
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We calculated separate dielectric matrices for the adsorbate and each substrate, following
Refs. [140, 8]. When calculating the separate dielectric matrices, the in-plane lattice constant
of each substrate does not need to be commensurate with the adsorbate, but the cell geome-
tries in the aperiodic dimension must be identical. Thus, the supercell used to calculate the
polarizabilities of the adsorbates and substrates was 90 Å in the aperiodic direction.

When calculating the correction to the self energy due to the substrate screening, we can-
not use the GPP model for frequency dependence of the screening because the substrate
and adsorbate have plasmon poles at different frequencies. However, calculating the full
frequency dependence of the screening from each substrate, which contains more than a
hundred atoms, is not computationally feasible, so we use the static approximation (COH-
SEX) for the substrate correction. Hence, the reported values represent an upper bound on
the substrate-induced renormalization.

6.3 Results

Our GW calculations performed on 1L through 4L black phosphorus all display a direct
quasiparticle (QP) band gap at the Γ point. For monolayer black phosphorus, we find a
QP gap of 2.08 eV and an optical gap of 1.60 eV. Consequently, the binding energy of the
lowest-energy exciton is 0.48 eV. The quasiparticle gap decreases with layer number to 1.22
eV in 2L black phosphorus, 0.87 eV in 3L, and 0.63 eV in 4L. The binding energy of the
lowest-energy exciton likewise decreases to 0.22 eV in 2L, 0.17 eV in 3L, and 0.07 eV in 4L.
This decrease in the binding energy with layer number is more dramatic than that seen in
TMDs [140, 8] because the effective mass of the valence and conduction bands changes with
layer number due to changes in the depth of the puckering in each structure. A summary of
the change in bandgaps and band masses with layer number is presented in Table 6.2.

We now analyze the optical absorption spectra of 1-4L freestanding black phosphorous, which
is shown in Fig. 6.3b. In each spectrum, the first peak (labelled I) is an excitonic state arising
from transitions between the valence band maximum (VBM) and conduction band minimum
(CBM) at the Γ point. In addition to the first peaks, few-layer black phosphorus (2L-4L) also
includes higher-energy excitonic peaks, labeled II, III, and IV. These additional peaks were
first observed in Ref. [79]. They arise respectively from the interband transitions at the Γ
point, labelled II, III, and IV in Fig. 6.3a. Series II comes from transitions between VBM−1
and CBM+1. Series III comes from transitions between VBM−2 and CBM+2, and Series
IV comes from transitions between VBM−3 and CBM+4. To characterize these bands,
we project them onto linear combinations of the VBM and CBM of individual, isolated
monolayers in the same geometry as the layers in the few-layer structures (see Sec. 6.3.1
for details). We find that, for a N-layer system, bands such as VBM−i + 1 or CBM+j − 1
are the ith and jth bonding and antibonding subbands formed by interactions of the VBM
or CBM orbitals of the individual monolayers, respectively, where i, j ≤ N. Consequently,
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Table 6.2: Calculated QP gaps at the DFT (EDFT
g ) and GW levels (EGW

g ) for freestanding
(f) and encapsulated (e) 1L to 4L black phosphorus, as well as the binding energy of the
lowest energy exciton (E1s

b ), the optical gaps (EBSE
g ), and the electron (m∗e) and hole (m∗h)

band masses.

Layers
EDFT
g

(eV)
EGW
g

(eV)
E1s
b

(eV)
EBSE
g

(eV)
m∗e

(Γ→X)
m∗e

(Γ→Y)
m∗h

(Γ→X)
m∗h

(Γ→Y)

1L (f) 0.89 2.08 0.48 1.60 0.3 0.7 0.3 3.9
1L (e) 0.89 1.62 0.14 1.48 — — — —
2L (f) 0.40 1.22 0.22 1.00 0.3 1.3 0.3 1.9
2L (e) 0.40 1.00 0.11 0.89 — — — —
3L (f) 0.17 0.87 0.17 0.70 0.2 1.3 0.2 1.2
3L (e) 0.17 0.74 0.08 0.66 — — — —
4L (f) 0.05 0.63 0.07 0.55 0.1 1.3 0.1 1.0
4L (e) 0.05 0.54 0.01 0.53 — — — —

transitions are only allowed between the ith valence subband and the ith conduction subband,
i.e., from VBM−i + 1 to CBM+i − 1, since only these bands have the same symmetry
and the VBM to CBM transition in single-layer phosphorous is optically dipole-allowed.
Additionally, our projection analysis reveals a level crossing in 4L black phosphorus: the
state at CBM+3 corresponds to a different subband complex which originates from the
lowest-energy hybridization of the CBM+1 states from the individual layers forming the N-
layer system, whereas the state at CBM+4 corresponds to the fourth (and highest-energy)
subband associated with the CBM states from the individual layers. Therefore, in 4L, the
allowed transition associated with peak IV is between VBM−3 and CBM+4, while VBM−4
and CBM+3 are a linear combination of the monolayer VBM−1 and CBM+1 orbitals,
respectively, and transitions between these bands give rise to an additional excitonic series,
which we have labelled I’ in Fig. 6.3b.

The analysis performed so far on the optical response of few-layer black phosphorous was
restricted to light polarized along the armchair (x) direction. But one of the remarkable
properties of black phosphorus is its anisotropic absorption of linearly polarized light [145,
111, 139]. Due to the symmetry of the yz-plane, for the subband transitions near the Γ
point, only absorption of light polarized along the armchair (x) direction is dipole allowed
for frequencies close to the optical gap. When we look at the absorption spectrum of light
polarized along the zigzag (y) direction, however, we see some additional features (Fig. 6.3b).
The first feature, labeled A, is a very low intensity, linear absorption onset. This arises from
the valence to conduction band transitions in a valley along the Γ to X direction. Exactly at
the Γ point, vertical band-to-band transitions from the VBM to the CBM are dipole forbidden
for light polarized along the zigzag direction. However, this symmetry is broken away from
the Γ point and allows for a small but finite absorption at higher photon energies. At higher
photon energies, there is a large peak in the y-polarized optical absorption spectrum, labeled
B, which arises from transitions in a valley near the M point.
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Figure 6.3: (a) QP band structure of freestanding 1L, 2L, 3L, and 4L black phosphorus
at the GW level. I, II, III, IV, and I’ label the inter-subband transitions at Γ that give
rise to the corresponding excitonic or interband-transition peaks in part (b). Gray dashed
lines are provided as a guide to the eye for identifying the QP energies of the bands at Γ.
(b) GW-BSE absorbance spectrum of freestanding 1L, 2L, 3L, and 4L black phosphorus
with a 50 meV broadening. The solid/dashed red line corresponds to the spectrum with
polarization along the armchair(x) direction with/without electron-hole interactions. The
solid/dashed black line corresponds to the spectrum with polarization along the zigzag(y)
direction with/without electron-hole interactions. Labels I, II, III etc. label the lowest energy
exciton corresponding to the first, second, or third inter-subband transition of the same label
in (a). Labels A and B are features arising from the correspondingly labelled transitions in
(a).
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In order to gain physical insight into the nature of the optical excitations in few-layer phos-
phorene, we now analyze the effect of electron-hole interactions on the lowest-energy exciton
series, labeled I, in monolayer black phosphorus. The energy levels of all bound excitons,
including bright and dark states, is shown in Fig. 6.4a, and electron-hole amplitudesor the
envelope of the exciton wavefunctionsof the first few excitons, in reciprocal space, is shown
in Fig. 6.4b-g. We label these excitons as hydrogen-like 1s, 2s, 2p, and so forth based on
the nodal structure of the exciton wavefunction in the radial and azimuthal directions, even
though these excitons do not display continuous azimuthal symmetry due to the discrete crys-
tal symmetry and large effective mass anisotropy. As expected, the lowest energy state is
1s-like. As in TMDs, the excitation energies of the exciton series in few-layer black phospho-
rus are not well described by the hydrogenic Rydberg series as a consequence of the spatially
varying screening in 2D: specifically, the degeneracy of states with the same primary quantum
number but different azimuthal quantum numbers is broken (see Fig. 6.4a). [113, 21, 114]
Unlike TMDs, however, the anisotropy of the armchair and zigzag directions breaks the de-
generacy of states with same azimuthal quantum number but different magnetic quantum
numbers, resulting in an unusual ordering of the states. In fact, 2s is lower in energy than
2px but higher in energy than 2py. This a consequence of the larger QP band mass along
the y(zigzag)-direction, so the y-oriented exciton has a larger effective mass and thus, a
larger binding energy. This splitting of states with the same azimuthal quantum number
was not observed in previous ab initio calculations [138] (though its presence is expected
from anisotropic effective mass models [119, 17]) and may be accessed experimentally us-
ing nonlinear probes, such as two-photon absorption. In spite of the large anisotropy, the
presence of both 2px and 2py states indicate that we are still far from the limit where the
exciton can be treated as 1D-like, and indeed, the joint density of states is a step function
as expected in 2D (see Sec. 6.3.2).

All calculations discussed so far are for freestanding black phosphorous. However, as stated
above, samples are often supported or encapsulated by substrates in experiments for mechan-
ical or chemical stability, respectively. So, we now investigate the effects that the substrate
and encapsulation have on the electronic structure and optical spectra of 1L through 4L
black phosphorus. The changes to the QP and optical gaps with the addition of different
substrates are shown in Fig. 6.5. We find that the QP gaps and exciton binding energies of
few-layer black phosphorus undergo a giant substrate-induced renormalization. For mono-
layer black phosphorus, an hBN substrate alone decreases the QP gap by 0.32 eV and the
binding energy of the lowest energy exciton by 0.26 eV, and a sapphire substrate alone de-
creases the QP gap by 0.18 eV and the exciton binding energy by 0.15 eV. When 1L black
phosphorus is sandwiched between hBN and sapphire, the QP gap decreases by 0.46 eV
and the exciton binding energy is reduced from 0.48 eV to 0.14 eV. This exceptionally large
substrate-induced renormalization can be understood from the fact that black phosphorus
has a small intrinsic dielectric constant. In the in-plane direction, bulk black phosphorus
has a static dielectric constant of 6 [86], compared to 7 for bulk hBN [41], 9 for bulk sap-
phire [52], and 13 to 16 for bulk MoS2 [18]. Despite the slightly smaller dielectric constant
of hBN compared to sapphire, the renormalization of the QP gaps and exciton binding en-
ergies is slightly larger on the hBN substrate because its flat surface lies closer to the black
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Figure 6.4: (a) Excitation spectrum of the bound excitons in freestanding monolayer black
phosphorus. Bright states are in red and dark states are in blue. (b-g) The envelope of
the exciton wave function (or electron-hole amplitude) in reciprocal space for the six lowest
energy excitons. The states are labelled with primary and azimuthal quantum numbers
according to their nodal structure in the radial and azimuthal directions respectively.
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Figure 6.5: (Left) Evolution of the QP gap with layer number. (Center) Evolution of
the optical gap with layer number. (Right) Evolution of the binding energy of the lowest
energy exciton with layer number. In all plots, the black line refers to suspended black
phosphorus; the green line refers to black phosphorus on a sapphire substrate; the blue line
refers to black phosphorus on a hBN substrate; and the red line refers to black phosphorus
sandwiched between hBN and sapphire.

phosphorus than the rough surface of oxygen terminated sapphire (see Sec. 6.2.4). Similarly,
in 2L black phosphorus, we find that encapsulation reduces the QP gap by 0.22 eV and the
exciton binding energy by 0.11 eV, and in 3L, encapsulation reduces the QP gap by 0.13 eV
and the exciton binding energy by 0.09 eV. In 4L, encapsulation reduces the QP gap by 0.09
eV, and the exciton binding energy decreases by nearly an order of magnitude from 0.07eV
to 0.01 eV.

In general, excitons have larger binding energies in reduced dimensions due to a combination
of increased confinement and reduced screening. In encapsulated few-layer black phosphorus,
the screening and confinement become separate degrees of freedom: the screening is bulk-like,
while the wave functions remain confined in a quasi-2D slab. The exciton binding energy in
encapsulated 1L black phosphorus (0.14 eV) is still larger than that of bulk black phosphorus
( 0.03 eV [139]) due to confinement. From a simple hydrogenic model for excitons, we
expect that given uniform bulk-like screening, reducing the dimensions from 3D to 2D would
increase the binding energy by roughly a factor of four, which is consistent with the difference
in binding energy we see between bulk black phosphorus and encapsulated monolayer black
phosphorus. When the confinement is reduced to that of 4L black phosphorus, the exciton
binding energy in the encapsulated structure becomes even smaller (0.01 eV) than in bulk
black phosphorus, since the encapsulating material has a larger dielectric constant.

In all cases, the renormalization of the QP gap is roughly cancelled out by the renormaliza-
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tion of the exciton binding energy so that the optical gap (onset of optical absorption) of
encapsulated black phosphorus remains within 0̃.1 eV of that of suspended black phospho-
rus. Results are summarized in Fig. 6.5 and Table 6.2. However, as seen in Fig. 6.6 and
discussed below, the spectra themselves change significantly. We also emphasize that the
substrate-induced renormalization of the QP gaps and exciton binding energies seen here are
a consequence of many-body effects on the screening and are not apparent at the mean-field
DFT level. Furthermore, in 2L black phosphorus, we note a small peak appears between
peaks I and II, which is not seen in the freestanding spectrum. This peak involves some
hybridization with transitions between the VBM and CBM+1 and between the VBM-1 and
CBM subbands, which become optically allowed as a consequence of symmetry breaking due
to encapsulation, similar to what is seen in Ref. [153].

Our calculated optical excitation energies agree reasonably well with absorption experiments
performed on black phosphorus sandwiched between sapphire and hBN [79] and with the
optical gaps measured by photoluminescence performed on a SiO2 substrate [83, 155] and in-
frared absorption measured on a quartz substrate [153]. In these experiments, the optical gap
of 1L black phosphorus ranges between 1.3 and 1.73 eV, [83, 155, 79] compared to 1.60(1.48)
eV in our calculation of freestanding(encapsulated) 1L black phosphorus. Likewise, the op-
tical gaps calculated for freestanding and encapsulated multilayers falls within the range of
experimentally measured values. [83, 79] Qualitatively, optical absorption measurements on
few-layer black phosphorus sandwiched between sapphire and hBN [79] reveal broad features
(Fig. 6.7), which match well with our calculated spectra (Fig. 6.6), rather than the sharper
excitonic peaks seen in the absorption spectra of freestanding black phosphorus (Fig. 6.3).

We probed optical absorption of monolayer, bilayer, trilayer, tetralayer, and pentalayer phos-
phorene through reflectance measurements at 77 K. The reflection spectrum ∆R/R is di-
rectly related to the complex dielectric constant function of phosphorene (supplementary
information). The imaginary part of the dielectric constant function is proportional to opti-
cal absorption and features prominent absorption peaks, while the real part of the dielectric
function can lead to relatively broad backgrounds. In this study, we will focus on the opti-
cal resonances, where the position of optical absorption peaks can be reliably identified as
resonances in the reflection spectra. A combination of supercontinuum laser and tungsten
lamp were used as the light source to cover the energy range from near-infrared to visible.
The incident light was focused onto the phosphorene flakes in a microscopy setup, and the
reflected light was collected and analyzed in a spectrometer equipped with both silicon and
InGaAs arrayed detectors. The polarization of incident light was controlled using a broad-
band calcite polarizer. For comparison, we also measured the absorption spectrum of a thick
phosphorene flake ( 100 nm) using Fourier Transform Infrared Spectroscopy (FTIR) at room
temperature, which yields the electronic structure of black phosphorus in the bulk limit.

Fig. 6.7 shows the evolution of polarization-resolved experimental reflection spectra from
monolayer to pentalayer phosphorene in the 0.75-2.5 eV spectral range. For monolayer
phosphorene, a prominent absorption peak is present at 1.73 eV for x-polarized incident
light (Fig. 2a, black curve). We attribute the absorption peak at 1.73 eV to the lowest
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Figure 6.6: (a) QP band structure of 1L, 2L, 3L, and 4L black phosphorus at the GW
level, encapsulated between sapphire and hBN. (b) GW-BSE absorbance spectrum of 1L,
2L, 3L, and 4L black phosphorus encapsulated between hBN with a 50 meV broadening. The
solid/dashed red line corresponds to the spectrum with polarization along the armchair(x)
direction with/without electron-hole interactions. The solid/dashed black line corresponds
to the spectrum with polarization along the zigzag(y) direction with/without electron-hole
interactions. Labels I, II, III etc. label the lowest energy exciton corresponding to the first,
second, or third inter-subband transition.
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energy exciton arising from transitions at the direct bandgap of monolayer phosphorene
because no optical absorption is observed for photon energies below the resonance. This
assignment is confirmed by our ab initio calculations. In few-layer phosphorene, the optical
bandgap decreases continuously with increased layer number: 1.15 eV for bilayer, 0.83 eV for
trilayer, and below 0.75 eV (the lower detection limit of our spectral range) for tetralayer and
pentalayer (Fig. 2b-e). In bulk black phosphorus, the bandgap reaches 0.35 eV (Fig. 2f).
These absorption resonances provide a reliable and quantitative experimental determination
of the layer-dependent lowest exciton transition energy or optical bandgap in phosphorene.

Table 6.3 shows a comparison of the optical excitation energies of peaks I, II, III, and IV for
1-4L freestanding and encapsulated black phosphorus with values from photoluminescence
and reflectivity experiments done on a variety of substrates. For 1L, our calculated excitation
energies for both freestanding and encapsulated black phosphorus fall within the range of
experimental values, which range from 1.3 to 1.73 eV. For 2L through 4L, our calculated
values tend to be roughly 0.2 to 0.3 eV lower than experimental values. However, for each
set of data from the same experimental work, our calculated change in excitation energy
with layer number and the relative energies between peaks I, II, and III agree very well with
experiment. The difference between calculated values and experiment, as well as the wide
range of experimental values, may be due to the softness of the black phosphorus lattice
constant (see section 6.2.3), which may change with different substrates and experimental
conditions. Such a change to the lattice constant would change the QP band gap [120] and
manifest as a rigid shift in the optical spectrum.

The calculated QP band structures and absorption spectra of encapsulated black phosphorus
are shown in Fig. 5. In 1L (Fig. 6.6b), the absolute absorbance is reduced in comparison with
the absorbance of the freestanding monolayer (Fig. 6.3b). In the freestanding monolayer, the
absorbance drops to zero after the first bright excitonic peak even with a broadening of 50
meV, but after the monolayer is encapsulated, the first peak becomes weaker and broader and
merges with the exciton continuum under a 50 meV broadening. Similar changes occur in the
2L and 3L absorption spectra. The change is most dramatic in the 4L absorption spectra,
where excitonic effects are reduced to the point where the calculated absorption spectrum
including electron-hole interactions is nearly identical to the spectrum calculated without
including electron-hole interactions (i.e. without excitonic effects). This shows that even
large-bandgap substrates such as hBN and sapphire can dramatically weaken the many-
electron interactions in few-layer materials to the point of almost completely suppressing
excitonic effects.

In summary, we have shown using ab initio GW and GW-BSE calculations, that the optical
and electronic properties of few-layer black phosphorus are significantly more sensitive to
environmental screening than other 2D semiconductors, such as the TMDs. Consequently,
contrary to previous assumptions, wide bandgap semiconductors like sapphire and hBN used
as a substrate or capping layer can significantly change the QP bandgap, exciton binding en-
ergies, and qualitative features of the absorption spectra in few-layer black phosphorus. We
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Figure 6.7: Layer-dependent reflection spectra. (a-e) Reflection spectra of monolayer (a),
bilayer (b), trilayer (c), tetralayer (d) and pentalayer (e) phosphorene. Data were obtained
at 77 K. Spectra taken under x- and y-polarized illumination are shown in black and red,
respectively. Bandgap of monolayer (1.73 eV), bilayer (1.15 eV), and trilayer (0.83 eV) are
determined from the energy of the lowest energy peaks (peak I in black curves). Bandgap
transitions of tetralayer and pentalayer are below 0.75 eV and are outside our measurement
range. Few-layer phosphorene shows additional peaks (peak II and III in black curves)
originating from sub-band transitions. No peak is observed in the reflection spectra for
y-polarized light. (f) Reflection spectra of bulk black phosphorus at room temperature.
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Table 6.3: Comparison of calculated optical excitation energies of peaks I, II, III, and
IV for 1-4L freestanding and encapsulated black phosphorus with photoluminescence and
reflectivity experiments. In Ref. [79] the black phosphorus was encapsulated between hBN
and sapphire. In Refs. [142, 155, 83] measurements are performed on a SiO2 substrate. In
Ref. [153] measurements are performed on a quartz substrate.

Layers Peak
Transition

(VBM-i →CBM+i)

EBSE

freestanding
(eV)

EBSE

encapsulate
(eV)

Experiment
(eV)

1L I VBM→ CBM 1.60 1.48
1.3 [142]
1.45 [155]
1.73 [79]

2L I VBM→CBM 1.00 0.89
1.29 [83]
1.15 [79]
1.1 [153]

2L II VBM-1→CBM+1 2.22 2.18 2.44 [79]

3L I VBM→CBM 0.74 0.66
0.98 [83]
0.83 [79]
0.8 [153]

3L II VBM-1→CBM+1 1.66 1.68 1.93 [79]
3L III VBM-2→CBM+2 2.34 2.49 —

4L I VBM→CBM 0.54 0.53
0.88 [83]
0.8 [153]

4L II VBM-1→CBM+1 1.28 1.29 1.52 [79]
4L III VBM-2→CBM+2 2.20 2.35 2.31 [79]
4L IV VBM-3→CBM+4 2.55 2.59 —
4L I’ VBM-4→CBM+3 2.75 2.75 —
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find that encapsulation between sapphire and hBN reduces the binding energy of 1L black
phosphorus by as much as 70% and nearly eliminates the presence of bound excitons in 4L
black phosphorus. The reduction in the exciton binding energy is of roughly the same magni-
tude as the renormalization of the QP gap, so the optical gap remains unchanged. However,
qualitative features in the absorption spectrum change significantly: sharp excitonic peaks in
the spectrum of freestanding few-layer black phosphorus become broad features after encap-
sulation. Understanding black phosphoruss sensitivity to environmental screening may open
new pathways to tune the electronic bandgap and exciton binding energies over a wide, tech-
nologically important range through the use of substrate engineering and to treat screening
and confinement as separately controllable degrees of freedom in engineering nanostructures.

6.3.1 Characterization of Subbands at Γ in Few-layer Black Phos-
phorus

In the calculated absorption spectra of few-layer black phosphorus, we identify series of
excitons, which we label I, II, III etc. (see Fig. 6.3(b)). 1L black phosphorus has one series;
2L has two series; 3L has three series and so forth. We claim that these series of excitons arise
from transitions between valence and conduction subbands of the same symmetry and that
these subbands are bonding and antibonding states formed by interactions between orbitals
in each layer. To show this, we project the Bloch state of the nth band at Γ in N-layer (NL)
black phosphorus, |ΨNL

n 〉, onto a linear combination of the states of isolated monolayers of
black phosphorus at in the same geometry. That is, we write the N-layer state as

|ΨNL
n 〉 ≈

∑
l,n′

αl,n′ |φl,n′〉, (6.1)

where |φl,n′〉 is the Bloch state of the n′ band at Γ for an isolated monolayer of black
phosphorus with the same geometry and position as layer l in N-layer black phosphorus. We
calculate the coefficients from the overlap of the DFT Bloch wave functions

αl,n′ = 〈ΨNL
i |φl,n′〉. (6.2)

For 2L, the coefficients αl,n′ are given in the following table, where it is clear that VBM(CBM)
and VBM-1(CBM+1) are linear combinations of the VBM(CBM) from isolated layers.

|Ψ
2
L

V
B

M
−

1
〉

|Ψ
2
L

V
B

M
〉

|Ψ
2
L

C
B

M
〉

|Ψ
2
L

C
B

M
+

1
〉

|φ1,VBM〉 0.676 0.731 0 0
|φ2,VBM〉 0.676 -0.731 0 0
|φ1,CBM〉 0 0 0.662 0.644
|φ2,CBM〉 0 0 0.662 -0.644
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The subbands in 3L have similar character. The magnitude of the coefficients αl,n′ are given
in the following table

|Ψ
3
L

V
B

M
−

2
〉

|Ψ
3
L

V
B
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−

1
〉

|Ψ
3
L

V
B
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〉
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B

M
〉

|Ψ
3
L

C
B

M
+

1
〉

|Ψ
3
L

C
B

M
+

2
〉

|φ1,VBM〉 0.458 -0.699 -0.542 0 0 0
|φ2,VBM〉 0.684 0.000 0.717 0 0 0
|φ3,VBM〉 0.458 0.699 -0.542 0 0 0
|φ1,CBM〉 0 0 0 0.600 -0.619 -0.330
|φ2,CBM〉 0 0 0 0.413 0.000 0.755
|φ3,CBM〉 0 0 0 0.600 0.619 -0.330

For 4L, we see that CBM+3 is actually a linear combination of CBM+1 bands from the
isolated layers.
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〉
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〉

|Ψ
4
L

C
B

M
+
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〉

|φ1,VBM〉 0.330 0.564 -0.622 0.422 0 0 0 0 0
|φ2,VBM〉 0.574 0.382 0.353 -0.618 0 0 0 0 0
|φ3,VBM〉 0.574 -0.382 0.353 0.618 0 0 0 0 0
|φ4,VBM〉 0.330 -0.564 -0.622 -0.422 0 0 0 0 0
|φ1,CBM〉 0 0 0 0 0.506 0.644 -0.072 0.000 0.416
|φ2,CBM〉 0 0 0 0 0.415 0.017 0.618 0.000 -0.433
|φ3,CBM〉 0 0 0 0 0.415 -0.017 0.618 0.000 0.433
|φ4,CBM〉 0 0 0 0 0.506 -0.644 -0.072 0.000 -0.416
|φ1,CBM+1〉 0 0 0 0 0 0 0 0.293 0
|φ2,CBM+1〉 0 0 0 0 0 0 0 0.628 0
|φ3,CBM+1〉 0 0 0 0 0 0 0 0.627 0
|φ4,CBM+1〉 0 0 0 0 0 0 0 0.293 0

In 4L, CBM, CBM+1, CBM+2, and CBM+4 are the four subbands arising from interactions
between the CBM orbitals,|φl,CBM〉, of the isolated layers. Likewise, the CBM+1 orbitals,
|φl,CBM+1〉, of the isolated layers form another set of four subbands, as illustrated in the level
diagram in Fig. 6.8. The lowest of these subbands is CBM+3 in the 4L band structure.
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Figure 6.8: Diagram of energy levels formed by interactions between monolayer CBM or-
bitals in 4L black phosphorus.

6.3.2 Joint Density of States

It is sometimes claimed that the anisotropy of the black phosphorus effective mass along
the armchair and zigzag directions means that black phosphorus has a nearly 1D density of
states (DOS). While we expect the density of states to approach the 1D limit as the effective
mass long one direction goes to infinity, black phosphorus is still far from that limit, and
the density of states remains a step function, as expected in 2D. This step function is not
apparent in the noninteracting (RPA) absorption spectrum, when light is polarized along the
armchair(x) direction, due to the linear dichroism of the dipole matrix elements. However,
the onset of the joint density of states (JDOS) is clearly step-function like (see Fig. 6.9).
When light is polarized along the zigzag(y) direction, the dipole allowed states do not exhibit
any linear dichroism, and the noninteracting absorption spectrum exhibits step-like features.
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x10
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Figure 6.9: Calculation of the noninteracting absorption spectra and JDOS for 1L-4L black
phosphorus in arbitrary units. The blue (large dashed) line is the noninteracting RPA ab-
sorbance spectrum with light polarized along the armchair(x) direction. The black (small
dashed) line is the noninteracting RPA absorption spectrum with light polarized along the
zigzag(y) direction. The red (solid) line is the joint density of states from the GW band struc-
ture of freestanding black phosphorus. The JDOS is magnified by a factor of 10 compared
to the absorption for clarity.
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Chapter 7

Nonanalyticity, Valley Quantum
Phases, and Light-like Exciton
Dispersion in Monolayer TMDs:
Theory and First-Principles
Calculations

In previous chapters, we have seen how reduced-dimensionality can change exciton binding
energy and qualitatively change optical spectra. Here, we show that the exciton dispersion
also changes qualitatively as a consequence of confinement in low dimensions. Exciton dis-
persion as a function of center-of-mass momentum, Q, is essential to the understanding of
exciton dynamics, relaxation, and condensation. In this chapter, we extend the BSE code
in the BerkeleyGW software package [30] to solve for excitons with finite center-of-mass mo-
mentum. We then use the ab-initio GW-Bethe Salpeter equation method to calculate the
dispersion of excitons in monolayer MoS2 and discover a nonanalytic light-like dispersion.
This novel behavior arises from an unusual |Q| term in both the intra- and inter-valley ex-
change of the electron-hole interaction, which concurrently gives rise to a valley quantum
phase of winding number two. A simple effective Hamiltonian with analytic solutions is
derived to describe these behaviors conceptually and quantitatively.

This chapter is adapted from Ref. [112]
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7.1 Introduction

An exciton is a neutral excitation of an interacting electron system, consisting of a bound
excited electron and hole pair with energy depending on its center-of-mass momentum Q. In
crystals, the exciton dispersion relation (energy vs. Q) forms an exciton band structure. In
optical absorption, the momentum of a photon is converted to that of an exciton, resulting
in a small Q exciton for visible light. Excitons at larger momenta play an important role
in hot carrier relaxation, exciton condensation and exciton dynamics [87, 149] and can be
probed experimentally using various techniques such as electron energy loss spectroscopy and
inelastic x-ray scattering. Recent model Hamiltonian calculations predict that the dispersion
of the lowest energy optically active exciton bands in monolayer MoS2 form a Dirac cone
(as in graphene) due to the exchange interaction coupling electron-hole states in different
valleys (the intervalley exchange) [149]. Another study based on a tight-binding formulation
of the BSE approach suggested also linear dispersion for the lowest energy excitons near
Q = 0, although no specific further analysis of the physical origin was given, and the dis-
persion relation (on a finite-Q grid) was not resolved at the lengthscale of the momentum
of light [144]. The effects of the interplay of inter- and intra-valley exchange and local fields
are not explicitly included in these model calculations.

In this chapter, we calculate the exciton dispersion of MoS2, a prototypical transition metal
dichalcogenide (TMD), from first principles, using the ab-initio GW-Bethe Salpeter equation
(GW-BSE) method [61, 122], and find a highly unusual low-energy dispersion consisting
of a nonanalytic v-shaped upper band that is degenerate with a parabolic lower band at
Q = 0, consistent qualitatively with previous tight-binding results [144]. We show that the
physical origin of this highly nonanalytic behavior (the |Q|-dependence) comes from |Q|-
dependent terms in both the intravalley and intervalley exchange interaction, which arise
from the unique electronic structure and the quasi-2D nature of the Coulomb interaction
in atomically thin TMDs. Local-field effects introduce additional interaction terms and are
responsible for the splitting of optically bright and dark excitons. Moreover, the theory gives
a valley quantum phase of winding number two, which should have important manifestations
in experiments. A similar winding number is found in Ref. [149], although in this model
Hamiltonian study, intravalley exchange is neglected resulting in a Dirac cone dispersion.

7.2 Computational Details

We first relaxed the structure of MoS2 using density functional theory (DFT) in the local den-
sity approximation (LDA) using a 350 Ry planewave cutoff with the Quantum Espresso
code[40]. This results in a lattice constant of 3.15Å, which deviates less than 1% from the
experimental lattice constant of few-layer MoS2[148]. The semicore 4s and 4p states were
included as valence states in the pseudopotential, and the wavefunctions were calculated
using a 125 Ry plane wave cutoff, which converges the bare exchange within 5 meV.



117

The GW-BSE calculation was performed using the BerkeleyGW [30, 61, 122] package. The
QP bandstructure was calculated using the GW0 method, with the Green’s function (G)
updated until the QP energies converged within 50 meV. Dynamical screening effects were
accounted for with the Hybertsen-Louie Generalized Plasmon Pole model (HL-GPP) [61].
The supercell contained 25Å of vacuum in the aperiodic direction, and a truncated Coulomb
interaction [64] was used to prevent spurious interactions between periodic images. To
converge the QP energies within 100 meV, the dielectric matrix energies were calculated
on a 24x24x1 k-grid with an energy cutoff of 35 Ry for the dielectric matrix and 6, 000
bands included in the summation over empty states. For each Q, the BSE was solved on a
168x168x1 k grid, which converges the absolute QP excitation energies within 100 meV and
the relative energies within 5 meV at Q = 0 and Q = K. We scanned over twenty values of
Q and −Q between 0.001a−1 and 0.04a−1, where a−1 is the inverse lattice constant.

Spin-orbit was included as a perturbation in the QP bandstructure. For the BSE, QP bands
were indexed by the expectation value of Sz at the K point in a fully relativistic calculation.
Then, the BSE was solved separately for like- and unlike-spin transitions between bands
with different values of < Sz > at K. Outside the K and K ′ valleys, near Γ, sz is no longer
a good quantum number and the spin-orbit interaction is much smaller than the exchange.
Hence, the BSE can be decomposed into subspaces of singlet and triplet states. To obtain
the spectrum of excitons arising from transitions from Γ to K, we solved the BSE for singlet
and triplet states following Ref. [122].

7.3 Ab Initio Exciton Dispersion

Transition metal dichalcogenides are layered, weakly-coupled materials. In the 2H monolayer
form, TMDs are direct band gap semiconductors with the gap at the K and K’ points
of the 2D hexagonal Brillouin zone[91, 132]. Due to a lack of inversion symmetry and
presence of three-fold rotational symmetry, a valley selective response emerges: the K and
K’ valley couples respectively only to left or right circularly polarized light [14, 146, 151, 90].
Moreover, as a result of confinement and reduced screening, excitons have very large binding
energies [19, 117, 72, 128, 113, 5, 23, 35, 59, 130, 140, 21, 147, 69, 158, 152].

The quasiparticle (QP) bandstructure of monolayer MoS2 calculated within the GW approximation[61,
113] is shown in Fig. 7.1. The direct gap of 2.67 eV is at the K and K’ points. Spin-orbit
coupling splits the valence band edge by 147 meV and the conduction band edge by 3 meV.
Over an extended range in the K and K’ valleys, sz, the spin of the electron along the direc-
tion perpendicular to the layer, is a good quantum number [146]. Thus, the concept of singlet
and triplet exciton states is no longer well-defined. Instead, the electron-hole Hamiltonian
or BSE matrix can be decoupled into transitions between bands of like-spin (Fig. 7.1(b-d))
that are optically allowed and transitions between bands of unlike spin that are optically
forbidden. We calculate the exciton dispersion of both the like-spin transition states and
the unlike-spin transition states within the BSE formalism following Ref.[122]. The resulting
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Figure 7.1: (a) QP bandstructure of monolayer MoS2. Lowest energy transitions correspond-
ing to electron-hole excitations with momentum transfer of Q = 0 and Q = K are shown
with the labeled arrows. (b-c) Schematics of interactions between two electron-hole pairs
with momentum near Q = 0, corresponding to BSE matrix elements 〈vckQ|HBSE|v′c′k′Q〉
for: (b) two like-spin transitions within one valley and (c) two like-spin transitions from
different valleys. (d) Schematic of two electron-hole pairs with momentum near Q = K
giving rise to BSE matrix elements for like-spin transitions.

exciton dispersion near Q=0 and Q=K is shown in Fig. 7.2. Fig. 7.2 only presents exciton
states involving transitions from the topmost valence band (the v ↑ K and v ↓ K ′ bands in
Fig. 7.1), which is the so-called A series in the literature. Similar results are obtained for
the spin-orbit split B series, which is shown in Fig. 7.3.

In Fig. 7.2, near Q = 0, the lowest energy exciton complex is the ”1s”-like states of the
A series excitons, which has a binding energy of 0.63 eV for the like-spin transition states
and 0.65 eV for the unlike-spin transition states. At Q = 0, the two-fold degeneracy of the
exciton states due to K and K’ valley degeneracy is protected by the time-reversal symmetry.
Away from Q = 0, for optically active like-spin transition states, the degenerate bands split
as |Q| increases. Consistent with previous model calculations[149, 144, 150, 43], this splitting
of the like-spin transition states is due to the intervalley exchange. The exciton bands for
unlike-spin states, which have zero exchange interaction, remain doubly degenerate (the blue
lines in Fig. 7.2). However, contrary to previous model predictions [149], our ab-initio results
do not find a Dirac cone near Q = 0 in the dispersion of the like-spin transition ”1s” bands.
In fact, we find a ”v-shaped” nonanalytic upperband and a parabolic lower band, with both
bands increasing monotonically with |Q| down to the smallest sampled |Q| of 4× 10−3Å−1,
which corresponds to 0.1% of the size of the Brillouin zone.

We also calculate the dispersion of the intervalley excitons (Fig. 7.2(b))—i.e., an exciton
with the electron and hole in different valleys (with Q = K)—and find that unlike-spin
transitions state slightly lower in energy than the exciton at Q = 0 as a consequence of
the spin-orbit splitting of the conduction bands and the screened Coulomb interaction. The
lowest energy transition between QP bands is from K → K ′, which has the same energy
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Figure 7.2: Exciton dispersion of monolayer MoS2 near (a) Q=0 and (b) Q=K along the
K−Γ−K ′ direction. Red(blue) lines indicate states arising from like(unlike)-spin transitions
in the K and K ′ valleys. The label A refers to states involving transitions from the highest
valence band at K/K’. Here, we show only the ”A” states for clarity.

of 2.67 eV, in the ab-initio calculation, as the direct QP gap (Fig.1(a) in the main text).
For like-spin transition states, the lowest energy exciton near Q = K is 4 meV higher in
energy than the lowest Q = 0 exciton due to the spin-orbit splitting of the conduction band.
However, for unlike-spin transition states, the lowest energy Q = K exciton is 5 meV lower
in energy than the lowest Q = 0 exciton. The order of the exciton states is the same as
those at Q = 0, with 1s being the lowest state and 2p being lower than 2s.

There is also an additional exciton state (not shown) arising from transitions between the va-
lence band at Γ and the conduction band at K ′, which has a QP transition energy of 2.97 eV .
Since there is no spin-orbit coupling at Γ and the spin-orbit splitting of the conduction band
at K is much smaller than the exchange energy, singlet and triplet states are well-defined
for these excitons. The lowest energy triplet state associated with this transition is 0.23 eV
higher and the lowest energy singlet state is 0.39 eV higher than the lowest K → K ′ state.
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Figure 7.3: Exciton dispersion of monolayer MoS2 near (a) Q=0 and (b) Q=K including
both A states (solid lines) consisting of transitions from the highest valence band at K/K’
and B states (dashed lines) consisting transitions from the second highest valence band.
States involving like(unlike) spin transitions are in red(blue).

7.4 Effective Hamiltonian

We now provide the physical origin of the nonanalytic behavior of the dispersion seen in
Fig. 7.2(a) (closeup in Fig. 7.4a). The exciton dispersion is obtained from first principles by
solving the Bethe-Salpeter equation (BSE) [122, 30] for electron-hole pair excitations with
finite center-of-mass momentum Q

(Eck+Q − Evk)ASvckQ +
∑
v′c′k′

〈vckQ|Keh|v′c′k′Q〉ASv′c′k′Q = ΩS
QA

S
vckQ. (7.1)

Here, S indexes the exciton states; ASvckQ is the amplitude of the free electron-hole pair
consisting of an electron in |ck + Q〉 and one missing from |vk〉; ΩS

Q is the exciton ex-

citation energy; Eck+Q and Evk are the quasiparticle energies, and Keh is the electron-
hole interaction kernel. The kernel consists of a direct term and an exchange term[122]:
〈vckQ|Keh|v′c′k′Q〉 = 〈vckQ|Kd +Kx|v′c′k′Q〉. The exchange term is

〈vckQ|Kx|v′c′k′Q〉 =
∑
G

Mcv(k,Q,G)v(Q + G)M∗
c′v′(k

′,Q,G) (7.2)

where G are reciprocal lattice vectors; v is the bare Coulomb interaction, and M is defined
as Mnn′(k,Q,G) = 〈nk+Q|ei(Q+G)·r|n′k〉. Here, the spin-index is included implicitly in the
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band indices (n and n′), and the exchange term is only non-zero for like-spin transitions (i.e.
excitons with total spin along z equal to zero).

The solutions of the BSE matrix are the exciton states |SQ〉 =
∑

vckA
S
vckQ|vckQ〉. In the

subspace spanned by the two lowest energy states, at exactly Q = 0, the exchange matrix
elements are also diagonal in the basis of exciton states. At Q = 0, the exchange term is the
diagonal constant

C ≡ 〈S0|Kx|S ′0〉 = δSS′2πe
2
∑
G6=0

∑
vckv′c′k′

AS∗vck0A
S′

v′c′k′0

〈uck|eiG·r|uvk〉(〈uc′k′ |eiG·r|uv′k′〉)∗

|G|
,

(7.3)
where we make use of the fact that, for small Q’s in 2D, v(Q + G) = 2πe2

|Q+G| ≈
2πe2

|G| . This
constant term is 20 meV in our ab-initio calculation. It is purely a local-field effect and
is responsible for the splitting between the like-spin(bright) and unlike-spin(dark) states at
Q = 0.

We now briefly derive an effective Hamiltonian (HBSE) to describe simply the main physics
for the 1s complex in a basis of ”excitonic” functions from the individual valleys in the
tight-binding limit, given in Eq. 7.4 below. At Q = 0, both the like and unlike-spin excitonic
levels are doubly degenerate, with the amplitude ASvck0 of one state (|SK0 〉) confined to the
K valley and that of the other (|SK′0 〉) confined to the K’ valley. Near Q = 0, it is sufficient
to use the following basis functions (which are of the Bloch form of excitons from a specific
valley in the tight-binding limit) to expand the true exciton state |SQ〉:

|SKQ 〉 ≈ |eiQ·RSK0 〉 ≡
(

1
0

)
Q

, |SK′Q 〉 ≈ |eiQ·RSK
′

0 〉 ≡
(

0
1

)
Q

, (7.4)

where R = re+rh
2

, ( 1
0 )Q and ( 0

1 )Q are pseudospinors denoting respectively basis functions on
K and K ′ valleys, and |eiQ·RSK0 〉 =

∑
vck A

S
vck0|vckQ〉.

In this basis, HBSE is a 2× 2 matrix, and the intravalley exchange term (matrix element of
Kx between basis functions in the same valley) is

〈SKQ |Kx|SKQ 〉 =
∑

vckv′c′k′

AS
K∗

vck0A
SK

v′c′k′0〈vckQ|Kx|v′c′k′Q〉. (7.5)

Using a Q ·p expansion of the QP states in the M matrix elements (Eq. 7.2) to second order
in Q · p, the intravalley exchange term (Eq. 7.5) becomes

〈SKQ |Kx|SKQ 〉 = 〈SK′Q |Kx|SK′Q 〉

=
∑

vckv′c′k′

AS
K∗

vck0A
SK

v′c′k′0{Q · a(〈uvk|p|uck〉)∗Q · a′〈uv′k′ |p|uc′k′〉v(Q)

+
∑
G 6=0

v(Q + G)[c+O(Q · p) +O((Q · p)2)]}.

(7.6)
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Figure 7.4: (a) Close-up of dispersion of A1s near Q=0. Ab-initio values are stars. Fit to
effective Hamiltonian (Eq. 7.10) are solid lines. Red(blue) lines indicate states arising from
like(unlike)-spin transitions. (b) Valley pseudospin texture of the (upper) nonanalytic like-
spin transition band around Q=0 for states of fixed energy in Q-space. (c) Valley pseudospin
texture of the (lower) parabolic like-spin transition band. (d) Optical absorbance of linearly
polarized light at fixed incidence as the polarization vector ê is rotated over 360◦. The angle
of the polarization vector, θ′, is defined with respect to the intersection of the polarization
plane and the 2D plane. Red(black) indicates the absorbance of states arising from the lower
(upper) like-spin band. (e) Energy difference between the upper and lower like-spin bands
that is probed as φ, the angle between wavevector of light and the z-axis, is changed, for
light of ~ω ≈ 2 eV. The inset shows how θ, φ, and θ′ are defined.
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Here, we have separated contributions from the G = 0 and G 6= 0 Fourier components
(Higher order terms are described explicitly in the detailed derivation in the chapter appendix
7.7). We note that a, a′, and c are factors that depend on the QP states but are independent
of Q 1. In Eq. 7.6, the G = 0 term, has a nonanalytic dependence on |Q|

|Q ·
∑
vck

aAS
K

vck0〈uvk|p|uck〉|2 ∝ A|Q|. (7.7)

Here, A is a proportionality constant, and we have made use of the fact that for small Q in
2D, v(Q) ≈ 2πe2

|Q| , and the fact that 〈0|p|SK0 〉 ∝ x̂ + iŷ due to the C3 symmetry[14], which

eliminates the dependence on the orientation of Q. Up to order Q2, the intravalley exchange
(Eq. 7.5) has the form

〈SKQ |Kx|SKQ 〉 = 〈SK′Q |Kx|SK′Q 〉 = C + A|Q|+ βQ2. (7.8)

C is the splitting of bright and dark states given in Eq. 7.3, and β is a proportionality
constant that is a real number, which arise from the local fields. Likewise, the intervalley
exchange may be shown to be

〈SKQ |Kx|SK′Q 〉 = (〈SK′Q |Kx|SKQ 〉)∗ = A|Q|e−i2θ + β′Q2, (7.9)

where θ is the angle of Q defined with respect to the x-axis and β′ is a complex number.

After performing a similar analysis of the direct term, we find an effective Hamiltonian

HBSE(Q) = Ω01+A[1+cos(2θ)σx+sin(2θ)σy]|Q|+[(
~2

2M
+α+β)1+β′(σx+σy)]Q

2, (7.10)

where Ω0 is the excitation energy of the exciton with Q = 0; M = me + mh is the QP
band mass of the free electron-hole pair at K or K ′; α is a constant from the order of Q2

contribution from the direct term; β and β′ are constants from the order of Q2 contribution
from the intravalley and intervalley exchange respectively; σx and σy are the x and y Pauli
matrices and 1 is the identity matrix. An effective Hamiltonian may be obtained for the
other exciton complexes through similar analyses.

Diagonalizing the effective Hamiltonian (Eq. 7.10) gives us two solutions: one with a parabolic
dispersion

Ω−(Q) = Ω0 +

(
~2

2M
+ α + β − |β′|

)
Q2, (7.11)

and the other with nonanalytic dispersion

Ω+(Q) = Ω0 + 2A|Q|+
(

~2

2M
+ α + β + |β′|

)
Q2 (7.12)

Hence, it is the combination of intervalley and intravalley exchange that results in a lower
band with a parabolic dispersion (Eq.7.11) and an upper band with a nonanalytic dependence

1a = ~
m (Eck − Evk)−1. a′ is equal to a with (k↔ k′. c = 〈uck|eiG·r|uvk〉(〈uc′k′ |eiG·r|uv′k′〉)∗.
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on |Q| (Eq. 7.12), as seen in our ab-initio calculation (Fig. 7.4a). We emphasize that this
|Q|-dependence at small Q is a consequence of the 2D Coulomb interaction and the opposite
angular polarization of the electronic states in the K and K ′ valleys, which removes the
dependence on the direction of Q.

We fit Eqs. 7.11 and 7.12 to our ab-initio calculation (Fig. 7.4(a)) to obtain the values
of the proportionality constants, A, α, β, and β′. Near Q = 0, the exchange contribution
is dominated by the nonanalytic A|Q| term. From our ab-initio calculation, A = 0.9 eV·Å.
The dominant Q2 term comes from the QP effective mass due to the dispersion of the
interband transition energy ~2Q2

2M
. M for monolayer MoS2 is roughly 1.1m0. From the dis-

persion of the unlike-spin states, we find that α = −0.9 eV·Å2, and the effective mass of
the unlike-spin transition(dark), 1s exciton is roughly 1.5m0. The effective mass of the
parabolically-dispersing like-spin(bright), 1s exciton is 1.4m0, indicating that β − |β′|, the
difference between quadratic terms in the intervalley and intravalley exchange, is small, only
about 0.2 eV·Å2, while the magnitude of β is about 4 eV·Å2. Our results demonstrate
an enhancement of about 30% in the center-of-mass effective mass of the excitons due to
electron-hole interaction [98].

7.5 Valley Pseudospin Texture and Optical Selection

Rules

Since the difference between the magnitude of the quadratic terms in the intervalley and
intravalley exchange, β−|β′|, is small, we may to good approximation neglect this difference
(i.e. we take β′ = −ei2θβ.). Then, the solution for the parabolic like-spin transition exciton
band is

|SL〉 =
1√
2

(e−iθ|SKQ 〉 − eiθ|SK
′

Q 〉), (7.13)

and the solution for the nonanalytic like-spin transition exciton band is

|SU〉 =
1√
2

(e−iθ|SKQ 〉+ eiθ|SK′Q 〉). (7.14)

For both states, the valley pseudospin winding number around Q=0 is 2. The pseudospin
texture of these states in a circle in Q-space is shown in Fig. 7.4(b-c).

Now, let us consider what happens when we shine linearly polarized light on the system. The
incident light has a wavevector (momentum) q, which has an azimuthal angle θ, measured
with respect to the x-axis, and forms a polar angle φ with respect to the z-axis (see Fig. 7.5).
The momentum Q of the excited electron-hole pair is the momentum transferred by the light
and is thus equivalent to the projection of q in the xy-plane. I.e., Q = |Q|(cos(θ)x̂+sin(θ)ŷ).
The polarization vector of the light is along ê. See Fig. 7.5 for experimental set-up.
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Figure 7.5: Schematic of optical absorption with linearly-polarized light of energy ~ω inci-
dent on material in the xy-plane. The wavevector of light (red arrow) forms an angle φ with
the z-axis and an angle θ with the x-axis. The polarization vector is ê and forms an angle θ′

with t̂, a vector which lies along the intersection between the polarization plane (blue disc)
and the xy-plane. We define l̂ as the direction in the polarization plane that is normal to t̂.
l̂ cos(φ) is the projection of l̂ in the xy-plane.

First, let us look at the optical transition matrix element for the lower band (Eq. 7.14)

〈0|A · v|SL〉 = A0êe
iq·r · 1√

2
(〈0|ve−iθ|SKQ 〉 − 〈0|veiθ|SK

′

Q 〉)

∝ A0êe
iq·r · 1√

2
[e−iθ(x̂ + iŷ)− eiθ(x̂− iŷ)]

= A0êe
iq·r · 2i√

2
[− sin(θ)x̂ + cos(θ)ŷ]

,

(7.15)

where A = A0e
iq·rê is the vector potential. We see that the lower band couples to the electric

field component of the light that is transverse to the Q vector. That is, the velocity matrix
element is always perpendicular to the in-plane projection of q, the wavevector of light. We
label this in-plane tranverse direction as t̂ (See Fig. 7.5).
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Likewise, for the upper band

〈0|A · v|SU〉 = A0êe
iq·r · 1√

2
(〈0|ve−iθ|SKQ 〉+ 〈0|veiθ|SK′Q 〉)

∝ A0êe
iq·r · 1√

2
[e−iθ(x̂ + iŷ) + eiθ(x̂− iŷ)]

= A0êe
iq·r · 2√

2
[cos(θ)x̂ + sin(θ)ŷ]

.

(7.16)

Thus, the upper band couples to the the component of the electrical field of the light that is
along the longitudinal projection of the q vector in the plane of the TMD layer. That is, the
velocity matrix element is always parallel to the in-plane projection of q and thus parallel
to the longitudinal component of the in-plane projection of the field, which we label cos(φ)̂l.
(See Fig. 7.5.)

Since we know that the lower band couples to the transverse projection and the upper band
couples to the longitudinal projection of the electric field of light on the xy plane, we express
the polarization vector ê in terms of the axes t̂ and l̂

ê = sin(θ′)̂l + cos(θ′)t̂, (7.17)

where θ′ is the angle of the polarization with respect to the transverse direction. Thus, the
optical absorbance of the upper band as a function of polarization direction is

I(θ′) ∝ |〈0|A · v|SU〉|2

∝ ê · cos(φ)̂l

= sin2(θ′) cos2(φ),

(7.18)

and the optical absorbance of the lower band as a function of polarization direction is

I(θ′) ∝ |〈0|A · v|SL〉|2

∝ ê · t̂
= cos2(θ′),

(7.19)

The upper band couples to the component of the electric field projected into the 2D plane
along the direction of Q. The actual electric field vector has an out-of-plane component
that depends on the incident angle φ of light with respect to the z-axis, so the intensity of
the absorbance is modulated by cos2(φ). Physically, this factor is due to the depolarization
effect of the out-of-plane component of the field. The absorbance from the upper band is
thus maximum at normal incidence (φ = 0), when there is no momentum transfer, and close
to zero at a glancing incident angle (φ ≈ 90◦), when the momentum transfer is largest. The
absorbance of the upper and lower bands with respect to θ′ has a phase difference of 90◦,
and the intensity of each band peaks twice as the polarization angle is rotated over 360◦

(Fig. 7.4d). The energy difference between the upper and lower band for different Q on the
dispersion curve can also be probed by changing φ. For photons with ~ω ≈ 2 eV, the largest
energy difference is about 1.5 meV when the wavevector of the light is nearly parallel to the
plane.
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7.6 Summary

In summary, we have computed the exciton dispersion of MoS2 from first principles and
find an unusual dispersion with a parabolic lower band and a v-shaped upper band for the
lowest energy like-spin transition exciton complex near Q = 0. This dispersion is due to the
interplay of the intervalley and intravalley exchange, both of which have a |Q|-dependent
behavior. We have derived a simple effective Hamiltonian and analytic solutions describing
this physics and predict that the splitting of the exciton bands can be measured with a
linearly polarized optical beam tilted away from normal incidence. We expect any 2D semi-
conductor with excitons with amplitude concentrated in a small portion of the Brillouin zone
to exhibit similar nonanalytic exciton dispersion near Q = 0. We also show that interaction
effects increase the exciton mass by > 30%.

7.7 Appendix

Here, we provide a more detailed derivation of all terms in the effective Hamiltonian. We
derive an effective Hamiltonian for each of the exciton complexes in a restricted Hilbert
space. We focus here on the A1s complex as a concrete illustration. At Q = 0, both the like-
and unlike-spin transition excitonic A1s levels are doubly degenerate, with the amplitude
ASvck0 of one state (|SK0 〉) confined to the K valley and that of the other (|SK′0 〉) confined to
the K’ valley. Near Q = 0, it is sufficient to use the following basis functions (which are of
the Bloch form of excitons from a specific valley in the tight-binding limit) to expand the
true exciton state |SQ〉:

|SKQ 〉 ≈ |eiQ·RSK0 〉 ≡
(

1
0

)
Q

|SK′Q 〉 ≈ |eiQ·RSK
′

0 〉 ≡
(

0
1

)
Q

,

(7.20)

where R is the center-of-mass coordinate, ( 1
0 )Q and ( 0

1 )Q are pseudospinors denoting respec-
tively basis functions on K and K ′ valleys, and |eiQ·RSK0 〉 =

∑
vck A

S
vck0|vckQ〉.

To derive an effective Hamiltonian, we separate the BSE Hamiltonian into two contributions.

HBSE(Q) = HBSE(0) + [HBSE(Q)−HBSE(0)]

= HBSE(0) +
~2Q2

2M
+ [Kx(Q)−Kx(0)] + [Kd(Q)−Kd(0)],

(7.21)

where Kx and Kd are the exchange and direct terms and M = me +mh is the band mass of
the free electron-hole pair at K and K ′ [33]. The basis functions (Eq. 7.20) are the solutions
of HBSE(0), so HBSE(0) is a diagonal matrix with the eigenvalues of the exciton states at
Q = 0 (Ω0) along the diagonal

HBSE(0) = Ω01. (7.22)
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In the basis of Eq. 7.20, since Kd(Q) is diagonal and Kx(Q = 0) is also diagonal, HBSE(Q)
is a 2× 2 matrix of the form

HBSE(Q) = [Ω0 +
~2Q2

2M
+Kd(Q)−Kd(0)]1 +

[
JxKK(Q) JxKK′(Q)
JxK′K(Q) JxK′K′(Q)

]
, (7.23)

where JxKK(Q) = Kx
KK(Q) − Kx

KK(0) refers to only the Q-dependent part of the matrix
element 〈SKQ |Kx|SKQ 〉, and JxKK′(Q) and refers to only the Q-dependent part of the matrix

element 〈SKQ |Kx|SK′Q 〉.

7.7.1 Coulomb Exchange Interaction: Kx

Next, we determine the Q-dependent terms of the exchange interaction, [Kx(Q) −Kx(0)].
In the basis of free electron-hole states, the exchange matrix elements are[122]

〈vckQ|Kx|v′c′k′Q〉 =
∑
G

Mcv(k,Q,G)v(Q + G)M∗
c′v′(k

′,Q,G), (7.24)

where G are reciprocal lattice vectors and M is defined as

Mnn′(k,Q,G) = 〈nk + Q|ei(Q+G)·r|n′k〉. (7.25)

Here, the spin-index is included implicitly in the valence and conduction band indices (v and
c), and the exchange term is only non-zero for like-spin transitions. In our basis (Eq. 7.20)
the exchange matrix elements are a linear combination of the matrix elements in the free
electron-hole basis . We start by looking at the intravalley exchange (matrix elements of Kx

between basis functions from the same valley)

〈SKQ |Kx|SKQ 〉 =
∑

vckv′c′k′

AS
K∗

vck0A
SK

v′c′k′0〈vckQ|Kx|v′c′k′Q〉. (7.26)

We perform a Q · p expansion of the quasiparticle (QP) states up to second order. M
becomes

Mcv(k,Q,G) =〈uck|eiG·r|uvk〉+ Q · ~
m

∑
n6=c

(〈unk|p|uck〉)∗

Eck − Enk
〈unk|eiG·r|uvk〉

+

(
~
m

)2∑
n6=c

∑
m6=c

[(Q · 〈unk|p|umk〉)(Q · 〈umk|p|uck〉)]∗

(Eck − Enk)(Eck − Emk)
〈unk|eiG·r|uvk〉

(7.27)

where |uck〉 and |unk〉 are the periodic parts of the Bloch wavefunctions.
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Substituting Eq. 7.27 into Eq. 7.26 and keeping terms up to ordero of Q2

〈SKQ |Kx|SKQ 〉 =
∑

vckv′c′k′

AS
K∗

vck0A
SK

v′c′k′0{[aQ · (〈uvk|p|uck〉)
∗)(a′Q · 〈uv′k′ |p|uc′k′〉]v(Q)

+
∑
G6=0

v(Q + G){c+
∑
n 6=c

bQ · (〈unk|p|uck〉)∗ +
∑
n′ 6=c′

b′Q · 〈un′k′ |p|uc′k′〉

+
∑
n6=c

∑
m6=c

d[(Q · 〈unk|p|umk〉)(Q · 〈umk|p|uck〉)]∗

+
∑
n′ 6=c′

∑
m′ 6=c′

d′[(Q · 〈un′k′|p|um′k′〉)(Q · 〈um′k′ |p|uc′k′〉)]

+
∑
n6=c

∑
n′ 6=c′

f(Q · (〈unk|p|uck〉)∗(Q · (〈un′k′|p|uc′k′〉)}}.

(7.28)

Here, we have separated contributions from the G = 0 and G 6= 0 Fourier components.
We note that the factors a, a′, b, b’, c, d, d′, and f are dependent on the QP states
but independent of Q, with a = ~

m
(Eck − Evk)−1, a′ is the same as a with (k ↔ k′),

b = ~
m

(Eck − Enk)−1〈unk|eiG·r|uvk〉(〈uc′k′|eiG·r|uv′k′〉)∗, b’ is the complex conjugate of b

with (cvnk ↔ c′v′n′k′), c = 〈uck|eiG·r|uvk〉(〈uc′k′|eiG·r|uv′k′〉)∗, d = ~2

m2 [(Eck − Emk)(Eck −
Enk)]−1(〈uc′k′ |eiG·r|uv′k′〉)∗(〈unk|eiG·r|uvk〉), d′ is the complex conjugate of d with (cvnmk↔
c′v′n′m′k′), and f = ~2

m2 [(Eck − Enk)(Ec′k′ − En′k′)]−1〈unk|eiG·r|uvk〉(〈un′k′|eiG·r|uv′k′〉)∗.

Order of Q terms in Jx

First, let us consider the order of Q terms for JxKK . The G = 0 term, has a nonanalytic
dependence on |Q|

[Q ·
∑
vck

aAS
K∗

vck0(〈uvk|p|uck〉)∗][Q ·
∑
vck

aAS
K

vck0(〈uvk|p|uck〉)]v(Q)

∝ |Q · 〈0|p|SK0 〉|2v(Q)

= A|Q|.

(7.29)

Here, A is a proportionality constant, and we have made use of the fact that for small Q in
2D, v(Q) ≈ 2πe2

|Q| , and the fact that 〈0|p|SK〉 ∝ x̂ + iŷ due to the C3 symmetry[14], which
eliminates the dependence on the angle of Q.

Similarly, for the intervalley exchange, JxKK′ , the G = 0 term is

[Q ·
∑
vck

aAS
K∗

vck0(〈uvk|p|uck〉)∗][Q ·
∑
vck

aAS
K′

vck0(〈uvk|p|uck〉)]v(Q)

∝ (Q · 〈0|p|SK0 〉)∗(Q · 〈0|p|SK
′

0 〉)v(Q)

= A|Q|e−i2θ,

(7.30)

where θ is defined as the angle made by Q with respect to kx.
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The G 6= 0 terms in the intravalley exchange that are linear in Q are∑
vckv′c′k′

AS
K∗

vck0A
SK

v′c′k′0

∑
G 6=0

v(Q + G)[
∑
n6=c

bQ · (〈unk|p|uck〉)∗ +
∑
n′ 6=c′

b′Q · 〈un′k′|p|uc′k′〉].

(7.31)

To understand this term, we first note that the exchange matrix element (Eq. 7.26), refer-
encing Eq. 7.24 and Eq. 7.25, can be written as

〈SKQ |Kx|SKQ 〉

=
∑

vckv′c′k′

AS
K∗

vck0A
SK

v′c′k′0

∑
G

v(Q + G)〈ck + Q|ei(Q+G)·r|vk〉〈v′k′|e−i(Q+G)·r|ck + Q〉

=
∑
G

v(Q + G)
∑
vck

AS
K∗

vck0〈ck + Q|ei(Q+G)·r|vk〉
∑
v′c′k′

AS
K

v′c′k′0〈v
′k′|e−i(Q+G)·r|ck + Q〉

=
∑
G

v(Q + G)〈0|e−i(Q+G)·r|SKQ 〉〈SKQ |ei(Q+G)·r|0〉.

(7.32)

We insert copies of the time reversal operator T †T = 1

〈SKQ |Kx|SKQ 〉 =
∑
G

v(Q + G)〈0|T †Te−i(Q+G)·rT †T |SKQ 〉〈SKQ |T †Tei(Q+G)·rT †T |0 >

=
∑
G

v(Q + G)〈0|ei(Q+G)·r|SK′-Q〉〈SK
′

-Q|e−i(Q+G)·r|0〉

=
∑
G

v(Q + G)〈0|e−i(−Q−G)·r|SK′-Q〉〈SK
′

-Q|ei(−Q−G)·r|0〉

= 〈SK′-Q|Kx|SK′-Q〉

(7.33)

Returning to Eq. 7.31, this means that∑
vckv′c′k′

AS
K∗

vck0A
SK

v′c′k′0

∑
G 6=0

v(Q + G)[
∑
n6=c

bQ · (〈unk|p|uck〉)∗ +
∑
n′ 6=c′

b′Q · 〈un′k′|p|uc′k′〉]

= −
∑

vckv′c′k′

AS
K′∗

vck0A
SK′

v′c′k′0

∑
G6=0

v(Q + G)[
∑
n 6=c

bQ · (〈unk|p|uck〉)∗ +
∑
n′ 6=c′

b′Q · 〈un′k′ |p|uc′k′〉].

(7.34)

Since AS
K∗

vck0A
SK

v′c′k′0 = AS
K′∗

vck0A
SK′

v′c′k′0, after summing over k and k′, this term must be zero.

Similarly, for the G 6= 0 term in the intervalley exchange,

〈SKQ |Kx|SK′Q 〉 =
∑
G

v(Q + G)〈0|T †Te−i(Q+G)·rT †T |SKQ 〉〈SK
′

Q |T †Tei(Q+G)·rT †T |0 >

=
∑
G

v(Q + G)〈0|ei(Q+G)·r|SK′-Q〉〈SK-Q|e−i(Q+G)·r|0〉

= 〈SK′-Q|Kx|SK-Q〉.

(7.35)
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This means that, for the order of Q term∑
vckv′c′k′

AS
K∗

vck0A
SK′

v′c′k′0

∑
G6=0

v(Q + G)[
∑
n 6=c

bQ · (〈unk|p|uck〉)∗ +
∑
n′ 6=c′

b′Q · 〈un′k′ |p|uc′k′〉]

= −
∑

vckv′c′k′

AS
K′∗

vck0A
SK

v′c′k′0

∑
G6=0

v(Q + G)[
∑
n6=c

bQ · (〈unk|p|uck〉)∗ +
∑
n′ 6=c′

b′Q · 〈un′k′ |p|uc′k′〉],

(7.36)

so this term must also be zero.

In summary, the order of Q terms for the exchange are

J
x(1)
KK (Q) = J

x(1)
K′K′(Q) = A|Q|

J
x(1)
KK′(Q) = J

x∗(1)
K′K (Q) = A|Q|e−2iθ.

(7.37)

Order of Q2 terms in Jx

Next, let us look at the order of Q2 terms in the exchange interaction. First, let us consider
the Q-dependence of v(Q + G). For small Q, the Taylor expansion of v(Q + G) is

v(Q + G) ≈ 2πe2

|G|

(
1− Q ·G

|G|2
+

3(Q ·G)2

2|G|4
− |Q|

2

2|G|2

)
. (7.38)

After summing over all G’s, any term to first order in Q ·G is zero2.

Substituting Eq. 7.38 into Eq. 7.28, we find that the order of Q2 terms are

J
x(2)
KK (Q) =

∑
vckv′c′k′

AS
K∗

vck0A
SK

v′c′k′0

∑
G6=0

2πe2

|G|
{

×
∑
n6=c

∑
m 6=c

d[(Q · 〈unk|p|umk〉)(Q · 〈umk|p|uck〉)]∗

+
∑
n′ 6=c′

∑
m′ 6=c′

d′[(Q · 〈un′k′ |p|um′k′〉)(Q · 〈um′k′ |p|uc′k′〉)]

+
∑
n 6=c

∑
n′ 6=c′

f(Q · (〈unk|p|uck〉)∗(Q · (〈un′k′ |p|uc′k′〉)

+

[
3(Q ·G)2

2|G|4
− |Q|

2

2|G|2

]
c}

≡ βQ2.

(7.39)

2Note that here we are using a strictly 2D Coulomb interaction, where G is restricted to the xy-plane.
For small Q’s this is equivalent to integrating out the z-component in the truncated Coulomb interaction[64]
used in our ab-initio calculation.
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Likewise, the Q2 term in the intervalley exchange is

J
x(2)
KK′(Q) =

∑
vckv′c′k′

AS
K∗

vck0A
SK′

v′c′k′0

∑
G6=0

2πe2

|G|
{

×
∑
n6=c

∑
m 6=c

d[(Q · 〈unk|p|umk〉)(Q · 〈umk|p|uck〉)]∗

+
∑
n′ 6=c′

∑
m′ 6=c′

d′[(Q · 〈un′k′ |p|um′k′〉)(Q · 〈um′k′ |p|uc′k′〉)]

+
∑
n 6=c

∑
n′ 6=c′

f(Q · (〈unk|p|uck〉)∗(Q · (〈un′k′ |p|uc′k′〉)

+

[
3(Q ·G)2

2|G|4
− |Q|

2

2|G|2

]
c}

≡ β′Q2.

(7.40)

As in Eq. 7.29 and 7.30, any term of the form

(Q · 〈0|p|SK0 〉)∗(Q · 〈0|p|SK0 〉) = ei2θ(Q · 〈0|p|SK0 〉)∗(Q · 〈0|p|SK
′

0 〉) (7.41)

Hence,

β′ = e−i2θ{β −
∑

vckv′c′k′

∑
G 6=0

2πe2

|G|
c

[
3(Q ·G)2

2|G|4
− |Q|

2

2|G|2

]
AS

K∗
vck0A

SK

v′c′k′0}

+
∑

vckv′c′k′

∑
G 6=0

2πe2

|G|
c

[
3(Q ·G)2

2|G|4
− |Q|

2

2|G|2

]
AS

K∗
vck0A

SK′

v′c′k′0.

(7.42)

We know that the last AS
K∗

vck0A
SK′

v′c′k′0 term must be smaller than the AS
K∗

vck0A
SK

v′c′k′0 term. From

our numerical calculation, this term is very small (less than one-tenth of the AS
K∗

vck0A
SK

v′c′k′0

term), so we neglect it. Then, β′ is a complex number with a phase of −2θ, the same phase
as the off-diagonal order of Q term. The magnitudes of β′ and β are not identical. The
difference between β′ and β comes from the order of Q2 term in the expansion of v(Q + G)
(Eq. 7.38) , which is 0.2eV · Å2 from our ab-initio calculation. If we neglect this term, then
β′ = βe−i2θ.

Sum of Q and Q2 order terms for Jx

In summary, we find that the exchange interaction has the following Q-dependence

JxKK(Q) = JxK′K′(Q) = A|Q|+ βQ2

JxK′K(Q) = Jx∗KK′(Q) = A|Q|e−2iθ + β′Q2.
(7.43)
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7.7.2 Direct Coulomb interaction

Now, let us consider the Q-dependence of the direct Coulomb interaction [Kd(Q)−Kd(0)]
in Eq. 7.23. In reciprocal space, in the basis of free electron-hole states Kd is [122]

〈vckQ|Kd|v′c′k′Q〉 = −
∑
GG′

M∗
cc′(k + Q,q,G)WGG′(q)Mvv′(k,q,G) (7.44)

where q = k − k′ and M is defined in Eq. 7.25. In the basis of excitonic states (Eq. 7.20)
Kd is a linear combination of the free electron-hole matrix elements

〈SKQ |Kd|SKQ 〉 = 〈SK′Q |Kd|SK′Q 〉 (7.45)

= −
∑

vckv′c′k′

AS
K∗

vck A
SK′

v′c′k′

∑
GG′

M∗
cc′(k + Q,q,G)WGG′(q)Mvv′(k,q,G) (7.46)

The only Q-dependence is in the term involving the conduction wavefunctions Mcc′ . Follow-
ing a similar argument as for the exchange interaction, a Q · p expansion of M∗

cc′ yields

M∗
cc′(k + Q,q,G) = 〈uc′k′|e−iG·r|uck〉

+
~
m

Q ·

(∑
n′ 6=c′

(〈un′k′|p|uc′k′〉)∗

Ec′k′ − En′k′
〈un′k′|e−iG·r|uck〉+

∑
n6=c

〈unk|p|uck〉
Eck − Enk

〈uc′k′|e−iG·r|unk〉

)

+
~2

m2

∑
n6=c,n′ 6=c′

(
Q · (〈un′k′ |p|uc′k′〉)∗

Ec′k′ − En′k′

)(
Q · 〈unk|p|uck〉

Eck − Enk

)
〈un′k′ |e−iG·r|unk〉

+

(
~
m

)2∑
n6=c

∑
m 6=c

[(Q · 〈unk|p|umk〉)(Q · 〈umk|p|uck〉)]
(Eck − Enk)(Eck − Emk)

〈uc′k′ |e−iG·r|unk〉

+

(
~
m

)2 ∑
n′ 6=c′

∑
m′ 6=c′

[(Q · 〈un′k′|p|um′k′〉)(Q · 〈um′k′ |p|uc′k′〉)]∗

(Ec′k′ − En′k′)(Ec′k′ − Em′k′)
〈un′k′|e−iG·r|uck〉

(7.47)

Once again, in the K and K ′ valleys, terms with a single Q · 〈uck|p|unk〉 disappear due to
time-reversal symmetry. Thus, the Q-dependent part of the direct Coulomb interaction has
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the form

Kd(Q)−Kd(0) = −
∑
GG′

WGG′(q)Mvv′(k,q,G
′)
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vckv′c′k′

AS
K∗

vck A
SK

v′c′k′ [
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(
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)(
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Eck − Enk

)
〈un′k′|e−iG·r|unk〉

+

(
~
m

)2∑
n6=c

∑
m6=c

[(Q · 〈unk|p|umk〉)(Q · 〈umk|p|uck〉)]
(Eck − Enk)(Eck − Emk)

〈uc′k′|e−iG·r|unk〉

+

(
~
m

)2 ∑
n′ 6=c′

∑
m′ 6=c′

[(Q · 〈un′k′ |p|um′k′〉)(Q · 〈um′k′ |p|uc′k′〉)]∗

(Ec′k′ − En′k′)(Ec′k′ − Em′k′)
〈un′k′|e−iG·r|uck〉]

= αQ2

(7.48)

The α term, which we find to be −0.9 eV·Å2 in our ab-initio calculation, is responsible for
making the effective mass M∗ of the exciton dispersion different from the QP band mass of
the free electron-hole pair, M .

7.7.3 Summary of terms in the effective Hamiltonian

Combining Eq. 7.43, Eq. 7.48, and Eq. 7.23, the effective Hamiltonian has the form

HBSE(Q) = [Ω0 +
~2Q2

2M
+ αQ2]1 +

[
A|Q|+ βQ2 A|Q|e−i2θ + β′Q2

A|Q|ei2θ + β
′∗Q2 A|Q|+ βQ2

]
, (7.49)

or rewriting in terms of the Pauli matrices

HBSE(Q) = (7.50)

Ω01 + A[1 + cos(2θ)σx + sin(2θ)σy]|Q|+ {(
~2

2M
+ α + β)1 + |β′|[cos(2θ)σx + sin(2θ)σy]}Q2,

(7.51)

where Ω0 is the excitation energy of the exciton with Q = 0; M = me+mh is the band mass
of the free electron-hole pair at K or K ′; α is a constant from the order of Q2 contribution
from the direct Coulomb interaction; β and β′ are constants from the order of Q2 contribution
from the intravalley and intervalley exchange respectively; σx and σy are the x and y Pauli
matrices; and 1 is the identity matrix.
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Sébastien Francoeur, and Richard Martel. Photooxidation and quantum confinement
effects in exfoliated black phosphorus. Nat. Mater., 14(8):826–832, may 2015.

[37] R. M. Feenstra. Tunneling spectroscopy of the GaAs(110) surface. J. Vac. Sci. Technol.
B, 5(4):923, jul 1987.

[38] A.L. Fetter and J.D. Walecka. Quantum Theory of Many-particle Systems. Dover
Books on Physics. Dover Publications, 2003.

[39] Martin Fuchs and Xavier Gonze. Accurate density functionals:Approaches using the
adiabatic-connection fluctuation-dissipation theorem. Phys. Rev. B, 65(23):23–26,
2002.

[40] Paolo Giannozzi, Stefano Baroni, Nicola Bonini, Matteo Calandra, Roberto Car, Carlo
Cavazzoni, Davide Ceresoli, Guido L Chiarotti, Matteo Cococcioni, Ismaila Dabo,
Andrea Dal Corso, Stefano de Gironcoli, Stefano Fabris, Guido Fratesi, Ralph Gebauer,
Uwe Gerstmann, Christos Gougoussis, Anton Kokalj, Michele Lazzeri, Layla Martin-
Samos, Nicola Marzari, Francesco Mauri, Riccardo Mazzarello, Stefano Paolini, Alfredo
Pasquarello, Lorenzo Paulatto, Carlo Sbraccia, Sandro Scandolo, Gabriele Sclauzero,
Ari P Seitsonen, Alexander Smogunov, Paolo Umari, and Renata M Wentzcovitch.
QUANTUM ESPRESSO: a modular and open-source software project for quantum
simulations of materials. J. Phys.: Condens. Matt., 21(39):395502, 2009.

[41] P. J. Gielisse, S. S. Mitra, J. N. Plendl, R. D. Griffis, L. C. Mansur, R. Marshall, and
E. A. Pascoe. Lattice Infrared Spectra of Boron Nitride and Boron Monophosphide.
Phys. Rev., 155(3):1039–1046, mar 1967.

[42] Nathaniel Gillgren, Darshana Wickramaratne, Yanmeng Shi, Tim Espiritu, Jiawei
Yang, Jin Hu, Jiang Wei, Xue Liu, Zhiqiang Mao, Kenji Watanabe, Takashi Taniguchi,
Marc Bockrath, Yafis Barlas, Roger K Lake, and Chun Ning Lau. Gate tunable quan-
tum oscillations in air-stable and high mobility few-layer phosphorene heterostructures.
2D Mater., 2(1):011001, dec 2014.

[43] M. M. Glazov, T. Amand, X. Marie, D. Lagarde, L. Bouet, and B. Urbaszek. Exciton
fine structure and spin decoherence in monolayers of transition metal dichalcogenides.
Phys. Rev. B, 89:201302, May 2014.

[44] R. W. Godby and R. J. Needs. Metal-insulator transition in kohn-sham theory and
quasiparticle theory. Phys. Rev. Lett., 62:1169–1172, Mar 1989.



139

[45] X. Gonze, B. Amadon, P.-M. Anglade, J.-M. Beuken, F. Bottin, P. Boulanger,
F. Bruneval, D. Caliste, R. Caracas, M. Ct;, T. Deutsch, L. Genovese, Ph. Ghosez,
M. Giantomassi, S. Goedecker, D.R. Hamann, P. Hermet, F. Jollet, G. Jomard, S. Ler-
oux, M. Mancini, S. Mazevet, M.J.T. Oliveira, G. Onida, Y. Pouillon, T. Rangel, G.-M.
Rignanese, D. Sangalli, R. Shaltaf, M. Torrent, M.J. Verstraete, G. Zerah, and J.W.
Zwanziger. Abinit: First-principles approach to material and nanosystem properties.
Computer Physics Communications, 180(12):2582 – 2615, 2009.

[46] Stefan Grimme. Semiempirical GGA-type density functional constructed with a long-
range dispersion correction. J. Comput. Chem., 27(15):1787–1799, nov 2006.

[47] Jie Guan, Wenshen Song, Li Yang, and David Tománek. Strain-controlled fundamental
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