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Abstract

Construction of the unitary free fermion Segal conformal field theory

by

James Elliot Tener

Doctor of Philosophy in Mathematics

University of California, Berkeley

Professor Vaughan F. R. Jones, Chair

This thesis is primarily concerned with the construction and analysis of free fermion Segal
CFTs in arbitrary genus, with emphasis placed on analytic aspects of the construction. In
particular, our Segal CFTs take values in the “category” of Hilbert spaces and trace class
maps. The main results are:

• A detailed construction of the free fermion Segal CFT, in arbitrary genus, using Hilbert
spaces and trace class operators (Chapter 4),

• An explicit identification of the operators assigned to three-punctured spheres with the
free fermion vertex operator algebra (Chapter 5.1),

• Preliminary construction of (quotients of) tensor products of SU(k)` WZW vertex
modules via descent from fermions (Chapter 5.2).

As a technical tool, we will develop a Riemann surface generalization of the Cauchy transform
for planar domains (Appendix A).



i

Contents

Contents i

1 Introduction 1

2 Preliminaries 5
2.1 Vector spaces, Hilbert spaces and operators . . . . . . . . . . . . . . . . . . . 5
2.2 Super Hilbert spaces . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 6
2.3 Fermionic Fock space . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 9
2.4 Representations of Diff+(S1) . . . . . . . . . . . . . . . . . . . . . . . . . . . 14
2.5 Complex surfaces and complex vector bundles . . . . . . . . . . . . . . . . . 18
2.6 Spin structures . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 22

3 Segal CFT 27
3.1 Rigged Riemann surfaces . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 28
3.2 Definition of Segal CFT . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 33
3.3 Rigged spin Riemann surfaces . . . . . . . . . . . . . . . . . . . . . . . . . . 35
3.4 Definition of spin Segal CFT . . . . . . . . . . . . . . . . . . . . . . . . . . . 41

4 Construction of the free fermion Segal CFTs 43
4.1 Overview . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 43
4.2 The non-unitary free fermion . . . . . . . . . . . . . . . . . . . . . . . . . . . 45
4.3 The unitary free fermion . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 49

5 Applications 52
5.1 Vertex operator algebras . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 52
5.2 WZW models . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 58

A The Cauchy transform for Riemann surfaces 65

Bibliography 77



ii

Acknowledgments

I woud like to thank Vaughan Jones for his support and guidance during my time at
Berkeley. I’m grateful for his constant encouragement, fantastic ideas, limitless patience,
good advice, and incredible generosity with time, energy and support.

I would like to thank Antony Wassermann for freely sharing his invaluable expertise and
ideas.
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Chapter 1

Introduction

At present, there is no completely satisfactory rigorous mathematical foundation for confor-
mal field theory. Such a foundation would have to be sufficiently rigid to imply the standard
structural results for conformal field theories (axiomatic CFT ) while simultaneously not
being so strict as to prevent the construction of important models (constructive CFT ).

This thesis is primarily concerned with constructive conformal field theory. The conformal
field theories that we will be interested in are (1 + 1)-dimensional rational chiral theories.
Roughly speaking, a chiral theory is one in which the fields depend holomorphically on the
space-time parameter. The state space of a full conformal field theory should decompose⊕

Hλ ⊗Hλ

where the Hλ (resp. Hλ) are the sectors of an underlying chiral (resp. antichiral) theory.
The theory is called rational if there are finitely many sectors, and each has finite dimension
(in an appropriate sense).

It would be impossible to give a full accounting of the history of mathematical chiral
conformal field theory in this space, but the interested reader might begin with [FRS10]. We
will mainly be interested in three definitions of a chiral conformal field theory: conformal
nets (functional analytic), vertex operator algebras (algebraic), and Segal CFT (geometric).
While these axiomatizations should be equivalent modulo technical hypotheses, there are
no general theorems of this nature. Axiomatic and constructive theorems must be proved
separately for each case, and often some theorems can be proven in one framework but not
others.

In an unfinished manuscript from the 1980s (later appearing as [Seg04]), Graeme Segal
proposed a definition for conformal field theory which is essentially a functor from the cate-
gory of 1-dimensional complex cobordisms to the category of Hilbert spaces and trace class
maps. The theory of Segal CFT has developed slowly, especially with regard to constructive
CFT. One of the major goals of this thesis is to carefully construct the Segal CFT for the
free fermion model using only bounded operators on Hilbert spaces.

After constructing the free fermion model, the main tool that we will use to analyze
it is the connection between Segal CFT and vertex operator algebras. The notion of vertex
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operator algebra [Bor86, FLM88] axiomatizes the structure of a chiral half of the conformally
invariant quantum fields of a system. This is closely related to the term chiral algebra in the
physics literature. Vertex operator algebras provide a combinatorial framework for working
with the operator product expansions of fields, which corresponds to the local data of a
Segal CFT as punctures get closer together. More precisely, the operators assigned to three
punctured spheres by the Segal CFT are given by vertex operators, up to a dampening
factor. The result is a geometric extension of a vertex operator algebra, closely related to
geometric vertex operator algebras [Hua97].

A third notion of conformal field theory is that of a conformal net (or algebraic CFT ),
which axiomatizes the algebras of local observables of a chiral conformal field theory. This
approach to quantum field theory was developed in [HK64, DHR69a, DHR69b], and adapted
to the case of 2-dimensional conformal field theory in [FRS89, FRS92]. This thesis will not
deal directly with conformal nets, but was largely motivated by the fundamental paper
[Was98] in constructive algebraic CFT. In particular, this work is intended to lay the foun-
dation for the construction of a Segal CFT corresponding to the representation theory of the
loop group LSU(k) via descent from fermions.

The main results of this thesis are the following:

• A detailed construction of the free fermion Segal CFT, in arbitrary genus, using Hilbert
spaces and trace class operators (Chapter 4),

• An explicit identification of the operators assigned to three-punctured spheres with the
free fermion vertex operator algebra (Chapter 5.1),

• Preliminary construction of tensor products of SU(k)` WZW vertex modules via de-
scent from fermions (Chapter 5.2).

While there have been previous descriptions of Segal CFTs (e.g. [Seg04, Hua98, BK01,
Pos03]), Chapter 4 gives, to our knowledge, the first detailed construction of a Segal CFT
in arbitrary genus based on Hilbert spaces and trace class operators. Regarding the results
of Chapter 5, we are very grateful to Antony Wassermann for explaining the connection
between Segal CFT and vertex operator algebras, in particular the statement of the crucial
Theorem 5.6.

A major feature of our construction of the free fermion Segal CFT is that it emphasizes
analytic properties. Our methods are explicit and constructive, and are intended to facilitate
computation. In future work we will use the analytic properties of the Segal CFT to construct
the corresponding conformal net. While the free fermion conformal net is hardly a new object,
this is a proof of concept for the philosophy that Segal CFTs with sufficiently nice analytic
properties can be used to construct conformal nets. We also hope to use these properties to
extend our theory to cobordisms with corners, as required in [ST04].

This thesis is organized as follows. In Chapter 2, we review several preliminary notions,
including super Hilbert spaces, complex manifolds, and spin structures. We also review the
machinery of fermionic second quantization, which lies at the heart of our constructions.
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In Chapter 3, we carefully define the notion of chiral Segal CFT. The emphasis on
construction and calculation influences the nature of these definitions. The definitions are
phrased as concretely as possible, and in particular we will require that the boundaries of
our cobordisms are parameterized.

In Chapter 4, we give two constructions of free fermion Segal CFTs. The first (pre-
liminary) construction is a non-unitary theory with a single sector. We then use this to
construct a unitary free fermion Segal CFT which is defined on cobordisms with a choice
of spin structure. The proof that these constructions give Segal CFTs requires two results
from other chapters: the main result of Appendix A to verify that the theory is non-trivial
and local, and the main result of Section 5.1 to verify holomorphic dependence of the fields.

In Chapter 5, we investigate two applications of the construction from Chapter 4. In
Section 5.1, we recover the free fermion vertex operator algebra from the Segal CFT. In
Section 5.2, we obtain several consequences of the fact that the vertex operator algebra for
the WZW model SU(k)` sits inside the VOA for the free fermion. We define a notion of the
fusion of two representations of LSU(k)` embedded in fermionic Fock space, and show that
it always produces a quotient of the standard fusion

⊕
N ν
λµHν . As a corollary, we positively

answer a conjecture of Vaughan Jones regarding the internal fusion of isotypical components.
We also describe how one can extract the SU(2)` fusion rules from this construction.

In Appendix A, we develop a technical tool for our construction, the Cauchy transform
for Riemann surfaces. Our development parallels the description of the Cauchy transform
for planar domains in [Bel92]. A key theorem is that the Cauchy transform gives a bounded
operator which differs from the Hardy space projection by a Hilbert-Schmidt operator. This
allows us to replace the Hardy space projection with the Cauchy transform in certain key
computations, and then exploit locality properties of the Cauchy transform (Theorem A.15
and preceding remarks). We would like to thank Antony Wassermann for explaining how
singular integral operators could be used to prove Theorem A.1(1) in the planar case, which
was the motivation for Appendix A.

We conclude with several directions for future research.

• We would like to construct the Segal CFT for SU(k)` WZW models as a subtheory of
the free fermion model. We briefly indicate our approach to this problem in Remark
5.19.

• From Section 5.1, we can think of the fields of the free fermion Segal CFT as cylinders
with a disk removed. Following a suggestion of André Henriques, we wish to obtain the
operators of the corresponding conformal net from these cylinders, in the limit where
intervals on the top and bottom circles of the cylinder pinch together. We should also
point out very interesting ongoing work which relates conformal nets and Segal CFTs
in [BDH13] and subsequent papers.

• The tools used to construct the free fermion Segal CFT have natural extensions to
complex manifolds with corners on the boundary. We would like to investigate whether
these tools can be used to construct a local conformal field theory on these manifolds,
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as described in [ST04]. We expect that the locality properties of the Cauchy transform
discussed in Appendix A will play an important role.

• We would like to say more about the categorical structures of the Segal CFTs that
we construct. In particular, we would like to investigate how easily one can recover
facts related to the modularity of the representation categories of the SU(k)` models
([Was98, Xu00, KLM01] for conformal nets, [FZ92, Zhu96] for VOAs, or [MS89, BK01]
for modular functors) using the techniques of Section 5.2.
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Chapter 2

Preliminaries

2.1 Vector spaces, Hilbert spaces and operators

We begin by fixing notation and basic notions. If V and W are complex vector spaces,
we will write L(V,W ) for the vector space of linear maps from V to W . If H and K are
(pre-)Hilbert spaces, then we will write B(H,K) for the space of bounded linear maps from
H to K. If V = W or H = K, we will write L(V ) or End(V ) for the linear endomorphisms
of V , and B(H) for bounded linear operators on H. We will write U(H) and P(H) for the
unitary operators and projections on H, respectively.

For p ≥ 1, define Ip(H,K) = {x ∈ B(H,K) : tr((x∗x)p/2) < ∞}. When H = K,
Ip(H,K) is a ∗-ideal of B(H) called the Schatten p-ideal. More generally, Ip(H,K) is a
B(K)− B(H) bimodule. The vector space Ip(H,K) is complete with respect to the norm

‖x‖Ip = tr((x∗x)p/2)1/p.

We will be interested in the cases p = 1 and p = 2, in which case the elements of Ip(H,K) are
called trace class and Hilbert-Schmidt operators, respectively. Since Ip(H,K) ⊂ Ip′(H,K)
when p < p′, all trace class operators are Hilbert-Schmidt. Conversely, the product of
Hilbert-Schmidt operators is trace class. The Hilbert-Schmidt operators are a Hilbert space,
with inner product

〈x, y〉 = tr(y∗x).

Our inner products will always be complex linear in the first slot.
There is a natural isomorphism of Hilbert spacesH∗⊗K ∼= I2(H,K). Note that whenever

we write tensor products of Hilbert spaces, we are referring to the Hilbert space tensor
product. The notation H∗ will always refer to the continuous dual, and we will denote by
ξ 7→ ξ∗ the conjugate linear isomorphism H → H∗.

If V is a complex vector space, denote by V the vector space with the conjugate complex
structure. If ξ ∈ V , we will write ξ ∈ V for the image of ξ under the identity map VR → V R.

Remark 2.1. If V = Ck, the above notation is confusing as the symbol ξ is already as-
sociated with componentwise complex conjugation. In this case, we will use the notation
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ι : Ck → Ck for the conjugate linear identity map and reserve the conjugate notation ξ for
the conjugate linear (non-identity) map Ck → Ck.

We will identify B(H∗, K∗) and B(H,K) by setting xξ∗ = (xξ)∗ for x ∈ B(H,K).

2.2 Super Hilbert spaces

The theory of the free fermion is Z/2-graded, meaning that all Hilbert spaces H will carry
a Z/2-grading

H = H0 ⊕H1.

We will call such an H a super Hilbert space. We call elements of H0 and H1 the even and
odd homogeneous elements, respectively. The tensor product of super Hilbert spaces H ⊗K
is again a super Hilbert space, with

(H ⊗K)0 = (H0 ⊗K0)⊕ (H1 ⊗K1), (H ⊗K)1 = (H0 ⊗K1)⊕ (H1 ⊗K0).

The braiding

H ⊗K
βH,K→ K ⊗H

is given on homogeneous elements ξ, η by

βH,K(ξ ⊗ η) = (−1)p(ξ)p(η)η ⊗ ξ, (2.1)

where p(ξ), p(η) ∈ {0, 1} are the parities. When we write expressions involving the parity,
they should be interpreted as holding for homogeneous elements, and extended linearly
otherwise.

The braiding of super Hilbert spaces is symmetric. That is, given a permutation σ of
{1, . . . , n}, the isomorphism

H1 ⊗ · · · ⊗Hn → Hσ(1) ⊗ · · · ⊗Hσ(n) (2.2)

induced by the braidings is independent of the manner in which transpositions are applied.
We will now spell out some of the consequences of (2.1). For a more detailed treatment,

see [DM99, Ch. 1].
If H and K are super Hilbert spaces, then B(H,K) is a super vector space with B(H,K)0

the grading preserving maps and B(H,K)1 the grading reversing maps. A particularly
important even element of B(H) is the grading operator dH which acts by 1 on H0 and −1
on H1.

Given a finite family {Hi}i∈I of super Hilbert spaces, we define the unordered tensor
product to be the collection of all ordered tensor products of the Hi, along with the family
of isomorphisms (2.2).
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A map of unordered tensor products

x :
⊗
i∈I

Hi →
⊗
j∈J

Kj

is a natural family of bounded linear maps between ordered tensor products

xνµ :

|I|⊗
k=1

Hµ(k) →
|J |⊗
k=1

Kν(k)

where µ and ν are bijections µ : {1, . . . , |I|} → I and ν : {1, . . . , |J |} → J . The naturality
of the family of maps means that the diagrams⊗|I|

k=1 Hµ(k)

xνµ−−−→
⊗|J |

k=1Kν(k)yβ yβ⊗|I|
k=1Hµ′(k)

xν
′
µ′−−−→

⊗|J |
k=1 Kν′(k)

(2.3)

commute. Given a bounded linear map between ordered tensor products, there is a unique
map of the corresponding unordered tensor products that includes that map. More generally,
we can define an unbounded linear map between unordered tensor products in exactly the
same way, where (2.3) implicitly asserts that the domains of xνµ and xν

′

µ′ are related by the
braiding.

If we have a pair of maps of unordered tensor products⊗
i∈I

Hi
x→
⊗
j∈J

Kj,
⊗
j∈J

Kj
y→
⊗
s∈S

Ls,

then the composition yx is unambiguously defined by any composition of ordered maps yρνx
ν
µ.

Given even maps of unordered tensor products x and x′, we can form their tensor product
x⊗̂x′ by taking the unique family of maps containing all of the xνµ ⊗ (x′)ν

′

µ′ . Note that

x⊗̂x′ = x′⊗̂x as maps of unordered tensor products.
We wish to understand the evaluation map ev : H∗ ⊗ H → C, as well as the related

notions of operator composition and partial trace. Since this map is unbounded when H is
infinite-dimensional, we will temporarily assume dimH <∞. We will deduce the sign rules
for evaluation in this special case, and then impose the same rules in general.

The evaluation map H∗ ⊗H → C is given by

evH(ξ∗ ⊗ η) = ξ∗(η) = 〈η, ξ〉,

and is evidently even. More generally, if {Hi}i∈I is a finite collection of finite-dimensional
Hilbert spaces and Hi0 = H∗i1 , then we have a graded partial evaluation evi0i1 = evHi1 ⊗̂1.
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We now wish to define an even isomorphism αH,K : (H ⊗K)∗ → K∗ ⊗H∗ of unordered
tensor products. Such an isomorphism is determined by requiring that

(evH ⊗̂ evK)(αH,K⊗̂1) = evH⊗K .

One can compute that the correct isomorphism is given, with respect to the ordering above,
by

αH,K((ξ ⊗ η)∗) = η∗ ⊗ ξ∗.

Remaining in the finite-dimensional case, we wish to define an even isomorphism of
unordered tensor products

ιH,K : H∗ ⊗K → B(H,K)

in such a way that evaluation of maps is given by

B(H,K)⊗H
ι−1
H,K⊗̂1−→ H∗ ⊗K ⊗H 1⊗̂ evH−→ K

when the tensor factors are ordered as above. The correct definition is

ιH,K(ξ∗ ⊗ η) = ψ 7→ (−1)p(ξ)p(η)〈ψ, ξ〉η.

The composition
(ιH,L⊗̂ιK,M)(αH,K⊗̂1)ι−1

H⊗K,L⊗M

gives an isomorphism

B(H ⊗K,L⊗M) ∼= B(H,L)⊗ B(K,M). (2.4)

If x ∈ B(H,L) and y ∈ B(K,M), then we will write x⊗y for the element of B(H⊗K,L⊗M)
that acts by (x ⊗ y)(ξ ⊗ η) = xξ ⊗ yη. On the other hand, we will write x⊗̂y for the
corresponding element of B(H,L) ⊗ B(K,M), and identify this with its image under the
isomorphism (2.4).

Under this identification, one has

x⊗̂y = xd
p(y)
H ⊗ y.

This definition of x⊗̂y coincides with the one given earlier for even x and y. If H, K, L
and M are unordered tensor products, and x and y are maps of unordered tensor products,
then x⊗̂y and y⊗̂x induce maps of unordered tensor products H ⊗ K → L ⊗ M . As
maps of unordered tensor products, we have x⊗̂y = (−1)p(x)p(y)y⊗̂x and (x1⊗̂y1)(x2⊗̂y2) =
(−1)p(y1)p(x2)x1x2⊗̂y1y2.

The isomorphism ιH,K has the following bimodularity property.

Proposition 2.2. If ξ ∈ H∗ ⊗K, x ∈ B(H) and y ∈ B(K), then

ιH,K((x⊗̂1)ξ) = d
p(x)
K ιH,K(ξ)x∗, ιH,K((1⊗̂y)ξ) = yιH,K(ξ).
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An operator of particular interest to us is the supertrace τ s, given by

τ s = B(H)
ι−1

−→ H∗ ⊗H evH−→ C.

It is not hard to check that
τ s(z) = τ(dHz)

where τ is the ordinary trace.
More generally, we can define the partial supertrace

τ sL : B(H ⊗ L,K ⊗ L)→ B(H,K).

by
τs = ιH,K ◦ evL ◦ι−1

H⊗L,K⊗L. (2.5)

Proposition 2.3. Let z ∈ B(H ⊗ L,K ⊗ L) be a map of unordered tensor products.

1. τ sL(z) = τL(z(1 ⊗ dL)) where the ordinary partial trace τL is computed with respect to
the given ordering.

2. If x ∈ B(H) and y ∈ B(K), then τ sL(z)x = τ sL(z(x⊗̂1)) and yτ sL(z) = τ sL((y⊗̂1)z).

3. If w ∈ B(L), then τ sL((1⊗̂w)z) = (−1)p(z)τ sL(z(1⊗̂w)).

Remark 2.4. In the case of the (non-partial) supertrace, statement (3) gives τ s(zw) =
(−1)p(z)τ s(wz) instead of the more familiar τ s(zw) = (−1)p(z)p(w)τ s(wz). However, since τ s

is even the two properties are equivalent.

Proposition 2.5. Let z1 ∈ B(H,K⊗L) and z2 ∈ B(L⊗M,N) be maps of unordered tensor
products. Then τ sL(z2⊗̂z1) = (z2⊗̂1K)(z1⊗̂1M).

So far, we have only discussed the partial supertrace for finite-dimensional Hilbert spaces.
However, its definition in equation (2.5) makes sense as an unbounded operator. Its domain
includes trace class operators, as well as z2⊗̂z1 for all z1 ∈ B(H,L) and z2 ∈ B(L,K). All
of the sign rules of this chapter extend to the infinite dimensional case by taking limits of
compressions by finite-rank projections.

2.3 Fermionic Fock space

Given a complex Hilbert space H, the algebra CAR(H) is the universal unital C∗-algebra
with generators a(f) for f ∈ H which are linear in f and satisfy the canonical anticommu-
tation relations

a(f)a(g) + a(g)a(f) = 0,

a(f)a(g)∗ + a(g)∗a(f) = 〈f, g〉1.
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There is an irreducible, faithful representation of CAR(H) on the Hilbert space

ΛH =
∞⊕
k=0

ΛkH

densely defined by a(f)ζ = f ∧ ζ. These operators are bounded, and ‖a(f)‖ = ‖f‖. The
exterior Hilbert space ΛH is naturally a super Hilbert space, with Z/2-grading inherited
from the number grading. That is,

(ΛH)i =
∞⊕
k=0

Λ2k+iH.

The subspace Λ0H is spanned by a distinguished unit vector Ω which satisfies a(f)∗Ω = 0
for all f ∈ H.

There is a family of irreducible, faithful representations of CAR(H) indexed by projec-
tions p ∈ P(H). Let Hp = pH ⊕ ((1 − p)H)∗. We have a representation πp : CAR(H) →
B(ΛHp) given by

πp(a(f)) = a(pf) + a(((1− p)f)∗)∗.

We call ΛHp fermionic Fock space, and denote it by FH,p, or simply Fp or F when the
decorations are clear from context. Note that πp(a(f)) is an odd operator on FH,p.

One can reconstruct the representation (Fp, πp) via the GNS construction with respect
to the vacuum expectation ωp = 〈 · Ωp,Ωp〉, where Ωp is the distinguished unit vector in
Λ0Hp. This state is determined by the canonical anticommutation relations, as well as the
p-vacuum equations

πp(a(f))∗Ωp = 0 for f ∈ pH,
πp(a(f))Ωp = 0 for f ∈ (1− p)H,

which determine Ωp up to a phase.
A crucial property of the Fock space construction is its functoriality.

Proposition 2.6. As super Hilbert spaces, we have natural isomorphisms

FH⊕K,p⊕q ∼= FH,p ⊗FK,q.

The induced action of CAR(H ⊕K) on FH,p ⊗FK,q is

a(h+ k) 7→ πp(a(h))⊗̂1 + 1⊗̂πq(a(k)). (2.6)

Remark 2.7. The naturality of the isomorphisms from Proposition 2.6 make FH⊕K,p⊕q a
model for the unordered tensor product. That is, maps to and from FH⊕K,p⊕q are equivalent
to maps to and from the unordered tensor product FH,p ⊗ FK,q. As a result, we will not
distinguish between FH⊕K,p⊕q and the unordered tensor product FH,p ⊗ FK,q. We will also
freely identify πp⊕q and the representation given in equation (2.6).
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Since H1−p = H∗p , we have a natural unitary Φ : F1−p → F∗p given by

Φ(ξ∗1 ∧ · · · ∧ ξ∗n) = (ξn ∧ · · · ∧ ξ1)∗

for ξi ∈ Hp.

Proposition 2.8. For all f ∈ H we have

Φπ1−p(a(f))Φ∗ = −πp(a((2p− 1)f))∗dF∗p

and
Φπ1−p(a(f))∗Φ∗ = πp(a((2p− 1)f))dF∗p .

Proof. The two identities are clearly equivalent for every fixed f ∈ H. We prove the first for
f ∈ (1− p)H and the second for f ∈ pH.

If f ∈ (1− p)H, then the first identity reads

Φπ1−p(a(f))Φ∗ = πp(a(f))∗dF∗p .

Applying the left-hand side to ω∗ ∈ (ΛnHp)
∗ yields (ω ∧ f ∗)∗, and applying the right-hand

side yields (−1)n(f ∗ ∧ ω)∗. The proof of the second identity when f ∈ pH is similar.

The natural question of when πp and πq are unitarily equivalent is answered by the
following theorem.

Theorem 2.9 (Segal equivalence criterion). The following are equivalent:

(i) πp and πq are unitarily equivalent representations of CAR(H).

(ii) There exists a unit vector Ω̃q ∈ ΛHp, which will be unique up to phase, satisfying the
q-vacuum equations.

(iii) p− q is a Hilbert-Schmidt operator on H.

This theorem is also called the Shale-Stinespring criterion, and there are many proofs
in the literature. A simple version of the argument may be found in the textbook [Tha92,
Thm. 10.7]. A more concise version of the constructive proof that (iii) implies (ii) and (i) is
in [Was98, Sec. 3], and an abstract proof using von Neumann algebra techniques is given in
[dlHJ95, Thm. 8.23]

If u ∈ U(H), the Bogoliubov automorphism αu of CAR(H) is characterized by αu(a(f)) =
a(uf). We say that an automorphism α of a C∗-algebra A is implemented in a representation
π : A → B(Hπ) if there is a unitary U ∈ U(Hπ) such that AdU ◦ π = π ◦ α. The set of
unitaries U implementing αu is a principal homogeneous space for U(π(A)′), and in particular
if π is irreducible then an implementing unitary U will be unique up to phase.
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Corollary 2.10. The Bogoliubov automorphism αu is implemented in πp if and only if [u, p]
is Hilbert-Schmidt. If αu is implemented by U , then Ω is an eigenvector for U if and only if
[u, p] = 0.

Definition 2.11. Define the restricted general linear group

GLres(H, p) = {x ∈ GL(H) : [x, p] is Hilbert-Schmidt}.

and the restricted unitary group

Ures(H, p) = GLres(H, p) ∩ U(H).

We give Ures the topology generated by the strong operator topology and the pseudo-
metric ‖[u− v, p]‖I2 . With this topology, Ures is a topological group.

There is a natural projective representation of Ures(H, p) on FH,p called the basic repre-
sentation, which we will write u 7→ U . The basic representation is characterized by

Uπp(a(f))U∗ = πp(a(uf))

for all f ∈ H. The basic representation restricts to an honest representation on the subgroup
of unitary operators u commuting with p. On this subgroup, a lift to U(FH,p) is given by
choosing U so that UΩ = Ω.

Lemma 2.12. The basic representation is strongly continuous.

A proof of this lemma is given in [Was98, Sec. 3].
We will denote by dFp the Z/2-grading operator which implements α−1 and fixes Ω. This

grading coincides with the one defined earlier on Fp coming from the number grading . We
will simply write d for the grading operator when the Fock space that it acts on is clear.

Proposition 2.13. The vectors Ω̃q from Theorem 2.9 are homogeneous. The parity of Ω̃q

is the parity of dim (pH ∩ (1− q)H) + dim ((1− p)H ∩ qH).

Proof. The homogeneity of Ω̃q follows immediately from the fact that dΩ̃q again satisfies
the q-vacuum equations, and thus Ω̃q is an eigenvector for the grading operator. The parity
can be read off from an explicit formula for Ω̃q (see e.g. [Was98, Sec. 3] or [Tha92, Thm
10.6]).

Proposition 2.14. If U implements the Bogoliubov automorphism αu in FH,p, then U is
homogeneous. The parity of U is the same as the parity of Ω̃q, where q = upu∗.

Suppose H and K are Hilbert spaces, p ∈ P(H), r ∈ P(K), and q ∈ P(H ⊕ K).
If ((1 − p ⊕ r) − q is Hilbert-Schmidt, then using Theorem 2.9 and Proposition 2.8 we
obtain a one-dimensional space of vacuum vectors in F∗H,p ⊗ FK,r, or equivalently a one-
dimensional space space of Hilbert-Schmidt maps FH,p → FK,r. The vacuum vectors satisfy
the q-vacuum equations, and these induce intertwining relations between the correspond-
ing Hilbert-Schmidt maps and the representations of CAR(H) and CAR(K). The precise
relations that these maps satisfy are given by the following lemma.
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Lemma 2.15 (q-commutation relations). Let H and K be Hilbert spaces, p ∈ P(H), r ∈
P(K), and q ∈ P(H ⊕K). Then the following are equivalent.

1. ((1− p)⊕ r)− q is Hilbert-Schmidt.

2. There exists a (necessarily unique up to scalar) Z/2-homogeneous Hilbert-Schmidt map
Tq : FH,p → FK,r satisfying

πp(a(g))∗Tq = (−1)p(Tq)Tqπ(a(f))∗ (2.7)

for all (f, g) ∈ Im(q), and

πp(a(g))Tq = −(−1)p(Tq)Tqπ(a(f)) (2.8)

for all (f, g) ∈ Im(q)⊥.

Proof. First assume condition (1) holds. Observe that

q′ = ((1− 2p)⊕ 1)q((1− 2p)⊕ 1)

also satisfies condition (1). Thus by Theorem 2.9 there exists a non-zero Ω̃q′ ∈ FH⊕K,(1−p)⊕r
such that

π(1−p)⊕r(a(f, g))∗Ω̃q′ = 0

for all (f, g) ∈ Im(q′) and
π(1−p)⊕r(a(f, g))Ω̃q′ = 0

for all (f, g) ∈ Im(q′)⊥.
Let Ω̂q′ be the image of Ω̃q′ under the isomorphism

FH⊕K,(1−p)⊕r → FH,1−p ⊗FK,r

from Proposition 2.6. By the same proposition, we see that for (f, g) ∈ Im(q′) we have

(π1−p(a(f))∗⊗̂1 + 1⊗̂πr(a(g))∗)Ω̂q′ = 0.

By Proposition 2.8, we have

(πp(a((2p− 1)f))d⊗̂1 + 1⊗̂πr(a(g))∗)(Φ⊗ 1)Ω̂q′ = 0.

Let Tq ∈ B(FH,p,FK,r) be the image of (Φ⊗ 1)Ω̂q′ under the natural isomorphism ιFH,p,FK,r .
By Proposition 2.13, Tq is homogeneous. Applying Proposition 2.2 gives

πr(a(g))∗Tq = −dTqdπp(a((2p− 1)f))∗ = (−1)p(Tq)Tqπp(a((1− 2p)f))∗.

By construction, (f, g) ∈ Im(q′) if and only if ((1−2p)f, g) ∈ Im(q), and so Tq satisfies (2.7).
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Similarly, if (f, g) ∈ Im(q′)⊥, then

(−πp(a((2p− 1)f))∗d⊗ 1 + 1⊗̂πr(a(g)))(Φ⊗ 1)Ω̂q′ = 0

which yields the commutation relation

πr(a(g))Tq = −(−1)p(Tq)Tqπp(a((1− 2p)f)).

Since (f, g) ∈ Im(q′)⊥, the condition (2.8) will hold when (f, g) ∈ Im(q)⊥. This completes
the proof that (1) implies (2).

In fact, every step in the preceding proof was an equivalence, and so we are done.

Definition 2.16. The commutation relations (2.7) and (2.8) are called the q-commutation
relations or the qH-commutation relations.

The conclusion of Lemma 2.15 can be summarized by saying there is at most a one-
dimensional space of Hilbert-Schmidt maps satisfying the q-commutation relations, and this
space is one-dimensional precisely when ((1− p)⊕ r)− q is Hilbert-Schmidt.

We will find the following observations useful.

Proposition 2.17. If u ∈ Ures(H, p), v ∈ Ures(K, r), and Tq ∈ B(FH,p,FK,r) satisfies the q-

commutation relations, then d
p(U)+p(V )
FK,r UTqV

∗ satisfies the (u⊕ v)qH-commutation relations.

Proposition 2.18. If c is an idempotent operator on H with c − p Hilbert-Schmidt and q
is the range projection of c, then q − p is Hilbert-Schmidt. In particular, if x ∈ GLres(H, p)
and q is the range projection of xpx−1, then q − p is Hilbert-Schmidt.

Proof. Since c− p is Hilbert-Schmidt, so is (c− p)− (c− p)∗ = c− c∗. We compute

q − p = cq − p
= (c− c∗)q + (qc− p)∗

= (c− c∗)q + (c− p)∗

which is evidently Hilbert-Schmidt.

2.4 Representations of Diff+(S1)

We will use fermionic Fock space primarily in the case where H = L2(S1,Ck) and p+H is
the Hardy space H2(S1,Ck). That is

H2(S1,Ck) = cl(span{znξ : n ≥ 0, ξ ∈ Ck}).

Let LGL(k) be the loop group of smooth maps from S1 to GL(k), and let Diff+(S1) be the
group of orientation-preserving diffeomorphisms of the circle. There is a natural action

t : LGL(k) o Diff+(S1)→ B(L2(S1,Ck)),
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given by
(t(x, φ)f)(z) = x(z)f(φ−1(z)).

We define the subgroup LωGL(k) o Diff+,ω(S1) to consist of elements that extend to holo-
morphic maps in a neighborhood of S1.

The given representation of Diff+(S1) is not unitary. We can define a unitary represen-
tation uR : Diff+(S1)→ U(H) by

(uR(φ)f)(z) =
∣∣(φ−1)′(z)

∣∣ 1
2 f(φ−1(z)).

This representation comes from the embedding of Diff+(S1) into LGL(k) o Diff+(S1) via

φ 7→ (
∣∣(φ−1)′

∣∣ 1
2 , φ).

Remark 2.19. It is not immediately obvious, but this also gives an embedding of Diff+,ω(S1)
into LωGL(k) o Diff+,ω(S1). Since φ−1 ∈ Diff+(S1),

∣∣(φ−1)′(z)
∣∣ =

z(φ−1)′(z)

φ−1(z)
.

Thus if f is a holomorphic extension of φ to a neighborhood of S1, we can define√
z(f−1)′(z)

f−1(z)

by analytic continuation, and this function gives a holomorphic extension of |(φ−1)′|
1
2 .

The notation uR is to indicate that these give automorphisms of the Ramond spin struc-
ture over the circle (see Sections 2.6 and 3.3). To identify diffeomorphisms with automor-
phisms of the Neveu-Schwarz spin structure, we will need to pass to a double cover.

Definition 2.20. Define the n-fold cover

Diff
(n)
+ (S1) = {(η, φ) ∈ LGL(1) o Diff+(S1)) : ηn = (φ−1)′}.

The Neveu-Schwarz representation

uNS : Diff
(2)
+ (S1)→ U(L2(S1,Ck))

is given by uNS(η, φ)f = t(η, φ)f .

Proposition 2.21. The representation t of LGL(k)oDiff+(S1) takes values in GLres(H, p).
In particular, uR and uNS take values in Ures(H, p).

Proof. This follows from Propositions 6.3.1 and 6.8.2 of [PS86].



CHAPTER 2. PRELIMINARIES 16

We give Diff
(n)
+ (S1) the topology induced by the metric

d((η1, φ1), (η2, φ2)) = ‖φ1 − φ2‖∞ + ‖η1 − η2‖C2 ,

where
‖η‖C2 = ‖η‖∞ + ‖η′‖∞ + ‖η′′‖∞ .

While this metric is not particularly natural, it is easy to compute with and we will only be
interested in the following properties.

Proposition 2.22. The representations uR and uNS are continuous as maps into the re-
stricted unitary group Ures(H, p+), and the holomorphic subgroup Diff

(n)
+,ω(S1) is dense in

Diff
(n)
+ (S1).

Proof. To approximate (η, φ) ∈ Diff
(n)
+ (S1) by elements of Diff

(n)
+,ω(S1) one can approximate

−i log(z−1φ(z)) by the partial sums of its real Fourier series.

It is easy to check that if (ηn, φn) → (η, φ) in Diff
(n)
+ (S1), then uNS(ηn, φn) and uR(φn)

converge strongly to uNS(η, φ) and uR(φ), respectively.
The fact that ‖[uR(φn)− uR(φ), p+]‖I2 → 0 can be read off from the explicit formula for

the matrix entries of [t(φ), p+] computed in [Seg81, Prop. 5.3].
Observe that uNS(ηn, φn) = MψnuR(φn), where Mψn is multiplication by

ψn :=
ηn

|(φ−1
n )′|1/2

.

The choice of metric on Diff
(2)
+ (S1) ensures that ψn → ψ and ψ′n → ψ′ uniformly, so

Mψn →Mψ in Ures by [PS86, Prop. 6.3.1]. Since Ures is a topological group,

uNS(ηn, φn)→MψuR(φ) = uNS(η, φ).

Composing with the basic representation gives strongly continuous projective represen-
tations UR (and UNS) of Diff+(S1) (and Diff

(2)
+ (S1)) on FH,p+ . The images of UNS and UR

consist of homogeneous operators by Proposition 2.14, and these operators must be even by
the connectedness of Diff

(2)
+ (S1) and Diff+(S1).

Let Rot(S1) be the subgroup of Diff+(S1) consisting of rotations. If rθ ∈ Rot(S1) is clock-
wise rotation by θ, then [rθ, p+] = 0 so UR gives an honest, strongly continuous representation
of Rot(S1) on FH,p. By Stone’s theorem, we can write

UR(rθ) = eiθL
R
0

with LR0 an unbounded self-adjoint operator on FH,p. A priori we must have σ(L0) ⊆ Z, and
so LR0 is diagonalizable. Explicit calculation (Proposition 2.28) shows that LR0 is positive
and has finite-dimensional eigenspaces.
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Definition 2.23. We say that a strongly continuous representation U : Rot(S1) → U(H)
has positive energy if U(rθ) = eiθL0 with L0 a positive operator having finite-dimensional
eigenspaces. We call L0 the generator of the representation.

We will also require a notion of projective positive energy representation. The subgroup
Rot(n)(S1) ⊂ Diff

(n)
+ (S1) is given by

Rot(n)(S1) = {(ξ, rθ) ∈ S1 × Rot(S1) : ξn = eiθ}.

There is an isomorphism s : Rot(n)(S1)→ Rot(S1) which implements the n-fold cover of S1

by itself and sends (ξ, rθ) to z 7→ ξz.

Definition 2.24. We say that a strongly continuous unitary representation U : Rot(n)(S1)→
U(H) has positive energy if U ◦ s−1 has positive energy and U(ξ,1) ∈ C1.

We say that a projective representation Ũ of Rot(S1) has positive energy if it is of the form
Ũ(rθ) = [U(e2πi/n, rθ)] for a positive energy representation U of Rot(n)(S1), where x 7→ [x] is
the natural projection of GL(H) onto PGL(H).

We define the generator L0 of U to be the generator of U ◦ s−1, and the generator of Ũ
to be 1

n
L0.

A strongly continuous representation of Diff+(S1) or Diff
(n)
+ (S1) is said to have positive

energy if the restriction to the rotation subgroup has positive energy.

Remark 2.25. If U is a representation of Rot(n)(S1), then tensoring by a character of S1

gives a new representation in the same projective class. Thus if Ũ is a projective positive
energy representation, a lift to Rot(n) is only well-defined up to the choice of a character.
Since the value of n is also not well-defined, the generator LŨ0 is only well-defined up to
adding an element of Q1. This is a vaguer notion of generator than one requires in general,
but it will suffice for our purposes.

For every choice of (projective) generator L0, we will have σ(L0) ⊆ q + Z≥0 for some
q ∈ Q≥0. Since L0 has discrete spectrum, it is diagonalizable and we can write

H =
⊕

h∈σ(L0)

H(h).

where H(h) is finite-dimensional and L0|H(h) = h1.

The representation UNS of Diff(2)(S1) does not have positive energy. In particular, one
can check that UNS(−1,1) = dFH,p+ , which is not a multiple of the identity. We will now
define the notation of a positive energy spin representation to capture this behavior.

Definition 2.26. Let H = H0⊕H1 be a super Hilbert space with projections p0 and p1 onto
the even and odd subspaces, respectively. We say that a strongly continuous unitary repre-
sentation U : Rot(2n)(S1)→ U(H) is a positive energy spin representation if [U(ξ, rθ), p

i] = 0
for all (ξ, rθ), the compressions

(ξ, rθ) 7→ piU(ξ, rθ)p
i
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are positive energy representations of Rot(2n)(S1), and

p0U(eπik/n,1)p0 = αp0 ⇐⇒ p1U(eπik/n,1)p1 = (−1)kαp1

for all 1 ≤ k ≤ 2n. We define the generator L0 of the representation to be L0
0 ⊕ L1

0, where
Li0 is the generator of the compression of U by pi.

If Ũ is projective representation of Rot(2)(S1), we say that it is a projective positive energy
spin representation if there is a positive energy spin representation U : Rot(2n) → U(H) such
that U(ξn, rθ) = [Ũ(ξ, rθ)] for all (ξ, rθ) ∈ Rot(2n)(S1). The generator of Ũ is 1

n
LU0 .

If U is a representation of Diff(2n)(S1), we say that it is a positive energy spin represen-
tation if the restriction to Rot(2n)(S1) has positive energy.

Remark 2.27. If L0 is the generator of a positive energy spin representation of Rot(2)(S1),
then σ(L0) ⊆ 1

2
Z≥0. If the representation is projective, then σ(L0) ⊂ q + 1

2
Z≥0 for some

q ∈ Q≥0.

It is not difficult to calculate explicitly the action of the generators of UR and UNS.

Proposition 2.28. Let v1, . . . , vp, w1, . . . , wq ∈ Ck, and let n1, . . . , np,m1, . . . ,mq ∈ Z. If

ξ = πp+(a(znpvp)
∗ · · · a(zn1v1)a(zm1w1) · · · a(zmqwq)

∗)Ω,

then

LR0 ξ =

(
p∑
i=1

−ni +

q∑
i=1

mi

)
ξ

and

LNS0 ξ =

(
p∑
i=1

−(ni +
1

2
) +

q∑
i=1

(mi +
1

2
)

)
ξ.

We also have

[LNS0 , πp+(a(znv))] = (n+
1

2
)a(znv), [LR0 , πp+(a(znv))] = nπp+(a(znv))

and

[LNS0 , πp+(a(znv))∗] = −(n+
1

2
)a(znv), [LR0 , πp+(a(znv))] = −nπp+(a(znv)).

2.5 Complex surfaces and complex vector bundles

Complex manifolds

In this section we will assume that the reader is familiar with the basics of real smooth
surfaces and real smooth vector bundles, and recall the corresponding complex notions. A
more detailed treatment can be found in [AS60] or [For81].
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A surface Σ is a 2-dimensional real manifold. A surface is called closed if it is compact
and has empty boundary, and a surface is called open if it has empty boundary and every
connected component is non-compact. All surfaces that we consider will be smooth and
either open, or compact with non-empty boundary.

A holomorphic atlas is given by an open covering {Ui} of Σ, along with diffeomorphisms
φi : Ui → D or φi : Ui → D ∩ cl(H) (where D is the open unit disk in C and H is the open
upper half plane) such that the transition maps

φi ◦ φ−1
j : φj(Ui ∩ Uj)→ C

are holomorphic. Here, and throughout, if S ⊂ C we will say that a function f : S → C is
holomorphic if it extends to a holomorphic function defined on an open set U ⊇ S.

If Σ and Σ′ are surfaces equipped with holomorphic atlases (Ui, φi) and (Vj, φ
′
j), respec-

tively, a function f : Σ → Σ′ is called holomorphic if φ′j ◦ f ◦ φ−1
i : φi(Ui ∩ f−1(Vj)) → C

is holomorphic for all i and j where the domain is non-empty. We will denote by O(Σ) the
algebra of holomorphic functions valued in C.

A diffeomorphism f : Σ→ Σ′ is called biholomorphic if f (and thus f−1) is holomorphic.
A local coordinate on Σ is a biholomorphic map from an open subset of Σ onto a subset
of the complex plane. A function f : Σ → Σ′ is holomorphic if and only if ψ ◦ f ◦ φ−1 is
holomorphic for all local coordinates (U, φ) and (V, ψ) on Σ and Σ′, respectively, for which
this expression makes sense.

Two holomorphic atlases (Ui, φi) and (U ′i , φ
′
i) are called equivalent if the identity map

(Σ, U, φ) → (Σ, U ′, φ′) is holomorphic, or equivalently if (Σ, U, φ) and (Σ, U ′, φ′) have the
same holomorphic functions. A complex structure on Σ is a choice of equivalence class of
holomorphic atlas, and a surface with a complex structure is called a Riemann surface.

Given a Riemann surface Σ with a holomorphic atlas (Ui, φi), define the conjugate surface
Σ to be the same smooth manifold with holomorphic atlas {Ui, φi}.

Complex and holomorphic vector bundles

If Σ is a surface, a complex vector bundle of rank n π : V → Σ is a smooth vector bundle
modeled on Cn with complex linear transition functions. That is, the fibers are complex
vector spaces, and there exists an open covering Ui of Σ and a family of diffeomorphisms
φi : π−1(Ui)→ Ui × Cn such that

π|Ui = projUi ◦φi,

as well as transition functions tij : Ui ∩ Uj → GL(Cn) such that

φi ◦ φ−1
j : Ui ∩ Uj × Cn → Ui ∩ Uj × Cn

is given by (φi ◦ φ−1
j )(z, ξ) = (z, tij(z)ξ).

If Σ is a Riemann surface, then V is called a holomorphic vector bundle if there exists a
family of holomorphic trivializations φi such that the tij are holomorphic maps (equivalently,
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if the projection π is a holomorphic map). If V is holomorphic, a holomorphic section of V
is a section f such that

projCn ◦φi ◦ f : Ui → Cn

is holomorphic for some (equivalently, every) choice of holomorphic local trivialization φi. Re-
call that we have defined holomorphic functions in the plane in such a way that projCn ◦φi◦f
is required to extend holomorphically past the boundary in any local holomorphic coordinate
on Ui. We will denote by O(V ) the vector space of holomorphic sections of V .

If V is a holomorphic vector bundle, then the dual bundle V ∗ is again holomorphic. In
fact, if we identify Ck and (Ck)∗ by the complex linear isomorphism κ : Cn → (Cn)∗ obtained
from the standard basis of Ck, then the trivializations φi induce transition functions

tdij(z) = (tij(z)t)−1.

If f ∈ O(Σ× Ck), we will write κ(f) for the corresponding section of Σ× (Ck)∗.
If V is a complex vector bundle over a Riemann surface Σ, then define the conjugate

bundle V to be the bundle over Σ where the complex structure has been reversed on each
fiber. That is, if Vp is a fiber of V then Vp is the corresponding fiber of V . If f ∈ O(V ), we
write f for the section of V obtained by composing with the identity map on real bundles
VR = V R. If V is holomorphic, then V is as well.

Remark 2.29. We should emphasize some potentially confusing notation. Recall from
Section 2.1 that we denote the conjugate Hilbert space of Ck by ι(Ck) instead of Ck, and
write ξ 7→ ι(ξ) instead of ξ 7→ ξ for the conjugate-linear isomorphism. We must make
similar adjustments for trivial bundles Σ×Ck. If f ∈ O(Σ×Ck), we will write ι(f) for the
corresponding section of Σ× ι(Ck).

If Σ and Σ′ are surfaces, a morphism of real vector bundles from π : V → Σ to π′ : V ′ → Σ′

is a pair of smooth maps f : Σ→ Σ′ and g : V → V ′ such that g is real linear on the fibers
and

V
g−−−→ V ′

π

y π′

y
Σ

f−−−→ Σ′

commutes. An automorphism of a vector bundle is often, but not always, required to have
f = id.

If V and V ′ are complex bundles, then a (complex linear) morphism is a morphism (f, g)
such that g is complex linear on fibers. A conjugate linear morphism is one in which g is
conjugate linear on fibers.

If V and V ′ are holomorphic, then a complex linear morphism (f, g) is called holomorphic
if g (and consequently f) are holomorphic maps. Holomorphic vector bundles are called
(holomorphically) isomorphic if there exists an invertible holomorphic morphism between
them.
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A vector bundle over a surface Σ is called trivial if the restriction to each connected
component Σ′ is of the form Σ′ × V for some complex vector space V . Trivial bundles are
holomorphic.

A holomorphic vector bundle over a Riemann surface Σ is called (holomorphically) triv-
ializable if it is holomorphically isomorphic to a trivial bundle. Equivalently, a holomor-
phic vector bundle of rank n is trivializable if there exists a family of holomorphic sections
F1, . . . , Fn for which {F1(p), . . . , Fn(p)} is a linearly independent set for all p ∈ Σ. In particu-
lar, a holomorphic line bundle is trivializable if and only if it has a non-vanishing holomorphic
section.

We will frequently use the following standard result [For81, Thm. 30.4].

Theorem 2.30. Every holomorphic vector bundle over an open Riemann surface is holo-
morphically trivializable.

In particular, open Riemann surfaces are Stein manifolds.

The holomorphic cotangent bundle

The complex structure on a Riemann surface Σ induces an almost complex structure J . That
is, J is a smooth family of endomorphisms Jp of the tangent spaces TpΣ such that J2

p = −1
for all p ∈ Σ. In any local holomorphic coordinate z = x+ iy, one has

J
∂

∂x
=

∂

∂y
, J

∂

∂y
= − ∂

∂x
.

Set TΣC = TΣ⊗R C, and extend each Jp to a complex linear operator Jp ⊗ 1 on TpΣC.

Let T
(1,0)
p Σ be the i-eigenspace for Jp acting on TpΣC, and let T

(0,1)
p Σ be the (−i)-eigenspace.

With respect to a local holomorphic coordinate z : U → C, we have basis elements

∂

∂z
:=

1

2

(
∂

∂x
− i ∂

∂y

)
∈ T (1,0)U,

∂

∂z
:=

1

2

(
∂

∂x
+ i

∂

∂y

)
∈ T (0,1)U.

We give both spaces TpΣ
(1,0) and TpΣ

(0,1) complex structures coming from the restriction
of Jp. On TpΣ

(0,1), this coincides with the complex structure inherited from TpΣC, but on
TpΣ

(0,1) the complex structure has been reversed. Hence the conjugate linear involution on
TpΣC given by complex conjugation on the factor of C restricts to a natural complex linear
isomorphism of complex bundles TΣ(1,0) → TΣ(0,1). These bundles are holomorphic, as is
the isomorphism. In a local holomorphic coordinate, this isomorphism exchanges ∂

∂z
and ∂

∂z
.

Define the holomorphic cotangent bundle (or canonical bundle) KΣ by

KΣ = (T (1,0)Σ)∗.
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If (z, U) is a local coordinate, a trivialization of KU is given by the section dz = dx + idy.
We also have a trivialization of (T (0,1)U)∗ given by dz = dx − idy. If u ∈ C∞(Σ), define a
holomorphic section ∂u ∈ O(KΣ) so that in every local holomorphic coordinate we have

∂u =
∂u

∂z
dz.

Similarly define ∂u ∈ C∞(T (0,1)Σ∗) by

∂u =
∂u

∂z
dz.

The differential operators ∂ and ∂ are called the Dolbeault operators, and are related to the
de Rahm differential by d = ∂ + ∂.

As TΣ only depends on the smooth structure, we have an equality TΣ = TΣ. The
complex structure on Σ corresponds to the almost complex structure −J , and thus we have
equalities of real vector bundles

(T (1,0)Σ)R = (T (0,1)Σ)R, (T (0,1)Σ)R = (T (1,0)Σ)R.

However, the complex structures on T (1,0)Σ and T (0,1)Σ are given by −J , so these equalities
induce conjugate linear isomorphisms of complex vector spaces. That is,

T (1,0)Σ = T (0,1)Σ, T (0,1)Σ = T (1,0)Σ.

Combining with the holomorphic isomorphism TΣ(1,0) → TΣ(0,1) from above yields a
holomorphic isomorphism of the conjugate bundles T (1,0)Σ→ T (1,0)Σ.

By dualizing, our construction has produced a holomorphic isomorphism

c : KΣ → KΣ.

If f is a section of KΣ then we will write c∗f for the corresponding section of KΣ.
In local holomorphic coordinates, we have

c∗f(z)dz = f(z)dz,

where on the right-hand side we have used (T (0,1)Σ)∗ = KΣ to think of dz as a section of
KΣ.

2.6 Spin structures

A spin structure on Σ is a holomorphic line bundle L along with an isomorphism φ : L⊗L→
KΣ that acts identically on the base space. In light of Theorem 2.30, on an open Riemann
surface the bundle L does not contain any information and the data of the spin structure is
encoded in the isomorphism φ. Despite this, we will often refer to L as a spin structure. It
follows from Theorem 2.30 that every open Riemann surface can be given a spin structure.
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Remark 2.31. The definition of a spin structure that we have given is particular to Rie-
mann surfaces. The definition of a spin structure on a Riemannian manifold is a bundle of
irreducible modules for the bundle of Clifford algebras associated to the tangent bundle, or
equivalently an equivariant lifting of the orthonormal frame bundle to a principal bundle for
the spin group. These notions of spin structure are treated in depth in [LM89, Ch. 2], and
the equivalence of these definitions with our definition for a Riemann surface is established
in [Ati71, Sec. 3].

If L and L′ are spin structures on Σ and Σ′, then an isomorphism of spin structures
L → L′ is a holomorphic isomorphism of bundles given by g : L → L′ and f : Σ → Σ′ such
that the diagram

L⊗ L g⊗g−−−→ L′ ⊗ L′

φ

y yφ′
KΣ

f∗←−−− KΣ′

commutes. Here, f ∗ is the pullback induced by the map f .
Now consider the case when Σ̃ is an open Riemann surface. Since every holomorphic line

bundle on Σ̃ is trivializable, we may take L = Σ̃×C above. A spin structure then becomes a
choice of trivialization of KΣ̃, or equivalently a choice of non-vanishing holomorphic 1-form.

If φ1 and φ2 are two spin structures with line bundle L = Σ̃ × C, then a base space
preserving isomorphism (id, g) : (L, φ1) → (L, φ2) is given by fiberwise multiplication by a
non-vanishing holomorphic function h ∈ O(Σ̃). If φ1 and φ2 correspond to 1-forms ω1 and
ω2, then φ1

∼= φ2 if and only if there exists an h ∈ O(Σ̃)× such that ω1 = h2ω2. Hence spin
structures on an open Riemann surface Σ̃, up to base space preserving isomorphism, give a
principal homogeneous space for the group O(Σ̃)×/(O(Σ̃)×)2.

Proposition 2.32. If (L, φ) is a spin structure over Σ and f is a conformal automorphism
of Σ, then there exists an automorphism of (L, φ) that acts on the base space by f if and
only if f ′ has a holomorphic square root.

Proposition 2.33. Up to isomorphism, there is a unique spin structure on the open disk D.

Proof. If we assume isomorphisms act identically on the base space, it suffices to show that
every h ∈ O(D)× has a holomorphic square root. Observe that if k is a primitive of h′/h with
ek(0) = h(0), then h = ek and in particular (ek/2)2 = h. If f is a holomorphic automorphism
of D then f ′ has a holomorphic square root, and so there is an automorphism of any spin
structure acting on the base space by f . Thus spin structures up to base space preserving
isomorphism are the same as spin structures up to isomorphism, and we are done.

Proposition 2.34. Up to isomorphism, there are exactly two spin structures on the annulus
A = {r < |z| < R}. They are represented by 1-forms dz and z−1dz.
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Proof. If f is a holomorphic automorphism of A, then f is a rotation and f ′ has a holomor-
phic square root. Thus it suffices to consider spin structures up to base space preserving
isomorphism.

Given h ∈ O(A)×, we can take a k ∈ O(A \ (−R,−r))× with k2 = h. Let k+ :
(−R,R)→ C be the continuous function obtained by extending k counterclockiwse around
A\(−R,−r), and let k− be the analogous function obtained by extending k clockwise. Since
k2
− = k2

+ = h |(−R,−r) and h is non-vanishing, we must have k− = k+ or k− = −k+.
In the former case, k extends to a holomorphic function on A with k2 = h. In the

latter case, h cannot have a holomorphic square root. However,
√
zk is a holomorphic

function on A, where we have chosen a branch of
√
· with branch cut (−∞, 0]. Hence

zh = (
√
zk)2 ∈ (O(A)×)2. Thus (O(A)×)/(O(A)×)2 is cyclic of order 2, and the cosets are

represented by the functions {1, z−1}.

We call the spin structure induced by dz the Neveu-Schwarz (or NS or vacuum) spin
structure, and the spin structure induced by z−1dz the Ramond (or R) spin structure. We
will denote these spin structures by (A, NS) and (A, R). Note that only (A, NS) extends
to a spin structure on the disk.

If (L, φ) is a spin structure over Σ, then the conjugate bundle L can be made a spin
structure over Σ in a natural way. Recall that we have a holomorphic isomorphism

c : KΣ → KΣ = (T (0,1)Σ)∗,

and that in local coordinates c∗f(z)dz = f(z)dz.

The isomorphism φ : L⊗ L→ KΣ induces a holomorphic isomorphism φ̃ : L⊗ L→ KΣ,
and composing with c yields a holomorphic isomorphism

φ := c ◦ φ̃ : L⊗ L→ KΣ

making (L, φ) into a spin structure.
We will also be interested in the Ramond and Neveu-Schwarz spin structures over the

unit circle S1. We will think of these objects as being germs of (Aε, NS) and (Aε, R), where

Aε = {z ∈ C : (1 + ε)−1 < |z| < 1 + ε}.

As we remarked in Section 2.4, the orientation-preserving automorphism groups of these
germs are Diff

(2)
+,ω(S1) and Diff+,ω(S1), respectively. The following proposition makes that

statement precise.

Proposition 2.35. Let (η, φ) ∈ Diff
(2)
+,ω(S1).

• The map S1 × C→ S1 × C given by

(z, α) 7→ (φ−1(z), η−1(z)α)

extends to a holomorphic isomorphism of spin structures

(f−1, g) : (Aε, NS)→ (Aε, NS)|V
for some ε > 0 and some neighborhood V of S1.
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• The map S1 × C→ S1 × C given by

(z, α) 7→ (φ−1(z),
∣∣(φ−1)′(z)

∣∣−1/2
α)

extends to a holomorphic isomorphism of spin structures

(f−1, g) : (Aε, R)→ (Aε, R)|V
for some ε > 0 and some neighborhood V of S1.

Proof. We first consider the Neveu-Schwarz case. By hypothesis, φ and η extend to a pair
of holomorphic functions f and h on some Aε. On f(Aε) ∩ Aε, we have h2 = (f−1)′. We
now choose ε′ sufficiently small that

Aε′ ⊆ f(Aε) ∩ Aε,

and
V := f−1(Aε′) ⊆ Aε.

Define an isomorphism of bundles

g : Aε′ × C→ V × C

by
g(z, α) = (f−1(z), h(z)−1α).

We now check that that (f−1, g) gives the desired isomorphism of spin structures. That is,
we check that the diagram

Aε′ × C⊗2 g⊗2

−−−→ V × C⊗2

φNS

y φNS

y
KAε′

(f−1)∗←−−−− KV

commutes.
If k is a smooth function on Aε′ , the pushforward (g⊗2)∗k is given by

((g⊗2)∗k)(z) = h(f(z))−2k(f(z)) = f ′(z)k(f(z)).

The pullback (f−1)∗ : KVj → KAε′ is given on 1-forms by

(f−1)∗k(z)dz = k(f−1(z))(f−1)′(z)dz.

We now compute

(f−1)∗(φNS)∗(g
⊗2)∗k = (f−1)∗(φNS)∗(f

′(k ◦ f))

= (f−1)∗f ′(k ◦ f)dz

= (f ′ ◦ f−1)kdf−1

= fdz

= (φNS)∗f.
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A similar construction can be done in the Ramond case, except replacing h by

hR(z) =

√
z(f−1)′(z)

f−1(z)
,

where the square root is interpreted as in Remark 2.19.
Now set g(z, α) = (f−1(z), hR(z)−1α). We have

((g⊗2)∗k)(z) = hR(f(z))−2k(f(z))

To show that (f−1, g) is an isomorphism of spin structures, we compute

(f−1)∗(φR)∗(g
⊗2)∗k = (f−1)∗(φR)∗

1

(hR ◦ f)2
(k ◦ f)

= (f−1)∗
1

z(hR ◦ f)2
(k ◦ f)dz

=
1

f−1h2
R

kdf−1

= z−1kdz

= (φR)∗k

Hence the diagram

Aε′ × C⊗2 g⊗2

−−−→ Vj × C⊗2

φR

y φR

y
KAε′

(f−1)∗←−−−− KVj

commutes, and (f−1, g) is an isomorphism of spin structures.
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Chapter 3

Segal CFT

In Segal’s manuscript [Seg04], he proposes axiomatizations for what would today be called
2-dimensional (full) conformal field theories and chiral conformal field theories (under the
names “conformal field theories” and “weakly conformal field theories,” respectively). In-
formally, a full Segal CFT is a projective monoidal functor from the category of 1-complex
dimensional cobordisms to the category of Hilbert spaces and trace class maps. That is,
one has a Hilbert space H and for every Riemann surface Σ with parameterized boundary a
one-dimensional space of trace class maps⊗

∂inΣ

H →
⊗
∂outΣ

H.

The locality of the theory is expressed by the functorality of this assignment; that is, the
requirement that gluing of Riemann surfaces corresponds to composition of maps.

While not a theorem in general, it is a standard assumption that the Hilbert space of a
full conformal field theory decomposes

H =
⊕
λ∈Λ

Hλ ⊗Hλ

where the Hλ encode the portion of the theory that varies holomorphically with Σ. The
elements of Λ index the sectors of the theory.

The structure of the sectors of a conformal theory is encoded by the notion of a chiral
conformal field theory. Under Segal’s axioms, the data of a chiral conformal field theory
is: a finite set Λ, corresponding to sectors, a Hilbert space Hλ for every λ ∈ Λ, and for
every complex 1-dimensional cobordism with parameterized boundary components labeled
by elements of Λ a finite-dimensional vector space of trace-class maps⊗

j∈∂inΣ

Hλj →
⊗

j∈∂outΣ

Hλj .

These finite-dimensional vector spaces are called the spaces of conformal blocks, and they
are required to satisfy a gluing axiom similar to the one satisfied by the operators assigned
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to surfaces by a full CFT. We also require that the dependence of the conformal blocks upon
the surface be holomorphic. Alternatively, we call the theory antichiral if the dependence is
antiholomorphic.

From a physical perspective, conformal blocks consist of maps that satisfy the chiral
Ward identities, and they are the building blocks with which one should be able to construct
the correlators of the corresponding full CFT. An exposition on conformal blocks and gauge
symmetry is given in [Gaw00]. There has been extensive work by Fjelstad, Fuchs, Runkel
and Schweigert to construct correlators from conformal blocks [FRS02, FRS04a, FRS04b,
FRS05, FFRS06], although their setting is not the same as the one we are working in.

In this chapter we will carefully lay out the axioms that a chiral Segal CFT will satisfy,
and in Chapter 4 we will construct examples of chiral conformal field theories corresponding
to the free (complex) fermion.

3.1 Rigged Riemann surfaces

We will consider Riemann surfaces that are compact with no closed components. Each
connected component of the boundary will be equipped with a label λ ∈ Λ, as well as
a parameterization by the standard circle S1. We will also equip our Riemann surfaces
with holomorphic vector bundles V , and assume that the parameterizations come from a
trivialization of V |Γ. For convenience, we will assume that our Riemann surfaces come
with germs of collars of complex structure, and that our bundles and trivializations extend
holomorphically to these collars (although this assumption is not necessary due to conformal
welding). We will call a Riemann surface with these properties and with this additional data
a rigged Riemann surface.

We now describe the precise nature of the data of a rigged Riemann surface. Let Σ be
a compact Riemann surface with holomorphic vector bundle V , and let Γ = ∂Σ. Assume
that we have partitioned Γ into two closed subsets, Γ0 and Γ1 (called the incoming and
outgoing boundary, respectively). Let π0(Γ) denote the set of connected components of Γ,
and similarly for π0(Γi).

Let Σ̃ be an open Riemann surface, and assume that Σ is holomorphically embedded in
Σ̃. Let Ṽ be a holomorphic extension of V to Σ̃.

Assume further that for every j ∈ π0(Γ) we have chosen neighborhoods Uj ⊃ j in Σ̃, as
well as holomorphic isomorphisms

gj : Aε × Ck(j) → V |Uj ,

where
Aε = {z ∈ C : (1 + ε)−1 < |z| < 1 + ε}.

Suppose further that

gj((Dc ∩ Aε)× Ck(j)) = Ṽ |Σ∩Uj , j ∈ π0(Γ0)
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and
gj((cl(D) ∩ Aε)× Ck(j)) = Ṽ |Σ∩Uj , j ∈ π0(Γ1).

By restricting gj, we obtain trivializations

βj : S1 × Ck(j) → V |j.

Definition 3.1. Let Σ be a compact Riemann surface with boundary Γ partitioned as above,
and let V be a holomorphic vector bundle over Σ. Analytic boundary data for (Σ, V ) is a
family of smooth bundle isomorphisms βj : S1×Ck(j) → V |j, indexed by j ∈ π0(Γ), that can
be obtained by the above procedure.

In particular, analytic boundary data for Σ is analytic boundary data for the trivial
bundle over Σ that acts identically on the fibers.

Remark 3.2. The complex structure for Σ gives it, and consequently Γ, an orientation. If
we give S1 the standard orientation, then βj |S1 is orientation-preserving if and only if j is
an outgoing boundary component.

Definition 3.3. Fix a finite set Λ, and let EΛ be the class of tuples (Σ, V, β, α), where

• Σ is a compact Riemann surface with no closed components and boundary Γ = ∂Σ
partitioned Γ = Γ0 ∪ Γ1 as above,

• V is a holomorphic vector bundle over Σ,

• β = (βj)j∈π0(Γ) is analytic boundary data for (Σ, V ),

• α : π0(Γ)→ Λ.

We call an element X ∈ E a rigged Riemann surface. If we want to emphasize the underlying
Riemann surface, we will call X a rigging of Σ. We denote by k : π0(Γ)→ Z>0 the boundary
rank function k(j) = rank(V |j).

We will suppress the dependence of E upon Λ whenever possible.

Involutions

Fix X = (Σ, V, β, α) ∈ E . Since V is a holomorphic vector bundle over Σ, the conjugate
bundle V is a holomorphic vector bundle over the conjugate surface Σ. Analytic boundary
data for (Σ, V ) is given by β, where

βj(z, ξ) = βj(z, ξ).

Note that ξ refers to the element of Ck given by entry-wise complex conjugation, while
βj(·) refers to the conjugate linear identity map V → V (see Remark 2.1).

Frequently, our set of labels Λ will come with an involution λ 7→ λ. In this case, define
α(j) = α(j), and otherwise set α(λ) = λ.
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Definition 3.4 (Conjugate). If X = (Σ, V, β, α) ∈ E , the conjugate X is given by X =
(Σ, V , β, α).

For j ∈ π0(Γ), let Σt,j be the same Riemann surface as Σ, but with the partition on the
boundary changed so that j has switched between incoming and outgoing. Define analytic
boundary data for (Σt,j, V ) by

βt,jj′ (z, ξ) =

{
βj′(z, ξ), j′ 6= j,
βj′(z

−1, ξ), j′ = j.

Define

αt,j(j′) =

{
α(j′), j′ 6= j,

α(j′), j′ = j.

Definition 3.5 (Transpose). If X = (Σ, V, β, α) ∈ E and j ∈ π0(Γ), the transpose at j X t,j

is given by X t,j = (Σt,j, V, βt,j, αt,j). The transpose X t is given by taking the transpose at
every j ∈ π0(Γ).

Definition 3.6 (Adjoint). If X = (Σ, V, β, α) ∈ E , the adjoint X∗ is given by composing
the conjugate and transpose. We will write β∗ for the resulting analytic boundary data, so
that X∗ = (Σ∗, V , β∗, α).

The dual bundle V ∗ is again holomorphic over Σ. Let

β̃j : S1 × (Ck)∗ → V ∗|j
be the isomorphism induced by βj. Analytic boundary data for (Σ, V ∗) is given by

βdj (z, ξ) = β̃j(z, κ(ξ)),

where κ : Ck → (Ck)∗ is the natural complex linear isomorphism coming from the choice of
standard basis.

Definition 3.7 (Dual). If X = (Σ, V, β, α) ∈ E , the dual Xd is given by Xd = (Σ, V ∗, βd, α).

Proposition 3.8. If X is a rigged Riemann surface, then so are X∗, X t,j, Xd and X∗.

Sewing, gluing, and cutting

Once again fix (Σ, V, β, α) ∈ E , and fix choices of incoming and outgoing boundary compo-
nents j0 ∈ π0(Γ0) and j1 ∈ π0(Γ1). If k(j0) = k(j1), one can obtain a new manifold Σ̌ and
new vector bundle V̌ by identifying V |j0 and V |j1 via βj1 ◦β−1

j0 . The sewn surface Σ̌ naturally

has the structure of a Riemann surface and the bundle V̌ is holomorphic. The holomorphic
sections of V̌ are precisely the f ∈ O(V ) that extend continuously to both ji and satisfy

f ◦ βj0 = f ◦ βj1 .

By restriction., the labeling α and analytic boundary data β for (Σ, V ) give a labeling α̌ and
analytic boundary data β̌ for (Σ̌, V̌ ).
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Definition 3.9 (Sewing and gluing). If X ∈ EΛ, j0 ∈ π0(Γ0), j1 ∈ π0(Γ1), and k(j0) = k(j1),
then we define the sewn rigged surface X̌ by X̌ = (Σ̌, V̌ , β̌, α̌). We let EΛ,∗ be the class of
(X, j0, j1) for which X̌ ∈ EΛ, and in this case we say that X is sewable at j0j1. If j0 and
j1 lie on distinct connected components of Σ, we will sometimes refer to this operation as
gluing.

As with EΛ, we will write EΛ,∗ as E∗ whenever Λ is understood from context. We can write
the sewing as X̌j0j1 if the boundary components to be sewn are unclear, and (X, j0, j1) 7→
X̌j0j1 gives a map E∗ → E. The notions of conjugate, transpose, dual and adjoint rigged
surfaces extend to E∗, with the caveat that we must exchange the roles of j0 and j1 for
transpose and adjoint.

Definition 3.10 (Cutting). If X = (Σ, V, β, α) ∈ E and g : Aε × Ck → V is a holomorphic
embedding, then the Riemann surface Σ̂ obtained by cutting Σ along g(S1) naturally has
analytic boundary data given by β and g|S1×Ck . The partition of incoming and outgoing

boundary components is determined by g. We define X̂λ, called X cut along g, to be the
corresponding element of E where the labeling has been extended to have value λ at the new
boundary components.

We can also naturally think of X̂λ as an element of E∗.

Reparameterization

Let (Σ, V, β) be a Riemann surface with holomorphic vector bundle and analytic boundary
data, and let

(x, φ) ∈
(
LωGL(k(j)) o Diff+,ω(S1)

)π0(Γ)
.

Then (x, φ) acts on β by

((x, φ) · β)j(z, ξ) = βj(φ
−1
j (z), xj(z)−1ξ)

and (x, φ) · β again gives analytic boundary data for (Σ, V ).

Definition 3.11. If X = (Σ, V, β, α) ∈ E and

(x, φ) ∈
(
LωGL(k(j)) o Diff+,ω(S1)

)π0(Γ)
,

then define the reparameterization of X by (x, φ) by

(x, φ) ·X = (Σ, V, (x, φ) · β, α).

We define φ ·X := (1, φ) ·X.
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Tensor product, direct sum, and disjoint union

Suppose that for m ∈ {1, 2} we have Xm = (Σ, Vm, βm, α) ∈ E , and suppose that β1|S1 =
β2|S1 . Define trivializations

(β1 ⊕ β2) : S1 × (Ck1(j)+k2(j))→ (V1 ⊕ V2)|j

and
(β1 ⊗ β2) : S1 × (Ck1(j)k2(j))→ (V1 ⊗ V2)|j

in the obvious way.

Definition 3.12 (Direct sum and tensor product). If X1 and X2 are as above, we define the
direct sum and tensor product of rigged surfaces by

X1 ⊕X2 = (Σ, V1 ⊕ V2, β1 ⊕ β2, α)

and
X1 ⊗X2 = (Σ, V1 ⊗ V2, β1 ⊗ β2, α).

Up to natural isomorphisms, we have the expected distributivity, commutativity and
associativity of these operations.

If X = (Σ, V, β, α) ∈ E and KΣ is the canonical bundle, then there is a natural way to
interpret KΣ ⊗ X. This is done by extending (Σ, KΣ) to a rigged surface with labeling α,
and boundary parameterization (β|S1)∗ induced by β.

Definition 3.13 (Disjoint union). If X1, X2 ∈ E , we define the disjoint union X1 t X2 to
be the rigged surface (Σ1 t Σ2, V1 t V2, β1 t β2, α2 t α2).

Important families of rigged Riemann surfaces

If λ ∈ Λ and k ∈ Z>0, define cl(D)k,λ ∈ E by

cl(D)k,λ = (cl(D), cl(D)× Ck, id, αλ)

where αλ(S
1) = λ.

For q ∈ D \ {0}, we denote by (λ,q)Akµ the element of E with surface

qA := cl(D) \ |q|D,

incoming boundary |q|S1, outgoing boundary S1, vector bundle qA×Ck, labeling α(|q|S1) =
λ, α(S1) = µ, and parameterizations

βj(z) =

{
qz j = |q|S1

z j = S1 .
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We define in the same way Ak(λ,q),µ, except all boundary is outgoing and we set β′|q|S1(z) =

qz−1. Similarly, (λ,q),µAk is given by the same data as (λ,q)Akµ, except all boundary is incoming
and β′′S1(z) = z−1.

Now suppose λ1, λ2, µ ∈ Λ and (q1, w1, q2, w2) ∈MP , where

MP = {(q1, w1, q2, w2) ∈ D4 : |qi| > 0, |wi|+ |qi| < 1, |w1 − w2| > |q1|+ |q2|}

is the moduli space of pairs of disjoint disks removed from the unit disk, with marked points
on the inside boundary.

Given the above data, we have an element P((λ1, q1, w1), (λ2, q2, w2);µ; k) ∈ E . The
surface for this element is

P(q1,w1),(q2,w2) := cl(D) \ ((w1 + |q1|D) ∪ (w2 + |q2|D)) .

with outgoing boundary S1, and the internal circles as incoming boundary. The vector bundle
for this element is P(q1,w1),(q2,w2) × Ck, and the labeling is α(S1) = µ, α(wi + |qi|S1) = λi.
The boundary data is given by

βj(z) =

{
z, j = S1,

wi + qiz, j = wi + qiS
2.

3.2 Definition of Segal CFT

We now give the definition of a Z/2-graded chiral Segal CFT; the ungraded version of the
definition can be obtained by taking all of the Hilbert spaces to be even.

Definition 3.14. A rational, chiral Z/2-graded Segal CFT consists of the following data:

(1) a finite set of labels Λ,

(2) a super Hilbert space Hk
λ for every λ ∈ Λ and k ∈ Z>0,

(3) a strongly continuous projective positive energy representation Uk,λ of Rot(S1) by even
operators on each Hk

λ,

(4) for every X = (Σ, V, β, α) ∈ E , a finite-dimensional vector subspace of homogeneous
maps of unordered tensor products E(X) ⊂ I1 (HΓ0 ,HΓ1) , where

HΓi =
⊗

j∈π0(Γi)

Hk(j)
α(j).

This data must have the following properties.

(a) (Conformal invariance) If (Σ, V, β, α) ∈ E and φ : (Σ, V ) → (Σ′, V ′) is a holomorphic
isomorphism of bundles, then

E(Σ, V, β, α) = E(Σ′, V ′, φ ◦ β, α ◦ φ−1).
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(b) (Non-degeneracy) For every k ∈ Z>0 and λ ∈ Λ, we have

dimE((λ,q)Akλ) > 0,

and non-zero elements of this space are injective with dense image.

(c) (Vacuum sector) There is a label 0 ∈ Λ such that for all k ∈ Z>0 we have

dim(E(cl(D)k,λ)) = δ0,λ.

The representation Uk,0 of Rot(S1) is required to be an honest representation. We fix a
distinguished unit vector Ωk ∈ Hk

0 in the image of elements of E(cl(D)k,0), and require

that the generator Lk,00 of Uk,0 annihilate Ωk.

(d) (Monoidal) If X1, X2 ∈ E then E(X1 tX2) = E(X1)⊗̂E(X2).

(e) (Chirality) For every λ1, λ2, µ ∈ Λ and k ∈ Z>0, the subbundle of the trivial bundle
MP ×I2(Hk

λ1
⊗Hk

λ2
,Hk

µ) given by restricting to E(P((λ1, q1, w1), (λ2, q2, w2);µ; k)) on
fibers is a holomorphic vector bundle over MP .

(f) (Locality) Suppose that β is analytic boundary data for (Σ, V ), j0 ∈ π0(Γ0), j1 ∈
π0(Γ1), and that we have a partial labeling α : π0(Γ) \ {j0, j1} → Λ. For every λ ∈ Λ,
we can extend α to a labeling αλ : π0(Γ) → Λ by setting αλ(j

0) = αλ(j
1) = λ. Let

Xλ = (Σ, V, β, αλ). If (Xλ, j
0, j1) ∈ E∗, then we require that

τ sj0j1 :
⊕
λ∈Λ

E(Xλ)→ E(X̌)

and that this map is an isomorphism.

(g) (Rotation covariance) Let X ∈ E and φ ∈ (Rot(S1))π0(Γ). If X ′ = φ ·X, then we have

E(X ′) =

 ⊗
j∈π0(Γ1)

Uk(j),α(j)(φj)

E(X)

 ⊗
j∈π0(Γ0)

Uk(j),α(j)(φj)
∗

 .

Additionally, the theory is called unitary if it comes with extensions of the representations
Uk,λ to projective unitary representation Uk,λ : Diff+(S1)→ PU(Hk

λ), and has the following
properties.

(h) (Diffeomorphism covariance) Condition (g) holds for all φ ∈ Diff+,ω(S1)π0(Γ).

(i) (Adjoint preservation) For every X ∈ E , we have E((Xd)∗) = E(X)∗.

We analogously define an antichiral Segal CFT by altering Definition 3.14(e) to require
the vector bundle be holomorphic over MP .
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Remark 3.15. Since every holomorphic vector bundle on an open Riemann surface is triv-
ializable, conformal invariance tells us that it is sufficient to define the theory for trivial
bundles V = Σ× Ck. However, in future work we will consider extensions of this definition
that allow closed surfaces, and in that case the vector bundles will play an important role.

One can also consider versions of Definition 3.14 that only allow a certain class of holo-
morphic vector bundles V , or require that these vector bundles have additional structure
(e.g. require that V is a principal G-bundle for a gauge group G).

3.3 Rigged spin Riemann surfaces

A spin Segal CFT will assign vector spaces to rigged Riemann surfaces that come equipped
with a spin structure. Like our vector bundles, our spin structures will be holomorphic and
come with analytic boundary trivializations.

Let Σ be a compact Riemann surface with boundary Γ, and let L be a spin structure over
Σ. Suppose that we have a holomorphic embedding Σ ⊂ Σ̃ for some open Riemann surface
Σ̃, and we have an extension of L to a spin structure L̃ over Σ̃. Suppose that for every
j ∈ π0(Γ) we have a neighborhood j ⊂ Uj in Σ̃, and a trivialization of the spin structure
L|Uj ,

(fj, gj) : (Aε, σ(j))→ L̃|Uj
Here σ ∈ {NS,R}π0(Γ).

Assume that gj satisfies{
gj
(
(Aε × C)|Aε∩cl(D)

)
= L|Uj∩Σ, j outgoing,

gj ((Aε × C)|Aε∩Dc) = L|Uj∩Σ, j incoming.

Note that for each j there is a unique value of σ for which such a gj exists, and this choice
is independent of the extensions Σ̃ and L̃; to indicate this value of σ, we will say that “L is
σ near j.”

By restriction, we get a smooth bundle isomorphism

γj := gj|S1×C : S1 × C→ L|j.

Definition 3.16. If L is a spin structure over a compact Riemann surface Σ, then analytic
boundary data for (Σ, L) is a family of smooth isomorphisms γj : S1 × C→ L |j indexed by
j ∈ π0(Γ) that can be obtained by the above procedure.

If V is a holomorphic vector bundle over Σ, then analytic boundary data for (Σ, V, L)
is analytic boundary data (βj)j∈π0(Γ) for (Σ, V ) and analytic boundary data (γj)j∈π0(Γ) for
(Σ, L) such that βj|S1 = γj|S1 .

Definition 3.17 (Rigged spin Riemann surface). Fix a finite set Λ0, and let Λ = Λ0 ×
{NS,R}. Let EspinΛ be the collection of tuples X = (X0, L, γ) where

• X0 = (Σ, V, β, α) ∈ EΛ,
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• L is a spin structure over Σ,

• (β, γ) gives analytic boundary data for (Σ, V, L),

• α(j) ∈ Λ0 × {σ} if L is σ near j.

We call X a rigged spin Riemann surface.
We define EspinΛ,∗ to be the collection of tuples (X, j0, j1) where X ∈ Espin, ji ∈ π0(Γi), and

(X0, j
0, j1) ∈ EΛ,∗.

We will suppress the dependence of EspinΛ and EspinΛ,∗ on Λ whenever possible.

Tensor product, direct sum, and disjoint union

Definition 3.18 (Inherited operations). For m ∈ {1, 2}, let Xm = (X0,m, Lm, γm) ∈ Espin.
Define the disjoint union by

X1 tX2 = (X0,1 tX0,2, L1 t L2, γ1 t γ2).

If L1 = L2 = L and γ1 = γ2 = γ, then we define the direct sum and tensor product by

X1 ⊕X2 = (X0,1 ⊕X0,2, L, γ), X1 ⊗X2 = (X0,1 ⊗X0,2, L, γ)

whenever those operations are defined on the X0,m.

Sewing, gluing, and cutting

To define the sewing of a rigged spin Riemann surface, we need the following observation.

Proposition 3.19. If (X0, L, γ) ∈ Espin, the sewn spin structure Ľ is naturally a spin
structure over Σ̌.

Definition 3.20 (Sewing). For X = (X0, L, γ, j
0, j1) ∈ Espin∗ , define the sewn rigged spin

surface X̌ by X̌ = (X̌0, Ľ, γ̌).

We define gluing and cutting of rigged spin surfaces the same way they were defined for
ordinary rigged surfaces.

Reparameterization

To reparameterize L|j, we need an analytic automorphism of the spin structure of type σ(j)

over S1. If σ = NS, this is given by (η, φ) ∈ Diff
(2)
+,ω(S1). We have an action of (η, φ) on the

analytic boundary data γj : (S1 ×C)→ L|j inherited from the action of LωGL(k) o Diff+,ω

defined in Section 3.1. It is given by

((η, φ) · γj)(z, α) = γj(φ
−1(z), η(z)−1α).
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On the other hand, if L is Ramond near j then an automorphism of L|j is simply given
by φ ∈ Diff+,ω(S1). The action of φ on γ is

(φ · γ)(z, ξ) = γj

(
φ−1(z),

∣∣(φ−1)′(z)
∣∣− 1

2 ξ
)
.

If (η, φ) ∈ Diff
(2)
+,ω(S1)π0(Γ), then we let (η, φ) act on γ by

((η, φ) · γ)j =

{
(ηj, φj) · γj L is NS near j
φj · γj L is R near j.

Definition 3.21 (Reparameterization). If X = (X0, L, γ) ∈ Espin and

(η, φ) ∈
(

Diff
(2)
+,ω(S1)

)π0(Γ)

,

then define the reparameterization of X by (η, φ) by

(η, φ) ·X = (φ ·X0, L, (η, φ) · γ).

Note that the action of (η, φ) ∈ Diff(2)(S1) on Ramond boundary components only de-
pends on φ.

Proposition 3.22. If X ∈ Espin and (η, φ) ∈
(

Diff
(2)
+,ω(S1)

)π0(Γ)

, then (η, φ) ·X ∈ Espin.

Proof. We only need to check that (η, φ) · γ gives analytic boundary data for L.
Fix an embedding Σ ⊂ Σ̃, a spin structure L̃ on Σ̃ extending L, neighborhoods Uj of j

in Σ̃ and isomorphisms (fj, gj) : (Aε, σ(j))→ L̃|Uj such that γj = gj|S1×C.
By Proposition 2.35, we may decrease ε so that when L is of type NS near j,

(z, α) 7→ (φ−1
j (z), η−1

j (z)α)

extends to an isomorphism hj : (Aε, NS) → (Aε, NS)|Vj for some open neighborhood Vj of
S1. Similarly, if L is of type R near j, then

(z, α) 7→ (φ−1
j (z),

∣∣(φ−1)′(z)
∣∣−1/2

α)

extends to an isomorphism of spin structures hj : (Aε, R) → (Aε, R)|Vj for some open
neighborhood Vj of S1.

After suitably restricting domains, gj ◦ hj is a holomorphic trivialization of L in a neigh-
borhood of j, and (gj ◦ hj)|S1×C = ((η, φ) · γ)j.
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Involutions

We want notions of conjugate, transpose, and adjoint for rigged spin Riemann surfaces
X = (X0, L, γ), and to do this we must explain how these operations will act on the boundary
data γ. That is, we will have

X = (X0, L, γ), X t,j = (X t,j
0 , L, γt,j), X∗ = (X∗0 , L, γ

∗),

where γ, γt,j, and γ∗ are to be defined.
Just as in the non-spin case, we define

γj(z, α) = γj(z, α).

We define γt,j by

γt,jj′ (z, α) =


γj′(z, α), j′ 6= j,

γj′(z
−1,−izα), j′ = j and σ(j) = NS,

γj′(z
−1,−iα), j′ = j and σ(j) = R,

and γt by taking transpose at every j ∈ π0(Γ). Let γ∗ = γt

Definition 3.23 (Conjugate, transpose, adjoint, and dual). We define the conjugate, trans-
pose and adjoint of X ∈ Espin by

X = (X0, L, γ), X t,j = (X t,j
0 , L, γt,j), X∗ = (X∗0 , L, γ

∗), Xd = (Xd
0 , L, γ).

Remark 3.24. Note that γt 6= γt. They differ by the spin involution (z, α) 7→ (z,−α). We
have defined γ∗ as γt, which is given by the formula

γt(z, α) = γ(z, izα).

If F ∈ O(L), we will write the pullback of F by γ as F ◦γ to avoid the potentially confusing
standard notation γ∗F . We have

F ◦ γ∗ = −iMNS
z F ◦ γ,

where MNS
z acts by multiplication by z on circles with the Neveu-Schwarz spin structure,

and by 1 on the complement.

Proposition 3.25. If X ∈ Espin, then X ∈ Espin.

Proof. To show that X ∈ Espin, we need to check that γ gives analytic boundary data for L.
We will show that the isomorphism S1 × C→ S1 × C given by

(z, α) 7→ (z, ι(α))



CHAPTER 3. SEGAL CFT 39

extends to an isomorphism of spin structures

(f, g) : (Aε, σ)→ (Aε, σ)

for σ ∈ {NS,R}. In both cases, the holomorphic isomorphism of bundles (f, g) is given by
f(z) = z and

g(z, α) = (z, ι(α)) = (z, αι(1)).

We must check that the diagrams

Aε × C⊗2 g⊗2

−−−→ Aε × C⊗2

φσ

y φσ

y
KAε

f∗←−−− KAε

commute.
If k is a smooth function on Aε, then

(g⊗2
∗ k)(z) = ι(k(z)) = k(z)ι(1).

Recall that φσ is defined by the composition c ◦ φ̃σ, where

φ̃σ : Aε × C⊗2 → KAε

is the isomorphism obtained naturally from φσ, and c : KAε → KAε is the isomorphism

discussed in Section 2.5. Recall that if f(z)dz is a section of KAε , then

c∗f(z)dz = f(z)dz,

where we have used the equality KAε = (T 0,1Aε)∗ on the right-hand side..
Thus

(φNS)∗ι(f(z)) = f(z)dz

and
(φR)∗ι(f(z)) = f(z)z−1dz.

Hence
((f ∗(φNS)∗g

⊗2
∗ k = kdz = (φNS)∗k,

and
((f ∗(φR)∗g

⊗2
∗ k = kdz = (φR)∗k.

We have shown that (f, g) gives an isomorphism of spin structures, and thus that γ gives
analytic boundary data.

Proposition 3.26. If X ∈ Espin, then X t,j, X∗ ∈ Espin.
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Proof. We proceed in similar fashion to the proof of Proposition 3.25. We need to show that
γt,j gives analytic boundary data by showing that the isomorphism S1 ×C→ S1 ×C given
by

(z, α) 7→ (z−1, izα)

extends to an isomorphism of spin structures

(f, g) : (Aε, NS)→ (Aε, NS),

and that
(z, α) 7→ (z−1, iα)

extends to an isomorphism of spin structures

(f, g) : (Aε, R)→ (Aε, R).

The proof is nearly identical to the proof of Proposition 2.35, making the necessary changes
to account for z−1 being orientation reversing.

Combining with Proposition 3.25 shows X∗ ∈ Espin as well.

Important families of rigged spin Riemann surfaces

For λ ∈ Λ0 × {NS} and k ∈ Z>0, the standard spin disk cl(D)k,λ ∈ Espin is given by

cl(D)k,λ = (cl(D)k,λ, (cl(D), NS), id).

If q ∈ D \ {0} and q1/2 is a square root of q, we define the annular elements (λ,q1/2)Akλ of
Espin by

(λ,q1/2)Akλ = ((λ,q)Akλ, σ(λ), γq1/2)

where γq1/2,S1(z, ξ) = (z, ξ) and

γq1/2,|q|S1(z, ξ) =

{
(qz, q−1/2ξ), σ(λ) = NS,

(qz, ξ), σ(λ) = R.

We can similarly extend the standard pairs of pants P((λ1, q1, w1), (λ2, q2, w2);µ; k) ∈ E
to elements

P((λ1, q
1/2
1 , w1), (λ2, q

1/2
2 , w2);µ; k) ∈ Espin

by specifying a spin structure and boundary trivializations. While there are several spin
structures on these surfaces, we will choose in this case the one induced by the 1-form dz,
which is NS near each boundary component. The moduli space of standard spin pairs of
pants is

M spin
P = {((q1/2

1 , w1, q
1/2
2 , w2) ∈ D4 : (q1, w1, q2, w2) ∈MP},

which is a 4-fold cover of MP .
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3.4 Definition of spin Segal CFT

Definition 3.27. A chiral spin Segal CFT is given by

(1) a finite set of labels Λ = Λ0 × {NS,R},

(2) a super Hilbert space Hk
λ for every λ ∈ Λ and k ∈ Z>0,

(3) a strongly continuous projective positive energy spin representation Uk,λ of Diff
(2)
+ (S1)

by even operators on each Hk
λ with λ ∈ Λ0 × {NS},

(4) a strongly continuous projective positive energy representation Uk,λ of Diff+(S1) by
even operators on each Hk

λ with λ ∈ Λ0 × {R},

(5) for every X ∈ Espin, a finite-dimensional vector subspace of homogeneous maps of
unordered tensor products E(X) ⊂ I1 (HΓ0 ,HΓ1) .

This data must have the following properties.

(a) (Conformal invariance) If (Σ, V, β, α, L, γ) ∈ Espin, φ : (Σ, V )→ (Σ′, V ′) is a holomor-
phic isomorphism of bundles, and ψ : (Σ, L)→ (Σ′, L′) is a holomorphic isomorphism
of spin structures that agrees with φ on Σ, then

E(Σ, V, β, α, L, γ) = E(Σ′, V ′, φ ◦ β, α ◦ φ−1, L′, ψ ◦ γ).

(b) (Non-degeneracy) For every k ∈ Z>0 and λ ∈ Λ, we have

dimE((λ,q)Akλ) > 0,

and non-zero elements of this space are injective with dense image.

(c) (Vacuum sector) There is a label 0 ∈ Λ0 × {NS} such that for all k ∈ Z>0 we have

dim(E(cl(D)k,λ)) = δ0,λ.

The representation Uk,0 of Rot(2)(S1) is required to be an honest representation. We
fix a distinguished unit vector Ωk ∈ Hk

0 in the image of elements of E(cl(D)k,0), and

require that the generator Lk,00 of Uk,0 annihilate Ωk.

(d) (Monoidal) E(X1 tX2) = E(X1)⊗̂E(X2).

(e) (Chirality) For every λ1, λ2, µ ∈ Λ and k ∈ Z>0, the subbundle of the trivial bundle

M spin
P ×I2(Hk

λ1
⊗Hk

λ2
,Hk

µ) given by restricting to E(P((λ1, q
1/2
1 , w1), (λ2, q

1/2
2 , w2);µ; k))

on fibers is a holomorphic vector bundle over M spin
P .
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(f) (Locality) Suppose that (β, γ) is analytic boundary data for (Σ, V, L), j0 ∈ π0(Γ0),
j1 ∈ π0(Γ1), and that we have a partial labeling α : π0(Γ) \ {j0, j1} → Λ. Suppose also
that L is σ near j0 and j1. For every λ ∈ Λ0 × {σ}, we can extend α to a labeling
αλ : π0(Γ) → Λ by setting αλ(j

0) = αλ(j
1) = λ. Let Xλ = (Σ, V, β, αλ, L, γ). If

(Xλ, V, β, αλ, j
0, j1, L, γ) ∈ Espin∗ , then we require that

τ sj0j1 :
⊕

λ∈Λ0×{σ}

E(Xλ)→ E(X̌)

and that this map is an isomorphism.

(g) (Spin diffeomorphism covariance) Let X ∈ Espin and (η, φ) ∈ (Diff
(2)
+,ω(S1))π0(Γ). Set

X ′ = (η, φ) ·X. Then we have

E(X ′) =

 ⊗
j∈π0(Γ1)

Uk(j),α(j)(ηj, φj)

E(X)

 ⊗
j∈π0(Γ0)

Uk(j),α(j)(ηj, φj)
∗

 .

If λ ∈ Λ0×{R}, we have implicitly extended Uk,λ to a representation of Diff
(2)
+ (S1) by

Uk,λ(η, φ) = Uk,λ(φ).

(h) (Adjoint preservation) For every X ∈ Espin, we have E((Xd)∗) = E(X)∗.

As in the non-spin case, we can define an antichiral spin Segal CFT by altering Definition

3.27(e) to require the vector bundle be holomorphic over M spin
P .
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Chapter 4

Construction of the free fermion Segal
CFTs

4.1 Overview

In this chapter, we will construct two versions of the Segal CFT corresponding to the free
fermion: first a non-unitary version, and then a unitary spin version. The main tool will
be the machinery of fermionic second quantization. Our construction roughly follows the
outlines in [Seg04, Ch. 8] and [Pos03], and gives an accounting of the technical details
required.

These theories will have the minimal number of labels: one for the non-unitary theory,
and just {NS,R} for the unitary spin theory. All of the spaces of conformal blocks will
be one-dimensional, so the result is a projective monoidal functor from a category of 1-
dimensional complex cobordisms to the category of Hilbert spaces and trace-class operators.
While these “categories” fail to be true categories in certain respects (e.g. lacking identity
morphisms, composition not being strictly associative), we will freely use categorical language
for descriptions throughout this section and the reader is cautioned that such statements are
to be understood modulo technicalities. As a result, we will avoid categorical language when
stating theorems or definitions.

The construction will proceed by factoring the desired functor through Hpol, the “cate-
gory” of polarized Hilbert spaces. An object in Hpol is a pair (H, p) where p is a projection
on H. A morphism (H, p1)→ (K, p2) is a projection q on H⊕K such that q− ((1−p1)⊕p2)
is Hilbert-Schmidt. If q2 is a morphism (K, p2) → (L, p3), the composition q2 ? q1 is the
projection

(q2 ? q1)(H ⊕ L) = {(h, l) : ∃k ∈ K, (h, k) ∈ q1(H ⊕K), (k, l) ∈ q2(K ⊕ L)}.

If the qi are projections onto the graphs of linear operators, then this composition coincides
with composition of operators.
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The reader is cautioned that Hpol fails to be a category, as the composition of morphisms
need not be a morphism. However, a sufficient condition that this composition be a morphism
in Hpol is given by the following lemma.

Lemma 4.1. If (H, p1)
q1→ (K, p2) and (K, p2)

q2→ (L, p3) are morphisms in Hpol, then q2 ? q1

is again a morphism in Hpol if the following conditions are satisfied

• the image of (q2 ? q1)(H ⊕ L) under the projection onto H is dense, and similarly for
the image of q2(K ⊕ L) under the projection onto K,

• (1− q1) ? (1− q2) = (pH − pL)(1− q2 ? q1)(pH − pL).

We call the two conditions of Lemma 4.1 the non-degeneracy condition and the compat-
ibility condition, respectively. We outline a proof of Lemma 4.1 in Remark 4.9.

The role of the non-degeneracy and compatibility conditions can be understood most
easily in the context of graphs of unbounded operators. If the qi are graphs of unbounded
operators xi, then the non-degeneracy condition says that x1, x2, and x2x1 are densely
defined, and the compatibility condition says that (x2x1)∗ = x∗1x

∗
2. The unitary operator

(pH − pL) is the familiar term required to relate the orthogonal complement of the graph of
an operator with the graph of the adjoint.

We now outline the construction of the non-unitary free fermion; the necessary adjust-
ments needed to construct the unitary spin theory are discussed in Section 4.3. We construct
our functor as a composition

C -bord
H2

−→ Hpol
F−→ (Hilb, I1),

where H2 takes a surface to its Hardy space and F is fermionic second quantization. We
will now discuss these functors in more detail.

First, we fix some notation. Let Hk be the Hilbert space L2(S1,Ck), with standard
polarization given by the projection p+ onto H2(S1,Ck). We denote 1 − p+ by p−. If
X = (Σ, V, β, α) ∈ E , the pre-quantized boundary Hilbert space is defined by

HΓ =
⊕

j∈π0(Γ0)

Hk(j) ⊕
⊕

j∈π0(Γ1)

Hk(j).

This space has a natural polarization, given by

pΓ =
⊕

j∈π0(Γ0)

p− ⊕
⊕

j∈π0(Γ1)

p+.

We denote by HΓi the subspace of HΓ consisting of summands indexed by j ∈ π0(Γi), and
set

pΓi =
⊕

j∈π0(Γi)

p+,

so that pΓ = (1− pΓ0)⊕ pΓ1 .
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Definition 4.2. For X ∈ E , define the Hardy space H2(X) to be the closed subspace of HΓ

H2(X) = cl({β∗F : F ∈ O(V )}).

We denote by qX the projection of HΓ onto H2(X).

Here, β∗F is the pullback of F from a section of V |Γ to a section of the trivial bundle
over copies of the standard circle S1. In particular, β∗F should not be confused with the
boundary parameterization β∗.

In Theorem A.1 we will show that pΓ−qX is Hilbert-Schmidt and so qX gives a morphism
from (HΓ0 , pΓ0) to (HΓ1 , pΓ1) in Hpol.

The functor F from Hpol to (Hilb, I1) is projective, and was described in Section 2.3.
To a pair (H, p) in Hpol we assign the Fock space FH,p, and to a morphism q we assign
the one-dimensional space of maps satisfying the H2(X)-commutation relations of Lemma
2.15. Since composition isn’t always defined in Hpol, we must be careful when discussing the
functoriality of F . It will turn out that the morphisms in Hpol that arise from the functor H2

will satisfy the hypothesis of Lemma 4.1, and we will prove that F intertwines composition
in Hpol and composition in Hilb when that hypothesis is satisfied.

4.2 The non-unitary free fermion

We begin by giving the data of the (non-unitary) free fermion model.

1. The set of labels is Λ = {0}, and will be omitted hereafter.

2. For k ∈ Z>0, the corresponding super Hilbert space is FHk,p+
.

3. The strongly continuous positive energy representations Uk of Rot(S1) are obtained by
restricting the Ramond representation of Diff+(S1) (see Section 2.4).

4. To X ∈ E we assign the vector space of Hilbert-Schmidt maps satisfying the qX-
commutation relations.

By Theorem A.1, the spaces E(X) are one-dimensional.

Remark 4.3. We will frequently write FΓi for FHΓi ,pΓi
. The space E(X) consists of maps

FΓ0 → FΓ1 ,

while the axioms of a Segal CFT require a vector space of maps between unordered tensor
products ⊗

j∈π0(Γ0)

FHk(j),p+
→

⊗
j∈π0(Γ1)

FHk(j),p+
.

However, we can naturally identify these spaces of maps as described in Remark 2.7.
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Theorem 4.4. The preceding data gives an antichiral Segal CFT, called the non-unitary free
fermion.

In this section, we will prove that the non-unitary free fermion satisfies every requirement
of Definition 3.14 except antichirality. While it is possible to establish this fact using the
tools of this section, we will instead give a proof by explicitly computing E(X) for the
relevant surfaces. This will be done in Section 5.1.

To establish properties of the spaces E(X), we will want to know how H2(X) changes
when operations are performed on X. The following proposition follows immediately from
the definitions.

Proposition 4.5. Let X = (Σ, V, β, α) ∈ E, and (x, φ) ∈ Diff+,ω(S1)π0(Γ). Let γj = (βj)|S1

and extend γj to an isomorphism S1 × C → j × C. We write H2(Σ, γ) for H2(X̃), where
X̃ = (Σ,Σ× C, γ, α).

• H2(X t,j) = {(fj′) ∈ HΓ : (f ◦ z−δjj′ ) ∈ H2(X)}.

• H2(X) = {(fj) ∈ HΓ : (fj ◦ z−1) ∈ H2(X)}.

• H2(X∗) = H2(X).

• H2((x, φ) ·X) =
(⊕

j∈π0(Γ) t(xj, φj)
)
H2(X).

• H2((x ·X)d) = (x−1)tH2(Xd)

• If V is a line bundle H2(X) = (β∗F )H2(Σ, γ), where F is any non-vanishing element
of O(V ).

• If Y ∈ E, H2(X t Y ) = H2(X)⊕H2(Y ).

• If φ : (Σ, V ) → (Σ′, V ′) is a holomorphic isomorphism of bundles, then H2(X) =
H2(Σ′, V ′, φ ◦ β).

Let X1, X2 ∈ E with Xi = (Σ, Vi, βi, α).

• H2(X1 ⊕X2) = {f1 ⊕ f2 : fi ∈ H2(Xi)}.

• H2(X1 ⊗X2) = {f1 ⊗ f2 : fi ∈ H2(Xi)}.

It is clear from Proposition 4.5 that our model satisfies Definition 3.14(a), conformal
invariance. The uniqueness of the vacuum sector, Definition 3.14(c), is clear. The line in
FHk,p+

corresponding to E(D) is the vacuum line of the Fock space, and it is fixed by Rot(S1)
since rotation was canonically quantized.

Rotation covariance, Definition 3.14(g), follows immediately from Propositions 4.5 and
2.17.
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We now turn our attention to proving that operators T ∈ E(X) are trace class, as well
as establishing the monoidal property and locality.

Suppose that (X, j0, j1) ∈ E∗. It is almost obvious that elements of H2(X̌) correspond
one-to-one with elements of H2(X) that agree on j0 and j1. That is, that

H2(X̌) = {(fj)j∈π0(Γ̌) : ∃fj0 = fj1 ∈ Hk(j0) with (fj)j∈π0(Γ) ∈ H2(X)}.

Since our Hardy space was defined as the closure of a space of boundary values of holomorphic
functions, there is still a technical point to address. This is done in Lemma A.16.

Less obviously, we have a similar relation between the orthogonal complements H2(X̌)⊥

and H2(X)⊥. By Corollary A.2, we have

H2(X̌)⊥ = {(fj)j∈π0(Γ̌) : ∃fj0 = −fj1 ∈ Hk(j0) with (fj)j∈π0(Γ) ∈ H2(X)⊥}.

The inclusion “⊇” follows immediately from the relationship between H2(X) and H2(X̌),
but the reverse inclusion is a non-trivial consequence of the geometric structure underlying
the spaces H2(X). This establishes the compatibility condition of Lemma 4.1.

As we start to compute with H2(X) and E(X), we will rely on the representations of
CAR(Hk) on FHk,p+

and FΓi . Since CAR(Hk) will be acting almost exclusively on these
spaces, whenever possible we will omit the notation “πHk,p+

” and simply write the action of
a(f) ∈ CAR(Hk) on Fock spaces as a(f).

We begin with a warmup.

Proposition 4.6. The non-unitary free fermion has the monoidal property.

Proof. Let X1, X2 ∈ E , and suppose Ti ∈ E(Xi). We must show that T1⊗̂T2 satisfies the
commutation relations for H2(X1 tX2) = H2(X1)⊕H2(X2).

Suppose that (f 0, f 1) ∈ H2(X1) ⊆ HΓ0
X1
⊕HΓ1

X1
, and that (g0, g1) ∈ H2(X2) ⊆ HΓ0

X2
⊕

HΓ1
X2
. By Proposition 2.6, a(f 0, g0) acts on FΓ0

X1
⊗FΓ0

X2
by a(f 0)⊗̂1 + 1⊗̂a(g0). We have(

a(f 1)∗⊗̂1 + 1⊗̂a(g1)∗
)

(T1⊗̂T2) = (−1)p(z1)+p(z2)(T1⊗̂T2)
(
a(f 0)∗⊗̂1 + 1⊗̂a(g0)∗

)
.

The computation for H2(X1 tX2)⊥ is similar.

We now check that the non-unitary free fermion satisfies non-degeneracy. We actually
prove a stronger result.

Lemma 4.7. Let X ∈ E and suppose that Σ is connected and T ∈ E(X) \ {0}. Then T is
injective if Γ1 6= ∅, and T has dense image if Γ0 6= ∅.

Proof. Suppose first that Γ1 6= ∅, and assume without loss of generality that Γ0 6= ∅. By the
main theorem of [Sch78], pΓ0H2(X) is dense in HΓ0 . The commutation relations for H2(X)
now imply that the kernel of T is invariant under a(f)∗ for f ∈ pΓ0H2(X), and thus for all
f ∈ HΓ0 . By Theorem A.1, pΓ0H2(X)⊥ is dense in HΓ0 as well, so ker(T ) is invariant under
CAR(HΓ0). But CAR(HΓ0) acts irreducibly on FΓ0 , so either T is injective or T = 0. The
same proof shows that either the image of T is dense or T = 0 if Γ0 6= ∅.



CHAPTER 4. CONSTRUCTION OF THE FREE FERMION SEGAL CFTS 48

Lemma 4.8. Suppose that X ∈ E∗, and that either

(i) the elements of E(X) are trace class, or

(ii) the components j0 and j1 lie in distinct connected components of X.

Then τ sj0j1(E(X)) ⊆ E(X̌).

Proof. Observe that either condition (i) or condition (ii) ensures that E(X) lies in the domain
of τ sj0j1 . Let T ∈ E(X), and we will show that τ sj0j1(T ) satisfies that commutation relations

for H2(X̌).
Fix f = (f 0, f 1) ∈ H2(X̌) ⊆ HΓ0

X̌
⊕HΓ1

X̌
. By Lemma A.16, there is some g = (g0, g1) ∈

H2(X) with gj = fj when j 6∈ {j0, j1}, and gj0 = gj1 . Using the partial supertrace properties
from Proposition 2.3, we have

a(f 1)∗τ sj0j1(T ) = τ sj0j1
(
(a(f 1)∗⊗̂1j1)T

)
= τ sj0j1

((
a(g1)∗ − 1π0(Γ1)\j1⊗̂a(gj1)∗

)
T
)

= (−1)p(T )τ sj0j1
(
T
(
a(g0)∗ − 1π0(Γ0)\j0⊗̂a(gj1)∗

))
= (−1)p(T )τ sj0j1

(
T
(
a(f 0)∗⊗̂1j0

))
= (−1)p(T )τ sj0j1(T )a(f 0)∗.

The same proof establishes the corresponding relations for (f 0, f 1) ∈ H2(X̌)⊥, where now
we must rely on Corollary A.2 instead of Lemma A.16.

Remark 4.9. We can now outline a proof of Lemma 4.1. Given the subspaces W1 =
q1(H⊕K) and W2 = q2(K⊕L), we apply Lemma 2.15 to get non-zero operators satisfying the
W1 and W2 commutation relations. The proof of Lemma 4.7 shows that these operators are
injective (using the non-degeneracy condition), and the proof of Lemma 4.8 shows that the
composition satisfies the commutation relations for (q2 ? q1)(H ⊕L) (using the compatibility
condition). Since these maps were injective, the composition is non-zero and by Lemma 2.15
(q2 ? q1)(H ⊕ L) must be a morphism, as required.

Lemma 4.10. For all X ∈ E, the elements of E(X) are trace class. If X ∈ E∗, then
τ sj0j1 : E(X)→ E(X̌) is an isomorphism.

Proof. First we show that τ sj0j1 : E(X)→ E(X̌) is an isomorphism under the assumption that

either elements of E(X) are trace class, or j0 and j1 lie in separate connected components.
We will then use this to show that the elements of E(X) are always trace class, which will
complete the proof of the lemma. Since E(X) and E(X̌) are one-dimensional, it suffices to
show that τ sj0j1 acts injectively.

Suppose T ∈ E(X̌) and τ sj0j1(T ) = 0. Since X ∈ E∗, at least one of j0 and j1 lies on a
connected component of Σ that has a free boundary component (i.e. a boundary component
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that is not j0 or j1). Assume without loss of generality that this is j1, and the proof will be
similar in the other case.

Fix f ∈ L2(S1,Ck(j0)). By [Sch78], there exists a sequence f (n) ∈ H2(X) with f
(n)

j0 → 0

and f
(n)

j1 → −f . Let (f (n),0, f (n),1) be the decomposition of f (n) with respect to HΓ =

HΓ0 ⊕HΓ1 , and let g(n) ∈ HΓ̌ be the restriction of f (n). We then have

0 = a(g(n),1)∗τ sj0j1(T )

= τ sj0j1
((
a(g(n),1)∗⊗̂1j1

)
T
)

= τ sj0j1
((
a(f (n),1)∗ − 1⊗̂a(f

(n)

j1 )∗
)
T
)

= (−1)p(T )τ sj0j1
(
T
(
a(f (n),0)∗

))
− τ sj0j1

((
1⊗̂a(f

(n)

j1 )∗
)
T
)

= (−1)p(T )τ sj0j1
(
T
(
1⊗ a(f

(n)

j0 )∗
))
− τ sj0j1

((
1⊗̂a(f

(n)

j1 )∗
)
T
)
.

This last term converges to τ sj0j1
((

1⊗̂a(f)∗
)
T
)

as n→∞, and thus

τ sj0j1
((

1⊗̂a(f)∗
)
T
)

= 0.

Using the formula for H2(X)⊥ from Theorem A.1, we can apply the same argument using a
sequence f (n) ∈ H2(X)⊥. We can also iterate the argument to get that

τ sj0j1
((

1⊗̂x
)
T
)

= 0 (4.1)

whenever x is a word in a(f)∗ and a(g). But such words span a dense subspace of B(Hk(j1)),
so equation (4.1) holds for arbitrary x. But this means T = 0, as desired.

We can now show that the elements of E(X) are always trace class. If Σ has no outgoing
boundary components, then the operators have rank one. Otherwise, using the analytic
boundary data we may cut off a standard annulus from each outgoing boundary component.
By the above result, gluing each of these annuli back on gives an isomorphism to E(X).
By Proposition 2.5, this isomorphism corresponds to composition of operators. Since the
operators being composed are Hilbert-Schmidt, the composition is trace class.

We have shown that the non-unitary free fermion satisfies all of the requirements of a
Segal CFT, except for antichirality. We will establish this fact and complete the proof of
Theorem 4.4 in Section 5.1.

4.3 The unitary free fermion

The most obvious way that the Segal CFT constructed in Section 4.2 fails to be unitary is
that the operators implementing boundary reparameterization are not unitary, and in fact
generally not even bounded. In this section, we will refer to the non-unitary theory as Enu,
and construct a related unitary antichiral spin CFT, Es.

The data of the unitary free fermion is the following
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1. The set of labels is {0} × {NS,R}, which we will think of as {NS,R}.

2. For k ∈ Z>0, the Ramond and Neveu-Schwarz super Hilbert spaces are both FHk,p+
.

3. The positive energy spin representation Uk,NS : Diff
(2)
+,ω(S1)→ PU(FHk,p+

) is UNS (see
Section 2.4).

4. The positive energy representation Uk,R : Diff+,ω(S1)→ PU(FHk,p+
) is UR.

5. If X = (Σ, V, β, α, L, γ) ∈ Espin, then Es(X) is given by

Es(X) = Enu(Σ, V ⊗ L, β ⊗ γ, α).

Conformal invariance, uniqueness of the vacuum, the monoidal property, and locality
are inherited from the non-unitary theory. Non-degeneracy and rotation invariance of the
vacuum are proven in exactly the same way. Diffeomorphism covariance follows from Propo-
sition 2.17, along with the following observation.

Proposition 4.11.

H2((η, φ) ·X) =

 ⊕
j∈π0(Γ)

uα(j)(ηj, φj)

H2(X).

As in the non-unitary case, we will check antichirality by explicit computation in Section
5.1. All that remains to check is adjoint preservation.

Theorem 4.12. The unitary free fermion model preserves adjoints.

Proof. From the definitions of the H2(X) vacuum equations, it is clear that T satisfies the
H2(X) vacuum equations if and only if T ∗ satisfies the M±1H

2(X)⊥ vacuum equations,
where M±1 acts by 1 on outgoing boundary components, and −1 on incoming boundary
components. Thus we must show that if X = (X0, L, γ) ∈ Espin, then

M±1H
2(Σ∗, V ∗ ⊗ L, (βd)∗ ⊗ γ∗) = H2(Σ, V ⊗ L, β ⊗ γ)⊥. (4.2)

Note that β∗ refers to the adjoint of trivializations of bundles, while γ∗ refers to the adjoint
of trivializations of spin structures. From the definition of γ∗ and Remark 3.24 we have that
if F ∈ O(L) and F ◦ γ = f ∈ H2(L, γ), then

F ◦ γ∗ = MNS
z if ,

where MNS
z is multiplication by z on boundary components of type NS. Fix a non-vanishing

section F ∈ O(L).
By conformal invariance, we may assume that V is a trivial bundle. By Proposition 4.5,

equation (4.2) is invariant under fiberwise reparameterizations of β. Thus we may assume
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that β acts trivially on fibers, and since equation (4.2) is invariant under direct sums in
(V, β) we may assume that V = Σ× C.

Applying Proposition 4.5 and Theorem A.1 under these assumptions, equation (4.2) is
equivalent to

MNS
z ifH2(Σ, γ|S1) = f−1rMzH2(Σ, γ|S1),

where we are free to pick r as the boundary value of any non-vanishing section of KΣ. Here,
the boundary value is taken with respect to the boundary parameterization of KΣ induced
by γ|S1 . Such a section is furnished by iφL(F ⊗ F ), which gives r = iMR

z f
2. The above

identity now holds.
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Chapter 5

Applications

5.1 Vertex operator algebras

Segal’s definition given in Chapter 3 is not the only axiomatization of a chiral conformal field
theory. In [Bor86], Richard Borcherds introduced the concept of a vertex algebra, en route
to proving the monstrous moonshine conjectures of Conway and Norton. A modified version
of the definition appears in [FLM88], under the name vertex operator algebra (VOA). Vertex
operator algebras are a mathematical formulation of the physical notion of chiral algebras,
and they describe conformally invariant chiral quantum fields.

Vertex operator algebras are an algebraic notion, and we will replace Diff+(S1) by its
(complexified, centrally extended) Lie algebra Vir.

Definition 5.1. The Virasoro algebra Vir is the Lie algebra spanned by {Ln}n∈Z and a
central element c, with commutation relations

[Lm, Ln] = (m− n)Lm+n + δm+n,0
m3 −m

12
c.

A representation of Vir on a pre-Hilbert space V is called unitary if 〈Lnξ, η〉 = 〈ξ, L−nη〉 for
all ξ, η ∈ V .

For more information on the Virasoro algebra, the reader is encouraged to consult [KR87].
Our definition of a vertex operator algebra is a combination of the ones given in [FZ92]

and [Was11]. It is not minimal, and includes some requirements of a unitary vertex operator
algebra. Another valuable resource on vertex operator algebras is [Kac98].

Definition 5.2. A vertex operator (super)algebra is given by the following data

• A 1
2
Z≥0-graded super pre-Hilbert space V , and an even unit vector Ω ∈ V ,

• a state-field correspondence Y : V → End(V )[[z±1]], which we write Y (ξ, w) =∑
m∈Z ξmz

−m−1 with ξm ∈ End(V ),
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• a unitary representation of Vir on V by even operators.

The data is required to satisfy the following axioms.

• Ω spans V (0), and Y (Ω, w) = 1 (i.e. Ωm = δm+1,01).

• ξmΩ = 0 for m ≥ 0 and ξ−1Ω = ξ.

• [L−1, Y (ξ, w)] = d
dw
Y (ξ, w), where the derivative is interpreted formally.

• The grading on V is given by L0, and Y (L−2Ω, w) =
∑

m∈Z Lmw
−m−2.

• The eigenspaces of L0 are finite-dimensional.

• If L0ξ = αξ, then [L0, ξm] = (α−m− 1)ξm.

• 〈Y (ξ1, w1)Y (ξ2, w2)η1, η2〉 is a polynomial in w±1
i and (w1−w2)−1 for all ξi, ηi ∈ V , and

the order of the pole at w1 − w2 is bounded independently of η1 and η2.

• 〈Y (ξ1, w1)Y (ξ2, w2)η1η2〉 = (−1)p(ξ1)p(ξ2)〈Y (ξ2, w2)Y (ξ1, w1)η1η2〉 as a rational function
of w1 and w2.

We will not work with vertex operator algebras in general; we will be interested in the
VOA corresponding to the free fermion model (and later, the WZW models for SU(N)`
- see Section 5.2). We will describe these VOAs by explicitly giving the fields Y (ξ, w)
corresponding to certain generating vectors ξ. We can then deduce fields corresponding to
other vectors from the following theorem.

Theorem 5.3 (Borcherds product formula).

(ηnξ)m =
∑
j≥0

(−1)j
(
n

j

)(
ηn−jξm+j − (−1)p(η)p(ξ)+nξm+n−jηj

)
.

The following relation will also be useful.

Theorem 5.4 (Borcherds commutator formula).

[ξm, Y (η, w)] =
∞∑
j=0

wm−j
(
m

j

)
Y (ξjη, w).
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The free fermion vertex operator superalgebra

The state space for the free fermion VOA is the subspace of finite energy vectors in FH,p+ ,
where H = L2(S1,Ck) and p+ is the projection onto the Hardy space. The finite energy
vectors are those that lie in the algebraic direct of eigenspaces for LNS0 ,

F0
H,p+

=
∑

d∈ 1
2
Z≥0

FH,p+(d).

We will generally refer to this space simply as F0.
The generating fields are, for v ∈ Ck,

Y (a(v)Ω, w) =
∑
m∈Z

a(z−m−1v)w−m−1

and
Y (a(z−1v)∗Ω, w) =

∑
m∈Z

a(zmv)∗w−m−1.

The representation of the Virasoro algebra corresponds to the representation UNS, and in
particular L0 = LNS0 . The existence of the free fermion VOA is covered in more detail in
most references on VOAs, e.g. [Kac98, Ch. 5] or [Was11].

We may now use the Borcherds product formula to give explicit formulas for higher
energy vectors. For example, if ξ = a(v)a(z−1w)∗Ω, then

ξm =
∑
j≥0

a(zjv)a(zj+mw)∗ −
∑
j≥0

a(zm−j−1w)∗a(z−j−1v) (5.1)

=
∑
j≥0

a(zj−mv)a(zjw)∗ −
∑
j≥0

a(z−j−1w)∗a(z−j−1−mv).

While ξm is not bounded as an operator on F , it gives as well-defined endomorphism of F0

as all but finitely many terms vanish when ξm is applied to a finite energy vector.

Connection between free fermion Segal CFT and VOA

In Chapter 4, we constructed two examples of Segal CFTs. The maps assigned to Riemann
surfaces were characterized by commutation relations derived from the Hardy space of the
surface. In this section, we will make the theory more concrete by explicitly describing the
action of the important families of surfaces described in Sections 3.1 and Section 3.3. In
particular, we will identify the operators assigned to the standard spin pairs of pants with
the operators of the free fermion vertex operator algebra.

For ease of computation, we will assume that all vector bundles are trivial. By Theorem
2.30, we do not lose any generality by this assumption. To simplify notation, we will continue
to regard k ∈ Z>0 as fixed and write F for the Hilbert space FL2(S1,Ck),p+

.
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Recall from Section 3.1 that we defined cl(D)0,k ∈ E by

cl(D)0,k = (cl(D), cl(D)× Ck, id, α0),

where 0 is the vacuum label. By construction, we have

Enu(cl(D)0,k) = CΩ.

In the spin case, cl(D)0,k is given the standard Neveu-Schwarz spin structure, and we
again have

Es(cl(D)0,k) = CΩ.

The next simplest surface is the standard annulus. As with the disk, we will simplify the
notation of Sections 3.1 and 3.3.

For q ∈ cl(D) \ {0}, let
Aq = {z ∈ C : |q| ≤ z ≤ 1}.

We will think of Aq as an element of E by making the circle of radius |q| incoming, the circle
of radius 1 outgoing, giving it the trivial Ck-bundle, and parameterizing as in Section 3.1.

We define ANS
q,q1/2 ,ARq ∈ Espin by giving Aq the standard NS or R spin structure, and

trivializing the boundary as described in Section 3.3.
We have

H2(Aq) = H2(ARq ) = cl(span{(qnznv, znv) : n ∈ Z, v ∈ Ck}),

and
H2(ANSq,q1/2) = cl(span{(qn+ 1

2 znv, znv) : n ∈ Z, v ∈ Ck}).

The orthogonal complements are given by

H2(Aq)⊥ = cl(span{(−q−nznv, znv) : n ∈ Z, v ∈ Ck}),

and
H2(ANSq,q1/2)⊥ = cl(span{(−q−n−

1
2 znv, znv) : n ∈ Z, v ∈ Ck}).

Proposition 5.5.

• Enu(Aq) = Es(ARq ) = CqLR0

• Es(ANS
q,q1/2) = CqLNS0

Proof. It suffices to show that qL
R
0 and qL

NS
0 are Hilbert-Schmidt and satisfy the commutation

relations for H2(Aq) and H2(ANS
q,q1/2), and this is easily checked.
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To simplify notation, we will write Pw,q1,q2 for the element

P((0, q1, w), (0, q2, 0); 0; k) ∈ E

defined in Section 3.1. The underlying surface of Pw,q2,q2 is the pair of pants

{z ∈ C : |q2| ≤ |z| ≤ 1, |z − w| ≥ |q1|},

and we only define Pw,q2,q2 when this surface is non-degenerate.
We define PNS

w,q
1/2
1 ,q

1/2
2

∈ Espin by giving it the standard Neveu-Schwarz spin structure

inherited from the unit disk, and parameterizations as described in Section 3.3.
The statement of the following theorem was told to us by Antony Wassermann.

Theorem 5.6. Let T ∈ Es(PNS
w,q

1/2
1 ,q

1/2
2

), and ξ ∈ F0. If the free fermion vertex operator is

given by

Y (ξ, w) =
∑
n∈Z

ξnw
−n−1,

then ξnq2
LNS0 is a bounded operator and

T (ξ ⊗ ·) = α
∑
n∈Z

(q1
LNS0 ξ)nq2

LNS0 w−n−1

for some α ∈ C, with the sum converging uniformly in norm on compact subsets of {w :
|q2| < w < 1}.

Proof. It suffices to prove the theorem for

ξ = a(znpvp)
∗ · · · a(zn1v1)a(zm1v′1) · · · a(zmqv′q)Ω,

where vi, v
′
i ∈ Ck, ni ∈ Z<0 and mi ∈ Z≥0. We proceed by induction on p+ q.

When ξ = Ω, Y (ξ, w) = 1 and

T (Ω⊗ ·) ∈ Cq2
LN0 S

by locality. Hence T (Ω⊗Ω) ∈ CΩ, and since T is homogeneous, it is even. We normalize T
so that T (Ω⊗ Ω) = Ω, and establish the theorem with α = 1.

Now assume that the conclusion holds for ξ, and we will show that it holds for a(znv)∗ξ
and a(zmv)ξ. From the holomorphic function (z − w)nv ∈ O(Pw,q1,q2), we have

(q
n+ 1

2
1 znv, q

1
2
2 (q2z − w)nv, (z − w)nv) ∈ H2(PNSw,q1,q2

).

Thus T satisfies the commutation relation

T (a(q
n+ 1

2
1 znv)∗⊗̂1) = a((z − w)nv)∗T − T (1⊗̂a(q

1/2
2 (q2z − w)nv)∗).
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We can expand (z − w)n and (q2z − w)n in power series converging uniformly in norm on
compact subsets of |q2| < |w| < 1, and by the inductive hypothesis we can do the same with
T (ξ ⊗ ·), so we have

T (q1
−LNS0 a(znv)∗ξ ⊗ ·) = T (a(q

n+1/2
1 znv)∗q1

−LNS0 ξ ⊗ ·)
= a((z − w)nv)∗T (q1

−LNS0 ξ ⊗ ·)−

− T ((−1)p(ξ)q1
−LNS0 ξ ⊗ a(q

1
2
2 (q2z − w)nv)∗·)

=
∑
j≥0

(−1)j
(
n

j

)
a(zn−jv)∗T (q1

−LNS0 ξ ⊗ ·)wj−

− (−1)p(ξ)
∑
j≥0

(−1)j
(
n

j

)
(−1)nT (q1

−LNS0 ξ ⊗ a(zjv)∗·)q2
j+ 1

2wn−j

=
∑
j≥0

∑
m∈Z

(−1)j
(
n

j

)
a(zn−jv)∗ξmq2

LNS0 wj−m−1−

− (−1)p(ξ)
∑
j≥0

∑
m∈Z

(−1)j
(
n

j

)
(−1)nξma(zjv)∗q2

LNS0 wn−j−m−1

=
∑
m∈Z

ξ̃mq2
LNS0 w−m−1,

where

ξ̃m =
∑
j≥0

(−1)j
(
n

j

)(
a(zn−jv)∗ξm+j − (−1)p(ξ)+nξm+n−ja(zjv)∗

)
.

Note that ξ̃mq2
LNS0 is bounded,

∑
m∈Z ξ̃mq

LNS0
2 w−m−1 converges uniformly on compact subsets

of |q2| < |w| < 1, and ξ̃m ∈ End(F0). In fact,

ξ̃m = (a(znv)∗ξ)m

by Theorem 5.3, which completes the first case of the induction.
We must establish an analogous result for T (q1

−LNS0 a(z−n−1v)ξ ⊗ ·). We have

(−q1
n+ 1

2 z−n−1v,−q2

1
2 z−1(q2z

−1 − w)nv, z−1(z−1 − w)nv) ∈ H2(PNSw,q1,q2
)⊥.

By the same argument as before, we have

T (q1
−LNS0 a(z−n−1v)ξ ⊗ ·) =

∑
j≥0

∑
m∈Z

(−1)j
(
n

j

)
a(z−n−1−jv)ξmq2

LNS0 wj−m−1−

− (−1)p(ξ)
∑
j≥0

∑
m∈Z

(−1)j
(
n

j

)
(−1)nξma(z−j−1v)q2

LNS0 wn−j−m−1

=
∑
m∈Z

ξ̃mq2
LNS0 w−m−1,
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where

ξ̃m =
∑
j≥0

(−1)j
(
n

j

)(
a(z−n−1−jv)ξm+j − (−1)p(ξ)+nξm+n−ja(z−j−1v)∗

)
.

We have the same uniform convergence as before, and by Theorem 5.3, ξ̃m = (a(z−n−1v)ξ)m.

We write the conclusion of Theorem 5.6 as T (η⊗ξ) = Y (q1
LNS0 η, w)q2

LNS0 ξ. The following
theorem may be established by the same method.

Theorem 5.7. Let T ∈ Enu(Pw,q1,q2), and ξ ∈ F0. If the free fermion vertex operator is
given by

Y (ξ, w) =
∑
n∈Z

ξnw
−n−1,

then ξnq2
LR0 is a bounded operator and

T (ξ ⊗ ·) = α
∑
n∈Z

(q1
LR0 ξ)nq2

LR0 w−n−1

for some α ∈ C, with the sum converging uniformly in norm on compact subsets of {w :
|q1| < w < 1}.

Corollary 5.8. The non-unitary free fermion and the unitary free fermion satisfy antichi-
rality.

This completes the proof that Es and Enu give antichiral Segal CFTs.

5.2 WZW models

One of our primary motivations for studying the free fermion is to study the SU(k) WZW
subtheory. We will briefly introduce the representation theory of the loop group LSU(k) on
fermionic Fock space, following [Was98, Sec. 4-9]. The reader is encouraged to consult that
reference for proofs of the following statements.

Let Fk` be the fermionic Fock space for Hk` = L2(S1,Ck`). We represent the loop
group LSU(k) = C∞(S1, SU(k)) on Hk` by pointwise multiplication by f(z) ⊗ 1. When
LSU(k) is given the appropriate topology, this gives a continuous embedding of LSU(k)
into Ures(Hk`, p+), and consequently a strongly continuous projective representation π` of
LSU(k) on Fk`.

Let L0gl(k`) be the Lie subalgebra of C∞(S1, gl(k`)) spanned by

xm := z−mx
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for x ∈ gl(k`). We have a representation π` : xm 7→ x(m) of L0gl(k`) on F0
k` given by

epq(m) =
∑
j>0

a(zj−mvp)a(zjvq)
∗ −

∑
j≥0

a(z−jvq)
∗a(z−j−mvp) (5.2)

where 1 ≤ p, q ≤ k`, {vp} is the standard basis for Ck`, and epq is an elementary matrix.

Theorem 5.9 ([Was98, Sec. 8]). For y ∈ L0su(k`), π`(y) is essentially skew-adjoint and
the unitaries exp(π`(y)) and π`(exp(y)) agree up to a scalar.

Since products of terms exp(y) are dense in LSU(k`), if V ⊆ Fk` is a subspace invariant
under L0sl(k`) then cl(V ) is invariant under LSU(k`). Similarly if V is invariant under
L0sl(k), then cl(V ) is invariant under LSU(k).

Lemma 5.10. For every x ∈ gl(k`), there is a ξ ∈ F0
k` such that

Y (ξ, w) =
∑
m∈Z

π(xm)w−m−1.

Proof. It suffices to prove this for x = epq, and in that case comparing equations (5.2) and
(5.1) shows that we may take ξ = a(vp)a(z−1vq)

∗Ω.

Let H0 be the irreducible LSU(k) representation generated by Ω, and let H0
0 be the

subspace of finite energy vectors, which carry an irreducible representation of L0sl(k).

Lemma 5.11. If V ⊆ F0
k` is invariant under L0sl(k), then V is also invariant under ξm for

every ξ ∈ H0
0.

Proof. It suffices to prove the theorem for ξ = x1(m1) · · ·xs(ms)Ω. Since
∑
xi(m)w−m−1 is

a field in the free fermion VOA, the modes of Y (ξ, w) are (infinite) sums of monomials in
terms x(m) by Theorem 5.3.

In particular, H0
0 is invariant under Y (ξ, w) for every ξ ∈ H0

0. We thus have the state-field
correspondence for a VOA based on the pre-Hilbert space H0

0. To completely specify this
VOA, we need to describe the operators L0 and L−1.

The representation π is completely reducible, and we can write

Fk` =
⊕
λ∈Λ

Hλ ⊗Mλ,

with respect to which π decomposes

π =
⊕
λ∈Λ

πλ ⊗ 1.

The finite set Λ indexes the irreducible positive energy representations of LSU(k) of level `,
and is given by

Λ = {(λ1, . . . , λk) ∈ Zk/Z(1, . . . , 1) : λk − λ1 ≤ `}.
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Since LSU(k) acts by even operators, the Hilbert spaces Hλ are even.
By the coset construction, UNS decomposes as projective representations

U⊗`NS =
⊕
λ∈Λ

Uλ ⊗ Vλ,

and we can write
LNSn =

⊕
λ∈Λ

Lλn ⊗ 1 + 1⊗ L′λn .

Since the action of the Möbius group on Fk` is canonically quantized, we have (L0
n⊗1)Ω = 0

for |n| ≤ 1.
Each Uλ and Vλ is a projective positive energy representation of Diff+(S1), and so Hλ has

a grading by the spectrum of Lλ0 , called the energy grading. If hλ is the smallest eigenvalue
of Lλ0 , then Hλ(hλ) is the irreducible representation of SU(k) corresponding to λ (see e.g.
[Was98, Sec. 2]).

If ξ is an eigenvector of Lλ0 , then we will write wt(ξ) for the eigenvalue. We define wt(η)
similarly when η is an eigenvector for L′λ0 , and wt(ξ ⊗ η) = wt(ξ) + wt(η). Expressions
involving wt(ξ) or wt(η) are to be understood as holding when ξ and η are eigenvectors, and
extended linearly otherwise.

Lemma 5.12. The state-field correspondence ξ 7→ Y (ξ, w), along with L0
0 and L0

−1, make
H0

0 into a vertex operator algebra, and this agrees with the standard VOA structure on H0
0

defined in [Bor86].

Proof. By Lemma 5.10, we have

Y (x(−1)Ω, w) =
∑
m∈Z

x(m)w−m−1, (5.3)

which agrees with the standard VOA structure on H0
0. Since every field can be constructed

from linear combinations of Borcherds products of the fields (5.3), Y (ξ, w) agrees with the
corresponding field from [Bor86] for all ξ.

Let L−1 and L0 be the operators from the standard VOA structure on H0
0, and we

must show that Ln = L0
n. Since [LNSn , x(m)] = [L0

n, x(m)] on H0
0, we have [L0

−1, Y (ξ, w)] =
d
dw
Y (ξ, w) for all ξ ∈ H0

0. Hence [L0
−1, ξm] = [L−1, ξm] for all m. But L−1 and L0

−1 annihilate
Ω, which is cyclic for the ξm, so we must have L−1 = L0

−1. Similarly, L0 and L0
0 annihilate

Ω and satisfy [L0, x(m)] = −mx(m) = [L0
0, x(m)], and so L0 = L0

0. The other properties of
a VOA now follow immediately.

Definition 5.13. If λ, µ, ν ∈ Λ, we define the vector space of intertwiners I
(
ν
λµ

)
to be the

space of linear maps
Y ν
λµ : H0

λ → L(H0
µ,H0

ν)[[w
±1]]whν−hλ−hµ
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which satisfy

[x(m), Y ν
λµ(ξ, w)] =

∞∑
j=0

wm−j
(
m

j

)
Y n
λµ(x(j)ξ, w) (5.4)

and

[L0, Y
ν
λµ(ξ, w)] = w

d

dw
Y ν
λµ(ξ, w) + wt(ξ)Y ν

λµ(ξ, w) (5.5)

for every ξ ∈ H0
λ, x ∈ sl(k), and m ∈ Z.

The fusion rules are given by N ν
λµ = dim I

(
ν
λµ

)
.

The finiteness of the fusion rules is a fundamental result (see [TK88, Thm 2.3] for SU(2),
[TUY89, Thm 4.2.4], or [Was98, Sec. 25]).

Theorem 5.14. N ν
λµ ≤ dim HomSU(k)(Hλ(hλ)⊗C Hµ(hµ),Hν(hν)).

We can use the unitary free fermion Segal CFT to define a related notion of fusion for
embedded irreducible positive energy representations. The following are the main results of
this section.

Theorem 5.15 (Internal fusion). Suppose H̃λ and H̃µ are irreducible LNS0 -graded LSU(k)
subrepresentations of Fk` isomorphic to Hλ and Hµ, respectively. Let T ∈ Es(PNS

w,q
1
2
1 ,q

1
2
2

).

Then cl(T (H̃λ ⊗ H̃µ)) is a representation of LSU(k), and

cl(T (H̃λ ⊗ H̃µ)) ∼=
⊕
ν∈Λ

Ñν
λµHν

with Ñ ν
λµ ≤ N ν

λµ.

In the language of vertex operator algebras, T makes its image into a P (w)-tensor product
[HL94].

As an immediate consequence, we get the following positive answer to a conjecture of
Vaughan Jones.

Corollary 5.16 (Fusion of isotypical components). Let Kλ = Hλ ⊗ Mλ be the isotypical
component of Fk` of type λ. Then

cl(T (Kλ ⊗Kµ)) ⊆
⊕

ν,Nν
λµ 6=0

Kν . (5.6)

When T 6= 0, we expect the inclusion (5.6) to be an equality.
We will need to develop some machinery to prove Theorem 5.15. For η ∈ Mλ, let pη be

the projection of Fk` onto Hλ ⊗ {η}, and let p̃η be the map Fk` → Hλ

p̃η(ξ ⊗ η′) =
〈η′, η〉
‖η‖2 ξ.

Note that Hλ ⊗ {η} is LNS0 -graded if and only if η is an eigenvector for L′λ0 .
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Theorem 5.17 (Construction of intertwiners). If ηλ ∈ M0
λ is an eigenvector of L′λ0 , and

similarly with ηµ and ην, then

Y ν
λµ(ξ, w) = whν−hλ−hµ

∑
m∈Z

p̃ην (ξ ⊗ ηλ)m−sp̃∗ηµw
−m−1 ∈ I

(
ν

λµ

)
,

where
s = (wt(ην)− wt(ηλ)− wt(ηµ)) + (hν − hλ − hµ).

Proof. We first must check that s is an integer when Y ν
λµ is non-zero. If ξλ is an eigenvector

of Lλ0 with eigenvalue hλ, then

s = wt(ξν ⊗ ην)− wt(ξλ ⊗ ηλ)− wt(ξµ ⊗ ηµ)

and so s ∈ σ(LNS0 ) ⊂ 1
2
Z. Since the x(m) are even, s ∈ Z if and only if

p(Hν ⊗ {ην}) + p(Hλ ⊗ {ηλ}) + p(Hµ ⊗ {ηµ}) = 0.

But (ζλ⊗ηλ)m is even if and only if ζλ⊗ηλ is, so if s ∈ 1
2

+Z then p̃ην (ξ⊗ηλ)m−sp̃∗ηµ vanishes

for all ξ ∈ H0
λ.

Condition (5.4) follows immediately from Theorem 5.4.
Next, observe that

Lν0 p̃ην = p̃ην (L
ν
0 ⊗ 1)

= p̃ην (L
NS
0 − wt(ην)1).

Similarly,
p̃∗ηµL

µ
0 = (LNS0 − wt(ηµ)1)p̃∗ηµ .

Setting ξ̃m = p̃ην (ξ ⊗ ηλ)m−sp̃∗ηµ , we have

[L0, ξ̃m] = p̃ην [L
NS
0 , (ξ ⊗ ηλ)m−s]p̃∗ηµ + (wt(ηµ)− wt(ην))ξ̃m

= (−m− 1 + s+ wt(ξ ⊗ ηλ) + wt(ηµ)− wt(ην))ξ̃m

= (−m− 1 + hν − hλ − hµ + wt(ξ))ξ̃m,

which establishes condition (5.5).

Remark 5.18. Theorem 5.17 generalizes Wassermann’s construction of (dual) vector pri-
mary fields as compressions of fermions [Was98, Sec. 25]. It is straightforward to show that
for the loop algebra L0sl(2), all intertwining operators can be constructed via Theorem 5.17.
We expect that this holds for L0sl(k), but will reserve that question for future work.
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Remark 5.19. When combined with Theorem 5.15, we have shown that

dim span{w−sp̃ηνE(PNS
w,q

1
2
1 ,q

1
2
2

)(p∗ηλ ⊗ p
∗
ηµ) : ην , ηλ, ηµ} ≤ Nν

λµ,

with equality in the case of SU(2). Here, ην , ηλ, ηµ range over eigenvectors of the correspond-
ing L′0 operators and s is as in Theorem 5.15. This suggests an approach to constructing the
SU(k)` Segal CFTs, which we will investigate in future work.

We will require the following exercise in linear algebra.

Lemma 5.20. Let H be a complex vector space, let K and L be Hilbert spaces with dimK ≥
dimL, and let B be an orthonormal basis for L. Let x : H → K ⊗ L be a linear map with
cl(x(H)) = K ⊗ L̃. For η ∈ L let p̃η : K ⊗ L→ K be given by

p̃η : ξ ⊗ η′ 7→ 〈η
′, η〉
‖η‖2 ξ.

Then for every number n ≤ dim L̃, there exists a set S ⊆ B such that |S| = n and

{p̃ηx : η ∈ S} ⊂ L(H,K)

is linearly independent.

Proof. Let S ⊆ B be a finite set, and suppose that∑
η∈S

cηp̃ηx = 0.

Fix an orthonormal set {ψη}η∈S ⊂ K, and let η̃ ∈ L̃. By hypothesis, there is a sequence
ξm ∈ H such that xξm → ψη ⊗ η̃. Then

0 =
∑
η∈S

cηp̃ηxξm →
∑
η∈S

cη〈η̃, η〉ψη.

Thus cη〈η̃, η〉 = 0 for all η ∈ S and η̃ ∈ L̃. Now if we can choose S ⊆ B so that |S| = n
and S ∩ L̃⊥ = ∅, we are done. This is always possible, since otherwise we would have
dim L̃ ≤ n− 1.

Proof of Theorem 5.15. Write H̃λ = Hλ ⊗ {ηλ} and H̃µ = Hµ ⊗ {ηµ}, where ηλ and ηµ
are eigenvectors for the respective L′0 operators. Assume without loss of generality that
‖ηµ‖ = ‖ηλ‖ = 1.

Let Tw ∈ Es(PNS
w,q1

1
2 ,q2

1
2
), normalized so that

Tw(ξ ⊗ η) = q
−wt(ηλ)
1 q

−wt(ηµ)
2 Y (q

LNS0
1 ξ, w)q

LNS0
2 η.



CHAPTER 5. APPLICATIONS 64

for ξ, η ∈ F0
k`. Hence

Tw(p̃∗ηλ ⊗ p̃
∗
ηµ)(ξ ⊗ η) = Y (p̃∗ηλq

Lλ0
1 ξ, w)p̃∗ηµq

Lµ0
2 η (5.7)

for ξ ∈ Hλ and η ∈ Hµ. We regard q
1
2
1 and q

1
2
2 as fixed, and also fix values of log(q

1
2
i ) to define

the above expressions.
That

Tw(H̃λ ⊗ H̃µ) = Tw(p̃∗ηλ ⊗ p̃
∗
ηµ)(Hλ ⊗Hµ)

is invariant under L0sl(k) follows from equation (5.7), along with Theorems 5.6 and 5.4.
Hence the closure is invariant under LSU(k) by Theorem 5.9.

Fix w, and write

cl(Tw(H̃λ ⊗ H̃µ)) =
⊕
ν∈Λ

Hν ⊗ M̃ν .

We wish to show that dim M̃ν ≤ N ν
λµ. By Lemma 5.20, if n ≤ dim M̃ν , then there exists a

set {η1, . . . ηn} of eigenvectors of L′ν0 such that

{p̃η1Tw(p̃∗ηλ ⊗ p̃
∗
ηµ), . . . , p̃ηnTw(p̃∗ηλ ⊗ p̃

∗
ηµ)} (5.8)

is linearly independent. Since w 7→ Tw is holomorphic, the set (5.8) is also linearly inde-
pendent as functions of w defined in a small neighborhood of the fixed value. Hence the
corresponding formal power series are linearly independent, and by Theorem 5.17 we have
n ≤ Nν

λµ. Since n ≤ dim M̃ν was arbitrary, we have dim M̃ν ≤ N ν
λµ, as required.
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Appendix A

The Cauchy transform for Riemann
surfaces

During our construction of Segal CFTs in Chapter 4 we relied on two facts about the Hardy
space that we did not prove. Our goal in this appendix is to bridge the gap by establishing
Theorem A.1 below. First, we recall some notation.

Let X = (Σ, V, β, α) ∈ E , and let HΓ =
⊕

j∈π0(Γ) L
2(S1,Ck(j)). Let

pΓ =
⊕

j∈π0(Γ0)

(1− p+)⊕
⊕

j∈π0(Γ1)

p+,

and let qX be the projection of HΓ onto the Hardy space H2(X). Recall that we think of KΣ

as an element of E be giving it boundary parameterizations coming from the pushforwards
(βj|S1)∗.

Theorem A.1. Let X ∈ E.

1. qX − pΓ is Hilbert-Schmidt

2. H2(X ⊗ KΣ)⊥ = M±zH
2(X∗), where M±z is multiplication by z on outgoing compo-

nents, and multiplication by −z on incoming components.

Corollary A.2. If X ∈ E∗, then

H2(X̌)⊥ = {(fj)j∈π0(Γ̌) : ∃fj0 = −fj1 ∈ Hk(j0) with (fj)j∈π0(Γ) ∈ H2(X)⊥}.

The main tool will be a generalization of the Cauchy transform to Riemann surfaces.
We would like to thank Antony Wassermann for indicating the importance of the Cauchy
transform in the study of the free fermion, and for suggesting the reference [Bel92]. The first
statement of Theorem A.1 was proven by Wassermann for planar domains, also using the
Cauchy transform. Our treatment of Cauchy transforms for Riemann surfaces is motivated
by the desire to extend Wassermann’s proof to a more general setting.
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Let X = (Σ, V, β, α) ∈ E . As H2(X) does not depend on the labeling α, we will omit
it for the remainder of this appendix. We will assume at first that V is the trivial bundle
Σ × C, and that β acts identically on fibers. If γ = β|S1 , then in this case we will write
H2(Σ, γ) or H2(Σ) for H2(X). By H2(Σ)⊥, we mean the orthogonal complement taken in

HΓ =
⊕

j∈π0(Γ)

Hk(j) =
⊕

j∈π0(Γ)

L2(S1) = L2(
⊔

j∈π0(Γ)

S1).

The inner product on HΓ is given by

〈f, g〉 =
1

2πi

∫
⊔
S1

f(z)g(z)
dz

z
,

with the integral taken with the standard counterclockwise orientation on each circle.
Let ω be a holomorphic 1-form on Σ, and suppose γ∗ω = g(z)dz. Suppose that F ∈ O(Σ)

and let f be the pullback f = γ∗F ∈ H2(Σ). Then we have

〈f,M±zg〉 =

∫
⊔
j∈π0Γ1 S1

f(z)g(z)dz −
∫
⊔
j∈π0Γ0 S1

f(z)g(z)dz

=

∫
Γ

Fω

= 0.

Let K = (Σ, KΣ, γ∗) ∈ E . By construction, g ∈ H2(K) if gdz = γ∗ω for some ω ∈ O(KΣ).
Since H2(K∗) = H2(K), this computation shows that M±zH

2(K∗) ⊆ H2(Σ)⊥. We will need
to work harder to establish the reverse inclusion.

If Σ is a planar region, then the desired result is [Bel92, Thm. 4.3]. Our proof will mimic
the analysis done in the planar case, making adjustments as necessary.

We begin by fixing several pieces of notation. Let C∞(Σ) be the space of smooth functions
on the interior Σ̊ that extend, along with all of their derivatives, continuously to the boundary
in any chart and let A∞(Σ) be the subspace of C∞(Σ) consisting of functions that are
holomorphic on the interior Σ̊. For technical reasons, we will use A∞(Σ) instead of the slightly
smaller space O(Σ), consisting of holomorphic functions on Σ̊ that extend holomorphically
past the boundary. In contrast, any function in C∞(Σ) actually extends smoothly past the
boundary in any smooth chart by Borel’s lemma.

We denote by C∞(Σ̊) and A∞(Σ̊) the smooth (resp. holomorphic) functions on the
interior of Σ.

Fix a holomorphic embedding of Σ into an open Riemann surface Σ̃, neighborhoods Uj
in Σ̃ of each j ∈ π0(Γ), and a biholomorphic map

g : tj∈Aε → Uj

as in Section 3.1. If gj is the restriction of g to the annulus labeled by j, then gj is orientation
preserving if and only if j is outgoing.
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By [GN67], there exists a holomorphic immersion ρ : Σ̃ → C. The differential dρ is a
non-vanishing holomorphic 1-form, and induces an area form

dA =
1

−2i
dρ ∧ dρ.

Using this result, Scheinberg [Sch78] showed the existence of a meromorphic function
q(s, t) : Σ̃ × Σ̃ → C such that q(s, t) has a simple pole of residue 1 at s = t, and is
holomorphic elsewhere. Additionally, q(s, t) − (ρ(s) − ρ(t))−1 is holomorphic on U × U for
any open U on which ρ is injective. We can assume that q(s, t) = −q(t, s) by replacing q
with 1

2
q(s, t)− 1

2
q(t, s). Let ωt(s) = q(s, t)dρ(s).

We call q a Cauchy kernel on Σ̃, which is justified by the following Cauchy integral
formula.

Proposition A.3 ([Sch78, Prop. 7.1]). Let U be an open set in Σ̃ with U compact, and with
a piecewise C1 oriented boundary ΓU . If u ∈ C1(U), then for every z ∈ U ,

u(t) =
1

2πi

∫
ΓU

uωt −
1

2πi

∫
U

∂u ∧ ωt.

Definition A.4. If u ∈ C∞(Γ), then define its Cauchy transform Cu ∈ O(Σ̊) by

(Cu)(t) =
1

2πi

∫
Γ

uωt.

Note that C depends on the choice of ρ and q, so we will regard these as fixed. We will
now show that Cu ∈ A∞(Σ), but first we need the following version of [Bel92, Thm. 2.2].

Theorem A.5. Suppose v ∈ C∞(Σ). Then the function u defined by

u(t) =
1

2πi

∫
Σ

vωt ∧ dρ

for t ∈ Σ satisfies ∂u = vdρ and u ∈ C∞(Σ).

Proof. We first check that the integral defining u makes sense. Fix t0 ∈ Σ, and let V be a
neighborhood of t0 in Σ on which ρ is injective. Let z0 = ρ(t0), and let τ = (ρ|V )−1. For
z ∈ ρ(V ) we have an identity of 1-forms on ρ(V )

τ ∗ωτ(z) =
dw

w − z
+ f(z, w)dw,

where f is holomorphic and w is the standard global parameter for C. If we give ρ(V ) the
orientation coming from V and ρ, we have for z ∈ V

u(τ(z)) =
1

2πi

∫
Σ\V

vωτ(z) ∧ dρ+
1

2πi

∫
ρ(V )

v(τ(w))dw ∧ dw
w − z

+

+
1

2πi

∫
ρ(V )

v(τ(w)f(z, w)dw ∧ dw

:= u1(z) + u2(z) + u3(z).
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Both u1 and u3 are clearly smooth in a neighborhood of z0. From [Bel92, Thm 2.2], u2 is
well-defined and u2 ∈ C∞(ρ(V )). Thus u is smooth in a neighborhood of t0, and since t0
was arbitrary u ∈ C∞(Σ).

Differentiating under the integral, we see that

∂

∂z
u ◦ τ =

∂

∂z
u2 = v ◦ τ

by [Bel92, Thm 2.2]. Pulling back by ρ gives ∂u = vdρ on V , and hence on Σ.

As a corollary, we can show that Cu extends smoothly to the boundary.

Theorem A.6. The Cauchy transform maps C∞(Γ) into A∞(Σ).

Proof. Let u ∈ C∞(Γ) and let ũ be a function in C∞(Σ) which is equal to u on Γ. The
Cauchy integral formula says

ũ(t) = (Cu)(z)− 1

2πi

∫
Σ̊

∂ũ ∧ ωt.

We can write ∂ũ = vdρ for some v ∈ C∞(Σ), so by the preceding theorem, the integral term
is in C∞(Σ). Hence Cu ∈ C∞(Σ) as well.

By restriction, we can consider C as a map from C∞(Γ) into itself. The Cauchy integral
formula says that C is idempotent.

Our next step is to identify a formal adjoint for C defined on C∞(Γ). We will need the
following technical lemmas, which are a generalization of [Bel92, Lem. 2.3 and Thm 3.4].

Lemma A.7. Suppose that v ∈ C∞(Σ). Then there exists a function Φ ∈ C∞(Σ) which
vanishes on Γ and satisfies ∂Φ|Γ = ∂v|Γ.

Proof. Recall that we have neighborhoods Uj in Σ̃ of each j ∈ π0(Γ), and biholomorphic
maps gj : Aε → Uj. To prove the lemma, it suffices to construct a family Φj ∈ C∞(Σ ∩ Uj)
satisfying the conclusion of the lemma such that the support of Φj is bounded away from
∂Uj. We may then define our desired Φ by extending the Φj by zero.

That Φj vanish on j and satisfy

∂(Φj)|j = ∂v|j

is equivalent to the requirement that for all w ∈ S1 we have

∂Ψj

∂w
(w) =

∂(v ◦ gj)
∂w

(w),

and
Ψj(w) = 0,

where Ψj = Φj ◦ gj ∈ C∞(g−1
j (Σ∩Uj)). The existence of such a Ψj is given by [Bel92, Lem.

2.3], and we may use a smooth cutoff function to keep the support of Φj away from ∂Uj.
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Lemma A.8. Suppose that u ∈ C∞(Γ). There is a Ψ ∈ C∞(Σ) with ∂Ψ|Γ = 0 such that the
boundary values of Cu are expressed by

(Cu)(t) = u(t) +
1

2πi

∫
Σ̊

∂Ψ ∧ ωt,

for all t ∈ Γ. If (∂Ψ ∧ ωt)(s) = h(s, t)dA(s), then h is continuous on Σ× Γ.

Proof. Let ũ be an element of C∞(M) with boundary values u. Let Φ ∈ C∞(Σ) be a function
from Lemma A.7 that vanishes on Γ such that ∂Φ|Γ = ∂ũ|Γ. Let

Ψ = ũ− Φ.

Applying the Cauchy integral formula to Ψ yields

Ψ(t) = (Cu)(t)− 1

2πi

∫
Σ̊

∂Ψ ∧ ωt.

Since Ψ = u on the boundary, we have established the desired boundary value formula for
Cu.

The function h(s, t) is clear continuous at all points not of the form (t0, t0) with t0 ∈ Γ.
Fix a neighborhood V of t0 on which ρ is injective and set z = ρ(t) and τ = ρ−1. We have

τ ∗(∂Ψ ∧ ωt)(w) =

(
∂w(φ ◦ τ)(w)

w − z
+ smooth

)
dw ∧ dw

for (w, z) ∈ ρ(V ) × ρ(V ) with w 6= z. Since ∂w(φ ◦ τ) is smooth and vanishes on ρ(Γ ∩ V ),
the above expression defines a continuous function on ρ(V )× ρ(V ∩ Γ).

Define a bilinear form [·, ·] on C∞(Γ) by

[u, v] =
1

2πi

∫
Γ

uvdρ.

Theorem A.9. For u, v ∈ C∞(Γ), we have [Cu, v] = [u, (1− C)v].

Proof. By Lemma A.8, for t ∈ Γ we have Cu = u+ I where

I(t) =
1

2πi

∫
Σ̊

∂Ψ ∧ ωt



APPENDIX A. THE CAUCHY TRANSFORM FOR RIEMANN SURFACES 70

and Ψ is as in the lemma. By the continuity of the integrand of I, we may apply Fubini’s
theorem to compute∫

Γ

I(t)v(t)dρ(t) =

∫
Γ

(
1

2πi

∫
Σ̊

∂Ψ(s) ∧ ωt(s)
)
v(t)dρ(t)

=

∫
Σ̊

(
1

2πi

∫
Γ

−q(s, t)v(t)dρ(t)

)
dρ(s) ∧ ∂Ψ(s)

=

∫
Σ̊

(
1

2πi

∫
Γ

q(t, s)v(t)dρ(t)

)
dρ(s) ∧ ∂Ψ(s)

=

∫
Σ̊

(Cv)(s)dρ(s) ∧ ∂Ψ(s).

Recall that Ψ|Γ = u|Γ. Since ρ and Cv are holomorphic,

d(Ψ(Cv)dρ) = −(Cv)dρ ∧ ∂Ψ

and we may apply Stokes’ theorem to obtain∫
Σ̊

(Cv)dρ ∧ ∂Ψ = −
∫

Γ

Ψ(Cv)dρ

= −
∫

Γ

u(Cv)dρ.

As a result of the calculation, we have∫
Γ

(Cu)vdρ =

∫
Γ

u(v − Cv)dρ,

which was to be shown.

Let ũ, ṽ ∈ C∞(Γ), and let u = γ∗ũ and v = γ∗ṽ ∈ HΓ. Let M±z be the operator on HΓ

given by multiplication by the function z on direct summands indexed by j ∈ π0(Γ1), and
multiplication by −z on the complement. If r ∈ C∞(

⊔
S1) is given by γ∗dρ = rdz, we have

〈u,M±zrv〉 =
1

2πi

∫
⊔
S1

±u(z)v(z)r(z)dz

=
1

2πi

∫
Γ

u(t)v(t)dρ(t)

= [ũ, ṽ].

Hence
〈Cu,M±zrv〉 = 〈u,M±zr(1− C)v〉.

If we formally define

(C∗v)(z) := v(z)−±zr(z)C(M±zr−1v)(z),
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we have 〈Cu, v〉 = 〈u, C∗v〉 when u and v are smooth.
We now establish the Kerzman-Stein formula

qΣ(1 +A) = C (A.1)

where qΣ is the orthogonal projection of HΓ onto H2(Σ), and

A = C − C∗.

For the moment, we will regard these as unbounded operators with dense invariant domain
C∞(

⊔
S1). The importance of equation (A.1) is that A is given by an integral operator with

smooth kernel. In particular, it follows that C is bounded and that C∗ is its adjoint.

Proposition A.10. If u is a smooth function in HΓ, then

qΣ(I +A)u = Cu.

Proof. For v ∈ H2(Σ) we have

〈(1− C∗)u, v〉 = 〈u, v〉 − 〈C∗u, v〉 = 〈u, v〉 − 〈u, Cv〉 = 0.

Thus (1 − C∗)u is orthogonal to any smooth function in H2(Σ). By construction, such
functions are dense in H2(Σ) so we have qΣ(1− C∗)u = 0. We now have

qΣ(1 +A)u = qΣCu = Cu.

Our proof that A is an integral operator with smooth kernel follows [Bel92, Ch. 4-5]. If
t0 ∈ Γ, let V be a neighborhood of t0 in Σ on which ρ is injective, and let

Γε = Γ \ V ∪ {t ∈ Γ : |ρ(t)− ρ(t0)| ≥ ε}.

Observe that for a different choice of V , the resulting sets Γε coincide for sufficiently small
ε. Define the Hilbert transform Hu for u ∈ C∞(Γ) by

(Hu)(t0) = P.V.
1

2πi

∫
Γ

uωt0

where the principal value is defined by

lim
ε→0

1

2πi

∫
Γε

uωt0

We will now establish the Plemelj formula relating the Cauchy and Hilbert transforms.
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Lemma A.11. The limit defining (Hu)(t0) exists and

(Cu)(t0) =
1

2
u(t0) + (Hu)(t0).

Proof. We first prove the theorem in the case where u is a constant function. Let

Cε = {t ∈ V : |ρ(t)− ρ(t0)| = ε},

oriented so that Γε ∪ Cε is an oriented curve (i.e. so that Cε is oriented negatively around
t0). We give ρ(Cε) the orientation coming from Cε, and use the holomorphicity of uωt and
the fractional residue formula to compute

lim
ε→0

1

2πi

∫
Γε

uωt0dρ = − lim
ε→0

1

2πi

∫
Cε

uωt0dρ

= ± lim
ε→0

1

2πi

∫
ρ(Cε)

u(τ(w))

w − ρ(t0)
dw

=
1

2
u(t0).

The sign ± depends on whether ρ preserves or reverses orientation near t0, but it is canceled
in the application of the fractional residue formula.

We now return to arbitrary u ∈ C∞(Γ), but we assume without loss of generality that
u(z0) = 0. Hence the integrand in the Hilbert and Cauchy transforms uωt0 is continuous at
t0, and thus on Σ. In this case (Hu)(t0) is given by the ordinary integral

(Hu)(t0) =
1

2πi

∫
Γ

uωt0 ,

and the same for (Cu)(t0).

We can also define Hu for u a smooth function u ∈ HΓ, under the identification

Γ ∼=
⊔

j∈π0(Γ)

S1.

More precisely, let g be our holomorphic identification of a neighborhood of Γ in Σ̃ with⊔
Aε and let h = g−1. Under this identification we have (Hu)(z) = H(u ◦ h)(g(z))
We will now use the Hilbert transform to write the Kerzman-Stein operator as an integral

operator.

Theorem A.12. For u ∈ HΓ, the Kerzman-Stein operator is given by the formula

(Au)(z) =
1

2πi

∫
Γ

A(w, z)u(w)
dw

iw

for a smooth function A :
⊔
S1 ×

⊔
S1 → C.
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Proof. Applying Lemma A.11, we have

(Au)(z) =
1

2πi
P.V.

∫
Γ

u(h(s))q(s, g(z))dρ(s)+

+
1

2πi
± zr(z) P.V.

∫
Γ

±h(s)r(h(s))−1u(h(s))q(s, g(z))dρ(s)

where the two ± are determined by whether the boundary near s and t is incoming or
outgoing, respectively. It is clear that the kernel of A is smooth in any neighborhood of (s, t)
when s and t lie on distinct components of Γ. Thus in order to simplify notation, we will
assume that Γ has a single connected component, and the general case is no different. When
restricting to s and t on the same connected component, the signs ± cancel. We continue
the computation

(Au)(z) =
1

2πi
P.V.

∫
S1

wu(w)q(g(w), g(z))r(s)
dw

w
+

+
1

2πi
zr(z) P.V.

∫
S1

u(w)q(g(w), g(z))
dw

w

=
1

2πi
P.V.

∫
S1

wu(w)q(g(w), g(z))r(s)
dw

w
+

+
1

2πi
P.V.

∫
S1

zr(z)q(g(w), g(z))u(w)
dw

w

=
1

2πi
P.V.

∫
S1

A(w, z)u(w)
dw

iw

where
A(w, z) = iwr(w)q(g(w), g(z))− izr(z)q(g(w), g(z)).

Clearly A is smooth away from w = z, so we fix z and consider when w− z is small. In this
scenario, we may write

A(w, z) =
iwr(w)

ρ(g(w))− ρ(g(z))
− izr(z)

ρ(g(w))− ρ(g(z))
+ smooth.

Proving that such A(w, z) is smooth is precisely what is required in the planar case [Bel92,
Ch. 5].

Theorem A.13. The Cauchy transform C extends to a bounded operator on HΓ and qΣ−C
is Hilbert-Schmidt. We have H2(Σ)⊥ = rM±zH2(Σ), where r satisfies γ∗dρ = rdz.

Proof. The fact that C is bounded follows immediately from the formula of Proposition A.10
and the fact that A is bounded. Rewriting this formula as qΣ − C = −qΣA we can see that
qΣ − C is Hilbert-Schmidt.

Since C is an idempotent with image H2(Σ), we have that I − C∗ is an idempotent with
image H2(Σ)⊥. Since C is bounded, the formula for the formal adjoint from Theorem A.9
indeed gives the adjoint. It follows immediately that H2(Σ)⊥ = rM±zH2(Σ).
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Corollary A.14. Suppose C1 and C2 are two Cauchy transforms for (Σ, γ) coming from
different choices of ρ and q. Then C1 − C2 is Hilbert-Schmidt.

For j ∈ π0(Γ), let pj be the projection of HΓ onto the copy of L2(S1) indexed by j, and
let pj,+ be the projection of HΓ onto the corresponding copy of H2(S1). Let

pΓ =
⊕

j∈π0(Γ0)

1− pj,+ ⊕
⊕

j∈π0(Γ1)

pj,+

To prove the first statement of Theorem A.1, we must show that qΣ − pΓ is Hilbert-
Schmidt. By Theorem A.13, it suffices to show that C−pΓ is Hilbert-Schmidt or equivalently
that

• pjCpj − pj,+ is Hilbert-Schmidt when j ∈ π0(Γ1),

• pjCpj − (1− pj,+) is Hilbert-Schmidt when j ∈ π0(Γ0),

• pjCpk is Hilbert-Schmidt when j 6= k.

When j 6= k, pjCpk is an integral operator with smooth kernel, so the final point is
easy. We will be able to understanding the behavior of pjCpj using the fact that the Cauchy
transform is a local operation. The locality of the Cauchy transform is expressed by the
property that pjCpj only depends on a germ of Σ around j. This property can most easily
be observed from Lemma A.11. This behavior should be contrasted with the behavior of
pjqΣpj, which has no a priori locality property. As a consequence of the locality of the
Cauchy transform, we can conclude a fortiori that pjqΣpj only depends on a germ of Σ near
j, up to Hilbert-Schmidt operators.

The following theorem was proven by Wassermann in the case where Σ is a planar domain,
and our proof parallels his.

Theorem A.15. qΣ − pΓ is Hilbert-Schmidt.

Proof. Fix a holomorphic embedding Σ ⊂ Σ̃, neighborhoods Uj of each j ∈ π0(Γ), and
holomorphic extensions gj of γj identifying Uj with Aε. Fix ρ and q, and let C be the
corresponding Cauchy transform for Σ. By the preceding remarks, it suffices to prove that
pjCpj−pj,+ is Hilbert-Schmidt when j ∈ π0(Γ1), and that pjCpj−(1−pj,+) is Hilbert-Schmidt
when j ∈ π0(Γ0). We first consider when j ∈ π0(Γ1).

Let
K = {z ∈ C : 1− ε′ ≤ |z| ≤ 1}

for some small ε′. There is a Cauchy transform CK for K given by (gj ◦ ρ) and q(g(z), g(w)),
and we have

pjCpj = pS1CKpS1 .
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On the other hand, we have the standard Cauchy transform Cst on K given by 1
w−z , and by

Corollary A.14 CK − Cst is Hilbert-Schmidt. Hence pjCpj − pS1CstpS1 is Hilbert-Schmidt as
well. But

pS1CstpS1 = pS1,+ = pj,+,

which completes the proof in the case j ∈ π0(Γ1).
If j ∈ π0(Γ0), we use the same argument with

K = {z ∈ C : 1 ≤ |z| ≤ 1 + ε′}.

The only modification in this case is that pS1CstpS1 and (1 − pS1,+) do not quite coincide,
but instead differ by a rank 1 operator.

We can now prove the main theorem of Appendix A.

Proof of Theorem A.1. We have proven that qX−pΓ is Hilbert-Schmidt when V = Σ×C and
the boundary parameterizations act identically on fibers. It suffices to consider when Σ is
connected. Taking direct sums establishes the result when V = Σ×Ck, and by Propositions
4.5 and 2.21 we may relax the requirement that boundary parameterizations act identically.
Since every holomorphic vector bundle on an open Riemann surface is trivializable, the result
holds in general by conformal invariance.

We now show that H2(X)⊥ = M±zH
2((KΣ ⊗ Xd)∗), where KΣ is understood as the

element of E given by (Σ, KΣ, γ∗) with γ = β|S1 . Since both sides take direct sums to direct
sums and are covariant under fiberwise reparameterization, we may assume that V is a line
bundle. Let f = F ◦ γ with F a non-vanishing holomorphic section of X, and let ρ be a
holomorphic immersion of Σ as before. Choose r so that rdz = g∗(dρ|Γ), and observe that
r ∈ H2(KΣ, γ). By Proposition 4.5,

M±zH
2((KΣ ⊗Xd)∗) = f−1rM±zH2(Σ, γ) = f−1H2(Σ, γ)⊥.

On the other hand,
H2(X)⊥ = (fH2(Σ, γ))⊥ = f−1H2(Σ, γ)⊥,

which completes the proof.

Before proving Corollary A.2, we need the corresponding statement that relates H2(X)
and H2(X̌) for X ∈ E∗.

Lemma A.16. Suppose X ∈ E∗. Then

H2(X̌) = {(fj)j∈π0(Γ̌) : ∃fj0 = fj1 ∈ Hk(j0) with (fj)j∈π0(Γ) ∈ H2(X)}.

Proof. By the same observations as in the proof of Theorem A.1, we may assume that
X = (Σ,Σ×C, γ, α, j0, j1) where γ acts identically on fibers. We will use the same notation
as the proof of Theorem A.15.
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Let ρ and q be a Cauchy kernel for X, and let C be the corresponding Cauchy transform.
The Cauchy integral of f defines a holomorphic function F on Σ̊. For j ∈ π0(Γ) and δ > 0
sufficiently small, define fj,δ ∈ C∞(S1) by fj,δ(z) = F (gj((1 − δ)z)). We would like that
fj,δ → fj in L2 as δ → 0, from which the conclusion would follow from Morera’s theorem by
a standard argument.

We have fj = (Cf)j = Cstfj +(Df)j, where D is an integral operator with smooth kernel.
Hence (Df)j,δ → (Df)j uniformly, and in particular in L2. From [Bel92, Thm 6.3], we have
(Cstfj)δ → (Cstfj), which completes the proof.

Now Corollary A.2 follows from Theorem A.1, Lemma A.16 and Proposition 4.5.
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[Hua97] Yi-Zhi Huang. Two-dimensional conformal geometry and vertex operator algebras,
volume 148 of Progress in Mathematics. Birkhäuser Boston, Inc., Boston, MA,
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