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‘Abstract

The gauge structure of anomalies and the related currents is
analysed in detail. We construct the covariant forms for both the
currents and the anomalies for genéral gauge theories in even-
dimensional space-time. The results are then extended to determine the

structure of gravitational anomalies. These can always be interpreted as

anomalies for local Lorentz transformations.
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the National Science Foundation under research grant PHY -81-18547.

1. Introduction

The gauge principle is used as the fundamental basis for present
theories of all known forces, from electromagnetism to gravitation.
Anomalies [1-5] result when gauge invariance cannot be maintained in
the quantum theory. A complete understanding of anomalies is essential
for the full application of these theories to physical problems.

The anomaly is usually defined as the gauge variation of the
connected vacuum functional in the presence of external gauge fields.
When an anomaly occurs, this variation does not vanish and the vacuum
functional is not gauge invariant. The gauge currents are no longer
covariantly conserved but have the anomalies as their divergence. As a
consequence of its definition the anomaly satisfies certain consistency
conditions [6] which restricts its functional form. For the non-singlet,
non-abelian, chiral anomaly, the consistency conditions imply that the
anomaly cannot have a covariant expression. Similarly, the anomaly
implies that the non-singlet gauge currents cannot have covariant
transformation properties.

However, a number of authors [7-9] have recently presented explicit
calculations of the non singlet anomaly and have obtained covariant
results. The same situation occurs for the case of gravitational
anomalies. 1In the work by Alvarez-Gaumé and Witten [10] they are
Rresented in covariant form, while the gravitational consistency
conditioné would imply that they should have a non-covariant form.

In this paper, we clarify the situation by showing that both the
covariant and the non-covariant anomalies can be correct forms for the
covariant divergence of different currents. For the gravitational

anomalies, the two forms correspond to different energy momentum tensors.
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We shall use the term "consistent' anomaly to refer to the covariant
divergence of the current J“ obtained by varying the vacuum functional
with respect to the external gauge potential. The ''covariant" anomaly
is obtained by modifying the current by adding to it a local function
of the gauge potential. The resulting current 3“ is determined so as
to be covariant under local gauge transformations, which implies that
its covariant divergence is also covariant. The consistent anomaly has
fundamental significance, since it reflects directly the gauge
dependence of the vacuum functional. The related covariant anomaly,
on the other hand, is distinguished by its simple gauge transformation
properties and the the covariant current may have significance when
used to construct gauge invariant couplings to other fields. As shown
in this paper, it is always possible to construct the covariant forms
of the current and of the anomaly from the knowledge of the consistent
anomaly. Hence the anomaly cancellation conditions are the same for
either form. We note that our abilitf.to modify the form of the
anomaly by changing the definition of the local currents is different
from the ambiguity in the form of the anomaly arising from the
addition of local functions of the gauge potential to the vacuum
functional [3].

Let us illustrate the situation by the case of non-abelian gauge
anomalies in two space-time dimensions. The consistent anomaly is

known to beFl

D/le‘__: c QFA,\ZML (1)

where ¢ is a certain constant and a matrix notation has been used for
both the current and the gauge potential. The right hand side satisfies

the consistency condition [6] but is non-covariant. The current J* aiso

b=

transforms non-covariantly. We now define a new current

b 5 A
jﬂ-:.T +CAA5," . (1'2)
Its covariant divergence is
.D,,,.T": ¢ D,u/qu P—p— 91“(6‘/4',\8 '“)

+C£A'u, Ak]ef\/( = C EA SA,‘

(1.3)

J

where

I;fx = A=A Ay, A] (1.4)

is the Yang-Mills field strength. The right hand side of (1.3) is now
covariant. The current 3“ may also be shown to be covariant, but it
cannot be obtained from the variation of a vacuum functional with
respect to the gauge field Au, since the covariant anomaly does not
satisfy the consistency condition. Observe that the linearized right
hand side of (1.3) is twice the right hand side of (1.1) (this factor
becomes 1 + v/2 in v dimensions and may be considered as a Bose
symmetry factor for the linearized anomaly). We emphasize the care
which is needed in interpreting the linearized calculations.

In this paper we discuss various aspects of the gauge structure of
anomalies and their currents. In Chapter 2 we study the gauge depen-
dence of the currents and theirbanomalies and apply conventional methods
to construct the covariant currents and anomalies for four-dimensional
gauge theories. In Chapter 3 we discuss the structure of the consistent
anomaly in arbitrary even space-time dimensions and give also the

explicit expressions for the covariant currents and the covariant
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anomalies. This is done by using the compact notation of exterior
differential forms and the techniques described in Refs. [11-16]. The
needed results are collected and, in part, rederived in Appendix A.

Our results are generalized to include gravitational anomalies in
Chapter 4. A theory with spinor fields in curved space must be
formulated so that it is covariant under general coordinate transforma-
tions (which we shall call Einstein transformations) as well as under
local Lorentz transformations. Local Lorentz invariance of the
connected vacuum functional is usually assumed and the gravitational
anomalies are taken to be anomalies of the Einstein transformations.

In Chapter 5 we shall formulate the consistency conditions for the
combined Einstein and Lorentz anomalies [13] and we shall find the

form of these‘anomalies. We also show that the Einstein anomalies can
always be transformed into Lorentz anomalies (and vice versa) by adding
local corrections to the vacuum functional. Hence it is always possible
to define the vacuum functional so that all gravitational amomalies are
indeed violations of local Lorentz invariance alone. This appears to

us a preferred canonical form for the gravitational anomalies. The
treatment of gravitational anomalies in Chapters 4 and 5 relates their
structure to that of gauge anemalies.

Throughout this paper the anomalies will be expressed in terms of
symmetric invariant polynomials which shall not be further specified.
The particular polynomial appropriate to each situations depends on
the spin of the particles propagating in the loops of the vacuum
functional and can be determined by an explicit perturbation calculation,
as done in the paper by Alvarez-Gaumé and Witten [10] for the
gravitational anomaly. The correct polynomial can also be determined

directly from the appropriate index theorem. This approach will be

-6

discussed in a subsequent paper by Alvarez, Singer and Zumino.[17]
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Gauge Structure of Currents and Anomalies in Four Dimensions

2.
The consistent anomaly is determined by the gauge dependence of

the vacuum functional defined in presencé of external gauge fields

Aua(x). The vacuum functionai W[A] may be considered as a non-local

function of these gauge fields. Under infinitesimal gauge transforma-

tions the gauge potentials transform according to

7;’4/‘a = (DpA)*= (3 + [Au, A )4

T/\ Ff:—var([ﬁw/\])q )

@.1)

where A% is the_infinifesimal gauge parameter. The gauge dependence of

the vacuum functional defines the anomaly

N S\V’ L a

T wial= |ax 2 TA]
5 AL

_ [dx TH (0 (DA)

—

(2.2)
=~ |dx Dp T, o) A(x)

= de /\a[x) Gq (/}) )

where Ga (A) is the anomaly and the current Jua(x) is defined as the
functional derivative of the vacuum functional.

The consistency condition follows from considering the commutator

of two gauge transformations on the vacuum functional
(=TT IwWla]= T, WA

Using (2.2) this implies

AT (2.3)

8-~

(ax (AT G- AT G )= e [A,N]°G (2.4)
A Fa A e )T Vi a . '

The consistent anomaly must obey this consistency condition (2.4).

The consistent anomaly also determines the gauge dependence of the

basic non-abelian current Jua. Naively, this current would be expected
to transform covariantly under gauge transformations. The effect of

the anomalies can be determined by evaluating in two ways the

commutator of a gauge variation and the variation which defines the

current
(& -T&s)wlA]
where 6 is defined by

%Ara :Bra (Z.()

(2.5)

and

SW[A]= |dx 31 SAS = [T 0B (. (27)

’&

The commutator may be evaluated directly

ST-Th= Spa

Applying this operator to the vacuum functional we obtain
(8T, - T2 % JWLA]
= [dx (56 )10 (T T )8." |

dx J—ﬂa-(fﬁ,/\:’)4 .

(2.¢)

(2:)

This gives immediately the gauge transformation properties of the
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The first term on the right hand side of (2.10) gives the usual
transformation property‘of the current while the second term is
dictated by the co;sistent anomaly. The basic current Jua will only be
covariant if the anomaly vanishes.

We shall now demonstrate the existence of a covariant non-abelian
current 3ua and compute its covariant divergence. This result was
obtained independently by Paranjape and Goldstone [18] and can also be
inferred from some work by Niemi and Semenoff{19]. In subsequent
chapters we‘shall generalize these results to gauge and gravitational
anomalies in higher dimensional space times.

To construct the covariant non-abelian current we must find a
local polynomial in the gaugé potential, X”a(A), with an anomalous

gauge transformation property opposite to that of the basic current .
Jax (RX" B = fax (0 X B,"- [dx (GG ) A (o)

The covariant current is then given by

Fr=T.+ X (a) (2.12)

since (2.10 and (2.11) imply
Tr _ Fr | 2,3
T A F]) (23)

It is not obvious that an appropriate local expression Xua(A) can always
be found.
In four dimensions, the consistent non-abelian anomaly for spin

one-half fermions ié well known {3-4}:

fof, (0T

_ [A
T 48n?

=10~

CT (X) “-2—2-;2"9(" 7; A,q 9,,(/4,, QPA( +il'/4y Ar A‘>} ). (2.“')

where Tr is the trace over Fermi multiplets and }? is the gauge

coupling matrix. The equation (2.11) for X a becomes

*=- jax 556"
de e QA" B
(2.15)

Ty (Rl +22,) E,

~ Naky A Ay = My A A A=A A AL

From the three possible terms for the polynomial xH we find the unique
a

result
X.« | ch7Pe
a 481

e f A, (Av Fe + f;} A, - AVA,,/‘),_> . (2.16)

By applying a group transformation to (2.16) we can reproduce (2.15).
-We may now compute the covariant anomaly Ea » by a direct

evaluation of the covariant divergence of the current




= -7 G- X%

- .51;-_?}_1 [‘.Vf" 7—',22()% l“" ,or} [2.17)

We‘observe that the covariant anomaly may be expressed solely in terms
of a product of field strengths as expected by covariance. The
l;nearized form of the éonsisteﬁt anomaly (2.14) and of the covariant
anomaly (2.17) are the same except that the covariant anomaly is three
times larger.

We emphasize the need for a complete specification of the structure
of the anomalous currents before the gauge anomalies can be properly
interpreted. The consistent anomaly is directly related to the gauge
dependence of the vacuum functional. It is appropriate for the study
of anomaly cancellation between fermion multiplets but also for the
derivation of physical consequences of anomalous non-dynamical currents
such as the flavor chiral currents in QCD [6] t20,21]. The covariant
current, on the other hand, has a simple gauge structure and may have
physical significance when coupled to other external non-gauge fields.
Since the covariant anomaly is directly related to the -consistent
anomaly, it may also be used to study anomaly cancellation. 1In the
above discussion we have focussed on the ambiguities in defining
appropriate non-abelian currents. There is also the ambiguity in
defining the vacuum functional, as one is always free to modify the
vacuum functional by adding local polynomials in the gauge fields.

This freedom is exploited when we use the functional for gauging

dynamically different anomaly free subgroups.
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3. Chiral Anomalies in Higher Dimensions
Following the notation of Refs..[11,12] we now describe- the

ang—Mills field strength by means of the Lie-algebra valied 2-form
2
F::olA + A (3,[)
where d deﬁotés exteriﬁr differentiation, and
= dxl
A= A,
is the gauge potential l-form. Explicitly
= LEddrdx’ | E, =9 - At [nh] (33)
(the differentials ax! anticommute). Let
P(F,h, - ) F2.4)

be a symmetric invariant polynomial of degree n in the Lie-algebra

3.2)

valued variables Fl,...Fn. For compact notation, if some of the Fi's

are equal, say F4 =F =...F = F , we shall write (3.4) as

PR RLR P, (3.5)

Using the Bianchi identities for the field strength,

dF = FA-AF (3,()

one shows easily that

O{’P(F”)zo . 3.7)

Actually one can write
?( Fm) = cth,,_, (A,F)

where the (2n-1)-form is given by

(3.(?)'



]

«
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' "
s (WF ) (kP E™) G) (e D), (44 F) =P (F)
| 0 :dem-l (AJ F) )

(3.16)
with

F: - t d,A + ttAt = tF +@7,‘— E)A * . Cgo 10} . Let gs expand in powers of Vv

an-|
o 1 :
cJ = RN | 3.17
The consistent non-singlet anomaly is obtained as follows. Introduce 2"_,(ﬂ+v/ F) 2n-1| + wzn-z + + (4 ) ( J )

an odd (anticommuting) Lie-algebra valued element v and an where the superscript indicates the power of v and the subscript the

infinitesimal gauge transformation S degree of the form. Equation (3.16) implies a set of relations

:y/} z—.'D‘U':—O/U'-fA;V} th)_z.”__,o'f‘Jwg”_z' - O
= Fvr-vF .
jF ) F'v; 7 (3 “) : jwlm—z‘ + d wzﬂ_;- =0
Jr=-v (3.12)

which satisfies

4= dFeSd =d°

J 2n-2 2n-1
w +ol.&) = O

(3.12) | i | °

2n-1
'JCJO " = 0

introduce The consistent anomaly is given by the integral of wZn-Zl'

i
Q

:ris the generator of a Becchi~Rouet-Stora transformatj.on[ZZ]._ If we

The

ﬂ = A 'f‘v (3. ‘3) consistency condition, which can be written as

| j cJ '~ o (3-11)
and a corresponding field strength am—q — x
q‘ — (0(+ :r)ﬂ + ‘)4 z Qa- ,b’) follows from the second of (2.19), the second terms integrates to zero.

One can derive a convenient explicit formula for the anomaly [11]

we find easily that i [ n-2
T = F ,- (3.15) Yoty = mn-1) Jdt('-“ Pldv, £, 7). G20
= . . (7
' In the gauge transformation (3.11) the infinitesimal parameter
Therefore

is odd (anticommuting) and transforms like a Faddeyev-Popov ghost.

If one prefers, one can rewrite the consistency condition in terms of
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gauge transformations TA with even (commuting) infinitesimal parameter A

"}:A —.::D/\ :O{A‘Q‘L-A')/\-]

3.
T F=[Fn] 21)

and TA does not operate on the parameter itself. The anomaly, with A
replaced for v , is a linear functional of A . Denoting it with
A+G[A,F] (the dot indicates integration as well as summation over

internal symmetry indices), it satisfies the consistency condition
/ )
1;\ nG - T\’A'G =[AN ]G / (3.22)

which is equivalent to (3.19). This is the form used in Section 2; it

follows from the definition
T/'\ W[A] = NG

and justifies the above construction. If we define the current

(3.23)

(n-1)-form (which is dual to the usual current vector Ju)

- W
J-T sA 7/

(3.23) can be written as

ADT = N (dT+§A, 1] ) = A:G

(remember that J.is odd).

(3.24)

G.2r)

How does J transform under gauge transformations? As explained in

Section 2 we evaluate in two ways the commutator
(5 T-Td)wLA]

where & is defined by

(3.26)

—16-

SA=B , SF=DB=dB+iA, B} . (327)

Here, the increment B is odd and the operation § is even.

Since

5 3
TA‘:M'{A‘ :(AA+[A,A]) 7,

the commutator equals

ERN .%%%%—== [8,7]-T

On the other hand, using (3.23), and again (3.24), the commutator

(3.28)

B.27)

equals
s(¢)-m B7).
Equating (3.29) with (3.30) we obtain
T8 7)== [Ba]-T+5(nC)
=~ B.[NT] +6(NC) .

(3.30)

3

The first term in the right hand side would be the covariant transfor-
mation law appropriate to the adjoint representation. When there.is an
anom%ly the second term shdwé that J does not trénsform covariantly.

In (3.31) B is taken not to change under the gauge trénsformation

generated by T If instead we stipulate that B transforms according

I

to the adjoint representation

T8 = [B,A] , G2

(3.31) becomes simply
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T (B1)} s(ra).

Together with (3.32) and

(3.33 )

(3.34 )

(3.33) completely specifies the transformation law of the current J in

sA=o

terms of the anomaly A-G[A,F], .
Is it possible to find a local (v -1)-form X such that the new

current

FoTeX

(3.35)

transforms covariantly? 'This means
~
T(B.T)=o (3.3¢)
A E
and therefore we must require

T (BX)=-¢(nc) (:31)

This equation for X can be rewritten in terms of the anticommuting

parameter v , instead of A

7(B.X) =5 jc\)»zh_z'(v',A,F), (3.3F)

G50

» Sv=o0 .

Here we have used the fact that the anomaly is given by

QA F] = [, (A, ). 6w

-18-

Now, it is very easy to solve (3.38) inlgeneral. We use the

(3.41)

relation, explained in Appendix A,

S=dL+4d

where ¢ is defined by (3.27), (3.39), d is the exterior differentia-

tion, and the odd operations £ is given by

{A=0, LtF=B , 4v=o0, (3.42)

Applying (3.41) to a)z,n_’_' we find

: !
‘ng»n-zl =J(£Nz.,,_,_' )*‘e dw.zn—z

(3.43)

0

= d(f w,,,_,_‘ )’zjw2ﬂ~l )

where we have used (3.18). Now, the operators £ and J' anticommute

(3.44 )

Upon integration over (compactified) space-time, the first term in the

LJ+3Jt =0

right hand side of (3.43) vanishes and we obtain finally

SJ‘C‘)ZM-—Q.I = jf£w21o—lo

Clearly we can drop the superscript zero in the right hand side.

(3.45‘)-

Comparing with the equation for X; (3.38), we see that it is solved by
B.X = |Lo,,, (3.46)

The explicit formula (3.9) for w can be used to find an explicit

2n-1

formula for X, since the operator £ is easy to apply and, from (3.10),

«KF,;_ =tB . (3-47]
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One finds easily (remember that v 1is odd), and it would seem that the right hand side

B X - m C’V\ ')J\db t P(‘B A 'h 2) Cg 4_7} can be obtained directly from (3.48) just by making the substitution
B =Dv. (3.55)

For instance, for an internal symmetry such as SU(N) in four dimensions,

we start from Strictly speaking this is not allowed since both B and v are odd and

/P(F ) C 7; F CZ_ 4?} so is the operation D. To ‘be precise we must fFir:‘t-l;ewrite (3.48) as
. =m M-—l)‘{;it't' JTFD (: A ') (3.¢¢
(where ¢ is a known constant). Then C X ( 9 : ( 170k / ( )

_ . 2 i A3 | AS ) 3.6 where C is even. Actually (3.56) follows from (3.48), and vice-versa.
Wg =C rFL (TF? A E'F: + 1o A (j )

Now we can set correctly, in (3.56),

and, applying & directly, . .

= Vv 3.§7.

Lo —c'I’iB(FA+HF—— ?) C =D, 3.57)
(ggl) which gives

—c T B (dAR+AdA *TA) y Dy X = m(n- I)Jolft ?(o!w{/* v}, A, ) 3.57)

which gives . ve also know that | .
X=c(dAA+AdA +3 At ). 652) DT =J>v.frm(w)j:w(:—t)fP(Av,A,li ), (3:59)

Alternatively one can use (3.48) with exactly the same result where we have used the explicit form (3.20) for the anomaly. Adding

MBX=6c ST B/)(-’.F—aﬂ') (3.53) (3.58) and (3.59) we obtain
v DT = m[m-a)fol('f?(clw-l‘fﬂ v‘] A, /

where STr is tﬁe totally symmetrized trace (See Ref. [11]).
Since the current J = J + X transforms covariantly, its covariant 3
- 'n
divergence must also be covariant. In order to compute it we need - m (’Y\-— ') Jdé j? (U' O(A 4’th H], ):’_
DX = dX + {A,X}. The simplest way to obtain this is to observe

that, integrating by parts,

DX =Dv. X (3.54)
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1
B =
Mo At v R )
(3.¢0 )

= m ‘(?('u; F*)

In going from the first to the second form of this expression we have
used the invariance of the symmetric'polynomial P. The last expression
(3.60) shows the covariant form of the anomaly. This result should be

compared with (3.59) or equivalently

'U’.mj‘—:[odz”_zl (v; A,F) . (2.61)

Now, it is clearly

&y (AF)=P(A, F"" )t (3-¢2)

where the dots denote higher non linear terms. This implies that

QZﬁ—z,(v;A)F)=‘P(’V') F”“)'I“-“ .

Therefore the leading (least non linear) term in (3.60) is n times

(3.¢2)

larger than the leading term in (3.61).  The relation between n and

the dimension v of space time is

V+2 = 2n . (3.¢4)

As mentioned in the introduction, this factor can be understood

diagrammatically as a result of Bose symmetrization.
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4. Purely Gravitational Anomalies

Infinitesimal Einstein transformations are specified in terms of
infinitesimal parameters £H(x) and operate on tensors as Lie deriva-

tives. For instance, on a scalar field A(x)

— _ 2
EA=TRA, G=dns G

while on the metric tensor g,w (x)
A
= Df"?\‘ +Dy ?’& .

They satisfy the commutation relations

[E' )E;?z] = E[r,)g] )

where

([5,8]1)"= a5/~ staxl.

1f the comnected vacuum functional in an external gravitational field

(4.2)

(4.3)

(4.4)

W[guv] is not Einstein invariant

Ex W = Hy (4.5)

the anomaly H must satisfy the consistency condition

g

E f H},,'__Ef Hrl =

2

| H[E'JJ (4.6)

which is the analogue of (2.4).

It is not difficult to find a solution of the consistency
condition (4.6) in terms of the form w2n_21 (v, A, F) which gives
the anomaly in the case of gauge theories. In differential geometry the
Levi-Civita connection Txup plays the role of gauge potential and the

p

u the role of field strength. If we introduce

Riemann tensor RvA
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(F)F dx

the Riemann tensor is given by the 2-formg

R)f (otF F')P ' ,,,\/,, a/xva[x"

(4.7)

(4.€)

with
P P 6 F '8
'Rw\/ufzgvr:p ‘DAI? 'f');',u [A’,o-"l}.’,: (1‘"?]
Under an infinitesimal Einstein transformation the connection transforms
as .
— P P . o P
t}f,\-lr. -.-..—3‘-20_[:,‘ _’_9/\.F I:

(4.10)

+337 0.0 - ffkrao_f”—%@,?ﬁ.

The last three terms have exactly the form of a gauge transformation

with infinitesimal gauge ﬁarameter
P n 2P

while the first two terms have the form of a Lie derivative of T

(4.01)

p
Au

treated as a vector with lower index A and ignoring the other two

indices 4« and ¢ In terms of the 1-form (4.7) we can write

E?F:4F+ , &.12)

where

T M= DA Y +'[r1, A (4-13)

—24-

© is a gauge transformation with infinitesimal parameter (4.11). 1In

(4.12) the Lie derivative is defined as usual on forms, to operate only
oﬁ those indices which are saturated with differentials, so that it
corresponds to only the first two terms in (4.10).

The well known
formula applies

—din s id (4. 14
0[} = duiz+f y )
is the (odd) inner product operator, for instance

(4.15)

substitutes the vector

where i,

5( fdx’\):_l;:kp'f)‘.

In general, for a form of higher degree, ig

Eu for each differential (one after the other), for instance

[ By et = Ry Tald — Ry dx” ¥4 = 2 R, T
2 ? (4.16)
vA = T KAy

The effect of an Einstein transformation on the Riemann curvature

2-form is given by

E;zR =« R+T R, (4.17)

where now

= [R,A].

In a space-time of Vv dimensions a Vv -form has maximal

(4.18)

degree and its differential vanishes. Therefore (4.14) becomes

0[;;6(), = d[t;&)y) o (4.19)

and the integral vanishes (with suitable boundary conditions)
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°f;f”” y f”‘(‘r“d: o G.20)
In the dual description, more familiar to physicists, a v-form A

corresponds to a density;b, (4.19) corresponds to

4@:%‘ (?ﬂ’@) 2

and (4.20) corresponds to

Ly [0 dx = [u(¥2)dx = 0.

The relation between Einstein and gauge transformations expressed

(4.2))

(4.22)

by (4.12) and (4.17) shows that one can reduce the problem of finding
consistent Einstein anomalies to that of finding consistent gauge
anomalies.

Indeed the gauge anomaly, in the form (3.40), immediately

gives a consistent Einstein anomaly in the form

He= AG[MR]=- [R5 GF(T,R),  [r3)

with the same function G[T,R]. Indeed

By Hy = (G, + To)AsG=- 22 (A0S ) TAG, o)

Eg Hy - E,, Hr, =[5 %% 5 9‘0;’,,) G+ [0, NG &)

Finally, using (4.11), the right hand side of (4.25) becomes equal to

A v A v r
“fap(-gz 91?4 - }, o Ez )Gv = Hg.)r,-r,-)?z )

(4.2¢)
_Observe that the consistent gravitational anomaly given by (4.23)
does not depend explicitly on the metric, but only on the connection

(and through it on the metric) even though the connected vacuum

functional W[guv] cannot be expressed in terms of the comnection
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alone. For instance, in two dimensions, up to a known numerical factor,

the consistent gravitational anomaly is

F{} o - i%piff‘ :9y [;fgf> S’hk a{‘x’/ 6}4'517}

which corresponds to the non-abelian anomaly [see (1.1)]

AG e R (A W) X AN (4.27)

In higher dimensions the consistent gravitational anomaly is just as
easily written, once the appropriate invariant polynomial (3.4) is known.

In a Riemann space the Riemann tensor (4.8) is antisymmetric

Rup ==Ky (4:27)

As a consequence the invariant symmetric polynomial (2.4) vanishes

except for even n

(4.30)

m =2m ;

which corresponds to a space-time dimension -

4.31)

V=Inw) = bm=2

(see the analogous argument below, leading to (6.12) and (6.13).
In terms of the energy momentum "tensor"

or = 3 3W
J?ﬂv

(4.32)

(4.5) can be written

[£.0. 0" dx=— Hy = - AG (433

or
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DO, =2GF(rR). (4.34)

Here the covariant derivative is that appropriate to a symmetric tensor
density
2.0t

gr@rL Orfr' Y (4.35)

ny . R
but 0o is not a tensor density, when the anomaly does not vanish.

How does it transform under Einstein transformations? We follow an
argument similar to that given in Section 2. Evaluate in two different

ways the commutator

(Er ST - % Ef)\/\/[jr*'] )

where we define

(4.3¢)

. 5\
(cf["V Eé;y dx. ’ (4,?7)

an operation which gives g an arbitrary symmetric increment ‘fuv

uv

Since:

the commutator equals

[( ;‘frv)gé/; dx .

On the other hand, using (4.5), the commutator equals

(4,30)

(4.39)

-28-

[ &30 - g Wy (4.40)

Sor

Equating (4.39) and (4.40), and using (4.32), we obtain

j {‘frv E;@f“’-r (Ef(f/‘V) @rv}dx = 28, Hy (4.41)

or

[ OFdr = 2.5 1y (4:k2)

like a tensor, while OHV[gDU]

[Eq. (4.2)].

In this equation EE transforms (fuv
transforms as it follows from the transformation law of gp0
If the anomaly in the right hand side were zero, the left hand side
would be Einstein invariant, i.e. @“v would transform like a tensor

density.
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5. The Covariant Energy Momentum Tensor and its Covariant Anomaly

Is it pbssible to find a symmetric local g such that the

new energy momentun tensor |
alaa Ligh Y’ - (s.1)
transforms like a temsor density? This means -
Ey (Cf’rv B dx =0 (52)
and therefore we must require _
Es | Y/ dx =-25, Hy - (5:3)

A solution Y"  of this equation can be easily found in terms of the

solution of the analogous problem discussed in Section 3. Therﬁ we

found a (v-1)-form X which satisfied (3.3)

T, BX=-5AC

where

i

(3,3)

_ 5 (5.4)
5—[8-57\ -

In view of the relation (4.23) between G  and HE , it is clear
that we can use (3.37) with the substitutions A>T, F+ R

and taking also (4.11) and

B=Blyl=51", (5.5)

since then [}

¢
that v is given by

in the right hand side of (3.37). The result is

.
[ 4

=30~

2BL] X = g Y5 dx (5.¢)

In order to make this expression more explicit we observe that the
standard expression for the Christoffel connection
P o
AP T ) (57)
— m— — — r ’
ae =3 (oeap— Dpr — P

implies

B)‘PP(LH = 3' ?Pr(pr(f,\r - DA‘f,ao- ":D,u ‘(’Ar) J
(Blel)f = By fre)dxt . (5.€)

Substituting into (5.6). and integrating by parts the covariant deriva-

ol in terms of that of

tives one finds easily the explicit form of
X, but we shall not carry it out. We point out that the argument which

leads to (5.6) is based on the identification

Ey :o(’f—rr’; (5.9)
and on the fact that C{rg gives zero when applied to the quantifites
we are interested in.

Since the new energy momentum tensor is really a temsor density,
its covariant divergence will also be covariant. We can work it out

without unnecessary computations if we observe that

S(DP?V*’DV}}) YFux < _2[?\, DFY"vAx . (51

Therefore we can use (5.6) with the substitution

St =D F+ D = Ex Gpv @.n)

which gives
5, =Ey @.12)



1
and, from (5.5), (4.12) and (4.13),

Blgw] = E§F=OQF+D/\ . (5.13)
We obtain in this way

g}vD,«Y/NdX =-—0@F~X+/\'D)< . C';.Ilf)

We shall now use the result (3.60) which represents the solution of the
analogous problem for the non-abelian current. Equation (3.60) can be

written as (use A dinstead of v)
n-1
ANDX =N =m f?("/’: ) . (5.17)
Combining (4.33), (5.14) and (5.15) with the definition (5.1) we obtain

82 8Fu < [P(2 R ) oG T X (510

The right hand side is still not obviously covariant but the two

terms can be combined because, as we shall show below,

Ll X =-m P07, R ) (5.17)

v . v | A v
/\f""'(‘?r)/« S‘Qr}v*§ }:#

D3 =M 18
=-23 =M aly)

we finally obtain the fully covariant result

[08m - n frprm) . )

Note that, again, the leading (least non linear) term in (5.19) is

e
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v+ 2 . . .
== times larger than the corresponding term in the right hand

side of (4.33). The covariant form of the anomaly given by the right
hand side of (5.19) is also expressed in terms of the connection alone,
the metric does not occur explicitly, just as it does not in the
consistent form.

It remains for us to prove (5.17). In v space-time dimensions,

(v + 1) forms vanish, therefore

I—'z.X =dl". X =0 , (S-.ZO)

If we apply to these forms the operator i_ , where the vector Eu is

g

tangent to the v-dimensional space-time manifold, we still get zero
0=i(r X )=(i, r)-X—[Fl:Yr')‘X‘!'FZ.L}X
= i M (TX+XT) +T% i X (c.21)
and
o=a§(dr“.x)=.(i?0w).x +4F.5,X . (;,gz)
oL X = dlM X + iyl X
=—dl o X =i M d X, (5.23)

Subtracting (5.21) from (5.23) we obtain
oL K =-Reig X = [ DX (F.24)

Now, again in v = 2n - 2 dimensions, the (2n-1)-form

» .,
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6. Einstein Anomalies and Lorentz Anomalies are Equivalent

Gam— (r‘) R ) =0 (5,2()

As explained in the introduction, local Lorentz invariance could

also be spoiled by anomalies. In this case the connected vacuum
vanishes. Apply again ig
functional must be considered as a functional of the vielbein field

0= [f f-wz‘"—' = Lfr‘ .g—’; fNZ”‘I + L}R ‘ﬁé (wz'n—l €a and cannot be assumed to depend on the metric temsor. Let us work

in the Euclidean. Under local rotations of infinitesimal parameter

= L‘}[—'n C +£IR ’ X ) (S—' 26) . ap = ~° the vielbein field transofrms as

<@

ba

LQ epa. = €ub Oia ] (él)

where we have used equations analogous to (3.17) and (3.46). This gives
R . X A "" . . . while under Einstein transformations we have
oL = ‘ ’ ‘A
£ ol G (F.21) | .
| - E.e.= 3%ewn + % exa - (€.2)
Combining (5.27) with (5.24) we obtain } pa A (o ¢ @
o[%r" X _ Lf,—, '. (D X + C) (;. zf) It is easy to see that the full Lie a}gebra consists of (4.3), (4.4)

together with

and finally, using (3.60), we prove (5.17). Observe that occaéionally, [L L ]
9! ) 91'

| _ (6.3)
in our derivations, we use results proven earlier for odd quantities or -

LCQUO‘-]

operations and apply them to even quantities or operations and vice-

)

and
versa., This is permissible if proper care is exercised and we leave it [L L ]
)

to the reader to be properly careful so a not to make sign mistakes.

L o €4
E20 - | (6:4)
If there are Lorentz anomalies

L9W=K9 ) | (65}

they must satisfy the consistency conditions

- - . .6
Lg' Kol L—Gz Kol - [9,)9;] [ )

and

LoH, - E; K= K, (¢1)

b
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It is consistent to assume that there are only Einstein anomalies

(K = 0) and we have discussed this case in section 4. It is also

¥
consistent to assume that there are only rotational anomalies (HE =0).
A consistent form for the rotational anomaly is easy to find, the

orthogonal rotation group can be treated like an internal symmetry.

The gauge potential is the Cartan-Weyl connection

a

O‘t’:’-o(h;

'[5.8}

and the field strength is the Riemann tensor referred to local ortho-

= o(rta,b dxt

normal frames

Rah—-PLa (do(-l-cx >L"‘?»V‘*L"'" Mix*  (¢.9)

(customarily the connection (6.8) is denoted by thé letter w ; here we
depart from the usqal_notation in order to avoid confusion with the
forms w of section 3.). The solution of the consistency condition
(6.6) can be written immediately in terms of (3;9) and (3.17)

K = (9«12) 6-Cl,R] .

[ 21\2

[é.lo}
We note again that, because of the antisymmetry of the matrix Rab’

P(R™)=0"P(R"). w.n)

Therefore, in the case of the orthogonal group, the symmetric polynomial

P will vanish unless n is even

(6.12)

M =,27h

which corresponds to a space~time dimension

vV=2n-2 = 4m-2 _ (¢.13)

(8
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Only in these dimensions can there’ be rotational (or Lorentz) anomalies.
Just as the Einstein anomaly (4.23) does not depend explicitly on

the metric, but only through the connection T, so the rotational
anomaly (6.10) does not depend explicitly on the vielbeir, but only -
through the connection o . Indeed, the functional forms of the two
anomalies are directly related. However, there is a vielbein field,
and in this the theory of gravitation is not like other gauge theories,
a fact which cannot be sufficiently stressed. Let us use matrix

notation and denote by E the vielbein matrix ea The field H

defined by

(€.14)

behaves, in a certain sense, like a Goldstone field for both Einstein
transformations and local rotations. Under an infinitesimal Einstein

transformation

VE; H=§%H+TH 6.1r)

where TAH is defined by

. H H
TAe --Ae

(6.14)

and A 1is given by (4.11). The finite version of (6.16) is

[g; 1)

Similarly, under a finite rotation

Lg H H s
e € = e e

(¢.18)

This suggests that, using the vielbein field, one should be able to
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construct a local functional whose Einstein variation gives the Einstein
anomaly and whose Lorentz variation gives the rotational anomaly. This
is indeed possible by mimicking the solution of the anomalous chiral
Ward identities obtained using a Goldstone field [6]. Define the

functional

S[E,r]=\dt Tm(HC[l}‘J) ,

o

(¢€.19)

X

where

(4.20)

-tH tH -tH tH
l:-_-e NNe 4+ e d e

In Appendix B we verify that

ES=\%¥C\ [r]=-H . (¢.21)

X

On the other hand, one can express S in terms of E and o , instead of
Eand ' . We recall the relation between the Levi-Civita and the

Cartan connection

F=E«E'+ ELE™, (6.22)

This implies that

r (l-t)H -(-t)H  (1-t)H _(-t)H
b:% - + €

de . (Kﬂ)

Changing the integration variable from t to
, (6.24)

T= |-t

we see that
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S E,r'].-.[allr[’ILHC[o(T] ’:’.S,[E,o(:] , (6.55)

where

<H -zH -cHal -tH
=€ «-e —+ 2 < .

(6.26)

Using perfectly analogous arguments as for (6.21) one shows that
/ .
L S=L,S =K (6.27)
b e &

The functional S (or S')) is local, in the sense that it is the
integral of an expression constructed with derivatives of the vielbein
and of the connection up to a finite order. It is highly non linear and
uniquely defined only for relatively weak fields. Nevertheless, it can
be used to redefine the connected vacuum functional so as to eliminate
either the Einstein anomalies (by changing W into W + S) or the Lorentz
anomalies (by changing W into W - §'). 1In this sense Einstein and
Lorentz anomalies are different aspects of the same thing. It seems
convenient to choose the pure Lorentz anomaly (Qanishing Einstein
anomaly) as the canonical form of the gravitational anomaly: the
formalism is then more directly related to the case of internal gauge
symmetries and the absence of Einstein anomalies givés a more satisfac-
tory geometrical picture.Fz’F3

Finally, we remark that formulas (6.19) and (6.25) for the
functional S' can be written in a more intrisic form (see Ref. [12]).
We have preferred to use here the special choice of local coordinates
of (6.19) and (6.25) in order to render manifest the locality in x of

the functional.
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7. Conclusion

An anomaly is a local expression which satisfies the comnsistency
condition, but which is not the gauge variation of a local functional
of the gauge potential, or the metric tensor, in the gravitational case.
Here a local functional of certain fields means an integral over x of an
expression constructed with the fields and their % derivatives up to
some finite order. The consistent anomalies discussed in this paper
satisfy both the above conditions. In order to show that they cannot
be obtained from a local functional one has to enumerate all possible
candidate expressions of the correct dimension and with the correct
power of the fields and check that there is no combination which
reproduces the anomaly when one performs a gauge variation. In general,
the proof is rather cumbersome, but it can be considerably simplified
by going over to the coQariant form of the anomalies. Since the
covariant current 3u is obtained from the original current Ju by adding
to it a local expression, one can reduce the problem to that of finding
a covariant current which is a local expression in the gauge potential
and whose covariant divergence gives the covariant anomaly. Similarly,
in the gravitational case, one can ask whether there exists a covariant
energy momentum tensor (which means that it is really a tensor)
constructed locally from the metric tensor and satisfying the anomalous
equation. The numser of possible candidates is greatly restricted by
the condition that these quantities be tensors. A further restriction
comes from the fact ﬁhat the covariant anomaly has a known form
possessing "abnormal parity", i.e. it is constructed with epsilon
tensors (corresponding to it being an exterior form). This would
require the current and the energy mémentum teﬁsor also to have abnormal

parity, since no epsilon tensors can be generated by taking the

», .

40~

covariant divergence. With these restrictions, it is not difficult to
show that no such local quantities exist [17] (for the energy momentum

tensor one must also use the fact that it is symmetric).
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Appendix A. Algebraic Structure

In this appendix we collect and rederive, in part, the results and

techniques described in Refs. [11-13] and used in the main text of this

paper. The reader will notice that the structure described below is

completely algebraic. In the text we use the resulting formulas for the

gauge potential l-form A and the field strength 2-form F, and for forms

which are functions of them. However, the arguments given in this

appendix apply to any expression which is a polynomial in two free

variables A and F (free means not restricted by algebraic relationms),

say with complex coifficients. In particular we do not assume that the

polynomials are symmetric or invariant, nor do we assume that A and F

commute or that they satisfy specific commutation relations.

addition to A and F we shall also use two more variables +sr and B.

A, & and B are odd (anticommuting), F is even. On these variables we

define the (odd) antiderivatives d, 1‘ and 2 and the (even) derivative §

with the properties

AA=F-A* , dF =FA-AF ,
JF = Fv’-vF , :rv'_—_--v‘z/ jB=-V-B-BV,
tA=o0, £F=RB )fv'::o , tB=o0

SA=B , v=0, SB=0o

and

JA+dv =-vA -AV
SF_-dB :AB+BA .

(A1)

(A.2)
(A.3)

(A.4)

#5)
(A.¢)
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The differentiation operators satisfy

(A.7)
(A.¢)

A= " =9'=0,
AT +7d = 29+7€ =0

and

Ld+dd =5 . ®.7)

The algebraic consistency of all these relations (A.l) to (A.9) is.

not hard to verify. For instance, to see that d2 = 0, apply d2 on A
A(dA)= A (F-A*)=od F-dAA+AA
_ EA-AF_(F-A)A+A(F-A")=0 . (A.10)

Similarly, on F

A(dF) = d(FA-AF)=dFA+FdA-dAF+AdF

= (FA-ARA+F(F-A*)-(F A*)F+A(FA-AF)

(1)
=0

Now apply d on (A.5). After a little algebra we find, using (A.l) and

(A.5),

@.12)

This shows that d2 = 0 on Q as well, provided d and :] anticommute.

dTA+dr =-TdA .
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Let us also verify, in few cases, the important relation (A.9).

On A

L(dA)=¢(F -A*)=tF=B (A.13)

and

d(¢A)=0. (A-1%)

Comparing the sum of (A.13) and (A.14) with (A.4), we see that (A.9) is

valid on A. Let us check it on F:

2(dF)= ¢(FA-AF)=BA+AB (A.15)

and

A(¢F) = dB. A1)

Therefore

(€d+d2)F = dB+BA +AB =§F #.17)

using (A.6).
Because of the properties of derivatives and antiderivatives all

this extends immediately to polynomials in the variables A, F, v  and

B.
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Appendix B. Solution of the Anomaly Equation

In this appendix we verify that there exists a local functional
whose Einstein variation gives the Einstein anomaly and whose Lorentz

variation gives the Lorentz anomaly. The functional is given by (6.19)

S[E/F]:'(Ltbngqu[r;] ) (B.1)

0 X
where we use matrix notation and denote by E the vielbein matrix ‘ﬁ»a,-

Then

E=ec" (8.2)

and

~-tH EH

H
q: = £ r <

-+H t
+e de

(B.3)

An Einstein transformation is given by (5.9)

ng = + T; (13‘ 4;)

¥

where

v 14

A= - 9F (8.5)

and the effect of TA on T is given by (4.13)

Tr=dn+[r, A) .
We see that (B.4) is valid also on E, if we take

nE =-NE

and
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%

which agrees with (4.14)

°<Tf = [:F C{ ‘*’CI i}

E = f)DAE Y]

(B.2)

(B.9)

if we treat E as a zero-form.
Now, since S is the integral of a form of maximum degree,°<"
applied to S gives zero. Therefore, we need only evaluate the effect

of TA . 1t is easy to verify that

T;\r;:d/\e"'[[;)/\t] )

where

(B./o)

tH tH ~tH LH
/\t:e' /\e + 2 T;\L

—

. (B.11)

Observe that, from (B.2) and (B.7),

H H
Te ==-Ae .

(3.12)

A
Therefore
N=A , A=0 (B.13)
and
-ktH tH -tH tH
%tﬁé-_-—He Ae +e ANe H

-tH tH -tH EH
~He Tie +e T/"(e H>
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| -48
HH EH - 2GLE]
G T H+ T H 7;5-Louj'nz{(m+[At,H])c;[z;]+/\t L
X

:[/\?/ HI+ TH (3:1) =f&tSTm{wC[Q]+Afg—%£]}

It is not necessary to know explicitly TAH and T,e . Let us

: -JL‘*?- q;/\tq[r;]z-fﬂ/\(iff]- (8.20)
compute ’)t

!
7; 5 :[o“' J'T:Z» (IT/\‘H C[rz]+ H ’7; C [r;])' (B'Ir) Inoconclus’i‘on ” (‘B 2))
o > £ S=ofS+TS=TS=-H. &
Now, according to (B.10),

TCRl=m 6% (B.K)

The effect of local rotations can be evaluated in an analogous
manner, using the expression (6.25) in terms of E and o . Here
there is not even the Lie derivative term, since local rotations are

if we define
exactly like ordinary gauge transformations. The result is equation

'I;l?:o(/\;**[—r;,/\e] . (3'17) (6.27).
¢

(% 1T G- | RA IR ][R (] Crr)
X x X (B.Id’)

where we have defined .

A
q;{;;:omﬂu[r;,u]-_-_,;_ , (B.19

So, (B.15) gives

A
(4]
@

-
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Figures . F3

Fl

F2

Actually, in two-dimensional Minkowski space-time, the anomaly

can be written in one of the forms
Ap A,u)
< Juh) (é‘ + 1

which differ respectively from (1.1) by the gauge variation of the

local functionals
A P
I PY_ 4 ¢ .
:IJAPAW =2 |ApA

Roman Jackiw has emphasized that these forms are more natural than
(1.1) since for chiral (antichiral) spinors in two dimensions the
and

the Dirac Lagrangian depends only on A0 + Al’ (Ao—Al)

therefore the anomaly should also depend only on those combinations.
We prefer to ignore this peculiarity of the two-dimensional
Minkowski case and illustrate our point using the form (1.1) which
is perfectly analogous to the abnormal parity expressions valid in

four and higher dimensionms.

Tom Banks has observed that it is possible (for instance in
six space-time dimensions) to regularize the Lagrangian for chiral
spinors with a mass term which is Einstein covariant. Such a
regularization, however, cannot be Lorentz covariant. Evaluated in

this way the anomaly would naturally appear as a pure Lorentz

anomaly.
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In the case of an internal gauge symmetry based on the compact
Lie group :;, , one knows [12] that the existence of anomalies

requires that the homotopy group Hv+1[ g; ] contain the group Z

of the integers (here v 1is the dimensions of space-time). For

the orthogonal group of local rotations O(v) , one is then led to

Now, it is known

consider Hv+l[0(v)] that this homotopy group

contains Z only for v = 4m - 2 (m an integer >1) and otherwise

is finite (see e.g. Ref. [23]). So, one expects that only for

these space-time dimensions there can be a topological Lorentz

anomaly. This condition is the same as given in (6.13). For

v = 2 there is no topological anomaly, but there still is a Lorentz
anomaly, in the local sense discussed in this paper. The
connection between the local and the topological meaning of the

anomalies will be discussed in Ref. [17].



~51—-

References

(1]

{2]

[3]
[4]
(5]

fe]

{7

—

[81

[9]

[10]

[11]

[12]

H. Fukuda and Y. Miyamoto, Prog. Theor. Phys. 4 (1949) 347; J.

.Steinberger, Phys. Rev. 76 (1949) 1180; J. Schwinger, Phys. Rev. 82

(1951) 664; L. Rosenberg, Phys. Rev. 129 (1963) 2786; J. Bell and

R. Jackiw, Nuovo Cimento 60A (1969) 47; S. Adler, Phys. Rev. 177
(1969) 2426.

I.S. Gerstein and R. Jackiw, Phys. Rev. 181 (1969) 1955; R. Jackiw
and K. Johnson, Phys. Rev. 182 (1969) 1459; S. Adler and W. Bardeen,
Phys. Rev. 182 (1969) 1517; S. Adler and D.G. Boulware, Phys. Rev.
Phys. Rev. 184 (1969) 1740; R.W. Brown, C. —-C. Shi and B. -L. Young,
Phys. Rev. 186 (1969) 1491.

W.A. Bardeen, Phys. Rev. 184 (1969) 1491.

D.J. Gross and R. Jackiw,. Phys. Rev. D6 (1972) 477.

C. Bouchiat, J. Iliopoulos and Ph. Meyer, Phys. Lett. 38B (1972)
519.

J. Wess and B. Zumino, Phys. Lett. B37 (1971) 95.

K. Fujikawa, Phys. Rev. Lett. 42 (1979) 1195; 44 (1980) 1733; Phys.
Rev. D21 (1980) 2848; D22 (1980) 1499 (E); D23 (1981) 2262.

P.H. Frampton and T.W. Klephart, Phys. Rev. Lett. 50 (1983) 1343,
1347; Phys. Rev. D28 (1983) 1010.

P.K. Townsend and G. Sierra, LPTENS preprint, 1983.

L. Alvarez-Gaumé and E. Witten, Harvard preprint HUTP-83/A039
(1983), to be published in Nucl. Phys. B.

B. Zumino, Wu Yong-Shi and A. Zee, Univ. of Washington preprint, to
be published in Nucl. Phys.

B. Zumino, Les Houches lectures 1983, to be published by North-

Holland, R. Stora and B. DeWitt editors.

{13] R. Stora, Cargese lectures 1983.

-52-

[14] R. Stora and B. Zumino, in preparation.

[15] C. Gomez, Salamanca preprint, DFTUS 06/83 (1983).

[16] L. Alvarez-Gaumé and P. Ginsparg, Harvard preprint HUTP-83/A081 (1983)

.

[17} 0. Alverez, I.M. Singer and B. Zumino, in preparation.

[18]

[19]

[20]

[21]

[22]

[23]

[24]

M. Paranjape, M.I.T. Thesis (1984); M. Paranjape and J. Goldstone,
in preparation. We thank R. Jackiw for informing us of this work.
A.J. Niemi and G.W. Semenoff, Phys. Rev. Lett. 51 (1983) 2077.

E. Witten, Nucl. Phys. B223 (1983) 422; B223 (1983) 433.

A.P. Balachandran, V.P. Nair, C.G. Trahern, Phys. Rev. D27 (1983)
1369.

C. Becchi, A. Rouet and R. Stora, Comm. Math. Phys. 42 (1975) 127.
Encyclopedic Dictionary of Mathematics, M.I.T. Press (1980), edited
by S. Iyanaga and Y. Kawada, translation reviewed by K.O0. May.

A.P. Balachandran, G. Marmo, V.P. Nair and C.G. Trahern, Phys. Rev.
D25 (1982) 2713; A. Adfianov, L. Bonora and R. Gamba-Saravi, Phys.
Rev. D26 (1982) 2821; T. Matsuki, Phys. Rev. D28 (1983) 2107;

T. Matsuki and A. Hill, Ohio preprint (1983); C. Kuang-Chao,

G. Han-Ying and W. Ke, Peking University preprint A.S-TIP-83-033;

J.M. Gipson, Virginia Polytechnic preprint, VPI-HEP-83/8; S. Elitzur

and V.P. Nair, Inst. for Adv. Study preprint, Princeton (1984).



This report was done with support from the
Department of Energy. Any conclusions or opinions
expressed in this report represent solely those of the
author(s) and not necessarily those of The Regents of
the University of California, the Lawrence Berkeley
Laboratory or the Department of Energy.

Reference to a company or product name does
not imply approval or recommendation of the
product by the University of California or the U.S.
Department of Energy to the exclusion of others that
may be suitable.




TECHNICAL INFORMATION DEPARTMENT
LAWRENCE BERKELEY LABORATORY
UNIVERSITY OF CALIFORNIA
BERKELEY, CALIFORNIA 94720



