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Non-signaling Assistance in Lossy Source Coding with Side
Information: Virtual Signaling of Decoder Side Information

Yuhang Yao, Syed A. Jafar
Nhu Department of Electrical Engineering and Computer Science

University of California Irvine, Irvine, CA 92697
Email: {yuhangy5, syed}@uci.edu

Abstract

We explore how non-signaling correlations, including quantum correlations, improve the
fundamental limit of classical lossy source coding. For the problem of lossy source coding with
decoder side information, also known as the Wyner-Ziv problem, we show that non-signaling
assistance between the encoder and the decoder yields the same rate–distortion trade-off as the
classical setting when the side information is also given to the encoder. Thus, non-signaling
assistance virtually signals the decoder side information to the encoder. This result can be
viewed as a source-coding counterpart of the ‘virtual signaling of channel state information
at the transmitter (CSIT)’ previously identified in channel coding with transmitter side infor-
mation. We also construct source and side information distributions for which entanglement
assistance asymptotically recovers the entire rate advantage brought by non-signaling assis-
tance at the low-rate regime.

1 Introduction

Entangled quantum systems enable two spatially separate terminals to generate correlations that
cannot be reproduced by classical shared randomness alone without additional communication.
Remarkably, these correlations cannot by themselves be used to transmit information. More gen-
erally, the class of non-signaling correlations encompasses all correlations that do not by themselves
permit communication between the terminals. Despite their inability to transmit information on
their own, such correlations have been shown to enhance communication efficiency when used
to assist classical communication resources. Examples include increasing the number of messages
that can be transmitted with zero error over a classical channel, simulating a prescribed channel
using fewer communication bits [1], and even increasing the capacity of some of the most elemen-
tary multi-user communication channels [2].

These findings raise a fundamental question in information theory: What are the ultimate
limits of communication when non-signaling correlations are available as an assisting resource?
At the heart of information theory lies the characterization of optimal coding rates. Two of its most
fundamental classes of problems are channel coding and source coding, which share an intriguing
dual relationship [3, Sec. 11.3.3]. Both involve a transmitter (encoder) and a receiver (decoder), but
the roles of the communication resource and the communication objective are essentially reversed.

In channel coding with transmitter side information, the transmitter seeks to communicate a
message reliably over a noisy channel, aided by knowledge of the state governing the channel
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statistics. The coding rate is measured in message bits per channel use, with higher rates corre-
sponding to greater communication efficiency. The fundamental objective is to characterize the
channel capacity, defined as the supremum of achievable rates. In contrast, in lossy source cod-
ing with decoder side information, the encoder uses a noiseless communication link to enable
the decoder to reconstruct a source within a prescribed distortion level, aided by correlated side
information available only at the decoder. Here, the coding rate is measured in communication
bits per source symbol, and lower rates indicate greater efficiency. The objective is to characterize
the rate–distortion trade-off, namely, the minimum achievable rate for each prescribed distortion
level. Thus, while channel coding converts a noisy communication resource into reliably trans-
mitted bits, lossy source coding uses reliable communication bits to convey an approximate re-
construction of a source. Since neither formulation imposes computational complexity constraints
on the encoder or decoder, their optimal coding rates are traditionally regarded as fundamental
limits of communication.

The classical solutions to both problems have been known for decades [4,5]. However, the pos-
sibility of non-signaling assistance prompts us to revisit a fundamental question: Do these clas-
sical characterizations remain the ultimate limits when arbitrary non-communicating resources
are available for free? Although the classical results impose no computational constraints on the
encoder and decoder and remain valid in the presence of shared randomness, they do not ac-
count for more general non-signaling resources shared between the communicating terminals.
Quantum entanglement is one such resource, and more general non-signaling correlations offer
an even broader framework for investigating the limits of assisted communication.

For channel coding with non-causal channel state information at the transmitter (CSIT), [6]
establishes the following result: the non-signaling-assisted capacity equals the classical capacity
when the receiver also knows the state. This phenomenon is termed “virtual signaling of CSIT.”
Although non-signaling assistance cannot physically convey the transmitter’s state information to
the receiver, it can nevertheless eliminate the entire capacity penalty associated with the receiver’s
lack of state information. It naturally raises a corresponding question on the source coding side
of the duality: What analogous capabilities can non-signaling assistance provide in lossy source
coding with decoder side information?

1.1 Contribution

We therefore turn to lossy source coding with decoder side information, known as the Wyner–Ziv
problem [5]. More specifically, an encoder observes a source X , a decoder observes side informa-
tion Y , and the encoder sends a message that enables reconstruction ofX within a prescribed aver-
age distortion. A code may operate on a sequence of n i.i.d. copies of (X,Y ), denoted as (Xn, Y n).
A classical encoder maps Xn to a message M , and a decoder maps (M,Y n) to a reconstruction
Zn, so that the expected value of the amortized distortion between Xn and Zn approaches certain
prescribed threshold. One may also consider general distortion measures that also depend on the
side information Y n. In the classical setting, it is known that giving Y to the encoder can strictly
reduce the required communication rate [5, 7]. In this paper, we show that non-signaling assis-
tance serves exactly the same purpose: the non-signaling-assisted rate–distortion region equals
the classical region with side information Y at both terminals. Thus, non-signaling assistance en-
ables virtual signaling of decoder side information. This provides a source-coding counterpart to the
“virtual signaling of CSIT” identified in [6], and another operational manifestation of the source–
channel duality with side information.
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This equivalence also raises a question about quantum entanglement assistance: how much of
this effect can quantum entanglement recover? We provide a simple class of sources defined by
graphs, and we show that in the low-rate limit, entanglement assistance asymptotically recovers
the entire advantage brought by non-signaling assistance, while the unassisted optimum is strictly
separated away. Remarkably, the class is also simple to describe. The decoder side information
Y corresponds to a uniformly chosen edge of the graph, and conditioned on each edge Y , the
source X observed by the encoder is uniformly distributed over the two endpoints of Y . Under
Hamming distortion, the decoder must determine which endpoint was selected. Thus, a random
guess of the two endpoints by the decoder would yield a distortion 1/2. The definition of this class
is conceptually simple, without a reduction from a nonlocal game [8–11]. The class is motivated
by the examples constructed in our prior work on channel coding with causal CSIT [12], although
here the decoder side information is non-causal. Notably, for the analysis of the entanglement-
assisted rate–distortion trade-off, we need Tsirelson’s representation of quantum correlations [13].

For every graph in this class, as the distortion D ↑ 1/2, all rates approach 0, so we look at the
ratio between the rates. The entanglement-assisted and non-signaling-assisted rates have ratio
tending to one. For complete graphs Km, m ≥ 3, their ratios to the unassisted classical rate remain
bounded away from one: the limiting upper bound on the assisted-to-unassisted rate ratio is 2(m+
1)/(3m), which approaches 2/3 as m grows. Thus, the guaranteed multiplicative rate advantage
approaches a factor of 3/2.

1.2 Related works

Beyond the dual relationship with non-signaling-assisted channel coding with transmitter side
information, the following problems share common features with our setting.

Non-signaling assistance in channel coding. Non-signaling assistance has been studied in var-
ious channel coding problems. The results can be roughly divided into two classes: a negative
class and a positive class. In the negative class, it is known that for some channels under certain
assumptions on non-signaling assistance, the channel capacity cannot be improved at all by non-
signaling assistance. For example, Bennett et al. [14] showed that entanglement assistance cannot
increase the capacity of a point-to-point channel, and Matthews [15] extends the result to non-
signaling assistance. Pereg et al. [16] showed that entanglement assistance between the receivers
cannot increase the broadcast channel capacity region, and Fawzi et al. [17] extended the result to
non-signaling assistance. Even full-partite non-signaling assistance cannot improve the capacity
region of a deterministic broadcast channel [17].

In the positive class, it is known that entanglement assistance between the transmitters can
improve the sum-rate capacity of some interference channels [8, 18] as well as multiple-access
channels [9, 19, 20]. Further, general all-partite non-signaling assistance can improve the sum-rate
capacity of certain K-receiver broadcast channels [21], and certain K-transmitter multiple-access
channels [22], with extremal value of the multiplicative advantage shown to be equal to K in both
settings. Entanglement assistance can also provide unbounded multiplicative sum-rate capacity
gain in certain multiple-access channels with causal state information at the transmitters [10].

Remote state preparation with side information. Beigi and Gohari [23] show that a transmit-
ter who knows the classical description X of a quantum state ρxQ can remotely prepare it using
shared entanglement and classical communication at rate I(X;Q | Y ), when the decoder has
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side information Y . This is a generalization of an earlier result [24] without side information.
The connection to our present work is noteworthy. Indeed, we obtain a general entanglement-
assisted rate–distortion characterization1 (Proposition 2) by applying the remote state preparation
result [23] and a standard information-theoretic converse.

Quantum rate–distortion theories. There are theories generalizing the classical rate–distortion
theory to a quantum one. A comprehensive formulation is [25], incorporating quantum source,
quantum side information, and distortion measures defined on quantum states. These codes
use quantum messages and entanglement assistance. An alternative characterization of the
entanglement-assisted rate–distortion region can then be obtained as a special case by restricting
the quantum sources and side information to classical registers and choosing a distortion operator
that corresponds to the classical distortion function. Although the alternative characterization
measures the communication cost in qubits, the conversion to a cost of classical bits can be simply
done by doubling the quantum communication cost. This is because with superdense coding and
quantum teleportation, one qubit equals two classical bits in communication (and vise versa).

Communication complexity. Entanglement and non-signaling assistance have also been exten-
sively studied in communication complexity [26]. In its conventional formulation, communication
complexity concerns the minimum communication required to compute a function of distributed
inputs, typically for a single instance under a zero-error or bounded-error criterion. Although
repeated instances are also studied through direct-sum and direct-product theorems, these gen-
erally focus on the communication required to solve multiple instances with a prescribed overall
success probability. Related problems, such as exact channel simulation, instead require repro-
ducing the input–output statistics of a prescribed channel. These operational criteria differ from
the asymptotic rate–distortion framework considered here, which allows joint coding over i.i.d.
source blocks subject to an average per-symbol distortion constraint.

Information causality. Information causality [27] considers a setting where an encoder observes
K independent sources (X1, X2, . . . , XK), communicates a message M to a decoder, allowing the
decoder to reconstruct Xb, for every b ∈ [K], where b is known only to the decoder. A connection
to the framework of source coding with side information can be made by modeling the decoder
index b as a random side information symbol B, assigning a joint distribution for (X1, . . . , XK)
and B, and studying the rate–distortion region.

Prepare-and-measure. Another closely related setting is prepare-and-measure, which con-
siders classical sources and side information with an unassisted quantum message. In prepare-
and-measure scenarios, the transmitter’s input selects a state to transmit, and the receiver’s
input selects a measurement. In the one-shot setting, there is no general ordering between an
entanglement-assisted classical dit (a d-ary message) and an unassisted qudit (a d-dimensional
quantum message). Both directions of advantage already occur in point-to-point scenarios.
Tavakoli, Pauwels, Woodhead, and Pironio show that an entanglement-assisted bit can generate
correlations unattainable with an unassisted qubit [28, Sec. VI.A], whereas an unassisted qutrit can
outperform a classical trit assisted by unrestricted entanglement [28, Sec. VI.B]. The binary case
admits a stronger statement: Pauwels et al. [29] show that, with adaptive receiver measurements,

1The dimension of the auxiliary quantum system involved in the general characterization is, however, unbounded.
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an entanglement-assisted bit can simulate all unassisted qubit prepare-and-measure correlations
and is strictly more powerful. This qubit-specific ordering therefore does not extend to arbitrary
message dimensions. More recently, Nogueira et al. [30] show that non-signaling-assisted clas-
sical dit communication can simulate unassisted qudit communication of the same dimension.
These comparisons concern one-shot correlations with a fixed message alphabet or Hilbert-space
dimension.

In our asymptotic rate–distortion setting, however, a general ordering does hold: unassisted
quantum communication is no stronger than entanglement-assisted classical communication at
the same numerical rate, measured in qubits and bits per source symbol, respectively. To state
this precisely, let R denote an achievable rate–distortion region. The superscripts c-m and q-m
indicate classical and quantum messages, respectively. Superscripts un-a, ent-a, and ns-a indicate
no assistance (unassisted), entanglement assistance, and non-signaling assistance, respectively.
Proposition 3 gives

Rc-m,un-a ⊆ Rq-m,un-a ⊆ Rc-m,ent-a ⊆ Rc-m,ns-a. (1)

The inclusion Rq-m,un-a ⊆ Rc-m,ent-a follows by applying remote state preparation to repeated uses
of a quantum-message code, with vanishing additional distortion. The change from one-shot sim-
ulation to asymptotic rate–distortion is important: coding over many i.i.d. source symbols allows
entanglement-assisted classical communication to attain every rate–distortion pair achievable by
unassisted quantum communication, even though same-dimension simulation can fail for a single
use.

2 Preliminaries

2.1 Notation

Let N denote the set of positive integers and R+ the set of non-negative real numbers. For n ∈ N,
write [n] = {1, . . . , n}. For a sequence x1, . . . , xn, we write xn = (x1, . . . , xn). The Cartesian
product of two sets A and B is denoted by A× B, and |A| denotes the cardinality of a finite set A.

For finite sets A and B, let P(A) denote the set of probability distributions on A and P(B | A)
the corresponding set of conditional probability distributions. For a distribution PX ∈ P(X ), we
write X ∼ PX to indicate that the random variable X has distribution PX . We write P⊗nX (xn) =∏n
i=1 PX(xi) for the n-fold product distribution. For random variables (X,Y ) ∼ PXY , we write

PX and PY to denote the marginal distributions of X and Y , respectively, and PY |X denotes the
conditional distribution of Y given X . We use Pr(E) for the probability of an event E and E[X]
for the expectation of a random variable X . The indicator of a predicate E is denoted by I[E].

For a finite-dimensional Hilbert space H, let L(H) denote the space of linear operators on
H, and D(H) the set of density operators on H. For quantum systems A and B with associated
Hilbert spaces HA and HB , the composite system AB is associated with HA ⊗HB . We use IA for
the identity operator on HA, Tr[·] for the trace, and TrA[·] for the partial trace over system A. The
trace norm of an operator A is denoted by ‖A‖1.

A quantum channelN : L(HA)→ L(HB) is a completely positive and trace-preserving (CPTP)
map. The identity channel on a quantum system A is denoted by idA. A classical-quantum chan-
nel from a finite alphabetX to a quantum systemQ associates with every x ∈ X a density operator
ρxQ ∈ D(HQ). A positive operator-valued measure (POVM) with outcome alphabet Z on a quan-
tum system A is a collection {Λz : z ∈ Z} of positive semidefinite operators on HA satisfying
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∑
z∈Z Λz = IA. When a POVM {Λz} is applied to a state ρA ∈ D(HA), the probability of observing

outcome z is Tr[ΛzρA].

2.2 Bipartite non-signaling correlations

We will use bipartite non-signaling correlations (also referred to as non-signaling boxes) to provide
a unified description of codes with different kinds of assistance. In the following definitions,
A1,A2,B1,B2 are finite sets.

Definition 1 (Non-signaling box). A non-signaling box is specified by a conditional distribution
PB1B2|A1A2

∈ P(B1 × B2 | A1 × A2), such that the marginal distribution PB1|A1A2
(b1 | a1, a2) is

independent of a2 for every (a1, b1), and the marginal distribution PB2|A1A2
(b2 | a1, a2) is independent of

a1 for every (a2, b2). The set of such correlations is denoted by PNS(B1;B2 | A1;A2).

Definition 2 (Entanglement-assisted correlation). A correlation PB1B2|A1A2
∈ P(B1 ×B2 | A1 ×A2)

is called an entanglement-assisted correlation if there exist finite-dimensional quantum systems Q1

and Q2, a state (density operator) ρ ∈ D(HQ1 ⊗ HQ2), and POVMs {Eb1|a1} and {Db2|a2} such
that PB1B2|A1A2

(b1, b2 | a1, a2) = Tr[(Eb1|a1 ⊗ Db2|a2)ρ]. The set of such correlations is denoted by
PEnt(B1;B2 | A1;A2).

Quantum entanglement alone cannot be used for signaling. This is known as the no-
communication theorem (e.g., [31]). Thus, every entanglement-assisted correlation is non-
signaling, i.e., PEnt(B1;B2 | A1;A2) ⊆ PNS(B1;B2 | A1;A2).

3 Problem formulation

3.1 Source coding with side-information-dependent distortion measures

Our main focus is the point-to-point lossy source coding problem with side information available
at the decoder, first introduced by Wyner and Ziv in [5]. We consider a more general model with
side-information-dependent distortion measures, as in [32].

The lossy source coding model with side-information-dependent distortion is specified by fi-
nite alphabets X ,Y,Z , a joint distribution PXY ∈ P(X × Y), and a distortion function

d : X × Y × Z → R+. (2)

Specifically, X ,Y,Z specify the alphabets of the source to be compressed, the decoder side infor-
mation, and the reconstruction, respectively. The distortion function d maps any triple (x, y, z) ∈
X × Y × Z to a non-negative real number.

A blocklength-n code operates on n i.i.d. source pairs (Xn, Y n) ∼ P⊗nXY . The encoder observes
Xn but does not observe Y n. Based on Xn, the encoder generates a message M that is transmitted
noiselessly to the decoder. The message M may be either classical or quantum, depending on the
class of codes allowed. The decoder observes Y n together with M and produces a reconstruction
Zn ∈ Zn. For sequences (Xn, Y n, Zn) induced by a code, the average distortion (per source
symbol) is defined as 1

n

∑n
i=1 E[d(Xi, Yi, Zi)].

Our primary focus is the setting where the message transmitted from the transmitter to the
receiver is classical, henceforth labeled as c-m (classical message). Besides the classical message,
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we consider three assistance models: 1) the unassisted case (labeled as un-a); 2) the entanglement-
assisted case (labeled as ent-a); and 3) the non-signaling-assisted case (labeled as ns-a). For com-
parison, we also consider an unassisted setting in which the transmitted message itself is quantum,
labeled as q-m. The formal definitions of these codes are given next.

3.2 Classical-message codes with various forms of non-signaling assistance

A blocklength-n classical-message code assisted by general non-signaling assistance consists of a
finite setM and a bipartite non-signaling box (Definition 1)

B
MZn|XnM̃Y n ∈ PNS(M;Zn | X n;M×Yn). (3)

The two parties of the box are referred to as the encoder and the decoder. At the encoder, Xn

denotes the input (source observations), and M denotes the output (a classical message). At the
decoder, M̃ and Y n denote the inputs (the received classical message and side-information obser-
vations, respectively), while Zn denotes the output (source reconstructions).

The code works as follows. Conditioned on Xn = xn, the encoder generates the classical mes-
sage M according to the conditional distribution B

M |XnM̃Y n(m | xn, (m̃, yn)) , BM |Xn(m | xn).
This is well defined because the non-signaling property ensures that the conditional distribution
of M does not depend on (m̃, yn). The message M is then communicated to the decoder. Condi-
tioned on (Xn = xn, Y n = yn,M = m), the decoder produces Zn according to the conditional dis-
tribution B

Zn|MXnM̃Y n(zn | m,xn,m, yn). Consequently, the joint distribution of (Xn, Y n,M,Zn)

is given by

PXnY nMZn(xn, yn,m, zn)

=
( n∏
i=1

PXY (xi, yi)
)
BM |Xn(m | xn)B

Zn|MXnM̃Y n(zn | m,xn,m, yn) (4)

=
( n∏
i=1

PXY (xi, yi)
)
B
MZn|XnM̃Y n(m, zn | xn,m, yn) (5)

Moreover, if B
MZn|XnM̃Y n ∈ PEnt(M;Zn | X n;M × Yn), the code is also called an

entanglement-assisted code. If B
MZn|XnM̃Y n(m, zn | xn, m̃, yn) can be factorized as E(m |

xn)D(zn | m̃, yn) for some E ∈ P(M | X n) and D ∈ P(Zn | M × Yn), the code is also called an
unassisted code.

3.3 Quantum-message codes

We also consider codes that transmit a quantum message. Let Q be a finite-dimensional quan-
tum system. A blocklength-n (unassisted) quantum-message code consists of a classical-quantum
channel {ρxnQ : xn ∈ X n} and a family of POVMs {{Dzn|yn : zn ∈ Zn} : yn ∈ Yn}. Conditioned on
Xn = xn, the encoder prepares Q in the state ρx

n

Q . The quantum system Q is sent to the decoder.
Conditioned on Y n = yn, the decoder applies the POVM {Dzn|yn : zn ∈ Zn} to Q, and the classical
outcome is denoted by Zn. Consequently, the joint distribution of (Xn, Y n, Zn) is given by

PXnY nZn(xn, yn, zn)
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=
( n∏
i=1

PXY (xi, yi)
)

Tr
[
Dzn|ynρ

xn

Q

]
(6)

The quantum-message model is not intended to replace the classical-message formulations above.
Rather, it serves as a natural benchmark for comparing the communication capabilities of unas-
sisted quantum messages with those of classical messages assisted by entanglement in the lossy
source coding setting considered here.

3.4 Rate–distortion regions

We now define the asymptotic rate–distortion regions associated with the classes of codes intro-
duced above. For a blocklength-n code, letM(n) denote its classical message alphabet or Q(n) its
quantum message system, as appropriate. Define its communication rate as

Rn ,


log2 |M(n)|

n
, for classical-message codes,

log2 dim(Q(n))

n
, for quantum-message codes,

(7)

and its average distortion as

Dn ,
1

n

n∑
i=1

E[d(Xi, Yi, Zi)]. (8)

For any of the above classes of codes, a rate–distortion pair (R,D) ∈ R2
+ is said to be (asymp-

totically) achievable if there exists a sequence of blocklength-n codes of that class such that

lim sup
n→∞

Rn ≤ R, lim sup
n→∞

Dn ≤ D. (9)

The rate–distortion region of a given class of codes is defined as the set of all achievable rate–
distortion pairs. For classical-message codes, let a ∈ {un-a, ent-a,ns-a} specify the type of as-
sistance. We denote the corresponding rate–distortion region by Rc-m,a, and that of unassisted
quantum-message codes byRq-m,un-a.

For any of the rate–distortion regionsR defined above, the corresponding rate–distortion func-
tion is defined as

R(D) , inf{R : (R,D) ∈ R}. (10)

Remark 1 (Derandomization). We note that shared randomness between the encoder and the decoder
cannot enlarge the classical-message unassisted rate–distortion region. In particular, a classical-message
code assisted by shared randomness corresponds to the non-signaling box having the form∑

λ

pλEλ(m | xn)Dλ(zn | m̃, yn), (11)

where (pλ)λ forms a probability distribution, and (Eλ,Dλ) correspond to an unassisted code for each λ. The
average distortion of the code assisted by shared randomness is thus the expected value of the distortion
values of the unassisted codes. Thus, there exists an unassisted code (with the same rate) that achieves a
distortion no greater than the distortion of the assisted code.
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4 Results

4.1 General setting

The results in this subsection apply to the general source coding model defined above. Recall that
a problem is specified by a tuple of finite alphabets (X ,Y,Z), a distribution PXY , and a distortion
function d : X × Y × Z → R+.

Proposition 1 ( [3, Problem 11.7], [32]). Without assistance, the classical-message rate–distortion region
is

Rc-m,un-a =
⋃

PU|X ,z : U×Y→Z


(R,D) ∈ R2

+ :
R ≥ I(X;U | Y )
D ≥ E[d(X,Y, z(U, Y ))]

 (12)

where the union is over all conditional distributions PU |X and deterministic mappings z : U×Y → Z , with
the joint distribution given by PUXY = PXY PU |X . Moreover, the cardinality of the auxiliary alphabet may
be restricted to |U| ≤ |X |+ 1.

Proof. The proposition follows directly from the Wyner–Ziv theorem [3, Thm. 11.3], extended to
side-information-dependent distortion measures as described in [3, Problem 11.7].

Proposition 2. With entanglement assistance, the classical-message rate–distortion region is

Rc-m,ent-a = cl

 ⋃
{ρxQ},{{Λz|y}z}y


(R,D) ∈ R2

+ :
R ≥ I(X;Q | Y )
D ≥ E[d(X,Y, Z)]


 (13)

where cl(·) denotes closure, and the union is over all finite-dimensional quantum systems Q, classical-
quantum channels {ρxQ : x ∈ X}, and families of POVMs {{Λz|y : z ∈ Z} : y ∈ Y} on Q. The conditional
mutual information I(X;Q | Y ) is evaluated with respect to the classical-quantum state

ρXYQ =
∑
x,y

PXY (x, y) |x, y〉〈x, y| ⊗ ρxQ, (14)

which satisfies the Markov conditionQ−X−Y . The classical random variable Z is obtained by measuring
Q using the POVM indexed by Y , yielding the joint distribution

PXY Z(x, y, z) = PXY (x, y) Tr[Λz|yρ
x
Q]. (15)

Proof sketch. Achievability follows from the remote state preparation theorem of Beigi and Gohari
[23, Thm. 5]. The closure is needed as we do not know whether the union is closed due to a lack
of a dimension upper bound on the auxiliary quantum system. Alternatively, specializing [33,
Thm. 13] or [25, Sec. II-A] to classical source and side-information registers gives an entanglement-
assisted quantum communication rate of 1

2I(X;Q | Y ). When combined with teleportation we
obtain the stated classical communication rate. The converse follows from standard information-
theoretic arguments using the no-communication theorem followed by single-letterization. For
completeness, we provide a detailed proof in Appendix A.
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Theorem 1. With general non-signaling assistance, the classical-message rate–distortion region is

Rc-m,ns-a =
⋃

PZ|XY


(R,D) ∈ R2

+ :
R ≥ I(X;Z | Y )
D ≥ E[d(X,Y, Z)]

 (16)

where the union is over all conditional distributions PZ|XY , with the joint distribution of (X,Y, Z) given
by PXY PZ|XY .

Proof sketch. The full proof is given in Appendix B. The achievability argument parallels the
twirling argument in [6, Thm. 2] (also see [1]), with the roles of the encoder and decoder reversed.
The key idea is that, given any non-signaling-assisted code with encoder side information, one
can construct another non-signaling-assisted code without encoder side information that induces
the same conditional reconstruction distribution. Consequently, under non-signaling assistance,
the rate–distortion region is the same with or without encoder side information and therefore
contains the classical unassisted region with encoder side information. See Remark 2 for further
discussion.

Remark 2 (Virtual signaling of decoder side information). The non-signaling-assisted classical-
message rate–distortion region coincides with the classical region RX|Y when the side information is
available at both the encoder and the decoder. Its boundary is described by the conditional rate–distortion
function

RX|Y (D) = inf
PZ|XY :

E[d(X,Y,Z)]≤D

I(X;Z | Y ). (17)

It was used as a classical benchmark in the Wyner–Ziv problem [5]. Zamir [7] established universal bounds
on the rate reduction Rc-m,un-a(D) − RX|Y (D) obtainable by additionally providing side information to
the encoder for difference or balanced distortion measures, including squared-error and binary Hamming
distortion. Linder, Zamir, and Zeger [32] studied conditional and Wyner–Ziv rate–distortion functions
for side-information-dependent distortion measures, including their high-resolution behavior and the gap
between them. Theorem 1 thus provides an alternative operational interpretation of the conditional rate–
distortion function through non-signaling assistance between the encoder and decoder.

The following proposition establishes a general relationship between the classical-message
rate–distortion regions and the unassisted quantum-message rate–distortion region.

Proposition 3. Rc-m,un-a ⊆ Rq-m,un-a ⊆ Rc-m,ent-a ⊆ Rc-m,ns-a.

Proof. First, every entanglement-assisted code is also a non-signaling-assisted code, soRc-m,ent-a ⊆
Rc-m,ns-a. Next, the inclusionRc-m,un-a ⊆ Rq-m,un-a follows because a d-dimensional quantum system
can be used to encode a classical d-ary message. Therefore, any rate–distortion pair achievable by
unassisted classical-message codes is achievable by unassisted quantum-message codes. Finally,
the remaining inclusion Rq-m,un-a ⊆ Rc-m,ent-a follows from the remote state preparation theorem
[23, Thm. 5]. The key idea is that an unassisted quantum-message code can be simulated by
entanglement-assisted classical communication with asymptotically vanishing overhead in rate
and distortion. A detailed proof is given in Appendix C.
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4.2 Graph-based side information and Hamming distortion

We next specialize to a class of sources for which the decoder side information identifies two
equally likely source symbols. Each problem in this class is specified by a finite, simple, undirected
graph G = (X ,Y) with at least one edge, where X and Y are the vertex and edge sets, respectively.
We identify each edge y ∈ Y with the unordered pair of its endpoints.

The side information Y is uniformly distributed over Y . Conditioned on Y = y, the source X
is uniformly distributed over the two endpoints of y. Equivalently, the joint distribution is

PXY (x, y) =
I[x ∈ y]

2|Y|
, (x, y) ∈ X × Y. (18)

In particular,

PX(x) =
degG(x)

2|Y|
, (19)

where degG(x) is the degree of vertex x. Thus, X need not be uniformly distributed over the
vertices. Isolated vertices have zero probability and may be omitted without affecting the problem.

The encoder observes the source vertex X but not the edge Y , while the decoder observes
Y and must determine which endpoint was selected. At blocklength n, the source consists of n
independent copies of this experiment, and the encoder and decoder operate on Xn and Y n, re-
spectively, as in the general formulation. The reconstruction alphabet is Z = X , and the distortion
measure is the side-information-independent Hamming distortion

d(x, y, z) = I[x 6= z], (x, y, z) ∈ X × Y × Z. (20)

The average distortion is therefore the average symbol error probability. Without loss of generality,
the decoder may restrict each reconstruction Zi to the endpoints of Yi: an output outside Yi is
always incorrect and can be replaced by either endpoint without increasing distortion.

Note that X has two equally likely possibilities given each Y = y, so H(X | Y ) = 1 bit. With-
out communication, choosing either endpoint of the observed edge gives distortion 1/2, which
is optimal because the two endpoints are equally likely. Hence all the rate–distortion functions
considered here are zero for D ≥ 1/2, and we focus on 0 ≤ D ≤ 1/2. When needed, we indicate
the underlying graph by a subscript, as in Rc-m,un-a

G (D), Rc-m,ent-a
G (D), Rc-m,ns-a

G (D), and Rq-m,un-a
G (D).

Example 1 (The triangle graph K3). Let G = K3, the triangle graph, with

X = {1, 2, 3}, Y =
{
{1, 2}, {2, 3}, {3, 1}

}
. (21)

The joint distribution is

PXY (x, y) y = {1, 2} y = {2, 3} y = {3, 1}
x = 1 1/6 0 1/6
x = 2 1/6 1/6 0
x = 3 0 1/6 1/6

. (22)

Both X and Y are uniform on their respective three-element alphabets. For example, if the decoder observes
Y = {1, 2}, it knows that X is either 1 or 2, each with probability 1/2, and must distinguish them using
the encoder’s message and any allowed assistance. If the encoder observes X = 1, it does not know whether
the decoder sees {1, 2} or {3, 1}.

11



At D = 0, Proposition 1, Theorem 1, and Proposition 3 imply that

Rc-m,un-a
G (0) = Rc-m,ent-a

G (0) = Rq-m,un-a
G (0) = Rc-m,ns-a

G (0) = H(X | Y ) = 1. (23)

This equals the Slepian–Wolf rate for asymptotically lossless reconstruction [34]. Thus, any sep-
aration of the rates requires 0 < D < 1/2. The following results characterize the assisted rates
near D = 1/2 and quantify their advantage over unassisted classical communication for com-
plete graphs. Write h2(p) = −p log2 p − (1 − p) log2(1 − p) for the binary entropy function, with
0 log2 0 = 0. All asymptotic expansions below are taken as ε ↓ 0 with the graph fixed; the remain-
der terms may depend on the graph.

Theorem 2 (NS-a, graph). For every finite, simple, undirected graph G with at least one edge and every
0 ≤ D ≤ 1/2,

Rc-m,ns-a
G (D) = 1− h2(D). (24)

In particular,

Rc-m,ns-a
G

(
1

2
− ε
)

=
2

ln 2
ε2 + o(ε2). (25)

Proof. See Appendix D.

Theorem 3 (Ent-a, graph). For every finite, simple, undirected graph G with at least one edge,

Rc-m,ent-a
G

(
1

2
− ε
)

=
2

ln 2
ε2 + o(ε2). (26)

Proof. See Appendix E.

Corollary 1. For every graph G in Theorem 3,

lim
D↑1/2

Rc-m,ns-a
G (D)

Rc-m,ent-a
G (D)

= 1. (27)

Theorem 4 (Un-a, complete graph rate lower bound). Let Km denote the complete graph on m ≥ 3
vertices. For each fixed m,

Rc-m,un-a
Km

(
1

2
− ε
)
≥ 3m

(m+ 1) ln 2
ε2 + o(ε2). (28)

Proof. See Appendix F.

Corollary 2 (Entanglement-assisted rate advantage for complete graphs). For every m ≥ 3 and
every η > 0, for all D < 1/2 sufficiently close to 1/2,

Rc-m,ent-a
Km

(D) ≤
(

2(m+ 1)

3m
+ η

)
Rc-m,un-a
Km

(D). (29)

Consequently, entanglement assistance strictly reduces the classical-message rate for all D < 1/2 suffi-
ciently close to 1/2. The entanglement-assisted rate is at most a fraction arbitrarily close to 2(m+ 1)/(3m)
of the unassisted rate. This factor is 8/9 for the triangle and tends to 2/3 as m → ∞. By Corollary 1,
non-signaling assistance offers no further multiplicative rate reduction in this limit.
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5 Conclusion

For lossy source coding with side information at the decoder, the non-signaling-assisted classical-
message rate–distortion region coincides with the classical region when the side information is
available at both terminals. Thus, non-signaling assistance virtually signals the decoder side in-
formation to the encoder for this task. This can be viewed as the source-coding dual of the pre-
viously established virtual signaling of CSIT in channel coding with transmitter side information.
Turning to quantum entanglement assistance, we have identified a simple class of sources associ-
ated with graphs for which entanglement assistance asymptotically recovers the full advantage of
non-signaling assistance in the low-rate limit. Future directions include generalizing graph-based
sources to hypergraph-based sources or other forms of dependence between the source and side
information, including function computation problems.

A Proof of Proposition 2

We first establish the converse from an arbitrary entanglement-assisted classical-message code,
formulated as an explicit process of encoder state preparation followed by a decoder POVM.
Achievability follows from the remote state preparation theorem of Beigi and Gohari [23, Thm. 5].

Converse

Step 1: Bounding the rate. Fix a blocklength-n entanglement-assisted code with message size
|M|. Let B denote the decoder’s share of the entangled quantum system immediately after the
encoder’s measurement and before the decoder performs any processing based on (M,Y n). Con-
ditioned on Xn = xn, the encoder’s measurement results in a classical-quantum state ρx

n

MB , with
M a classical register. By the no-communication theorem, the marginal state ρx

n

B does not depend
on xn. This independence also holds conditioned on any Y n = yn, since the state is defined be-
fore the decoder performs any processing and the initial shared entangled state is independent of
(Xn, Y n). It follows that

I(Xn;B | Y n) = 0, (30)

and, since M is classical,

log2 |M| ≥ H(M) ≥ I(Xn;M | BY n) (31)
(30)
= I(Xn;MB | Y n) (32)

=
n∑
i=1

I(Xi;MB | Xi−1Y n) (33)

=
n∑
i=1

I(Xi;M,B,Xi−1, Y \i | Yi) (34)

≥
n∑
i=1

I(Xi; (M,B, Y \i)︸ ︷︷ ︸
,Qi

| Yi) (35)

= nI(XT ;QT | YT , T ) (36)
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= nI(XT ;QT , T | YT ) (37)

Equality (34) follows from the i.i.d. source distribution, which implies that (Xi, Yi) is indepen-
dent of (Xi−1, Y \i). In (35), for each i ∈ [n], we introduce the quantum auxiliary system Qi ,
(M,B, Y \i), where Y \i , (Y1, . . . , Yi−1, Yi+1, . . . , Yn). In (36), we introduce a time-sharing random
variable T , uniformly distributed over [n] and independent of (Xn, Y n,M,B). Step (37) holds
because T is independent of (XT , YT ) as the source is i.i.d.

Step 2: Preserving the distortion. Now consider the decoder’s POVM. Conditioned on (Y n =
yn,M = m), the decoder applies the POVM {Dzn|yn,m}zn∈Zn to the quantum system B, produc-
ing the classical reconstruction Zn. Let PXnY nTMZn denote the joint distribution of the classical
random variables induced by the original code.

For each i ∈ [n], consider the marginal POVM that produces Zi while ignoring Z\i. Since
Qi = (M,B, Y \i), this marginal POVM can equivalently be represented as a POVM {Λ(i)

z|y}z∈Z on
Qi, indexed by Yi = y.

Now consider a hypothetical experiment in which, conditioned on T = i and YT = y, the
POVM {Λ(i)

z|y}z∈Z is applied toQi. Equivalently, this can be viewed as a POVM on the joint system
(QT , T ), conditioned on YT = y. Denote its classical outcome by Z, and let P′XnY nTMZ denote
the distribution induced by this hypothetical experiment. We emphasize that the systems Qi for
different i do not include separate copies of B. In particular, the hypothetical experiment requires
only one measurement corresponding to a selected index i.

By construction, for every i ∈ [n], P′XnY nMZ|T=i = PXnY nMZi , since conditioned on T = i, the
hypothetical measurement reproduces the original decoder’s marginal POVM forZi. In particular,
this implies that (XT , YT , ZT ) under P and (XT , YT , Z) under P′ have the same joint distribution.
Therefore,

EP′ [d(XT , YT , Z)] = EP[d(XT , YT , ZT )]

=
1

n

n∑
i=1

EP[d(Xi, Yi, Zi)] (38)

= Dn (39)

Define X , XT , Y , YT , and Q , (QT , T ). From the i.i.d. source law and the Markov chains
Qi − Xi − Yi, we have Q − X − Y . Moreover, the hypothetical measurement defines a family of
POVMs on Q, indexed by Y , whose classical outcome is Z.

Together with the previously established mutual information bound (37), we conclude that
every blocklength-n code induces a single-letter quantum system Q such that Q − X − Y , and a
family of POVMs {{Λz|y}z}y satisfying

Rn ≥ I(X;Q | Y ), Dn = EP′ [d(X,Y, Z)], (40)

where (X,Y ) ∼ PXY , and Z is the classical outcome of the POVM {Λz|y}z onQ, indexed by Y = y.

Step 3: Completing the converse. Now consider an arbitrary achievable rate–distortion pair
(R,D) ∈ Rc-m,ent-a. By the definition of achievability, there exists a sequence of blocklength-n
codes such that

lim sup
n→∞

Rn ≤ R, lim sup
n→∞

Dn ≤ D. (41)
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Consequently, for any ε > 0 and sufficiently large n, we have

R+ ε ≥ Rn ≥ I(X;Q | Y ), (42)
D + ε ≥ Dn = EP′ [d(X,Y, Z)]. (43)

Thus, (R+ ε,D+ ε) belongs to the union on the right-hand side of Proposition 2, before taking its
closure. Since ε > 0 is arbitrary, (R,D) belongs to the closure of that union. This establishes the
converse.

Achievability

Fix a classical-quantum channel x 7→ ρxQ and POVMs {Λz|y}z∈Z satisfying the distortion constraint.
Consider the state

ρXYQ =
∑
x,y

PXY (x, y)|x〉〈x|X ⊗ |y〉〈y|Y ⊗ ρxQ. (44)

In particular, the Markov conditionQ−X−Y holds. By the remote state preparation theorem with
classical decoder side information [23, Thm. 5], for any ε > 0 and sufficiently large n, Alice can use
shared entanglement and a one-way classical message of size at most 2n(I(X;Q|Y )+ε) to remotely
prepare a quantum system Q̃n at Bob’s terminal such that the resulting joint state σ

XnY nQ̃n satisfies∥∥∥σXnY nQ̃n − ρ⊗nXY Q
∥∥∥

1
→ 0 as n→∞. (45)

Bob then measures each subsystem Q̃i using the POVM {Λz|Yi}z∈Z indexed by his side information
Yi, and outputs the measurement outcome Zi, for each i ∈ [n].

By the monotonicity of trace distance under completely positive trace-preserving (CPTP) maps
[35, Exercise 9.1.9], including measurements, the induced distribution of (Xn, Y n, Zn) converges
in total variation to the desired i.i.d. distribution P⊗nXY Z , where

PXY Z(x, y, z) = PXY (x, y) Tr[Λz|yρ
x
Q]. (46)

Since d is bounded, the average distortion converges to E[d(X,Y, Z)]. Consequently, every rate–
distortion pair (R,D) satisfying

R > I(X;Q | Y ), D ≥ E[d(X,Y, Z)] (47)

is achievable. Taking the closure over all admissible quantum systems and POVMs completes the
achievability proof.

B Proof of Theorem 1

The converse compares the conditional distribution induced by a non-signaling-assisted classical-
message code with a reference conditional distribution induced without communication. Achiev-
ability follows the idea of “virtual signaling of CSIT via non-signaling assistance” in [6]: at every
blocklength, encoder side information can be removed without changing the conditional recon-
struction distribution.
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Converse

Step 1: Comparing with a distribution without communication. Consider a blocklength-n non-
signaling-assisted classical-message code B

MZn|XnM̃Y n , or simply B. By non-signaling, the de-
coder marginal

B
Zn|M̃Y n(zn | m̃, yn) ,

∑
m∈M

B(m, zn | xn, m̃, yn) (48)

is independent of xn. Define a reference conditional distribution

QZn|Y n(zn | yn) =
1

|M|
∑
m∈M

B
Zn|M̃Y n(zn | m, yn), (49)

which corresponds to the distribution of Zn given Y n when the decoder locally generates a uni-
formly distributed message M̃ , independently of the source (Xn, Y n), and uses it in place of the
communicated message.

On the other hand, let PXnY nZnM be the joint distribution induced by the code. For every
xn, yn, zn, we have

PZn|XnY n(zn | xn, yn) =
∑
m∈M

B(m, zn | xn,m, yn) (50)

≤
∑
m∈M

∑
m′∈M

B(m′, zn | xn,m, yn) (51)

=
∑
m∈M

B
Zn|M̃Y n(zn | m, yn) (52)

= |M| × QZn|Y n(zn | yn). (53)

Consequently, for all xn, yn,

DKL

(
PZn|xnyn

∥∥QZn|yn
)
≤ log2 |M|. (54)

Taking the average on both sides,

log2 |M| ≥
∑
xn,yn

PXnY n(xn, yn)DKL

(
PZn|xnyn

∥∥QZn|yn
)

=
∑
yn

PY n(yn)
∑
xn

PXn|Y n(xn | yn)DKL

(
PZn|xnyn

∥∥QZn|yn
)

(55)

= I(Xn;Zn | Y n) +
∑
yn

PY n(yn)DKL

(
PZn|yn

∥∥QZn|yn
)

(56)

≥ I(Xn;Zn | Y n). (57)

Step 2: Bounding the rate. Combining these inequalities yields

log2 |M| ≥ I(Xn;Zn | Y n) (58)
= H(Xn | Y n)−H(Xn | Y nZn) (59)
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=
n∑
i=1

H(Xi | Yi)−H(Xn | Y nZn) (60)

≥
n∑
i=1

H(Xi | Yi)−
n∑
i=1

H(Xi | Y nZn) (61)

≥
n∑
i=1

H(Xi | Yi)−
n∑
i=1

H(Xi | YiZi) (62)

=
n∑
i=1

I(Xi;Zi | Yi) (63)

where equality (60) follows from the i.i.d. source assumption.

Step 3: Obtaining a single-letter distribution. Let PZ|XY , 1
n

∑n
i=1 PZi|XiYi , and define the

joint distribution PXY Z , PXY PZ|XY . By the convexity of mutual information in the conditional
distribution [36, Thm. 2.7.4], we obtain

IP(X;Z | Y = y) ≤ 1

n

n∑
i=1

IP(Xi;Zi | Yi = y). (64)

for each y ∈ Y . Since PY = PYi = PY ,

IP(X;Z | Y ) ≤ 1

n

n∑
i=1

IP(Xi;Zi | Yi). (65)

Therefore,

Rn =
log2 |M|

n
≥ IP(X;Z | Y ). (66)

Moreover, by linearity of expectation, the distortion induced by P(n) equals the average distortion
of the blocklength-n code, i.e.,

Dn = EP[d(X,Y, Z)]. (67)

Consequently, every achievable rate–distortion pair (R,D) belongs to the closure of the union
in Theorem 1. Since the set of conditional distributions PZ|XY is compact, and both conditional
mutual information and expected distortion are continuous in PZ|XY , this union is already closed.
This completes the converse proof.

Achievability

Step 1: Removing encoder side information. We establish a slightly stronger, finite-blocklength
statement. In an augmented model, suppose that the encoder is also provided with the side infor-
mation Y n. We refer to this as the encoder-side-information (ESI) model. Consider an arbitrary
non-signaling-assisted code in this augmented model, specified by a non-signaling box

BESI
MZn|XnY n

E M̃Y n
D

(m, zn | xn, ynE , m̃, ynD), (68)
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where the subscripts E and D distinguish the copies of the side information supplied to the encoder
and decoder. We show next that the encoder’s side information can be removed while preserving
the conditional distribution of Zn given (Xn, Y n).

Without loss of generality, letM = {0, 1, . . . , |M|− 1}, and write m+ t (mod |M|) as m⊕ t for
m, t ∈M. Define a new bipartite box, which uses decoder side information only, by

B̃
MZn|XnM̃Y n(m, zn | xn, m̃, yn)

,
1

|M|
∑
t∈M

BESI(m⊕ t, zn | xn, yn, m̃⊕ t, yn). (69)

Step 2: Verifying the non-signaling constraints. We next show that B̃ ∈ PNS(M;Zn | X n;M×
Yn). The normalization and nonnegativity of B̃ are immediate. For the encoder marginal, non-
signaling of BESI gives∑

zn

B̃(m, zn | xn, m̃, yn) =
1

|M|
∑
t∈M

BESI
M |XnY n

E
(m⊕ t | xn, yn) (70)

=
1

|M|
∑
a∈M

BESI
M |XnY n

E
(a | xn, yn) (71)

=
1

|M|
, (72)

which is independent of (m̃, yn). Similarly, for the decoder marginal,∑
m

B̃(m, zn | xn, m̃, yn) =
1

|M|
∑
t∈M

BESI
Zn|M̃Y n

D

(zn | m̃⊕ t, yn) (73)

which is independent of xn. Thus B̃ is a valid non-signaling box in the original model, without
side information at the encoder.

Step 3: Preserving the reconstruction distribution. Furthermore, for every (xn, yn, zn), the con-
ditional reconstruction distribution induced by the new box is

P̃Zn|XnY n(zn | xn, yn)

=
∑
m∈M

B̃(m, zn | xn,m, yn)

=
1

|M|
∑
t∈M

∑
m∈M

BESI(m⊕ t, zn | xn, yn,m⊕ t, yn) (74)

=
∑
a∈M

BESI(a, zn | xn, yn, a, yn) (75)

= PESI
Zn|XnY n(zn | xn, yn). (76)

The equality holds pointwise for all source and side-information sequences, rather than only in
expected distortion. Hence every rate–distortion pair achievable with non-signaling assistance
and encoder side information is achievable without encoder side information. The construction
parallels the twirling argument of [6].
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The achievability proof of Theorem 1 concludes by noting that the region in Theorem 1 is the
classical rate–distortion region with Y n available at both terminals. Since non-signaling assistance
allows the receiver-side information to be virtually signaled to the encoder, it also achieves the
region in Theorem 1.

C Proof of Proposition 3

It remains to proveRq-m,un-a ⊆ Rc-m,ent-a. Consider any blocklength-n quantum-message code with
quantum message Q, encoder states {ρxnQ }, and decoder POVMs {Dzn|yn}. Treat each block of n
source symbols as a supersymbol X = Xn, with decoder side information Y = Y n and target
quantum system Q. The associated classical-quantum state is

ρXYQ =
∑
xn,yn

P⊗nXY (xn, yn)|xn〉〈xn| ⊗ |yn〉〈yn| ⊗ ρxnQ . (77)

Since the Markov condition Q −X −Y holds, the remote state preparation theorem [23, Thm. 5]
applies to t independent supersymbols. For every ε > 0, with unlimited shared entanglement,
Alice can remotely prepare t copies of Q at Bob’s terminal with asymptotically vanishing trace-
distance error and a classical message of size at most

2t(I(X;Q|Y)+ε). (78)

The required classical communication rate per supersymbol is asymptotically no greater than the
original quantum-message cost, since

I(X;Q | Y) = H(Q | Y)−H(Q | XY) (79)
≤ H(Q | Y) ≤ log2 dimQ, (80)

where H(Q | XY) is nonnegative because X and Y are classical. After remote state prepa-
ration, Bob applies the original POVM to each prepared system, using the corresponding side-
information sequence yn, to reconstruct each block. The joint classical law approaches the t-fold
product of the law induced by the original quantum-message code as t→∞. Since d is bounded,
the average distortion converges to that of the original code. Thus a quantum-message code with
rate (log2 dimQ)/n and average distortion Dn can be simulated with arbitrarily small asymptotic
overhead using entanglement-assisted classical communication. This establishes the desired in-
clusion.

D Proof of Theorem 2

By Theorem 1, we evaluate min I(X;Z | Y ) over PZ|XY that yields distortion at most D. We
first argue that there is no loss of generality to restrict Z to one of the endpoints of Y . Define
f : Y × Z → Z by f(y, z) = z if z is an endpoint of y, and f(y, z) = z0(y) otherwise, where z0(y)

is an arbitrarily fixed endpoint of y. Given any PZ|XY , define Z̃ = f(Y, Z). Note that whenever
Z = X , we have that Z is an endpoint of Y , so Z̃ = X and thus replacing Z with Z̃ cannot increase
the distortion. Moreover, the Markov chain X − (Y,Z) − Z̃ implies I(X; Z̃ | Y ) ≤ I(X;Z | Y ).
This shows that Z̃ cannot increase either the distortion or the conditional mutual information.
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In the following, it suffices to consider that Z is always an endpoint of Y . Let E = I[X 6= Z]
and pe = Pr(E = 1) ≤ D. Consequently, X is determined by (Y,Z,E).

I(X;Z | Y ) = H(X | Y )−H(X | Y,Z) ≥ 1−H(E | Y, Z) (81)
≥ 1−H(E) = 1− h2(pe) ≥ 1− h2(D), (82)

where the last inequality uses D ≤ 1/2. Conversely, conditioned on each (X,Y ) such that X is
an endpoint of Y , let Z = X with probability 1 − D and let Z be the other endpoint of Y with
probability D. Recall that conditioned on Y , X is uniformly distributed over the two endpoints.
We have that H(X | Y, Z) = h2(D), attaining the lower bound. Finally, the expansion

h2

(
1

2
+ t

)
= 1− 2

ln 2
t2 +O(t4) (83)

gives the claimed asymptotics.

E Proof of Theorem 3

Preliminary: Designing operators through vector geometry. Let us first prove the following
lemma, which essentially comes from Tsirelson’s representation of quantum correlations [13].

Lemma 1 (Clifford representation of Euclidean inner products). For every integer r ≥ 1, there exist
a positive even integer d and a real-linear map Γ from Rr to the real symmetric d × d matrices such that,
for all a, b ∈ Rr,

Tr[Γ(a)] = 0, (84)
Γ(a)Γ(b) + Γ(b)Γ(a) = 2〈a, b〉Id, (85)

where Id is the d× d identity matrix. Consequently,

Γ(a)2 = ‖a‖22Id, (86)
1

d
Tr[Γ(a)Γ(b)] = 〈a, b〉. (87)

Proof. For our purpose and for simplicity, we choose d = 2r. Other constructions can give smaller
dimensions, but we do not need to minimize d here. Let

I =

(
1 0
0 1

)
, X =

(
0 1
1 0

)
, Z =

(
1 0
0 −1

)
. (88)

For i ∈ [r], define

Gi , Z⊗(i−1) ⊗X ⊗ I⊗(r−i). (89)

To see the pattern more explicitly,

G1 = X ⊗ I ⊗ I ⊗ · · · ⊗ I (90)
G2 = Z ⊗X ⊗ I ⊗ · · · ⊗ I (91)
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... (92)
Gr = Z ⊗ Z ⊗ · · · ⊗ Z ⊗X (93)

Each Gi is real symmetric with trace 0, and G2
i = Id. For k < `, the factors of Gk and G` commute

at every tensor position except the kth, whereXZ = −ZX . ThusGkG` = −G`Gk whenever k 6= `.
For a = (a1, . . . , ar) ∈ Rr, set

Γ(a) ,
r∑
i=1

aiGi. (94)

This map is real-linear, takes values in the real symmetric matrices, and satisfies Tr[Γ(a)] = 0.
Moreover,

Γ(a)Γ(b) + Γ(b)Γ(a)

=
r∑

k,`=1

akb`(GkG` +G`Gk) (95)

= 2

r∑
k=1

akbkId = 2〈a, b〉Id. (96)

Taking b = a gives (86). Taking the trace of (85) and using Tr[AB] = Tr[BA] gives (87).

Step 1: Constructing the auxiliary states. We proceed to establish the achievability of certain
rate–distortion pairs by classical-message entanglement-assisted codes using Lemma 1 and Propo-
sition 2. Given the graph G, remove any isolated vertices and label the remaining vertices by [N ],
whereN ≥ 2. Choose real unit vectors v1, . . . ,vN forming a regular simplex centered at the origin,
so that ‖vi − vj‖2 is the same positive constant for all distinct i, j ∈ [N ]. For example, in RN , take
vi =

√
N/(N − 1)(ei−N−11), where ei is the ith standard basis vector and 1 is the all-ones vector.

It can be verified that, for every pair i 6= j,∥∥∥∥vi − vj
2

∥∥∥∥
2

=

√
N

2(N − 1)
, α,

∥∥∥∥vi + vj
2

∥∥∥∥
2

=

√
N − 2

2(N − 1)
, β. (97)

Applying the construction in Lemma 1 with r = N and d = 2N gives us the mapping Γ: Rr →
Rd×d. To establish any achievable rate–distortion pair, let us recall the region in Proposition 2. For
0 ≤ λ ≤ 1 to be determined later, let the encoder’s auxiliary state be

ρiQ =
Id + λΓ(vi)

d
. (98)

We claim that these are density operators. To see this, note that Lemma 1 guarantees that
Tr[Γ(vi)] = 0, and that Γ(vi) is real symmetric and Γ(vi)

2 = Id, so its eigenvalues are ±1.

Step 2: Constructing the measurements and calculating the distortion. For each edge y = {i, j},
choose an ordering (i, j) and set

aij =
vi − vj
‖vi − vj‖2

=
vi − vj

2α
, Λi|y =

Id + Γ(aij)

2
, Λj|y =

Id − Γ(aij)

2
, (99)
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with all other POVM elements zero. By definition, aij is a unit vector, and thus {Λi|y,Λj|y} form a
POVM. Moreover, it can be verified that

〈aij ,vi〉 = α, 〈aij ,vj〉 = −α. (100)

Lemma 1 then implies that

Tr[Λi|yρ
i
Q] =

1

2

(
1 +

λ

d
Tr[Γ(aij)Γ(vi)]

)
=

1 + λα

2
, (101)

and likewise Tr[Λj|yρ
j
Q] = (1 + λα)/2. Thus the distortion is

Dλ = 1− (1 + λα)/2 =
1

2
− λα

2
. (102)

Step 3: Calculating the rate. To calculate the rate, note that for any non-zero vector u ∈ Rr,
Lemma 1 guarantees that Γ(u) has eigenvalues ±‖u‖2, each with multiplicity d/2 because
Tr[Γ(u)] = 0. Consequently,

H

(
Id + λΓ(u)

d

)
= log2 d− 1 + h2

(
1 + λ‖u‖2

2

)
. (103)

Equation (103) also holds for u = 0.
Also, since X = i and X = j are equiprobable given Y = {i, j}, the mean state is

ρQ|Y={i,j} =
2Id + λΓ(vi) + λΓ(vj)

2d
=
Id + λΓ((vi + vj)/2)

d
. (104)

Therefore,

I(X;Q | Y ) =
1

|Y|
∑
{i,j}∈Y

[
H
(
ρQ|Y={i,j}

)
−
H(ρiQ) +H(ρjQ)

2

]
(105)

= h2

(
1 + λ‖vi+vj

2 ‖2
2

)
− h2

(
1 + λ

2

)
(106)

= h2

(
1 + λβ

2

)
− h2

(
1 + λ

2

)
. (107)

where Equation (106) follows by applying (103) to the states in (98) and (104).

Step 4: Establishing the low-rate asymptotics. Using Proposition 2, to see the rate at Dλ =
1/2− ε, set λ = 2ε/α by (102), which lies in [0, 1] for 0 ≤ ε ≤ α/2. Equation (107) yields

Rc-m,ent-a
G

(
1

2
− ε
)
≤ h2

(
1

2
+
β

α
ε

)
− h2

(
1

2
+
ε

α

)
(108)

(83)
=

2(1− β2)

α2 ln 2
ε2 + o(ε2) =

2

ln 2
ε2 + o(ε2). (109)

The last equality follows because α2 + β2 = 1 as can be verified from (97). A matching lower
bound can be established from the non-signaling result of Theorem 2:

Rc-m,ent-a
G

(
1

2
− ε
)
≥ Rc-m,ns-a

G

(
1

2
− ε
)

=
2

ln 2
ε2 + o(ε2). (110)

Together, these bounds prove the theorem.
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F Proof of Theorem 4

Throughout this proof, the graph is Km and its vertex set is [m]. In particular, X is uniform on [m].
Recall from Proposition 1 that

Rc-m,un-a
Km

(
1

2
− ε
)

= min
PU|X , z:U×Y→[m]

Pr(X 6=z(U,Y ))≤1/2−ε

I(X;U | Y ), (111)

where the joint distribution is PUXY = PXY PU |X . Our goal is to lower bound this minimum as
ε ↓ 0. For each choice of PU |X , we should choose z that minimizes the error probability Pr(X 6=
z(U, Y )). We first express the mutual information and this error probability in terms of Pr(U = u)
and Pr(X = i | U = u).

Step 1: Expressing the rate and distortion using conditional probabilities. For an auxiliary
variable U satisfying U −X − Y , write αu = Pr(U = u) and p

(u)
i = Pr(X = i | U = u) for every

u with αu > 0. We use bold letters for vectors, such as p, and write their components as pi, where
i ∈ [m]. Let ∆m be the set of probability distributions on [m], i.e.,

∆m =

{
p ∈ Rm : pi ≥ 0,

m∑
i=1

pi = 1

}
. (112)

Fix u and write p = p(u) to simplify notation. Given X = i, Y is uniform over the m − 1 edges
containing X . Thus,

Pr(Y = {i, j} | U = u)

= pi Pr(Y = {i, j} | U = u,X = i) + pj Pr(Y = {i, j} | U = u,X = j) (113)
= pi Pr(Y = {i, j} | X = i) + pj Pr(Y = {i, j} | X = j) (114)

=
pi + pj
m− 1

(115)

and, for pi + pj > 0,

Pr(X = i | Y = {i, j}, U = u)

=
Pr(X = i, Y = {i, j} | U = u)

Pr(Y = {i, j} | U = u)
(116)

=
pi

pi + pj
(117)

GivenU = u and Y = {i, j}, the decoder minimizes the error probability by choosing z(u, {i, j}) =
i if pi ≥ pj and j otherwise. Thus, Pr(X 6= z(U, Y ) | Y = {i, j}, U = u) = min{pi, pj}/(pi + pj).
Averaging over Y using (115), we have

Pr(X 6= z(U, Y ) | U = u)

=
1

m− 1

∑
i<j

min{pi, pj} (118)
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=
1

2
− 1

2(m− 1)

∑
i<j

|pi − pj |. (119)

Here we used the identity min{a, b} = (a+b−|a−b|)/2 and
∑

i<j(pi+pj) = (m−1)
∑

i pi = m−1.
Let Dopt denote the error probability of this decoder. Averaging over U gives

Dopt = Pr(X 6= z(U, Y )) (120)

=
1

2
−
∑
u

αu
1

2(m− 1)

∑
i<j

|p(u)
i − p

(u)
j | (121)

=
∑
u

αud(p(u)), (122)

where we define the function

d(p) ,
1

2
− 1

2(m− 1)

∑
i<j

|pi − pj |. (123)

It will also be convenient to define

δ(p) ,
1

2
− d(p) =

1

2(m− 1)

∑
i<j

|pi − pj |. (124)

Next, for a fixed u and p = p(u), the conditional probabilities in (115) and (117) give

H(X | Y, U = u)

=
∑
i<j

Pr(Y = {i, j} | U = u)H(X | Y = {i, j}, U = u) (125)

=
1

m− 1

∑
i<j

(pi + pj)h2

(
pi

pi + pj

)
. (126)

Since H(X | Y ) = 1, we obtain

I(X;U | Y ) = H(X | Y )−H(X | Y, U) (127)

= 1−
∑
u

αuH(X | Y, U = u) (128)

= 1−
∑
u

αu
1

m− 1

∑
i<j

(p
(u)
i + p

(u)
j )h2

(
p

(u)
i

p
(u)
i + p

(u)
j

)
. (129)

We therefore define

F (p) ,
1

m− 1

∑
i<j

(pi + pj)h2

(
pi

pi + pj

)
, (130)

which is equal to H(X | Y ) when X ∼ p. We note that F is concave in p by the concavity
of entropy with respect to the underlying probability distribution. Here and above, a summand
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with pi+pj = 0 is defined to be zero. With these definitions, the mutual information and distortion
can be written as

I(X;U | Y ) = 1−
∑
u

αuF (p(u)), Dopt =
1

2
−
∑
u

αuδ(p
(u)). (131)

Because PX is uniform, the distributions and probabilities must satisfy
∑

u αup
(u)
i = 1/m for each i.

The distortion constraint requires
∑

u αuδ(p
(u)) ≥ ε. Note that both I(X;U | Y ) and Dopt depend

on the chosen families of distributions {p(u)}u.

Step 2: Bounding the rate using one probability distribution. Note that both F and δ are invari-
ant under permutations of the coordinates. Sort each p(u) in non-decreasing order and continue
to denote the sorted vector as p(u). Let p̄ =

∑
u αup

(u), and p̄ is non-decreasing. Note that p̄ now
need not be the uniform distribution, but we will use it to derive a lower bound on I(X;U | Y )
and an equality of Dopt as follows.

Due to the concavity of F , we have

F (p̄) ≥
∑
u

αuF (p(u)), δ(p̄) =
∑
u

αuδ(p
(u)). (132)

Thus δ(p̄) ≥ ε, and 1− F (p̄) ≤ I(X;U | Y ). Therefore,

Rc-m,un-a
Km

(
1

2
− ε
)
≥ 1− max

p∈∆m, p1≤···≤pm
δ(p)≥ε

F (p). (133)

Step 3: Expansion around the uniform distribution. In the following consider any non-
increasingly ordered distribution p. We have |pi − pj | = pj − pi whenever i < j. Thus, from
(124),

δ(p) =
1

2(m− 1)

∑
i<j

(pj − pi)

=
1

2(m− 1)

m∑
i=1

[
(i− 1)− (m− i)

]
pi

=
1

2(m− 1)

m∑
i=1

(2i−m− 1)pi. (134)

The second equality follows because pi appears with a positive sign in i − 1 pairs and a negative
sign in m− i pairs.

Write p = 1/m+ v, where
∑

i vi = 0. Since

pi
pi + pj

=
1

2
+

vi − vj
2(pi + pj)

, (135)

applying (83) gives

(pi + pj)

[
1− h2

(
pi

pi + pj

)]
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=
(vi − vj)2

2(pi + pj) ln 2
+O(‖v‖42). (136)

Also, pi + pj = 2/m+ vi + vj , so 1/(pi + pj) = m/2 + O(‖v‖2). Using
∑

i<j(pi + pj) = m− 1, we
obtain

1− F (p) (137)

=
1

m− 1

∑
i<j

(pi + pj)−
1

m− 1

∑
i<j

(pi + pj)h2

(
pi

pi + pj

)
(138)

=
1

m− 1

∑
i<j

(pi + pj)

[
1− h2

(
pi

pi + pj

)]
(139)

=
1

2(m− 1) ln 2

∑
i<j

(vi − vj)2

pi + pj
+O(‖v‖42) (140)

=
1

2(m− 1) ln 2

(m
2

+O(‖v‖2)
)∑
i<j

(vi − vj)2 +O(‖v‖42) (141)

=
m2

4(m− 1) ln 2
‖v‖22 +O(‖v‖32) (142)

where (142) follows from ∑
i<j

(vi − vj)2 =
1

2

∑
i,j

(v2
i + v2

j − 2vivj) (143)

=
1

2

∑
i,j

v2
i +

1

2

∑
i,j

v2
j −

∑
i,j

vivj (144)

= m
∑
i

v2
i − (

∑
i

vi︸ ︷︷ ︸
=0

)(
∑
j

vj︸ ︷︷ ︸
=0

) (145)

= m‖v‖22. (146)

To lower bound (142) under the constraint δ(p) ≥ ε, we now lower bound ‖v‖22. First,

2(m− 1)ε ≤ 2(m− 1)δ(p) (147)
(134)
=
∑
i

(2i−m− 1)pi (148)

=
∑
i

(2i−m− 1)vi, (149)

where the last equality follows from
∑m

i=1(2i − m − 1) = 0. Squaring and applying Cauchy–
Schwarz, we obtain

4(m− 1)2ε2 ≤

(∑
i

(2i−m− 1)vi

)2

(150)

≤

(∑
i

(2i−m− 1)2

)(∑
i

v2
i

)
(151)
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=
m(m2 − 1)

3
‖v‖22. (152)

Therefore,

‖v‖22 ≥
12(m− 1)

m(m+ 1)
ε2. (153)

Step 4: Controlling the remainder. It remains to show that the remainder O(‖v‖32) in (142) is
o(ε2) at a maximizer pε in (133). Write vε = pε−1/m. To bound 1−F (pε), consider the distribution
p̃ε with components

p̃ε,i =

{
(1− 2ε)/m, i < m,

(1− 2ε)/m+ 2ε, i = m.

For 0 < ε < 1/2, these components are positive, nondecreasing, and sum to one. Only the m − 1
pairs containing the last coordinate have a nonzero difference, each equal to 2ε. Thus

δ(p̃ε) =
(m− 1)2ε

2(m− 1)
= ε,

so p̃ε is feasible in (133). Its squared distance from the uniform distribution is

‖p̃ε − 1/m‖22 = (m− 1)

(
2ε

m

)2

+

(
2(m− 1)ε

m

)2

=
4(m− 1)

m
ε2.

Since pε maximizes F over the feasible distributions, F (pε) ≥ F (p̃ε). Applying (142) to p̃ε there-
fore gives

0 ≤ 1− F (pε) ≤ 1− F (p̃ε)

=
m2

4(m− 1) ln 2

4(m− 1)

m
ε2 +O(ε3)

=
m

ln 2
ε2 +O(ε3) = O(ε2). (154)

Thus F (pε)→ 1 as ε ↓ 0. Since F (p) ≤ 1, with equality only at p = 1/m, we have ‖vε‖2 → 0.
Together with (142), we have that

m2

4(m− 1) ln 2
‖vε‖22 +O(‖vε‖32) = 1− F (pε) = O(ε2), (155)

which implies that ‖vε‖2 = O(ε). Therefore O(‖vε‖32) = O(ε3) = o(ε2). Combining (142) and (153)
with (133) now yields

Rc-m,un-a
Km

(
1

2
− ε
)
≥ 1− F (pε) ≥

3m

(m+ 1) ln 2
ε2 + o(ε2). (156)

This proves the theorem.
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