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ABSTRACT OF THE DISSERTATION 

A computational study of glass-forming ability and relaxation in silicate glasses 

by  

Zegao Liu 

Master of Science in Materials Science and Engineering 

University of California, Los Angeles, 2018 

Professor Gaurav Sant, Chair 

 This thesis summarizes a collection of computational studies on glass relaxation and 

glass-forming ability using the methodology of molecular dynamic simulation and topological 

constraint theory. As out-of-equilibrium materials, glasses continually tend to relax toward the 

metastable supercooled liquid state. Glass relaxation can result in a non-reversible glass 

transition upon a cooling/reheating cycle. With the help of molecular dynamic simulation, we 

present a novel methodology combining thermal cycles and inherent configuration analysis to 

investigate the features of relaxation and glass transition reversibility. By considering three 

archetypical silicate glasses, viz., silica, sodium silicate, and calcium aluminosilicate, we show 

that, for all the glasses considered herein, the enthalpy relaxation can be well described by mode-

coupling theory.[1] Further, we demonstrate the existence of a decoupling between enthalpy and 

volume relaxation and show that enthalpy relaxation results in a non-reversible glass transition—

the degree of non-reversibility being strongly system-specific. In addition to glass relaxation, we 

also investigate the narrow glass-forming ability window of calcium silicate glass which exhibits 
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an interesting connection with the average number of constraints. By performing molecular 

dynamic simulations on calcium silicate glasses with a series of CaO composition, we compute 

the number of constraints as a function of CaO composition and illustrate the strong dependence 

between glass-forming ability and the rigidity of glass network. 
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Glass relaxation and hysteresis of the glass transition 

1.1 Introduction to glass relaxation and hysteresis  

Glass material tend to crystallize when the cooling rate is slow.[2] When temperatures are 

lower than the melting temperature, supercooled liquids are at a thermodynamic metastable 

state.[3] When temperature decreases, the relaxation time to equilibrium 𝛕  and the viscosity tend 

to dramatically raise. At some reference temperature defined in the literature as the glass 

transition temperature Tg,  reaches the value 1012 Pa·s, which roughly corresponds to a relaxation 

time of 100 s.[4] At lower temperatures, the very viscous liquid exhibit all the typical 

macroscopic properties of a solid and these properties now depend on the waiting time before the 

realized measurement.[5], [6] This simply signals that glasses are out-of-equilibrium materials 

and their properties evolve slowly with time.[7] 

A conventional means to measure such effects is to rely on calorimetric methods. As the 

equilibration cannot proceed further upon cooling (because of the rapid increase of the relaxation 

time with decreasing temperature) the enthalpy curve or the volume curve deviates from the 

high-temperature equilibrium line at the fictive temperature Tf—this temperature Tf depending 

explicitly on the cooling rate.[4] As a result, the specific heat (Cp) displays an abrupt decrease 

across Tf, which signals that the translational and rotational degrees of freedom of the glass are 

now frozen.[8] However, even in the resulting glassy state, the material continues to relax toward 

lower enthalpies, but over timescales that exceed the laboratory timescale by several orders of 

magnitude.[3] Upon reheating, the behavior of the specific heat is markedly different from the 

cooling curve and a hysteresis can be evidenced. The extent of hysteresis depends on the heating 

rate, the temperature at which the glass has relaxed and the waiting time before which the 

calorimetric experiment is performed.[4] This heating experiment, furthermore, leads to a heat 
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capacity overshoot at the glass transition and this endotherm signals that relaxation has taken 

place due to their intrinsic out-of-equilibrium nature of the glassy state.[9] Relaxation effects are 

technologically important as they can cause undesirable variations in the dimensions of glassy 

substrates for displays application during processing, which can eventually result in some pixel 

misalignement.[10] In select situations and applications, one is targeting a reduced relaxation 

tendency that can induce a minimal hysteresis in enthalpy or molar volume. However, it is not 

clear which physical and chemical properties drive such “ideal” glasses. Yet, it has recently been 

found that such hysteresis curves are minimized when the liquid reaches a critical mechanical 

state with an optimal reduction of both low-frequency relaxation and bond energy minima of the 

potential energy landscape.[11], [12] 

Molecular dynamics (MD) simulations can shed some light on such phenomena by 

relating the thermal or energy behavior with different materials properties such as structure and 

mechanical properties.[13] In this respect, the relaxation of glass has been related to the effects 

of pressure,[11] composition,[14] coordination numbers,[15] and other factors.[16] However, a 

well-known shortcoming of MD simulations is their timescale, which can only extend to the μs 

range—so that the typical timescales associated with glassy relaxation at Tg (seconds) are out-of-

reach.[17] Correspondingly, the viscosity range that can be investigated is of about tens or 

hundreds of Pa·s only. However, one has to keep in mind that all the salient features associated 

with the experimental onset of an out-of-equilibrium dynamics can be recovered from 

simulations—although the associated time scale is shifted with respect to experiments.[18], [19] 

This timescale difference leads to an overestimation of the glass fictive temperature, which is 

usually larger in simulations by several hundred of degrees when compared to the experimental 

counterpart due to much larger cooling rates (on the order of a few K/ps). Such large values of 
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cooling rates are actually fairly compatible with those experienced experimentally in very small 

samples, wherein surface is large as compared to volume—so that surface energy dissipation can 

occur fast.[20] Numerical studies have, furthermore, revealed that the relaxation time and the 

viscosity can be accurately investigated from simulations and associated results compare 

favorably with experimental data of high temperature liquids—while being sometimes 

extrapolated with confidence to lower temperatures.[21] Similarly, the freezing of density-

density correlations in Fourier space at low temperature can also be recovered (i.e., the 𝛽-

relaxation plateau associated with the cage-like dynamics of supercooled liquids) and the 

behavior of heat capacities across the glass transition region as is rather well-described.[16] 

Having such intrinsic limitations at hand, MD simulations represent, still, a powerful technique 

able to substantiate the notion of glass reversibility and connect the behavior with materials 

properties at large. 

In the present contribution, we address this issue of glass reversibility by focusing on 

numerical cooling/heating cycles across the glass transition. We perform MD simulations of 

three archetypal silicate glasses: (i) silica, SiO2, the base system for all silicate glasses,[4] (ii) 

sodium silicate, (Na2O)30(SiO2)70, a model for all alkali silicate glasses used for ion-exchange 

treatments,[22], [23] and (iii) calcium aluminosilicate, (CaO)24(Al2O3)24(SiO2)52, a model for all 

alkali-free display glasses used for LCD/OLED glass substrates.[10] A novel methodology 

combining thermal cycles and inherent configuration analysis is introduced and serves for the 

characterization of the features of relaxation in relationship with glass transition reversibility. We 

first show that our simulations reproduce the generic features of the glass transition. Following 

this, we find that, for all the considered glasses, enthalpy relaxation follows a power-law 

dependence as a function of the cooling rate—in agreement with an earlier prediction of mode-
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coupling theory. This permits to determine the increase of enthalpy at 0 K due to a finite cooling 

rate with respect to that that would be achieved for a (fictitious) zero cooling rate. Further, we 

demonstrate that enthalpy and volume relaxation are decoupled from each other. Then, we 

perform cooling/heating cycles in order to measure the degree of relaxation visible from the 

extent of the induced hysteresis curve. We find that both the enthalpy relaxation and the range of 

temperature over which it occurs are strongly system-specific, although some general 

conclusions can be drawn. 

 

1.2 Preparation of the melts 

To establish our conclusions, three archetypal silicate glasses are simulated with MD: (i) 

silica (S), SiO2, (ii) sodium silicate (NS), (Na2O)30(SiO2)70, and (iii) calcium aluminosilicate 

(CAS), (CaO)24(Al2O3)24(SiO2)52. All simulations were carried out with the LAMMPS 

package.[24] The initial liquid configurations were generated by (i) randomly placing around 

3000 atoms in a cubic simulations box while ensuring the absence of any unrealistic overlap, (ii) 

melting the system at 4000 K for 100 ps (NVT ensemble) to ensure the loss of the memory of the 

initial configuration, and (iii) relaxing the system at 4000 K under zero pressure (NPT ensemble) 

for 100 ps. For all systems, a timestep of 1 fs is used, while temperature and pressure are 

imposed via a Nosé–Hoover thermostat and barostat, using some damping parameter of 100 and 

1000 fs, respectively.[25], [26] 

Since empirical force-fields have a limited transferability over varying configurations, a 

specific interatomic potential was chosen for each system. However, although each potential 

relies on a system-specific parametrization, they all rely on fixed partial charges and a simple 

two-body Buckingham potential formulation. In all cases, the Coulombic interactions were 
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evaluated with the Ewald summation method—with a convergence criterion factor of 10-5. First, 

the well-established potential developed by van Beest, Kramer, and van Santen (BKS) was used 

to simulate silica.[27] The cutoff was fixed at 5.5 and 10 Å for the short-range and Coulombic 

interactions, respectively—as this specific choice has shown to yield an improved description of 

the glass density.[28] The BKS potential has shown to offer a very good description of the 

structural, dynamical, and mechanical properties of silica.[28]–[31] Second, we relied on the 

potential parameterized by Teter to simulate the NS glass.[32] The cutoff was fixed at 8 and 12 

Å for the short-range and Coulombic interactions, respectively. This potential has been 

extensively studied and has been found to offer an excellent description of the structural, 

dynamical, vibrational, and thermodynamical properties of NS glasses.[11], [18], [30], [32]–[40] 

Finally, the potential developed by Jakse et al. was used to simulate the CAS glass.[41], [42] The 

cutoff was fixed at 8 and 12 Å for the short-range and Coulombic interactions, respectively. This 

potential has shown to yield an excellent description of the structural, mechanical, and 

vibrational properties of CAS glasses.[30], [43] 

 

1.3 Thermal cycling methodology 

To assess the degree of reversibility of the glass transition of these systems, all the three 

glasses were subjected to a thermal cycle, details of which are as follows.[12], [44] Starting from 

well-relaxed liquid configurations, the systems were cooled and subsequently reheated at varying 

cooling/heating rates (from 100 to 0.1 K/ps, with temperatures steps of 100 K) in the NPT 

ensemble and zero pressure. To filter out any thermal effect, 16 independent configurations were 

extracted every 1 ps at the end of each temperature step. All configurations were then subjected 

to an energy minimization in order to compute the enthalpy of their inherent configuration (local 
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ground-state enthalpy).[18], [45] All the results presented below are averaged over these 16 

configurations. We ensured that the results of the thermal cycling simulations are not affected by 

any spurious effect of the thermostat and barostat (see Supplementary Material). 

 

1.4 Features of the glass transition  

Figure 1 represents the local ground state enthalpy H as a function of the temperature T (i.e., 

the enthalpy of the inherent configuration for each temperature). For all systems, H decreases 

monotonically with decreasing temperature. We note that silica (S) has the lowest ground-state 

enthalpy, which is found between –5515 and –5500 kJ/mol for the studied cooling rates, whereas 

NS has the highest ground-state enthalpy. Since the enthalpy also reflects at the atomic scale a 

bond energy density, this result agrees with the fact that S is more polymerized and NS is less 

polymerized due to the formation of non-bridging oxygen species caused by sodium atoms.[32] 

At a certain temperature (the fictive temperature[46] called Tf hereafter), the salient features 

of the glass transition are recovered and a break in the slope of H(T) is observed for the three 

glasses. This is an indication that the system can no longer equilibrate over the imposed 

computational timescale. We, furthermore, note that S and CAS glasses have a sharper transition 

(given the obvious larger changes in dH(T)/dT across the glass transition), whereas NS exhibits a 

more gradual transition. When the position of the break in slope is considered (i.e., the fictive 

temperature), we find that Tf(S) > Tf(CAS) > Tf(NS), in agreement with experimental 

results.[47]–[49] Further, the fictive temperature decreases with decreasing cooling rate for the 

three glasses.[46] Overall, the simulations reproduce the generic features of the effect of the 

cooling rate on the enthalpy across the glass transition. 
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For S and CAS glass, the local ground state enthalpy H(T) shows a plateau at low 

temperature and H(T) barely depends on temperature. This signals a weak temperature-

dependence of the specific heat. The zero-temperature ground-state enthalpy decreases 

monotonically with decreasing cooling rate for the three glasses, which is in line with 

experimental results[11], [50] and is simply the indication that the glasses achieved with a lower 

cooling rate have relaxed toward lower energy values. Conversely, there is no such plateau for 

the NS glass and a continuous decrease upon decreasing temperature is observed. The suggests 

that, unlike S and CAS glasses, NS exhibits some more pronounced structural relaxation that 

lead to a larger enthalpic evolution below Tf. This effect likely results from the higher mobility 

of the Na atoms, even at low temperature.[51] For instance, we find that, at 800 K (i.e., below 

Tf), the mobility of the Na atoms is nearly two orders of magnitude higher than that of all the 

other species (including Ca atoms, see Supplementary Material). 

 

 

   

Fig. 1: Local ground-state enthalpy H(T) (i.e., enthalpy of the inherent configuration) as 

a function of temperature T under select cooling rates for (a) silica (S), (b) sodium 

silicate (NS), and (c) calcium aluminosilicate (CAS). 
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We next focus on the variations in the molar volume Vm (Fig. 2). For the NS and CAS 

glasses, the molar volume decreases monotonically with decreasing temperature[52] and a break 

of slope is also observed around the fictive temperature—although the break of slope is not as 

sharp as that observed in the case of the local ground-state enthalpy. Note that the break of slope 

leads to a change in the thermal expansion coefficient at the glass transition.[53] For silica, one 

notices that the molar volume exhibits an anomalous behavior, that is, a minimum at  around 

5000 K—in agreement with previous simulations that point to the existence of a liquid-liquid 

transition in high temperature liquids and their thermodynamic anomalies.[29], [54]–[57] Note 

that the location of such transitions might be not be directly comparable to our results because of 

the sensitivity of such transitions to the employed force field. We note that, once in the glassy 

state, silica exhibits the lowest extent of thermal expansion, in agreement with experimental 

results.[4] In general, slower cooling rates result in more compact glasses with lower molar 

volumes, with the notable exception of silica.[58] NS has the lowest molar volume in general 

(i.e., more compact), which arises from the fact that Na atoms efficiently fill the empty space 

within the silicate network.[4] We also note that the cooling rate primarily affects the coefficient 

of thermal expansion of silica,[54] whereas those of the NS and CAS glasses largely 

unaffected.[18] 
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1.5 Effect of the cooling rate on the glass properties 

We now turn our attention to the effect of the cooling rate on the glass properties at zero 

temperature. A log-log plot of the zero-temperature ground-state enthalpy H as a function of the 

cooling rate 𝛾 suggests a power law dependence, as predicted by mode-coupling theory:[18], 

[59] 

𝐻(𝛾) = 𝐻(𝛾 = 0) + (𝐴𝛾)1 𝛿⁄     (Eq. 1) 

where A and 𝛿 are some fitting parameters, and H(𝛾 = 0) is the enthalpy that would be achieved 

for a (fictitious) zero cooling rate, i.e., after infinitely slow cooling. Note that, in practice, the 

glass would necessarily crystalize if cooled infinitely slowly.[3] We find 𝐻(𝛾 = 0) = –5521, –

3731, and –4711 kJ/mol for S, NS, CAS, respectively, which scales well with the degree of 

polymerization (that is, the higher the glass connectivity, the more energetically stable the glass 

is). 

   

Fig. 2:  Molar volume as a function of temperature upon select cooling rates for (a) silica 

(S), (b) sodium silicate (NS), and (c) calcium aluminosilicate (CAS). 
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These parameters are used to calculate the residual enthalpy ΔH(𝛾) = H(𝛾) – H(𝛾 = 0) of the 

glass at zero temperature as a function of the cooling rate, that is, the increase in enthalpy at 0 K 

due to a finite cooling rate 𝛾 with respect to the one that would be achieved at zero cooling rate. 

As shown in Fig. 3a, we find that, although the ground-state enthalpy of the three glasses 

considered herein strongly depends on composition, the dependence on the cooling rate appears 

to be fairly similar—we find 𝛿= 4.3, 4.7, and 4.1 for the S, NS, and CAS glasses, respectively. 

Similarly, we represent in Fig. 3b the molar volume at 0 K, which slightly decreases with 

decreasing cooling rate for NS and CAS glass. Both systems display an opposite behavior to 

silica, which exhibits an increase in the molar volume with decreasing cooling rate due its 

anomalous behavior.[19], [54] Overall, we note that the room-temperature molar volume of NS 

exhibits the lowest dependence on the cooling rate. This likely arises from that, thanks to the 

high mobility of Na atoms (see Sec. 3a and Supplementary Material), the NS glasses are able to 

partially continue to relax below their fictive temperature—so that the shift of its fictive 

temperature upon varying cooling rate only has a limited effect on its final volume. This suggests 

that such low-temperature volume relaxation might not be controlled by the viscosity of the 

glass.[60] 

 

 
10

-1
10

0
10

1
10

2

Cooling rate g  (K/ps)

10
0

10
1

10
2

H
(g

)-
H

(g
=

0
) 

(k
J
/m

o
l)

S
NS
CAS

10
-1

10
0

10
1

10
2

Cooling rate g  (K/ps)

21

22

23

24

25

26

27

M
o

la
r 

v
o

lu
m

e
 a

t 
0

 K
 (

c
m

3
/m

o
l)

S
NS
CAS

(a) (b)



    11 

Fig. 3: (a) Residual enthalpy ΔH(𝜸) = H(𝜸) – H(𝜸 = 0) at 0 K for the silica (S), sodium 

silicate (NS), and calcium aluminosilicate (CAS) glasses as a function of the cooling rate 

γ, where H(γ = 0) is obtained by fitting H(γ) with a power law 𝑯(𝜸) = 𝑯(𝜸 = 𝟎) +

(𝑨𝜸)𝟏 𝜹⁄ . The solid lines are power law fits (see Eq. 1). (b) Molar volume at 0 K of the 

three glasses considered herein as a function of the cooling rate. The solid lines are to 

guide the eye. 

 

 

1.6 Decoupling between enthalpy and volume relaxation 

A linear fitting of the high- and low-temperature domains of H(T) or Vm(T) permits one to 

determine the glass fictive temperature Tf (i.e., as the temperature at which the two linear 

functions intercept), which, in turn, allows us to substantiate the relationship between Tf and the 

cooling rate  (see Fig. 4). In the case of silica, the fictive temperature is defined as the point at 

which the molar volume starts to decrease with decreasing temperature. As expected, we note 

that Tf decreases with decreasing cooling rate . This arises from the fact that, upon decreasing 

cooling rate, the threshold at which the relaxation time of the supercooled liquid exceeds the 

simulation time (i.e., the point at which the system goes out-of-equilibrium) shifts toward lower 

temperatures.[4] However, we note that the fictive temperature determined from the break in 

slope in Vm(T) is systematically higher than that obtained from the break in slope in H(T) (see 

Fig. 4), which is in line with previous simulations conducted for a Lennard-Jones glass.[61] This 

suggests the existence of a decoupling between enthalpy and volume relaxation, as further 

discussed below. 
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We now further investigate the distinct features of enthalpy and volume relaxation. Although 

its applicability has been questioned,[62]–[64] the Kissinger equation[65], [66] can be 

conveniently used to estimate the apparent activation energy ∆ℎ∗ of glass transition or structural 

relaxation: 

ln (
𝛾

𝑇f
2) =

−∆ℎ∗

𝑅𝑇f
+ const    (Eq. 2) 

where γ is the cooling rate, Tf the fictive temperature, and R the perfect gas constant. Figure 5 

shows the Kissinger plots capturing the dependence of the fictive temperature on the cooling rate 

for the three glasses considered herein. Overall, we note that, despite the statistical fluctuations 

that are inherent to small simulated systems, the Tf data can be fairly well fitted by the Kissinger 

equation—both in the case of enthalpy and volume relaxation. Table 1 presents the apparent 

 

Fig. 4: Fictive temperature Tf as a function of the cooling rate 𝜸 for the (a) silica (S), 

(b) sodium silicate (NS), and (c) calcium aluminosilicate (CAS) glasses (calculated from 

the break in slope of the ground-state enthalpy and molar volume vs. temperature 

curves, see Figures 1 and 2). The dashed lines are to guide the eye. 
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activation energy values resulting for the fits (performed by linear regression of the data 

presented in Fig. 5). These values are of the same order of magnitude than the apparent 

activation energy of volume relaxation previously reported for a soda-lime silicate (309 

kJ/mol)[66] and a borosilicate glass (615 kJ/mol).[46] Overall, we observe that the apparent 

activation energy of silica is significantly larger than those of the sodium silicate and calcium 

aluminosilicate glasses—both for enthalpy and volume relaxation. This is in line with the fact 

that the NS and CAS glasses are more depolymerized than silica, which facilitates relaxation. 

 

 

However, we note that, interestingly, the apparent activation energy associated to volume 

relaxation is systematically higher than that associated to enthalpy relaxation (by 43-to-65%). 

This demonstrates the existence of a bifurcation between enthalpy and volume relaxation and 

suggests they occur via distinct mechanisms. Specifically, our results suggest that volume 

relaxation is associated to larger energy barriers and, hence, is less kinetically favored than 

 

Fig. 5:  Kissinger plots for the (a) silica (S), (b) sodium silicate (NS), and (c) calcium 

aluminosilicate (CAS) glasses. The lines are Kissinger fits (Eq. 2), which allow us to 

estimate an apparent activation energy of enthalpy and volume relaxation (see Tab. 1). 
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enthalpy relaxation. These observations are in agreement with previous results suggesting that 

volume relaxation is significantly slower than enthalpy relaxation.[60], [67] This was explained 

from the fact that volume relaxation occurs through long-range reorganizations of the network, 

whereas enthalpy relaxation occurs through short-range reorganizations.[60], [68], [69] 

 

Tab. 1:  Apparent activation energies associated to the enthalpy and volume relaxation 

in the silica, sodium silicate, and calcium aluminosilicate glasses, as obtained by fitting the 

curves presented in Fig. 5 by Eq. 2. 

Glass Enthalpy relaxation Volume relaxation 

Silica (S) 1200 kJ/mol 1980 kJ/mol 

Sodium silicate (NS) 165 kJ/mol 239 kJ/mol 

Calcium aluminosilicate 

(CAS) 

181 kJ/mol 259/mol 

 

We now focus on the question of the glass reversibility. Once the glasses have been obtained, 

we heat the systems back up with the same absolute rate as during the cooling protocol (see Sec. 

2b). Figure 6 represents such cooling/heating cycles across the glass transition. We note that, upon 

reheating, the local ground-state enthalpy differs from that obtained upon cooling, which signals 

the onset of enthalpic relaxation—as observed experimentally or also evidenced from kinetic 

constraint models.[70] More specifically, the decrease in the local ground-state enthalpy explored 

upon reheating indicates that the glass has, indeed, relaxed toward a lower energy state. This 
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feature is compatible with the “overshoot” that is typically observed in calorimetry 

experiments.[71] However, it is seen that such a behavior is strongly system-dependent. For 

instance, for a given heating/cooling rate (e.g., 1 K/ps), silica (S) displays a larger hysteresis curve 

when compared to the NS or CAS systems.  

 

 

1.7 Glass relaxation at the vicinity of the glass transition 

In order to further quantify the enthalpy relaxation as a function of temperature, we calculate 

the enthalpy relaxation ∆H = Hcool(T) – Hheat(T), which is here defined, at fixed cooling/reheating 

rate, as the ground-state enthalpy difference between the cooling and the heating curves. Figure 7 

represents such quantity for the three systems at different cooling/heating cycles. It is interesting 

to note that the temperature at which enthalpic relaxation is maximum (i.e. the maximum of ∆H 

in Fig. 7) is close to the fictive temperature and this typical temperature exhibits qualitatively the 

   

Fig. 6: Local ground-state enthalpy H(T) (i.e., enthalpy of the inherent configuration) as 

a function of temperature under select cooling/reheating rates for (a) silica (S), (b) 

sodium silicate (NS), and (c) calcium aluminosilicate (CAS) glasses. The solid (same as 

Fig. 1) and dashed curves refer to the cooling and heating simulations, respectively. 
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same dependence on the cooling rate as that of Tf, i.e., it decreases with decreasing cooling rate. 

This can be understood from the following. At high temperature (𝑇 ≫ Tf), no relaxation is 

observed since the typical relaxation time is several orders of magnitude lower (picoseconds) 

than the typical simulation time. As such, the system is at (metastable) equilibrium with no 

thermodynamic driving force for relaxation. Therefore, the liquid tracks the imposed temperature 

variation (i.e., ∆H = 0). On the other hand, at low temperature (𝑇 ≪ Tf), relaxation is barely 

observed because the dynamics is too slow with a large viscosity and relaxation that is 

kinetically frozen. This is related to the fact that the glass is trapped in some local minimum in 

the enthalpy landscape (characterized by Hcool(𝛾)) and, as a result, the system follows 

instantaneously the imposed temperature change (i.e., ∆H = 0). Eventually, relaxation can only 

occur around 𝑇 = Tf, that is, when the relaxation time becomes comparable to the typical 

observation time. 

 

   

Fig. 7: Relaxation enthalpy (i.e., difference of ground-state enthalpy upon cooling and 

reheating) as a function of temperature for (a) silica (S), (b) sodium silicate (NS), and (c) 

calcium aluminosilicate (CAS) glasses. The solid lines are Gaussian fits. The values are 
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We further describe the relaxation dynamics by fitting the decrease in enthalpy induced by 

relaxation with a Gaussian function: 

∆𝐻 = ∆𝐻max exp [
–(𝑇−𝑇max)2

2∆𝑇2
]    (Eq. 3) 

wherein Tmax represents the temperature where relaxation is maximum, ∆𝐻max the maximum 

extent of enthalpy relaxation, and ∆𝑇 the typical temperature range over which relaxation occurs. 

Note that ∆𝐻(𝑇) is not fully symmetric with respect to Tmax so that a Gaussian function may not 

offer the best fit (and may not have a clear physical origin). However, the goal of the present fit 

is only to extract these three relevant fitting parameters. To avoid any spurious effect of the high-

temperature fluctuations observed in Fig. 7 on the outcome of the fit, we apply on the data a 

weighting factor w = 1/T (where T is the temperature) during the fitting procedure. This allows 

us to place more emphasis on the low-temperature data (which exhibit lower uncertainty). At the 

highest cooling/heating rate (100 K/ps), we obtain ∆𝐻max = 2.1, 1.8, and 2.9 kJ/mol for the S, 

NS, and CAS glasses, respectively. The dependence of the three metrics yielded by the fit on the 

cooling/heating rate is described in the following (Fig. 8). 

For all the glasses considered in the present contribution, Tmax decreases with decreasing 

cooling/reheating rate (Fig. 8a). The value of Tmax is very close to the fictive temperature and 

exhibits a similar dependence on the cooling rate—as also determined recently.[72] We 

furthermore note that, in the case of the sodium silicate glass, an extrapolation of Tmax(𝛾) toward 

lower cooling rates values (typically 1 K/s) leads to a value that is comparable to the glass 

vertically shifted for clarity. The cooling/reheating rates are (from top to bottom) 100, 10, 

1, and 0.1 K/ps. 
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transition temperature observed experimentally (see Ref. [18]). The Tmax of S is overall higher 

than the Tmax of NS and CAS—a result that is also consistent with the experimental observations, 

i.e., S has the highest Tg, which is reduced once depolymerization is produced by the addition of 

modifiers as it is the case for NS and CAS.[4] 

The maximum enthalpy relaxation (∆𝐻max) decreases with decreasing cooling rate for the 

three glasses (Fig. 8b). The origin of this trend is illustrated in Fig. 9 and is explained in the 

following. Slower cooling rates result in more relaxed (i.e., more stable) glasses (see Figs. 1 and 

3a). However, slower heating rates provide more time to the formed glass to further relax upon 

reheating. Figure 9 shows the typical shape of the stretched-exponential relaxation of a glass in 

isothermal condition. The black arrows indicate the extent of enthalpy relaxation that can be 

achieved upon cooling and, then, reheating. Note that, since the cooling and heating rates are 

equal to each other, the times over which the system is able to relax at a given temperature upon 

cooling and subsequent reheating are the same. However, due to the stretched-exponential nature 

of glass relaxation, the extent of relaxation achieved upon reheating is lower than that achieved 

upon cooling. The red arrows now indicate the relaxation that can be achieved upon slower 

cooling and reheating. It can be observed that, although the observation (simulation) time 

increases, the actual extent of enthalpy relaxation is lower than upon faster cooling/reheating. As 

such, varying the cooling/heating rate can be used to describe the relaxation dynamics at 

different stages, namely, early-stage relaxation for high cooling/heating rates and longer-term 

relaxation for lower cooling/heating rates (see Fig. 9). Hence, that fact that ∆𝐻max decreases with 

decreasing cooling/heating rate indicates that most of the relaxation occurs at early-stage and that 

the relaxation dynamics subsequently slows down, consistently with the stretched-exponential 

nature of glass relaxation).[16], [60], [67], [68], [73], [74] Overall, we find that NS has the 
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smallest ∆𝐻max. This may arise from the high mobility of the Na atoms, which allows some 

significant relaxation to occur during the cooling phase at T < Tf. 

Finally, we place our attention on ∆𝑇 (see Fig. 8c). ∆T can be considered as being the extent 

of temperature over which relaxation can occur, that is, over which the relaxation time of the 

glass is high enough (i.e., otherwise the system would have already fully relaxed upon cooling 

and would be at equilibrium), but not too high (i.e., otherwise relaxation would be too slow to be 

observed at all within the timescale of our simulation)—i.e., ∆T is the range of temperature for 

which the relaxation time is high enough for the system to be out-of-equilibrium, but low enough 

for relaxation to be kinetically allowed. Hence, relaxation is only observed when the relaxation 

time of the glass becomes comparable to that of our simulation time. Based on this, the extent of 

temperature over which the relaxation time is comparable to the simulation time should be 

controlled by the derivative of the relaxation time with respect to temperature (i.e., the glass 

fragility).[75] Since the viscosity (and relaxation time) increases exponentially with decreasing 

temperature, we would expect, upon decreasing cooling rate, the extent of the temperature 

window over which the relaxation time is comparable to the simulation time should decrease. 

This should result in a more well-defined glass transition (i.e., lower ∆T) upon decreasing 

cooling rate. Although such a trend is partially verified for the NS and CAS glasses (see Fig. 8c), 

the fluctuations in the data do not allow us to conclusively confirm this behavior. The 

relationship between ∆𝑇 and glass fragility is also in agreement with the fact that we find silica 

to exhibit the largest ∆𝑇, in agreement with its low fragility value.[76] 
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Fig. 8: (a) Temperature at which the enthalpy relaxation is maximum (Tmax), (b) 

maximum extent of enthalpy relaxation (ΔHmax), and (c) typical range of temperature 

over which enthalpy relaxation occurs (ΔT) as a function of the cooling/heating rate for 

silica (S), sodium silicate (NS), and calcium aluminosilicate (CAS). The lines are to guide 

the eye. 

 

Fig. 9:  Schematic showing the typical stretched-exponential enthalpy relaxation of a 

glass in isothermal conditions. The arrows indicate the extent of relaxation that can be 

achieved between cooling and subsequent reheating in the case of (black) fast 

cooling/heating and (red) slow cooling/heating. 
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1.8 Conclusions 

In summary, we have studied relaxation and glass transition reversibility in three archetypical 

silicate glasses by means of molecular dynamics simulations. Overall, the simulations reproduce 

the generic features of the glass transition and of its dependence on the cooling rate. This 

analysis confirms that the glass ground-state enthalpy (i.e., the position locally occupied by the 

glass within the enthalpy landscape) exhibits a power-law dependence on the cooling rate, in 

agreement with mode-coupling theory. Based on these simulations, a systematic bifurcation 

between enthalpy and volume relaxation is evidenced, which suggests that they occur via distinct 

mechanisms. Finally, based on a novel methodology combining thermal cycles and inherent 

configuration analysis, we characterize the degree of (ir)reversibility of the glass transition. We 

find that both the extent of irreversibility and the range of temperature over which relaxation 

occurs are strongly system-specific. Overall, the present results provide a numerical assessment 

of the calorimetric glass transition using MD simulations, and should permit to investigate in the 

future the effect of composition or pressure on glass relaxation.  
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Figure S1: Local ground-state enthalpy of a CAS glass as a function of temperature (with a 

cooling/heating rate of 1K/ps) for select (a) thermostat and (b) barostat relaxation times. 

 

 

 

Figure S2: Local ground-state enthalpy of a CAS glass as a function of temperature (for a 

cooling/heating rate of 1K/ps) obtained with the Nosé–Hoover and Berendsen 

thermostat/barostats. 

 

 

Figure S3: Local ground-state enthalpy of a CAS glass as a function of temperature (for a 

cooling/heating rate of 1K/ps) obtained with the Nosé–Hoover thermostat in the NPT and NVT 

ensembles 
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Figure S4: Local ground-state enthalpy of a NS glass (after cooling at 1K/ps) as a function of 

time at 300K. 

 

 

 

Figure S5: Mean-square displacement of each element at 750K in (a) NS and (b) CAS glasses. 
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Figure S6: Ground-state enthalpy H(T) of an NS glass upon cooling at 0.1K/ps. The low- and 

high- temperature domains of H(T) are fitted by some linear function to identify the fictive 

temperature. 

 

 

 

 

 

 

 

 

 

 

 

 

0 1000 2000 3000
Temperature (K)

20

22

24

26

28

30

M
o

la
r 

v
o

lu
m

e
 (

c
m

3
/m

o
l)

0.1 K/ps

NS



    25 

Effect of topological constraint on the glass-forming ability of calcium silicate glass 

2.1 Introduction to the topological constraint theory 

Calcium silicate glass exhibits a very interesting narrow glass-forming ability window at 

around 50% CaO composition (see Fig. 10). The glass-forming ability determines the difficulty 

for a material to form a glassy state without crystallization. By improving the understanding of 

glass-forming ability, one can process glass in a more energy-efficient and resource-economic 

way. However, this property of glass material had not been well understood until 

W.H.Zachariasen established the rule of glass formation.[77] Followed after Zachariasen, 

Phillips developed the theory of topological constraint theory which reduced the complicated 

analysis of disordered glass network into straightforward analysis of structural trusses.[78] In the 

aid of topological constraint theory and modern simulation technology, we discover an 

interesting link between the average number of constraints and the narrow glass-forming ability 

window in calcium silicate glass. By simulating the cooling process of a calcium silicate glass 

under a series of CaO composition, we study the glass network structure, number of constraints 

and glass-forming ability.  
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Fig 10: Ternary glass-forming ability diagram of Cao-SiO2-Al2O3 glass.[79]  

 Topological constraint theory applies the methodology of mechanical trusses on atomic 

network optimization. To better introduce the topological constraint theory, we use 3 mechanical 

trusses structure to demonstrate the relationship between mechanical stability and atomic 

rigidity. The left truss on Fig.10a is flexible as it can be deformed freely. The right truss is, 

however, too rigid to deform as there is internal eigenstress in the structure and all the constraints 

will not be satisfied if they have different length at the same time. The middle truss is at the 

isostatic state which is neither too flexible to deform nor too rigid with internal eigenstress. We 

can directly determine if the structure is rigid or flexible in this simple example. Whereas, it will 

be much more complicated in the real scenario of disordered glass network. Therefore, the 

analytical method is to calculate the internal modes of deformation, which is also named as 

floppy modes, from the number of mechanical constraints 𝑁𝑐 and initial number of freedoms.  

 

(a)                                                 (b)                                             (c) 

Figure 11:  A mechanical truss in (a) floppy mode, (b) in isostatic mode and (c) in 

stressed-rigid mode. 

The number of floppy modes in three-dimension is given by the following equation: 

  F = 3𝑁 − 𝑁𝑐 − 6        (Eq. 4) 
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The initial number of degrees of freedom of the nodes are 3𝑁. 6 is the sum of 3 rotational 

freedom and 3 translational degree of freedom of a rigid structure. Calculation of floppy modes 

can help us determine the condition of a mechanical truss in following three cases: if F<0, the 

structure is stress-rigid as there is negative floppy mode; if F>0, the structure is flexible as there 

is an excess of floppy mode; if F=0, the structure is in isostatic state.  

 Not only can the methodology of truss analysis be applied on mechanical stability but 

also it can be used on atomic network analysis. In general, topological constraint theory utilized 

the fact that atomic network resembles mechanical truss structure as atoms are the nodes and the 

chemical bonds are the mechanical constraints. To utilize the mechanical analysis of floppy 

mode in atomic network, we can transform the equation by diving the number of atoms N, so 

that we can deal with average values instead of actual number of atoms as there is a large number 

of atoms in glass. Now the floppy mode equation becomes the following: 

 f = 3 − 𝑛𝑐 −
6

𝑁
      (Eq. 5) 

where 𝑛𝑐 is the average number of constraints and equals to 𝑁𝑐/𝑁.  In fact, 
6

𝑁
 can be removed 

from the equation because it is negligible as the number of atoms N in glass is always an 

enormous number. 

  f = 3 − 𝑛𝑐        (Eq. 6) 

In analogy with the mechanical floppy mode, the atomic floppy mode also has three condition: if 

F<0, the atomic network is under stress-rigid; if F>0, the atomic network is flexible; if F=0, the 

atomic network is in isostatic state. 
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 In order to calculate the average number of constraints 𝑛𝑐, it is necessary to analyze the 

atomic networks in glass quantitively. In general, there are two types of constraints. The first 

type is the bond-stretching (BS) constraint which confines two atoms around a fixed distance. 

The other type is the bond-bending (BB) constraints which confines angles of threes atoms 

around a fixed value. Notice that the constraint value has certain tolerance and does not 

necessarily have to be a fixed value for all the distances or angles. A very important parameter 

we need to calculate BS and BB is the coordination number r of atoms. Since, each bond 

stretching (BS) constraint is shared by two atoms, for an atom with coordination number r, the 

number of BS equals to r/2: 

     𝐵𝑆 =  
𝑟

2
      (Eq. 7)  

The relationship between bond bending (BB) constraint and coordination number r, is given by 

𝐵𝐵 = 2r − 3 when r ≥ 2                                                     (Eq. 8) 

 Once we have the average number of constraints  𝑛𝑐 of glass atom network, we can relate 

it with the glass-forming ability. In a previous study, it appears that glass exhibits the best glass-

forming ability when it possesses an average number of constraints  𝑛𝑐  to be 3 .[80] When 𝑛𝑐 =

3, from eq.6, it is evident that the number of floppy modes becomes 0 which means the glass 

network is in a isostatic state. Glasses show a minimum relaxation and maximum stability at the 

isostatic state. Glass exhibits the least glass-forming difficulty at the isostatic state because there 

is neither relaxation stimulated by the low-energy atomic modes of deformation nor relaxation 

simulated by the internal stress in glass network. In general, isostatic glasses do not have either 

floppy modes or internal stress and thus, possesses the highest kinetic and thermodynamic 

resistance to relaxation and crystallization.[81]  
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 When we apply the topological constraint theory on calcium silicate glass, we find that it 

exhibits a good glass-forming ability at the 50% CaO composition where the average number of 

constraints  𝑛𝑐 = 3. As we can observe in Fig.10, bellow 50% CaO composition, there is a 

shaded area where the phase separation happens. Above 50% CaO composition, there is another 

shaded area where the rigid network prevents glass from forming. Only around 50% there is a 

window of glass-forming ability. Therefore, to study this interesting phenomenon, we perform 

molecular dynamic simulation and build an analytical model to analyze the internal structure of 

calcium silicate glass.  

  

2.2 Simulation details and methodology 

A series of (CaO)x(SiO2)1-x glasses with composition x=0,10,20,30,40,50,60,70,80% 

have been investigated from molecular dynamics simulation in NPT ensembles. All simulations 

are carried out suing Large-scale Atomic/Molecular Massively Parallel Simulator (LAMMPS) 

package with a fixed time step of 1.0 fs. The system of all the glasses is comprised of 3000 

atoms in a periodically repeated cubic box. The initial liquid configurations were generated by (i) 

randomly placing around 3000 atoms in a cubic simulations box while ensuring the absence of 

any unrealistic overlap, (ii) melting the system at 5000 K for 1000 ps (NVT ensemble) to ensure 

the loss of the memory of the initial configuration, (iii) cooling the system from 5000 K to 0 K 

under zero pressure (NPT ensemble) with a cooling rate of 1 K/ps 

Inter-atomic potentials are used in simulations for each glass. The potential we used for 

the system of calcium silicate glass is from Jaske potential which has been specifically 

parameterized for calcium aluminosilicate glass.[41], [42] The Jakse potential provides a good 
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description of the structure of calcium aluminosilicate glasses. The agreement with experiments 

is better than that offered with alternative potentials such as Matsui and Delaye Potential.  

 

2.3 Results 

2.3.1 Internal structure analysis and analytical two-states model 

         

(a)                                                                                    (b) 

Fig 12: (a) BO, NBO, FO and total oxygen atom number as a function of CaO 

composition (a) from MD simulations (b) from analytical two-states model. 

 We first focus on the quantitative analysis of the atom numbers in the calcium silicate 

glass system to ensure that our simulation yields realistic results in comparison with the 

computed values from a two-states analytical model. Figure 12 (a) represents bridged oxygen 

(BO), non-bridged oxygen (NBO) and free oxygen (FO) atom number as a function of CaO 

composition. When calcium atoms are added into calcium silicate glass, they exhibit an 

interesting two-states mechanism that generates both bridged oxygen and free oxygen, which is 

illustrated in Figure 13. Fig. 13a depicts the original structure of a bridged oxygen bonding with 
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two silicon atoms. As more CaO molecules are added into the glass, each CaO consumes one 

bridged oxygen and generates two non-bridged oxygen (See Fig. 13b). In this case, calcium 

atoms are playing the roles of glass network modifier as they reduce the rigidity of glass.[82] 

When the bridged oxygen has been consumed, newly added CaO will generate one free oxygen 

instead of non-bridged oxygen (See Fig. 13c). In this case, calcium atoms are considered as 

charge compensator.[82] 

 

 

(a)                                                             (b) 

 

(c) 
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Figure 13: (a) Bridged oxygen atom bonding with two silicon atoms, (b) Calcium atom 

generating two non-bridged oxygen atom each bonding with one silicon atom, (c) Two 

calcium atom generating two non-bridged oxygen atoms and one free oxygen atom. 

The MD simulation results of the atom numbers in Fig.12a are in good agreement with the 

analytical two-states model. In general, the number of BO decreases monotonously as BO atoms 

are consumed by newly added calcium atoms. The number of NBO atoms increases at the 

beginning as calcium atoms are generating more NBO atoms but NBO reaches a plateau at 

around 60% CaO composition. The reason is that as the BO atoms are exhausted, newly added 

Ca is generating FO instead of NBO. This also explains why the number of FO atoms increases 

substantially after 60 % CaO composition.  

We build a two-states analytical model to verify the calcium two-states mechanism as 

shown in Fig. 12b. It appears that the computed values of BO, NBO and FO fraction from two-

states model fits very well with the simulations results. As we have explained above, calcium has 

two mechanisms to generate NBO or FO. When we use only the first mechanism, 2Ca → 4NBO, 

to compute the fractions, the results of NBO exhibits no plateau around 60% CaO but instead, 

keeps increasing monotonously. Moreover, it does not predict the existence of FO atoms. 

Whereas, when we use only the second mechanism, 2Ca → 2NBO+1FO+1BO, the results of 

NBO fraction will be sustainably lower than the simulations results. Therefore, to better fit with 

the simulation results, the correct model ought to mingle with both mechanisms.  

There are three possible approaches to mingle the two mechanisms: (i) random model, 

(ii) order model, and (iii) two-states model. Namely, random model tends to have each calcium 

atom randomly follow one of the mechanisms with a probability of 50% for each mechanism. 

The order model, on the other hands, force the calcium atoms to follow the first mechanism as 
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long as there is still BO to be consumed and follow the second mechanism while there is no BO 

left. It turns out that order model has a very perfect fit at the early stage of the model before 60% 

CaO composition. However, the significant drawback of order model is that it does not predict 

the onset of FO atoms starting at 30% CaO composition in simulation results. Since the BO is 

not run out before 66 CaO%, the value of FO fraction calculated by order model before 66 

CaO% is zero. Random model resolves this drawback, but it brings another issue that the fraction 

of FO it predicts is significantly higher than the simulation results at the early stage and it does 

not predict the existence of the plateau.  

 The two-states model appears to give the optimal fitting of the atom fractions from 

simulation results. Two-states model mingle the first mechanism and the second mechanism with 

a calculated probability percentage instead of a probability of 50%. The probability of the first 

mechanism happening over the second mechanism is given by: 

                         𝑃1𝑠𝑡 𝑀𝑒𝑐ℎ𝑎𝑛𝑖𝑠𝑚 =
1

𝑒𝑥𝑝 (
−∆𝐸

𝑘𝑇𝑔
+1)

    (Eq.9) 

As the first mechanism is favorable and easier to happen at the early stage of the model, the 

second mechanism requires an activation energy of a ∆𝐸 to happen. In Eq.7, both ∆𝐸 and 𝑇𝑔 can 

be computed from the simulation results. The dashed-lines in Fig. 12b is the computed values 

from two-states model, which is in line with the experimental values. 
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2.3.2 Computation of the average number of constraint per atom 

 

 

 

 

 

Fig 14: Calcium coordination number of BO, NBO and FO as a function of CaO 

composition. 

 We now direct our attention to the computation of number of constraints. Figure 14 

shows the bridged oxygen (BO), non-ridged oxygen (NBO), free oxygen (FO) and total oxygen 

(O) to Ca coordination number. As CaO composition increases, the BO to Ca coordination  

Tab. 2: Number of constraints computed from the coordination number of silicon, calcium, 

bridged oxygen and non-bridged oxygen. 
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decreases while FO to Ca coordination increases. This is in agreement with the quantitative 

analysis we computed in the above section. In general, the total O to Ca coordination is in 

between 5 and 6.  

In the actual number of constraint calculation, we decide to use 5 as the O to Ca 

coordination number. Tab. 2 shows the bond stretching constraint and bond bending constraint 

calculated from Eq. 7 and Eq. 8. Notice that all the BS has been attributed to cations such as Si 

and Ca. Therefore, the BS of Si equals to oxygen to silicon coordination number, 4 and the BS of 

Ca equals to the oxygen to calcium coordination number, 5.  

 As lower CaO composition, the BB constraint dominates (see Fig 15a). However, as the 

CaO composition increases, the BS constraint starts to increase and become larger than the BB 

constraint. Nevertheless, the decreasing amount of BB is much larger than the increasing amount 

of BS. Consequently, the total average number of constraints decreases as the CaO composition 

increases. Notice that at 50% CaO composition, the computed average number of constraints 

equals to 3, which suggests that the glass at this composition is in isostatic condition.  

           

Fig 15: (a) Bond stretching and bond bending number of constraints as a function of CaO 

composition, (b) average number of constraints as a function of CaO composition. 
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This result is in agreement with the narrow glass-forming ability window we discover in Fig. 11. 

At CaO composition lower than 50%, the computed average number of constraints is larger than 

3 which suggests that the glass is in stressed-rigid condition[83]. At CaO composition higher 

than 50%, the computed average number of constraints is smaller than 3 which suggests that the 

glass is in flexible condition. Such results also accord with the bad glass-forming ability of the 

phase separation region found at lower CaO composition and the precipitation region found at 

higher CaO composition. Overall, the link between the narrow glass-forming ability window and 

the number of constraints appeared in this system confirms the applicability of topological 

constraints theory on calcium silicate glass.  

 

 

2.4 Conclusion 

 Altogether, these results highlight the strong relationship between glass-forming ability 

and atomic topology and suggest that the optimal glass-forming ability is associated with the 

isostatic glass network condition. Through molecular dynamic simulation, we compute the atom 

fractions and coordination number and validate their soundness with a two-states analytical 

model. With the coordination number and composition, we further compute the value of average 

number of constraints at 50% CaO composition, which appears to be identical to the critical 

constrained number required for isostatic condition. Comparing our computed constraints values 

from 0 to 80% composition range in Fig 15b and Fig.11 the ternary glass-forming ability 

diagram, we find that the glass-forming ability is optimal when the number of constraints equals 

to the degree of freedom. As the number of constraints are lower than degree of freedom, the 
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glass network is in a flexible mode which lower the barrier against crystallization. With a 

number of constraints higher than degree of freedom, the crystalline clusters readily form and 

percolate. [23] 
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