ON PROPERTIES OF THE RIEMANN ZETA DISTRIBUTION
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1. ABSTRACT

In this paper we examine various properties of positive integers selected according
to the Riemann zeta distribution. That is, if ((s) = Y o1 7, s > 1, then we
consider the random variable Xy with P(X, = n) = 7 n > 1. We derive
various results such as the analog of the Erdos-Kac Central Limit Theorem (CLT)
for the number of distinct prime factors, w(Xs), of X, as s \ 1, large and moderate
deviations for w(X;), a Berry-Esseen result and analogs of Halberstam’s CLT for
additive functions evaluated at X;. In addition, we prove analogs of Erdos-Delange
type formulas for expectations of additive and multiplicative functions evaluated at
X,. We also examine various applications using Dirichlet series and their associated
distributions. Finally, we show how to derive asymptotic distributional results for
an integer selected uniformly at random from [N] = {1,2,--- , N} or according to
the harmonic distribution from their analogous asymptotic results for X, as s \, 1.

2. INTRODUCTION

In this paper we will examine properties of integers selected according to the
Riemann zeta distribution. We will emphasize two aspects of this distribution.
The first is its faithful similarity to properties of an integer chosen according to the
uniform distribution on a finite interval. The second aspect will be the appearance
of Poisson behavior under this distribution. The Riemann zeta function is given
for Rez > 1 by

An alternative description is given by

() =11, (112)1,

p

where II,, and Zp will be used to denote the product and sum over primes p,
respectively. We shall denote the set of primes by P. Sometimes we will have sums
over p,q or p # ¢ and it will be understood that p and ¢ are primes. In our
discussions we will replace the complex z by a real number s > 1. We will denote
by X, a random variable with the distribution

(1) P(X,=n) = n=1,23,-.

1
((s)n*’
We say X, has the Riemann zeta distribution or the ((s) distribution for short.
Another method for sampling an integer at random is to first take a large integer
1
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N and then select an integer at random in [N] = {1,2,--- , N}. That is, define a
random variable Yy by stipulating that its distribution is given by

2) P(YN:n):%,ne N].

A third method is to use the harmonic distribution. In this case we again take a

7]:]:1 % and then stipulating the distribution of

large integer N and define ay = >
Zn is given by

1
3 P(Zy =n)=——,n€[N].
3) (Zy=m = —— neN
The random variable Zy is said to have the harmonic distribution. It will be seen
later that by means of Tauberian theorems that asymptotic results valid for X, as
s \¢ 1 can be transferred to results for Yy and Zy as N * co. We make a couple
of remarks that will be useful later. First, the asymptotic behavior of ((s) as s \, 1
is well known and is given by

((s) ~ 5\ 1

s—1’
and
any ~log N, N / oco.

A function that comes up often in this paper is the prime zeta function,
1
P(s) =) s
P

By elementary comparison with the series > >~ | # it’s clear that P(s) < oo for
s > 1. Also, limg ;1 P(s) = ZpE'P%
made the following observation:

log((s) = =3, log(1— 55)
1
= Zp ZkZI EpsF
_ 1
- ZkZI Zp Epsk
P(sk
= Zk21 (Z )
= P(s)+ >k %'
This implies by a simple comparison argument that
(4) P(s) = log ((s) + O(1).
The last line implies > p» %
famous theorem of Merten’s ([T], Thm 1.10) gives the truncated function } _ % =
loglog N + O(1) as N * cc.

An aspect that arises from the present work is the perfect agreement between
statistical behavior of X as s \, 1 and Yy or Zy as N 7 co. Moreover, by Taube-
rian theorems given later, one can transfer asymptotic results about the Riemann
zeta random variable X, for s N\, 1 to the uniformly distributed Yy or the har-
monic distributed Z as N 7 co. This can be interpreted as a robustness property
of integers, in a certain sense, their statistical behavior doesn’t depend so much on
what distribution is used when they are sampled. We don’t know how far this can

= oo is a well-known result due to Euler who

= oo since limg\ g log ((s) = oo. For comparison, a



ON PROPERTIES OF THE RIEMANN ZETA DISTRIBUTION 3

be extended to other distributions but these three distributions have an important
property in common,

E\‘Hi P(p divides X,) = ngnoo P(p divides Yy) = ngnoo P(p divides Zy) = .

The organization of this paper is as follows: Section 3 introduces the basic
properties of X, Section 4 gives Delange type formulas for computing expectations
of multiplicative functions of X,. In Section 5 we review results of Lloyd,[L] and
give some applications, Section 6 contains results about the gcd of independent
copies of ((s) random variables and applications, Section 7 has the analogs of the
Erdos-Kac and Halberstam CLTs for w(X;), the number of distinct prime factors
of X, Section 7 gives the Berry-Esseen results for the CLT, Section 9 examines
large and moderate deviations for w(Xy), Section 10 introduces Dirichlet series
and various probabilistic applications, and Section 11 examines how to transfer
asymptotic results for X to asymptotic results for Yy and Zy.

3. BASIC PROPERTIES OF X

Many of the basic properties of X have been discussed in a variety of places.
We recall some of them here with no claim for novelty. A good source for in-
teresting aspects of the ((s) distribution is the paper of Gut [G]. A word about
notation, we will denote the event {p divides X} by {p|Xs}, not to be confused
with conditioning. First, for n € ZT,

oo

P(n|X,) =Y P(X,=nk)

When one takes a prime p, then limg 1 P(p|X,) = % which is appropriate since
every pt" integer is divisible by p. This is a property shared by the uniform and
harmonic distributions as N — oco. From [5| follows the important property that if
ged(m,n) =1 then
P(m|X;,n|Xs) = P(mn|X5)

11
(6) =

msn

= P(m|X,)P(n|X;)

which says the events {m|X;} and {n|Xs} are independent when ged(m,n) =
1. In particular this holds when m = p and n = ¢ where p and ¢ are distinct

primes. Another consequence of [f] is the independence and exact distribution of
the exponents in the prime factorization of X;. To make this precise, factor X,

(7) X, = I, pe®
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where the ¢,(s) : p € P are nonnegative integer valued random variables. By |§|
if p1,---,pg are distinct primes then ¢, (s), -+, ¢cp, (s) are independent random
variables and by

1

8) Pley(s) 2 k) = 5 ke N

or what is the same,

1 1
) Plos) =k = i (1= )
An easy computation reveals

1

-
t
s

P
1-<
p

(10) Ele!(®)] =

To summarize, the random variables {c,(s) : p € P} are independent and c,(s)
has a geometric distribution with parameter pi We now introduce some common
functions in number theory.

An observation of Khintchin, [K], is that C(g(t ;t) is the characteristic function of

a random variable, namely, — log X . This follows from the easy computation

(11) E[e—itlong] — E[Xs—zt]

(12) = o o1
_ C(s+it)

(13) = OR

From this observation we derive the following proposition which gives an idea about
the magnitude of X as s \, 1.

Proposition 3.1. Let £ be an exponential random variable with parameter 1. Then
as s \(1,
1
¢(s)
Proof. Following our computation of the characteristic function of —log X we get

as s \y 1,

log X e

t -~ log X C(S_ﬁ)
<(s) |l = ——
Ele ] )
~ sjl
S_W_l
1
- 1-t?

which is the moment generating function of €.
O

One way to reveal properties of X is to check the statistical properties of arith-
metic functions of Xs. We now discuss a few of these. The number of distinct prime
divisors of X is denoted by

(14) w(XS) = Z 1cp(s)>0
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Notice, w(X,) is the sum of independent Bernoulli random variables. The total
number of prime divisors of X is denoted by

(15) QX)) = epls).

The Euler totient function ¢(n) counts the number of positive integers less than
n which are relatively prime to n. That is,

o(n) =#{m < n:ged(m,n) =1}.
There is a simple well known formula for this, namely

é(n) = nll,, (1 — %)

Evaluating at n = X, we get

(16) 6(X,) = X,TL,(1 - 1<p)>

A couple of simple observations are in order.

Theorem 3.2. Let w(n) and Q(n) denote the prime counting functions as in 14| and
5l Then

(17) Ew(X;) =P(s).

(18) var(w(X5)) = P(s) — P(2s)

(19) e
_ =1

(20) Bl (X)) =

Proof. First, by [9]

(21) L
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Second, by independence and [9]

Bw(X,)? =E | ) 1c,(5>0
p

=FE Z 1cp(s)>0]~cq(s)>0
p,q

(22) =E Y lo@solewso | T E [ D L0
p#q P
1 1
=Y =t
paéqpq P p
2
1 1 1
= sl T2 m T2l s
zp:P Zp:pz zp:p

=P(s)® — P(25) + P(s).
From [ and 2] one derives
(23) var(w(Xs)) = P(s) — P(2s).
As for Q(X;) we have

EIQ(X,)] =Y Fley(s)
=SS Pl 2 b

p k>1

-y Y

p k>1
-y
vl

p p 1

To compute the expected value of ¢(X) we rely on a couple of facts from number
theory. First, define the convolution of two arithmetic functions f and g by fxg =

>din £ (3)g(d). There is a nice formula for the product of two Dirichlet series using
this convolution, namely, 3=, -, fT(Lf) DI gf;j) =1 f*gi(”) Finally a formula,

of Gauss ([Gal) gives }_;, ¢(d) = n. Then, using these facts with f = 1 and
g(n) = ¢(n), one gets the following formula,

CHEBX)] = k5 Tpsr & Dy 22
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and dividing both sides by ((s) we get for s > 2,

(s —1)

25 Elo(Xs)] = ——=—=.

(25) (60 = 55

We can also compute FElog(s)], where o,(a) = Zd‘n d® is the divisor function.
However, we will save this for later when we’ll have better techniques for the com-
putation. ([

We observe that lim, 1 E[Q(Xs) — w(Xs)] = 32, ﬁ, which indicates that
Q(X) isn’t much larger than w(X;). In the next section we’ll see that Q(X)—w(X5)
has a non-degenerate limiting distribution.

4. DELANGE/ERDOS-WINTNER THEOREM

In this section we consider ((s) distribution analogs of results of Delange and
Erdos-Wintner established for the uniform distribution on [N]. A good reference
for these results is [T]. We derive the limiting distribution and limiting mean
of arithmetic functions of the ((s) random variable as s N\, 1. It is standard to
declare a function f : N — R to be multiplicative if f(mn) = f(m)f(n) whenever
ged(m,n) = 1 and additive if f(mn) = f(m) + f(n) whenever ged(m,n) = 1.
There are many examples of such functions. A common example of a multiplicative
function is the Euler totient function ¢(n) defined above.

An example of an additive function is w(n). We say f is completely multiplicative
if f(mn) = f(m)f(n) for all m, n and completely additive if f(mn) = f(m) +
f(n) for all m, n. If the function f satisfies f(p™) = f(p)™ for all primes p and
nonnegative integers m, and for n = p{*p3* - - - pt* one defines f(m) = II¥_, f(p;)*
then f is completely multiplicative. The function €2 is completely additive.

By taking logarithms of multiplicative functions one gets additive functions.

Thus, we see that g(m) = log @ is an additive function. This follows from the
formula w =TI (1 - %) A Theorem of Delange gives a formula for the average

of a multiplicative function with respect to the uniform measure on [N].

Theorem 4.1. (Delange, Wirsing, Halasz [E], Thm 6.3, [T], Thm 4.4) If g : N —
{#z € C,|z| < 1} is multiplicative and } (1 — g(p))/p converges, then

.1 B 1 g(p™)
ngﬂooﬁ Z g(z) =1Ip(1 - ];) Z pT
<N m>0

Similar to this is a result of Erdés and Wintner, [T], on the asymptotic distri-
bution of additive functions under the uniform distribution.

Theorem 4.2. (Erdés, Wintner [T], Thm 4.1) A necessary and sufficient condition
that an additive function have a limiting distribution is that the following three
series converge for at least one value of R > 0,

1
* 2 liwI>R »

f(p)?
* 2 liwI<r "7

f(p)
* X liwI<rR 5
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When these three conditions are satisfied then the characteristic function of the
limiting distribution is given by

i (E™)

pm

b =11 -5 Y

p m>0

The analog’s of these results for the Riemann zeta distribution hold exactly for
all s > 1 and follow easily from the independence of the sequence {c,(s) : p € P}.

Theorem 4.3. Let g be a multiplicative function with values in {z € C,|z| < 1},
and s > 1. Then

(26) E[g(X,)] =11, (1 _ 1) 3 90"

s ms
p m>0 p

Assume f is additive. Then for 7 € R,

(27) E [ein(Xs)} — I, (1 — is> Z (ei"'f(p"‘)> .

ms
m>0 p

bS]

If, in addition, we also assume that f(p®) = f(p) for all @ > 1, then

(28) E {ein(Xs)} =11, (1 T (1- e”f@))pls)) .

Proof. Given a multiplicative g with values in the unit disc, by the independence
of the ¢,(s)’s, we have

E [9(X,)] =F [g(11,p )]

=1L, E [g(pcp(s))]

(29) i, [ 3 g - L)

= ps’ pms
1 9(™)
:Hp <1 - p9> Z pms

m>0

We can now apply to compute the characteristic function of an additive
function. So, let f denote an additive function and set g(m) = e'"/(™). First we
point out that g(1) = 1. Then, by dint of the fact that f is additive, it follows
that ¢ is multiplicative. Thus applies to give the following expression for the
characteristic function of f(Xj),

(30) E [e”f(xs)} = Hp(l _ i) Z (ei"'f(Pm)> .

pS pms
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Then, if also f(p*) = f(p), a > 1 and keeping in mind that f(1) = 0, then
becomes,

ir 9l it f(p™)
B [e e )} = I, (1 — ,%) > om0 (CPT)
= 1, ((1 — p%)(l + ¢itf (@) Zm21 p%)
= 1, (1= P+ DL 1))

— 10, (1 + (e ®) 1)#) :

We now apply these results to the multiplicative function g(m) = @

Proposition 4.4. For the Euler totient function,
(X)) _ 1

<)

and

lim F
sN\(1

In addition, ¢(}?3) has a limiting distribution at s 1.

Proof. Since g(m) = 20m) satisfies gp™)=1- %, form >1and g(1) =1, from

m
we get

=
| — |
=
ol
S~—
—
I
=
=
N
=
|
%=
+ N
]
3
V
o
Q
S
N

Thus,

sN\(1
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From [27] we get the following characteristic function for f(m) = log g(m),

- #(Xs) 1 et f (™)
lim E |78 %7 | =I1,(1 — ~
oy e 8 - ) 57 ()

m>0

(31)

We observe that

And by a simple estimate,
lim (1) = 1.
T—0

Thus, by Lévy’s Continuity Theorem ([D], Thm 3.3.6), log g(Xs) and therefore
g(Xs) has a limiting distribution. The characteristic function of the limiting dis-
tribution of log g(X) is given by

]

There are also revealing expressions for the moment generating functions of
w(Xs), QXs), and Q(Xs) — w(Xs). They are derived using independence of the
¢p(s) and their distribution as geometric random variables. A weighted variant of
w that has appeared elsewhere, say in Halberstam [H], is obtained as follows.

Definition 1. (strongly additive functions) Take a function f : P — R and extend
f by declaring that f(p®) = f(p) for a > 1 and for arbitrary m > 1, set

Fm)=>" f()
plm

Then for ged(m,n) = 1, f(mn) = f(m)+ f(n), that is f is an additive function. We
call an additive function satisfying f(p®) = f(p) for a > 1 and primes p a strongly
additive function.
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When f = 1 we just get w back and for f # 1 we get a weighted version of w.
A specific example of this would be to set f(p) = 1p=1 mod 4 in which case f(m)

would be the number of distinct prime divisors of m which are congruent to 1
mod 4.

Theorem 4.5. For t <Inl and s > 1, if f is a bounded strongly additive function
such that f(p™) = f(p), p € P, m > 1, then

etf(p)—l oo l—etf(p) m
(32) B —exp{y T Myexp{—- Y, Y, Yo,

and

(33) B —exp{(e! — )B(s)} exp{— X, nss Lo B(ms)}.

m

For t <0,

(34) EetMXs) = exp { (e —1) ]P’(s)} exp {ZmZQ (ektk_l) P(ks)} .
Fort <In2

tHQUXs)—w(Xs)) _ 1 _1
(35) e =1, (1= %) (14 52 -

Proof. One has f(p™) = f(p) for m > 1, p € P and f(1) = 0, so on replacing it
with ¢ by 27} we have by starting with 28]

Fetl(Xs) — I, ((etf(p) -1t + 1)
exp{3, log (e —1)% +1)}

tf(p) _q1ym
= eXp{Zp 2;0:1(_1)m+1%pi5}
etf(P),l)m 1

exp{ 5, (1 Y L0y

(1—etfPym

etf(P) _q oo
= exp{Zp (pib)} exp{— Zm:Q Zp mpms }

In the special case f(p) = 1 this gives

Eet*(Xs) = exp{(e’ — 1)P(s)} exp{— Z %P(ms)}.
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In order to compute the Laplace transform of Q(X,) we observe that Q(p™) = m
for m > 0 so by [27 we get, for ¢ > 0,

Fe—tUX:) — Im,(1 - L ZmZO Tpm

o5

e—tm
— (1= 25) 3,50 S
= (1 - F)(1- <)

exp {5, (in(1 - ) -1 - 5) }
e {£, S0 (57 - )|
exp {Zp Y m=1 (;T‘l) }
exp { iy (=) Pl |
exp{ (et = 1) P fexp { T3, (52 Poms) |

In order to compute Fe!(®(X:)=w(X:)) "we observe that Q(m) — w(m) is an additive
functional with Q(p™) — w(p™) = (m — 1)*. Thus, by

o= t2(™)

QX)) —w(Xs)) _ 1 HQP™) —w(p™))
Eet(QUXs)—w(Xs)) — Hp(l_E)Zmzoepsim
1 t(m—1)*1
- IL,(1 — F)Zmzoepsim

et(m=1)

= Hp(l_ FE) (1+1%+Zm22 pem )

p* ps—et
O
Remark. o [t follows from the fact that ZpG'P # < oo that the infinite
product in converges for t < In2. In fact, this remains true even for

s=1.

e The term (€ ~VFE) s the moment generating function of a Poisson random
variable with parameter P(s). This is the “dominant” term in Eet(Xs),

e Note that

S G (e -
gl\ni 2, P(ns) = nz::? - P(n)

is finite for allt < In2. This follows from the estimate P(n) <Y ;- k% <
1

n—1°

e An even more striking thing happens with Q(Xs). Again the pre-factor in
the moment generating function for Q(Xj), exp{(e‘t -1) P(s)} is the
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moment generating function of a Poisson random variable with parameter

P(s). The somewhat amazing fact here is that exp {ZZO_Q (efk,:_l) ]P’(ks)}

s also the moment generating function of a random variable parametrized
by s and this “sequence” of random variables has a limit in distribution as
s \( 1. This is a consequence of an observation due to Lloyd [L]. We shall
develop this fact below.

e Renyi [MV] showed that limy o 7 Z HQm)—w(m) =11, (1 - 7) (1 + 5 e’r) .

That is QU Xs) — w(Xs) and Q(Yn) — w(YN) have the same limiting distri-
bution as s \(1 and N — oo, respectively. This coincidence always seems
to happen and is actually not a coincidence as will be proved later.

5. LLoYD’S DECOMPOSITION

We now describe the decomposition of Lloyd [L], by noting that embedded in
the above computation one finds the moment generating function of a geometric
random variable with parameter #;

1

Beter®) = _ 07
TP
If we divide this moment generating function by the moment generating function
of a Poisson random variable with parameter =, namely divide by e D5 we get
by a straightforward calculation
1 N o0

(36) et et 1 % = Z )\m

( - E)e m=1
where ) )

Am(s) = (1 — E)ezﬂ%pmsa(m), m=0,1,2,---

and

i
=0 I
Three important observations can be summarized in a Theorem due to Stuart.

Theorem 5.1. (Lloyd,[5.1)

e \,(s), m=0,1,2,--- is a probability distribution on N,
o )\

1(8) =0

1 1
lim Ay, (s) = (1 — f)e%—a(m), m=0,1,2,---
sN\(1 p pm

is a well-defined probability distribution on N.
Proof. These are but routine calculations. O

We can thus construct two independent sequences, such that for each p € P and
s > 1 we may write

cp(s) £ ep(s) + dy(s),
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where the sequences {e,(s) : p € P} and {d,(s) : p € P} are also independent,
dp(s) is Poisson with parameter p—ls and P(e,(s) = m) = Ay, (s). Writing
MS = prdp(s)
and
N, = prep(s).
We then have that

Proposition 5.2. (Lloyd, [L]) For any s > 1, there exist independent random vari-
ables Mg, N, taking values in IN such that

d

X, < M,N,
Q(Xs) = Q(Ms) + Q(Ns)
Q(Ms) = > ,cpdp(s)is a Poisson random variable with parameter P(s).

E [em(Ms)} = exp{(et -1) ]P’(s)}
B [em(m)} _ eXp{Z,;“iQ (ektk,l) P(ks)}.

Q(Ny) has a limiting nondegenerate distribution ass “\, 1.

Proof. We'll give the computation for the moment generating function of Q(Ny).

Starting with since Q(Ny) = >, ep(s).

_ 1
pS

Finally,

" —1)P(m)
lim E |efQWe) | — (e

and the right hand side is well defined so the random variables (Ny) converge in
distribution as s N\, 1.
O
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The e, (s) don’t contribute very often in the sense that P(ey(s) > 0,4.0. in p) = 0.
Indeed, P(ep(s) > 1) =1—Xo(s) =1—(1— #)er’%. And using a first order Taylor

1
5

expansion for e?™ we get 1 — (1 — }%)ep ~ 1%, p — 00. Since for s > 1,

1 1
Yoy lex
2s 2 ’
~p* " Lp
by Borel-Cantelli, for all s > 1,
P(epy(s) > 1,for infinitely manyp € P) = 0.

In fact, P(N; = 1) ~ .729 (L], Section 3). We see by that Q(X;) —
Q(M,) = Q(N;) has a limiting distribution as s \, 1. Consequently, Q(Xj) is nearly
a Poisson random variable with parameter P(s). We formalize this in a variant of
an observation due to Lloyd [L]

The Lloyd decomposition allows an alternative proof of the Erdos-Kac CLT.
Since Q(Nj) is Poisson with parameter P(s) it follows that

1
5

P(s) 7.
Since ANy
s d
— 0,
VEP(s)
Slutsky’s Theorem implies

It also holds that

and since w(X;) = w(X;) — AUX;) + Q(X5), another application of Slutsky’s The-
orem gives

w(Xs) —Pls) q N(0,1).
P(s)

6. GREATEST COMMON DIVISORS, VISIBLE POINTS, PARITY OF (X})

We now digress to give an amusing aside. The greatest common divisor of two
integers m, n will be denoted by ged(m,n) as before. If their prime factorizations
are m = prcp(m),n = prdp(") then ged(m,n) = prcp(m)AdP(”). The fact that

cp(s) A dy(s) is a geometric random variable with parameter # when ¢,(s) and

dp(s) are independent geometric random variables with parameter p% leads to an
interesting observation about the gcd of two independent copies of ((s) random
variables X!, X2, If we take their prime factorizations to be X! = prcé(s), i =
1,2, then ged(X}, X2) = prC;(S)ACi(S). Since c}(s) and c3(s) are independent,
¢y (s) A ci(s) is a geometric random variable with parameter ]%, that is P(cp(s) A
A(s) > k) = p%k This means that X, < ged(X Y, X2). What’s interesting about
this is that while neither X! nor X2 have limiting distributions as s \ 1, their ged
has a limiting distribution given by that of Xs. This can be generalized easily as
follows.
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Proposition 6.1. If X7, j € [k] are iid copies of a ((s) random variable X, then
Xis £ ged(XL, X2, XF).

(0,0)

FIGURE 1. Points in Z2 that are visible from the origin. The point
(2,3) is visible from the origin, but the point (4,6) is not as it is
eclipsed by (2, 3).

We now give a geometric interpretation of this result. In R2? we say an integer
lattice point @ is visible (from the origin) if there is no integer lattice point on
the line through the origin and @ and lying between the origin and @ (see Figure
. If @ = (m,n) then @ is visible from the origin if and only if ged(m,n) = 1.
If Qs = (X!, X?) where X! and X2 are independent, then by Proposition
limg; P(Qs is visible) = P(Xy = 1) = 5 since P(X; = 1) = ﬁ and ((2) =
Yooy k—lz = %2. It’s well known that a similar result holds when selecting a pair
of independent random variables according to the uniform distribution on N and
letting N — oo. In higher dimensions, the probability that Q¥ = (X1, X2,...  XF)
is visible, where X}, --- | X* are independent ((s) random variables has limit given
by

li\ml P(QF visible from origin) = lims; P(ged(X}, X2,--- , XF) =1)
lims\l P(Xsk = ].)
(k)

When £ is even, say k = 2n, then lims\,; P(Q?" visible from origin) = %,

where Bs,, is the 2n*" Bernoulli number.

7. ErRDOs-Kac, HALBERSTAM CLT

In this section we prove analogs of the famous Erdos-Kac CLT, [EK], and its
relatives established by Halberstam [H| for the ((s) distribution. We first review
the original central limit theorem of Erdés and Kac. Denote

1 @ o?
®(a) = \/—27_/ e~ 2 dx.
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Recalling that w(n) is the number of distinct primes in the prime factorization of
n then the Erdos-Kac central limit theorem states that

(38)  lim ~|fn<Nia< @ 188N | g0 g,

N—oo N Vloglog N
Halberstam derived an extension of this theorem to other additive functions be-
sides the number of distinct prime factors function w. In this section we shall
derive the analogous result for w(Xy). In fact, it will be possible to derive a
central limit theorem for the number of distinct prime factors of X in certain
arithmetic sequences. The arithmetic sequences in question are those of the form
A(a,b) = {a+kb: k € N} where ged(a,b) = 1. According to a Theorem of Dirich-
let, there are infinitely many primes in any such arithmetic sequence. Fixing b the
set A(a,b) is the equivalence class of numbers congruent to ¢ mod b. There are
¢(b) such equivalence classes where ¢ is the Euler totient function, namely, ¢(b) is
the number of positive integers less than b and relatively prime to b. Each equiva-
lence class mod b has a 1/¢(b) proportion of the primes. Using ?? we can separate
out the contribution of each equivalence class to w(Xs). If a1, a9, --ag@) are the
distinct representatives of the ¢(b) equivalence classes then we can define

wj(XS) = Z 1cp(s)>0

pEA(aj )b)

Then w(Xs) = Z¢(b1 w;(Xs) and by the independence of the ¢,(s)’s,
Fetw(Xs) — H¢(b)E6th (Xs)

Alternatively we can achieve this by appropriate use of additive functions. Fixing
b, define f; : P — N by setting f;(p) = 1a(a,;0)(p), fi(p™) = fj(p) for m > 1 and
finally setting f;(m) = Zp|m fi(p). Then f; is an additive function on Z* and
the value of f;(m) is exactly the number of primes in the arithmetic progression
etfi (P
A(aj,b) which divide m. In other words, f; = w;. We note that pil)
(et - 1) Epzaj mod b pl< .
Thus, B2] gives that if
1
Pi(s)= >, =
pGA(aj 7b)
then

EetiXe) — exp{(e! — 1)P;(s)} exp{— Z P,(ks)}.
It’s also immediate that
Ew;(Xs) = Pj(s)
and
var w;(Xs) =Pj(s) —P;(2s).
With the analogous definition for Q;(Xs) =} ¢ 44, ) ¢p(s) it follows that

[ okt _
Fet(X:) — exp{(et -1) [P’j(s)} exp Z <kl> P;(ks)

k=2
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and

1 1
(2 (Xs)—w;(Xs)) - —
Bt (Xe)=w;(Xa)) = Hpea(a;.b) (1 p5> (1 M p* _et) .

We can present the analog of the Erdos-Kac Theorem

Theorem 7.1. The random variables w;(X,) are independent and

7 (SE=E0 2.) oty

Also,

lim P (w(Xg)_P(S) < x) = ®(z).
P(s)

Proof. All we need to do is check the limit of the moment generating function for

%ﬁ(s) as s N\, 1. But this is straightforward: By we have

(X)) —P(s)

39)  Ele VO ] — exp{(eV*TT — 1)B(s) — t+/P(s)}

o (—exp{—L= e
X exp{— Zk:Q Twup(ké’)}

Since limg 1 P(s) = oo we can use the Taylor expansion (exp{ Hﬁ( )} - 1P(s) =

L 4 % + O(—2—) to get

P(s) v P(s)
, t t2
;l\ﬂi eXp{(eXP{m} = DP(s) -t/ P(s)} = bR

Using this Taylor expansion again we obtain

t
lim (1 — ex k=0, k>1.
5\1( p{ P(S)}) >

Since limg 1 Y5y T8 < 00, we conclude that

o (1 —exp{—7=})"
. NGO B
il\"ni exp{— 322 p P(ks)} = 1.

The same proof works for the w;(X,). The fact that the w;(X,) are independent fol-
lows from the fact that the arithmetic sequences are disjoint and the independence
in p of the random variables c,(s).

O

We can also prove in a similar manner, an analog of a result of Halberstam, [H]
in the context of strongly additive functions. Halberstam proved that if f if s a

bounded strongly additive function and A, = > _, % and B, = > _, ! ZZEP )
then

f(m) — Ay
VB,
As an example, one may take f(m) = w;(m) as defined above to see that the
distinct number of prime divisors congruent to a; mod b for a random integer

1
—H{1<m<n: < b} — ®(b), n — oo.
n
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selected uniformly from [N] satisfies the Central Limit Theorem. The analog for
the ((s) distribution is the following. The analog of A(n) is

Ef(Xs)] = E[f(,p )]
= [Z ( ) cp(s)>0]

f
>y f(P)P(cy(s) > 0)
_ EM-

p p°

The analog of B(n) is the variance of f(X(s)) which we now compute. First
B[f*(X,)] Blf?(IL,p )]
= E[(Z f(p)1 cp(s)>0
= Yoz J@) (@) P(cp(s) > 0)P(cq
- 2 pta (quggq) +2p
_ Zp,q f((z;)qJ;S E f (p) +Zp p

(Z f(p) Z p)+z f(p.

?]

So, we then have

p*
~ 3, L s

) — O(1). So we set B(s) =3 @)

p p°

Theorem 7.2. Let f be a bounded strongly additive function for which Zp % =00
and set A(s) =3 féf) and B(s) =3, r (p then for all b € R,

lim P(M <b) =
s\l B(s)

Proof. Briefly, by [32]
eitf(p) — 1 1 _ eztf(p))m

Eettf(Xe) — exp{z }exp{ Z —)}

p m>2

SO

f)

i1 £ (Xs)—A(s) «/r@ NEIO) f(p))

Ee' VE® —exp{z

) ex
T }exp{— mZ;Q

it
Using the Taylor expansion of e VE®) ) reveals that the exponent in the first factor
2
is =% + o(1). The exponent in the second factor is o(1). Thus,

i d(Xs)—A() 2
lim Fe VEBG) =TT,

sN\(1
This concludes the proof. [
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8. TotalL NUMBER OF DIVISORS OF X

We now turn attention to a Central Limit Theorem for the log of the number of
divisors of X;. The total number of divisors of n denoted by o¢(n) and defined by

(40) oo(n) = Z 1.
d|n

Uo(ﬂ”).

In this case the expected value of 0(X) is given by the Dirichlet series >, -,
This we can compute and it yields B
(41) Elo0(X)] = ((s)
as we now show. Since o¢ is multiplicative we can apply As op(p™) = m + 1,
this gives

Bloo(X)l = T, (1= ) Xm0 %8
= 11, (1 - pi) Zmzo %
= 1 (1 - p%) Dm0 20 p%
= 1, (1= ) 25 S 5
= T (1= 3) SRk - )

!
= ¢(s)-
Using a different approach we can compute the second moment of o¢(X;). By
the multiplicative property of oy, we can express
00(Xs) =TI (1 + cp(s))
and so using a standard computation for geometric random variables,
Blog(X,)] =ILE[(1 + ¢y (s))?]
1 1

_ = o \—2
=IL,(1+ (1= )

S

e b
=M1+ )

(42) eI v Ly Ly
¢+ D)1= (0= )
erepmn . L
=)= )
ROk
((2s)

It’s interesting perhaps to note that the gap between the expected number of divi-
sors and the expected number of prime factors of X is on the order of {(s)—log {(s)
since
Eloo(X)] = ((s) > P(s) = Elw(X5)].
As an aside, we mention that the function og arises in the computation of the
determinant of a 2 x 2 matrix with iid {(s) random entries. The determinant then
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takes the form D = WX, — Y;Z; with all four entries Wy, X, Ys, Zs being inde-
pendent ((s) distributed random variables. Then we can give an explicit expression
for the probability that the matrix is singular. Using [42| on line 9 we get

P(D=0)= P(W,X, — YsZs = 0)
= P(WsX, =Y, Z)
2721 P(W,X, =n)?

S (de P(W, = d)P(X, = n/d))2
= ﬁ anl (Zdln %WY
= ﬁ 2@1 (Zd\n ni>

73(n)

- C(l)4 Zn>1 n2s
_ C(2S)E[ (X2s)]

o C(s)*
¢*(29)
C(s)*¢(4s)”

Thus, using ¢(2) = %, ((4) = T and ¢(s) ~ (s —1)71, one gets

P(D=0)~—"—(s—1)" s\, 1.

It would be interesting to determine this probability for nxn matrices. It’s tempting
to conjecture that the correct asymptotic would involve Bernoulli numbers and a
factor of (s — 1)"°

We now turn our attention to computing the mean and variance for log o (X5).
First recall the summation by parts formula

Z (am - am,—l)bm, == 7@11)2 + Z am(bm - bm—l)-

m>2 m>2

Then taking a,, = 1m , b, = log'm we can compute

Elog(cy(s) +1) =(1 - is) Z p*m =Y log(m)

m>2
(43) _ Z ( —s(m—1) _ pfsm) logm
m>2
1
—log2+ Zp M log(1 + )
m>2
Therefore,
1
(44) Elogoy(Xs) =P(s)log2 + Z sm)log(1 + )
m>2

Straightforward estimates reveal that 3, -, P(sm)log(1 + Ly=0(1),s /150
(45) Elogoyg(Xs) =P(s)log2+ O(1), s \ 1.
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The second moment poses slightly more challenge. At one point in its calculation
we use the following estimate

1

2
1 1 9
Z Z IOg ( s(m—1) ) = Zp Zmzz log (m) (p23(711171) - 21)(2"}71)5 + W)

psm

P m>2

Using the prime number theorem we see that

log 1
Z Z 2m ~ Em>2 Zn>2 (n?fg(nmz)"’

p m>2
1 m
= O(nlogn)2 ZnZQ ((nlogn)2)m—1
— 1 1 —
o C("10gn)2(1_ nlogn) 2
< ’#
~  (nlogn)?

Which implies

¥y log%m 0(1), ,s — 1.

P m>2

Similar estimates lead to the conclusion that

2
ZZlog (Ui 5 plm> =0(1), s = 1.

m>2
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Thus for the second moment we get

—EZlog cp(s

Flog? oo(X

—EZlog cp(s

)+ 1) log(cq( )+1 +EZlog2(cp(s)+1)

Z log(cp (s

)+ 1)log(cy(s) + 1)

pF#q P
E E log(m) log(1) (1 —1 ) (1 L )
- s(m—1)  nsm s(i—1) sl
s P ( ) p q (1-1) q

+ZZlog

1 1
s(m 1) psim

P m>2
2
Z Z IOg < 57711 1) 3m)
pFqgm,l>2 p
1 1 1
_Z Z>:210g < s(m—1) ) +Zz>:210g ( s(m—1) psm>
P m P m

= [ P(s)log2 + Z P(sm)log(1 + %) Z Z log?(m

1 1\?
sm 1)_p57m

m>2 p m>1
s)log? 2 + Z sm) log(1 + )logm(m—|—1)
m>2
1
=P*(s)log® 2+ 2P(s)log2 » _ P(sm)log(1 + —) + P(s) log* 2 + o(1).
m
m>2
This leads to
1
(46)  war(X;) =P(s)log2 22 sm)log(1 + )+log2 + o(1).

m>2
We make some remarks.
Remark. e In the special case f(p) = 1 this gives the Erdés-Kac CLT. The

Lindeberg-Feller Central Limit Theorem can be applied with ease in this
setting.

o Since limg g % = ¢(b) the CLT for w;(Xs) may be rephrased

. ] o(b) s
gl\niP O <z @(x), Jj=12, , o(b)
#(b)

o The random variables Q(X,) and Q;(X;) also satisfy a CLT. This case is
quite easy. Due to Proposition[5.9 we have

Q(X,) = QM) + Q(N,)
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where Q(My) is a Poisson random variable with parameter P(s), Q(N;) has
a limating distribution and M and N, are independent. Since limg\ 1 P(s) =
00, it follows that (U Ms) — P(s))/+/P(s) has a limiting standard normal

distribution and this is inherited by Q(Xs) since Q(Ng)//P(s) tends to
zero. A similar argument can be made for the ;(X )

9. BERRY-ESSEEN ESTIMATES

In this section we consider the rate of convergence to the normal distribution
w(X,s)—P(s)

P(s)
by Rér\éf;nd Turdn. See the book by Elliot [E] for an account of the history of
this problem for the uniform distribution. The rate of convergence to the normal
distribution is essentially the same. One matches up the uniform and the ((s)
case by, given N, selecting s so that E[w(X;)] = Flw(Yy)]. This leads to P(s) =
loglog N. Due to the fact that P(s) + O(1) = log((s) we could also choose s so
that {(s) = log N, or equivalently s = 1 + @. The rate of convergence in the

uniform case is 1/+/loglog N and for the ((s) case it is 1/4/P(s). As in 7 the

characteristic function of %{f(s) is
S

for . Our result is the analog of the uniform case which was established

w (1 - exp{—Z=})*
}—1DP(s) — iT\/P(S)} exp { — Z \/T P(ks)

k
k=2

iT

s(T) = ex exp{ ——

¥s(T) = exp {( % 0

A Berry-Esseen estimate will rely on the difference between the characteristic func-

w(Xs)—P(s)
VE(s)

Lemma 9.1. For all |7] < y/P(s),

-2
tion of and e” 7.

(47) |¢S<T>—e-’5|<e-’5< " +T2Pfs))<1+o<m.

Proof. To this end, write

oo (1 —exp{—Z=})"
M (1) = exp —Z \/7 P(ks)

so that

2 2

$s(1) — 77 =exp{(ex } DE(s) —im/P(s)} Ms(r) — e~ %

(48) =exp{(exp{ —= } 1) — ity /P(s)} —e”
+ exp{(exp{ —= } DP(s) — it/P(s) H{(My(T) —

=I+1I.
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As for I, we have
(49)

| 1| =] exp{(exp{

s) — 17/ P(s)} — e‘é
F ) — iry/P(s)} |
[ exp{(exp{ —m— F — 1)P(s) — iry/P(s)} — e~ 7|

2

=e~ 7 |exp {(COS( IP’(S)) — 1)P(S) + 5 + 'L(P(S) Sin( IP’(S)) - T\/@)} - 1|
Y T I
S CEE R R

= It oqy),

S€ 7 Ble)p/si

Now for I we have the estimate

11 =| exp{(exp{%} —1)P(s) — ir/B() H(M,(r) —

(o) < T rOUNVEDIT ()~

[e%e) (1 —CXp{ i })k
2
— o~ T O/ /B()T? _ P(s)

e | exp{ ,522 :

P(ks)} — 1

And thinking of exp{ \/;:(7)} as a point on the unit circle, it follows that

il

1 —exp{ i H <
—ex < .
VEP(s) VP(s)
From it follows that lim, o M(7) = 1. Thus on taking the derivative in 7 of
the right hand side of [50] we see

(51)

oo

(52) M{(7) = D P(ks)

T
1—ex

( ot VE(s)
Using |51|in . we see that hmT_,O M!(7) = 0. Differentiating one more time,

o0

1 (1 — exp{

F=1p(ks
o) 2 ]P’(s)}) (ks)

M(7) =M(r)

(53)
NE2P(ks).

1 oo
Mgy T~ L el

Using [51|in [53| we see that lim, o M/ (7) = —E;((QSS)).
This implies that as 7 — 0, one has

72P(2s)
4 M, -1 < ————=(1 1)).
(54) [M(r) —1] < B(s) (1+0(1))
Thus, returning to [50] and using [54] the lemma follows. O

We can now give the Berry-Esseen Theorem in the present setting.
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Theorem 9.2. There exists a positive constant C' such that if Fy is the distribution
w(Xs)—P

function of \/@(S) then for all x,

C
P(s)

Proof. By a standard computation for the first inequality, see the proof of the
Berry-Esseen Theorem in ([D], Theorem 3.4.9), and using |47, we have

VE(s) 7§ dr 24
|Fu(z) — 2(2)] < =Y e () =TI+ s

1 VPG 22 7| T2P(2s) dr 24
Trff ]P’(s)e ’ (y/IP"(s)_'_ P(s) >(1+O(1))ITI+M/P(S)

]P’(s
(

P(s)

|[Fs(2) — @(2)] <

IN

IrlB) g 4 2
T P(s) ) T+ 7/ P(s)

IN

Recall that log ¢(s) = P(s) + O(1) so \/P(s) ~ /—log(s — 1) as s \, 1.
10. LARGE AND MODERATE DEVIATIONS

In this section we establish large and moderate deviations for w;(X,), w(Xs), Q;(X5),
and Q(X;). Our results are the ((s) analogs of those of Mehrdad and Zhu [MZ] which
were established for the case of the uniformly distributed Y. Due to Proposition
it becomes particularly transparent that the large deviation functional for w(X5)
is the same as for the Poisson distribution. We can establish large and moderate
deviation results using the Géartner-Ellis Theorem, [DZ]. For this we already have
the logarithmic moment generating function of w(Xj). Define

As(t) =log E {etwéif)} .

Then, for ¢ in a suitable interval containing 0,

1 > 1—&m@)
— ot/B(s) _ - -
Thus,
1
lim —— A, (P =e' -1
(55) i s A (B(s)0) = ¢

Then one easily checks that

log E [ P(S)twlgfif)} =ef — 1.

(56) hm1 IP’( ]

is the analog of Assumption 2.3.2 in [DZ]. The Fenchel-Legendre transform of e! —1
is
(57) A (z)=zlogx —x + 1,

which satisfies the conditions of Lemma 2.3.9 again in [DZ]. Thus a direct applica-
tion of the Gartner-Ellis Theorem yields
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Theorem 10.1. For any closed subset F' of R,

. 1 w(Xy) i
N < — —
hril\sw;lp 0s) log P ( P(s) € F) ;Ielg(.%' logz —x+1)

and for any open subset G of R,

L 1 w(Xs) )
- > _ .
hISH\l{lf 5 log P ( Ps) € G> ;gg(m logz —x+1)

Using the logarithmic moment generating function of w(X;) we can also derive
a moderate deviation principle. In this case, using [27|one has for « € ( %, 1),

w(Xe) —E(s) t2
58 limP(s)' **logE e =& | = —.
(59) liy B(5) 2 log 7| “F5° | =
The Fenchel-Legendre transform of this is
)\2
AN = —.
=3

Again, Assumption 2.3.2 in [DZ] holds and the conditions of Lemma 2.3.9 in [DZ]
are satisfied. Thus we have the following moderate deviation result.

Theorem 10.2. Let a € (3,1). For any closed subset F of R,
. 1 w(Xs) —P(s) 2P
1 ——— logP| ——————2 € F| <—inf —
TP prai(s) 8 ( Po(s) = e 2
and for any open subset G of R,

.. 1 w(Xs) —P(s) ., x?
S > — —.
hﬁn\j{lf p2a—1(s) log P ( Po(s) ¢ llrelg 2

Similar large and moderate deviation results can be easily proven for Q(Xj), w;(X;)
and Qj (Xg ) .

11. DIRICHLET SERIES AND BIASED SAMPLING

In this section we consider sampling methods related to Dirichlet series. Let
a={a,:n=1,23, -} beacompletely multiplicative sequence and for simplicity,
assume a, € D = {z € C : |a,| < 1}. The most general form of such completely
multiplicative functions are given by starting with a general function a : P —
D, simply extend to arbitrary n = Hlepfi by setting a,, = Hlea%’; to obtain a
completely multiplicative function defined for all values of n. We will sometimes
use the fact that if a is completely multiplicative then so is the sequence a? where
a? = (a2). One example will be a, = a € [—1,1], p € P. This leads to the completely
multiplicative function a,, = a®(™). Another example would be given by taking
0<a<b<1andsettinga, =aif p=1 mod4 and a, = b if p =3 mod 4.
Then for general m we have a,, = a*M)p%m)  where Q;(m) is the number of
prime factors of m congruent to ¢ mod 4. Such multiplicative sequences determine

a Dirichlet series defined by

—1
L(a,s):ZZZ:Hp(l—Z’S’) .

n>1



28 M. CRANSTON AND A. PELTZER

When the a,, are non-negative real numbers, consider sampling a positive integer,
X2, according to the following distribution

1 a,

(59) P(X2=n)= T ns

We call this distribution the ((a, s) distribution.
In the case of the example a, = a®™ a > 0, the integer is sampled with the
Riemann zeta distribution with a size bias that discriminates against integers with
more prime factors. For general completely multiplicative a we shall say X2 has
the ((a, s) distribution. In the case of the example a, = a*(Mp?(") the integer
is sampled with the Riemann zeta distribution with a bias that prefers numbers
with prime factors congruent to 3 mod 4 over prime factors congruent to 1 mod 4.
The completely multiplicative property of {a,} allows a similar analysis to the case
an, =1 carried out previously.

We now give four examples of results using Dirichlet series in determining sta-
tistical properties of the ((s) distributed random variable X.

e Our first example of how Dirichlet series come into play is in considering
the parity of Q(Xy). Define a,, = (71)9(”). Then a,,, = a,,a, for all pairs
of positive integers m, n. Thus, for this choice of a,

E[(-1)?%)) = Ly, B

But E[(—1)¥X)] = P(Q(X,) is even) — P(Q(X,) is odd) so we obtain
the result

P(Q(X,) is even) = P(Q(Xs) is odd) + Cf(i;

~ P(Q(X;)is odd) + 7T?2(5 —1)2, s\ 1.

e Our second example arises in the context of "square full” numbers. A
number 7 is called square full if it satisfies p|n implies p?|n. That is every
prime factor of n appears at least twice in the prime factorization of n.
Using Dirichlet series we can show

¢(25)¢(3s)

P(X is square full) = C(5)C(65) "

Indeed, the multiplicative function we need for this is simply a, = 1 when
n is square full and a,, = 0 otherwise. Then a,, is a multiplicative function
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and
P(X; is square full) = C(ls) Zn21 o3
_ 251, (1 Yo ;':,Z'j)

p2"*p"+1
P ( s (p* 1)))

= Ok

_ 1 p3s+1

= o (7(]03“)]03@3,1)))

_ 1 (P**+1)p~3°

= O ((p%—l)p*s)

_ | Mg

= <<s>HP17p;g

_ 1 - P55

= a4

_ C(25)C(3)
C(-)C(69) -

e Our third example involves the statistics of square free numbers. One
can easily express P(Xjis square free) using multiplicative functions and
Dirichlet series. For this we take p to be the Mo6bius function. That
is u(n) = (=1)* if n is the product of k distinct primes and otherwise,
w(n) = 0. Then p(n) is a multiplicative function, as is pu? which becomes
the indicator function for square free numbers. So,

P(X, issquare free) =E[u?(X,)]
1
5
_ 1 12 (p)
L, <1+ ps )
11—
:EHP — %
1
- ((2s)

We can’t refrain from noting that

P(X is square free) ~ —, s\, 1.
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We now examine some generic properties of the ((a,s) distribution when the
sequence a is completely multiplicative. First,

1 a
Pkl X2) =—— =
(kIX3) L(a’s)%n:”s
1 a
(61) _ nk
L(a,s) nz;l (nk)s
_
=
From this we derive the crucial property that for p, ¢ € P, there is the independence
P(p| X3, q|X3) = P(pq|X?)
- (pf;;s
= P

= P(pIX3)P(q|X?).
We have established the following proposition.
Proposition 11.1. Let X2 be defined as in . Then X2 has a prime factorization
X2 = prf’p(S)

where the random variables {r,(s) : p € P} are independent geometrically dis-

tributed with parameter (1 — Z—'ﬁ)?
a\F
Pl 20 = (2) .

As a consequences of Proposition we have

X2 = rihyy Sas 22

L(a,s) n>1 ns

L(a,s—1)
L(a,s)

from which we deduce that X2 has a finite expectation at least for s > 2 which is
the case for a,, = 1. Define
Pa(s) = > 22,

rd
Theorem 11.2.
(62) Elw(X?)] = Pa(s).
(63) E [w(xg)ﬂ = Pa(5)? — Po2(25) + Pa(s).
(64) var(w(X2)) = Pa(s) — Paz(2s).
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For t < Inl and s > 1, if f is a bounded strongly additive function such that
f@™) = f(p), p€P, m=>1, then

apetf ()

(66) B — 11, | (1-%2) Y

pb psm

and

(67) B = exp{(e! — 1)Pu(s)} exp{— 5y Lot Py(ms)}
For t <0,

(68) EeX = exp { (e" —1) Pa(s)} exp {Zm>2 (WT_l) Pa(ms)} .
For t <In2

(69) Eet(Q(XS)_w(XS)) — Hp (1 _ Z%) (1 + L) .

pS—apet

Proof. The proof of this Theorem is a minor variation of the proof of Theorem
and we place the computations in the Appendix for the interested reader. O

We observe, that as in the case a, = 1 the random variables Q(X2) — w(X2)
have a non-degenerate limiting distribution as s “\ 1.

We now turn to the decomposition of Lloyd [L] in the present context. Since the
random variables {r,(s) : p € P} are independent geometrically distributed with
parameter (1 — %), this results in

ap

1— 25
(70) Eel™n() — P
1— 2&7

p°

Dividing by the moment generating function of a Poisson random variable u,(s)
with parameter ;—_’; gives

1— 2 >
(71) e = ) Am(s)e™
B E 2
where
a ap Zp ap m
A2 (s)=(1—=L)er  (=)"o(m), m=0,1,2,
p® p°
and
m 5
(-1
o(m) = m
=0 I

Three important observations are

e {X\2(s):m=0,1---}is a probability mass function on Z* for each s > 1
which is non-degenerate at s = 1.

e \3(s)=0

[ ]

9oy 32 dp

lim A2 (s) = (1 — er —o(m), m=0,1,2,---
lin A%, () = (1= ) 22.o(m)

is a well-defined probability distribution on N.
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We can thus construct two independent sequences, such that for each p € P and
s > 1 we may write

d
rp(s) = up(s) + vp(s),
where the sequences {u,(s) : p € P} and {v,(s) : p € P} are also independent,

up(s) is Poisson with parameter % and P(vp(s) =m) = A (s). Writing

M2 = Hpup(s)
p

Nsa — Hp“p(s)'
p

We then have the following Dirichlet series variant of an observation due to Lloyd
L.

and

Proposition 11.3. For any s > 1, there exist independent random variables M2, N2 €
N such that

X3 MZN,
= QME) + QUNE),
= Y ,ep Up(s) is a Poisson random variable with parameter Pa(s),

= exp{(et -1 Pa(s)} ,
B[] - o {2 (52) ).

Q(NZ) has a limiting nondegenerate distribution ass \, 1.

E [ otUME)

—

Proof. We'll give the computation for the moment generating function of Q(N?2).
Starting with since Q(NF) =3 vp(s),

E [etﬂ(Nf)} =II, ayle: it_l)i
(1_ ;s )6 ”

(72) —exp

Finally,
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and the right hand side is well defined since |a,| < 1 so the random variables (V)
converge in distribution as s N\, 1.
]

We see by that Q(X2) — Q(M2) = Q(N?) has a limiting distribution as
s\ 1. Consequently, (X?2) is nearly a Poisson random variable with parameter
Pa(s).

The ged(X2,Y2) where X2 and Y2 are independent has the ((a?,2s) distribu-
tion. To see this, write X2 = TT,p"»(®) and Y2 = TL,p"r(®), where {u,(s) : p € P} 4
{rp(s) : p € P} and the two sequences are independent. Then one can express
ged(X2,Y2) = M,p™»(&"ur(s) | But, r,(s) A uy(s) is a geometric random variable

a2

with parameter —&. This establishes the claim that ged(XE,Ys) has the ¢ (a2,2s)
distribution. This corresponds to our earlier result in the case a, = 1. As a conse-

2y —1
quence, limg\ 1 P(ged(X2,Y2) =1) = (Z a—g) = L(a;”) This extends easily to

ged(X®1 ... XaF) for k independent copies of the ((a, s) random variables, the
ged has a ¢(a*, ks) distribution.
The Erdés-Kac Central Limit Theorem holds for w(X?2) in the following form

Theorem 11.4.

(e P ) L
(73) lim P (IP’a(s) < b) =5 [me dz.

The proof is a minor variant of our earlier version of this theorem for the
case a, = 1 using the moment generating function for w(X?2). One can also use
Lloyd’s decomposition, the CLT holds for (Q(M?2) —Pa.(s))/v/Pa(s) and (w(X2) —
Q(M2))/+/Pa(s) converges to 0 in distribution as s N\, 1. The Berry-Esseen Theo-
rem as well as Large and Moderate Deviation results follow in essentially as in the
case a, = 1.

12. HARMONIC AND UNIFORM DISTRIBUTION, TAUBERIAN THEOREMS

Recall the harmonic distributed random variable Zn has the distribution

P(Zy=n)= Wln where ay = Zgﬂ 1 n € [N]. Using a Tauberian Theorem it’s

possible to transfer asymptotic results about the ((s) random variable as s \, 1 to
the same result for the harmonic distribution as N — oo. The relevant Tauberian
Theorem, found in Diaconis [D], is the following.

Theorem 12.1. Let {c,} be a bounded sequence of complex numbers. Then
1 Cn,
lim — — =c
s\ ((s) 7; ns
if and only if
1 c
lim — - =c
Ngnoo aN ; n ¢
(NB : the value of ¢ is the same in both cases.)

Translating this to probabilistic language, we have
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Corollary 12.2. For X, and Z, the {(s) and harmonic distributed random variables
respectively, the existence of

lim E =
lim Blex,] = ¢

is equivalent to the existence of the limit
lim F =
i Blezy] =

with the same value of ¢

We cite some examples.

o Let ¢, = @ where we've established limg\ ; E[¢()()(SS)] = 5 so it follows
then that limpy_, o E[MZL;V)] = % as well.

it(Q2(n)

e Another example is gotten by taking ¢, = e —«(), This sequence is

bounded and [69] gives

lim Bet((Xa)-w(X0) - 1) (1 — 1) (1 - 1) :
p

sN\(1 p— et
Consequently,

lim B0 -w(Zx) Z 1, (1 _ 1) (1 N 1t) _

s\l p p—e

e Recalling the result of Renyi [MV], we see that the limiting distributions
of Q(X;) — w(Xs) and Q(Zy) — w(Zy) are identical.
e Another result along these lines involves P(Zy is square free). In the previ-

ous section at We showed limg 1 E[p?(X;)] = limg 1 P(X; is square free) =
%. This immediately gives that limy_, P(Zy is square free) = %.
We can also extend asymptotic results for the ((s) distribution to the uniform by

means of another Tauberian Theorem. For this, let L(a,s) = > -, %= as before

where a, > 0 and define A(N) = 22[:1 ay. Then we have the Wiener-Ikehara
Tauberian Theorem [MV],

Theorem 12.3. Assume that
e [(a,s) extends to an analytic function in an open set containing
{Res > 13\ {1}
L(a,s)

for which lim\q O
e There is a constant C such that for all N > 1,

A(N) < CN.

e L(a,s) converges for Res > 1.
Then

lim iA(N) =a.

N—o00

We can restate Theorem [12.3]in probabilistic language as follows.

Corollary 12.4. Suppose a : ZT — R is a bounded multiplicative function and
assume that L(a, s) extends to an analytic function in an open set containing

{Res>1}\ {1}

If for some ¢ € R, lim,\ 1 Flax,] = ¢ then limy_o Flay,] =c.
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Using Corollary [12:4) we can derive asymptotic results for uniformly sampled
integers from the companion result for integers sampled according to the ((s) dis-
tribution. The advantage of this is that computations for the ((s) distribution are
easier than they are for the uniform distribution. So, one can make the computa-
tion for the ((s) random variable and transfer the result to the uniform random
variable by means of the Tauberian Theorem. We consider some examples.

e Take a, = @ We proved that

1 ay 6

lim Ela = lim — — = .
s\l [ax.] 5\14“(5)72118 w2

Thus, by Theorem we have

A}gnooE[ayN = hm —Zan——

The latter is a result of Kac [K|. The proof for the {(s) distribution was

much easier than the proof in the uniform case. We can also consider
2(n)
it

an =€ for which we proved that
P (Xs) 1 1 . 1

lim F i log s:|:]:[ 1— = 1+ 1_17’(1_—1_1> )
sN\(1 |: p( p) < ( p) ( p)
Thus,

. P(YN) 1 1. 1
lim F {e”log VN ] =I,1--)(1+(1—--)" <(1 — )= 1>
and so L(XS 2) and YN 20M) have the same limiting distribution.

e We can also apply thlS to the sequence a, = e H((M—w() ¢ > (. The
Tauberian Theorem then implies

. 1 1
=1, 12) 142

As mentioned earlier, this asymptotic result for the sequence Yy is originally

due to Renyi [MV]. It’s proof in the X was a straightforward calculation.
e Finally, we mention the application to square free numbers, and for this we

take a, = pu?(n). Then, application of the Tauberian Theorem m gives

6
lim Elay,] = hm P(Yy is square free) = —.
N—o0 N—o0 ™

13. APPENDIX

Simple variants of earlier computations reveal the following:

Elw(X3)] = >, Ellr,(5)>0]

= Pa(s).
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Ew(X:)Q =F Z 17‘p(s)>0
pEP

=E| Y Lry@>0lr(s)>0

p,qEP
(74) =F Z 1TP(S)>01T4(S)>O + B Z 17‘1}(5)>0
p#qEP pEP
apQ a
=D Ity
p°q p
p#qEP pEP
2
ap ag ap
-2 - > g2 > >
peEP peEP pEP

= Pa(5)? — Pa2(25) + Pa(s).
Consequently

(75) var(w(X2)) = Pa(s) — Paz(2s).

EIQ(X2)] =Y Elry(s)]
=33 Plry(s) 2 k)

p k>1
k
_ %)
ap

—
p P

We compute the moment generating functions for the random variables just as in
the case a,, = 1.

W(X?) = Z 17',,(s)>0
p

and

QX =D ry(s)

Recall that
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and then

o™ et (0™

tw(XE) — %
Ee ( ? m>0 psm,

)2
anLet
(1 + Zm>1 ps™ )
= ,ep (e ( ‘o (1- )
= Ilpep ((et - 1)% + 1)

= exp{zpep log ((e - 1) + 1)}
= exp{ T ep Yo (1) DT
= exp{Sp_, (- S

= exp{ Lo (- 1) TR (ms))
— exp{(e' — )Py (s)} exp{— 22, U="P, (ms)}.

In a similar fashion, for ¢ < 0,

tQ2(p™)
tQ(X2) a ay'e
Betax) (1~ ) 5,00 o
t)m

= I, (1 — ;LTP) ZmZO (azm

- Myep(l— 2)(1— %)

_ exp {zpep (ln(l — %) —In(1 - p))}

_ oo (ape)™ ay’

= exp {Zpe’P Zm:] ( mp™s - mp™s )}
m.( mt_q)

= €Xp {ZPG'P Zm 1 mepms }

= exp {ano_l <e":1—1) Pa(ms)}

— exp { (et —1) Pa(s)} exp {z;j_Q (e”f;l) ]P’a(ms)} .

Again, similar to the computation for a,, = 1,
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m  t(2(p") —w(p™))
HOUXD) —w(X2) _ a arte
BOOD = (1 ) 5,
m t(m,—1)+

a, e
= I, (1 — ?Tp) ZmZO B

a™et(m—1)
1,1 32) (14 3+ T F5 )

t

a’e apet m
= Hp(l—lﬁ’)(l‘f'pﬁ*'}ﬁszmm(ps) )

2t
(1= 38) | 14 58 + ——

t
p® p2e(1— “5:

m (3 (1 %)
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