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ABSTRACT 

 

Calibration and Validation of Generalized Bathtub Model with Boston’s Bluebikes Data 

By 

Joseph Lo 

Master of Science in Civil and Environmental Engineering 

University of California, Irvine, 2021 

Professor Wenlong Jin, Chair 

 

Most existing traffic flow models rely on data collection methods that require a detailed 

layout of networks with compilations of recorded individual trip data. Although these procedures 

have been reliable, they also possess disadvantages such as high computation costs and a lack of 

privacy protection. Thus, in search of a lower cost alternative that can also effectively protect 

consumer privacy, we analyzed the Bathtub traffic flow model as a potentially viable data 

collection protocol.  

To test whether concepts can be proven, conservation equations can be consistent, and 

outputs can be obtained with accuracy through the Bathtub model, I performed model calibration 

and validation on data provided by Bluebikes, Metro Boston’s public bike share program. The 

following components were tested: unified relative space paradigm, conservation equations, and 

Bathtub model. These components were tested through the following steps: data organization, 

definition of steps, Bathtub model selection, Bathtub variables, Bathtub relative variables, 

average speed, conservation equation validation, and model solution. 

The unified relative space paradigm unified the network trips using remaining trip 

distances. Bluebikes trip distance distribution showed a log-normal distribution, which failed to 
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meet the negative exponential and time-independent trip distance distribution assumption. The 

conservation in total trips equation was validated with perfect accuracy, while the conservation 

in trip-miles-traveled equation was validated with good accuracy. The generalized Bathtub 

model solution also produced accurate results, where space-mean speed yielded the best results.  

Given the model’s novelty and potential for privacy-preservation and application, there 

are many possibilities for future study, such as: data collection protocols with the Bathtub model, 

compatibility with other transportation modes, and comparisons with reality. This study 

establishes the preliminary step in putting theory to practice, as we aim towards application. 
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1. INTRODUCTION 

Most existing traffic flow models consider networks microscopically, wherein roads and 

routes are viewed as discrete units and serve as connections between traffic analysis zones 

(TAZs). In this traditional paradigm, traffic analysis requires a detailed layout of the network 

topology and origin-destination (OD) demand (Jin, 2020). Thus, under existing frameworks, all 

streets in a network need to be considered and individual trip data on where people are coming 

from and going to must be recorded and compiled. Although the traditional data collection of 

ODs and their analysis methods have proven to be reliable procedures in theory and in practice 

within the industry, they possess significant disadvantages in both cost and privacy protection. 

Due to the procedure’s required level of detail in network topology and OD demand inputs, it is 

costly to execute the model for the most accurate results. Furthermore, privacy issues regarding 

non-consensual data collection have surfaced in recent years, raising ethical questions about how 

we collect personal transportation data.  

1.1 Privacy 

Data collection methods are becoming increasingly sophisticated and adept at eliminating 

consumer agency in the process of collecting travel behaviors. This is an issue because agency 

removal hinders our decisions and abilities for self-revelation, which is at the core of our 

individuality. As Shilton states, “Privacy is a vital part of your identity and self-presentation. 

Deciding what to reveal to whom is part of deciding who you are” (2009). At the moment, the 

most advanced data collection methods involve using Big Transportation Data (BTD), such as 

Bluetooth and CCTV traffic counts, pedestrian counts with Wi-Fi, and activity detection with 

social media location data (Badu-Marfo et al., 2019). Altogether, BTD can provide real-time, 

accurate, and comprehensive information about travel behavior, which can build up a 



2 

 

surprisingly accurate picture of the consumer. While these new technologies may improve the 

efficiency and reliability of data collection, challenges arise particularly pertaining to the 

protection of individual privacy. BTD methods that trace individual trip ODs can quantify the 

patterns of personal lifestyles (Shilton, 2009). Furthermore, these BTD collection methods can 

be used without consent, posing a threat to individuals’ right to privacy (Stoeltje et al., 2019). As 

a result, many have sought to explore viable alternatives for greater privacy protection in data 

collection. Transportation agencies have begun using various methods to obscure “Personally 

Identifiable Information” (PII) and “Personally Identifiable Location Information” (PILI) data. 

Such techniques include but are not limited to k-anonymity, l-diversity, and t-closeness (Badu-

Marfo et al., 2019).  

1.2 Motivations 

As an alternative to the traditional methods, using the Bathtub model to conduct data 

collection may be a viable and effective protocol that innately protects the privacy of individual 

travel behaviors. As a traffic flow model that looks at a network macroscopically, the Bathtub 

model eliminates the need for detailed network topology, making it a much simpler and cost-

effective model that can still theoretically capture network dynamics. Furthermore, the model 

operates under a new paradigm that does not require OD demand as inputs, thus negating the 

need for ODs in personal trip data collection. With less information required from each personal 

trip, this data collection method can enhance the privacy of individuals’ whereabouts. This study 

is motivated by a recognition of the current data collection systems’ shortcomings and the 

discovery of potential opportunities in theory that may have practical solutions to these 

problems. This study will focus on calibrating and validating the Bathtub model with real data, 

and establish the criteria needed for further validation, applications and development. 
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2. THE BATHTUB MODEL 

The Bathtub model, first introduced by William Vickrey in 1991, is a traffic flow model 

that views each road network as a single unit of roads with the same traffic conditions. The term 

“Bathtub model” was coined due to the similarities between the model’s depiction of traffic flow 

and water flow in a bathtub – both types of flow enter the system, fill up the system, and empty 

with time (Vickrey, 2020). Compared to the traditional models of traffic data collection, this 

model views a network macroscopically, requiring fewer input variables to obtain the essential 

outputs required in capturing network dynamics. This effectively reduces the amount of 

information collected from consumers, thus improving their privacy protection.  

Named after the function of a bathtub, this model captures the three main forms of water 

activity in a bathtub. The demand in trips is likened to the in-flow from a water faucet; the 

evolution of trips in a network is like the change in water levels as water enters and exits; the 

completion of trips is comparable to the water draining from the bathtub. Figure 1 shows the 

relationship between the demand, evolution, and completion of trips within a network. 

 

Figure 1: Demand, Evolution, and Completion of Trips within a Network 
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To understand the model used in this study, I introduce the unified relative space 

dimension and define network-wide trip variables. These variables include travel demand, active 

trips, average speeds, completion rate, and trip-miles-traveled. Then, I derive the Bathtub model 

through assumptions and conservation equations.  

2.1 Unified Relative Space Dimension 

In traditional models, a transportation network functions in absolute space. It is split into 

traffic analysis zones (TAZs), which are considered the origins and destinations of trips that are 

connected by roads and links. Imagine two trips of different origins, destinations, and routes in a 

network, as shown in Figure 2. Defining the trips in space and time would require specificity in 

their routes. Since their origins, destinations, and routes are different, the trips cannot be 

combined in the same space and coordinates. In other words, plotting these trips in space would 

require separate plots.  

 

Figure 2: Two trips in Absolute Space 

In contrast, the Bathtub model does not view the network as intricate roadways and links. 

By considering each trip’s remaining distance to its corresponding destination in a network, the 
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space dimension can be unified for all trips in the network. Consider a network where there are 

four trips that start at different times and have different trip lengths. Figure 3 illustrates four trips 

in the unified relative space dimension through a remaining trip distance versus time plot.  

 

Figure 3: Four Trips in a Remaining Distance vs. Time Plot 

On the plot, the vertical axis displays the remaining trip distance, and the horizontal axis 

displays time. As time progresses, remaining trip distance decreases. In this simple example, the 

trip trajectories are linear, meaning all vehicles are travelling at constant speeds. Under this 

relative space paradigm, ODs of trips do not need to be known.  
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2.2 Definitions of Network-Wide Trip Variables 

Table 1: List of Notations 

Variables Definitions 

𝐹(𝑡) Cumulative number of trips entering the network before time t 

𝑓(𝑡) Entering rate of trips 

𝐹(𝑡, 𝑥) Cumulative number of trips entering the network before time t with a trip 

distance greater than or equal to x 

𝑓(𝑡, 𝑥) Relative rate of entering trips with a distance not smaller than x 

𝛿(𝑡) Total number of active trips at an instantaneous time t 

𝛿(𝑡, 𝑥) Total number of active trips at an instantaneous time t with a remaining 

distance greater than or equal to x 

𝑣(𝑡) Average speed for all vehicles in the road network at time t 

𝑣(𝑡, 𝑥) Average speed for vehicles with a remaining distance x at time t 

𝐺(𝑡) Cumulative number of trips that are exiting the network before time t 

𝑔(𝑡) Exiting rate of trips 

�̃�(𝑡) Total trip-miles-traveled for entering trips 

𝑌(𝑡) Total remaining TMT of active trips at time t 

𝜌(𝑡) Vehicle density 

𝐵 Average remaining distance of active trips 
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2.2.1 Travel Demand 

To describe the travel demand of a network, we define the variable 𝐹(𝑡), or in-flow, as 

the cumulative number of trips entering the network before time t. To show 𝐹(𝑡), we return to 

the simple example of the four trips in a network. Time t is set and shown by the vertical dashed 

line. The cumulative trips that enter the network before t are all the starting points that appear to 

the left of the dashed red line. Thus, 𝐹(𝑡) = 3.  

 

Figure 4: 𝐹(𝑡) on Remaining Trip Distance vs. Time Plot 

𝑓(𝑡) is the entering rate of trips, which is the derivative of 𝐹(𝑡): 

𝑓(𝑡) =  
𝑑

𝑑𝑡
𝐹(𝑡).             (2.1) 

𝐹(𝑡, 𝑥) is the relative in-flow, which considers varying distances of trips and their effect on the 

network. It is defined as the cumulative number of trips entering the network before time t with a 



8 

 

trip distance greater than or equal to x. To illustrate 𝐹(𝑡, 𝑥), time t and distance x are set and 

shown as the vertical dashed line and horizontal dashed line respectively. The cumulative trips 

that enter the network before t and have distances greater than x are all the starting points that 

appear to the left of the dashed red line and above the dashed green line. Thus 𝐹(𝑡, 𝑥) = 2.  

 

Figure 5: 𝐹(𝑡, 𝑥) on Remaining Trip Distance vs. Time Plot 

𝑓(𝑡, 𝑥) is the relative rate of entering trips with a distance not smaller than x. It is the partial 

derivative of 𝐹(𝑡, 𝑥): 

𝑓(𝑡, 𝑥) =  
𝜕

𝜕𝑡
𝐹(𝑡, 𝑥).      (2.2) 

These three variables capture travel demand patterns. 

2.2.2 Active Trips 

 A trip is active between its entering and exiting point. 𝛿(𝑡) is the total number of active 

trips at an instantaneous time t and captures the queue size of the network. At a set time t, 𝛿(𝑡) is 
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the trip trajectories that intersect the vertical t line. This shows that the trip has already started 

and has not been completed yet. Thus, 𝛿(𝑡) = 3.  

 

Figure 6: 𝛿(𝑡) on a Remaining Trip Distance vs. Time Plot 

Likewise, 𝛿(𝑡, 𝑥) is the number of active trips at an instantaneous time t with a remaining 

distance greater than or equal to x. A time t and distance x are set on the remaining trip distance 

versus time plot. We consider the area above the horizontal dashed line, x, so there is now only 

one trip that intersects with the vertical t line. Thus, 𝛿(𝑡, 𝑥) = 1.  
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Figure 7: 𝛿(𝑡, 𝑥) on a Remaining Trip Distance vs. Time Plot 

2.2.3 Average Speeds  

 There are two distinguished types of speeds: time-mean speed (TMS) and space-mean 

speed (SMS). TMS is the arithmetic average speed of all vehicles during a time interval. SMS is 

the average speed of vehicles traveling a given segment of roadway during a time interval 

(Turner, S. et al., 1998), which is the harmonic mean of vehicle speeds. In this study, 𝑣(𝑡) is the 

average speed for all vehicles in the road network at time t, and 𝑣(𝑡, 𝑥) is the average speed for 

vehicles with a remaining distance x at time t. Both TMS and SMS are used as average speed 

values to determine which produces a better result in the solution. 

2.2.4 Completion Rate  

 𝐺(𝑡) is the cumulative number of trips that are exiting the network before time t. 𝑔(𝑡) is 

the exiting rate of trips and is the partial derivative of 𝐺(𝑡). 
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𝑔(𝑡) =  
𝜕

𝜕𝑡
𝐺(𝑡).        (2.3) 

All trips that have zero remaining trip distance before time t have exited the network. Thus, 

𝐺(𝑡) = 2.  

 

Figure 8: 𝐺(𝑡) in a Remaining Trip Distance vs. Time Plot 

 With the variables defined thus far, Figure 1 can be represented with variables in each 

category of demand, evolution, and completion. It is the network queue representation of a 

network trip flow system (Jin, 2020). 
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Figure 9: Network Queue Representation of Trip Flow System 

2.2.5 Total Trip-Miles-Traveled 

 The total trip-miles-traveled (TMT) for entering trips, �̃�(𝑡), is the total demand for a road 

network. �̃�(𝑡) is obtained by summing the trip distances corresponding to the points of trip 

entries before a certain time. In the remaining trip distance versus time plot showing 𝐹(𝑡), the 

distances are added up to arrive at �̃�(𝑡). From figure 10, the equation for �̃�(𝑡) is given by: 

�̃�(𝑡) =  �̃�1 + �̃�2 + �̃�3.     (2.4) 

 The total remaining TMT of active trips at time t is represented by 𝑌(𝑡). It is obtained by 

summing the distances of active trips at a certain time. In the remaining trip distance versus time 

plot showing 𝛿(𝑡), the distances are added up to arrive at 𝑌(𝑡). From figure 11, the equation for 

𝑌(𝑡) is given by: 

𝑌(𝑡) = �̇�1 + �̇�2 + �̇�3.      (2.5) 
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Figure 10: �̃�(𝑡) in a Remaining Trip Distance vs. Time Plot 

 

Figure 11: 𝑌(𝑡) in a Remaining Trip Distance vs. Time Plot 
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2.3 Conservation Equations 

 The first equation is the conservation in total trips: 

𝛿(𝑡) = 𝛿(0) + 𝐹(𝑡) − 𝐺(𝑡).              (2.6) 

 The second equation is the conservation in trip-miles-traveled (TMT). It is given by: 

𝜕

𝜕𝑡
𝑌(𝑡) =

𝜕

𝜕𝑡
�̃�(𝑡) − 𝛿(𝑡)𝑣(𝑡).                    (2.7) 

The third equation is the conservation in relative number of trips. It is given by: 

𝜕

𝜕𝑡
𝛿(𝑡, 𝑥) − 𝑣(𝑡, 𝑥)

𝜕

𝜕𝑥
𝛿(𝑡, 𝑥) = 𝑓(𝑡, 𝑥).         (2.8) 

2.4 Assumptions 

 There are three assumptions made in the Bathtub model. Firstly, the model assumes all 

roads are undifferentiated – that is, all active trips at different locations have the same speed at 

the same time. This assumption negates the remaining distance x, thus treating the road network 

as a single unit.  

𝑣(𝑡, 𝑥) = 𝑣(𝑡).             (2.9) 

With this assumption, equation (2.8) becomes: 

𝜕

𝜕𝑡
𝛿(𝑡, 𝑥) − 𝑣(𝑡)

𝜕

𝜕𝑥
𝛿(𝑡, 𝑥) = 𝑓(𝑡, 𝑥).               (2.10) 

Next, a speed-density relation for all vehicles in the network is assumed. That is, as the 

number of vehicles increase in the network, the average speed of the network decreases, and vice 

versa. Vehicle density, 𝜌(𝑡), is given by the number of active trips at time t divided by the total 

lane miles in the network: 

𝜌(𝑡) =   
𝛿(𝑡)

𝐿
 .           (2.11) 

The speed-density relation can be represented by: 

𝑣(𝑡) = 𝑉(𝜌(𝑡)).             (2.12) 
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The third assumption is that trip distances follow a time-independent negative 

exponential distribution. When this assumption is met, the derived Bathtub model is an ordinary 

differential equation (ODE), which was the model Vickrey discovered (Vickrey, 1991). 

However, in a general case, the assumption is unlikely met, as trip distance distribution is 

typically time-dependent log-normal (Martínez and Jin, 2021). In this case, the model is a partial 

differential equation (PDE). If the conditions allow, Vickrey’s model is preferred, as an ODE is 

simpler to solve. With these three assumptions defined, the Bathtub model can be derived. 

2.5 Bathtub Models  

 From equation (2.11), the speed-queue relation is: 

𝑣(𝑡) = 𝑉 (
𝛿(𝑡)

𝐿
).      (2.13) 

If the trip distances follow a time-independent negative exponential distribution, Vickrey’s 

Bathtub model is utilized. With 𝐵 defined as the average remaining distance of active trips, the 

model is given by: 

𝑑

𝑑𝑡
𝛿(𝑡) = 𝑓(𝑡) −

1

𝐵
𝛿(𝑡)𝑉 (

𝛿(𝑡)

𝐿
).    (2.14) 

If the third assumption is not met, the general form of the Bathtub model is given by: 

𝜕

𝜕𝑡
𝛿(𝑡, 𝑥) − 𝑉 (

𝛿(𝑡)

𝐿
)

𝜕

𝜕𝑥
𝛿(𝑡, 𝑥) = 𝑓(𝑡, 𝑥).      (2.15) 

The unknown variable is 𝛿(𝑡, 𝑥), the boundary condition is 𝑓(𝑡, 𝑥), and the model can be solved 

with the initial condition 𝛿(0, 𝑥).  
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3. METHODOLOGY 

Since the Bathtub model has not been put to substantial application with real data, in this 

study, model calibration and validation involves testing whether concepts can be proven, 

conservation equations can be consistent, and outputs can be obtained with accuracy. To do this, 

I tested the following components: (a) unified relative space paradigm, (b) conservation 

equations, and (c) Bathtub model. These components will be tested through the series of steps 

shown in the methodology flowchart in figure 12: 

1) Dataset Organization 

a. Data Setup 

b. Data Sorting and Pre-Processing  

2) Definition of Steps 

a. Time Steps 

b. Distance Steps 

3) Bathtub Model Selection 

4) Bathtub Variables 

5) Bathtub Relative Variables 

6) Average Speed 

7) Conservation Equation Validation 

8) Model Solution  
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Figure 12: Methodology Flowchart 
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3.1 Data Organization 

3.1.1 Data Setup 

 The first step is data setup, which involves gathering the essential trip information: (i) 

enter times, (ii) trip distances, (iii) exit times, (iv) trip durations, and (v) average speeds. 

3.1.2 Data Sorting and Pre-Processing 

 The next step is data sorting and pre-processing. A trip sorting table is constructed that 

contains the essential trip information. The entering times of trips should be listed in order from 

least to greatest. There may be cases of outliers in the data which may affect the outcome of 

calculations in later steps. These need to be filtered out of the data accordingly.  

3.2 Definition of Steps 

3.2.1 Time Steps 

 Time steps (t) are defined to capture network dynamics at recurring time periods. To 

define time steps, we set time intervals, ∆𝑡, to be the time between two time steps. It should be 

set at an interval that would observe the network at a high frequency. For period 𝑖 = 1,2,3, … , 

time steps (t) can be given by:  

𝑡 = 𝑖 ∗ ∆𝑡.           (3.1)  

3.2.2 Definition of Distance Steps 

 Distance steps (x) are defined to capture network dynamics at recurring distance periods. 

To define distance steps, we set distance intervals, ∆𝑥, to be the distance between two distance 

steps. It should be set at an interval that would observe the network at a high frequency. For 

period 𝑖 = 1,2,3, … , distance steps (x) can be given by:  

𝑥 = 𝑖 ∗ ∆𝑥.           (3.2)  
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3.3 Bathtub Model Selection 

 To select the appropriate Bathtub model, we test whether trip distances follow a time-

independent negative exponential distribution, which is the third assumption. A histogram of trip 

distances is plotted to check if the distribution is: (i) negative exponential, and (ii) time-

independent. If the distribution fails to meet (i), then there is no need to check (ii), and the third 

assumption is not met.  

3.4 Bathtub Variables 

 The five Bathtub variables that are calculated include: 𝐹(𝑡), 𝛿(𝑡), 𝐺(𝑡), �̃�(𝑡), and 𝑌(𝑡), 

which are the in-flow, active trips, out-flow, total TMT of entering trips, and total remaining 

TMT of active trips respectively.  

3.4.1 In-Flow, 𝐹(𝑡)  

𝐹(𝑡) is obtained by conditional logic. A trip is counted if its entering time is at or before 

the time corresponding to the time step. Let a trip’s entering time by denoted by 휀, then 𝐹(𝑡) is 

given by: 

휀 ≤ 𝑇𝑖𝑚𝑒(𝑡) → 𝐹(𝑡).          (3.3) 

3.4.2 Active Trips, 𝛿(𝑡) 

 𝛿(𝑡) is also obtained by conditional logic. A trip is active under the following conditions: 

(i) the entering time of the trip is after the initial time of data collection; (ii) the entering time of 

the trip is at or before the time corresponding to the time step; (iii) the exiting time of the trip is 

at or after the time corresponding to the time step. Let a trip’s exiting time by denoted by 𝜃, then 

𝛿(𝑡) is given by: 

휀 > 𝑇𝑖𝑚𝑒(0) ∧ 휀 ≤ 𝑇𝑖𝑚𝑒(𝑡) ∧ 𝜃 ≥ 𝑇𝑖𝑚𝑒(𝑡) → 𝛿(𝑡).    (3.4) 
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3.4.3 Out-Flow, 𝐺(𝑡) 

 𝐺(𝑡) is obtained similarly to in-flow. A trip is completed if its exiting time is at or before 

the time corresponding to the time step. It is given by: 

𝜃 ≤ 𝑇𝑖𝑚𝑒(𝑡) → 𝐺(𝑡).         (3.5) 

3.4.4 Total TMT of Entering Trips, �̃�(𝑡) 

 Let �̃� be the trip distances corresponding to the entering trips at or before t. To find the 

total TMT of entering trips, �̃� is summed. Then �̃�(𝑡) is given by: 

�̃�(𝑡) =  ∑ �̃�𝑖
𝑛
𝑖=1 .      (3.6) 

3.4.5 Total Remaining TMT of Active Trips, 𝑌(𝑡) 

Let �̇� be the remaining trip distances corresponding to the active trips at t. To find the 

total TMT of active trips, �̇� is summed. Then 𝑌(𝑡) is given by: 

𝑌(𝑡) =  ∑ �̇�𝑖
𝑛
𝑖=1 .      (3.7) 

3.5 Bathtub Relative Variables 

 The two Bathtub relative variables are: 𝐹(𝑡, 𝑥) and 𝛿(𝑡, 𝑥), which reflect the demand and 

queue of the network respectively.  

3.5.1 Relative In-Flow, 𝐹(𝑡, 𝑥) 

 For relative in-flow, a trip is counted if (i) the entering time is at or before the time 

corresponding to the time step, and (ii) the distance is greater than or equal to the distance 

corresponding to the distance step. Let a trip’s distance be denoted by d, then 𝐹(𝑡, 𝑥) is given by: 

휀 ≤ 𝑇𝑖𝑚𝑒(𝑡) ∧ 𝑑 ≥ 𝐷𝑖𝑠𝑡𝑎𝑛𝑐𝑒(𝑥) → 𝐹(𝑡, 𝑥).        (3.8) 
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3.5.2 Active Trips with Remaining Distance Greater than x, 𝛿(𝑡, 𝑥) 

 For 𝛿(𝑡, 𝑥), a trip is active under the following conditions: (i) the entering time of the trip 

is after the initial time of data collection; (ii) the entering time of the trip is at or before the time 

corresponding to the time step; (iii) the exiting time of the trip is at or after the time 

corresponding to the time step; (iv) the remaining distance is greater than or equal to the distance 

corresponding to the distance step.  

휀 > 𝑇𝑖𝑚𝑒(0) ∧ 휀 ≤ 𝑇𝑖𝑚𝑒(𝑡) ∧ 𝜃 ≥ 𝑇𝑖𝑚𝑒(𝑡) ∧ 𝑑 ≥ 𝐷𝑖𝑠𝑡𝑎𝑛𝑐𝑒(𝑥) → 𝛿(𝑡).  (3.9) 

3.6 Average Speed 

 TMS is calculated by taking the arithmetic mean of speeds corresponding to the active 

trips at time t. SMS is calculated by taking the harmonic mean of speeds corresponding to the 

active trips at time t.  

3.7 Conservation Equation Validation 

 After acquiring the Bathtub variables,  the first and second conservation equations are 

tested for validation. Since the Bathtub model is derived from the third conservation equation, 

the solution also tests the third conservation equation.  

3.7.1 Conservation in Total Trips 

Recall the conservation of total trips. Re-arranging equation (2.6), an expression for 𝐺(𝑡) 

is obtained: 

G(t) =  𝛿(0) +  𝐹(𝑡) −  𝛿(𝑡).     (3.10) 

Using the Bathtub variables, 𝐺(𝑡) that was calculated from equation (3.5) is compared with this 

𝐺(𝑡) from the conservation equation. If these values are the same, it confirms that the steps taken 
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thus far do not violate any fundamental laws of conservation. 𝛿(0) is the number of active trips 

at the initial time.  

3.7.2 Conservation in TMT 

 Recall the conservation in TMT in equation (2.7). The equation is discretized to 

simplify the calculation:  

𝑌(𝑡+∆𝑡)−𝑌(𝑡)

∆𝑡
=

�̃�(𝑡+∆𝑡)−�̃�(𝑡)

∆𝑡
− 𝛿(𝑡)𝑣(𝑡).    (3.11) 

The left-hand side (LHS) and right-hand side (RHS) of equation (3.11) is compared to test the 

validity of the second conservation equation. Since the RHS involves the average speed term, 

both SMS and TMS are used to test the conservation equation. 

3.8 Bathtub Model Solution 

3.8.1 Simplified Discrete Bathtub Model 

With all the variables acquired, the Bathtub model can be solved. Recall equation (2.15), 

which shows the equation that will primarily be used to solve the model. To solve the model, 

equation (2.15) is discretized and substituted with terms that simplify the solution. The three 

terms that need to be discretized or substituted are: 
𝜕

𝜕𝑡
𝛿(𝑡, 𝑥), 

𝜕

𝜕𝑥
𝛿(𝑡, 𝑥), and 𝑓(𝑡, 𝑥). The 

discretized version of 
𝜕

𝜕𝑡
𝛿(𝑡, 𝑥) is given by:  

𝜕

𝜕𝑡
𝛿(𝑡, 𝑥) ≈  

𝛿(𝑡+∆𝑡,𝑥)−𝛿(𝑡,𝑥)

∆𝑡
.     (3.12) 

The discretized version of 
𝜕

𝜕𝑥
𝛿(𝑡, 𝑥) is given by: 

𝜕

𝜕𝑥
𝛿(𝑡, 𝑥) ≈

𝛿(𝑡,𝑥+∆𝑥)−𝛿(𝑡,𝑥)

∆𝑥
.         (3.13) 

The following term relates 𝑓(𝑡, 𝑥) to 𝐹(𝑡, 𝑥): 
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𝑓(𝑡, 𝑥) =
𝜕

𝜕𝑡
𝐹(𝑡, 𝑥) ≈

𝐹(𝑡+∆𝑡,𝑥)−𝐹(𝑡,𝑥)

∆𝑡
.    (3.14) 

The final expression of the simplified Bathtub model used in this study is shown: 

𝛿(𝑡+∆𝑡,𝑥)−𝛿(𝑡,𝑥)

∆𝑡
− 𝑣(𝑡)

𝛿(𝑡,𝑥+∆𝑥)−𝛿(𝑡,𝑥)

∆𝑥
=

𝐹(𝑡+∆𝑡,𝑥)−𝐹(𝑡,𝑥)

∆𝑡
.         (3.15) 

An accurate Bathtub model solution would yield similar outputs on the LHS and RHS of 

equation (3.14).  

3.8.2 Alternate Solutions 

We introduce an alternate method to obtain average speed. The second conservation 

equation (2.7) involves the average speed term, which we rearrange to arrive at a new expression 

for average speed, �̃�(𝑡).  

�̃�(𝑡) = (
�̃�(𝑡+∆𝑡)−�̃�(𝑡)

∆𝑡
−

𝑌(𝑡+∆𝑡)−𝑌(𝑡)

∆𝑡
) 𝛿(𝑡)⁄ .           (3.16) 

Using �̃�(𝑡), we can once again solve the LHS and RHS of the Bathtub model in equation 

(3.15).  
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4. DATASET 

 The dataset used for analysis needs to meet the following criteria: (i) trips are collected 

on a trip-to-trip basis; (ii) data includes: trip start time, trip end time, and trip distance. Together, 

criteria (i) and (ii) give sufficient information to form accurate network trip trajectories and 

determine all the necessary variables for the model. The nature of the model is compared to that 

of a bathtub: just as all water flow occurs within the limits of a bathtub, all traffic activity occurs 

within a clearly set cordon. Therefore, it is advantageous to choose a dataset corresponding to an 

island, or an area that has clear boundaries for the trips being considered, which would minimize 

confusion during data analysis.  

 Datasets collected on islands or in areas with clear boundaries were only considered if 

they did not compromise criteria (i) and (ii). Attempting to achieve this, I studied trip data in 

locations with clear borders such as Singapore, Hong Kong, and Hawaiian Islands. However, the 

available data in these regions were mostly given in average daily rates. Regional governmental 

vehicular traffic data are usually given in large scales, which does not suit this type of study. To 

acquire a dataset that is given by individual trips, I studied smaller regions, and found the city of 

Boston’s Bluebikes System Data.  

4.1 Bluebikes System Data 

 Bluebikes was founded in the Fall of 2007 as Metro Boston’s public bike sharing 

program. With over 3,000 bikes and 400 stations, the program spans the city’s municipal 

boundaries. Since each bicycle is part of the system, every trip is recorded into the system with 

the trip’s corresponding trip duration, start time, stop time, start station, end station, user type, 

birth year, and gender. Thus, criterion (i) is satisfied, as the trips are given individually in the 

dataset. For criterion (ii), trip start times, trip end times, and trip durations are given; trip 
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distances are approximated with the Haversine formula. Thus, criterion (ii) is satisfied with 

accurate trip start and end times and approximated trip distances. Lastly, the preference for the 

dataset to come from a region with a clearly set boundary is also met. Since Bluebikes only 

operates within Boston, trips would not start or end outside the city’s municipal boundaries. 

Figure 13 below shows a map of the Bluebike stations in Boston. 

 

Figure 13: Map of Bluebike Stations in Boston 

4.2 Data Organization 

 In the methodology chapter, we discussed data organization as a general first step in 

calibrating and validating the Bathtub model. To organize Bluebikes data, we introduce the data 

setup, sorting, and pre-processing that was performed in this study. 

4.2.1 Data Setup 

 As mentioned, Bluebikes trip data gives trip start times, end times, and trip durations.  
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Ideally, trip distance is given in a dataset and not approximated, but since we do not have trip 

distance, we had to approximate it from the given start and end stations. To do so, the Haversine 

formula was used to calculate the shortest distance between two stations. 

𝑎 = 𝑠𝑖𝑛2 (
∆𝜑

2
) + 𝑐𝑜𝑠𝜑1 ∙ 𝑐𝑜𝑠𝜑2 ∙ 𝑠𝑖𝑛2  (

∆𝜆

2
) 

𝑐 = 2 ∙ 𝑎𝑡𝑎𝑛2(√𝑎, √1 − 𝑎) 

𝑑 = 𝑅 ∙ 𝑐,         (4.1) 

where 𝜑 is latitude, 𝜆 is longitude, R is earth’s radius (6,371 km). 

As a result of finding the direct distance between two stations, travel path was not considered. 

This method of approximation also does not account for intermediate stops that riders make. 

4.2.2 Data Sorting and Pre-Processing  

Distance approximation with the Haversine formula has limitations for trips that start and 

stop at the same stations – the formula would yield zero for these trips. 4.3 percent of this dataset 

were of these zero-distance trips. As shown in Table 2, out of the first twenty trips, trips 8 and 10 

are zero-distance trips. We can see that while their approximated trip distances are zero, their trip 

durations are non-zero. Thus, they are considered outliers and filtered out of the sorting table. 

Average speed is calculated by dividing trip duration by trip distance. Now we have the essential 

trip information sorted and pre-processed. 

Like the four-trip example used to illustrate concepts in the previous chapter, the trips can 

be plotted on a remaining trip distance versus time plot. Figure 14 shows the first twenty trips in 

the network plotted. Trips are occurring in various locations within the network, but they are all 

shown in the same coordinates in relative space. Thus, I validated component (a), the unified 

relative space paradigm, after showing that relative space can unify the way we view network 

trips. 
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Table 2: Zero-Distance Trips in Sorting Table 

 

 

Figure 14: First Twenty Trips Remaining Trip Distance vs. Time Plot  
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5. RESULTS AND DISCUSSION 

5.1 Time and Distance Steps 

In this study, I set the time interval, ∆𝑡, at one minute due to a high frequency of trip 

starts in the network, so the time step is defined every minute. Bluebikes data collection starts at 

“12:00:00 AM,” and the first time step is “12:01:00 AM.” Similarly, I set the distance interval, 

∆𝑥, at 0.3 miles, so the distance step is defined every 0.3 miles.  

5.2 Bathtub Model Selection 

 I tested the third assumption to see if the histogram of trip distance distributions was 

negative exponential and time independent. The results showed a log-normal distribution and 

thus failed to meet the third assumption. Therefore, we used the generalized Bathtub model.  

 

  

Figure 15: Trip Distance Distribution 
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5.3 Bathtub Variables 

5.3.1 In-Flow, Active Trips, and Out-Flow 

 Using conditional logic, I obtained the Bathtub variables 𝐹(𝑡), 𝛿(𝑡), and 𝐺(𝑡). The 

results of the first ten time steps of these variables are compiled in figure 16.  

 

Figure 16: In-Flow, Active Trips, and Out-Flow 

5.3.2 Total TMT of Entering Trips and Active Trips 

 Since all trips were assumed to have constant speeds, I used linear regression to 

determine the trip distances at every time step. Table 3 summarizes the distances of the first 

twenty trips at every time step in the first ten minutes. The cells that are blank show trips that 

have not started at the time step yet, or trips that have completed before the time step.  
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Table 3: Distances at Time Steps 

 

Then the trip distances corresponding to the entering trips were summed to obtain �̃�(𝑡), and the 

trip distances corresponding to the active trips were summed to obtain 𝑌(𝑡). 

 

Figure 17: Total TMT of Entering and Active Trips 
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5.4 Bathtub Relative Variables 

 The results for 𝐹(𝑡, 𝑥) and 𝛿(𝑡, 𝑥) in the first ten time and distance steps are shown. 

 

Figure 18: Relative In-Flow 

 

Figure 19: Active Trips with Remaining Distance  
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5.5 Average Speed 

I calculated TMS and SMS in miles-per-minute (mpm) to determine which one produced 

average speed results with greater accuracy. They are shown in table 5. Now all the variables in 

the Bathtub model were acquired.  

5.6 Conservation Equation Validation 

5.6.1 Conservation in Total Trips 

 The out-flow values calculated using conditional logic is compared with the values from 

equation (3.10). The values are compared and shown to be identical. This validates the 

conservation in total trips. 

 

Figure 20: Conservation in Total Trips 
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5.6.2 Conservation in TMT 

 I validated the conservation in TMT by comparing the LHS and RHS of equation (3.11). 

Since the RHS involves the average speed term, RHS has separate outputs obtained by TMS and 

SMS.  

 

Figure 21: Conservation in TMT 

The conservation in TMT shows a small amount of error between the LHS and RHS of the 

equation. It is summarized in table 4.  

Table 4: Conservation in TMT Error Difference with Different Speeds 

Conservation in TMT Error  SMS TMS 

Min. Difference -0.15 -0.09 

Max. Difference 0.27 0.32 

Total Difference 0.41 0.40 
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From table 4, we see that TMS yields a smaller total difference between the LHS and RHS, 

indicating that TMS is the better average speed for the conservation in TMT.  

5.7 Bathtub Model Solution 

 We calibrate and validate the Bathtub model solution by comparing the RHS and LHS of 

equation (3.15). The RHS, LHS-TMS, and LHS-SMS are shown in the following surface plots. 

 

Figure 22: RHS Bathtub Model Solution 
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Figure 23: LHS-TMS Bathtub Model Solution 

 

Figure 24: LHS-SMS Bathtub Model Solution 
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5.7.1 Alternate Solutions 

Using equation (3.16), we obtain new speed values, �̃�(𝑡): 

Table 5: 𝑣(𝑡) and �̃�(𝑡) Table  

Time Step (t) SMS (mpm) TMS (mpm) �̃�(t) (mpm) 

1 0.10 0.11 0.13 

2 0.10 0.10 0.12 

3 0.09 0.10 0.11 

4 0.10 0.11 0.11 

5 0.08 0.09 0.10 

6 0.08 0.09 0.10 

7 0.08 0.09 0.08 

8 0.08 0.08 0.08 

9 0.08 0.08 0.07 

10 0.08 0.08 0.10 
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The output for LHS using �̃�(𝑡) is shown: 

 

Figure 25: LHS-�̃�(𝑡) Bathtub Model Solution 

At this point, we had three different model solutions using three different speed values. 

We saw small differences in value between the RHS and LHS. This is summarized in table 6. 

SMS yielded the smallest total difference, indicating that it is the best average speed for the 

solution. After testing the three conservation equations, I calibrated and validated component (b). 

Then, after solving the Bathtub model, I calibrated and validated component (c). 

Table 6: Model Output Range Difference with Different Speeds 

Range Difference SMS TMS �̃�(t) 

Min. Difference -0.96 -0.92 -1.05 

Max. Difference 1.54 1.76 2.05 

Total Difference 2.5 2.68 3.1 
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5.8 Limitations 

 There were limitations in using the Bluebikes dataset, particularly pertaining to the usage 

of bicycle trips for the second assumption of speed-density relations for all network vehicles. 

With this assumption, an increase in the number of vehicles decreases the average speed of the 

network, and vice versa. For bicycle trips, this assumption is not necessarily true, since unlike 

roadway vehicles, average speeds are independent from the number of bicycles in the network. 

Thus, the speed-density relation was not tested. To have a more complete validation of the 

model, the second assumption should be examined with vehicular trip data.  

5.9 Error Analysis  

 In this analysis, there were several potential causes for error in both data organization and 

methodologies used to solve the equations. 

In data setup, trip distance was approximated by the Haversine formula. As mentioned, 

given two stations, the direct distance approximation would not account for trip paths and 

intermediate stops. Generally speaking, this could underestimate actual trip distances, leading to 

inaccuracies in data input.  

In data sorting and pre-processing, I assumed that bicycles traveled from start to end at 

constant speeds, when in reality they change with respect to time. This simplified the procedure 

in later steps, such as the calculation of 𝑣(𝑡) for TMS and SMS, where each trip’s instantaneous 

speed at every time step is typically needed. This simplification equated a trip’s instantaneous 

speed at every time step with its average speed. At various time steps, this may have skewed 

output values if a trip’s instantaneous speed was significantly higher or lower than its average 

speed.  
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Another possible cause for error is in the discretization and simplification of equations in 

the second conservation equation and Bathtub model. In the discretized equations, the time and 

distance steps were not small enough to reflect the partial differential equations, so the solution 

output was an approximation.  
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6. CONCLUSION 

In this study, we validated the unified relative space paradigm by showing that remaining 

trip distances can combine all network trips in space and time. By validating the conservation in 

total trips and TMT, we also showed that the Bathtub variables followed the laws of 

conservation. In addition, we disproved the assumption of negative exponential and time-

independent distributions of trip lengths in Vickrey’s Bathtub model, which favored the 

generalized Bathtub model. Lastly, we gathered insight on the ways that different average speed 

terms, namely TMS, SMS, and �̃�(𝑡) derived from the conservation in TMT, affects the model 

solution. 

6.1 Applications and Privacy-Preservation 

 Overall, this study shows that the Bathtub model and the paradigm that it operates under 

has great potential for applications in the industry due to its ability to accurately capture network 

dynamics without detailed consumer information. It further highlights the model’s unique and 

innate ability to preserve privacy in the data collection of travel behaviors, which has profound 

implications for the future of consumer data security. 

The Bathtub model has tremendous potential in displaying large-scale network 

performance measures. This study showed that we could obtain accurate outputs of trips per 

minute from counting the entering and active trips in a network and relating them in the Bathtub 

model equation. Furthermore, from the variables 𝐹(𝑡, 𝑥) and 𝛿(𝑡, 𝑥), we have a picture of the 

demand pattern and queue size at any given time. The model may not be as detailed as other 

micro-scale models that follow the absolute space paradigm, but it can capture network dynamics 

with less information and computation cost. With further development, this could have 
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applications in transportation planning and traffic management, where macro-scale performance 

measures can benefit preliminary traffic studies and network overviews. 

Using the Bluebikes dataset to analyze the model also provided helpful insight into the 

model’s innate ability to protect consumer privacy. With a high level of anonymity, the data was 

general enough that we could not pinpoint any individual’s whereabouts at any point in time, nor 

could we identify specific individuals in the city’s population.  

Our ability to use this dataset for calibration and validation demonstrates the limited 

amount of personal information the model requires to function. Even with a dataset that does not 

protect the privacies of individual travel behavior, the Bathtub model could function as a filter 

that only extracts the essential information needed for the model to function and dismisses all 

other personal data. This could serve as a viable way to obscure PII and PILI data from BTD 

collection methods. Moreover, this model’s comprehensive and privacy-preserving nature could 

incentivize people’s willingness to participate in data collection, resulting in increased 

availability of data for research and development.  

6.2 Possibilities for Future Study 

6.2.1 Data Collection Protocols with the Bathtub Model 

This study was conducted on bicycle trips, but the model was created to focus on 

vehicular trips. As mentioned, this pertains especially to the speed-density relation assumption, 

which is more applicable to roadway vehicles. Future studies to be done on vehicular trips will 

need to depend on the availability of datasets that follow the criteria needed for this kind of 

study. At the moment, there is a shortage of these kinds of datasets due to the difficulty in 

tracking network trips individually in real-time without a centralized system within each vehicle. 

Without a centralized system, we would most likely have to collect data using surveys on willing 
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participants. Thus, an area of future study could be creating data collection protocols with 

Bathtub models for centralized systems and surveys.  

6.2.2 Compatibility with Other Transportation Modes 

Another area of interest is the model’s compatibility with other modes of traffic. To 

obtain an overview of a network, the model should capture the dynamics of all modes occurring 

in the network. Some possible research questions include: How would transit trips be shown 

through the unified relative space dimension? How do we combine Bathtub models of different 

modes?  

6.2.3 Comparisons with Reality 

A comprehensive dataset would also help us compare model outputs with the 

performance measures in reality. In this study, I was able to determine the outputs of variables 

and the Bathtub model, and the results were significant as they showed a relatively low amount 

of error. However, whether this is a model that shows an accurate picture of the network in 

reality is a separate issue. We need a dataset that provides actual performance measures of the 

network in real-time to compare with our solution results. By doing so, we can determine 

whether the model is accurate with reality, which is a step closer to utilizing the Bathtub model 

in practice, given its theoretical benefits in efficiency and privacy.  

This study is a preliminary step in putting theory to practice, as we head towards the 

direction of applying a model with tremendous potential. With continual study and further data 

analysis, perhaps we may one day see the Bathtub model come to full fruition.  
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APPENDIX 

Microsoft Excel Formulas 

In-Flow, 𝐹(𝑡) 

𝐹(𝑡) = 𝐶𝑂𝑈𝑁𝑇𝐼𝐹(𝐸𝑛𝑡𝑒𝑟𝑇𝑖𝑚𝑒𝐴𝑟𝑟𝑎𝑦, "≤" & 𝑇𝑖𝑚𝑒(𝑡)). 

Active Trips, 𝛿(𝑡) 

𝛿(𝑡) =  𝐶𝑂𝑈𝑁𝑇𝐼𝐹𝑆(𝐸𝑛𝑡𝑒𝑟𝑇𝑖𝑚𝑒𝐴𝑟𝑟𝑎𝑦, " & 𝑇𝑖𝑚𝑒(0),      

𝐸𝑛𝑡𝑒𝑟𝑇𝑖𝑚𝑒𝐴𝑟𝑟𝑎𝑦, ” ≤ ” & 𝑇𝑖𝑚𝑒(𝑡),         

𝐸𝑥𝑖𝑡𝑇𝑖𝑚𝑒𝐴𝑟𝑟𝑎𝑦, " ≥ " & 𝑇𝑖𝑚𝑒(𝑡)). 

Out-Flow, 𝐺(𝑡) 

𝐺(𝑡) = 𝐶𝑂𝑈𝑁𝑇𝐼𝐹(𝐸𝑥𝑖𝑡𝑖𝑛𝑔𝑇𝑖𝑚𝑒𝐴𝑟𝑟𝑎𝑦, " ≤ " & 𝑇𝑖𝑚𝑒(𝑡)).  

Relative In-Flow, 𝐹(𝑡, 𝑥) 

𝐹(𝑡, 𝑥) = 𝐶𝑂𝑈𝑁𝑇𝐼𝐹𝑆(𝐸𝑛𝑡𝑒𝑟𝑇𝑖𝑚𝑒𝐴𝑟𝑟𝑎𝑦, "≤" & 𝑇𝑖𝑚𝑒(𝑡) ,    

𝑇𝑟𝑖𝑝𝐷𝑖𝑠𝑡𝑎𝑛𝑐𝑒𝐴𝑟𝑟𝑎𝑦, "≥" & 𝐷𝑖𝑠𝑡𝑎𝑛𝑐𝑒(𝑥)) 

Active Trips with Remaining Distance Greater than x, 𝛿(𝑡, 𝑥) 

𝛿(𝑡, 𝑥) = 𝐶𝑂𝑈𝑁𝑇𝐼𝐹𝑆(𝐸𝑛𝑡𝑒𝑟𝑇𝑖𝑚𝑒𝐴𝑟𝑟𝑎𝑦, " > " & 𝑇𝑖𝑚𝑒(0),      

𝐸𝑛𝑡𝑒𝑟𝑇𝑖𝑚𝑒𝐴𝑟𝑟𝑎𝑦,   “ ≤ ” & 𝑇𝑖𝑚𝑒(𝑡), 𝐸𝑥𝑖𝑡𝑇𝑖𝑚𝑒𝐴𝑟𝑟𝑎𝑦, ” ≥ ” & 𝑇𝑖𝑚𝑒(𝑡),   

𝑇𝑟𝑖𝑝𝐷𝑖𝑠𝑡𝑎𝑛𝑐𝑒𝐴𝑟𝑟𝑎𝑦, "≥" & 𝐷𝑖𝑠𝑡𝑎𝑛𝑐𝑒(𝑥)). 
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Time-Mean Speed, 𝑣(𝑡)   

𝑣(𝑡) =  𝐴𝑉𝐸𝑅𝐴𝐺𝐸𝐼𝐹𝑆(𝐴𝑣𝑒𝑟𝑎𝑔𝑒𝑆𝑝𝑒𝑒𝑑𝐴𝑟𝑟𝑎𝑦,      

𝐸𝑛𝑡𝑒𝑟𝑇𝑖𝑚𝑒𝐴𝑟𝑟𝑎𝑦, ” > ” & 𝑇𝑖𝑚𝑒(0),       

𝐸𝑛𝑡𝑒𝑟𝑇𝑖𝑚𝑒𝐴𝑟𝑟𝑎𝑦, ” ≤ ” & 𝑇𝑖𝑚𝑒(𝑡),      

𝐸𝑥𝑖𝑡𝑇𝑖𝑚𝑒𝐴𝑟𝑟𝑎𝑦, ” ≥ ” & 𝑇𝑖𝑚𝑒(𝑡)) 

Sample Calculations 

First Conservation Equation 

For 𝑡 = 10, 𝐹(𝑡) = 17 and 𝛿(𝑡) = 12: 

𝐺(𝑡) = 0 + 17 − 12 = 5 

Bathtub Model RHS 

For 𝑡 = 5, 𝑥 = 0.6, and ∆𝑡 = 1: 

𝐹(6, 0.6) − 𝐹(5, 0.6)

1
=  

9 − 7

1
= 2 

Bathtub Model LHS-TMS 

For 𝑡 = 4, 𝑥 = 0.3, ∆𝑡 = 1, and ∆𝑥 = 0.3: 

𝛿(5, 0.3) − 𝛿(4, 0.3)

1
− 𝑇𝑀𝑆(4)

𝛿(4, 0.6) − 𝛿(4, 0.3)

0.3
=  

10 − 7

1
− 6.79 ∗

6 − 7

0.3
= 25.63 

 

 

 

 

 

 

 

 




