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ABSTRACT: We point out that a QCD-like dark sector can be coupled to the Standard Model
by gauging the topological Skyrme current, which measures the dark baryon number in
the infrared, to give a technically natural model for dark matter. This coupling allows for
a semi-annihilation process xx — xX,, where X, is the gauge boson mediator and x a
dark pion field, which plays the dominant role in setting the dark matter relic abundance.
The topological interaction is purely p-wave and so free from indirect detection constraints.
We show that the dark matter pion mass needs to be in the range 10 MeV < m, S 1TeV;
towards the lighter end of this range, there can moreover be significant self-interactions. We
discuss prospects for probing this scenario at collider experiments, ranging from the LHC to
low-energy ete™ colliders, future Higgs factories, and beam-dump experiments.
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1 Introduction

Understanding the nature of dark matter (DM), and how it interacts with Standard Model
(SM) particles, are central challenges in fundamental physics [1]. The absence of any clear
experimental clues coming from (in)direct detection or collider experiments motivates us to
look beyond the most simple models for DM. And given the rich structure we observe in the
visible sector, wherein the stable electron and proton are accompanied by a zoo of unstable
particles, a compelling scenario is that DM comprises a few stable particles belonging to some
similarly rich dark sector (DS). One appealing possibility is that of a confining QCD-like dark
sector [2], say a dark SU(NN.) gauge group acting on Ny dark quarks @; in the fundamental
representation. For suitably chosen N, and Ny, we expect the infrared (IR) dynamics to be



governed by a chiral symmetry breaking transition that delivers weakly-interacting pions
X%, some of which can be stable [3] and thus DM candidates.

Of course, once we go down this road we open up a Pandora’s box of possible DS theories.
It is pragmatic to focus on the different portals through which the DS can communicate with
the SM, of the form £ = OgmOps. Such a portal interaction (i) enables thermalisation of
the DM with the SM, and so determines the relic abundance e.g. via freeze-out, and (ii)
provides channels through which DM might be produced today in experiment. For example
the vector portal [4], by which a dark photon X, talks to the SM through kinetic mixing
with the photon, is one of only three renormalisable portal interactions [5, 6].

Given the hypothesis of a confining QCD-like sector, perhaps the most natural way to
couple it to the SM is to gauge the dark baryon number current jE,UV = N% > QM Q;, which
is an anomaly-free global symmetry of the DS, then couple to the SM via the vector portal, viz.

. €
»Cportal,UV = GBX/L]%UV - iXuVF'uy (1'1)

where X, = 0, X,) is the dark baryon field strength and Fy, = d,4,; is the photon field
strength. Somewhat surprisingly, this simple possibility has been largely overlooked,' and is
the subject of this paper. We find its low-energy phenomenology has many striking features.
The key realisation is an old one: namely that, upon flowing to the IR, baryon number
in a confining SU(N,) gauge theory can be identified with the topological winding number
measuring the homotopy class of the pion field configuration [13—16], that is an element in
m3(SU(Ny)r x SU(N¢)r/SU(Ny)y) = Z. This is obtained by integrating the current

1
Jhan = gy T (U UUT,UUT0,U) (1.2)

where U(z) = X" (®)t*/fx is the SU(N)-valued dark pion field, with f, being the correspond-
ing decay constant. The portal coupling in (1.1) therefore becomes a topological interaction in
the IR, that is, loosely speaking, a term in the action that is obtained by directly integrating a
differential form,? similar to the Wess-Zumino-Witten (WZW) term in QCD [12, 21]. Locally,
i.e. for small field values, we can write the Lagrangian

(2] €
Lportal IR = 127273 P fube X 10 X 0, X 00 X — 3 X, " +0(xh), (1.3)
X

where fg. are the structure constants for SU(N¢). Thus the dark pions x®, which we expect

to be stable and thus serve as our DM candidate, talk to the SM via a 4-point interaction

involving three pions and one gauge boson.?

'See, however, refs. [7-11] where a similar effective interaction was studied for QCD-like dark sectors with
Ny > 3, for which it can be obtained by gauging the WZW term [12]. In this paper, our primary interest is
in the case Ny = 2, where we show that the portal interaction (1.3) still arises even though the WZW term
vanishes in the gauge-less limit.

2In the context of dark sector theories, topological interactions have previously been used (i) to realise
the strongly interacting massive particle (SIMP) DM paradigm [17] (by achieving 3 — 2 conversion within a
sector of dark pions through the WZW term [18]), and (ii) to form a direct ‘topological portal’ that converts
QCD pions (and 7°7) to a pair of dark pions living on SU(2)/SO(2) = S? [19, 20].

3For intuition, note that in QCD the isosinglet vector meson w is the lightest state with the quantum
numbers of the baryon number current and therefore effectively saturates it at low energies. The coupling of
the dark U(1)p gauge boson to the dark pions is analogous to this w-meson interaction, which also generates
the familiar wrr vertex [22].



We land on a DS theory in which dark pions talk to the vector X, which is itself
thermalised with the SM through the vector portal, through a 2 — 1 number-changing
process. An interaction of this kind, yx — xX, can realise the DM thermal freeze-out
scenario known as ‘semi-annihilation’ [23]. There is no need to impose ad hoc Zs global
symmetries to dictate this 2 — 1 interaction structure; here it follows unavoidably from the
fact that, given we seem to live in a three-dimensional space, a topological current corresponds
to an invariant, closed differential 3-form. Moreover, there is no contribution to the elastic
channel xx X X arising at tree-level, since the gauge field X, (and hence A,,) talks to the dark
sector purely through the abelian gauge interaction whose structure is fixed to be linear in
X, Operators inducing xxX X transitions are expected to arise at 1-loop, originating from
a dark quark box diagram in the UV theory which we estimate below, and so are subleading
with respect to the yxxX channel. Our simple setup, namely dark QCD with gauged baryon
number, therefore provides a natural UV completion for semi-annihilation.*

In addition to being able to fit the observed DM relic abundance through thermal
freezeout,” the composite nature of dark matter allows for a significant velocity-dependent
self-interaction amongst the dark pions, that offers a possible explanation [27-29] of various
small scale structure puzzles regarding galaxy formation [30-37] — sometimes known as the
‘core-cusp problem’ or the ‘diversity problem’.

Another striking feature of this model is that, because the interaction is topological
and thus equipped with three derivatives acting on the dark pion fields (1.3), the semi-
annihilation process is necessarily p-wave. Without any tuning, this framework therefore
evades otherwise strong constraints that would come from cosmic microwave background
(CMB) observations [38], and indirect detection constraints due to gamma-ray emission from
the galactic center [39]. This allows the DM mass to be light, into the sub-GeV range.

In this paper we explore the phenomenology of this elegant DS realisation of freeze-
out by semi-annihilation, through the topological interaction (1.3) obtained by gauging
baryon number. We numerically solve the Boltzmann equations, including both the tree-level
xX < xX semi-annihilation process and our estimate of the 1-loop induced yx < XX, to
obtain the region of parameter space for which the dark pions compose the whole DM relic
abundance. This depends on the dark QCD parameters m,, fy, as well as the gauge coupling
ep that activates the portal to the SM. Interestingly, we find viable parameter space where,
in addition to fitting relic abundance through semi-annihilation, the following are all satisfied:
(i) my < 4nfy for EFT validity; (ii) m, and mx are not so light as to modify Neg at the
time of Big Bang nucleosynthesis (BBN); and (iii) the self-interactions are within the limits
from astrophysical observations. At the edge of the range, these self-interactions can be large
enough to address the issues with small-scale structure.

We conclude by surveying the prospects for probing this scenario in various collider
experiments, for instance through classic mono-photon and mono-jet searches but also through

4Another natural UV completion for semi-annihilation exploits the structure of the Yang-Mills interaction,
namely that there are cubic interactions between gauge bosons. Including also a charged scalar that talks
to the SM via the scalar portal gives rise to the ‘hidden vector dark matter’ model [24]. A scenario where
semi-annihilation of DM to anti-DM explains the baryon asymmetry of the universe was discussed in [25].

5The same type of vertex can also lead to an exponential growth in the dark matter abundance through
freeze-in [26], which allows for a very heavy dark matter.



more exotic dark shower signatures. These collider probes take on a greater importance given
that direct and indirect detection probes are nullified by the p-wave nature of the interaction.

The rest of the paper is structured as follows. In section 2 we set out the main features of
the topological freeze-out model. In section 3 we compute the thermally-averaged cross-section
for the semi-annihilation process, as induced at tree-level by the topological interaction, and
also estimate the loop-induced annihilation channel. With these ingredients, we turn to
solving the Boltzmann equations relevant for this dark matter model in section 4, providing
both numerical and semi-analytical solutions (which are in good agreement). We discuss
collider phenomenology in section 5, before concluding in section 6.

2 The model

Our model for the Dark Sector (DS) is simple: we posit an SU(N,) gauge theory with Ny
flavours of Dirac fermion ); charged in the fundamental representation, with U(1)p, the
dark baryon number, also gauged. The Lagrangian reads

1 1 ~ .
Luv = Lsm— §trGWG‘“’— ZXN,,X“V— mg(XNX“ +Z Ql(ZE — mQ)Ql
)

€

_ BHV
4
2cos6, " ’

(2.1)

where D,, = 0, — igG, — iepX,, with G, the dark SU(IV;) gauge field and X, that of
U(1)p; here we write the kinetic mixing in a way that is valid above the electroweak scale,
with B, being the hypercharge field strength and 6,, the weak mixing angle. We assume
there are at least two flavours Ny > 2 of dark quark Q;, with a degenerate mass mg that
is smaller than the dynamical scale of SU(N;), mg < Apn,. Then below the strong scale
the dark quarks are bound into pseudoscalar mesons x%, which we generically refer to as
‘(dark) pions’ and which serve as the dark matter in this model. For simplicity, we assume
Ny = 2 for much of the discussion below. We include also a mass term for the dark photon,
which could arise via the Higgs mechanism after spontaneously breaking U(1)p at a scale
~ mx/ep, or via the Stiickelberg trick.

It might be surprising that the U(1)p gauge symmetry has anything to do with the dark
pions because they do not carry baryon number. Yet, as we described in the Introduction, it
was pointed out in [14] and later developed in [15, 16] that the low-energy baryon number
current is given by

i = f17r2eW%r(UflayU)(U*lapU)(U*la(,U) , (2.2)

as per (1.2). Thus, adding the gauge interaction epX,,j/ to the standard chiral Lagrangian

2
L= FudUIU + iPmo(tl +cc),  Ula) = O, (2.3)

where p3 = <QQ>, and expanding it to the lowest order in x®, we obtain

1 1 €B v
Ly = 5(8“Xa L X*) — §miXaXa + 12723 e pafachﬂavXa praaXc +O0(x*). (2.4)
The last term is a topological xyxxX vertex and causes semi-annihilation. Because we restrict
to the case Ny = 2, the model does not feature the more familiar WZW topological term

involving five dark pion fields. It would be interesting to relax this assumption in future work.



2.1 ’t Hooft naturalness and dark pion stability

The model is technically natural in the sense of 't Hooft [40]. There are no elementary scalars
to cause a hierarchy problem. The assumption mg < Ay, is natural given that the limit
m¢g — 0 results in an enhancement of the symmetry, namely full chiral symmetry. The
degeneracy among quarks can be ensured by a global flavour symmetry. Note that this
degeneracy is important in order to ensure stability of the dark matter pions. For instance, the
neutral dark pion x* = (Q1Q1 — Q2Q2)/+/2 is stable because the triangle diagrams involving
up-quark and down-quark cancel precisely as long as mg, = mg,. If they are not degenerate,
the difference between them lets x3 decay into X X if mx < m, /2, or off-shell into Xete™
etc. if my /2 < mx < m,. If we are concerned that quantum gravity effects do not allow for
a global flavour symmetry (see e.g. [41] and references therein), it can be an SU(N; = 2)
gauge symmetry with small coupling g < (87TmX/Mp1)1/4 ~ 107%(m,,/100 MeV) /4 to avoid
the gauge bosons to be populated in the thermal bath, or it can be a discrete gauge symmetry
such as S3 where (u,d) is an irreducible doublet representation (see, e.g., [42]).

2.2 Generalised symmetry matching

Before we proceed to elucidate the phenomenological consequences of this DS portal, we
pause to highlight more formal aspects of its construction. More phenomenologically-minded
readers may wish to skip ahead to section 3. In this subsection, we briefly entertain the more
general possibility of an arbitrary number Ny of dark quark flavours.

Topological interactions in chiral Lagrangians play a key role when it comes to under-
standing the (possibly anomalous) symmetry structure of the theory in the infrared phase.
By integrating by parts, the local Lagrangian expression for the xxxX term in (2.4) can be
written in a manifestly gauge-invariant way, that is in terms of the field strength X,,, rather
than X, as £ ~ (—:“”"C’Xaauxb&,ch po; but this Lagrangian is no longer manifestly invariant
under the global flavour symmetry SU(Ny)r, x SU(N¢)g which shifts the pion fields. This
mirrors the story for the more familiar WZW term that also appears in our dark sector; in
both cases, this quasi-invariance is strictly governed by the anomaly /symmetry structure
of the underlying UV theory, which in turn governs why both topological interactions have
quantised coefficients (in appropriate units).

To understand how this works for the less-familiar portal interaction, first note that both
topological actions can be written in a manifestly invariant form at the expense of locality,
i.e. by passing to one higher dimension and writing the action as an integral of a differential
form over an open 5-manifold Y whose boundary is the 4-dimensional spacetime ¥ = 9Y
a la Witten [12]. Using the language of differential forms, we have

—iN,
y 48073

1
2472

Siop[E = DY) = Te(U U’ + / Te(U~'dU)? A X, (2.5)
Y

where here X := %X wdxt A dz? is the field strength 2-form for the U(1)p gauge field, and
where we have temporarily absorbed the pre-factor of ep by redefining the gauge kinetic
term in (2.1). The presence of a dynamical abelian gauge field bestows our DS with a 1-form

2):

global symmetry [43] HI!l = U(1), whose current is simply X, which is a closed 2-form.

The objects charged under this 1-form symmetry are 't Hooft lines for X,,. Furthermore,



the second topological interaction in (2.5), which is the focus of this work, intertwines this
1-form symmetry with the GI°) = SU(N;) x SU(N;)g flavour symmetry to form what is
known as a 2-group global symmetry [44-46]. The same structure was recently observed
for a closely related theory in [20].

While a detailed explanation is somewhat tangential to this work, a quick way to see this is
to turn on minimally-coupled background fields for both G and H!, denoted AS)R and B®)

respectively. Then observe that the gauged action S O [, 8%T}r [A LdAr + %A% — (L + R)] A

X+ifg XA B® is invariant under the flavour background gauge transformations A LR —
AL+ Dy  Ap iff the 2-form gauge field shifts as B® — B® + dA®M + LTr(A\PdAL —
)\g)dAR). This results in a modification of the Ward identities for the ordinary flavour
symmetry currents jj p, even with the background gauge fields switched off [20, 45]. In the
UV theory of dark QCD, this generalised symmetry structure arises as a consequence of a
non-vanishing triangle diagram involving 2 flavour legs and 1 abelian gauge leg.

The upshot is that, while the ordinary WZW term matches a 't Hooft anomaly in the
underlying theory (noting that our DS does not have the analogue of QED being gauged, so
it is not in this case an ABJ anomaly), the second topological interaction, which is obtained
by gauging the dark baryon number, matches a generalised 2-group symmetry, as in [20].
Indeed, the need to match this generalised symmetry in the infrared can be seen as a rigorous
justification for the baryon number current being identified with the topological winding
number in the first place. Both the anomaly coefficient and the 2-group coefficient are RG
invariants of the theory; equivalently, the couplings of the two topological interactions are
quantised. The EFT matching onto these coefficients is leading-order exact, and can be
computed in the weakly-coupled UV phase — unlike other non-topological interactions in
the chiral Lagrangian.

At this point, we fix Ny = 2 again for the remainder of the paper — meaning, in
particular, that the first term on the r.h.s. of eq. (2.5) is not present in our setup.

3 Dark sector processes

In this section, we discuss important processes in the dark sector that will govern the evolution
of both dark and visible species in the early Universe. These are (i) semi-annihilation
xx — xX (section 3.1), (ii) annihilation xx — XX (section 3.2), (iii) thermalisation
Xx — Xx (section 3.3), and (iv) self-heating (section 3.4). In order to discuss (ii) and (iii),
we need to estimate the size of the effective xx X X interaction which we do in section 3.2.1.

3.1 Semi-annihilation channel

The chiral Lagrangian with a gauged U(1)p symmetry, given in eq. (2.4), gives rise to the
semi-annihilation process yx — xX thanks to the topological interaction in (2.4). Here we
analyze this process quantitatively, and identify the region of parameter space in which the
dark pions can account for the observed dark matter abundance.

The key quantity to compute is the thermally averaged cross-section, (0v)yy—yx, which
determines the effective rate of the semi-annihilation process entering the Boltzmann equation
for dark pions and, consequently, governs their relic abundance. Our goal is to determine



whether there exists a region of parameter space in which the dark pions can constitute all
the DM as a thermal relic, undergoing freeze-out via semi-annihilations with the dark photon.

Starting from the Lagrangian (2.4), the contact interaction involving three dark pions
and one dark photon gives rise to the following Feynman rule

en
f;r; 3 fabegnvpay P2y P30 5 (3.1)

LN _27_‘_2]0%

where p1 2,3 denote the (all incoming) momenta of the pions. This can be used to construct the
corresponding matrix element, and thence the cross-section upon performing the final-state
phase-space integration

2\ 3 2\ 1/2
o = B s () A (3.2)
TN — 1153670 f9 s s ’ '

where s is the center-of-mass energy of the xyx — xX process. The details of this calculation

are presented in appendix A. Following refs. [47, 48], we compute the thermally averaged

cross section times the Mgller velocity, v = /[v1 — va|2 — [v1 X v3[%, as the following integral

fzﬁi Txx—xX V(8 — 4mi) Ki(v/s/T)ds
8miT K3(my/T) ’

(0V) xx—xx = (3.3)
with K; being the modified Bessel functions of the i-th order. The result can be expressed in
terms of Meijer-G functions [49], and we give such expressions in appendix A for completeness.

Because the dark pions are nearly non-relativistic at the time of freeze-out, it is useful
to Taylor expand the thermally averaged cross-section (0v)yy—yx in inverse powers of
x = my/T. We obtain

Ny e3 my (81 1, 891

A 240 x3>. 3.4
N? — 1384m0 J =) (3.4)

(OV)xx—xXx = 16 Z 39

We will use this expression as input to the Boltzmann equation in section 4. There we will

~lin eq. (3.4), captures the

moreover show that the leading order term, proportional to x
dominant contribution to the semi-annihilation rate, with deviations at the level of O(10%)
compared to the full numerical evaluation of eq. (A.11) (from the appendix).

1 means that the semi-

The fact that the leading term in this expansion starts at order x~
annihilation process at threshold is purely p-wave. This can be understood straightforwardly
in the case where the final state dark photon is transverse, with helicity 41, simply because
of angular momentum conservation: namely, there is one unit of net angular momentum
flowing along the axis of the final state x X system, and hence the total angular momentum
must be at least one unit, while the initial state xx system has angular momentum only

due to its orbital angular momentum L. On the other hand, it is also easy to see that a



longitudinal X, is not produced. If the semi-annihilation had been s-wave, it would be
subject to strong constraints from CMB data [38] and Fermi-LAT measurements of gamma
ray emission coming from the galactic center, halos, or dwarf galaxies [39]: our model for
semi-annihilation is free from such constraints.

3.2 Annihilation channel

In addition to the semi-annihilation process — which plays a central role in determining the
dark pion abundance and arises from the topological interaction in eq. (2.4) — there are other
relevant processes induced by additional operators in the chiral Lagrangian. In particular, it
has been assumed in the literature that dark matter remains in kinetic equilibrium with the
Standard Model during freeze-out via self-annihilation processes [23]. In our model, kinetic
equilibrium can be maintained through scattering processes such as Xy — Xx. The crossed
diagram also contributes to the annihilation process xyx — X X, which may compete with the
semi-annihilation channel. It is therefore essential to study the yxX X coupling in general.

3.2.1 NDA estimate

Using naive dimensional analysis, we estimate the size of the operators responsible for the
xxX X interaction as follows

2
LpT D (&) (M (9aU") (0°U) Xy X1 4 20 (0aUT) (9U) Xy X)), (3.5)

with Aj 2 ~ O(1). We next present estimates of these loop-induced couplings from both the

IR and UV sides, and show they agree with this NDA expectation. We then discuss their
consequences regarding the annihilation and thermalisation processes.

3.2.2 IR estimate

We here estimate the loop-induced contribution within the low-energy EFT to the elastic
channel x*X, < "X, . Inserting twice the topological operator as shown in figure 1, using
the su(Ny) Lie algebra identity fucafeav = —Nydqp to sum over the flavour indices of the
dark pions in the loop, and doing an integral over the loop momenta, we find the following
one-loop amplitude

22 f3

d*k koks
" / (2m)* (m3, — k2)(m3 i (k—p1 —p2)?)’ (36)

2
. (5]
ZMXEX—>X1’X = ( ) Nf 5abﬁu/\p06mmplap2u€n(pz)p37p4u€4a(p4)

where k is the loop momentum, and p; 3 (p24) are the dark pion (photon) momenta. By
Lorentz invariance, the loop integral can be decomposed into two pieces

d*k k. k
/ ( e 9pl + (p1 + p2) (3 + pa)gJ - (3.7)

2m) (m2 — k%) (m2 — (k — p1 — p2)?)

e
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Figure 1. One-loop contribution to elastic channel x*x* <> X X, mediated through two insertions of
the topological interaction.

The piece J will not contribute to the matrix element when contracted with the epsilon
tensors, due to antisymmetry and the appearance of momenta in the matrix element written
above. The important loop integral to keep is therefore the scalar integral

d'k K2
1) = | i g =~ )

(3.8)

which is a function of the dark pion mass m, and the kinematic Mandelstam s = (p; + p2)?.

The loop integral (s, m, ) has mass-dimension 2, reflecting a naive quadratic divergence.
We can obtain an order of magnitude estimate by cutting off the loop integral at k =
A > m,,+/s and keeping the leading part coming from the quadratic divergence, giving
I(s,m,) ~ A?/(4m)?. The coefficient becomes

2 42 2 A2
Ny (_eB A ~ Nfi ] (3.9)
4 \ 272 ffé (47)? (47 fy,)©

The cut-off dependence of this IR estimate suggests the yx XX coupling comes from the

strong dynamics.

3.2.3 UV estimate

Here we attempt to estimate the xxX X coupling from the UV theory. The interpolating
field for the pion is the axial current f,9*x® =~ jo*' = Qy"y5T°Q, and the xxX X interaction
comes from the box diagram of the quark loop (j£'j¥j%j%) shown in figure 2. Because of
the gauge invariance, two powers of external momenta are extracted out of the integral, and
it is quadratically IR divergent. Cutting it off at A as the “matching scale” between the
UV theory and the chiral Lagrangian, the coefficient is

2

°c___ (3.10)

ep 1 11 1
N, (4m)2 A2 f2 N, (47 fy)2A2

Apart from model-dependent factors of Ny, N, egs. (3.9) and (3.10) become the same if
the theories are matched at A = 4w f,, namely where the theory is strongly coupled. We
consider this to be a good estimate.
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Figure 2. A one-loop diagram contribution to the 4-point function (j£j¢j%j%) as estimated from
the UV — see main text. All permutations among the vertices need to be added.

3.2.4 Annihilation cross-section

We are now able to estimate the contribution of the annihilation channel to the evolution
of the dark pion abundance using the effective operators in eq. (3.5), parametrising the
unknown aspects of the strong dynamics through the corresponding Wilson coefficients A;
and Ao, which we assume to be of order unity.

As in the case of semi-annihilation, we defer the computational details to appendix B,
and provide here the expression for the xx — X X cross-section and its corresponding thermal
average. In the limit of the dark photon being massless, we find

4
1 e 1 s
- — s —— 3.11
T XX N]%—1<167r2f§> 8 \|'s — dm2 (3.11)

1
x {(s —2m2)? (Re(M A3) + 2\ ) + T3 (92my — T6m3s + 1752)\)\2|2] .

The full expression for the thermally averaged cross-section (still in the massless dark photon
limit) is then given in eq. (B.6); as before, it is most instructive expand this result in powers
of x = m, /T, to obtain

46
1 e m 15
(0V) XX = ( J ) *2;_( [4A1 + Aof? (1 + gz_l + (9(:1:_2)> . (3.12)

N7 —1 \ 16722

We observe that the annihilation process now contains a velocity-independent leading order
piece, unlike what we found for semi-annihilation, meaning it is in principle subject to
constraints coming from indirect detection and CMB data. However, in contrast to the
tree-induced semi-annihilation process, the annihilation channels in this model are loop-
suppressed and become relevant only in the regime where m, > 4w f,. We can assess this
numerically. For instance, considering the CMB constraints, the annihilation cross section
satisfies (0v)yyoxx S 3 X 10726 cm? /s, for m, > 1GeV and ep < 102, which remains below
the sensitivity of the Planck satellite even when m, = 4xf, [50].

Generally, the relative importance of annihilations compared to semi-annihilations can
be quantified via the ratio

(o) omxx |40+ Ao|? €3, m3 (3.13)
(0V) yy—x X 64miNy  f2

from which we see that annihilations can become comparable to semi-annihilations in de-
termining the relic abundance when m, > 47 f, assuming benchmark values A\ > ~ O(1),
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ep ~ 0.1, and z = x5 ~ O(20) at freeze-out. Consequently, in the parameter space where
dark pions can constitute viable dark matter candidates — namely m, < 4w f,, as discussed
in the following section — the annihilation channel is expected to provide only a subdominant
contribution. This expectation is explicitly confirmed in the numerical analysis of section 4.2.

3.3 Kinetic equilibrium

Thermalisation with the SM bath. The elastic scattering process Xy — Xy thermalises
the dark pions with the Standard Model bath since the dark photon X, kinetically mixes with
the ordinary photon. Throughout this paper, we assume that X, maintains thermal equilib-
rium with the Standard Model. It requires only a modest lower limit on the kinetic mixing

T 1/2 T 1/2
e>at (M> ~4x1078 () : (3.14)
Pl

where « is the electromagnetic fine-structure constant.

To identify the region of the (m,, f,) parameter space where dark pion thermalisation
is effective, we compare the interaction rate of the Xy — Xy process with the Hubble
expansion rate. The thermalisation condition requires

Ixxoxx = nylov) xx—xx 2 H (3.15)

where n, is the dark pion number density and H is the Hubble parameter.

The cross-section can be obtained using the matrix elements in egs. (B.2) and (B.3)
and the convolution with the final state phase-space. In the limit of the massless dark
photon X, we find

4 2\ 4
o _ 1 (B 1™
XX G4 \ 1672 2 s

1 4 4
x| [4A1 + Aof? <5(s —m2)t — (s —m2)?s mi + 32m4) + 3])\2]234] . (3.16)

3 X

We are interested in whether the kinetic equilibrium between the dark pions and the SM bath
is kept long enough until the onset of the dark pion freeze-out, which occurs at temperatures
T ~ my/xy with zy ~ O(10 — 30) depending on the values of the parameters (with larger x ¢
achieved for larger dark pion masses). At these temperatures, we consider the dark pions
to be non-relativistic, such that their relative velocity with dark photons is v ~ 1, and the
center-of-mass energy can be approximated by

2 2 [,

s = (px +px)* =my +2E,Ex(1 —cos0) "~ my +2m, T, (3.17)
where we used that Ex ~ T, E, ~m, + 37/2, and we integrated over the angle § between
the x and X momenta assuming the uniform distribution.

Substituting this into eq. (3.15) and using the assumed equilibrium distribution for the
dark pions, their successful thermalisation at T' ~ m, /x requires

(40 + 2ol + Do) el _pmy o md
12288+/2721/24:11/2 f)% ~ 22 Mp

(3.18)
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The region of the (m,, fy) parameter space where kinetic equilibrium is not maintained
through the elastic scattering channel is indicated by various shades of purple in figure 4.
Each shade corresponds to the parameter space for which kinetic equilibrium persists only
up to a given stage in the cosmological evolution, quantified by xz; = m, /Tro, with Tro
denoting the freeze-out temperature. The figure illustrates that, in general, elastic scattering
via xX — xX is insufficient to sustain kinetic equilibrium between x and the SM bath right
up to the freeze-out moment. As a result, the DM temperature need not track that of the
SM bath, potentially leading to a non-trivial thermal history for the dark sector [51] that
we should account for, which we do in the following subsection.

Internal kintetic equilibrium within the dark sector. Finally, we have verified that
dark matter self-interactions are efficient in maintaining internal kinetic equilibrium within the
dark sector throughout the relevant epoch. Using the partial-wave amplitudes for yx — xx
scattering in the s-wave channels, ar—o j—0 = 17(;:7}2 and ap—qg =2 = —87::—?% (while the I =1
channel is p-wave and can be neglected), the flavour-averaged self-scattering cross section
is obtained as

vour—av, 1 5 23m2
Uii—o&rx = 5477@%:0,1:0 + §47m%:o,1:2 = 197;4 . (3.19)
X

We then compared the corresponding self-scattering rate with the Hubble expansion rate,
and found that the condition

Moy (ORVON Ve ) > H (3.20)

is satisfied until the freeze-out moment for all parameter points lying below the red line in
figure 4. This ensures that the dark sector remains in internal kinetic equilibrium across
most of the parameter space, allowing the dark matter phase-space distribution to be reliably
characterised by a temperature and chemical potential. Only in regions above the red line
would this assumption cease to hold, in which case a treatment based on the full phase-space
distribution would be required [52].

3.4 Self-heating

Ref. [51] studied the consequences of DM going out of thermal equilibrium before freeze-out
via semi-annihilation is completed, which will happen if the elastic yX — x X scattering is not
efficient enough. They showed that, if the semi-annihilation is s-wave, the xyx — X x process
starts to inject significant energy into the final state y-particle as y becomes non-relativistic,

2
specifically E, r = m, (Z — ijg) = ym,, leading to an increase in the DM temperature viz.
X

Ty /Tsm ~ %(v — 1)z that can be as large as a factor 5 to 6 enhancement.

However, the authors of ref. [53] concluded that there is no significant self-heating when
the semi-annihilation is in the p-wave, which is the case for our model. This is because the
kinetic energy density of dark matter x redshifts adaibatically as

p2
PK = <2m> ny xa (3.21)

X
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while the injection due to the semi-annihilation is

Apg =~ %(av)ni x ala= ka6 (3.22)
which is important for L = 0 (s-wave) at later times but not for L > 1 (p-wave and beyond).
At the same time, the final abundance of dark matter is not modified more than 10% by
going out of equilibrium (in either the s-wave or p-wave case).

Therefore, we will not discuss the possibility of self-heating any further in our paper,
and we are reassured that even in parameter space regions for which thermalisation is not

maintained we do not expect a large correction to the DM relic abundance.

4 Boltzmann equation

In this section, we solve the Boltzmann equation governing the evolution of the dark pion
number density n,, taking into account the processes considered in the previous section,
and demonstrate that dark pions can account for the observed dark matter abundance.
We identify the combinations of model parameters that yield the correct relic density and
delineate the viable region of parameter space. This region is bounded by several theoretical
and observational constraints: the validity of the EFT, limits on Neg, bounds from dark pion
self-interactions, and the requirement that kinetic equilibrium with the Standard Model is
maintained long enough to ensure the robustness of our predictions.

In the presence of dark pion annihilations (yx — X X) and semi-annihilations (xx — xX),
the Boltzmann equation for the dark pion number density n, reads

dn 1
“X 4 8Hny = —(0v)xx (n2 —n52?) - 5 (Vo (2 —nns),  (41)
where H is the Hubble parameter and n{? is the equilibrium number density distribution.

For convenience, it is more suitable to rewrite eq. (4.1) as

aY, _ _ g Mom,

1
dr Va5 22 {<UU>XX—>XX (YX2 - y;q?) + {0V oy X (YX2 - yxy;q)} . (4.2)

2

where we defined a comoving number density, or yield, Y, = n,/s, with s being the entropy
density of the relativistic degrees of freedom, and the evolution parameter is * = m, /T". Here
Mp; is the Planck mass, g, is the effective number of relativistic degrees of freedom, and the

equilibrium yield Y is a function of the evolution parameter z, given by

45,
Vet = g Kale) (4.3)

with Ky (z) being the modified Bessel function of the second order. The factor of one half in
the semi-annihilation contribution stems from the symmetry factors that account for identical
particles in the initial and final states of the collision operator (see e.g. ref. [54]).

We solve eq. (4.2) numerically by substituting the explicit expressions for the thermally
averaged cross-sections (0v)yy—yx and (ov),y—xx in egs. (A.11) and (B.6), respectively.
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We find that there is indeed a viable parameter space that allows us to set the correct
relic abundance for dark pions

1m,Y.
O h?n X"
X 3.6-1079 GeV

with Y, defined as a solution of eq. (4.2) in the limit x — oc.

~0.12, (4.4)

We show the evolution of Y, for two benchmark values of the model parameters in
figure 3, namely:

Benchmark 1: m, =1GeV, f, =2.8GeV, (4.5)
Benchmark 2: m, = 100GeV, f, = 27.2GeV,

and taking ep = Ny/2 = Ay = Ay = 1 for both benchmarks. The solid red line represents the
numerical solution of the Boltzmann equation using the full x-dependence of the thermally
averaged cross sections. In contrast, the solid orange line corresponds to the solution obtained
by retaining only the leading-order term in the velocity expansion of eqs. (3.4) and (3.12).
The resulting difference in the final relic abundance is at the level of 10%—-15%, consistent
with the expectation that dark pions are nearly non-relativistic at freeze-out.

In the following subsections we compare the contributions of semi-annihilation and
annihilation processes in determining the final dark pion abundance. We show that, within
the relevant region of parameter space, annihilation processes are subdominant and can
be safely neglected. This simplification enables us to obtain a more transparent analytical
understanding of the parameter dependencies, and clarifies the conditions under which dark
pions constitute a viable dark matter candidate.

4.1 Semi-annihilation contribution

Let us start by analysing the Boltzmann equation keeping only the contribution from the
semi-annihilation process, i.e. by setting (ov)yy—xx = 0 in the Boltzmann equation (4.2).
To better understand how various parameters affect the final abundance, we can use the
semi-analytic solution for €2, h? derived in [23]. For the case of semi-annihilations, the
freeze-out value x; can be found by solving the equation

my Mp 1
VOxTf 2

where ¢ € R is a constant that encodes the information on the offset of the freeze-out; it

x5 =log |0.038¢(c+ 1) (TV)yx—xX | (4.7)

is defined numerically through
Yy(zy) — YU ay) = c Y (xy) (4.8)

The value of xy exhibits only a logarithmic dependence on (0v)yy—yx, and, for values of
the model parameters yielding the correct relic abundance, it typically lies in the range
xy € [15,30]. Its precise value can be determined numerically and subsequently used to
compute the present-day dark pion energy density

1.07 x 109 GeV !

Qh? =2 x
X VG Mp1J ()

(4.9)
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Figure 3. The dark pion yield Y, as a function of x = m, /T for two benchmark parameter sets.
The solid red (orange) line represents the numerical solution of the Boltzmann equation (4.2) using
the full (leading-order) z-dependence of the thermally averaged cross sections. The observed relic
abundance is achieved for the Y, value denoted by the dashed green line, while the grey dashed line
shows the equilibrium distribution Y;¢4(z).

where

J(:Bf):/xjode. (4.10)

Using the form of (6v)yy—yx in eq. (3.4), the relic abundance in the case of semi-annihilations
scales as
2 1 .2 46
Q2o LT
X €SNy /G mi

GeV™2. (4.11)

,15,



Note that z itself depends on the model parameters, as can be seen in eq. (4.7). Nevertheless,
eq. (4.11) provides a good analytical understanding of how the parameters need to be adjusted
to yield the observed relic abundance. In particular, the contours in the (my, f,) parameter
space satisfying Qxh2 = 0.12 follow the scaling relation f, oc eg?’mi/ 3, as illustrated in

figure 4 by the three solid lines corresponding to ep = {0.1,0.13,0.15}.

4.2 Full contribution

When both semi-annihilation and annihilation processes are included, the freeze-out moment
xy can be found by numerically solving the following equation [23]

(c+2)(ov)yy>xx
(c+ 1) (ov) yx—sxx

my Mpy
9+ f

We present an analytic solution for z; in the non-relativistic limit in appendix C, retaining

142

1
xy = log 0.038¢(c + 1)§<U”>xx—>xX + log (4.12)

only the leading-order term in 2~! from each cross-section. Moreover, a comparison with
numerical results for various benchmarks shows good agreement.

The impact of dark pion annihilations on the freeze-out value xy appears as a subleading
correction in the second term of eq. (4.12), on top of the value set by the semi-annihilation
process in eq. (4.7). This is due to the one-loop suppression of (ov)y,—xx relative to
(00)yx—xx- Therefore, as discussed in section 3.2, annihilations significantly affect the value
of z; only when m, > 4 f, and the two thermally-averaged cross-sections become comparable.

The same conclusion pertains for the present-day dark pion energy density. Indeed,
eq. (4.9) can be generalised to the case where both processes are kept track of [23]:

-1
dz , (4.13)

QB2 — 9 x 1.07 x 109GeV ™ | 1% (00) oy x + 2(00) 3y x X
X B \/ngMPl T 2

where again the annihilation contribution becomes relevant only when (ov)yy—xx =~

f

(0V)yx—xX, i€, when my > 4rnf,.

As it turns out, numerical solutions of the Boltzmann equation, including both semi-
annihilation and annihilation contributions, consistently yield values of m, that reproduce
the observed relic abundance while satisfying m, < 4xf,. This naturally places us in
a regime where semi-annihilations dominate, which explains why the approximation in
eq. (4.11), derived under the assumption of semi-annihilations only, accurately describes
the solid contours in figure 4.

4.3 Parameter space

We are now ready to put things together, summarising all the important constraints in
figure 4. Since semi-annihilations mainly determine the dark pion relic abundance, the key
parameters are m,, fy, ep, and the dark photon mass myx. We find that the interesting dark
pion mass range, capable of yielding Q,h% = 0.1200 £ 0.0024 [50], is

my € [1072,10°]GeV,  forep = 0.1, (4.14)

as indicated by the solid dark green contour in figure 4. Reducing ep lowers the required
values of f, to achieve the correct relic abundance, which in turn shifts the interesting m,,
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Figure 4. Solid lines in the (m,, fy) plane indicate the values for which the correct relic abundance
of dark pions is achieved: black for eg = 0.1, dark green for eg = 0.13, and green for eg = 0.1°.
The gray shaded region corresponds to the regime where m,, > 4x f,. The blue region indicates the
constraint from Neg at the time of BBN, excluding values m, < 10 MeV. Purple regions mark areas
of parameter space where thermalisation of dark pions fails to occur by a given point in the cosmic
evolution. Different dashed lines represent the boundaries beyond which successful thermalisation is
achieved only up to the shown temperatures, expressed in units of xy = m, /Tro, with Tro being
the freeze-out temperature. Note, however, that the lack of thermalisation is not a problem because
there is no self-heating thanks to the p-wave nature of semi-annihilation. Similarly, the region where
self-interactions are efficient in maintaining the internal kinetic equilibrium within the dark sector
(DS) is shown below the solid red line. Finally, the dash-dotted red lines indicate the constraints from
the self-interactions among dark pions.

mass range downward — as shown by the lighter green solid contours. These contours, for
ep = 0.1% and smaller, begin to enter the region where my > 4m f,, marked by the gray
shaded area in figure 4, and thus fall outside the EFT range of validity (also the area where
annihilations would dominate).

Dark photon mass effects. So far we have restricted to the case in which the dark photon is
massless. The effect of introducing a non-zero dark photon mass mx becomes significant only
when it approaches the dark pion mass. Of course, the semi-annihilation channel xxy — xyX
channel closes in the limit mx — m,, as can be checked from eq. (A.8) in the appendix,
and so we expect that turning on a non-zero mx for fixed m, requires a larger coupling,
i.e. a reduced value of f,, to fit the same relic abundance. Specifically, the required value
of f, follows the approximate scaling relation f, o f;EO)Al/ 4 where f>(<0) is the value in the
massless dark photon limit and A = (m, — mx)/m, is the mass-splitting. Nevertheless,
as long as A > 0.2, the effect of a nonzero mx on the final dark pion yield remains below
20%. Therefore, we adopt the natural assumption of non-degeneracy between the dark pion
and photon and set mx = 0 throughout.

,17,



Constraint from BBN. Another consideration is the limit that ANy < 0.4 at the time of
Big-Bang Nucleosynthesis (BBN) [55], which leads to a constraint on mx (and so indirectly
on my too) as follows. If the dark photon is lighter than an MeV and stays in thermal
equilibrium at the time of BBN, it would contribute AN g = %, not allowed by the current
limit. We therefore have to assume that the dark photon decays away before the temperature
comes down to 7"~ 2MeV, requiring its mass to be above several MeV. Since the dark pion
is supposed to be heavier than the dark photon, we conservatively require m, 2 10 MeV,
shown as the blue excluded region in figure 4.

Dark matter self-interactions. As already mentioned at the end of the previous section,
lowering the gauge coupling ep requires a lower f, for fixed m, in order to keep Qxh2 ~ 0.12.
However, for Ny = 2 flavours of dark quark, the chiral Lagrangian predicts self-interactions
among the dark pions that become too large for low f, values. To quantify this effect, we
use the flavour-averaged self-interaction cross section ofl2vour=ave. in eq. (3.19) and show the

XX—XX
contrours of constant aii‘f&r{ ave: by dash-dotted red lines in figure 4. Note, however, that
the dark pions may scatter resonantly with a strong velocity dependence [56] through a
p-like [57] or o-like [58] state, and hence typical upper limits such as o/m, < 0.2 cm?/g

(see, e.g., [59] for a recent analysis) may not apply.

5 Phenomenology

Having delineated the viable region of parameter space that fits the DM relic abundance, and
taking into account other cosmological constraints, we now turn to discuss how this model of
DM semi-annihilation via topological freeze-out can be searched for experimentally.

5.1 Direct and indirect detection

Firstly, and as we have already alluded to, the indirect detection of our dark pion DM via
their annihilation xyy — XX — 7 at the galactic center, halos, or dwarf galaxies, see
e.g. [60] for bounds on semi-annihilation scenarios, is suppressed by the p-wave nature of
the scattering. The constraints are therefore negligible even for the sub-GeV DM mass
range. Direct detection is also highly suppressed because the elastic scattering of a dark
pion with a SM nucleon occurs at two loops and is proportional to €*. This is a key feature
of our model, and traces back to the topological nature of the xxxX vertex (which lends
it a three-derivative suppression).

On the other hand the X, gauge boson, which is kinetically mixed with the photon,
can be produced at accelerators and hence allows for interesting phenomenology. We turn
our attention to accelerator-based searches below.

5.2 Dark photon bounds

Recall the bound (3.14) derived above for the dark photon to remain in equilibrium with
the SM through the vector portal. Evaluating this at the DM freeze-out temperature gives
the following ball-park lower bound on the kinetic mixing parameter e,

> 10790 5.1
€x GeV (5.1)
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For mx light enough, we can evade bounds from astrophysics to allow for this kinetic mixing

0~ 4 eV. But, as we have seen,

to be large enough: roughly, we need to go down to mx < 1
for such light dark photon masses we would contravene the bounds from BBN, and so we
focus our interest on the allowed region with heavier dark photon mass, mx = 1 GeV. Here
the experimental bound on the kinetic mixing parameter is very weak compared to (5.1),
and comes from various collider measurements — beam-dump experiments, BaBar, Belle,
LEP, and the LHC experiments — the most relevant of which are discussed below. We refer

the reader to refs. [57, 61] for compilations of experimental limits.

5.3 Collider phenomenology

In our model, dark sector states can be produced at collider experiments principally through
the kinetic mixing portal — although there is also the possibility of a Higgs portal that mixes
the U(1) g-breaking scalar ¢ with the SM Higgs boson viz. £ D «|H|*|¢|?.

The production of DS particles via the vector portal is suppressed by €2, while in the case
of a Higgs portal the production rates are governed by the Higgs mixing parameter . Here,
we mostly focus on the case where the vector portal is the dominant one. Depending on the
values of € and ep the dark photon can either decay to two dark quarks (I'y 00 X eQB) or
two leptons (I'y ;7 o €2). As we are interested in the case mx < m, and x are the lightest
particles of the confining sector, two dark quarks are always produced via an off-shell dark
photon. Once produced, they will undergo dark sector shower and hadronisation, leading
to dark pions in the final state.

The collider signatures of the model depend on the hierarchy of ep and € as well as
the lifetime of X,. Possible signatures include mono-photon (via the Feynman diagrams
shown in figure 5), mono-jet, exotic Higgs decays h — (y+) inv. and four lepton final states,
or a dark shower from the decay to dark quarks.

Mono-photon. For dark photon masses towards the higher end of our preferred mass range,
there are important searches with mono-photon final states at the LHC e.g. in [62], where
bounds are presented for two different benchmark choices of mediator-lepton, mediator-quark
and mediator-dark matter couplings, {g;, g4, gy }. For our model, these bounds can be cast
into the {m,,mx} plane, excluding the mass range {m,,mx} € {[80,425],[0,840]} GeV
for couplings {0, 0.25, 1}, and excluding {m,,mx} € {[15,175], [0, 350]} GeV for couplings
{0.01, 0.1, 1}. But note that we cannot directly use these benchmarks because, in our case,
both the dark photon coupling to leptons and quarks are proportional to €2 and cannot be
taken independently. Instead, we make use of the limits on the fiducial cross section o X €qg X
A < 0.53—2.45fb depending on the signal region, with A the acceptance and e.g the efficiency.
Assuming the mono-photon final state occurs from photon pair production, where one of the
photons mixes to a dark photon, this sets a limit of € < 5x1072~1072. The mono-photon final
state also arises from s-channel dark photon production via kinetic mixing and an initial-state
radiation photon. This process is proportional to €2 x e and additionally suppressed due to
the dark photon being produced off-shell. A search for a heavy scalar resonance, e.g. the U(1)
breaking scalar, in the mono-photon final state can be found in [63]. Expected sensitivities
for the mono-photon final states at high-luminosity LHC (HL-LHC) are discussed in [64],
while prospects of this signature at a future muon collider are considered in [65].
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Figure 5. Mono-photon production in ete™ collisions. The cross representations the kinetic mixing

vertex 7* — X, which carries a suppression by the parameter e. In the régime s > f,, where /s
is the relevant centre-of-mass energy of the collider (~ 91 GeV at a Z factory, or ~ 11 GeV at a B
factory), the dark photon b decays to a pair of dark quarks. At lower (relative) energy, s < f, or so,
the dark photon can decay to a trio of pions via the xxxX semi-annihilation vertex that sets the DM
relic abundance in this theory; alternatively, the off-shell dark photon may mix into a spin-1 resonance
wy, of the dark sector, enabling a ‘dark spectroscopy’ search strategy.

Mono-photon searches have also been performed at B factories, which provide the
best constraints for lighter mass dark particles. A search at BaBar excludes ¢ < 1073 for
1073 GeV < myx < 2GeV. The bound extends up to myx < 8 GeV limiting € between a few
times 10~% and 1073 [66]. It is expected that Belle II will improve this bound by nearly
an order of magnitude to reach ¢ < 3 x 1074 [67].

Dark spectroscopy. In addition, at eTe™ colliders such as Belle and BaBar, or indeed
at a future high-energy lepton collider such as FCC-ee, kinematic constraints provide more
information to pin down invisible decays. Consider eTe™ — vX*, where the off-shell dark
photon X™* mixes into w-like resonances — see figure 5. Here the energy of the visible photon
entirely determines the invariant mass of the invisible system:

M2, =s ( — 2\%) . (5.2)
Therefore, the energy distribution of the mono-photon signal events would exhibit a set of
resonant peaks due to w-resonances in the DS, mirroring states such as w(782), w(1420),
w(1650), and w(2220) in the case of visible QCD. In addition, the dark sector may well include
additional heavier quarks, giving further peaks for resonances analogous to the J/¢ and so
on. Observing such a spectrum of resonances would, in principle, determine the number of
colours, flavours, and quark masses without observing any of the states directly — clearly
a fascinating possibility that was proposed in [8, 68].

Exotic Higgs decays. Higgs decays to visible and dark photons were searched for e.g.
in [69, 70]. The current limit on this decay is Br(h — vX) < 0.029 [71]. Similarly, the bound

— 20 —



on invisible Higgs decays is h — inv. < 10.7% [71]. From Br(h — vX) ~ Br(h — v7) x €
and Br(h — X X) ~ Br(h — 77) x €*, one can infer bounds on the kinetic mixing parameter
of order ¢ < O(1) — rather weak.

At the HL-LHC, as well as future higgs factories such as FCC-ee and ILC the invisible
higgs branching fraction can be probed to O(1072-1073) [72-74]. With Br(h — XX) ~

Br(h — y) x €* this improving the reach on ¢ in our model by about an order of magnitude.

Mono-jet. The mono-jet final state originates from s-channel dark photon production with
an initial-state radiation jet. Both ATLAS and CMS have searched for the mono-jet final
state [75, 76]. In [76], the search was interpreted for a vector mediator with couplings to
quarks g4(ox €) = 0.25 and couplings to dark matter g, (= ep) = 1, excluding m, < 115 GeV
for massless dark photons up to m, < 300GeV for mx ~ 575 GeV. These bounds will loosen
for smaller values of €. In addition, for eg = 1 and m, = mx /3 limits on g, are given ranging
from 2 x 1072 for my = 100 GeV to 0.3 for myx = 2TeV. For my < 2m, these limits weaken.

LHC mono-jet limits from LHC have been scaled for HL-LHC projecting m,, < 200 GeV
exclusion for various dark matter-mediator coupling choices [77].

Leptonic decays. If X, decays promptly and € is not too small, we will see leptonic final
states. A search for a low-mass resonance decaying to muons sets limits ¢ < 2 x 1073
for my < 80GeV and € ~ 3 x 1073~5 x 1073 for mx = 100—200 GeV [78]. Similarly, a
search for a low-mass resonance in Higgs decays to four leptons final state sets limits on
Br(H — XX) x Br(X — eeor uu)? <2 x 1076 [79] leading to O(1) bounds on e. Assuming
a Higgs portal with & > ¢, limits on x < 1074—1073 for mx ~ 5—60 GeV were obtained.

Prospects of searches for leptonically decaying dark photons can be found for HL-LHC
and future electron-positron colliders in [80, 81]. It is expected that these machines can probe
€ ~ O(1072-1073) via Drell-Yan production of dark photons. If Br(h — X X) ~ 0.5% the
leptonic decays will be able to probe € ~ 1079—107% at HL-LHC.

Semi-visible lepton jets. Finally, an interesting signature can arise when X, decays
promptly to dark quarks, which shower and form dark hadrons, but also emit dark photons
as part of the shower process. Thus, part of the shower can become visible when some of the
dark photons decay back into SM leptons. The resulting signature consists of a collimated
spray of (soft) leptons in association with a large amount of missing energy in the same
direction, similar to a semi-visible jet [82, 83].

6 Conclusion and outlook

In this paper we have shown that a simple QCD-like model of the dark sector allows for
dark pion dark matter that freezes out via semi-annihilation into a dark photon. This is
possible due to the existence of a topological interaction between the dark pions y and
the U(1)p gauge boson X, via the Skyrme current, that is produced by gauging baryon
number in the ultraviolet. The model is technically natural, consistent with a range of dark
matter mass 10 MeV < m, <1 TeV, and evades the limits from indirect detection due to
the p-wave nature of the semi-annihilation.
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The model has rich phenomenology in cosmology and laboratory experiments. Towards
the lighter limit of the allowed mass range, the semi-annihilation process may lead to significant
self-interactions that can modify the galactic dynamics at small scales. We discussed potential
signatures at colliders, such as monojets at the LHC, invisible Higgs decays at the LHC and
at a future Higgs factory, dark spectroscopy at SuperKEKB, and more. We find it intriguing
that such a simple model gives rise to a wide ray of rich phenomenology in a way fully
consistent with current observational and experimental constraints.

In addition to pursuing more comprehensive phenomenological studies, there are several
other future directions we plan to explore. Firstly, it is known that the 2 — 1 process
xX — xX at the heart of this work can give rise to an alternative DM thermal history besides
the freeze-out option explored here, in which the DM abundance starts off very small and is
rapidly generated through X x — xx. This scenario is known as explosive freeze-in [84], and
it would be interesting to characterise the viable parameter space for this option. Secondly,
we hope to explore variations of this model with more intricate topological sectors, obtained
for instance by a less minimal gauging pattern.
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A Semi-annihilation computations

In this appendix, we provide details regarding the computation of the thermally-averaged
cross-section for the semi-annihilation process. The corresponding matrix-squared element
for the process x*(p1)x?(p2) — x°(p3)X*(p4), summed over the final state polarisations
and flavours, and averaged over the initial state flavours, is computed using the Feynman
rule in eq. (3.1) and reads

Ny €k

SIMP? = NJ% mERyREy (s — 4mi) (s — (my + mX)Q) (s — (my — mX)z) sin?6,  (A.1)
X

with the Mandelstam variable s defined as s = (p; + p2)?. In the center-of-mass frame,
we have the following momenta configuration when the incoming pions collide along the

— 922 —



z-direction and the outgoing photon makes an angle 6 with the z-axis in the y — z plane

/8 — 4m?2
p1 = (4570707 2X) ) (A2>

\/8 — 4m2
P2 = ﬁao)())_ix ) (A 3)
2 2
s+ m2 — m2
p3 = ( 2>\</§ X,O7 |Dy|sin 6, \ﬁﬂcos@) , (A4)
ST MY 1l sin g, — |5 cos A5
P4 = 2\/§ ) ,—‘pf’SIIl ,—’pf|COS ) ( )
where
. mi + (s —m2)? — 2m% (s + m2)
\pf|=\/ X S (A.6)
s
The differential cross-section reads
d 1 7 _
Txx=xX _ MZ]MF 7 (A7)

dQ  64n2s |p)]

with |p;| = /s —4m2/2. Now, it is possible to use egs. (A.1)~(A.7) and perform the
f-integration with d2 = 27 sin0df to arrive to

S Ny e} (mi (s —m3)? = 2mX (s +m3))*?
ST N — 11536 f8s3/2 ’

(A.8)

which, in the limit mx — 0

2\ 3 2\ 1/2
o X:& 623 i 1_& 1_4mX (A.9)
R TN — 1153670 f9 s s ’ '

reproduces eq. (3.2) from the main text. Following refs. [47, 48], we compute the ther-

mally averaged cross section times the Mgller velocity, v = \/[vi — va|2 — v X V2|2, as
the following integral

f4or?1§< Trxx—xX V(s — 4m§) Ki(vs/T)ds
8miTK3(my/T) ’

(o0)xx—xx = (A.10)

with K; being the modified Bessel functions of the i-th order. Solving the integral, we find
by =B M@ fgane( =2 ) s T e
X =
WEXE T NZ 14096792 f8 K3(x) L3\-3 - B-3 -

0 1
+12GY7 (_5 B 11902) ~G7Y (_3 _11|x2>] , (A.11)
2 2 2 2 2 2

where x = m, /T, and G(2?) is the Meijer G-function [49].
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The expression for (ov)yy—yx can be expanded in the inverse powers of = m, /T. Up
to O(x~3), the corresponding expression reads

(A.12)

. _ Ny e omy 81 891 66825 5
XX—XX

N7 13845 fo\16° 327 512

Furthermore, it correctly reproduces the result in the non-relativistic limit, > 1. Indeed,
starting from eq. (3.2), the non-relativistic limit of the thermally averaged cross-section is

S <UXXH><X : 2W>, (A.13)

with s = 4m>2( + mivz. Therefore, expanding the right-hand side of eq. (A.13) in v? and using

2(%1)/211(%:;)

<vn> — F(g) x_n/Q’ (A14>
2
we find
Ny ey my (81 _; 405 _, 945
nr _ Ix (22 - — A.15
<O'U>XX%XX NJ%—13847T5 f)((i (16w . 128x + 2048x T ) ’ ( )

with the leading term matching the one in eq. (A.12).

B Annihilation computations

The operators in the chiral Lagrangian can mediate the x%(p1)x’(p2) — X*(p3)X"(p4)
process. There are two independent dimension-six operators, as given also in the main text,

Lypr D (16:‘;2&)2 (M (9aU1) (0°U) Xy X1 4 23 (8aUT) (8"U) Xy X)), (B.1)

where A\; and g are O(1) Wilson coefficients (in general complex), and the overall size is set
by the dimensionful factor in front. The corresponding Feynman rules read

O1 : —8i\ p1.p2 (P4 — p3.pag™) 6, (B.2)
Oyt 2iXg (p1 - paphph + p1 - p3 PP — p3 - pa (PS5 + PhpY)
+p2 - pa (PADY — p1 - p3 ") + pa - ps (DY — p1 - pagh”)) 6, (B.3)

multiplied by the overall size of the UV contribution, (eg/1672 f, ).
We can use this to compute the thermally averaged cross section as outlined in section 3.1.
The result for the averaged matrix element squared reads

4
— 1 e *
S M= (167:;]"2) {452(5 —2m2)” (Re(h A3) + 21 ) (B.4)
f X

1
+ <2mi82—|—232(3—2mi)2—4mis(t—mi)(u—mi) + 2(t—mi)2(u—mi)2> \)\2\2] .
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The corresponding cross-section is

4
1 eR 1 s
_ / ] B.5
Do XX NJ% -1 (1671'2f)%> 8 y 5 — 4m2 (B.5)

« [(52m§)2 (Re(hi A3) + 21 f?) + m(QQm —76m2s + 175%) | |

and the thermally averaged cross-section

(o) 1 e 16m T
gv =
NEXXTNZ 1 \8n2f2) r K3()

17
[G?:g (_1 1 1|5U2> (Re (A1 A3) + 2|\ + |)\2|2>
2 T 232

1 - i} 23
+4Gi’:§( ;) \) (Rew X)+20h + 2&\?)] . (B
T2 22

Expanding (ov)yy—xx in the limit of large x, we obtain

4 6
1 €B My 2 ( 15 1 -2 )
= 4 1 . B.
(OV) oy XX N1 (167T2f>%> 5 |41 + Ag gt O(z™?) (B.7)

f

C Semi-analytical vs. numerical results

In this appendix, we compare the numerical results for z¢ (the freeze-out moment) and
Yy (o) (the asymptotic limit of the dark pion yield today, * — x) with the semi-analytic
solutions that we present below.

We first solve for xy in eq. (4.12) in the non-relativistic limit, keeping only the leading
order in ! from each cross-section. For later convenience, we write the cross-sections as
(OV) o xx R oz ™ and (oV)yy—yx ~ 0z~ ", where n; denotes the leading power in the
2~} expansion (n, = 0 for s-wave annihilations, and ns = 1 for p-wave semi-annihilations).

Therefore, we have

OgC+2

1 M;
W] - {ns } log[z¢] + log {1 +2— 125 (C.1)

x5~ log [ (¢ +1)0.03825 N

For annihilation processes, the best fit for ¢ is to choose c¢(c + 2) = n, + 1 [85]. Since

Os C+

semi-annilation is the dominant process here, we choose c¢(c + 1) = ns + 1. For our p-wave

process ¢ = 1.
1 M 1 2
zy ~log |c(c+1)0. 03822%] - { (c+1) - 2} log[z ] + log [1+2a611 Ty

(C.2)

,25,



Ga o, 2
Moreover, we can use that o 3(167%)

2.2

2 T}‘Qxijffl;’ with xy of order 10, and for the choices of m,
X

and f, considered, the last log in the expression above is subleading. In this case, we find

1
ry~In [0.0380(0 + 1)2mMP1mXJS]
gx

1 1
_ (c(c +1)— 2) In {ln l0.0386(6 + 1)2gI/2Mp1mXUS] } (C.3)
04 (c+2) 1
md14+22¢7 90 (0.038—— M, L
+ n{ + s (et 1) n (0 03829i/2 P1My O )}
and
~1/2
Vio o 789 (C.4)

Mplmx(ZaaxJTI + %asxf) '

The results and their comparison to the fully numerical solutions for a couple of benchmark

values of the parameters are shown in the tables below.

Ne=2,eg=1, A1 =1, 2=1,c=1:

Iy [GeV] | my [GeV] G« xf Yoo Y (50) (numeric) | Y(75) (numeric)
5 2.8 247/4 | 19.55 | 9.55- 101 1.14 - 10710 1.04 - 10710
50 94 303/4 | 23.01 | 2.77-10712 3.55-10712 3.09-10712
500 3175 345/4 | 26.66 | 6.91-10"1 1.01-10713 8.18-10714

Ne =2,eg =0.01,\; =1, =1,c = 1:

Iy [GeV] | my [GeV] G« xf Yoo Y (50) (numeric) | Y(75) (numeric)
5 2.8 247/4 | 11.06 | 3.06- 1077 3.33-1077 3.23-1077
50 94 303/4 | 14.38 | 1.09-1078 1.22-1078 1.16 - 1078
500 3175 345/4 | 17.83 | 3.59 - 10719 4.18-10710 3.86-10710
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