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The Impact of Anisotropic Redshift
Distributions on Angular Clustering

Antón Baleato Lizancos and Martin White

Berkeley Center for Cosmological Physics, UC Berkeley, CA 94720, USA
Department of Physics, University of California, Berkeley, CA 94720, USA
Lawrence Berkeley National Laboratory, One Cyclotron Road, Berkeley, CA 94720, USA

E-mail: a.baleatolizancos@berkeley.edu, mwhite@berkeley.edu

Abstract. A leading way to constrain physical theories from cosmological observations is
to test their predictions for the angular clustering statistics of matter tracers, a technique
that is set to become ever more central with the next generation of large imaging surveys.
Interpretation of this clustering requires knowledge of the projection kernel, or the redshift
distribution of the sources, and the typical assumption is an isotropic redshift distribution
for the objects. However, variations in the kernel are expected across the survey footprint
due to photometric variations and residual observational systematic effects. We develop the
formalism for anisotropic projection and present several limiting cases that elucidate the key
aspects. We quantify the impact of anisotropies in the redshift distribution on a general class
of angular two-point statistics. In particular, we identify a mode-coupling effect that can
add power to auto-correlations, including galaxy clustering and cosmic shear, and remove it
from certain cross-correlations. If the projection anisotropy is primarily at large scales, the
mode-coupling depends upon its variance as a function of redshift; furthermore, it is often
of similar shape to the signal. In contrast, the cross-correlation of a field whose selection
function is anisotropic with another one featuring no such variations – such as CMB lensing –
is immune to these effects. We discuss explicitly several special cases of the general formalism
including galaxy clustering, galaxy-galaxy lensing, cosmic shear and cross-correlations with
CMB lensing, and publicly release a code to compute the biases.
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1 Introduction

The measurement of angular clustering of projected fields holds a central place in cosmology,
and such measurements frequently allow us to push the cosmological frontier in sky coverage,
source density and redshift [1–6]. The next generation of large imaging surveys, such as Vera
Rubin LSST [7–9] and Euclid [10, 11] will ensure such analyses remain central to cosmological
inference for the next decade and beyond. With some assumptions about evolution and
statistical isotropy, observations along the past light cone can be used to infer the underlying
3D clustering if the radial distribution of the signal is known. This is typically related to the
redshift distribution of a set of sources, and the general assumption is that this distribution
is independent of location on the sky.

However, observational systematic effects are expected to introduce anisotropy in the
selection of sources. For instance, it is well known that the observed number density of
galaxies is a modulation of the true population by variations in detector sensitivity across
time and location on the focal plane, changes in the observing conditions, completeness near
bright stars, extinction due to Galactic dust, deblending, or the separation of galaxies from
stars; this modulation can in turn bias cosmological constraints [12–14]. The same systematics
will also compromise characterizations of the redshift distribution of the objects, presenting
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a challenge to the interpretation of the observed angular pattern in terms of an underlying
3D distribution. In this paper, we investigate how the analysis needs to be changed if the
assumption of isotropy in the redshift distribution is relaxed, illustrating the general formalism
with several examples.

The outline of the paper is as follows. In §2 we introduce the general formalism for
treating anisotropic projection kernels for 2D fields. We demonstrate the impact of such
anisotropic projection in a simple “flat sky” calculation (§2.1) and then show that the main
structure of the calculation – extra additive and mode-coupling contributions to the clustering
– carries across to the full-sky calculation (§2.2). We give several examples and special cases
in §3, showing what the general formalism implies for galaxy clustering, cross-correlations,
cosmic shear and galaxy-galaxy lensing. Then, in §4, we provide a quantitative exploration
of the additional contributions for fluctuations characteristic of present-day surveys. Our
conclusions are presented in §5 while some technical details are relegated to appendices.

2 Formalism

We are interested in considering a field, such as the galaxy density, that has been projected
along the line-of-sight direction, such that e.g.

1 + δ(2D)(n̂) =

∫
dχ ϕ(χ, n̂)

[
1 + δ(3D)(χ n̂)

]
(2.1)

where χ is the comoving radial coordinate and n̂ is a unit vector on the sphere. The projection
kernel, ϕ, is inferred from an assumed or observed redshift distribution, e.g. for the projected
galaxy density example above ϕ ∝ H (dN/dz), where H is the Hubble parameter and dN/dz
is the redshift distribution of the sources; we shall discuss other kernels later. The standard
assumption is that ϕ is a function only of χ, with no angular dependence. In this paper we are
interested in the case where dN/dz varies with position on the sky, and hence ϕ = ϕ(χ, n̂).

Throughout we shall assume that ϕ(χ, n̂) is well characterized so that we can ignore the
problem of redshift-distribution errors and focus instead on the impact of a spatially-varying
redshift distribution. The issue of properly inferring the redshift distribution of a population
of objects, and its uncertainties, is a complex one with a large literature. Recent reviews of
the current state-of-the-art can be found in refs. [15, 16]. We assume that this process has
resulted in an estimate of the number of galaxies in redshift bins, including its variation across
the survey, and hence of ϕ(χ, n̂). We denote the average of ϕ across the sky (i.e. survey) as
ϕ̄(χ), which defines the residual through

ϕ(χ, n̂) = ϕ̄(χ) + ∆ϕ(χ, n̂) (2.2)

Note that by definition ∆ϕ averages to zero and ϕ̄ integrates to unity1. We shall also expand
the angular dependence of our fields in spherical harmonics, e.g.

δ(2D)(n̂) =
∑

ℓm

δ
(2D)
ℓm Yℓm(n̂) , ∆ϕ(χ, n̂) =

∑

ℓm

∆ϕℓm(χ)Yℓm(n̂) . (2.3)

We are concerned with the implications of non-zero ∆ϕ on the observed auto- and cross-
clustering of the projected field, δ(2D).

1The latter condition, which holds automatically for densities, need not hold for more general fields, e.g.
cosmic shear. We shall relax this condition when appropriate.
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2.1 Flat sky

Before presenting our full calculation (§2.2), let us consider an algebraically simpler model
that nonetheless illustrates many of the features of the full model. Specifically imagine a flat
sky, with a redshift depth2 small enough that we may directly convert angles and redshifts
into Cartesian coordinates: (x⊥, χ). We split the selection function, ϕ(x), into an average
piece, ϕ̄(χ), plus a fluctuation ∆ϕ(x⊥, χ). Then

δ2D(x⊥) =
∫

dχ ∆ϕ(x⊥, χ) +
∫

dχ
[
ϕ̄(χ) + ∆ϕ(x⊥, χ)

]
δ3D(x⊥, χ) . (2.4)

Conservation of the mean density requires
∫
ϕ̄ dχ = 1 and

∫
∆ϕd2x⊥ = 0 or equivalently

∆ϕ(k⊥ = 0, k∥) = 0. In moving to Fourier space two of the terms are straightforward Fourier
transforms while the ∆ϕ δ3D term is a convolution. Let us denote X(x) = ∆ϕ δ3D. Then

X(k) = [∆ϕ δ3D] (k) =

∫
d3k1 d

3k2
(2π)6

(2π)3δ(D)(k− k1 − k2)∆ϕ(k1)δ3D(k2) (2.5)

and if the 3D power spectrum of δ3D is P (k) then

⟨X(k1)X
⋆(k2)⟩ =

∫
d3k

(2π)3
∆ϕ(k1 − k)∆ϕ⋆(k2 − k)P (k) . (2.6)

Note that the product in configuration space has led to a convolution in Fourier space that
samples a range of k-modes around k1 or k2.

The projection over χ in equation 2.4 implies that δ2D(k⊥), is simply the Fourier trans-
form of each contribution evaluated at k∥ = 0. The angular power spectrum thus becomes

CK =

∫
dk∥
2π

P (k⊥, k∥)
∣∣ϕ̄(k∥)

∣∣2 + C∆ϕ
K +

∫
d3k

(2π)3
P (k) |∆ϕ(K− k)|2 , (2.7)

where K = |k⊥| and in the last integral the K = (k⊥, 0) is interpreted as a 3-vector with
zero line-of-sight component. The first term is the usual expression resulting from a fixed
projection kernel, ϕ̄. It has the form of a power spectrum multiplied by a line-of-sight window
function. The ‘additive’ term,

C∆ϕ
K =

∫
dχ1 dχ2 C∆ϕ

K (χ1, χ2) =

∫
dχ1 dχ2

∫
d2x⊥e

−iK·x⊥∆ϕ(x⊥, χ1)∆ϕ(0, χ2) , (2.8)

is just the angular power spectra of the projected fluctuation, ∆ϕ. It comes from modulation
of the mean density by the varying projection kernel. The final term is a ‘mode-coupling’
term that samples from P (k⊥, k∥) over a range of k⊥ around K. The three contributions to
C come from each of the contributions to δ2D squared. The cross terms vanish because of the
constraint from the mean density.

This simple, flat-sky model thus leads us to expect that we will see three contributions
to the measured clustering: the signal as for a uniform dN/dz, an additive contribution equal
to the auto-correlation of the dN/dz fluctuations and a mode-coupling term that couples
power at an observed scale, K, to that of nearby scales over a range defined by the Fourier
transform of ∆ϕ. All three of these contributions and their behaviors carry across to the

2This analysis might be appropriate for medium- or narrow-band selected samples of emission line galaxies
over small fields, for example Lyα emitter surveys (LAEs; see [17] for a review).
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full calculation. This simpler model also suggests that the three contributions come from
the auto-spectra of the three terms in equation (2.4). This will also have an analog in the
full calculation. Finally, these results imply that if a projected field is cross-correlated with
one that does not have any uncertainty in dN/dz (e.g. CMB lensing) the corrections vanish,
or if such a field is correlated with one having mean zero (e.g. the shear field) the additive
correction vanishes. These implications also hold in the full case, and are discussed further
in what follows.

2.2 Beyond flat sky

Having built intuition for the physics underpinning the calculation, let us now repeat it in the
more general spherical-sky formalism, using χ to parametrize comoving distances along a line-
of-sight direction specified by the unit vector n̂. The general, position-dependent selection
function is still given by Eq. (2.2). Projecting the 3D density field with this selection function,
as in equation (2.1), and imposing the integral constraints

∫
ϕ̄ dχ = 1 and

∫
∆ϕd2n̂ = 0, we

get

δ(2D)(n̂) =

∫
dχ

[
ϕ̄(χ) + ∆ϕ(χ, n̂)

]
δ(χ, n̂) +

∫
dχ∆ϕ(χ, n̂) , (2.9)

with spherical harmonic coefficients

δ
(2D)
ℓm =

∫
dn̂Y ∗

ℓm(n̂)

∫
dχ

[
ϕ̄(χ)δ(χ, n̂) + ∆ϕ(χ, n̂)δ(χ, n̂) + ∆ϕ(χ, n̂)

]
. (2.10)

The first term would be the only contribution if the redshift distribution were perfectly
isotropic. When it is not, the other two terms give rise to a multiplicative and an additive
contribution, respectively. Let us now carefully unpack the second term, leaving the other
ones to follow by analogy. It gives3:

δ
(2D)
ℓm ⊃

∫
dn̂Y ∗

ℓm(n̂)

∫
dχ∆ϕ(χ, n̂)δ(χ, n̂)

= (4π)2
∫

dχ

∫
d3k1

(2π)3
d3k2

(2π)3
∆ϕ(k1)δ (k2, z)

× (−1)m
∑

ℓ1m1

∑

ℓ2m2

iℓ1+ℓ2Gℓℓ1ℓ2
−mm1m2

jℓ1(k1χ)jℓ2(k2χ)Y
∗
ℓ1m1

(k̂1)Y
∗
ℓ2m2

(k̂2) ,

(2.12)

where, in going to the last line, we have used Rayleigh’s plane wave expansion

eik·x = 4π
∑

ℓm

iℓjℓ(kχ)Y
∗
ℓm(k̂)Yℓm(n̂) , (2.13)

3We work in the asymmetric Fourier transform convention where

f(k) =

∫
d3x f(x)e−ik·x and f(x) =

∫
d3k

(2π)3
f(k)eik·x . (2.11)

Further, here and in subsequent integrals, we simplify notation by letting the dependence on comoving distance
appear implicitly via the redshift, δ(k, z) ≡ δ(k, z(χ)). On the other hand, ∆ϕ is only defined on the past
lightcone, so its Fourier transform is fully specified by a wavevector.
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as well as the definition of the Gaunt integral

Gℓ1ℓ2ℓ3
m1m2m3

≡
∫

dn̂Yℓ1m1(n̂)Yℓ2m2(n̂)Yℓ3m3(n̂)

=

√
(2ℓ1 + 1)(2ℓ2 + 1)(2ℓ3 + 1)

4π

(
ℓ1 ℓ2 ℓ3
m1 m2 m3

)(
ℓ1 ℓ2 ℓ3
0 0 0

)
. (2.14)

At this point, it will be useful to extract the spherical harmonics of each radial slice. To
do this, note that an arbitrary 3D field g can be expressed as

gℓm(χ) ≡
∫

dn̂Y ∗
ℓm(n̂)g(χ, n̂) . (2.15)

In appendix B, we link this to the spherical Fourier-Bessel basis and use that to glean insights
into the structure of the perturbations. If we have two statistically-isotropic random fields,
δa and δb, with 3D cross-spectrum

⟨δa (k1, z1) δ
b,∗ (k2, z2)⟩ = (2π)3 δ

(3)
D (k1 − k2)Pab (k; z1, z2) , (2.16)

the angular cross-spectrum of two radial slices is given by

⟨δaℓ1m1
(χ1)δ

b,∗
ℓ2m2

(χ2)⟩ = δℓ1l2δm1m2

2

π

∫
dk k2jℓ1(kχ1)jℓ1(kχ2)Pab (k; z(χ1), z(χ2))

≡ δℓ1l2δm1m2C
ab
ℓ1 (χ1, χ2) . (2.17)

In the literature, this sometimes goes by the name of multi-frequency angular power spectrum
(MAPS [18]; see also refs. [19–21]).

The formalism is slightly different for the ∆ϕ’s, since these are fixed by whatever sys-
tematic effects are driving the variations in the dN/dz’s and are therefore deterministic rather
than stochastic. Despite commuting with ensemble averaging, we can still define a notion of
their Cℓ’s as

C∆ϕa∆ϕb

ℓ (χ1, χ2) ≡
1

2ℓ+ 1

∑

m

∆ϕa
ℓm(χ1)∆ϕb,∗

ℓm(χ2) . (2.18)

We can now continue to simplify equation (2.12). With the toolkit we have developed,
we can write

δ
(2D)
ℓm ⊃

∫
dχ (−1)m

∑

ℓ1m1

∑

ℓ2m2

Gℓℓ1ℓ2
−mm1m2

∆ϕℓ1m1(χ)δℓ2m2(χ) . (2.19)

Then, defining

{∆ϕ δ}ℓm (χ) ≡ (−1)m
∑

ℓ1m1

∑

ℓ2m2

Gℓℓ1ℓ2
−mm1m2

∆ϕℓ1m1(χ)δℓ2m2(χ) , (2.20)

and proceeding similarly for the other terms in equation 2.10, we find

δ
(2D)
ℓm =

∫
dχ

[
ϕ̄(χ)δℓm(χ) + ∆ϕℓm(χ) + {∆ϕ δ}ℓm (χ)

]
. (2.21)
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This integral can be regarded as a sum of contributions from spherical shells positioned at
increasing distance from the observer. The first two terms are responsible for projecting the
3D anisotropy in δ and ∆ϕ onto the shells, while the last term is associated with the coupling
of the angular momenta of the two fields.

Consider, in turn, the angular cross-correlation of two projected overdensity fields, δ(2D)
a

and δ
(2D)
b , each with its own radial selection function and associated perturbation. On the

full sky, the total angular power spectrum is

T ab
ℓ =

1

2ℓ+ 1

∑

m

⟨δ(2D)
a,ℓmδ

(2D),∗
b,ℓm ⟩ . (2.22)

All the cross-terms in this expression vanish, some because the δ’s have mean zero by def-
inition, others because they entail a coupling of ϕ̄ with ∆ϕ – since the former is isotropic,
there can only be a contribution from ∆ϕ00, and this is zero by construction (though see
appendix A for a generalization to the case where it is not) – and we are left with the sum of
three auto-spectra:

T ab
ℓ =

∫
dχ1 dχ2

[
Uab
ℓ (χ1, χ2) +Aab

ℓ (χ1, χ2) +Rab
ℓ (χ1, χ2)

]
(2.23)

where the ‘uniform’ and ‘additive’ contributions are

Uab
ℓ = ϕ̄a(χ1)ϕ̄

b(χ2)C
ab
ℓ (χ1, χ2) and Aab

ℓ = C∆ϕa∆ϕb

ℓ (χ1, χ2) , (2.24)

while the mode-coupling contribution is

Rab
ℓ = (2ℓ+ 1)−1

∑

m

〈
{∆ϕa δa}ℓm (χ1){∆ϕb δb}⋆ℓm(χ2)

〉
(2.25)

= (2ℓ+ 1)−1
∑

m

∑

123

Gℓℓ1ℓ2
−mm1m2

Gℓℓ1ℓ3
−mm1m3

∆ϕa
ℓ2m2

(χ1)∆ϕb,⋆
ℓ3m3

(χ2)C
ab
ℓ1 (χ1, χ2) (2.26)

=
∑

L

M∆ϕa∆ϕb

ℓL (χ1, χ2)C
ab
L (χ1, χ2) . (2.27)

In going to the last line, we used the definitions of the Cℓ’s in (2.17) and (2.18), and harnessed
the analogy with the mode-coupling induced by a mask (see, e.g. ref. [22]) by defining

M∆ϕa∆ϕb

ℓL (χ1, χ2) ≡
2L+ 1

4π

∑

ℓ′
(2ℓ′ + 1)

(
ℓ L ℓ′

0 0 0

)2

C∆ϕa∆ϕb

ℓ′ (χ1, χ2) , (2.28)

using the identity

∑

mm1

Gℓℓ1ℓ2
−mm1m2

Gℓℓ1ℓ3
−mm2m3

= δℓ2ℓ3δm2m3

(2ℓ+ 1)(2ℓ1 + 1)

4π

(
ℓ ℓ1 ℓ2
0 0 0

)2

. (2.29)

In the next section, we will use an analytically-tractable toy model to understand the struc-
ture of this mode coupling and derive a simple and accurate approximation valid in most
cases of interest. In addition, in appendix C, we explain how to evaluate the integrals in
equation (2.23) efficiently.

Our formalism reveals two important insights. First, we learn that, as long as the mean
is correctly characterized, the cross-correlation of a field with uncertain dN/dz with another
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one with no such uncertainty is completely unbiased4. Second, despite ∆ϕ being in general
anisotropic, the biases depend only on the diagonal component of the perturbation’s angular
spectrum, namely C∆ϕa∆ϕb

ℓ (χ1, χ2). This suggests that an estimator for the diagonal elements
of C∆ϕa∆ϕb

ℓ could potentially be built from measurements of the off-diagonal elements of the
angular power spectrum, T ab

ℓℓ′ , and used to mitigate the effects we have described. We defer a
more detailed exploration of this approach to future work.

2.3 The shape of the mode-coupling integral

In order to better understand the implications of the formalism above, let us consider a very
simplified example where ∆ϕ contains only a single, very large angular scale mode. By working
through this case we will be able to see how the shape of the mode-coupling contribution arises
and under what conditions it mirrors that of the cosmological signal. Moreover, this simplified
calculation will pave the way to a simple yet accurate analytic approximation that will be
valid much more generally, in any situation where clustering is measured on smaller (angular)
scales than the anisotropy of ϕ.

Assume the shift in the mean redshift of the distribution is small compared to the width,
so we can approximate

ϕ(χ, n̂) =
H(χ)

c

dng

dz
(χ, n̂) =

H(χ)

c

dn̄g

dz
(χ− χshift(n̂)) (2.30)

≈ H(χ)

c

[
dn̄g

dz
(χ)− χshift(n̂)

d2n̄

dχdz
(χ)

]
. (2.31)

Identifying the first term with the fiducial selection function, we can isolate the perturbation

∆ϕ(χ, n̂) = −χshift(n̂)Ψ(χ) (2.32)

where we have defined Ψ = (H/c) d2n̄/(dχ dz) having dimensions of inverse length squared.
For pedagogical purposes, consider

χshift(n̂) = ϵℜ{Y11(n̂)} , (2.33)

where ϵ is a small constant with units of distance. It follows that

∆ϕℓm(χ) = −1

2
δℓ1 (δm1 − δm−1) ϵΨ(χ) , (2.34)

so our approximation will be valid whenever ϵH(χ)/c ≪ 1. We can use this to calculate

C∆ϕa∆ϕb

ℓ (χ1, χ2) =
1

6
δℓ1

ϵaϵb
c2

Ψa(χ1)Ψ
b(χ2) . (2.35)

The additive bias is therefore only present at ℓ = 1, the mode where we seeded the
perturbation:

T ab
ℓ ⊃

∫
dχ1 dχ2C

∆ϕa∆ϕb

ℓ (χ1, χ2) =
1

6
δℓ1

ϵaϵb
c2

∫
dχ1Ψ

a(χ1)

∫
dχ2Ψ

b(χ2) . (2.36)

4Contrast this with the cross-correlation of a masked field on the sphere with another one covering the full
sky. In that case, the result needs to be corrected by a factor of fsky. The difference is due to the fact that
coupling ∆ϕ with an isotropic δ can only depend on the monopole of ∆ϕ, which is zero by construction. On
the other hand, the sky-mean of a survey mask is precisely equal to fsky. The analogy becomes more explicit
in equation (A.6), where we allow ∆ϕ to have a non-zero monopole.
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Figure 1: Multi-frequency angular power spectrum (MAPS) for our idealized example, where
perturbations in the mean redshift of the distribution are seeded at ℓ = 1. In this example,
ℓ = 1 is the only scale containing any structure at all. Dotted lines mark the comoving
distance to the center of the galaxy distribution, χ0. Because the sign of ∆ϕ changes either
side of χ0, so does the sign of the MAPS. And since the additive bias comes from an integral
of the MAPS over all of χ1 and χ2, cancellations make this contribution negligibly small.

For definiteness, let us consider the specific example of a Gaussian redshift distribution
with width σ0 = 0.06 centered at z0 = 0.59, and variations about the mean redshift with
amplitude ϵ = 0.3 × 10−2. As we will see in greater detail in §4.1, our choices are inspired
by DES’s RedMaGiC sample [23]. We also adopt a galaxy power spectrum appropriate for
this sample and described in that same section. Translated to distance units (in the Planck
2018 [24, 25] cosmology), these parameter values correspond to χ0 = 2241Mpc, σ0 = 187Mpc
and ϵ = 9.5Mpc.

The integrand of equation (2.36) can be visualized in figure 1. Note the extensive
cancellations between regions where the integrand takes on opposite signs, leading us to
expect that the additive bias will ultimately be very small. This can be seen more explicitly
if we integrate by parts:

∫ ∞

χ=0
dχ

{
H

d2n̄

dχdz

}
(χ) =

[
H

dn̄

dz

]∞

χ=0

−
∫ ∞

χ=0
dχ

{
dH

dχ

dn̄

dz

}
(χ) . (2.37)

The first term on the right vanishes because the dN/dz is zero at the boundary, and the
second term is very small because H varies slowly over a typical redshift distribution – in
the limit that H is constant over this range, the integrals are exactly zero. The narrower the
mean dN/dz, the smaller this contribution will be. For the scenario at hand, the additive
bias is consistent with zero up to numerical error.

Meanwhile, the mode-coupling matrix also takes a transparent form

M∆ϕa∆ϕb

ℓL (χ1, χ2) = (2L+ 1)

(
ℓ L 1
0 0 0

)2
ϵaϵb
8πc2

Ψa(χ1)Ψ
b(χ2) , (2.38)
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with the triangle conditions of the 3j symbol imposing the simplest of off-diagonal couplings,
(
ℓ L 1
0 0 0

)2

= δL (ℓ−1)

(
ℓ ℓ− 1 1
0 0 0

)2

+ δL (ℓ+1)

(
ℓ ℓ+ 1 1
0 0 0

)2

(2.39)

= δL (ℓ−1)
ℓ

(2ℓ+ 1)(2ℓ− 1)
+ δL (ℓ+1)

ℓ+ 1

(2ℓ+ 3)(2ℓ+ 1)
. (2.40)

The range of ℓs over which C∆ϕa∆ϕb

ℓ (χ1, χ2) has support determines the width of the convo-
lution kernel to which Pab is subjected. Had ∆ϕ had structure on smaller angular scales, the
mode-coupling would have involved a wider range of L’s. With the mode-coupling matrix
above, the integrand of the mode-coupling bias becomes

Rab
ℓ =

∑

L

M∆ϕa∆ϕb

ℓL (χ1, χ2)C
ab
L (χ1, χ2)

=
ϵaϵb
8πc2

ΨaΨb

[
(2ℓ− 1)Cab

ℓ−1

(
ℓ ℓ− 1 1
0 0 0

)2

+ (2ℓ+ 3)Cab
ℓ+1

(
ℓ ℓ+ 1 1
0 0 0

)2
]
, (2.41)

giving

T ab
ℓ ⊃

∫
dχ1 dχ2 Rab

ℓ (χ1, χ2)

=
ϵaϵb
8πc2

(2ℓ− 1)

(
ℓ ℓ− 1 1
0 0 0

)2 ∫
dχ1Ψ

a(χ1)

∫
dχ2Ψ

b(χ2) C
ab
ℓ−1(χ1, χ2)

+
ϵaϵb
8πc2

(2ℓ+ 3)

(
ℓ ℓ+ 1 1
0 0 0

)2 ∫
dχ1Ψ

a(χ1)

∫
dχ2Ψ

b(χ2) C
ab
ℓ+1(χ1, χ2)

≈ ϵaϵb
8πc2

∫
dχ

χ2
Ψa(χ)Ψb(χ)

×
{
(2ℓ− 1)

(
ℓ ℓ− 1 1
0 0 0

)2

Pab

(
ℓ− 1/2

χ
; z

)

+ (2ℓ+ 3)

(
ℓ ℓ+ 1 1
0 0 0

)2

Pab

(
ℓ+ 3/2

χ
; z

)}
. (2.42)

In the second equality, we have used equation (C.2), the Limber approximation for Cab
ℓ . When

we evaluate this expression, we find it to be in very good agreement with a full calculation
of equation (2.25) using simulated, perturbed distributions, underestimating it by only 1%
below ℓ ≲ 2000.

The advantage of this analytic route, however, is that it sheds light on how the mode-
coupling bias depends on the characteristics of the problem. Except on the very largest
angular scales we can approximate Pab

(
ℓ+3/2

χ ; z
)
≈ Pab

(
ℓ−1/2

χ ; z
)
≈ Pab

(
ℓ+1/2

χ ; z
)

with an
error of O(ℓ−1), so

∆T ab
ℓ≫1 ≈

ϵaϵb
8πc2

{
(2ℓ− 1)

(
ℓ ℓ− 1 1
0 0 0

)2

+ (2ℓ+ 3)

(
ℓ ℓ+ 1 1
0 0 0

)2
}

×
∫

dχ

χ2
Ψa(χ)Ψb(χ) Pab

(
ℓ+ 1/2

χ
; z

)
. (2.43)
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Then, using the identity [26],

ℓ1+ℓ2∑

ℓ3=|ℓ1−ℓ2|
(2ℓ3 + 1)

(
ℓ1 ℓ2 ℓ3
0 0 0

)2

= 1 , (2.44)

the term in {· · · } above becomes 1 and we obtain

∆T ab
ℓ≫1 ≈

ϵaϵb
8πc2

∫
dχ

χ2
Ψa(χ)Ψb(χ) Pab

(
ℓ+ 1/2

χ
; z

)

≡
∫

dχ

[
ϕ̄a(χ)ϕ̄b(χ)

χ2

]
fa(χ)fb(χ)Pab

(
ℓ+ 1/2

χ
; z

)
. (2.45)

The functions we have defined in the last line are there to facilitate comparison with the
cosmological signal, equation (C.3). Compared to the signal, the bias integrand is suppressed
by two factors of

fx(χ) ≡ (8π)−1/2(χ− χx
0)

ϵx
(σx

0 )
2
. (2.46)

This tells us that the mode-coupling bias to the power spectrum scales as ∆Tℓ ∝ ϵ2/σ4
0,

where ϵ parametrizes the amplitude of the ϕ(χ) variations, and σ0 is the width of the mean
distribution. Samples with broad redshift distributions are therefore more robust against bias
(though remember the signal amplitude also depends upon σ0).

Moreover, the integration kernel in equation (2.45) is independent of ℓ and probes very
similar effective scales and redshifts of the 3D power spectrum, Pab(k ∼ ℓ/χ; z), as the
standard kernel in equation (C.3) – see the left panel of figure 2. We thus expect that, in
this regime where ℓ ≫ 1, the mode-coupling bias will have the same shape as the unbiased
angular power spectrum, only differing from it by an ℓ-independent amplitude factor.

This qualitative behaviour should also hold in more realistic scenarios as long as C∆ϕ
ℓ′

only has support at relatively low ℓ′, and we are looking at much smaller scales in the angular
power spectrum. When this is the case, ℓ ≫ ℓ′, and the triangle condition imposes ℓ ≈ L ≫ ℓ′.
Taking as our starting point the Limber-approximated expression in equation (C.6), we can
write

∆T ab
ℓ≫1 ≈

∫
dχ

χ2

∑

L

M∆ϕa∆ϕb

ℓL (χ, χ)Pab

(
L+ 1/2

χ
; z

)
(2.47)

≈
∫

dχ

χ2
Pab

(
ℓ+ 1/2

χ
; z

)∑

L

M∆ϕa∆ϕb

ℓL (χ, χ)

≈
∫

dχ

χ2
Pab

(
ℓ+ 1/2

χ
; z

)∑

ℓ′

(2ℓ′ + 1)

4π
C∆ϕa∆ϕb

ℓ′ (χ)
∑

L

(2L+ 1)

(
ℓ L ℓ′

0 0 0

)2

. (2.48)

In going to the last line, we just used the definition of the mode-coupling matrix, equa-
tion (2.28). To simplify this expression further, notice that the covariance of the perturbations
across a comoving distance slice is

Cov[ϕa, ϕb](χ) = Cov[∆ϕa,∆ϕb](χ) =
∑

ℓ

(2ℓ+ 1)

4π
C∆ϕa∆ϕb

ℓ (χ) . (2.49)
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Figure 2: Kernel densities involved in the standard angular power spectrum (blue) and
the mode-coupling term in the ℓ ≫ 1 limit. The left panel pertains to our toy example of
galaxy clustering, so we show the bias kernel in two different approximations (orange and
green, dashed) which are practically indistinguishable from each other. Integrating the blue
or orange kernels against P gg(k ∼ ℓ/χ; z) yields very similar results, because they are probing
similar effective scales and redshifts. Consequently, at large ℓ, the bias to galaxy clustering
auto-spectra has very similar shape to the signal. On the other hand, in the case of cosmic
shear (the right panel being a typical such example) the effective scales and redshifts probed
by the signal and bias kernels differ significantly, so we expect the shape of the two integrals
to deviate accordingly.

Finally, using identity (2.44) to do the sum over L, we arrive at the very simple expression

∆T ab
ℓ≫1 ≈

∫
dχ

Cov[ϕa, ϕb](χ)

χ2
Pab

(
ℓ+ 1/2

χ
; z

)
. (2.50)

In hindsight, this motivates equation (2.46): [f(χ)ϕ̄(χ)]2 is a remarkably good approx-
imation to Var[ϕ](χ) – see the left panel of figure 2 – which is why it produced such a good
approximation to the full result in the context of our toy model5. By the same token as
above, we expect the shape of the mode-coupling contribution to the galaxy clustering power
spectrum to track the signal, though the statement is now more general. In §4.1, figure 5, we
verify this insight and show that the expression is indeed an excellent approximation to the
full calculation on scales smaller than those where there is significant projection anisotropy.
The expression above also suggests that the shape and amplitude of this term relative to the
galaxy clustering signal is independent of the underlying power spectrum of the objects and
their distance to the observer.

Equation (2.50) is in fact very general. It applies whenever the separation of angular
scales is respected, even in cases where the shape of Cov[Φa,Φb](χ) is very different from that
of Φ̄a(χ)Φ̄b(χ) (where Φ is now some general selection function) as is the case for example
with cosmic shear or galaxy-galaxy lensing. In these cases, the various ℓ/χ are weighted
differently in the two integrals, and ultimately the shape of the mode-coupling term deviates
from that of the signal. The difference in kernels is illustrated in the right panel of figure 2
for cosmic shear, and discussed further in the coming sections.

5Equation (2.50) leads to slightly better agreement with simulations – residuals are below 0.1% in this
case on scales ℓ ≤ 2000 – because measuring the variance directly on each χ-slice can capture the effect of
simulation artefacts like leakage of power between angular scales.
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3 Special cases

The formalism above is general enough that it encompasses both auto- and cross-correlations
between two projected fields. To elucidate the implications, in the following sections we tackle
some special cases of particular observational interest. The full results simplify in these cases.

3.1 Cross-correlations

By far the easiest scenario is when at least one of the fields has a precisely isotropic redshift
distribution or weight, such as occurs for example with CMB lensing. As we noted above,
the three terms in equation (2.23) come from the auto-correlations of the ∆ϕ, ϕ̄ δ and ∆ϕ δ
contributions to δ(2D).6 This means that in cross correlation, if one of the fields has no ∆ϕ
then only the ‘cosmological’ signal remains. Both the additive and mode-coupling corrections
vanish.

On the other hand, when the two fields being cross-correlated have projection anisotropy,
a mode-coupling contribution is possible. A particularly likely and interesting scenario is when
this projection anisotropy is correlated across the two fields. In §3.4, we explain that this
contribution will be negative (or positive if the anisotropy is anti-correlated across fields).
Then, in §4.1, we quantify its expected impact on current surveys.

3.2 Cosmic shear

A second case, where at least one of the fields has mean zero, retains the cosmological signal
and the mode-coupling term. However, in this case the additive contribution, C∆ϕ

ℓ , vanishes.
Let us now show this explicitly for the case of cosmic shear.

Absent variations in the redshift distribution of the source galaxies the lensing conver-
gence is given by7

κ(n̂) =

∫
dχ ḡ(χ) δ(χ, n̂) , (3.1)

where the lens efficiency kernel is defined as

ḡ(χ) ≡ 3

2
Ωm,0

H2
0

c2
χ

a(χ)

∫ ∞

χ
dχs

H(χs)

c

(χs − χ)

χs

dn̄g

dz
(χs) . (3.2)

As with galaxy clustering, the redshift distribution of source galaxies is typically normalized
such that

∫
dz(dn̄g/dz) = 1. If required, convergence can then be related to shear using the

Kaiser-Squires method [27].
Suppose now that the photometry varies across the sky, so that we have fluctuations

around the mean redshift distribution of the source galaxy sample in different sky locations.
We can introduce n̂ dependence in dn̄g/dz and hence g in equation (3.2), such that

g(χ, n̂) ≡ ḡ(χ) + ∆g(χ, n̂) . (3.3)

As in previous sections, we assume that ḡ accurately captures the sky mean, so the monopole
of ∆g vanishes. In presence of these perturbations, the convergence becomes

κ(n̂) =

∫
dχ [ḡ(χ) + ∆g(χ, n̂)] δ(χ, n̂) . (3.4)

6This assumes that the fiducial dN/dz is set to the footprint mean, as is most often done. When this is
not the case, a multiplicative bias is possible, as explained in appendix A.

7We assume a spatially-flat Universe and work in the Born approximation throughout.
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Notice that the perturbed convergence has no additive contribution from just ∆g. In the case
of galaxy clustering, this contribution appeared because any non-cosmological variation in
the number of sampled galaxies across the footprint can be mistaken for the signal of interest.
By contrast, in the context of cosmic shear, a variation in the number of source galaxies only
affects the number of measurements available to extract the shear signal (thus imprinting
inhomogeneity in the shape noise across the sky) but does not add spurious lensing signal.

Proceeding by analogy with §2.2, we have

κℓm =

∫
dχ [ḡ(χ)δℓm(χ) + {∆gδ}ℓm (χ)] , (3.5)

with the difference that δ now denotes the matter instead of the galaxy overdensity. Indeed,
the only extra effect is a coupling of the cosmological anisotropy of δ with the newly-induced
anisotropy in the lens efficiency kernel.

The impact on the cross-correlation between various tomographic shear bins can be
obtained by exact analogy with §2.2, simply replacing ϕ → g. On the full sky, the total
angular cross-spectrum between bins i and j is

T ij
ℓ =

1

2ℓ+ 1

∑

m

⟨κiℓmκj,∗ℓm⟩

=

∫
dχ1 dχ2

[
ḡi(χ1)ḡ

j(χ2)C
ij
ℓ (χ1, χ2) +

∑

L

M∆gi∆gj

ℓL (χ1, χ2)C
ij
L (χ1, χ2)

]
. (3.6)

As before, the absence of cross-terms is due to ∆g having a vanishing monopole. The first
term is the usual expression, while the second is a multiplicative bias. Limber approximating
following appendix C, we find

T ij
ℓ ≈

∫
dχ

χ2

[
ḡi(χ)ḡj(χ)Pij

(
ℓ+ 1/2

χ
; z

)
+
∑

L

M∆gi∆gj

ℓL (χ, χ)Pij

(
L+ 1/2

χ
; z

)]
. (3.7)

In section §3.4, we explain that this new term is expected to be positive for both auto- and
cross-correlation of tomographic cosmic shear measurements. On scales smaller than those on
which there is significant projection anisotropy, the second term above can be approximated
with exquisite accuracy by equation (2.50), just replacing ϕ with g (see, e.g., figure 9).

3.3 Galaxy-galaxy lensing

Similarly, cross-correlations of the cosmic shear signal with a sample of lens galaxies are
susceptible only to the multiplicative, mode-coupling bias. Given the machinery we have
developed, it is easy to show that variations in the redshift distributions of lens and source
galaxy samples lead to a measured angular spectrum of the form

T κg
ℓ =

1

2ℓ+ 1

∑

m

⟨κℓmδ
(2D),∗
ℓm ⟩

=

∫
dχ1 dχ2

[
ḡ(χ1)ϕ̄(χ2)Cℓ(χ1, χ2) +

∑

L

M∆g∆ϕ
ℓL (χ1, χ2)CL(χ1, χ2)

]
, (3.8)

where M∆g∆ϕ
ℓL is defined by replacing {∆ϕa,∆ϕb} → {∆g,∆ϕ} in equations (2.28) and (2.18).

Likewise, if projection anisotropy is confined to large angular scales, the mode-coupling term
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ḡ1

ḡ2
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ḡ1 ḡ2
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Figure 3: The signal and mode-coupling kernels for certain special scenarios discussed in
§3. These include galaxy clustering auto- (top left) and cross-correlations (top right), the
auto- (middle left) and cross-correlation (middle right) of cosmic shear tomographic bins, and
galaxy-galaxy lensing analyses where the source galaxies are far behind (bottom left) or close
to (bottom right) the lenses. Within each panel, the top plot shows the unperturbed selection
function (solid) along with a random perturbation to it (dashed) associated with a shift of
the distribution to higher redshift. The bottom panel then shows the signal kernel (black,
solid) and an approximation to the mode-coupling kernel (black, dashed).

can be approximated on smaller scales by substituting {ϕa, ϕb} → {g, ϕ} in equation (2.50).
As we will now see, the magnitude and sign of this new contribution depends subtly on the
relative arrangement of lens and source galaxy distributions.

3.4 Implications of the kernels

The kernels for the signal and the mode-coupling term for the special cases above are illus-
trated in figure 3, from which we can understand much of the resulting phenomenology. To
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shift the central redshift of a galaxy bin, ∆ϕ must take the form of a wiggle. The auto-
covariance of this wiggle is a function with two peaks on either side of the peak of ϕ̄. We
showed in figure 1 that this structure was an excellent approximation to the full result and
led to a bias that had the same shape as the signal. On the other hand, a shift of the source
galaxy distribution to higher/lower redshift is associated with a ∆g that is consistently posi-
tive/negative across χ.

This has interesting implications if the redshift anisotropy is correlated across both legs
of the two-point function: while the mode-coupling contribution to galaxy clustering auto-
spectra (figure 3; left, top) and cosmic shear auto- (left, middle) and cross-spectra (right,
middle) are always positive, the contribution to the cross-spectrum of different galaxy density
bins (right, top) is expected to be negative. The case of galaxy-galaxy lensing is more nuanced:
when the source galaxies are far behind the lenses (left, bottom), the mode-coupling kernel is
a wiggle that should produce negligible contributions; however, when source and lens galaxies
are sufficiently close to each other (right, bottom), ∆g overlaps only with the lower-χ part of
the ∆ϕ wiggle, and since the two are of opposite sign, the mode-coupling kernel is primarily
negative and can potentially lead to significant bias. We shall illustrate these general points
with some numerical examples in the following section.

4 Examples

It is worth quantifying the effects we have been describing in the context of some concrete
examples. To do so, we will come up with a fiducial redshift distribution and perturb it. We
take the galaxy redshift distribution to be Gaussian in comoving distance, albeit a different
one in every pixel of a Healpix [28] pixelization:

dNg

dz
(χ, n̂) =

1√
2π σ0

e−[χ−χ′
0(n̂)]2/2σ2

0 , χ′
0(n̂) ≡ χ0 + χshift(n̂) , (4.1)

with χ0 and σ0 some fiducial central distance and standard deviation of the distributions
appropriate for the sample at hand, and χshift(n̂) a random perturbation to the mean.

We generate Healpix nside=128 templates of these perturbations by drawing har-
monic coefficients from independent, zero-mean Gaussian distributions with power-law angu-
lar power spectra, Cℓ ∝ ℓα, up to some cutoff scale ℓ′max, and adjusting the normalization so
that the resulting template map has the desired variance (the quantity that can more easily be
quantified observationally). Note that our code, CARDiAC8, can also take in user-defined
templates of χshift(n̂) and/or a shift in the width [σshift(n̂)] and from them calculate the
expected contributions.

We obtain the fiducial redshift distribution as an average of (4.1) over the footprint,
construct the fiducial selection function (after assuming a cosmology) and normalize it to
satisfy

∫
ϕ̄ dχ = 1. We then use this same normalization to obtain dng/dz from the dNg/dz

in equation (4.1) and thus obtain a spatially-varying selection function as

ϕ(χ, n̂) ≡ H(χ)

c

dng

dz
(χ, n̂) . (4.2)

Finally, we isolate the perturbation as ∆ϕ(χ, n̂) = ϕ(χ, n̂)− ϕ̄(χ).
8Code for Anisotropic Redshift Distributions in Angular Clustering: https://github.com/abaleato/

CARDiAC.
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Note that ϕ(χ, n̂) still respects the integral constraint
∫

dχ

∫

A
dn̂ϕ(χ, n̂)/

∫

A
dn̂ = 1 ⇐⇒

∫
dχ

∫

A
dn̂∆ϕ(χ, n̂) = 0

⇐⇒
∑

ℓm

∫
dχ∆ϕℓm(χ)

∫

A
dn̂Y ∗

ℓm(n̂) = 0 ; (4.3)

as long as
∫

dχ∆ϕ00(χ) = 0 , (4.4)

but this is satisfied trivially because ∆ϕ00 = 0 by construction9. This means that, besides
the condition on its average over the analysis region, ∆ϕ is unconstrained.

4.1 Galaxy clustering

As a somewhat realistic example, let us consider galaxy samples loosely inspired by the Dark
Energy Survey’s (DES) RedMaGiC and MagLim selections, which have been used in several
cosmological analyses (e.g., ref. [23]), both for studies of angular clustering and as samples of
lens galaxies in galaxy-galaxy lensing, and estimate the new contributions due to projection
anisotropy.

Our calculations will involve a model for the galaxy power spectrum. We obtain this from
the Anzu10 code, which combines N -body simulations of the dark matter component with
an analytic treatment of Lagrangian galaxy bias – we use the best-fit bias values measured
by [29] from simulated samples of RedMaGiC-like galaxies (similar to those in [30]) at
z = 0.59. We assume the fiducial dN/dz is a Gaussian centered at this redshift of z = 0.59,
and with a standard deviation of 0.06 in redshift. This resembles the dN/dz of the third
redshift bin of both the RedMaGiC and MagLim samples (see, e.g., figure 1 of [23]). Note
that equation (2.50) suggests that two samples with similar mean redshift distribution and
projection anisotropy will see mode-coupling terms with similar shape and amplitude relative
to the signal, independent of the exact galaxy power spectrum (and the same holds for the
additive term). Hence, we do not need to consider separately a MagLim-specific galaxy power
spectrum.

We generate templates of variations in the mean redshift of the dN/dz, with characteris-
tics summarized in table 1, and two such examples shown in figure 4. As a first approximation,
the variance across the shifts template can be related to an uncertainty in the determination
of the mean redshift of a given sample (though note that this is likely to underestimate the
true variations present in the data). Some values in the literature can give us a sense of the
scale of variations appropriate for DES: in their cosmological constraints, the width of their
Gaussian prior on the mean redshift of the third bin is σ(z0) = 0.003 for RedMaGiC, and
σ(z0) = 0.006 for MagLim [23] both more than an order of magnitude smaller than the bin
width. The mean uncertainty on the redshift of a given RedMaGiC galaxy in this bin is
much higher, at σz = 0.027 [31].

We then calculate the mode-coupling contribution in each case working in the Limber
approximation; i.e., evaluating equation (C.6). We find that the shape of the mode-coupling

9On a cut sky, there are in principle additional conditions on certain other ∆ϕℓm’s, those with ℓ so small
that the corresponding Yℓm’s do not average to zero over the footprint. However, for this same reason, they
will be indistinguishable from the monopole for all practical purposes, and will therefore get absorbed into ϕ̄.

10https://github.com/kokron/anzu
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z0 χ0 [Mpc] σ0 × 102 σ0 [Mpc]
0.59 2241 3, 6, 9, 12 95, 187, 279, 368

(a) Parameters characterizing the fiducial dN/dz.

α ℓ′max σ(zshift)× 102 σ(χshift) [Mpc]
0, −1, −2 100 0.3, 0.6, 1.0, 2.7 9.5, 19, 32, 85

(b) Parameters characterizing the perturbations.

Table 1: Parameters we consider in our galaxy clustering example. We set ∆ϕa = ∆ϕb

in order to study the impact on the galaxy clustering power spectrum. Values given in
comoving distance units are converted from redshifts assuming the Planck 2018 [24, 25] ΛCDM
cosmology.

α =-2 α =-1

−0.030 −0.015 0.000 0.015 0.030

zshift

Figure 4: Example variations of zshift across the sky consistent with the MagLim uncertainty
of σ(zshift) = 0.006. We draw these from Gaussian distributions with power-law angular
spectra Cℓ ∝ ℓα, truncated at ℓmax = 100.

term tracks the unperturbed signal very closely for ℓ ≫ 1 – i.e., ∆Cgg
ℓ≫1/C

gg
ℓ≫1 is flat – as

expected from the discussion around equation (2.46). Moreover, figure 5 demonstrates that
the analytic approximation we developed in equation (2.50) is in excellent agreement with a
full calculation of equation (C.6). This is a consequence of the projection anisotropy being
confined to large angular scales – though see figure 6 for the response of the mode-coupling
term to changes in the ℓ′max cutoff, which appears to be small.

Given the flatness of ∆Cℓ/Cℓ, we can define a ‘bias amplitude’,

∫ 1500

ℓ=50
dℓ (∆Cℓ/Cℓ) /

∫ 1500

ℓ=50
dℓ , (4.5)

where the lower end of the range of integration is set by the validity of the Limber approx-
imation. In figure 7 we plot this metric against σ0, the width of the fiducial distribution,
for various galaxy samples. At fixed σ0, the bias amplitude scales as ∆Cℓ/Cℓ ∝ σ2(χshift),
as identified in equation (2.46). That same equation also predicted the scaling ∆Cℓ ∝ σ−4

0 ;
however, making the dN/dz narrower also increases the clustering signal. All in all, the bias
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Figure 5: Accuracy of the analytic approximation to the mode-coupling contribution, equa-
tion (2.50), in the limit where projection anisotropy is restricted to ℓ′ < ℓ′max = 100 (dashed,
vertical line); in the cases shown, the anisotropy falls off as a power law below the cut, with
spectral index α = −2 though the result is little changed with α = −1, 0. The approximation
is excellent above scales where there is significant projection anisotropy, for reasons explained
in §4.1.
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Figure 6: Response of the mode-coupling term to the maximum scale on which there is
projection anisotropy. Underlying all curves is the same standard deviation for the mean
redshift variations, which we fix to the MagLim value of σ(zshift) = 0.6 × 10−2, though
results are qualitatively the same for other values of σ(zshift). The redder the anisotropy
spectrum, the faster we converge to the ℓ ≫ ℓ′ prediction of flatness from equation (2.50).

amplitude goes approximately as

∆Cℓ

Cℓ
∝

[
σ(χshift)

σ0

]2
. (4.6)
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Figure 7: Fractional amplitude of the mode-coupling contribution to the galaxy clustering
power spectrum for the samples described in table 1 and the text. The standard deviation
of the injected shifts in central redshift, σ(χshift), can be compared to uncertainties on the
mean redshift of actual samples: the green curve roughly corresponds to MagLim errors, and
the red to RedMaGiC. We consider various values for the width of the fiducial distribution,
σ0, and denote with stars the approximate characteristics of the MagLim and RedMaGiC
samples. In the cases shown, the anisotropy follows a power-law with spectral index α = −2,
truncated at ℓ′max = 100, though the result is little changed with α = −1, 0 (see figure 6).

The stars in figure 7 denote the rough characteristics of the DES lens galaxy samples. If
their redshift uncertainties and distribution width are well characterized, our results suggest
that the mode-coupling effect should be negligible for them: a 0.5% and 0.1% correction for
the MagLim and RedMaGiC bins we have looked at, respectively. We also calculate the
additive contribution and find it to be completely negligible.

So far, we have looked only at the auto-correlation of galaxy overdensity bins. How-
ever, in §3.4, we anticipated that the cross-correlation of two samples that are only partially
overlapping should be especially affected by mode-coupling biases when the anisotropy is cor-
related across both samples. To put this on a more quantitative footing, we consider two bins
inspired by the DES lens galaxy samples: one centered at z0 = 0.59, the other at z0 = 0.79,
and both with width σ0 = 0.06. We allow for a level of anisotropy consistent with the Red-
MaGiC [σ(zshift) = 0.003] or MagLim errors [σ(zshift) = 0.006], make the variations common
to both fields, and propagate this through to biases on the angular cross-spectrum.

We show our results in figure 8. As expected from the reasoning in §3.4 the biases
are negative, have very similar shape to the signal, and are very well approximated by the
analytic expression in equation (2.50) based on the anisotropy covariance. This effect could
be present at the level of a couple percent for MagLim, or half a precent for RedMaGiC.

4.2 Cosmic shear

Next, let us explore a quantitative example in the realm of cosmic shear. For simplicity, we will
consider the shear auto-spectrum of source galaxies in a single redshift bin. The more general
case of cross-correlations between bins can be studied as required using our publicly-available
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Figure 8: Fractional mode-coupling bias to the cross-correlation of two partially-overlapping
galaxy density bins in the limit where the projection anisotropy is common to both bins. The
cases we show roughly correspond to cross-correlating two adjacent bins of the RedMaGiC
(blue) or MagLim (orange) samples. The dashed lines show an analytic approximation based
on the anisotropy covariance, equation (2.50). Note the negative sign of this contribution.

z0 χ0 [Mpc] σ0 × 10

0.2, 0.4, 0.7, 1 844, 1600, 2579, 3396 1, 2, 3, 4

(a) Parameters characterizing the fiducial dN/dz of the source galaxies.

α ℓ′max σ(zshift)× 102

−2 100 0.1, 0.6, 1.1, 1.5, 2.0

(b) Parameters characterizing the perturbations.

Table 2: Parameters we consider in our cosmic shear examples. We set ∆ga = ∆gb in order
to study the impact on the cosmic shear auto-spectrum. Values given in comoving distance
units are converted from redshifts assuming the Planck 2018 [24, 25] ΛCDM cosmology. Since
the conversion is different at each redshift, we quote the width of the fiducial and perturbation
distributions in redshift units only.

code, CARDiAC. From the discussion in §3.4, we expect no major qualitative difference
between the two scenarios.

As in the previous example, we generate templates of zshift – a spatially-varying shift
in the mean redshift of the source galaxy dN/dz – with variance σ(zshift), for several choices
of the width of the fiducial distribution, parametrized by σ0. For this example we consider
also various values for the central redshift of the fiducial distribution; for galaxy clustering
we did not do this because we expect ∆Cgg

ℓ /Cgg
ℓ to be independent of z0, all other things

being equal. The range of parameter values we explore is detailed in table 2. These ranges
encompass values that roughly correspond to the DES source galaxy samples summarized in
figure 1 and table 1 of ref. [23]; where relevant, we will identify them as such in our plots. The
last ingredient we need to evaluate equation (3.7) is the non-linear matter power spectrum,
for which we use the ref. [32] version of the HaloFit prescription [33] as implemented in
CAMB [34].
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Figure 9: Fractional amplitude of the mode-coupling contribution to the shear power spec-
trum for a specific example where the source galaxy distribution is centered at z0, has width
σ0 = 0.2, and variations about the central redshift with standard deviation σ(zshift) = 0.02
(similar to the DES source galaxy samples). The mode-coupling term has the shape of the
signal when the sources are at high redshift, and begins to deviate from it when they are be-
low z0 ≲ 0.4. In either regime, equation (2.50) provides an excellent approximation (dashed)
to the full calculation (solid) at high ℓ. The behavior seen here extends to other values of σ0
and σ(zshift).

Considering once again the limit where the projection anisotropy is confined to large an-
gular scales (ℓ′max = 100, α = −2), we find that the analytic approximation in equation (2.50)
– replacing ϕ with g – is in exquisite agreement with the full calculation on scales smaller
than the injected anisotropy, as evidenced by how accurately the dashed curves (the approx-
imation) track the solid ones (the full calculation) in the example scenario of figure 9. At
high enough redshift, z0 ≳ 0.4, the shape of the mode-coupling term resembles that of the
signal. However, when the source galaxies are closer by, the integration kernels of bias and
signal begin to differ significantly (see e.g. the right panel of figure 2) and thus ∆Cκκ

ℓ /Cκκ
ℓ

begins to deviate from flatness, with the departure being greater for narrower source galaxy
distributions (lower σ0). But even when this is the case, we find our analytic expression to
remain an excellent approximation.

Figure 10 shows the average fractional bias in Cκκ
ℓ as a function of redshift width (σ0)

for four different mean redshifts (z0). Different lines indicate the scale of variation of the
mean redshift across the sky, σ(zshift). Black stars mark values approximately consistent
with those of source galaxy samples in DES, from which we see that the bias is expected to
be subdominant to the statistical error except at the lowest redshift bin, where it can be a
percent-level effect.

4.3 Galaxy-galaxy lensing

Having looked at galaxy clustering and cosmic shear, let us study the intersection of the
two: galaxy-galaxy lensing. In particular, let us address the case where there is correlated

– 21 –



1 2 3 4
σ0 × 10

10−4

10−3

10−2
∫
d
`(

∆
C
κ
κ

`
/C

κ
κ

`

) /
∫
d
`

z0 = 0.2

1 2 3 4
σ0 × 10

z0 = 0.4

1 2 3 4
σ0 × 10

z0 = 0.7

1 2 3 4
σ0 × 10

z0 = 1.0

102 σ(zshift)

2.0

1.5

1.1

0.6

Figure 10: Mean fractional bias to the cosmic shear angular power spectrum for source
galaxy redshift bins centered at z0 and with width σ0, as a function of σ(zshift), the scale of
variation of the mean redshift across the sky. Stars denote the approximate characteristics of
the DES samples.

projection anisotropy across the lens and source galaxy samples. In § 3.4, we flagged this
scenario as being of special interest because when this is the case and both distributions are
close together, the mode-coupling bias is expected to be amplified and negative.

To verify this, we consider a lens galaxy sample with width σlens
0 = 0.06 centered at

z0 = 0.59, and source samples centered at zsource0 = 0.59 and zsource0 = 0.8 with various possible
redshift widths. We allow for a level of projection anisotropy in either sample consistent with
DES estimates, but ensure that the anisotropy templates in both fields are scaled versions of
each other.

The right panel of figure 11 shows that when the sources are far behind the lenses, the
bias is positive and small. This can be understood from the bottom left panel of figure 3: the
bias kernel is a wiggle across the integration domain, which leads to extensive cancellations.

On the other hand, when the sources are centered near the lenses, the situation changes
dramatically. To understand why, it is useful to keep in mind the bottom right panel of
figure 3. For a narrow enough distribution of sources, ∆g overlaps only with the low-χ part
of the ∆ϕ wiggle, which has its opposite sign when the projection anisotropies in source and
lens distributions are positively correlated. Equipped with this intuition, we can understand
the left panel of figure 11, which quantifies the bias in the limiting case where both lenses
and sources are centered at the same redshift11. Indeed, the biases are all negative, and grow
rapidly with decreasing σsource

0 . The intuition developed around figure 3 tells us that as σsource
0

drops, the bias kernel must be converging to a single peak near ϕ̄ḡ, which is why the shapes
of signal and bias become more and more similar. All in all, these effects ought to be below
percent-level for DES.

11Though we do not show it explicitly in the figures, we verify that in all cases equation (2.50) provides an
excellent approximation to the full calculation.
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Figure 11: Fractional mode-coupling bias to the galaxy-galaxy lensing angular spectrum.
Without loss of generality, we fix the lens galaxy distribution to have width σlens

0 = 0.06 and
be centered at zlens0 = 0.59, and consider two values for each of σ(zlensshift), σ(z

source
shift ) and σsource

0 ,
denoting them via line width, line style and color, respectively. In the figure on the right, the
sources are far behind the lenses and the biases are all positive; in the one on the left, the
two distributions overlap, and the biases are all negative and amplified.

4.4 Multi-modal distributions

Finally, as a different application of our formalism, let us address the topic of multi-modal
redshift distributions. Interlopers, or catastrophic outliers in photometric redshifts, are salient
examples. The presence of such a poorly-characterized component in the distribution may
signal challenges in the photometric selection, which in turn suggests that the fraction of
galaxies in each of the modes might be uncertain and varying across the footprint.

To be more quantitative, let us suppose, following e.g., [35], that the redshift distribution
is given by the sum of two components,

dng

dz
= (1− f)

(
dng

dz

)

1

+ f

(
dng

dz

)

2

, (4.7)

where f is the fraction of sources that are misidentified. The top plot in the left panel of
figure 12 shows a plausible such example where the bulk of the mean distribution is at z = 0.59
and has width σ = 0.06, similar to the DES lens galaxy samples, while f = 0.1 of the galaxies
are interlopers at z = 0.2 with the same distribution width; we assume both components are
Gaussian. We allow f to vary about its mean value across the sky following a red power law
(α = −2, ℓ′max = 100) to produce a map-level standard deviation σ(f) = 0.01.

Once again, equation (2.50) will provide an excellent approximation to the mode-coupling
contribution on angular scales smaller than those on which f varies significantly. In this limit,
we can use the simplified kernel in the bottom plot of the left panel of figure 12 for insight.
Since the bump at low-χ induces a different ℓ-to-k mapping than the signal kernel does, the
bias kernel will no longer be as good an approximation to the signal kernel as it was in the
discussion around equation (2.46), and we now expect the shape of the mode-coupling and
signal spectra to differ. Indeed, in the right panel of the figure, we see that the bias has
acquired a slight blue tilt. Nevertheless, the analytic approximation remains very accurate.
As before, the additive contribution appears to be negligible.

These insights carry over to anisotropy in multi-modal redshift distributions of source
galaxy samples, and thus have implications for cosmic shear and galaxy-galaxy lensing. How-
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Figure 12: Impact of spatial variations of a multi-modal dN/dz on the galaxy clustering
power spectrum. In the top plot of the left panel, we show the mean distribution (solid) and
a typical perturbation to it (dashed); in the bottom plot, we show the signal kernel (solid)
along with an approximation to the mode-coupling kernel (dashed). The right panel then
shows the associated mode-coupling bias, as calculated using the full expression (solid) or
in the approximation of equation (2.50) (dashed). Because of the interloper component, the
ℓ-to-k mapping is slightly different in the mode-coupling and signal integrals, so ∆Cgg

ℓ /Cgg
ℓ

is not exactly flat.

ever, we defer a rigorous treatment of all possible cases to the practitioners, noting that much
of the infrastructure required for the task is present in our publicly-available code.

5 Conclusions

The angular auto- and cross-power spectra or correlation functions of fields that are projected
onto the sky form one of the key observables from which we extract cosmological information.
As long as the projection kernel, ϕ, is known, the assumption of statistical isotropy allows us
to infer the 3D clustering from the observed, projected clustering. However, variations in pho-
tometry and observational non-idealities across a survey inevitably mean that the projection
kernel is anisotropic. We have shown (§2) that such anisotropy leads, in general, to two addi-
tional contributions to the observed clustering: an additive term from the auto-correlation of
∆ϕ and a mode-coupling term that arises from the interaction of ∆ϕ with δ(3D) and couples
power at an observed angular wavenumber, ℓ, to that of nearby scales.

The signal and the two bias terms arise from auto-correlations of the three contributions
to the projected density. This implies that in the special case of a cross-correlation with one
field where ϕ is ‘perfectly’ known (e.g. CMB lensing) both bias contributions vanish. Since
the sky-average of the perturbation to ϕ vanishes by definition, if at least one of the fields has
mean zero – as is the case with cosmic shear or galaxy-galaxy lensing – then only the mode-
coupling term survives. In the general case both can contribute, though the mode-coupling
term frequently dominates.

In the limit that the variation, ∆ϕ, is primarily on scales much larger than those being
probed by the clustering, the mode-coupling contribution to the angular spectrum is a pro-
jection of Cov[∆ϕ,∆ϕ] with a known kernel (equation 2.50). This represents our key result,
and allows a simple and accurate estimation of the impact of varying projection across the
sky in terms of the observable variance in e.g. mean redshift. Figure 3 illustrates the key
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ingredients for translating the spatial variation in the kernel into the power bias, and can be
used to understand multiple special cases described in the text.

We present the implications of our general formalism to several special cases – including
galaxy auto- and cross-correlations, cosmic shear, galaxy-galaxy lensing and CMB lensing –
in §3. Numerical examples for the impact of shifts in the mean redshift across the sky that
follow a power-law power spectrum are presented in §4, along with a brief exploration of
spatially-varying, multi-modal redshift distributions.

We show that for galaxy clustering the mode-coupling bias has a similar shape to the
cosmological signal. For variations in the mean redshift with amplitude ϵ the bias to the
power spectrum is positive and scales as ϵ2/σ4

0 with σ0 the width of the sky-average dN/dz.
Since on small scales the clustering signal scales as σ−2

0 the ratio of bias to signal scales as
(ϵ/σ0)

2 (equation 4.6). For current-generation surveys, such as DES, this bias on the power
spectrum is at worst percent level12. In contrast, cross-correlations of galaxy samples can be
prone to a negative bias when projection anisotropy is correlated across both tracers; this can
also be a percent-level effect for current surveys.

A similar story holds for cosmic shear (figures 9 and 10). Except for redshift distributions
with low mean redshift, the quoted uncertainties in the mean redshift from DES would lead
to sub-percent biases in the shear auto-spectra that are almost the same shape as the signal.
(For the lowest-redshift bin of DES, the bias could be around percent-level.) Such biases
would be subdominant to the statistical errors.

The same conclusion holds for galaxy-galaxy lensing (figure 11), though this case is
interesting because the amplitude and sign of the bias depends on the distance between lens
and source galaxy distributions – the bias is amplified when the two are close together, in
which case it takes a negative sign. Nevertheless, it is a negligible effect for current surveys.

In closing we have presented a general formalism that allows one to assess the bias
introduced on angular clustering measurements of 2D fields by anisotropic projection kernels.
We make available a code, CARDiAC13, that allows the user to do the same for any specific
application. While we have illustrated the formalism with multiple examples, we leave a
detailed exploration of specific scenarios to the groups analyzing particular observations. We
have further assumed that the dN/dz, while anisotropic, is perfectly known, in which case
our formalism explains how this information can be incorporated into analyses. We defer
consideration of anisotropic and uncertain projection kernels to future work.
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A Multiplicative bias from a mischaracterized monopole

It is possible to conceive of situations where the footprint-average of the selection function’s
anisotropy does not vanish, i.e., ∆ϕ00 ̸= 0. This will be the case, for example, when the fiducial
dN/dz is calibrated on a patch that does not exactly match that on which the analysis is
performed14, or when photometric redshifts are systematically offset from their true value. In
such a scenario, the general cross-correlation in Eq. (2.23) receives an additional multiplicative
contribution so that

T ab
ℓ =

∫
dχ1 dχ2

[
Uab
ℓ (χ1, χ2) +Aab

ℓ (χ1, χ2) +Rab
ℓ (χ1, χ2) +Qab

ℓ (χ1, χ2)
]
. (A.1)

The new term, Qab
ℓ (χ1, χ2), comes from contractions of {∆ϕδ} and ∆ϕ across two projected

δ2Ds. Let us now derive it.
Statistical isotropy of the δs implies

Qab
ℓ (χ1, χ2) =

Cab
ℓ (χ1, χ2)

2ℓ+ 1

∑

m
ℓ1m1

(−1)mGℓℓ1ℓ
−mm1m

[
ϕ̄(χ1)∆ϕℓ1m1(χ2) + ϕ̄(χ2)∆ϕℓ1m1(χ1)

]
.

(A.2)

We now make use of the selection rules for the Wigner-3j symbols comprising the Gaunt
integral, specifically m1 +m2 +m3 = 0, to obtain

Gℓℓ1ℓ
−mm1m = (2ℓ+ 1)

√
(2ℓ1 + 1)

4π

(
ℓ ℓ ℓ1
m −m 0

)(
ℓ ℓ ℓ1
0 0 0

)
δm10 . (A.3)

This, together with the identities

∑

m

(−1)m
(
ℓ ℓ ℓ1
m −m 0

)
= (−1)ℓ

√
2ℓ+ 1 δℓ10 , (A.4)

and
(
ℓ ℓ 0
0 0 0

)
=

(−1)ℓ√
2ℓ+ 1

, (A.5)

allows us to simplify extensively, giving

Qab
ℓ (χ1, χ2) = Cab

ℓ (χ1, χ2)

[
ϕ̄a(χ1)

∆ϕb
00(χ2)√
4π

+ ϕ̄b(χ2)
∆ϕa

00(χ1)√
4π

]
. (A.6)

Naturally, only the monopole of ∆ϕ can survive after coupling to an isotropic δ.
14One potential example of this is a cross-correlation analysis where the tracers are defined on somewhat

different footprints. To avoid the bias described in this section, one could use different fiducial selection
functions when projecting to the theoretical angular auto- and cross-spectra, ensuring that the fiducials are
always representative of the patch where each measurement is made.
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B Spherical Fourier-Bessel decomposition

Let us make contact with the spherical Fourier-Bessel decomposition (sFB) [20, 21, 39–47].
In this language, the arbitrary 3D field defined in equation (2.15) as

gℓm(χ) ≡
∫

dn̂Y ∗
ℓm(n̂)g(χ, n̂) , (B.1)

has conjugate

gℓm(k) =

√
2

π
k

∫
dχχ2jℓ(kχ)gℓm (χ) . (B.2)

It will be particularly interesting to work with the sFB decomposition of the perturbation
field, ∆ϕℓm(k). In §2.2, we defined its Cℓ’s as

C∆ϕa∆ϕb

ℓ (χ1, χ2) ≡
1

2ℓ+ 1

∑

m

∆ϕa
ℓm(χ1)∆ϕb,∗

ℓm(χ2) . (B.3)

These can be related to the sFB cross-spectrum

C∆ϕa∆ϕb

ℓ (k1, k2) ≡
1

2ℓ+ 1

∑

m

∆ϕa
ℓm(k1)∆ϕb,∗

ℓm(k2) , (B.4)

via

C∆ϕa∆ϕb

ℓ (χ1, χ2) =
2

π

∫
dk1 dk2 k1k2jℓ(k1χ1)jℓ(k2χ2)C

∆ϕa∆ϕb

ℓ (k1, k2) . (B.5)

These expressions can give us valuable insight into the mode-coupling kernels underlying the
effects discussed in the main text. Let us rewrite the perturbation as

∆ϕℓm(k) =

√
2

π
k

∫
dχχ2jℓ(kχ)

∫
dn̂Y ∗

ℓm(n̂)∆ϕ(χ, n̂) (B.6)

=

∫
dχχJℓ+1/2(kχ)

∫
dn̂Y ∗

ℓm(n̂)∆ϕ(χ, n̂) . (B.7)

where Jµ the µ-th order Bessel function of the first kind. This way of writing things makes
explicit our approach to evaluating these quantities, which harnesses the computational speed
of the FFTlog algorithm for Hankel transforms [48]. The procedure is as follows:

1. Define some Healpix pixelization of the sky and generate templates of zshift(n̂i) and/or
σshift(n̂i) following §4.

2. Define a grid of values of χi that are distributed uniformly in logarithmic space, as
required by FFTlog. At each χi, compute ∆ϕ(χi, n̂i) from the zshift(n̂i) and σshift(n̂i)
we drew in the previous step, and take the spherical harmomic transform of ∆ϕ(χi, n̂i)
to obtain ∆ϕℓm(χi).

3. Use the FFTlog algorithm to compute the (ℓ+1/2)-th order Hankel tranform of every
m mode of ∆ϕℓm(χi), obtaining ∆ϕℓm(ki).

For illustration, we show in figure 13 the sFB auto- and cross-spectrum of an example
we have seen previously: the anisotropy produced by the mean-redshift shifts in figure 4.
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Figure 13: Spherical Fourier-Bessel auto- (left) and cross-spectrum (right, plotted in green
where negative). The specific case examined here is produced by the variations in mean
redshift shown in the left panel of figure 4, but some key features are general. The left panel
shows that the anisotropy power peaks on large angular scales and is sourced primarily by
modes transverse to the line-of-sight – for which ℓ ≈ kχ0, where χ0 is the comoving distance
to the center of the distribution – with this projection being sharper at high ℓ. This is a
common feature of projections and can be related to the structure of the Bessel functions
involved, as can be the fact that no anisotropy projects to ℓ ≳ kχ0, while some does enter
larger scales ℓ < kχ0 via the oscillatory tails of the functions. The right panel shows that
off-diagonal spectra are generally weaker, oscillatory, and constrained to a limited region of
k-space near k∗.

C Evaluating the integrals

In this section we describe our approach to evaluating the various contributions to equa-
tion (2.23), the total angular cross-spectrum of two arbitrary fields in light of variations in
their redshift distributions.

Consider first the unbiased contribution. Using equation (2.17) to relate Cab
ℓ (χ1, χ2) to

the 3D power spectrum of the tracers, we can write

T ab
ℓ ⊃

∫
dχ1 dχ2 Uab

ℓ (χ1, χ2) =

∫
dχ1 dχ2 ϕ̄

a(χ1)ϕ̄
b(χ2)

× 2

π

∫
dk k2jℓ(kχ1)jℓ(kχ2)Pab (k; z1, z2) . (C.1)

In the limit that Pab varies slowly along the radial direction compared to the oscillations of
the Bessel functions, it is a good approximation to assume that

∫
dk k2jℓ(kχ1)jℓ(kχ2)Pab (k; z1, z2) ≈ δD(χ1 − χ2)

π

2χ2
1

Pab

(
ℓ+ 1/2

χ1
; z1

)
. (C.2)
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This is the leading-order version of the Limber approximation [49]. For typical tracers, it
works well away from the largest angular scales. In this limit,

T ab
ℓ ⊃

∫
dχ1 dχ2 Uab

ℓ (χ1, χ2) ≈
∫

dχ

[
ϕ̄(χ)

χ

]2
Pab

(
ℓ+ 1/2

χ
; z

)
. (C.3)

Let us now move on to the corrections. We evaluate the additive bias directly as

T ab
ℓ ⊃

∫
dχ1 dχ2 Aab

ℓ (χ1, χ2) =

∫
dχ1 dχ2 C∆ϕa∆ϕb

ℓ (χ1, χ2) , (C.4)

without resorting to Limber. On the other hand, the multiplicative bias

T ab
ℓ ⊃

∫
dχ1 dχ2 Rab

ℓ (χ1, χ2) =

∫
dχ1 dχ2

∑

L

M∆ϕa∆ϕb

ℓL (χ1, χ2)C
ab
L (χ1, χ2)

=
2

π

∫
dχ1 dχ2

∑

L

M∆ϕa∆ϕb

ℓL (χ1, χ2)

×
∫

dk k2jL(kχ1)jL(kχ2)Pab (k; z1, z2) , (C.5)

can be evaluated efficiently by applying Limber to the integral over k, independent of the
smoothness of the ∆ϕ’s, giving

T ab
ℓ ⊃

∫
dχ1 dχ2 Rab

ℓ (χ1, χ2) ≈
∫

dχ
1

χ2

∑

L

M∆ϕa∆ϕb

ℓL (χ, χ)Pab

(
L+ 1/2

χ
; z

)
. (C.6)
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