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A Theoretlcal Analy81s of the Mov1ng Boundary Measurement
: -:y-,‘:=ﬂj?‘,of Transference Numbers

Paul MillOS

Inorganlc Materlals Regearch Div181on :
Lawrence Radiation Laboratory, and
‘Department of Chemical Engineering
~University of California, Berkeley

‘September 1967

Abstract

A mov1ng boundary system is analyzed and an. equatlon for the

- \

‘ftransference number is derlved.‘ The equatlon 1s valid for concentrated”
'ﬁfasfwell as dilute solutlons.‘ When the partial molal volume of the sol-”
d*ﬂ?vent is constant>through the boundary, the equatlon reduces to the
*i-apbrOXimate.equationinow in common use.

The cation transference number in O. 213M NHMNO was experlmentally

EERRn 3.
:deternlned and found to be eqnal to 0151h0i0.002h

. ff",fﬂ}sf'i.f.e;f?‘:f:fii '-;}*1,r-_UCRL-17807j*"
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T Introduction"
The moving boundary method for measuring transferencebnumbers is.

well established. Investigation of moving boundaries dates back to

. the 19th century} and the method is still used todayz. Over this period

_of time improvements have been made in the mechanics of forming and

,3,1+

observing the boundary , and the accuracy in measuring the variables

involved has.been 1ncreased.':The“procedure, though, has_remainedvasb
follows:

- A boundary is eomehowfformedrin a tube or channel between two ionic

- solutions whichlhave one eommon ion.iﬂA megsured quantity of electrical

.charge is passed through the solutions, and the displacement of. the

boundary is measured

Treatment of..the data has undergone little refinement. It was early

realized that the electrochemical resctions which occur at the electrodesg-

affect the movement of the boundary and must be accounted for. G. N.

Lewis'5 in l9lO'presented an approximate analysis which corrected for

- this movement. His equation was thought'to be restricted to dilute solu-

tiOnsl. No'improvement in the calculation has yet been suggested, although

"“.Bearman‘6 in 1962 showed that the Lewis correction is actually not re-

.stricted to dilute solutions, but applies to systems in which the‘partial‘_ -

molal'volumes through the boundarykare constant;-maxslightly‘lesststrin-'7

S ,'gent requlrement

In what follows, a detailed analysis of the moving boundary system

is made;. An expression for the transference number, 1s derived which is

applicable at any concentration and which reduces to an expression of the"

. type proposed by Lewis when the partial molal volume of the solvent is

~



'}.constant through the boundary."The accuracy of the expression depends,'-f

1to,some extent, upon the accuracy to which the density of the following'

ifsolutlon can: be llnearly related to its concentrat1on over the range

ot

zeofzinterest.ifIt is. shown that thls range can be made small, and a

”f};linear representation 1s qulte Justlfled.

sF
W

‘o The transference number of the NHA ion in 0. 213M NHhNO3 at 25 c A -

fowas experlmentally determlned with AgNO3 as a following solution. The - ;
l[value obtained is o 51ho+o ooeh | o e N o
|
|

t
1
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. Theoretical® Development .

The System Deséribed | - )
In moving boﬁhdary transference.number déterhinationsia 5oundary
.betweéh tﬁo:salt solutions having a éommon ion is'formed‘in'a tubé or
‘; channel. - Current ié passed thfough the solﬁtion‘forcing the boundary_.'
" to move up (or‘down):tﬁe chaﬁnel.v (In practice it is observed- that if
curfent is ?géséd-iﬁ 6hé'directioh the boundéry soon reaches a steady"
state wheré.compésifions;jgr&iénly.in a thin boundafy'régién; while if

the current is'reverséd, tﬁe,bbﬁhdary is destroyed and becomes progres-

" sively more'diffuse.)A:Figure,l shows-the system after the boundary has -

beeh fpfmed.and cufrenﬁnhaé{paésed for séme time, long eﬁough'for the
sysﬁem to have‘reached étéédy ;tate. Solution A 1is composed of ions
1 and 3 and,”being-theulighter of the two soiutioné, is above solutioq B,
which'is composed éf ions 2 and 3. The common ion is denoted by "3;"
For the case in which the boﬁndary'progfesses up the channel; the leadihg
ion is "L" and the following ion is "2." When the boundary falls, the
opposite designation applies. The solvent is referred to by "0."

| The derivation of aﬁ equétibn for the transférence ﬁumber.will_
: begin by considéring Just the 2-salt boundary of Figure 1. Much useful
information can be extracted from"this simple figure, but to arrive at

- the transference number the system will'have to be expanded to include

", one of the electrode chambers (not pictured in Figure 1). Thus different .

possibilities must be considered depending upon the actusl experimental
arrangement. One arrangement will be chosen, otﬁers lead to analbgous

results.

o

——



‘Salt solution A
.-.composed of 5
jons 4 &3 |

O . K

f2-salt o

AAAAAAAA, LALAvAvL_AAAALAALLLA
. ‘boundary

Salt solution B
composed of |
jons 2 & 3 |

X = + @
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’ Equations

Four equations éré-neceésary to descfibé.thé.moving_boundary;

system. The&_arefthe continﬁity quatioh or material balahce, ‘
o, | g | .
= a\/* = =\ ! . ) . v
F =V =V (c,v;) » | @
an’eqﬁatién‘rél&tiﬁg.the current density to the fluxes,
_ T"l;‘:FZZ'iEi" e 2)
a md%hematica;:staﬁehenfqu'eléctroneutrality,' . . S
Z R (3)
and a flux br'ffansporf edﬁatfoﬁ}f
‘CiVHi = RT ——LCTD.- '(‘Yj-xi) T - (4)
oo - i : ,
do o
Thesefequatioﬁs are discusséd in detail by NeWman7;' Their one dimen-
.-sioﬁal’form'ﬁiil_be used in later developments.
"-Definitionigg Transference Number
. The transference number of an ioniéhSpgcieé in1aJgivénbélectiéi&ﬁic golu~
tion.ofguniformucompositionaiSfthéhfractionanhcurrenticérried%by'that ionic;.
-gpecies.when current:.is . passed throughnthénsolution4ﬁiThe*ﬂotion*of:the ions
ul must_be referred to some referénce'for the transference number to be il
completely defined., If that reference is chosen to be the solvent velo- . .

.."city,'the moving boundary transference number and the Hittorf trans-
",'feréhce number become the same. This reference is the one commonly used

in the literature, and it is adapted here.
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2 C (v -V, ) B

TR ; At A , T
u,}t& "'z C+(v v.) + z_C_(V;—v‘)f“ EE (5)-

'f:}It is convenient to relate the. transference number 80 defined to the

‘;gltransport prOperties D 14 defined by equation (h) Written for ‘the

"f*zp‘solvent of a 81ngle salt solution, the one dimensional form of equation

'fi ﬁ_boundary, v, .

dx CnD

Coap el " cc. S
e A_}_lg.»_: . [noﬂu oy, ) . (V i )] ®
, T o+ % B

uisince the comp051tion is uniform and since the solvent is’ an uncharged fflfﬂ

species, du /dx =0 and equation;(6)«becomes |

oI

:Thisfekpressionpuiii‘hedused'in‘the lateridevelopmentr'}ﬁi;si;ff"

:‘The Analysis

A

At the 2-salt boundary o

fis to 1nspect the appropriate equations as applied to Figure l using

?‘a coordinate frame which moves at the steady state veloc1ty of the

b - That is, the veloc1t1es of all the spec1es present will -

The approach in deriving an expression for the transference numberi'{v~
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be compared to that quantity which is measured in the laboratory- deter-
, minstion of a tranéference-number,»vb. Using this fcqordihate frame
_equation(l) becomes

‘Ci(vi-v')'= constant .’ - (10)

T Since C,=0 below the boundary, Cl( "VB) must equal zero, Or

V .=v Vb . ’ ’ 2 ) (ll) .

o 'i ', ,‘;“.v . o SR s = v : - :  1 (12)
From eqﬁation (2),

I S N Bt (13)

The ihdepéndqnt tf@ﬂébort'relations, eqpaﬁions‘(h), are:
" . v . .— . 0 _ _ " N 1
rCO(VO vb) 03(V3 vb) .

_— . + ST
dx C‘I‘ R DlOv | 913 o

s pp FCO(vb-vB) X - C (v3 b) . o L'
el P Pz o

%=E[M_'<Co+%+ce>(v >J
.oax | Dop - D Dy Dap 37" | J

)

30

,}.The.ion electrochemical potentialscan be combined into salt chemical

‘f:_potentials by defining :

w<:1>

|

e By = ?1“1 +fvgp3'= vi(pl-zlué/z3), where -zlvl/z3
b - . | - (15)
= VK. + vBu = V (u’-z M /z ) where v = -2V /i .
Mp = VoMo * V3l = VplMaezata/23)s 37 %2/

o Combining equations (14) and (15) yields

du v, RT C '
A . [(V - )< OO> +
dx o b lO : 3 3

S 2%, a% By |
T AT | (V3 b)C3 Pyo " 73 By T2y 932+913>] | (26)



o0

(18)e { ’

vl

3

30 'v 10 -

o : o S g Lo
ftHere the identity Dij has been used._ The subscript (x °°) is 1n— S

.glcluded to stress the fact that vb and v must be evaluated far above

. 3
b_"the boundary of Figure 1.7

3—O and equation (18) becomes -

* From equatlon (3), 2, /z 40
ce 2720 Z3 3o - AT A

vV, =V

Y

3

-V.

,, .g‘

the transference nuMber of ion l._ Hence 

»?v';‘.(2§}efﬁ

e
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or, since'Ci(vifvb)_i'eOnstant,‘
. . . < ‘
A 31milar expression can be derived for t2 from equation (17) by .

noting that as x —r+“5 C =0 and duB/dx =0. The result is
[Co(vo-vb)] SR ) (2k)

Equations (23) and (2&) regulre the calculation of v for the transference -

..t2‘f 1

OOL»

x=40

numbers‘to be'determined. Thus ‘the system must here be expanded to in- )
- clude,the ekperimenfally elosed-electrode.chamber where a relation in--
volving vo can be set up.'}' -;’;f;--

Before doing this, however, 1t is interesting to note that the
Kohlrausch reguiating functionl'can be derived. directly from equations

. (23) and‘(2ﬁ);

) :_t_l [c /CO K=o L .A o (25) .
%, Lovie w R . )
, 3 7o x=t» _ S . :
This equation is identlcal to the one derived by Smits and Duyv159 -
e thelr crltleism of earlier work done separately by Bearman6, Haaselo,

‘ and Spirol;.’

Further investlgation of the 2-salt boundary is left to appendix A
where. an insight into the experimentally observed fact that the current
. can be passed-in'only one direction is preéented, and an approximate

numerical solution to equations (16) and (17) for the concentration pro-

. file is outlined. -

- At the closed electrode

Let the electrode in contact with solution B be the closed electrode,



e

as represented iﬁ Figuré.Q, which alsé shows the 2-gsalt boundary and
incluaes.tﬁe possibility of a concentration boundary being present.

Tﬁe.cross sectional area of the channel is A. Tor the sake of concrete-
ness, let the reaction at tﬁe electrodé be that of a metallic ion dissolving.
Then solution A is the leading solution, and the 2-salt'boundary is
progressing up thevtube. This is the usual arrangement for determining

tl, and Cl in this case is known. Suppose the current has been passed

for some time'éo that a éﬁéédy state has been established in the 2-salt

L

boundary.

.

Consider a solvent plane;initially at level‘?i far below the 2-salt

bdﬁndary but far above}any”éoncentraéion disturbances taking place at

the.electrode_or at a canEntratiéhﬂboundary. The amount of solven£ below
the plane.remains'constaﬁt.vvThé number of moleé of ion 2 initially present be-
low Xy is eduéi to the voluﬁe integral on concentration in the space below
'xi, here reﬁresentéd byh/uc;.L CgidV . If current I is passed for a time
o .

t, the solvent plane originally atvxi will move to some x and the amount

" of ion 2 then present below x can be represented by CQdV. During this

' time, It moles of ion 2 enters the system at the electrode and (It/zEF)te.

ZQF
moles leaves across the solvent plane. Thus

v

1;.4-__.“,‘.."“,’.;- | . i - I(l‘-.tg)t . X ‘

o. . o

As the amount of solvent below the piane remains constant,

;/f €019V =;/1 CodV - : ) o (2%),>

©An aésumptionvis now made which allows for'the explicit determina-

~ tion of the transference number. Assume that the density of solution B
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Solu'rion A

7~
2 - salt
boundary
cross section

L 'vjjffl\\\‘_ﬁ

~Solvent

AAAAAAAAAAAAAAAAAAAAAAAAAA. X

plane

-’

Concentration

L'AAAALAAvLAAAAAAAAAAAA AAAA.

boundary

.
Electrode_churnber

Electrode

XBL679-5223

Figure 2. The closed electrode.
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below the'solvent'pléné at x is linearly'related to its concentration.

(We do not here assume that the den31tyuconcentration curve is straight ’

over all concentrations,‘only over the concentration range present
below the plane at x. As will be shown later, this concentration range
can be made small and the assumption is warranted.) Then in this region
= aB + BgCy - (28)

An exact expression for: the density is »

R N = MyCp + M C s ' ‘ (29)
Solving equations (28) and7(29)jfor CoB yields | o

- bLC

52 (30)

- where -,»v- . ag ='aB/Mo,and bB = (BB-MB)/MO . S (31)
Putting equation 1(730). into equation (27) yields

X,
1

alfo-foltlfomfo) o

o
The_qilantity in brackets on the right-hand side of gquation'(ge) is
given by equation (26). 'The quantity inlbraékeﬁs on the left-hand side
of equation (32) is the changé in volume that has taken place below the

~ solvent plane at x. This change is the net result of the movement of

the electrode and the movement of the solution and is precisely equal to .

>~ . x xi . .
' ' ' " It Me :
f av -f dv]-f- (x-x, )A s == | (33)
» Zot Pe '
Putting equations (26) and (33) into equation (32) yields
X-x; I (l-t2) by M o _
T " T Az | v, a o o (34)
2 2 B e : :



e

. ._':'Z.‘ . .v : '. ‘ . s o -'A' _lh_ - _»'. . ‘(, .

But (x-x )/t is the: solvent velocity, Vg and I/A is the currert den31ty '

in the channel, i, so equation (34) becomes

[‘1 t2) bB Me.j.'

(35)

V.= - =
o Flzv, aB 25Pq
This is the desired result to be substituted into equations (23) and (24)
to yleld eqﬁations for the:transferehce numbers. Recall that the'C in
the. brackets of equations (23) and (24) must be evaluated at the same
place as vo, which when using -.equation (35) is at x=+®., - Thus the equa-
- tions become | ' ) , .
ol - vF (1 t Yo, M - |
: 3 Co [ b e ] o X
ty = ez, 23| o | 4 1 (36)
l .3 C0’:.- o ° x—+°° o ZEVE aB 2pe' A :
| by = maCaf [ g« + E-B-f —-%7] : (37)
C " Y lxX=+0 5 2 2 B 2 e
;;Théféﬁéntityvvb/i is what is mesasured during a laboraéory determination
’ of a transference nurber and is equal to '
v, o ’ o
b _ Vo ' o
: whefé'V is the volume throughfwhich the boundary moves when current I
- is passed for time t. Puttiné equation (38) into equations (36) and
. (37) ylelas . -
230 py | M (%) by o
ST C3 Tt " 20, T 257, ag) (39) -
) .- o x=+® 27e 22 B : o
K== 00 i
_ : py Mo (@et)bpy o '
t, = -2303 e o nai-al IKE . (40)
’ ' X=400 - oPe  Z2'p Bpd . .

" “Equation (40) can be solved for t, to yield



CUUBub e aCll o e
,and1+'_ =

" VaZy xf[ B

:;;"(fnbm_equatidn (30))vaTherefore,;,‘

,v.aBZ3C3 V'JJ[EY-+ Mé -+v‘>bB Ji‘ l -l :.i: (ﬁé)viﬁl.H

L F=8, EE + —_ + =~ & S ";‘3~(u3)':
R LR BPe YRl o

”ﬂijquations h2) and (43) are the de51red equations for the transference

ﬁfnumber . Equation (MB) is the more useful of the two as C /C is known

ifor the leading solution (x oo),‘but must be-experlmentally determined o ”:‘
'for the follow1ng solutlon.f

B

'1s the topic of the next section.“

LfDetefminatienlgilgB End'gB
"Density-concentration;data are often presented ir the literature

as a power series in ¢oncentration:'-i

kl + k C + k

R SIS SN

e . 3"
;1§,Solv1ng equations (29) and (hh)vfor Qo,yields .‘_-};{.

e, Z 8 + fC ,-F,"'gCl/e + h02

1t

o
I ’

kl/MO f (k2 M)/M 3 '14

-_..k3/Mo o “ h

‘ Where i

Il

kh/M .

‘m‘g;
y

The problem of accurately calculating a. and by still existé;veThiét?ﬁ*vw-

'jlh6)tgfl}fff
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In the analysis to determine the transference nuiber, equation (45) was

approximated by

approx
o -

C =a + BC ' : (30)

over a range of concentration from C As the trans-

initial final®
ference number is directly proportional to a, it is important that it be

to C

accurately determined. A least square fit of equation (45) to yield
accurate values of a and-b in equation (30) can be aécomplished by
defining the integral J:

.
i
- c

“£inal o . |
3= J[f. (c_50PPPTO* 2c | (u7).
“Cinttial -

Then the value of a when dJ/da = O is the required value. Also, b can

be determined from the equation dJ/db = 0. .The results of this procedure
are v . . ' .
o | 3/2 <
' 40 iean (Y2472 1105 20000% g 1)
3. (@-1)

a=¢e =

) )
- anttan (@va'-00%8a%q0) - (18)

(q-1)3

1/2 '
initial‘(-3Q7/2+7Q5/2-7Q+3)

35 : (a-1)3

12gC

b =f -

e _ by 3 ' V . ,

ey . (-Q'+2Q°-20+1 ) ,
-he, . 4 (k9)
el (@)’ :

g

where Q = Cpy 0 /Cyypsy - - (50)

. The sensitivity of a to the determination of C can best be seen by

final
substituting 1 + € = Q into equation (48) and expanding in a power series

for small €., The result is
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§ ' 2 S
Came-d scfémal 1 +€- g5 ol -

I T -hC s itial (l e 3 <) - | i B

f'[The,expression for b.in terms of € is

/2 (1 +f et o(e2)) + 2ac @+ ). (52)

b=t43 2 gcinitial |

' 1 itial
G When one realizes that the value of the ‘Guaittity a- calculated: from equation ( 51)
*;;:is‘not~usually much different from the:. concentration of pure water, e =
'«fr;;“f;tg. 55 3&39M, and that -the. terms involving g ‘and h are merely correction '
- 'terms to e, ne sees that € need not’ be determined very accurately for the }"
.quantity & to be satlsfactorily determined., For :exsmple, ;the density of -
‘ NHhNO .solutions ‘at. 25 C is given by12 R . |

= 0. 997077 + o 032628 c - 9.63 x 10 h03/2 - h T3 x 10 "¢ 2

which yields g = -0.0535 and h.=-,p.00263. Fo; a concentrated: solution,i;

say C = 2M, a varies only from 55.4301 M to 55.4436 M, 'a change

, initial _
“of 0.025%, as € varies from O to 0'2‘(Cf1nel varies from 2M to 2.4M).. Thus, -

& 18 dnsensitive to the determination of C

DR . _ final’ : A
‘As € need not be_treeieeiy-determined, it is useful to estimate the
. Value of € that‘results in the eleetrode Chamber for- different electrode'fy””:'

L g?{geometries to help in the de51gn of transference number apparatus This'?';

?iis the topic of the next sect1on.v-‘. R - - >.39;f,“

7. Geometry Requirements for MeaSuring Transference‘Numbersj‘:*

For the analysis which led to the equations for the transference
Qf"number to be fruitfully applied to a real system, the system must be
"~ designed so ‘that the € in equation (51) is small. Then 8 1in equations

(h2) end (43) is accurately determined by equation (51) ‘Thus an estimete‘l;u




of € for d;fferent}exferimental afrangemehts is appropriate. Consider,
. still, & closed anode chamber and a rising boundary.. For simplicity,
nlet*zl=2554%?l throughout.' An anode chamber of uniform concentration

' is'éonsidered, then a‘vertical.plafe énqde, and then a horizontal anode.

" Anolyte of uniform concentration
,j Consider an anode chamber of fixed volume U. Initially.CéU moles

of salt B are present. Pass current I for time t, and It(i-t,)/F

moles of.sélt B aredédded,mo'the.chamber_(disregarding,-here, the correc~

tion for the movement of the-sbiﬁent). If the liquid in the anode
" chamber can how be consideéred to.be df uniform concentration, CgU'moles '

of salt B will finally be present. Thus:
£

o -
‘ €U+ It(;'te)/F =GU
or . - £ i i s :
. _ o GGy g (A-tp) . .
[ € =._——i = F_——i — e . ) (53)
c : CoU :
2 : 2

.fBut, again disregaraing corregtion terms,
TIt/F =.01V/t1 )

and PE | () L S ‘
oL € = —= a ¥ - ' o (54)
¢t B U S I
S 2. ' o |
S T
LSinceACl_— Cs - and' (1't2)<7 ty 4 ‘ B
A eEvfuL L (ss)

This says thét.if,uniform concentration in the anode chamber can be .
‘y"achieved, ¢ can be made as.small as desired by having a large anode
o chamber.

‘,5 In practice, uniform concentration could be achieved only by
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mechanical stirring, and the p0831billty of disturbing the 2-salt

' boundary would exist. An alternatlve might be to use a vertical plate

anode.

Vertical plate anode, uniform surface flux

Sparrow and Gregg 2h have determined the temperature'profile for free

'convection from a vertical plate with uniform surface heat flux, as &'

function of the Prandtl number, Pr. At high Pr their solution is

1ndistinguishable frbm-the”éoiution by Sparrow15

using the von Karmdn-.
Pohlhausen meﬁhod:

T -T [géqthl/S’ -=: f(lf;')_ ;(3_6'0)1/5 [0-8+Pr]1/5'. - . . \. (56)'

qx/k - kve'

'vix‘By analogy:

- (57) |

‘(368)1/5 [o.&se}%/s

P *l'/:s -
3¢ 7 &) :’ =-£(Se) = >
x(5§)J v y=0 . _Sc.

applies at high Schmidt number, Sc. An expression from dilute solution

.‘theory for (80/5y)'y=0 15 (seée reference T, equations 1 and 15):

— s (58)

= ) Df“
Then (0.-c ) <gm_>l/5 (’ >h/5 = f(Sc):
3  ‘ o : :» : ; [f(Sc)] [ - DF] /5 [;“gﬁ]l/é , .. - (59)

' wh‘ere'Ae is the area of the anode and L is its length. To get an idea

of the size of ¢, substitute into equation (59) the values Sc = 1000,

D= 10—5cm2/sec, F = 10%coul/eq, t~ = 0.5, g = 103cm/sec® and v = 10'2cm2/sec.
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Then

f.l ."e = 0.01 <éA cw>u/5 < %/5 ’ "-» | (60)"

where Cmvis in moies/Z, L is in cm, B 18 in 4/mole, Aeisfin,cma'and-151s in .77

-miiliamps.xiPrﬁcticalfconsiderétidns limit-the velye-of I for-a given C_. >
Thé current must be'high enough to mainﬁain a,sharp'boundary buf low

enough to allow tﬁe,heat generated to be conducted to the channel walls.

Thﬁs when Cm:ié loy,.I mist be low as the solution resistance is high.
‘When ém is high, T riust bg,hiéh’to maintain & distinguishable boundary.

For illuétraﬂive purpoSes,‘éupPOSe I can be 40 ma wheh C, = IM. Suppose, .
" also, the values Aev=.lO chg, L=5cm, B= O.lM"l. Then the € for |

- this system; according to gquatioh:(60) is equal to 0.06177, and the system'

is well suited to the the;ry.i

- It should be-realized that the use ofua vertical electrode necessi-

tates forming a sheared boundéfy. A concentration boundary is then set
-up in the following solution between the original -solution B and the -
solution B which is required by the Kbhlfauéh relation, equation (25).
The‘difference in concentration across the concentration boundafy must be esti-
mated or measured’ and its effect mist. -be added to the ¢ calculated above. In

concentrated solutions this second effect .is.the predominant one, and it could

also be even in dilute solutions.
Vertical plate electrode; uniform surface concentration’

As current distribution on & vertical electrode is not, in general,
‘uniform, the analysis béseé on Sparrow's equation does not apply exactly. ' -
A sécond approximéte anélysis of the vertical élate can be made, based
‘on an equation presented'by Newmanl6, for a vertical plate of uniform
Surféce concentration. This analysis, then, assumes that the flux at the

electrode is not uniform, but that the concentration there is. According
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" to Newman S ) . o o

: =13+_ K(Sc)[—g-@—]l»/ (gw_cb)5/l*. _ (61) o

¢
Jy

¥=0 e

where y is pefpendicﬁlar'to the electrode, x is parallel‘to it, and

K(sc) is tabulated. Solving equations (58) and (61) for € yields

.

.,’} e =[éﬁ%§57}4/5 [K§%§E;JL/5 [§%§;11/5 ‘ ) (62) .

This can be;cdmpared to equation (59) for the uniform flux case:

g'uniform cohééﬁtratibn =’[‘ b ]h/S 1 R ' --(63)
V.eluniform flux " : 3K(S¢) | Scllsf(Sc)

" For Sec = 1000, K(Sc) = 0.6649 (based on work by Ostrech’ '), and

) I, S . '
e‘unlform concentration _ 1.075. (64)
luniform flux ‘ B

Thus the two cases yield results only 7.5% different from each othér.

Since € is small, and since the analyseé are. only approximaté; it makes

little difference which expression is used to calculate €, equation (59)

-or equation (62).

Horizontél electrode

At a horizontal anode, the wbrst.possible situation exists when one

%'considera that uniform concentration in the anode chamber is desirable,

Here a stratified liquid exists with a very concentrated solution at the
electrode. At g horizontai electrode the uniform flux condition is

likeiy'to be met. Then the diffusion equation

oC 82C , B}
s =z (65)

can be solved by making the substitution q = BCé/Bx into (65). .The -
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N equation becomes

dq _ - %
5% =D =3 66)
. ox
with - q = -tfi/DF’: B at x = O. l. - (s8)

Then the solution to equation (66), -

o] . .
2B aC,

o . -n
q = VF_ an = S 2
where 0 = x/Q'JDt can be.integrated‘to yield the solution to equation (65):

D ", (67)

"where ierfe N is: the integral of the error function complement. At

= 0, n = O, and 1erfc(0) 1/2 F(2 lﬁf- Thus

Sy ?}i . (68)

If it is assumed that the transference numbers involved are 0.5, and a
C_Fv
[>c]

sheared boundary is formed, then t =_0 i and equation (68) becomes

2LV | | ",(69)

If the same values are substituted into equation (69) as were used in
equation (59) for the vertical electrode case, and V, the volume through
which the boundary’ moves, is taken to be 0.5 cc, then € = 0.3568,

This € is over five times larger than the one calculated for the vertical
electrode case, and illostrates that extreme care must be taken in
designing an apparstus which employs.a horizontal electrode. It should
be poiﬁted out that sn‘autogenically formed boumdary cannos be used, as
-then either 1) the electrode area is equal to the channel cross section

and a very large € results (see equation (68)), or 2) a large electrode
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- 1s used which ngcéssiﬁates t being large énd hence a large: €.

' Comparison between Lewis Equation and Present Equation

 Equation (43) would give a transference number identical to that

calculated using the Lewis volume qorrectionl if the ap outside. the
-brégkets were reblacéd by 8y where

Cop = 8y + bACAhf-- | o (70)

' Thls can be seen as follows-
- The volume correction, AN to the Lewis equation, ;

. (V+AN)F
L - 3'x— ©

.-.' th= - S - It > . J 'A ) (71)

for the case of a dissolvingféﬁode is
- - L I= = .
It Vé thA Vﬁ o -
N = 7l etz vy 557 - (712)
B B RS B~ A=1 ) Lo

_ where the Vi'S'are'partial molal volumes. . Thus the "Lewis transference.
. number" is

chC

il L EDT gy
e It 2o 2,V . 'J ' :.- |

l—QAVA

e Sﬁbstituting the identities P : : -
S A e

€ e’ e g
Cand T e F oo T sy
L LT T A S Teal
into equation (73) ylelds f
tl=-..__..__._1t )
¥ zoP oVl . T |
oA Ol o
X=-
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' For B single salt solution, the partisl molal volume of the salt

is given by 3
o

T
PG e

where Cg 1s the salt concentration and p is the solution density. The

partialvmolal volume of ﬁhe.solvept is given,b&v'

Vot T % (78_) o

-

"(See Appendix B for the proof of equatlons (77) and (78).

Thus V in equation (76) is

o o V q'B+BBCB BBCB GB l‘ o v L .. (79)

_.and from equations (31), .

N -8, b o |
--xv-:_”u:--ﬁ Lo ()
- B .GB aB . B o
Equation (76) becomes
T 33|x—oo BV, Me . by : o
t1_=-:j“-“————- Tt + - . (81)
T ZoRe - ZpVolp
oA o o S

JuThﬁé;“f;om eqﬁafidns'(h3) and (81) -

.

.(82).

AL
Yy ep
The meaning of equation (82) canlbest be seen by linéarizing'CdA
| ‘about C, in a fashion analogous to that done with solution B. Then
A f QAQA,'anQ. _ ' |
C,=a, +b.C, - (70)



where a, = OLA/Mo end b, = (BA-MA)/MO' - Then from equation (78),

AT A
v, % T
oA .

and equations (81) and (82) become, respectively,

- c M b
L RV [FV o B J
ty Area,z. == =+ +
1ET%3 T Tt~ zP, . 2,Vp0g
X==
and L
| a_ %
) t ag

s

(333)

(84)

(85)

Thus when the partial 'mo,lal volume of the solvent is constant through

. =V i o8 =8 L
the bour‘1d'ary, VoA = VoB a.A/— a_B"'«anfi .tl _.tl .
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&1 -'." E@ﬁmmmml
The transference number of 0.213M NHhN03<was détermihed at 25°é;
The pertinent.features of the expefimental work were as follows: Silver
nitfate was used as following olution to & rising boundary. A vertical
silver anode was uséd in a ciosed anode chamber. A standard Tiselius
cell13 (as used in electr0pﬁoresis experimentsls) was used to form and
contain the.boﬁndary: fﬁé cell and electrode chamﬁers are pictured in.
:'AFiguies 3, h; and'5f<:?1ggré 3 shows the cell in the holder, Figure L is
" & blowup of éhe cell,.figufe f'is‘a‘close-up of the.éeli without the
‘ eléptrodé chamberé.. ‘4
'TheZTiselius celliwaé3modified“so thgt the anode chamber was closed. -
The silver éhode was cementedi£o the anode chambéf top.. The flange be-
tween the chamber and the:chamber top was grooved to hold a rubber "0"
ring. The clamp on the flange compressed tﬁe "o ring and insured a tight
seal. The top séctioﬁ of thé’cell ﬁas fitted with two removable lucite
plugs which had slightly ehiarged,‘hard fubber sheets built in#o them to
ensure a tight seal. Aplezon grease (graée N) was used on the rlugs, and
. also on the cell flanges and the clamped béll joints Joining the electrode °
chambers to the cell top. A platinum:cathode wés uséd.
| The movement of the boundary was foliowed using the Séhlieren optical
.s&gtem buillt inﬁo an'elgétrophorésis apparatué purchased:from the Perkin-
Elﬁer Corporation, Norwalk, Conneéticut. Photographs of the boundary
were taken at measured timévintervals with the Polaroid camera built
- into the electrophoresis apﬁaratus in order to determine the volume
through which the boundary moved. The base volume was determined by ax

mercury calibration, and corrections for the boundary being slightly
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XBB 679-5169

Fig. 3 Tiselius cell in holder.
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XBB 679-5170

Fig. 4 Blow-up of Tiselius cell.
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Fig. 5 Close-up of Tiselius cell without
electrode chambers.
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removed from the reference marks when the photos were taken were

made. By using an external heater and the cooling system built into

the bath of the electrophoresis apparatus, temperature was controlled

to within 0.02°C, or better. Current was supplied by a constant cur-
rent power sburce, and was monitored by continuously recording the
voltage difference between a standard resistor placed in series with the
cell and a highly stable bucking voltage supplied by a differential
voltmeter. Time lapse between photographs was measured with an electric
timer. Solutions were madé up by weight, and were transferred to the
cell through syringes and platinum-rhodium hypodermic needles.

The cell was tested for leaks just before and again just after each
run, _while the pell vas i wisce fn the bath. A lerge volteme (M800 volse)
was imposed across 1) the twolcell electrodes, 2) the anode and a bath
electrode, 3) the cathode and the bath electrode. The resulting current

was always less than 1 MA.

The transference number of NHMNO measured in this system is calcu-

3
lated from the equation

£, = = 2404 % [EY + fﬁ + __EE__] , (43)
- Co B L pe VEZQaB

X==%

where here "L" refers to the NHZ ion, ."3" to the NO ion, B to the

: +
AgNO_ solution, "e" to the silver anode, and "2" to the Ag ion. Hence,

3

_ _ _ Mo — ool
miRiy 2y = Vg, = l. The 'x = _? refers to the fact that 03/CO must be

evaluated in the NHuNO3 solution rather than in the AgNO3 solution.

The values M_ = 107.880, g, = 20.492 gm/cc, and T = 96,493 coul/eq.

are used.

A detailed explanation of the measurement of the remaining variables



- 3L -

in the equation for the transference number is given in the next few

sections.

‘Measurement of g3[go |

_:Reagent grade NHuNO3 purchased_from Merck & Cb., Inc., Rahway, N. J.,
- was used to prepare thévsolution. The salt was stéred in a Vécuum oven
at 80°C until it waglneeded. As NHhNO3 is hydroscopié in nature; pains
, ﬁere £aken pq‘inSure,thééfit‘was dry when weighed. To prepare the sélu—'
tion, the oven was Eboied,xé foom.temperature and theﬁ brought to room
-‘pressure by ﬂiéeding air iﬁto'it through a tube contaiﬁing Drierite
(casou).' Salt Was weighed into a weighing bottle by means' of.a Mettler.balance.
The weighing bottle was then retufnéa‘to the vacuﬁm oven and heated at
_80°C under vacuum over night;ﬁ The oven was theh cooled to room tempera-
ture, and air was again blea into it througﬁ Drierite. The oven door
was- opened and the weighing bottle immediately covered tightly. The
weighing bottle was weighed, and the désired weight of salt was known..
The salt was then transferred to a 750 ml flat bottomed flask, and dis-
:_ tilled watef was weighed into the flask. ThQS C3/Cél o was determiged.
| 'The solution was stored in a 750 ml.flaék with ax;ubber stopper.

'Glassware was cleaned with soap solutioh, HESOA'KQSOh solution, rinsed

" with distilled water, and oven dried at 90°C. From that time on it

JPUCAR

was handled only with tongs or Kimwipes. 'y A
-
The solution, the transference number of which was. measured, was"'

composed of 12.5687 g NH,NO_ and 727.3068 g H,0. Thus

3 2
C ' .
-3 . 12.5687/80.048 - -3
C, = 757.3068/18.0160 = 3-88939 x 1077 .
X==0 ,
Although C3 and Col - are not needed separately, they;wére‘

K= 0O K== 00
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calculated from the equations p = 0.997077 + 0.032628C - 9.63 x 1o'uc3/2 -

-5 2 :
k.73 x 10 5C , and equation (29), p = Moco-+ MC. The results are

c = 0.213052M and co, .= 5&.7778M} (p = 1.00393 gfce) -

x:_w K= [e1]

3

Measurement of V
Base volume

Y

‘ Seven lines were scribed on the cell approximately:l centimeter apart
(éee Figurexs)} The disééhces between the lines were then measured on
& platform microscdﬁé.’ Thevméasurements are listed in Table:l.

To find‘the volume befweé; the ﬁop and bottom lines, a sheet of hard
‘ rubber backédvﬁﬁla luc%te'blate, botﬁ“of about the same size and shape |
as the éell bottom flange,.wagvétédéhéd to the'cell.botfom with rubber
. bands. Thié closed off the cell. Mercﬁry, the meniscus of which was
close to thé bottom line, wés weighed 1n£o the cell. The cell was then
placed into the electrophoresis appara£ﬁs bath, which was maintéined
at 25°C.  (The cell without the electrode chambers'attachéd can be sup-
ported in the bath without using the cell holder by sliding the top
flangé of the cell over the flat mirfor at the rear of the bath. The cell
is then in the samé position as whén it is in the holder.) After waiting
‘to be sure that the mercury had reachéd é5°c, a_bhotograph of the cell
was taken. Then £he volume present be}ow.the bottom line, Vo:l’ is equal
to the volume occupied by the mercury, Vo:l" plus the volume between
the mercury meniscus and the bottom iine, Vi“:l = Ah, where A is the
cross sectioﬁal area of the cell and h is the distance between the
meniscus and the bottom line. The same' procedure was followed to get
the volume preéent below the top line; Vo:T = Vo:7' + V7_:7. Then the

desired volume, the volume between the top and bottom lines, was equal

L



:Table-l.ﬁ'Distance measurements on cell.“ng,ﬁ; 
(all numbers are in centlmeters) S

»The first three values of overall length
repreSent single measurements from line 1°
to line 7. The fourth is the sum of two
measurements, orne from line 1 to line 4
-and one‘from.linevh'to'line-T;

5 h 67 5 el 67 5 4-67 10-14- 66 8-31 66 Average
(1) 3412)_ _(3)

;}J7_0.9965v'0;99hd ed;ggseuifo 9972 }_§;9982ei;¢.9962¢.;¢g“f§j;q S
0.99Th 0.995h0.9951 . [0.9962 0.995T 0.9960 . ...

| 1.0072. 1.0081 1.0083 ' 1.0090 1.0071 . 1.0079 -

|1 1.0023 1.0028 1.0k ©1.0033  1.0033 1.0032 .7

G Lt 0.993% 0.99kh 0.9931 " 0.99Mh  0.995T ~‘0.99k2

4. 71,0013 1.0021-'0.9995 :1.0020 .'1.0000 1.0010

S 598 59960 5.99% 6.0020  6.0000 5.9985

5.998 5.9%8 5.9956 5.9989

Overall Length. | s.oomh
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l 7 0‘7 - VO'l . As Vl e is the difference between two volume

measurements, it is not affected by the shape of the mercury meniscus.

.t

The ‘value of h was determined by viewing the photograph under a
platform nicroscopef ,An'enlargement.faetpr, or film factor, was deter-
mined by comparing tbe.distanee between the two lines nearest the
meniscus on the photograph with the actual cell distance. This aliowed .
the‘determination of the“cross seetional ares, A, and hence the volume,

v, 73 = 5. 997HA. Letei.resnits obtained by measuring the boundary velo-

clty over each centimetef”es it progressed up the channel showed that

A was not actually constant but varied from 0.17733 to 0.18065 cm?

$

between the top and bottom lines, with a median value of 0.17898 cm .

'I‘he'volumevl.7 was thus found-to be equal to 1.07343 cm3 with a stan-

dard deviation for. 5 trials of 0.00037 cms. Table 2 lists the data.

Corrections to the base volume

‘When measuring the transference nnnber, transparency type photographs
of the Schlieren pattern were taken whenxtne boundary was near line i
and again when it was near line 7. Synchronized with the taking of the
photographs was the starting and stopping of an electric timer. As the
beundar& was not precisely at a reference nark when the photo was taken,
correction terms had to be added to tbe'base volumef Then the volume
throuéh which the boundary moved, V, was equal to V = 1:7 + AV, + AV,
where ANi is the correction for the boundary not being at line 1 when
the timer was started and AN2 the correction for the boundary not being
at line 7 when the timer was stopbed; The AV's were obtained by

analyzing the photographs on a microphotometer. The microphotometer

records the intensity of light which is transmitted through a small
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,Jw,;;:ﬂ,fLQTable 2.'.BaséHVOlume.daté.. o
- ;v (all nuabers sre in cubic centimeters)

,53A1

A

.5A2

AVerage

1Standard - -

o.1i6§55
. |0. 00665k

’; , o{iéjlb9

';sf 1.i9387ﬁ

o.Qdééu7

L i<i96121

0:117993 |
0:004588 |

o;i22581'df'

1197927
~0.001523

1}i§6hou

1.194563

0.002021

,1.{19658&

0.123659

-0.000913

'f¥~'o.ige7u§

1;190&61

0.005956

1.196&17

0.110935

0.011878

<i122813

1.186353| -
0.0094k5|. --

)

1.195798)

0. il 562"(

0.007308

o§122935

0.122837

' i.i96265

1.07343 .

Deviation‘["az

0.000198

0.000310"

0500037 -
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area of tﬁe‘film.. The film is clear.over all its areé except where the

cell reference marks and the boundary are. The film was passed under

the microphotometer bea@ at a constént velocity and a recording of ' ' »
intensity versus position was made; The peaks so recorded due to the

reference marks allowed absolute distances to be determined. The bounf

dary was recorded as'tWO.peaks close.tOgéthef. The center of the two

peaks was taken as the bq@ndary. Tﬁe distance from the boundary to the

nearest refé;ence ma;k waé ﬁéasured,.and AV was determined. Table 3 o |
shows the volume through-#ﬂiéhAthe boundary moved, V, for the 5 trials.
.(For runs_21and 3, two timérs were used and two sets of photographs

were taken. )

£
£ W —— r————

Table 3. Voiume'thréugh which the boundary moved. - :
(all numbers are in cubic céntimeters)

Lp—

oAV -V ' v

EEE V1:7 1 2

1 1.073%  0.3602 0.0180 0.6752

24 1.0734 £ 0.0203 0.0210" 1.0321
. 2B - 1.0734 0.1926 0.0210 0.8598

- 1.073% . -0.0I3% 0.0243 1.0625

3B - 1.0734 '0.0143  0.0243 - 1.03.8

Measurement of I

Current was.supplied by:a constant current power éource, Model
€612, purchased from Electronics Measu}ements,.Co.,-Inc., Eatontown, N. J.
A standard resistor of 100.000 ohms, purchaséd.from Leeds and Northrup |
Co., Philadelphia, Pa., was placed in sefiesvwith the cell. The voltage
drop across the resistor was measured with a differential voltmeter,

Model 887TA, purchased from the John Fluke Co., Seattle, Washington.
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A voltage signai.supflied by the'v§l£@eteriwhidh was.eqﬁal to the difference
' between the voltmeter setting and the voltage being measured at that
instant wés continubusly recérded_dn a Model SR récordér,purchased fram
JE. H. Sérgen&& Co., Chicago, Tl1l. The recorder was calibrated using a
standard.cell purchased from the Eppley Laboratory, Inc., Newport, R. I.
(cat. no. 100), so that its range was from ~1.00 mV to +1.00 mV.

At the beginning‘of~a run the voltmeter was set at a value Eo 50

that the recdfdér vas. at 0.0Q.  Asvthe run progressed, the current suppliedb-

by the power éource teﬁdéd”%o dfift slightly, and this drift was recorded
as a voltége change across.the“reéistor. This voltage change was

av;rageq over thé léngth oé.ﬁhe'run E; integrating the recorder output
.with_K & E Polar Planimeter, médei ééOOOS. The resulting voltage change,
AE, was adde@ to Eo to‘give.thé time average voltage drop across the‘ .

100 ohm resister, E. Then the current was equal to I = E/100.000. The

experimental results are listed in Table k.

Table 4., Time averaged current.

Run E B 2B B T

N volzs‘ voits o volts " milliamps

1 1.031500 . +.000356 1.031856  10.31856
C2A 1.031100 +3000490 1.031590  10.31590

, . 2B 1.03110 | +.000548  1.031648  10.31648
- 3A 0.516800 ~ -.000092  0.516708 5.16708
3B 0.516800, -.000095 0.516705 5.16705

 Measurement’ of % -
Time elapsed beﬁween the photographs taken of the boundary at the

bottom line of the cell and at the top iine of the cell was measured




i

. the ‘section on the measurement of C /C , and was found to be C

E _0.201799 M. Thus &y and b
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fl‘with an eiectric timer purchosed from the Precision Scientific'co.

(cat. no. 69235) Exposure time for the photographs was on the order

‘of 2 seconds. The procedure .was to open the shutter, start (or stop)
- the timer, and then close the shutter. Thus uncertainty'in t was intro-~

~ duced, as the'reproducihility of the procedure could not be checked. .’

" Table 5 lists the times required for the runs.

' Tabiezs; Time of runs.

- Run - Time
' ‘ jglnutes)

1 ’4_h37%
2A 66,48,
eB 55.&80'
34 - 137,865
3B _13u.3o§

Measurement of aﬁ and bB

The den51ty of AgNO solutions iS'given'by the equationl2

3
= p = 0. 99707h + o ,141956-¢C ~ 0. 002603 03/2

- Thus the values to substitute into equations (51) and (52) for’ aB and,

b, are (see equations'(h6)) e‘='5513h38.moles/£, f = -l.SSOh, g =

B

‘ _—O.lhhS (moles/ﬁ)_l/g, and h = 0..'The concentration C was found B

initial

' by maklng up the solution in exactly the same manner as described in

initial

are to beé determlned from the equations

B
ay = 55.3438 f'o;oo655 [L+3ergge). - (86)
by = -1.550k - 0.09737 [1 + § el. | ()
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An estimate of the wvalue of e'due Just to the electrode'reaction

can be obtained fromtequation (60):

N T oY
1/2

The values A_= 5 cm®, C_ = 0.2M, L = 3 cm, B = %_g_g - o.1u19c;o.oo39c

00

ne

- Qs 027 (where A and L"are:estimated effective values, not the geometric

values) were used. For I =10 mA, this yields € = = 0.21, for I = 5 mA,
€ = 0.12,

An eStimate of the e'due to the concentration boundary caused by the

following solution adjusting to the concentration required by the Kohlrausch

regulating function, equation (25), was made as follows: After the run
was completed, the concentration boundary was forced up into the center
of the cell. A photograph of the concentration boundary was taken using

the‘Rayleigh interference'optics18 available in the electrophoresis

apparatus. As each "fringe shift" corresponds to a certain concentration -

change, counting the fringes and knowing the proportionslity constant

yields the concentration change. The fringes were countéd using the
microphotometer; the proportionality constant was determined by forming
concentration boundaries between two solutions of known concentrations

and counting the fringe shifts recorded on the Rayleigh photograph. Its

‘value was found to be 0.00170 M/fringe in the range of 0-0. 2 M. In this

‘way the € at the concentration boundary was found to be approximately

0.03. (The value of € for the concentration boundary is as small as it
is because some attention was devoted in esrlier experiments to deter-
mining the correct value of the .concentration of the following solution.)

Thus the value of € to be used in equations (86) and (87) is

0.24 for I = 10 ma and 0.15 for I = 5 ma. The resulting values of ag

el e
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and bB are listed in Table 6.-

Table 6. Values of an and b .

B
1 10 o2k 55.3515 1.6536
24 10  0.24 55.3515 £1.6536
2B . 10 .. 0.2k © 55.3515 - -1.6536
o3 .5 05 55.3511 - =1.651k
38 - 5. . 0.5 55.3511 w11651%
"Resglting'vélue‘gg.giw
. Thémtrénsference Aﬁmbér'of tﬁe NHK ioﬁ in 0.21305 M NHhNO3 is

O.SlhOiO.QOQM.. The 5 separate determinatlons are listed in Table 7.

The undértalnty‘was determlned as ﬁollows._ The scatter in the datas,
".has,a standard deviation of 6.00218f If it is assumed that this is a
result of the uncertainties in I, t, and V, then the percentage*ﬁncer- .
tainty due to them is O.h2k%. _(Thié is more than can be theoretically
acdouhted for.) To this is added the'uncegﬁainties in V

1:7 and; 03760. Using

the:. standard dev1at10n Vl 7 as itsHUncertéinty,'thé“perCénﬁage‘uncertainty
due to it ig,0{035%:v~The;uncertainty”in 03/00 is takén as the lngcertainty in
theiWeightiostalﬁ,VéndiiS'éstimatedgtdﬂbe 0.001. g; or 0&008%. “Théfsumﬂof
theﬁuhéértainties%is:O;h67%bdor'an:absoiufe améunt of O.bOEh.

The transference number of the following solution can be estimated

from equation (25):

[c /c oM oo . (05)
? NN - SRS
v'The value C3l was measured and found to be equal to 0.1950 M. The
X=+®

density of the AgNO

3 solution is calculated from the equation of Campbell,
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gt all and found to be equal to 1. 02h531 g/ml. Thus C l can be
Xt
determined from equation (29), and the result is C , = 55, 029 M.

=400
Substitutlng these values, and the values previouslyxgzven for

lc /C ]l . and t, into equation (25) yields the result t, = 0.467.
-Due to the ﬁncertalntles involved in 03,X_+w,vand tl; this result is |
accurate only to within about 2%, i.e., ty = 0.467£0.009. This value
can be compared toAfhe‘values measured by Hasgse, et alg, at a concentra-
tion of 0.1995 M, 0.4708 aﬁa 0.4723 (two determinations). Haase's
values were calculated using a Lew1s “type volume correctlon. If they

are corrected by employing equation (85) the values become 0.4T01 and

O.h7l6,.respect1vely.

Table T. Transference number of NHM in 0.213 M

| | NHNO, at 25°C.

Run ch3/cO FV/It '_‘! Me/pe bB/'aB ' ty
1 215284 2.4031 - 0.0103 '-0;0299 ' 0.51313

S eA.21se8h 2.4202 0.0103 -0,0299  0.51681 .
2B . 215284 2:4158 0.0103  -0.0299 0.51586
3w .215282 . 2.3987 - 0.0103 - -0.0298 " 0.51220
3B 215282 2.3981 - 0.0103 _.-0.0298 0.51207
B Averege R ' s - 0.51k01

'Standard Deviation : - 7 0.00218
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.- Summary and Conclusions
An equation_for the transferenée number as determined by the moving

boundary hethod_has been derived:

aB[%,* ; Se * ZQEQaBEI . (43)

The expression is valid for concentrated as well as dilute solutions.
Tt requires.a knowledge of the quantities by and bB, which were not
heretofore determined.’ They are defined by the expression

-

Cop =23 +bgCy s : o (30)

L . .. . “ . PR . 3.
which is equivalent to. a linear density correlation. Expressions for

ap and bB‘are_presented ﬁhich relate them to nonlinear density corre-

lations:
&y = e - % gciﬁ?tialh[l +.% € + %5 e +‘O(e3)]
.2 2 S
.- hClnltlal [1+e€ +‘8 €] _ (51)
_ 1/2.
. bp =T 2gcnltia1[l+£€+°(e)]
. l' " o
+ 2nC, BRSPS I o (52)

initial 2
Equatiohe are presented which gite estimates of the value of €
which results in the electrode chamber for both horizontal and vertical.
electrodes, and which can be .used in the design of experimental equip-
ment so that € is minimized and the highest possible accuracy in the_

determination of aB is attained. For a vertical electrode:

= 0.0L /5 AL.25L L/ | (60)-"
(o) (3 =)
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The transference number of the NHH ion in 0 213 M NHuNO at 25 C
o was determined and found to be O.Slho OOEM The catlon transference' 

number 1n the following AgNO solutlon was estimated to be 0. h67+0 009

3.

_at a concentratlon of O 195 M '
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Cinitial ~

final

£(Pr)

f(Sc)

.

Nomenclature

defined by equation (30).
activity of solution I, moles/cm3.
éross—sectional area of cell chanﬁel,vcmz.

defined by equation (A15)

2
. surface ares .of electrode, cm .

défined‘by equatibn (30).

defined by eqﬁagioni(AlT);

conceptratiqn of épecies i} moles/cm3.
total solution coﬁcentration, moles/cm3.

lowest concentration of following solution removed from the

. 2-salt boundary, @oles/cm .

- hlghest concentration of following solution removed from. the

2-salt boundary, moles/cm .

specific heat, cal/g—deg.

diffusion coefficient, cm?/sec.

diffusion coefficient for binary interactions, cm?/ééc.
defined by equations (k5) ana (L6).

defined by equations (45) and (46).

Faraday s constant, 96 493 coul/eq.

function dependent upon Pr, defined by equatlon (56).
function dependent upon Sc, defined by equation (57).
defined by equations (45) and (k6).

acceleration of gravity, cm/secz.

defined by eqﬁations (45) and (46). | T

current density, amps/cmg-
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current; émps.

integral defined by equation (47).

thermal conductivity; cal/deg-cm‘sec.

defined by equation (kl).

function dependent upon Sc, defined by equation (61).
electrode length; cm. |

molarity of solution, moles/£.

molecg;af weiéht of substance I, g/molea

nuiber of méles of specles i.

" flux of species i; moles/cmg-sec.

Prandtl number = Cpp/k.

heat flux, cél/cmg-sec.

' defined by equations (65) and (66).

final/cinitial'

universal gas constanf, joule/mole-deg.
Schmidt number = V/D.

time, sec.

transference ﬁumber of‘species i.

transfefehce number of specieé i as calculated using a
Lewis-type volume correct¥on, see equation (71)..

température, deg Kﬁ

volume of anode chamber, cmS.

velocity of fhe 2-salt boundary, cm/sec.

velocity of spécies i, cm/sec.

volume through which the 2-salt boundary moves, cm3.
volume, em3.

partial molal volume of substance I, cm3/mole.



,'see equation (AlO),

,_HXiCo/Fz3CTD 3

1Hgdistance variable, cm.;fv

: ft;':_‘c /Cll

x=mt .<r

”t‘_distance variable, coma

e[;cg/cglx_+wpu

. ncharge number of species i.z‘

:Tdéfined By éQuations (Aéo).f .

:defined by equation (28) yi}efﬁffiiﬁfjtVf:V}‘.ﬂwf

"cogfficient of expansion, (l/p) BD/BC), see equation (57),"“
mole. E . . L i

S ;”coefficient of- thermal expansion (l/p) BD/BT), see equation7 '
'w.(56), deg-l. - I .

“defined by equation (28) )

=1 for j # k,j 0 for 3 # k.

EEm

rff“v1scos1ty, g/cm-sec.nfg:;‘-fian:gi'
‘prelectrochemical potential of species i, joule/mole.‘

"chemical potential of salt I.

} ;kinematic visc031ty, cm /sec.

.“f;numbers of cations and anions produced by the dissociation
“- of one molecule of electrolyte. _j : :

- l:*total number of 1ons produced by the dissociation of one
o ;ﬁ_molecule of salt I.. A AL v

. ’density of electrode material, g/cm3 .1l:;‘.,n

;denSityvof solution I,vg/cm ,V;fie--,7”‘
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<

Subscripts
0 - solvent.

1 l -~ leading ion when boundary'rises; following ion when boundary falls.

2 - following ion when boundary riées, leading ion when‘boundary falls. .
3 - common ion.

p " - 2-88lt béundafy.

& - electrode.

s - saltgl

w - at the wall.

. ® - far removed.

IS

x=-=® - evaluated in solution A at. concentration required by Kohlrausch -

relation.
X=+® -.evaluated in solution E.af conceﬁtfationnrequired by Kohlrausch
relation. : :
A - salt.or,sait solutioﬁAco@pbsed of ions 1 and 3.
- B ! —.salt or salt éolution composed of ions 2 and 3. |
+ ‘—_cation.
. ~ anions.
' - a-line under a variable indicates that the variable is a vector.’
‘Supérscripts
A - sait éolution compOsed,of ions.l-and 3.

B ' - salt solution composed of ions 2 and 3.
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Appehdix A

Approximate Concentration Profile in 2-salt Boundary

A concentration profile in the 2-salt boundary can be.determined

L

‘ _by eliminating the distance variable in equations (16) and (17) and

A B

 can be determined by solv1ng either equation (16) or (17) The two

equations can be rewrltten as

LN

'4 dity ;i' "121?’“_‘_39_ RT [("o""b) BD3O—Z1D10> ‘
. T dx F 2, Cp 133 ) 2,04
7373
o sc o o S
+'é3£)<’59' ”.'Dl~ + 92. 3 3>] ’ S (A1)
- o NP30 1031 P 113 g
Oy 3 2% % e [(" "b) 3 30'22920>
'b:hdx - F ZEC Cop D3O (v3 ) , 22920
. 373 .
9. scC c c, o .
+ 20 <'9° e 5 3 ] R )
o 30 P31 P D3/ o

‘: it 1s clear from equations (A1) and (A2) that the current density,

'Q,, 1, enters only -as a scaling factor for x. . This means that the sharpness.
of the boundary depends on i. When i=0, there can be no steady state
avi.boundary, and the solutions diffuse into each other. -That a further -

restriction exists can be seen as follows:

_3 As x =+, C, = 0, and the activity of solution A, A’ approaches

1
zero, EA = 0.. Then My = ?ART ZM,EA approaches -®, and dHA/dx < 0.
ar, - | |
T <0 at x—4x. . , (A3)

At x = +», equation (A1) becomes (using equation (13))

: solving for duB/dgA., Once C, and C_, are related, a spatial distribution -

~

LA

.t eem w w
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diy 1 vi2y 39 BT F(vd-vb)z3c3“"3D3O-lelo D3y Co . Cp 2503
x _F 2. C.D. 1 N * ) .70
TS, T T30 : 1”10 o W30 P32 %103
1% O rr [ /%3P0 B0 o CoP3o A1 Z2 ]
“F ot )l e 5, "5/ (ak)
: c, “T “30% 1710 : 170 32 13
In view of equation.(A3),
| S C.D z. \T— |
izlt2 > iZl (Z—Fl—-'_]Z.O—DQ[l + 02230 <ZDl. - DQ >] . K (AS)
Rl N2H107%3%30/L Yo% W2 Pi3
If.?lDlQ/(ZlDlO-Z3D3O)'in.;his equation is regarded as being equal to

ty (equation (9)) even thoﬁgh-él = 0.in solution B, equation (A5)

* becomes

S e, 2N | .
1oty > iz, + 102 30 <;l'_- Dg > . (a6)
o o] 32 . 713 Y

»  The_aﬁalogous result obtained by letfing X = -®in equationv(AE).and

‘noting that duB/dx >0 is

- 1%,.C. D, 2 :
1z,t, > izt ch 30 (;l - Dg > . | (A7)
. Y% 32 P31 :

These: relations mean that passage of curreht in one direction will help

‘maintain the sharpness of the boundary, while a sharp boundary cannot

' be achieved if the current passes in the other direction. In dilute

_solutions. equations (A6) and (AT) become |
izgt, > izt o | ‘ (AS) -
i This‘miéht be regarded as the mathematical stétemen£.of thé experimentally
*. observed fact that the leading ion must have é higher transference number
~than the folléwing ion for ﬁhe boundary to remsin distinct.
An approximate‘éoncentration profile through the 2-salt boundary

~can be calculated as follows: Assume

’
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» HA.= VuRT . Cp , My = VpRT N Cp o (A9)
Treat Cnp, Co, and DiJ as constant. Define
i Co _
W= o X . (Ar0) -
Fz3CT}’D03

where i'/z3 is taken'as positive. (Then w = +% when x = +%.) Then
equation (Al) becomes

ac; vz (vo~vb)”, 305072101 i1 Dao /1 z, 'C‘ 1)
C.dw V42,0, L=y ) - 24D C. \Don  2.D,./ 2]
373 37 110 32 113

1 o

From equations (23) and (13), -

it. C
| s
(vo-vgﬁ 3} CO(Vb‘VB)’= E?g C3 ==
(Y3—vb) .'Co(v3-vb) ‘ Col .
: . Fz3C3

1

Q3 ) lelO . 02z2+Clzl
YT T T &P zsD) 3G | - (m2)
. 3 X == ' 1 373 11 X==®

Putting equation (Al12) into equation (All) yields

v,z
ax 171 [ ’
= 1 - X - AY] (A13)
Xaw vAz303 ,
where . X = cl/cll S, Y= 02/02I (A1k)
. X==® X=-+0
and . Z C-l , C-l
: 22 2 z : o
. A = —= X =+ - CX=+m ﬂ3o <§l _'z g > . (AlS)
1 1lx=_w o 32 %1731 . .
Analogously, equation (A2) becomes
V.2 .
day 272 [‘ , .
= 1~ Y - BX] (A16)
Yaw z3C3vB
where : z.C C ‘ , :
: v L 1,x=—°° l'x=-°°" /1 A . .
B =77 "G Py \B.m T2 (A17)
22|, o o ) Fagih s~
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When C is eliminated from equations (Al3) and (Al6), the results are

‘solves equations .

- 3
S . & i o« (AY + X - 1) X (418)
Q; o - : aw q3Y + X -
ar a2a3(BX +Y - 1)Y i
. Loaw aY + X v - - (a19)
 where L | -
SR T | s Gy = v/ Gy
X=t®
o o - (A20)
: dl = z C I - “ /Z C . ) .
3 272 x=+”,>; l|x=_°°
o The FORTRAN IV}computer program listed below19

nf(A18) and (A19) to give the concentratlon profiles in the 2-salt boundary{l
| _'The input data A, B, ALPHAl, ALPHA2, and ALPHA3 are the same as defined
above b&mequations (AlS),'(AlY), andw(AQO). The-input H is the increment
lv on‘X.in the iange-from X=0 to X=0.100. The input ﬁ is tne increment on
1.3X in the range.from»X=O.100 to,X=l.OOOA The valuestH=0.00lO and
'E;0.0lOO_were used successfully‘by the author.‘ The outputs X, ¥, and w

- . are the same as defined'above by equations (Alk) and (A10). The output

e CT is'the concentration of the common ion, C3. In the program presented,.
g separate card (numbered 6 in the program) defining CT from the equation

"z C ’ ’ z.C
22| _ o ll|x=-°°

- %3

.';jimust be inserted into the program deck for. each system investigated.
'1, In A and B there appear 932 and D3l. Values for these are essen_ .
. nfgtially unknown in multic0mponent solutionseo; and the ualues shoulo
'?ifprobably depend on the concentration. However, the main contributions
”ito A and B in moderately dilute solutions come from the first terms in

-~ equations (Al5) and (A1l7), the second.terms being perhaps 2 orders of

-~ magnitude smaller.




".ﬂ¥-ij ,‘

D70
71

DIMENSION X(190) y(1901, W(190)s CT{190)

FORMAT (1H1) ,
FORMAT (7F10,0)

72
73

FORMAT (11X2H Xs 11X2H Ys 9X2H Ws 11X3H CT //)
FORMAT (F15439F15453E15659F1545)

T4

FORMAT (1H1s5X0 1HAo9X91HB97796HALPHAl94X96HALPHA2 4X9

26HALPHA3 96X s 1HH8X 9 IHE/TF1C a4/ /)

10

PRINT 70
READ 71 sAsBsALPHALsALPHA2

2ALPHA3 Hy E
AL H

PRINT 74s5A» B’ALPHAloALPHAZ PHA3 s HHE.

PRINT:- 72

“(ALPHAZ/ALPHAl)*ALPHA3

G==B/((1e=A)/Chls)
PT=H*G :

- X1=H/2.

Y1=1e+P1/20
PR=Hx cu(l.«Vl 8*X1)*Y1/((l¢~X1 A*Yl)*x1)

Y1=1e+P2/2
P3=H*C*(1la=Y1~ B%Xl)*Yl/((lu‘Xl A®Y1)#*X1)

T Y¥Yl=1le+P3"

Xl=H

P4a=H#C¥*(1la=Y1l= B*Xl)*Yl/((l.“Xl A®¥Y 1) #X1)

Y{1)51la+t(P142e#P242s%P3+P4) /60

DO 1. J=21399
X(J)-FLOAT(J)*H

Pl= H*C*(l.—Y(J)—B*X(J))*Y(J)/((1--X(J)-A*Y(J))*X(J))

CX1=X(J)+H/2e

Y1i=Y{J)+P1/2s

P2=H¥C%(1le~Y1= B*Xl)*Yl/(!lo-Xl A%Y1)#X1):

Y1=Y{J)+P2/2s "

 P3=H#C*(le-Y1- B*Xl)*Yl/((lo“Xl A*¥Y1)#X1)

o Yl=Y(J)+P3

X1l=X(J)+H

P4=H#C#(1le=Y1= B*Xl)*Yl/((ld~Xl A¥Y1)#X1)

1 Y(J+1)‘Y(J)+(pl*Zo*P2+20*9J+P4)/6n

- DO 4 J=1009189 :
X{J)=FLOAT(J=~100})%E+04l -
Pl= E*C*(lo—Y(J)*B*X(J))*Y(J)/((lo-XfJ) ~ARY (J) )X {J))
X1=X{J)+E/2 .
Y1=Y({U)+P1/2s .
P2=E#C#(1e=Y1~ B*Xl)*Yl/((lo‘Xl A*Yl)*XI)
Y1=Y(J)+P2/2s
P3=g#C#(le=Y1- B*Xl)*Yl/((lo*Xl A*Yl)*Xl)
Yl=Y(J)+P3
X1=zX(J)+E
Pu=E#C%#(1s=Y1=B¥X1)#Y1/((1e=X1=A¥Y1)*X1)

4 YUJ+F1)I=Y(J)+(P1+2#P2+24#P3+P4) /64
wW(l40)=0, ‘
D=ALPHAL -
R=ALPHA3
PO 2.J=1404188
Gl=(1e+R¥Y(J=2)/X(J= 2))/(0*(A*Y(J ~2)4X{J=2)=14))
G2={le+R¥Y(J=1)/X{J=~ 1))/(0*‘A*Y(J 1I+X(J=1)~14})
G3={1e+R¥Y{J )/X(J V) /{DxLARY(J )+X(J )=14))
Ga=z=(1e+R¥Y(J+1)/X(J+1) )/(D*(A*Y(J""l)"‘X(J‘*‘l')“_ o))

2 WJ+1)=WIJ)+E#(94%¥G4+194#G3=54#G2+Gl) /240

DO 5 J=1+40




=55 -

JAz141=)

Gl=(1e+R¥Y(JA+2)/X(JA+2) )/ (D*(A#Y (JA+2) +X(JA+2)=1 o))
G2z (1e+R¥Y(JA+L) /X(JAFL) N/ (DX(AXY (JA+L) +X(JA+]1)=1e) )

G3=(1e+R¥Y(JA " )/X(JA 1)/ (D*(A*Y(JA )1+X(JA )*lo))
Ga= (1 etREY(JA=1) /X(JA= 1))/(D*(A%XJJA31)+X(JA71L«10))

5 W(JA=- l)‘W(JA)-E*(9.*G++19o*63~50*62+61)/24.
DO 3 J=40,139

JA=141~J

Gl_Jl.iRﬁX(JAfZLJX(JA+2))LLD*LA&Y(JAiZ)*&(JAtZ)‘lo))

G2=(1e+R¥Y(JA+1)/X{JA+L) Y/ (D¥(ARY(JA+L1)+X{JA+1)=10e))
G3=(1ekR¥Y(JA__V/XLIA V) /(D¥LARY (JA ) +XLJA ) =1e))

© G4z (1e+REY(UA=L) /X(IA=1Y)/ (DR{ARY (JA=1)+X{JA=1)=1s))
3 WOJA=T ) sWLJA)=H® (9 %*G4+100%#G3=5#62+01) £24 4

X(190)=1a
DO 6 J=14160 -

6 CT1J)=041950%#Y(J)+0, 21305*X(J)
PRINT 739(X(J)9Y(J)’W(J1;CT(J{1J_1 190)

GO TO. 10
END
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o _ Appendix B

Relation between Density and Partial Molsl Volume

* The density of a solution is gi&en by the equation

o n n o
'p<=z CiMi = Z niMi | (B1)

i i

<l+

where here V is the'tota%.volume of the system, Mi 15 .the ‘molecular- - -
weight~ofﬂsbécie331,ini.=nC¥V;is:ﬁhe:numberlofﬂmOleS'pf'speéies,iupreéent,
and.theitotal.number:ofréﬁéciesﬂpresehthisseQuatho n. ~ The dénsity of -~

the solution is-also given by the experimental correlation

‘\‘p = p(Cl’Ce, o o o Cn—l) . . (Be)

The partiai molal volume 6f species j is given by .
= av/an'j (B3)

which, from equation (Bl) is

M e | 3
1 ' P
= Fl -3 Z M S
P 5 A
M
_ V op
-5 - 5 ony (B4)
From equation (B2),
we - nel . n-1
dp dp a0, _ Z dp a(“k/v)
On. ¢ on, 3C,. ~ on 7
= =
ne=l n-1l =
) Z d [; ony v ] ) Z dp [ajk i Ckvj] (85)
ac, VSn_J V25:1—J L 3, L'V v
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mefM\#m Substituting equation (BS)

" where sjk;l for j=k and ®

‘into equation (B4) yields

TG 7
v = _J- - -:-L- Z ' p [6 - v
578 T 3¢, Lae ™ %'y
k=1
M n-l. - n=l
R op 1 P o7
J k=1 k=l : ’
» 5 _ o
Solving equation (B6) for V, yields
L nal .
B M o ' ,
M, - }: 5, op
N J 4 gc—k' Jk.,.,‘ MJ Yo [l-5jn] : . |
¥, =KL - J (B7)
d “n=1 , n-1 S : o
. \' . dp - ' P
B
k=1 . : k= k

For a éinglersalt solution the density of whiéh is given by

o =»p(Cs), where C_ is the concentration of the salt, equation (BT)

yields : - v ap
_ s-.'dCS
Vs - - ap
P -%sac
and -~ : _ M0
. ) Vo = ——__T o 5 »
P =% BCs

where the sﬁbsdript s refers to the salt and the subscript o refers

_to”the solvent.



This report was prepared as an account of Government
sponsored work. Neither the United States, nor the Com-
mission, nor any person acting on behalf of the Commission:

A.

Makes any warranty or representation, expressed or

“implied, with respect to the accuracy, completeness,

or usefulness of the information contained in this
report, or that the use of any information, appa-

ratus, method, or process disclosed in this report
may not infringe privately owned rights; or

Assumes any liabilities with respect to the use of,
or for damages resulting from the use of any infor-
mation, apparatus, method, or process disclosed in
this report. '

- As used in the above, "person acting on behalf of the
Commission" includes any employee or contractor of the Com-
mission, or employee of such contractor, to the extent that
such employee or contractor of the Commission, or employee
of such contractor prepares, disseminates, or provides access
to, any information pursuant to his employment or contract
with the Commission, or his employment with such contractor.
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