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SUPER-INEFFABILITY AND NORMAL WELCH GAMES

JULIAN ESHKOL, MATTHEW FOREMAN, AND MENACHEM MAGIDOR

(Communicated by Vera Fischer)

ABSTRACT. This paper generalizes infinite games played with filters on alge-
bras from the Welch Games to playing normal filters that concentrate on a
fixed base set.

CONTENTS
1. Introduction 3523
2. Background material 3525
3. Equivalence of the games 3532
4. Comparing complete ineffability and n-ineffability 3534
5. The proof of the main theorem 3538
References 3539

1. INTRODUCTION

Work of Galvin, Jech, Prikry and Magidor ([20], [12]) in the 1970s linked games
with precipitous ideals. These results motivated Holy, Nielsen, Schlicht and Welch
([15], [29]) to consider games were Player I plays an increasing sequence of k-
algebras and Player II plays an increasing sequence of k-complete filters on the
algebras. They showed that Player II having a winning strategy in the appropriate
games was equivalent to various forms of Ramsey Cardinals.

This led to the work of the second and third authors with Zeman ([11]) that
characterized exactly when Player II has a winning strategy in terms of precipitous
ideals. Versions of the game have different lengths. The assumptions that Player
IT can win games of particular lengths « facilitates the definition of a hierarchy of
cardinals of provably increasing strength between a weakly compact cardinal and
the first measurable cardinal (assuming the non-existence of saturated ideals on the
cardinals x). See [11] for details.! However the methods did not allow specifying a
set Ag in advance and building a normal precipitous ideal that concentrates on Ayg.
This is done by changing the Welch Game slightly to be the Normal Welch Game.

Interesting examples of sets Ay might be the collection of supercompact cardinals
less than x, or the set of measurable cardinals o < k of order 2 or .. ..
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3524 JULIAN ESHKOL ET AL.

The main result in this paper is:

Theorem 1. Let k be an inaccessible cardinal with 2¢ = k. Let Ay C k and
suppose that there is no normal k¥ -saturated ideal on k concentrating on Ag. Let
v € w1, k] be regular. Then the following are equivalent:

(A) Player II has a winning strategy in the Normal Welch Game of length v
based on Ag.

(B) k is completely ineffable and Ag is positive for the Completely Ineffable Ideal
and there is a threading ideal T concentrating on Ay with a closed dense
tree D C P(k)/I that has height vy and is closed under descending sequences
of length less than . In particular T is a precipitous ideal extending the
Completely Ineffable Ideal.

Moreover:

(1) If Player II has a winning strategy in the Welch Game of length w then k
is completely ineffable.

(2) If Player II has a winning strategy in the Welch Game G of length w
there is a precipitous threading ideal extending the Completely Ineffable
Ideal. If the game concentrates on Ag then the precipitous threading ideal
concentrates on Ag.?

Thus one can build models where Player II wins the Normal Welch Game of
length of length v based on sets such as {a < £ : o(a) = ot} or on the set
{A < Kk:Ais < Kk — supercompact }—essentially any given definable stationary set
that is positive with respect to the Completely Ineffable Ideal. We give the proof
of Theorem 1 in Section 5.

Remark 2. In [11] the game G} was defined to be the Welch Game of length w
where the winning condition for Player IT was that there was a xk-complete ultrafilter
extending all of Player IT’s plays at stages n < w. The argument for Proposition 4.6
of [11] shows that if Player II can win G then they can win the normal version of
G (but without a specified Ag). Thus in the proofs of Theorem 1, one can assume
Player II is playing normal ideals.

If Player II can win any version of the Welch Games of length any v > w + 1,
then Player II can win that version of G). Hence the corresponding precipitous
ideals exist.

If x is weakly compact then the Kiesler-Tarski Theorem implies that Player II
has a winning strategy in the ordinary Welch Game of length w. It was a surprise
that Theorem 1 implies:

Corollary 3. Suppose that Player II has a winning strategy in the ordinary Welch
Game G played on a reqular cardinal  with 2% = k™ that does not carry a normal
kT -saturated ideal. Then k is completely ineffable. In particular if Player II can
win the ordinary Welch Game of length v for any ordinal v > w then k is completely
ineffable.

The converses are also true: if there are dense closed trees, then Player II has a
winning strategy in the normal games of the appropriate length that are played on

2To emphasize the distinction between the two Games we will use the phrase “ordinary Welch
Game” when we are not referring to the “normal Welch game.”
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SUPER-INEFFABILITY AND NORMAL WELCH GAMES 3525

any set in the dual of the precipitous ideal. (For games G of length w, one shows
that Player II can win the Galvin-Jech-Magidor game in [12].)

Complete Ineffability and related ideals. There is a large and deep literature
about various ideals related to complete ineffability. Some of them correspond
to a hierarchy of large cardinal properties called a-Ramsey cardinals. We do not
summarize the results here but see the papers of Cody and Holy [9], Feng [10],
Gitman [13], Gitman and Welch [14], Holy [16], Holy and Liicke [17], and Johnson
[22], [23].

The Completely Ineffable Ideal was defined by Baumgartner in [7] and studied
extensively in [22] and [23] (as well as other places cited above). The inductive
definition is given in Section 2.3 and is used in the proof of Theorem 1.

In [7] Baumgartner defines the notion of an n-ineffable cardinal, and shows that
this is equivalent to functions f : [k]"*! — 2 having stationary homogeneous sets.
He also gives a sequence of ideals (the n-ineffability ideals) for which properness is
equivalent to x being n-ineffable. In Section 4 we show:

Theorem 4. Let k be inaccessible. Then

(A) If I,,, the n'" stage in the construction of the Completely Ineffable Ideal is
proper then there is a stationary set of § < k that are n-ineffable.

(B) If k is n+ 1-ineffable then there is a stationary set of weakly compact A < k
for which the nt" stage of the Completely Ineffable Ideal construction is a
proper ideal.

Thus Baumgartner’s n-ineffable ideals are not identical with any stage of the con-
struction of the complete ineffable idea. This result contradicts various assertions
made without proof in other literature.

2. BACKGROUND MATERIAL

The main motivation of this paper is to study the relationship between particular
Challenge and Response games and precipitous ideals. “Challenge and response
games” were defined and are studied in a broad literature largely in other contexts
([15], [9], [13], [14], [16], [17], [29] for examples).

The general subject matter of the relationship between Large Cardinals, Extend-
ing Filters to Ultrafilters and Consistency Strength has a long and distinguished
history. (See [2], [18], [19], [21], [25], and [28].)

Challenge and Response Games. In a Challenge and Response Game an ordinal
v is fixed and Players I and II alternate moves:

Ci || Co| Coti|...
Ri| - | Ra| Rost |-

L Co |
IT || Ro |

The game proceeds for some length ¢ < « determined by the play. Player II
wins the game if Player II is able to respond successfully according to the rules
for the game of length ~. If Player II does not have an acceptable response or the
sequence doesn’t satisfy the winning condition for sequences of length ~, then they
lose. The game is determined by what constitutes the challenges, what constitutes

This is a free offprint provided to the author by the publisher. Copyright restrictions may apply.



3526 JULIAN ESHKOL ET AL.

the responses and the definition of a successful sequence of responses. The games
in this paper all are concerned with an inaccessible cardinal :
The first two games are the main topic of [11].

The ordinary Welch Game G,: This game was defined by Nielsen and Welch
in work that predated [29], In this game:
e The challenges are a sequence of k-algebras A,
e The responses are an increasing sequence (U, : a < v) with each U,
a k-complete ultrafilter on A,,.

The game G}, a strengthening of the Welch Game of length w: This is
the same as the game G, except that for Player II to win there must be a
k-complete ultrafilter on |J, ., A, extending U, ., Un-

The Normal Welch Game of length ~:

e There is a base set Ag C &

e The challenges are a sequence of k-algebras A, containing A, with
some normality conditions

e The responses are normal ultrafilters U on A, with Ay € U.

The Ineffable Welch Game of length ~:

e There is a base set Ag.

e The challenges are a sequence of k-algebras A, containing A, with
some normality conditions

e The responses are sets B, C « such that B, generates an ultrafilter
U, on A, modulo the non-stationary ideal and for all 5 < o, Ug C U,.

The Holy-Schlicht games (in [15]) are very similar to the Welch Games. Holy-Lucke
(in [17]) play a similar game to the Normal Welch Game, but the winning conditions
are more complicated.

Remark 5. Consider two collections of <2%-directed x-algebras 2 C 2 such that
for all A" € A’ there is an A € 2 with A" C A. If Player II has a winning strategy
in the game where Player I is required to play x-algebras in 2, then Player II has
a winning strategy in the game where Player I plays elements of 21'.

2.1. Standard material. For the reader’s benefit we quickly review some of the
standard material and definitions such as if 7 is a normal ideal on a cardinal x then
whenever (X, : @ < k) be a sequence of elements of ZT:

(1) for all @ < Kk, ApcrXa C7 Xq and
(2) if B Cz X, for all @ then B C7 Ay Xq.

Throughout this paper we will be working in an implicit context:

K is a regular uncountable cardinal,

0 is a regular cardinal at least (2%)T and

A is a well-ordering of H(0).

a k-algebra is a k-complete Boolean subalgebra of P (k) that has cardinality

K.
If (x,%) : Kk X Kk — Kk is a pairing function then every subset X C k is
associated to a sequence of s-many subsets (X, : a < k) of k. If Ais a k-
algebra, then A can defined to be normal if whenever X € A for « < &, the
sets X, € A and A, X, € A. “Normal ultrafilters” on a normal k-algebra
can be defined similarly. ([11])

This is a free offprint provided to the author by the publisher. Copyright restrictions may apply.



SUPER-INEFFABILITY AND NORMAL WELCH GAMES 3527

Definition 6 appeared with various variations in several other papers such as [15]
[14], [17]:

Definition 6. Let N < (H(0), €, A) have cardinality x, have K C N, and N<% C
N. Then A = P(k)NN is the normal k-algebra based on N. If U is an ultrafilter on
A that is normal for sequences X of sets with X € N, then U is called an N-normal
ultrafilter on A.

We note that the bulleted definition above of a normal x-algebra is more general
and doesn’t mention H(6) and works similarly well for the purposes of this paper.
This definition is more general than “N-normality” but “/N-normality” is convenient
to work with and the various games are generally equivalent with either definition.

2.2. Previous results using Welch Games to build precipitous ideals. In
[11] it is shown that if Player II can win the game G’ in a model where 2% = s
then there is a uniform normal precipitous ideal on k. Player II having a winning
strategy in the game of length w + 1 (which implies they win G) is much stronger
than k being weakly compact (or completely ineffable).

In [11] it is shown that if 2% = kT, there is no £ *-saturated ideal on k, v € w1, K]
is regular and Player II has a winning strategy in Welch Game of length v then
there is a normal precipitous ideal Z on « such that P(k)/Z has a dense subset D
that is isomorphic to a < vy-closed tree.

Moreover, it is immediate that if there is a dense < ~-closed tree then player II
has a winning strategy in the game of length ~.

Remark 7. The proof of the existence of a precipitous ideal on x from a winning
strategy involves a series of four different auxiliary games: Go,G; , g1 and Go. Pass-
ing from the game G; to the game G;, Player II is required to play normal filters.
Player IT winning the normal game of length w follows from Player II winning the
game G* using the techniques of Proposition 4.6 of [11]. Moreover games G; and
Gs used in [11] require Player II to play normal ultrafilters and win a version of the
Normal Welch Game.

Remark 7 will be used later in the paper to show that Player II winning even
the ordinary Welch Game implies that « is completely ineffable.

2.3. The construction of the Completely Ineffable Ideal. In [7] Baumgart-
ner gave a construction of an ideal on a regular cardinal k that is built as an
increasing sequence of ideals and on page 101, Baumgartner defined a cardinal s
to be completely ineffable if the sequence built in the definition ends with a proper
ideal. In [22] page 115, the union of the ideals defined by Baumgartner is given
the name the completely ineffable ideal. The paper [1] gives many equivalent defini-
tions of complete ineffability that are equivalent to those in [22]. In [17], it is shown
that the ideal defined by Baumgartner satisfies a property equivalent to being the
Completely Ineffable Ideal.

Definition 8. Let Z be a normal, k-complete ideal on a regular uncountable car-
dinal kK and D = (D, C a: a € C) be a sequence of subsets of k. Then

e DCxk threadsﬁonBgCifforallaEB,Dﬂa:Da.
e An 7-thread is a set D such that

{a€eC:Dna=D,}eI".

This is a free offprint provided to the author by the publisher. Copyright restrictions may apply.



3528 JULIAN ESHKOL ET AL.

o A set C C & is Z-ineffable if every sequence (D,, : a € C') has an Z-thread.

e k is ineffable if every sequence (D, C « : a € k) has an Z-thread with Z
being the non-stationary ideal.

e A threading ideal on k is a k-complete, normal ideal Z such that for all
CeIt al (D, :aecC)with D, C « there is a D such that

{a€eC:DNna=D,} eI .

We now describe a procedure to build a threading ideal. It is equivalent to the
procedure defined by Baumgartner in [7].

Definition 9. Define a sequence of normal, k-complete ideals:

(1) Let Zy be the non-stationary ideal,
(2) for a a limit ordinal, let Z, be the normal closure of (J,_,, Zs,
(3) given Z,, define Z,41 to be the collection of B that are not Z,-ineffable.

Note that k is ineffable if and only if the ideal Z; is a proper ideal.
In [7] Baumgartner stated that Proposition 10 is easy to see and gave no proof.
We give one here.

Proposition 10. Let k be a regular uncountable cardinal. Then for all o, Z, is a
normal ideal on kK.

F  This is shown by induction on a > 1. Normality at limit stages is immediate
from the definition. So it suffices to see that 7,1 is normal if Z,, is.

Let (Ag | B < k) be a sequence of elements of Z,41 \ Z,. We show that the
diagonal union Vg, Ag € Zo41. Let h 1 K X K = K be a pairing function on x.
Since NS,; C 7, C 7,41, we may assume without loss of generality that for every
v € Ag, 7 is closed under h. For every 8 < k, we can find S8 = (S| v e Ag)
which witnesses that Ag is not Z,-ineffable. For v € Vg, Ag, define

T, = {h(0,8) | B <, v € Ag} U{h(L,h(8,8)): 6 € ST, B <~,7 € Ag}.

That is, T is a subset of  that codes the set of § < « such that v € Ag, as well as
the relevant S2’s. We claim that the sequence (T | v € Vg Ag) witnesses that
Vig<rApg € Toy1; that is, that for every D C k, {y € Vg A | DNy =T,} € I,.

Suppose not. Let D C « be such that B = {y € Vg A | DNy =1T,} € I}.
Fix v € B and some < « such that v € Ag. Then h(0,8) € T, = D N+, so
h(0,8) € D. This implies that for every § > « with 6 € B, one has § € Az. Hence,
B\ vy C Ag. Let

E={p<r|h(1,h(8,p)) € D}.
Now for § € B\, DNJ = Ts. By the definition of T5, ENé = S#. But B\ 7y ¢ Z,,
so B\ v and E show that SP is not a witness to Ag € Zy41, a contradiction. =

Lemma 11 was shown by Baumgartner in [7], pp. 100-101:

Lemma 11. Let k be a regular uncountable cardinal. Then there is a threading
ideal if and only if there is a stage o such that T, = To41 and L, is a proper ideal.
If v is manimal with this property then L, is a subset of any threading ideal. (Hence
it is called the Completely Ineffable Ideal.)

This is a free offprint provided to the author by the publisher. Copyright restrictions may apply.
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Versions of the following comment appear in many places, including [21] and
[27]:

Remark 12. Let k be a regular uncountable cardinal and .4 be the normal x-algebra
based on N < (H(0),€,A, (D, : a € C)) (as in Definition 6) where D = (D, C
a:a e () e Ais asequence of subsets of k. Let Xg = {a: 8 € Dyo}. Let U be
an N-normal ultrafilter on A be such that {8 : X3 € U} € A. Then there is a set
D € A such that D threads D on a set in U N A. In particular if & is a measurable
cardinal and U is a normal measure on « then the dual of U is a threading ideal.

F Let Xg={aecC:8eD,} theneach Xg € A Let D ={5:Xg e U}. We
claim that D threads D on B = C' N (ApepXp) N Aggp(k\ Xp)).
Suppose that a € B.

o Let v € DNa, then o € X, by the definition of D. Hence v € D,.
e Suppose that v < a and v ¢ D Na. Then, since v € Aggp(k \ X3), we
know v € K\ Xqo. So v ¢ D,.
_|

Remark 13. In [1] it is shown that being completely ineffable is downwards absolute
to L. However, by results of Baumgartner [6], if even the first of these ideals (Z;)
is proper then « is ineffable (and hence weakly compact). It is a result of Kunen
[26] that if you start with a model of the form L[u] where p is a normal measure
on k, you can iteratively add homogeneous Suslin trees on cardinals up to and
including k. The result is a model where k is NOT weakly compact and hence is
not completely ineffable. However if you shoot a branch through the generic Suslin
tree T on k, then k is measurable in the resulting model.

It follows that, assuming measurable cardinals are consistent, there are models
My C My C Ms such that x is completely ineffable in both My and Ms but not in
M.

Hence complete ineffability is not downwards absolute.

2.4. Complete Ineffability is necessary. In [11] it is noted that the Keisler-
Tarski Theorem showed that in the Welch Game, at any stage « where there is a
k-complete ultrafilter V' on a k-algebra A and Player I plays a x-algebra A’ O A
Player II can play a x-complete ultrafilter U on A’ extending V. For this reason if
k is weakly compact, then Player II has a winning strategy in the Welch Game of
length w.

For normal games this turns out to be false. We show in this section that Player
IT has a winning semi-tactic if and only if x is completely ineffable. It follows that
Player II can win the game of length w if and only if s is completely ineffable, and
that, if x is completely ineffable, then in a game at a stage a + 1 Player II can
extend the game by legal plays to length o+ 2, +3....

Rather surprisingly, this result can be used to see that if Player II can win
the game G then x is completely ineffable. Thus the hypotheses of theorems in
[11] that give precipitous ideals using Welch Games (even the non-normal games)
implies that x is completely ineffable.

The results in this section contain substantial overlap with results in the Nielsen-
Welch paper [29], where a close approximation to Theorem 14 is proved in different
terminology. This is discussed in Section 2.5, where the similarities and differences
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3530 JULIAN ESHKOL ET AL.

are explained. The authors were unaware of [29] when they proved their results in
this section.

To state the next theorem, we need to define the notion of a semi-tactic. A
semi-tactic for a player is a strategy that only depends on their last play and the
last play of the opposing player, not on the previous history. There is a special case
in the first inning where there is no last play by Player II. For the games played
in this paper at stage a = 0 we will view the base set Ay as the previous play by
Player II.

More formally, we break the game into innings, where an inning consists of the
plays (Aq, Ba) or (Ag, Uy ), depending on whether the game is the Ineffable Welch
Game or the Normal Welch Game. Each inning has an even stage where Player I
makes their play and an odd stage where Player II then makes their play.

In the Ineffable Welch Game we consider functions Tac whose domain consists
of pairs:

{(B,A) : BeP(r) and A is a normal s-algebra}

In the game of length < v we will view pairs like these as:

e B = Aj and A is the play by Player I in inning o = 0, or
e a move B by Player II at an odd stage of an inning o > 0 and as a move
A by Player I at an even stage of inning « + 1.

In the context of Ineffable Welch Games the function Tac is a winning semi-tactic
if whenever:

e If « =0 and Ay is a legal play for Player I, then T (4o, 4p) is a legal play
for Player II, where Aq is the base set for the game.

o If A, is a legal play at stage o + 1 for Player I and B, is the play at
stage « for Player II, then 7T (B, Aa+1) is a legal play for Player II.

We note that semi-tactics are not defined at limit stages o > 0. If o > 0 then the
semi-tactic requires a move by Player II at stage o and the response by Player I at
stage a + 1 to compute Player II’s response at stage o + 1.

Remark. Tt is immediate that if Player II has a winning semi-tactic then they win
the game of length w. Moreover starting at an inning a + 1 Player II having a
winning semi-tactic implies that Player IT has wins the game of length o + w.

Theorem 14. Consider the Ineffable Welch Game. Then:

(A) If Player II has a winning strategy in the game of length w then the Com-
pletely Ineffable Ideal is proper.

(B) If the Completely Ineffable Ideal is proper then Player II has winning semi-
tactic whose domain consists of all pairs (Bg, Agy1) where there is some
legal play (A, Ba) : a < B). In particular, Player II has a strategy that
cannot lose except in an inning o where « is a limit ordinal.

If the Completely Ineffable Ideal is proper then player II can extend any
finite game one more step. Hence Player II can win the game of length w.

The proof of this theorem follows immediately from Corollary 16 and Proposition
17 below.

Let (Zs : B < a) be the derivation of the Completely Ineffable Ideal. Let Z = Z,.
If 7 is a proper ideal it is the Completely Ineffable Ideal.

This is a free offprint provided to the author by the publisher. Copyright restrictions may apply.



SUPER-INEFFABILITY AND NORMAL WELCH GAMES 3531

Proposition 15. Suppose that (A, By) : v <)) is a play of the Ineffable Welch
Game, U, is the ultrafilter on N, determined by B, and U = U’y<5 U,. IfUNIg #
0 for some 8 < &, then there is a normal k algebra As such that for all legal
responses By by Player II there is a k-algebra A such that for all legal plays Bsiq
for Player I if U* is the ultrafilter determined by Bsy1 then U™ contains an element
of Ig« for some f* < .

F  Let 8 be the least ordinal such that U NZg # 0. There are two cases: § is a
limit or a successor.

Case 1. (3 is a successor ordinal 8* + 1.

Then, since B € I there is a sequence D = (D, : a € A) such that forno D C «
is{o € B:DNa=D,} €T Let N < (H(A),e,A, (A, By) : v < d)),D) have
cardinality x and be closed under < k-sequences. Let As = P(k) N N and Us be
the N-normal ultrafilter on As determined by a legal response Bs by Player I1. Let
N* < (H(\), e, A, (A, By) : v < 8)), D, As, Us) and A = P(k) N N*.

Let Xg = {a: 8 € D,}. Since {f : Xg € Us} € A, any legal response B by
Player II gives an ultrafilter U* D Us; on A such that {8 : X3 € U*} € A, Hence,
by Remark 12, there is a set D € A that threads D on aset B* € UN A. Since B
is threaded on B*, B* € I« for some 8* < 3.

Case 2. (3 is a limit ordinal.

Let B € UNZg. There is a sequence of sets (A7 : p < ) such that A} € Zg(,) and
each 3(p) < B such that B C V,A7. Let As be a normal s-algebra for some N that
contains {A} : p < k}U{(A,:p <)} U{U}. Let Bs be a legal response by Player
II. Since the filter Us generated by Bs contains B, Bs C V,<5A, and any normal
ultrafilter V' determined by B has to contain V,A4,. We claim Us contains some A,
with p < 8. If not, since (4, : p € k) in As and U is normal A,.(k\ 4,) € Us.
But A,c.(k\ Ap) NV, A, is non-stationary, a contradiction. -

Remark. Note that for any « there is a filter V' that can be used in the manner
that the filter generated by Bs in the proof of Proposition 15 that is based on an
N, for o/ > a.

Corollary 16. Suppose that Player II can win the Ineffable Welch Game of length
w (based on some particular set Ag). Then the Completely Ineffable Ideal is proper.
If the length of the game is a limit ordinal & and Player II has a strateqy so that the
game doesn’t end at a successor stage then the dual of every filter played by Player
1I extends the dual of the Completely Ineffable Ideal.

By Remark 7 if Player II has a winning strategy in the game G} then Player
IT has a winning strategy in the Normal Welch Game of length w. Since Player
IT winning any game of length @ > w in the Welch Game implies that Player II
can G, this Corollary 16 shows that All of the hypotheses in the Welch Games
that yield precipitous ideals produce precipitous ideals that extend the Complete
Ineffability ideal.

In Section 3, Proposition 18 shows that for each limit ordinal v, Player II has a
winning strategy in the Normal Welch Game just in case they do in the Ineffable
Welch Game. Thus Corollary 16 holds for the Normal Welch Game as well as the
Ineffable Welch game.
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A similar technique shows:

If Z,, is not proper then I wins the game of length n.

Proposition 17. Suppose that the Completely Ineffable Ideal is proper. Let
((Aa, Ba) : @ < § + 1) be a position in the Ineffable Welch Game where Player
II has not lost. Suppose that Player I makes a legal play Asy1, then Player II has
legal response Bsi1. Moreover this response is given by a semi-tactic.

F  Let Z be the Completely Ineffable Ideal and consider Z | Bs. Writing As+1 =
(Xp: B <k),let Do ={f <a:a¢€ Xg}. Since Bsisnot in Z, there is a threading
Bsy for (D, : @ < k) that is positive for Z | Bs. In particular Bsy1 Cz Bs. Since
Bsyq threads (D, : a < k), it generates an ultrafilter Usy; on Asyq. In particular
Bs1 is a legal play for Player II. —

Remark. The definitions of the Normal Welch Game and the Ineffable Welch Game
require specifying a base set Ay to start the game. The base set is not required for
the proofs of Theorem 14 or Corollary 16. To see this take Ag = k.

2.5. The relationship to the Nielsen-Welch paper. The paper by [29] by Dan
Saattrup Nielsen and Philip Welch gives a proof of a theorem (Theorem 3.13) that is
almost equivalent to Theorem 14, but is stated in different language and is slightly
weaker. We review it here.

They use the language of being a coherent a-Ramsey cardinal, coming from the
games defined by Holy and Schlicht ([15]). Being coherent a-Ramsey can be seen to
be equivalent (in the language of [11] and this paper) to Player II having a winning
strategy in the Welch Game of length «. Theorem 3.13 in [29] says:

A cardinal is completely ineffable if and only if it is coherent w -
Ramsey.

(In the Nielsen-Welch paper, there is some inconsistency of use about whether the
definitions in Holy-Schlicht refer to the games of length o or a+1. The mathematics
is incorrect for games of length w + 1 so we interpret the Nielsen-Welch results to
mean length « rather than « 4+ 1. This makes the results appear correct.)

Thus Nielsen-Welch theorem is equivalent to Theorem 14 in the case that o = w,
except that the strategy that is given in the Nielsen-Welch paper is not clearly a
semi-tactic.

Moreover the Nielsen-Welch theorem is stated only for games involving U, for
ordinals « less than w where as Theorem 14 holds for all non-limit «. The authors
of this paper have made no attempt to extend the proof in [29] to the general case
or to show that the strategies in [29] are semi-tactics.

3. EQUIVALENCE OF THE GAMES
In this section we prove Proposition 18:

Proposition 18. Fiz a limit ordinal v and a set Ay C k. Then the following are
equivalent:
(A) Player II has a winning strategy in the Ineffable Welch Game of length ~
based on Ag.
(B) Player II has a winning strategy in the Normal Welch Game of length ~
based on Ap.

This is a free offprint provided to the author by the publisher. Copyright restrictions may apply.



SUPER-INEFFABILITY AND NORMAL WELCH GAMES 3533

F  To show that (A) implies (B). Let A = (Xg : f < k) be a s-algebra and
D, ={8<a:ac Xg}. Let D thread (D, : « € k) on a stationary set B and D!,
be the complement of D,. Then D¢ threads (D), : o < x) on B. Hence

B C AgepXpg N AggD(Ii\Xg) (mod NS,).

It follows that the non-stationary ideal restricted to B induces a normal ultrafilter
on the normal k-algebra generated by A.

Fix a base set Ag. From the definitions of the games if, in the Ineffable Welch
Game, Player I plays a sequence of algebras (A, : a < §) and (B, : a < d) is the
sequence of Player II’s responses by a winning strategy S in the game of length ~
then the sequence of ultrafilters (U, : a < §) determined by the B,’s is a legal play
by Player IT in the Normal Welch Game. Hence Player II has a winning strategy
in the Normal Welch Game.

To go the other direction, fix a winning strategy S’ for Player II in the Normal
Welch Game. It requires two moves according to S’ to induce one move by a
strategy S in the Ineffable Welch Game of length .

Consider the situation where you have two sequences of length § < ~.

(1) NP = (Au,Us) : < 0)
(2) IP = ((Aq, Ba) 1 a0 < 9)

such that NP is a partial play of the game according to a strategy S’ in the Normal
Welch Game game based on Ap, and the A, are the same in both sequences and
arise from a sequence of normal structures N, < (H(6),€,A). Assume moreover,
that each B, Cys Ao and induces U, modulo the non-stationary ideal. We now
describe how Player IT's strategy S responds in the Ineffable Welch Game when
Player I plays an algebra As;.

Suppose that Player I plays a set A that corresponds to some N5 < (H(0), €, A).
Let Us = 8’ ({Ay : a < 6)) Apply the strategy S’ in two steps to get plays:

(A5, Us), (A", 8" ((Aa s a < 0)7AY))),

where A* is a normal algebra corresponding to an elementary substructure M <
(H(9),€,A,S") containing the union N5 U {N5,S", ((Aa,Uq) : & < §),(By : @ <
0)}. Then U* = S'((Aq : @ < §)7A*))) is a M-normal ultrafilter containing
Us = S8'({Aq : @ < §)) as a subset. Since N contains an enumeration of Us as
(Xo 1 a < k), U* contains some B C Ay, Xo.
Define S((U, : o < §)) = Bs to be the A-least element B* € U* with this
property. Then:
e Bj induces the ultrafilter Us.
e B; determines a legal move in the Ineffable Welch Game at stage ¢ in
response to (A, : o < ).
Since S’ is a winning strategy in the normal game, Ay € Uy, hence in U, and hence
Bs Cns Aop.
Applying this inductively shows that (B) implies (A).

Corollary 19. Let v be a limit ordinal. Suppose that ((Aa,Us) : @ < 7y) is a play
of the Normal Welch Game of length ~v where Player II uses a winning strategy S’
for the Normal Welch Game. Then there is a sequence (Boy2 : a < ) of subsets
of k such that

(1) Ba+2 S Ua+2 and

(2) Ba+2 induces the ultrafilter Ugyq.
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4. COMPARING COMPLETE INEFFABILITY AND n-INEFFABILITY

We will have two notions of threading, one dates to [21], and the other to [6].
We begin with the notion we use to define the Completely Ineffable Ideal.
Remarks similar to the following appear in [17].

Proposition 20. Suppose that Z is a normal precipitous ideal on a reqular cardinal
k. If T extends the Completely Ineffable Ideal, then for all generic G C P(k)/T if
j: V= M C V[G] is the generic embedding with transitive M =2 Ult(V,G) then
P(r)M =P(r)V.

F  Let S be a term for an element of P(x)™ and X € P(x)/Z. It suffices to show
that there is a dense set of Y € P(k)/Z such that for some A € P(x)V, Y IF S = A.
Then there is a dense set of X’ Cz X such that for some f : k — P(k)

X'IF [fle = 5.

Fix such a pair (X', f). Then, by the normality of Z we can assume that for all
ae X' fla) Ca.

Let D, = f(«). Since Z extends the Completely Ineffable Ideal Z is a threading
ideal. Hence there is a dense open collection of Y € P(x)/Z below X’ such that
some A threads (D, : @ < k) on Y. If Y is in this dense set and Y € G, then
Y- A=[fle. 4

All of the precipitous ideals constructed in [11] or in this paper extend the
Completely Ineffable Ideal. Hence Proposition 20 applies to them.

Recall the discussion in Remark 13 where the Kunen built a model with an
inaccessible k with a Suslin tree. Forcing with the Suslin tree is x-c.c. and recovers
an elementary embedding j : V' — M with critical point x, where M is well-founded.
In particular the induced ideal Z on & is precipitous and forcing with P(x)/Z adds
a new subset of k. Thus Proposition 20 is not vacuous: it is consistent that there
are normal precipitous ideals on inaccessible cardinals that do not concentrate on
positives sets for the Completely Ineffable Ideal.

We will use Proposition 21 in the next section. It is similar, but not identical to
Lemma 7.1 in [6], and closely related to ideas in [3], [4], [5] and in [8].

Proposition 21. Let x be regular and A € I}, then A is 13, -reflecting. That
is, for every 113, -sentence ® and structure of the form M = (V,, €, B) such that
M = @, there is an a € A such that (V,, €, BNV,) = ®. In particular, ® reflects
to a stationary set.

F  Proceed by induction on n. The case n = 0 is trivial since A is stationary. By
Remark 23, for n > 0 we may assume without loss of generality that every a € A
is inaccessible.

Assume M = (V,, €, B) = @, and assume that for every o € A,

(Va, €, BN Vy) = —0.

The sentence ® is of the form VXIY U (X,Y), where ¥(X,Y) is a I3, _, formula.
Hence for o € A there is T, C V,, such that

My = (Va, €, BNV, £ VY =T (T,,,Y).

The set T, can be coded as S,, a subset of a. Since A € ZT, there are S C &
and B C A, B € If{_l, such that for all « € B, SNa = S,. Then S codes a
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set T C V,,. We claim that M = VY-U(T,Y). Note that M = VXIYT(X,Y).
Hence, there is Y C V, such that M = ¥(7,Y). By the induction assumption for
n—1 and B, there is @ € B such that M, =V (T'NV,, Y NV,), but TNV, =T,.
A contradiction. -

4.1. The relation between ineffable of order n and n-ineffabiltiy. In this
section we refine the notion of ineffability. (Similar ideas were studied without a
formal name in [7], [16] and [15].)

Definition 22. Let k be an regular uncountable cardinal. Say that x is ineffable
of order « if the ideal Z,, from Definition 9 is proper.

This definition gives a natural strengthening of the classical notion of ineffable
cardinals. Namely,
e x is ineffable if and only if « is ineffable of order 1, and
e if k is ineffable of order «, then k is ineffable of order 8 for all 8 < a.
Remark 23. If k is ineffable, then x is weakly compact. A proof of this appears in
[24] starting on page 214, and is attributed to Kunen.

In [6], Baumgartner defines another strengthening of ineffability; namely, he
defines n-ineffability for n € w. Here we show that for n € w, the notions of
n-ineffability and ineffability of order n have interleaving provable strength.
Definition 24 (Baumgartner). Let k be a regular uncountable cardinal and A C
k. For n € w, an (n, A)-sequence is a sequence S = <Sﬂ~ | 5 € [A]™) such that

-

S5 S (Bo-
Definition 25 (Baumgartner). Let s be a regular uncougtable uncguntable cardi-
nal. An A C k is n-ineffable if for every (n, A)-sequence S = (S5 | B € [A]"), there
is D C  and a stationary B C A such that for all § € [B]", DN (8)o = 5.

If A =k we say that x is n-ineffable.
Terminology. We will say that D threads S on [B]".

Note that x being 1-ineffable is equivalent to x being ineffable. Let x be a regular
uncountable cardinal.
Theorem (Baumgartner). x is n-ineffable is equivalent to the statement:
For all functions f : [k]"*1 — 2 there is a stationary homogeneous
set A C k.

In this section we prove that property of n-ineffability intertwines with ineffability
of order n in strength.

Definition 26. Let A be a structure such that xk C dom(A). A subset I C k is a
set of remarkable n-indiscernibles for A if for every &, 8 € [I|"™, any finite sequence

7 in (min ((d)o, (ﬁ)o))<” and every formula ® in the language of A

Al 0(7,6) & Al 07, 5).
Lemma 27. Let A C k be a stationary set. Then A is n-ineffable if and only if k is
inaccessible and every structure A with k C dom(A) in a language L of cardinality
less than k and a predicate for A has a stationary set I C A of remarkable n-
indiscernibles.
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F Let (®s5(9) : § < |L]) enumerate the formulas in £ with free variables .
Suppose that A C k is n-ineffable. We show that there is a stationary Z C A
consisting of remarkable indiscernibles. Without loss of generality we can assume
that there is a function symbol (-,-) in £ interpreted in A as a bijection (x,%) :
|L] % [k]<Y = K.
Since A is stationary we can assume that A is closed under (z, %) and its inverse.
For § € [A]", let

-, -,

SE ={{(8,7) : 7€ (B)o and A = D5(7,0)}.

By n-ineffability, there is a D C k and a stationary set B C A such that for all
Be[B]", DN (B)o = Sz Then B is a set of remarkable n-indiscernibles.

For the other direction fix a sequence (Sj : B € [A]™). Suppose that every
structure A and language £ as above has a set Z C A of remarkable n-indiscernibles
that is stationary in x. Let A = (H(k),A,e, A, S...), where 8(7,3)“4 if and only
ify e SE

Let Z C A be a stationary set of remarkable indiscernibles for A. Let @, § € [Z]™.
Assume that ag < fy. Since 7 is a remarkable set of indiscernibles for all v < «y,
v € Sz if and only if vy € SE' Hence D = {y < k : for some 5 € [Z1",~ € Sg}

threads (Sz : Be[m. =

Proposition 28. If A € Z," (as in Definition 9), then A is n-ineffable.

F  We proceed by induction on n.

If n =1, let (S, | a € A) be a (1, A)-sequence. Since A € Z; there is D C &
and a stationary set B C A such that for all « € B, DNa =S5,. Then D and B
witness that A is 1-ineffable.

For n > 1, assume that the proposition is true for n — 1. Fix a sequence S =
(Sz:Be[A]"). Fora € A, let (-, -)a : ¥ [a]"! — « be a bijection preserving
the lexicographical order on « x [a]? 1.
For a fixed a € A define

o ng = SB"\a

-

o So={(1.p):veSH

Since A € Z,, there are B C A with B € Z,7 | and D C & such that for all
aeB,DNa=>5;.
Define an ((n—1), B) sequence by setting v € Sy if and only if there is an o € B,

-, —.

with a > max(8) such that (v, ) € S%. This is well defined since D is a threading
set.

By induction, there is a stationary B* C B and D* C D such that D* threads
the (n— 1, B)-sequence on the stationary set B*. Then D* also threads the original
(n, A)-sequence on [B*]". o

Notice that the statement “A C k is n-ineffable” can be expressed as a Hé—
sentence in the structure (V,;, €, A): “for every S coding an (n, A)-sequence, there

This is a free offprint provided to the author by the publisher. Copyright restrictions may apply.



SUPER-INEFFABILITY AND NORMAL WELCH GAMES 3537

are B and E such that for every club C' C x, ENC # () and ¢,” where ¢ is
first-order. So we have the following:

Corollary 29. If k is ineffable of order n > 1, then there are stationarily many
0 < Kk which are n-ineffable.

Note that Corollary 29 is a level by level version of the weaker result, Corollary
4 of [23].
On the other hand:

Proposition 30. Suppose that k is n + 1-ineffable. Then the set of § < k which
are ineffable of order n is stationary in kK.

F  We consider the fixed structure M = (H(k"),€,A, X) where A is a well
ordering of the structure and X C k. Then M has definable Skolem functions. By
Lemma 27, there is a stationary set J of remarkable n 4 1-indiscernibles for M.
Let {a; : 0 < i <n) € [J|". Fori < n+1,let M; be the elementary substructure
of M generated by ag U {¢; | j < i} and define an embedding m; : M; — M by
i (T (cgy ...y i—1)) = 7 (a1, ..., @;), where 7 is one of M’s Skolem functions. Then
m; is a well defined elementary embedding and j < i <n+1, m; = m; | M;. Note
that since @ is a sequence of remarkable indiscernibles, for every D C agy, D € M;,
we have m;(D) N oy = D.

For the rest of this section, let Z; be the ideal as in Definition 9, constructed
relative to ag (not k).

Lemma 31. Leti <n+1and A C ap with A € M;. If ag € m;(A) then A € II_Z-

F  Proceeding by reverse induction on ¢, we show that the lemma holds for every
A. If i =n, then 7y = NS,,. If A € M,, is not stationary in «g, then the club C
witnessing this is in M,,. But then oy € 7,(C) N7, (A) = 0, a contradiction. Now
assume the result holds for ¢+ 1; we show it for i. Let A € M;, A C «y, be such that
ap € m;(A). Suppose that A € Z,_;. Then there is a sequence S = (Sg | B e A
such that for 8 € A, Sg C 8 and for every B C ag the set {8 < ag | Sz = B DB}

is in Z,,_(;+1)- The sequence S can be assumed to be in M;. The domain of S
is A, so by assumption ay € dom(n(S)). Let B = (7‘(’1(5;)) with B C ap. B is
ag

definable from the indiscernibles defining 7;(S) (which are a, . .. a; and in addition
ap). Hence B € M11. Let C={8<ag|B €A, BN =253} Then C € M;;
as well, so m;41(C) is defined.

mi1(B)Nag = B = 7i(8)a, = mi1(S)

o

Thus ap € m;1+1(C). By the inductive assumption, C' € I:—i—l'

Hence we get a contradiction to the assumption that S cannot be threaded on a
subset of A which in Z;Lifr -

To finish the proof of Proposition 30, assume that « is n+1-ineffable, and suppose
for contradiction that the set of ineffables of order n below & is non-stationary in .
Let X C k be a closed unbounded set with empty intersection with the ineffables
of order n. Since k is n + 1-ineffable there is a stationary set I C x of remarkable
n-indiscernibles for the structure M. Let ag,...a, € INX. .
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Let m, : M,, — M be the embedding defined above (given by shifting the ordinals
a; to aj1). Then ag € 7, () = a1, so by Lemma 31, ag € (Z,,)". This implies
that aq is ineffable of order n. But o € X, a contradiction. =

5. THE PROOF OF THE MAIN THEOREM

Because of the relationship of playing normal games to the Completely Ineffable
Ideal and the structure of the proof in [11] we now explain the full version of the
proof of Theorem 1.

The structure of [11] is that it successively defines various games:

e The first is the game G,‘;V which is the Welch Game of length . It is called
“the game Gy of length v.” Typically = is a regular cardinal in the interval
[w1, K], however it is meaningful in the situation where 7 is a successor of a
limit ordinal. In this game Players I and II alternate with player I playing
an increasing sequence of k-algebras and Player II playing an increasing
sequence of k-complete ultrafilters on the k-algebras Player I plays.

A related special case is called G. This game has length w and if (4;,U; :
i < w) is the play by player II, they win if there is a x-complete ultrafilter
on {J,, A, that extends (J,, Up.

e Another game is the game G;. This is definition 4.4 in [11]. The game G;
is essentially the same as the Normal Welch Game in this paper. Player II
plays ultrafilters U, on N, N P(k) where N < H(6). The ultrafilters are
N,-normal.

e It is then shown that if Player II can win G; then they can win another
game Go. (Proposition 4.12 of [11].) The game G is a different version of
the Ineffable Welch Game defined in [11]

e Finally it is shown that if there are no x*-saturated ideals on x and Player
II wins the game of length « then there is a precipitous ideal on x with
a dense ~y-closed tree of height v that concentrates on the sets played by
player II. The analogous result for the version of G} with normal filters
implies a precipitous ideal is also shown.

This logical progression shows that once Player II wins the game Gy there is a
precipitous ideal Z on x where

e 7 concentrates on the dual of the first filter played by Player I1
e The sets played by Player II in Gy form a dense set in P(x)/Z and are a
~-closed tree of height ~

Proposition 18 shows that if Player II has a winning strategy in the Normal
Welch Game of length 7, where 7 is a limit ordinal, then Player II has a winning
strategy in the Ineffable Welch Game of length v where the associated sequences
of filters are the same. But a winning strategy in the Ineffable Welch Game is a
winning strategy in the game Gs.

To see that A implies B in Theorem 1, Proposition 18 shows that If Player II has
a winning strategy in the Normal Welch Game concentrating on Ay, then Player IT
can win the game G, in a manner that A is in every induced filter. Hence by the
techniques in [11] if Player IT can win the Normal Welch Game of regular length
v € [wi1, k], then there is a precipitous ideal Z concentrating on Ay that has a dense
tree D C P(k)/Z that is closed under descending sequence of length less than .
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Using the techniques in Section 5, it is immediate that if Player Il wins the game
of length v then the normal filters that Player II plays are all disjoint from the
Completely Ineffable Ideal. Hence it is impossible for Player II to play a filter that
intersects the Completely Ineffable Ideal. Since the ideals built in [11] all contain
the impossible ideal (defined in [11]), the Completely Ineffable Ideal is a subset of
T

To see that B implies A, what’s left to prove is that if Z is a normal, k-complete
ideal on k with a dense -closed tree of height v then Player II wins the normal
game of length v. We show that Player II has a winning strategy S in the Ineffable
Welch Game of length ~.

Suppose that G C P(k)/Z is generic and M is the transitive collapse of the
generic ultrapower. Then Proposition 20 shows that P(xk)™ = P(x)V. Suppose
that ((Aq, Ba) : @ < §) U{As} is a partial play of the game. By the distributivity
of P(k)/T there is a positive set B € P(x)/Z such that for all X € A; B decides
the statement X € G. Then, by the normality of Z,

B<;A{X eAs:B+XeG}.
In particular B induces a normal ultrafilter on As. Let
S({(Aqn, Ba) s a <) U{As}

be the least such element B on the closed tree of height ~.
This builds a <z-decreasing sequence of subsets of P (k). Since 7 is regular and
the tree T is < v-closed this strategy is a winning strategy for the game of length

. -
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