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ABSTRACT OF THE DISSERTATION

Toward Magnetic Skyrmion Manipulation

by

Sebastian Alejandro Diaz Santiago

Doctor of Philosophy in Physics

University of California, San Diego, 2017

Professor Daniel P. Arovas, Chair

Magnetic skyrmions are nanometer-scale spin textures that enjoy topologically-

protected stability and exhibit particle-like behavior. Their rich phenomenology

has ignited a growing research interest. These features and their novel transport

properties have also made them attractive candidates as information carriers in

future high-density magnetic-storage and logic devices, as well as integral com-

ponents of other spintronic applications. Achieving a high degree of control and

manipulation of skyrmions is of immense importance to applications and involves

understanding fundamental aspects of the dynamics of twisted spin textures with

topological charge at the nanoscale.

xiii



In chapter five, we have considered zero temperature quantum nucleation of

a single skyrmion in magnetic ultrathin films with interfacial Dzyaloshinskii-Moriya

interaction (DMI). While a uniform field stabilizes the ferromagnet, an opposing

local magnetic field, generated by the tip of a local probe, drives the skyrmion

nucleation. Using spin path integrals and a collective coordinate approximation,

the tunneling rate from the ferromagnetic to the single skyrmion state is computed

as a function of the tip’s magnetization and height above the sample surface.

Based on the relation between DMI coupling and skyrmion helicity, the

latter must be included as an extra degree of freedom in chiral magnets with a

spatially inhomogeneous DMI. In chapter six, an effective description of skyrmion

dynamics for an arbitrary inhomogeneous DMI coupling is obtained. The resulting

generalized Thiele’s equation is a dynamical system for the center of mass position

and helicity of the skyrmion. We fully characterize the effective dynamics of a

single skyrmion in a particular case of engineered DMI coupling: half-planes with

opposite-sign DMI.

In chapter seven, a particle-based model was used to simulate current-driven

magnetic skyrmions interacting with random quenched disorder. We show that the

Magnus force combined with the random pinning produces an isotropic effective

shaking temperature. Spectral analysis of the velocity noise fluctuations can be

used to identify dynamical phase transitions and to extract information about the

different dynamic phases.

In chapter eight, avalanches of flux-driven magnetic skyrmions in systems

with random quenched disorder were also simulated using a particle-based model.

The distribution of the avalanche sizes and durations, the associated critical expo-

nents, and the average avalanche shape, were studied for different pinning regimes

and Magnus force strengths.
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Chapter 1

Introduction

Magnetic skyrmions are nanometer-scale spin textures that enjoy topologically-

protected stability and exhibit particle-like behavior. Their rich phenomenology

has ignited a growing research interest. These features and their novel transport

properties have also made them attractive candidates as information carriers in fu-

ture high-density magnetic-storage and logic devices, as well as integral components

of other spintronic applications.

Progress in the field of magnetic skyrmions has evolved at a rapid pace

since their experimental discovery in 2009. This is the result of the diversity of

backgrounds of the members of its growing research community. The concomitant

variety of complementary approaches has greatly benefitted and advanced the

field. It is from this concerted effort between theory and experiment, application-

driven and basic science research, that new intriguing challenges and breakthroughs

emerge.

This dissertation has been largely motivated by experimental discoveries

reported over the past few years. A common thread in the research projects to be

presented is the manipulation of magnetic skyrmions. Of immense importance to

1
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applications, achieving this goal also involves understanding fundamental aspects

of the dynamics of twisted spin textures with topological charge at the nanoscale.

The outline of this dissertation is as follows. Chapter two introduces

skyrmions in the original context where they were conceived. The essential role

played by topology in describing skyrmions is discussed. Chapter three begins

with the definition and general properties of magnetic skyrmions, followed by a

historical background where seminal works and research milestones that lead to

the status quo of the field are briefly reviewed. Novel phenomena exhibited by

magnetic skyrmions as a results of their nontrivial topology, are then examined.

Application that propose to employ magnetic skyrmions as information carriers,

and other spintronic devices, are described. This chapter ends with a discussion of

challenges in the field that motivated this dissertation. Theoretical considerations

that, at first glance, call into question the stability of magnetic skyrmions along

with means to circumvent them, are analyzed in chapter four.

Each of the following four chapters corresponds to a separate research project.

Chapter five contains our study of the quantum nucleation of a single magnetic

skyrmion by an inhomogeneous, static magnetic field. Then, in chapter six, we

examine the possibility to promote the skyrmion helicity from a fixed parameter to

a new degree of freedom that can be controlled by engineering the Dzyaloshinskii-

Moriya interaction. Chapter seven deals with fluctuations and noise signatures

arising from the collective dynamics of a large number of interacting, current-driven

magnetic skyrmions in the presence of random quenched disorder. The subject

of chapter eight is flux-driven avalanches of magnetic skyrmions, also in systems

with random quenched disorder. Finally, future research directions are discussed in

chapter nine.



Chapter 2

Skyrmions and Topology

Skyrmions, originally introduced by T. H. R. Skyrme as solutions in a model

for hadrons, have also been realized in condensed matter systems. Concepts and tools

from topology need to be invoked to properly define and study skyrmions. Topological

charge is a topological invariant that counts the number of times a field wraps its

internal space manifold. Skyrmions have a nonzero, integer topological charge. The

nontrivial topology of skyrmions protects their stability.

2.1 The Birth of Skyrmions

In 1962 T. H. R. Skyrme, a British high energy physicist, published a

pioneering model of baryons [1]. It fundamentally deviated from the mainstream

practice of its time of treating particles as point-like objects. Instead, Skyrme

constructed a nonlinear field theory that described baryons as soliton solutions,

which were later named after him as skyrmions. The key defining characteristic of

a skyrmion is its nonzero topological charge Q—a topological index that can only

take on integer values—that Skyrme identified with baryon number. The Skyrme

model was revolutionary in that it modeled localized particles as extended objects

3
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that owed their stability to the topology of the field used to describe them, i.e.,

continuous deformations of the field do not alter Q. Its importance was not widely

recognized at the time as research moved in a different direction to describe hadrons

that culminated in quantum chromodynamics (QCD), the currently accepted theory

of strong interactions. Only decades after its publication, the high energy physics

community revisited the Skyrme model, which has provided useful insights to guide

the development of low-energy effective theories of QCD [2, 3, 4].

Nowadays, the term skyrmion is broadly applied to field configurations that

share the same features as the solutions of the original Skyrme model. Skyrmions

have been identified and discussed in various physical systems outside the realm of

particle physics such as in superfluid helium-3 [5, 6, 7], liquid crystals [8, 9, 10],

quantum Hall ferromagnets [11, 12, 13, 14], ultracold atoms in optical traps [15, 16,

17, 18, 19], chiral magnets [20, 21, 22, 23], multiferroic materials [24], ferromagnetic

ultra-thin films [25, 26], and magnetic multilayer structures [27, 28, 29, 30, 31, 32].

2.2 The Role of Topology

A technical definition of a skyrmion, from particle physics or condensed

matter, as well as the theoretical description of their novel physical phenomena

necessarily needs to invoke concepts drawn from topology.

2.2.1 Topology

Topology is the branch of mathematics concerned with the study of con-

tinuous deformations of geometrical objects and more abstract spaces. The main

goal of topology is to classify objects according to whether or not they can be

continuously transformed into one another. To distinguish objects, topologists



5

make use of topological invariants—a property or quantity unaltered by continuous

deformations. If a topological invariant turns out to be different for two objects,

then they cannot be transformed into one another by continuous deformation: they

have different topology.

Skyrmions have a distinct topology, which can be characterized by a topo-

logical invariant called topological charge.

2.2.2 Topological Charge

Let us consider an N -dimensional vector field V defined in RN−1. Provided

along every direction from the origin of RN−1 the vector field tends to the same

value at infinity, RN−1 can be identified with, SN−1, the (N−1)-sphere—a process

called one-point compactification. The topological charge of this field is defined as

Q= 1
ΩN

∫
dN−1x

1
(N −1)!εµ1...µN−1εa1...aN na1 ∂n

a2

∂xµ1
. . .

∂naN

∂xµN−1
, (2.1)

where n̂= V/|V| and ΩN is the surface area of SN−1. In the literature, Q is also

referred to as the Pontrjagin index.

The internal space manifold of n̂, defined by all possible N -dimensional unit

vectors, is SN−1. Thus, n̂ can be regarded as a map from SN−1 (the compactified

RN−1 space) to SN−1. The set of all such maps can be classified by their topological

charge, which counts the number of times n̂ wraps the (N−1)-sphere. Furthermore,

the topological charge is a topological invariant which means that continuous

deformations of the field cannot change its value. Therefore, maps which can be

continuously deformed into each other have the same topological charge and are

said to belong to the same homotopy class. Under a particular composition law

these homotopy classes form a group, πN−1(SN−1), called the (N −1) homotopy
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group of the (N−1)-sphere. An important result from homotopy theory states that

πN−1(SN−1) is isomorphic to the integers under addition, i.e., πN−1(SN−1) = Z.

This result is of high relevance as it reveals that these type of fields are characterized

by their topological charge and provides guidance for how to combine them. It is

important to note that without the one-point compactification requirement, the

topological charge does not need to be integer-valued.

To get a better understanding of the meaning of the mathematical definition

of topological charge written above in (2.1), we will now consider the cases N = 2

and N = 3. The topological charge of a two-dimensional vector field can be written

as

Q= 1
2π

∫
dx εab n

adn
b

dx
= 1

2π

∫
dx

dΛ
dx

, (2.2)

where the two-dimensional unit vector field is n̂= n1ê1 +n2ê2 and

Λ(x) = arctan(n2(x)/n1(x)) . (2.3)

Systems where these topological constructions become relevant are, for example,

two-dimensional magnets and type-II superconductors. Defects in the in-plane

component of the order parameter field of these systems, known as vortices, are

classified according to the homotopy group π1(S1). In order to compute the

topological charge of a vortex, Λ(x) is defined along a loop enclosing the vortex.

As an example, if Λ(θ) = nθ, with θ ∈ [0,2π] the usual polar angle and n an integer,

a straightforward calculation yields Q= n.

For a three-dimensional vector field defined in the plane, the associated

homotopy group is π2(S2) and the topological charge is given by

Q= 1
8π

∫
d2x εµνεabc n

a ∂n
b

∂xµ

∂nc

∂xν
. (2.4)



7

Using this expression, we will prove that Q is invariant under smooth deformations

of n̂ and explain why it is integer-valued. These results can be straightforwardly

extended to arbitrary N .

Since any smooth deformation can be made by compounding infinitesimal

ones, it suffices to prove that δQ= 0. The variation of the integrand without the

Levi-Civita symbols gives

δ

(
na
∂nb

∂xµ

∂nc

∂xν

)
= δna

∂nb

∂xµ

∂nc

∂xν
+na

∂δnb

∂xµ

∂nc

∂xν
+na

∂nb

∂xµ

∂δnc

∂xν
. (2.5)

From n̂ · n̂= 1, taking the variation and partial derivative with respect to xµ, we

get n̂ · δn̂ = 0 and n̂ ·∂n̂/∂xµ = 0, respectively. These tell us that both δn̂ and

∂n̂/∂xµ belong to a plane orthogonal to n̂, therefore

εabcδn
a ∂n

b

∂xµ

∂nc

∂xν
= δn̂ · ∂n̂

∂xµ
× ∂n̂

∂xν
= 0 , (2.6)

as all three vectors are coplanar. Using this result, we can see that contracting the

first term on the right-hand side of (2.5) with εabc gives a vanishing contribution.

We now focus on the second term on the right-hand side of (2.5)—the analysis of

third one is similar—which can be rewritten as

na
∂δnb

∂xµ

∂nc

∂xν
=−δnb ∂n

a

∂xµ

∂nc

∂xν
−naδnb ∂2nc

∂xµ∂xν
+ ∂

∂xµ

(
naδnb

∂nc

∂xν

)
. (2.7)

Upon integration, the last term on the right-hand side of this expression becomes a

boundary term that vanishes because n̂ has a fixed value at infinity. Contracting the

second term with εµν gives zero since εµν∂2nc/(∂xµ∂xν) = 0. Finally, contracting

the first term also gives a vanishing contribution by (2.6). Thus, δQ= 0.

The internal space manifold of the three-dimensional unit vector field,
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n̂= n1ê1 +n2ê2 +n3ê3, is S2 and it can be parameterized by spherical coordinates

(ξ1, ξ2) rather than by the cartesian coordinates (n1,n2,n3) with the constraint

(n1)2 + (n2)2 + (n3)2 = 1. Performing a change of variables from (x1,x2) to (ξ1, ξ2)

we get

d2x εµνεabc n
a ∂n

b

∂xµ

∂nc

∂xν
= d2x εµνεabc n

a∂n
b

∂ξρ

∂ξρ
∂xµ

∂nc

∂ξλ

∂ξλ
∂xν

(2.8)

=
(
d2x εµν

∂ξρ
∂xµ

∂ξλ
∂xν

)
εabc n

a∂n
b

∂ξρ

∂nc

∂ξλ
(2.9)

= d2ξ ερλεabc n
a∂n

b

∂ξρ

∂nc

∂ξλ
, (2.10)

and recalling that the surface area element is given by

dσa = 1
2d

2ξ

(
ερλεabc

∂nb

∂ξρ

∂nc

∂ξλ

)
, (2.11)

we arrive at

Q= 1
4π

∫
dσ(int)

a na = 1
4π

∫
dσ(int) . (2.12)

Since dσ(int) is the surface area element of the internal space manifold, S2 in this

case, and the surface of S2 is 4π, Q gives the number of times σ(int) is wrapped by

the S2 obtained from compactifying the space defined by the coordinates (x1,x2).

We conclude this section on topological charge by pointing out that the

homotopy group of the original Skyrme model is π3(S3), as the solutions at a given

time are fields defined in R3 compactified into S3 and the target space is SU(2),

which is isomorphic to S3.
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2.2.3 Topological Stability

Stable configurations of a given physical system are those that are restored

by the system dynamics after being subjected to small perturbations.

The standard stability analysis is based on energetics, i.e., it uses an energy

function or functional. Stable configurations then simply correspond to local minima

of the energy. If the perturbations are too large, the system will not be able to

return to its original stable configuration and will end up in a different minimum

of the energy.

When the configuration of the system has a nontrivial topology, as is the case

with skyrmions, it is harder to render it unstable. For the kind of perturbations

that can now be withstood also include continuous deformations that do not

need to be small. As long as their topology is not changed, they can return to

their original configuration. It is in this sense that skyrmions are said to enjoy

topologically-protected stability.



Chapter 3

Magnetic Skyrmions

Magnetic skyrmions are spin textures with unit topological charge. Pre-

liminary definitions and their general properties are introduced. Seminal works

and research milestones are briefly reviewed. We then examine and illustrate how

their nontrivial topology leads to fascinating novel phenomena. Magnetic skyrmions

have many properties that make them suitable for applications, predominantly as

information carriers. Current application proposals are discussed. Finally, we state

the main challenges that lie ahead and how they motivated the research in this

dissertation.

3.1 Preliminaries

Magnetic skyrmions are spin configurations with a topological charge of

±1. As discussed in the previous chapter, the topological charge is defined for a

vector field. Spins or local moments in magnetic materials occupy lattice sites, so

they cannot be described as a field. However, the coarse-grained average of a spin

configuration naturally defines a three-dimensional vector field whose topological

charge can be readily obtained: the magnetization M . This transition from a

10
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(c)

γ = 0

Q = 1

m = −1

γ = π/2m = 1

Q = −1
(a)

m = 1

Q = −1
(b)

γ = 0

m = 1

(d)

γ = 0

Q = 1

Figure 3.1: Magnetic skyrmion textures. (a) Bloch skyrmion. (b) Néel skyrmion
with Q=−1. (c) Top view of an antiskyrmion. (d) Néel skyrmion with Q= 1.

discrete spin configuration to the corresponding continuous magnetization is crucial.

While in the continuum a magnetic skyrmion cannot be continuously deformed into

a magnetic texture with vanishing topological charge, a discrete spin configuration

does not have this restriction. Magnetic skyrmions are realized in two-dimensional

systems such as in magnetic thin films. They are also found in bulk, but in that

case they can still be described as stacks of two-dimensional copies. Therefore,

the homotopy group of magnetic skyrmions is π2(S2), while that of the original

Skyrme model is π3(S3). Because of the lower dimensionality of the domain and

target space of the magnetization field, magnetic skyrmions are also referred to as

“baby” skyrmions.

To analyze the magnetic skyrmion structure, consider a magnetic texture
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with a unit vector field, n̂=M/|M |, given by

n̂(r) = x̂cosΦ(ϕ)sinΘ(r) + ŷ sinΦ(ϕ)sinΘ(r) + ẑ cosΘ(r) , (3.1)

where r and ϕ are the usual cylindrical coordinates. Demanding that n̂ be 2π-

periodic in ϕ, we obtain Φ(ϕ+ 2π) = Φ(ϕ) + 2πm, m ∈ Z. In particular, for ϕ= 0

we get Φ(2π)−Φ(0) = 2πm. The integer m is called the vorticity of the magnetic

texture. The topological charge of this vector field is computed as

Q = 1
4π

∫ ∞
0

∫ 2π

0
drdϕsinΘ(r)dΘ(r)

dr

dΦ(ϕ)
dϕ

(3.2)

= 1
4π [cosΘ(r)]r=0

r=∞ [Φ(ϕ)]ϕ=2π
ϕ=0 , (3.3)

and using Φ(2π)−Φ(0) = 2πm, we get Q= m
2 [cosΘ(r)]r=0

r=∞. If n̂ points in the −ẑ

direction at the origin and along ẑ at infinity, i.e., Θ(0) = π and Θ(∞) = 0, then

Q=−m. The fact that n̂= ẑ at infinity in every direction from the origin, allows

a one-point compactification which guarantees an integer-valued topological charge.

This magnetization field describes a magnetic skyrmion when m= 1, and thus

its topological charge is −1. An antiskyrmion corresponds to a spin configuration

with m=−1 and Q= 1.

When Φ(ϕ) =mϕ+γ, the constant angle γ is called the helicity. Depending

on the energetics of each system, magnetic skyrmions can have a well-defined,

constant helicity. Magnetic skyrmions with γ = π/2 and γ = 0, are called Bloch

and Néel skyrmions, respectively (see Figs. 3.1 (a) and 3.1 (b)). These two types

of magnetic skyrmions are, as expected, topologically equivalent since they can be

transformed into each other by the continuous process of rotating the unit vector

field at each point.
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Magnetic skyrmions with a topological charge of 1 are also described by

(3.1), provided n̂= ẑ at the origin and n̂=−ẑ at infinity. The modified boundary

conditions on Θ(r), Θ(0) = 0 and Θ(∞) = π, change the topological charge to

Q=m. Therefore a magnetic skyrmion with Q= 1 also has vorticity m= 1 (see

Fig. 3.1 (d)).

Magnetic skyrmions have all the traits of a particle: they are stable and

localized in space, possess a quantized topological charge, interact among each

other, and can undergo phase transitions. Their spin texture can originate from

various microscopic interactions.

Despite an early theoretical prediction that isotropic ferromagnets in two

dimensions admitted them as metastable states [33], the scale invariance of this

idealized model allowed magnetic skyrmions of any size to have the same energy.

Additional interactions are then required to introduce a finite length scale that

would fix their size.

Depending on the particular magnetic system, magnetic skyrmions can

be stabilized by long-ranged dipolar, frustrated exchange, four-spin exchange, or

Dzyaloshinskii-Moriya interactions (DMI). This dissertation will focus on the last

one.

The two key ingredients necessary to have DMI are spin-orbit coupling and

broken inversion symmetry. In the continuum, the most general expression for the

Dzyaloshinskii-Moriya energy density reads

EDM = DD

[
x̂ · n̂× ∂n̂

∂x
+ ŷ · n̂× ∂n̂

∂y

]
+DR

[
x̂ · n̂× ∂n̂

∂y
− ŷ · n̂× ∂n̂

∂x

]
(3.4)

= −DD n̂ ·∇× n̂−DR [(ẑ · n̂)∇· n̂− (n̂ ·∇)(ẑ · n̂)] , (3.5)

where it is assumed that there is no variation in the texture along ẑ, so that
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Figure 3.2: Phase diagrams of magnetic skyrmion supporting systems as a
function of anisotropy and applied magnetic field for different values of DR/DD.
Magnetic skyrmions become more stable with increasing DR/DD and can extend
into a regime of easy-plane anisotropy (A > 0). Our notation for the DMI
coefficients is related to the notation of this figure by DR =D⊥ and DD =D‖.
Adapted from [34].

∂n̂/∂z = 0. The terms proportional to the DD and DR arise from Dresselhaus

and Rashba spin-orbit coupling, respectively [34]. Dresselhaus DMI develops in

chiral magnets whose unit cell breaks bulk inversion symmetry. On the other

hand, Rashba DMI results from the breaking of inversion symmetry at interfaces

or surfaces. Note that both DMI terms are linear in spatial derivatives of the

magnetization. These terms are responsible for the stability of static magnetic

skyrmions in two and three dimensions [35]. In contrast, static skyrmions of the

Skyrme model of particle physics are stabilized by an interaction term of fourth

order in spatial derivatives [1]. Furthermore, properties like the size and helicity

of magnetic skyrmions are respectively set by the magnitude and type/sign of the

DMI coefficient.

Magnetic skyrmions stabilized by DMI have been observed in bulk and thin

films of chiral magnets, ultrathin ferromagnetic films, and magnetic multilayer

systems. The low energy physics of magnetic order is basically the same for
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the above systems, and thus they share similar phase diagrams. Phases that

can be realized upon changing temperature and applied magnetic field include

paramagnetic, ferromagnetic, helical, conical (in bulk or thick films), and the

skyrmion lattice (see Fig. 3.8). Except for the skyrmion lattice phase, the rest are

topologically nontrivial, meaning that they have vanishing topological charge.

The above phases result from the competition among several magnetic

interactions, namely, exchange, DMI, anisotropy, and Zeeman. The exchange

interaction is dominant over DMI and anisotropy. Typical values of the exchange

coupling constant in thin films of chiral magnets and ferromagnetic ultrathin films,

are ∼ 1 meV [36] and ∼ 10 meV [37], respectively. For both systems the DMI

coupling is usually on the order of 10% or smaller than the exchange coupling, and

the anisotropy constant value is an even smaller percentage. A recent theoretical

study [34] considered the effect of Rashba spin-orbit coupling and anisotropy on the

phases of magnetic skyrmion supporting systems. The authors found that magnetic

skyrmions become more stable with increasing DR/DD and can extend into a

regime of easy-plane anisotropy (see Fig. 3.2). The Zeeman term is proportional

to the applied magnetic field. Magnetic skyrmions are observed in chiral magnet

thin films for magnetic field values on the order of ∼ 100 mT. On the other hand,

some ferromagnetic ultrathin films can support magnetic skyrmions without the

need of an applied field [25], while others require fields ∼ 1 T to stabilize them [26].

Finally, the shape of a given sample can introduce demagnetization effects that

must be accounted for, especially when data recorded from samples with different

shapes are combined to produce a single phase diagram [38].

For the sake of brevity, magnetic skyrmions will occasionally, and when

there is no ambiguity, be referred to simply as skyrmions in this dissertation.
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3.1.1 Stereographic Projection

The stereographic projection is a mapping from the two-sphere, S2, to the

complex plane, C. There are many ways to construct the stereographic projection.

Here we will introduce the construction to be used in chapter five. An arbitrary

point P ′ in S2 defines a unit vector n̂= (nx,ny,nz) = (sinθ cosφ,sinθ sinφ,cosθ),

with (θ,φ) the usual spherical coordinates. We set the origin of the complex

plane tangent to the two-sphere at its “north pole”, (0,0,1). The stereographic

projection of P ′ is the point P where a straight line that goes through both the

“south pole”, (0,0,−1), and P ′, intersects the complex plane (see Fig. 3.3). Basic

geometry and trigonometry give the following expression for the complex number,

ω, corresponding to the stereographic projection of P ′

ω = 2tan θ2e
iφ . (3.6)

Let us know define

w = nx+ iny

1 +nz
= sinθeiφ

1 + cosθ . (3.7)

A simple calculation shows that ω= 2w. It is in fact w the mapping that will be used

in chapter five, to avoid carrying over unnecessary numerical coefficients. Another

reason for preferring w over ω is the relationship w = v/u, where u = cos(θ/2)

and v = sin(θ/2)eiφ are spinor coordinates. Note that the “south pole” of S2,

corresponding to θ = π, is mapped to the point “at infinity” in C.

Also useful for our future calculations is the inverse mapping where n̂ is

expressed in terms of w

(nx,ny,nz) =
(
w+w∗

1 +ww∗
, i
w∗−w
1 +ww∗

,
1−ww∗
1 +ww∗

)
, (3.8)
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θ

θ
2

(0, 0,−1)

(0, 0, 1) P

P ′

Figure 3.3: Stereographic Projection. Cross section of the geometric construc-
tion used to define the stereographic projection. The complex plane is tangent
to the two-sphere at its “north pole”, (0,0,1). The stereographic projection of
P ′ is the point P where a straight line that goes through both the “south pole”,
(0,0,−1), and P ′, intersects the complex plane.

where the w∗ denotes the complex conjugate of w.

3.2 Historical Background

In this section we briefly review, in chronological order, the research mile-

stones in the field of magnetic skyrmions.

Dzyaloshinskii-Moriya interaction

In 1958 Dzyaloshinskii published a paper [39] on weak ferromagnetism

in antiferromagnets where he constructed a Landau theory based solely on the

symmetries of the magnetic unit cell of the compounds he looked at. He discovered

that besides the usual terms arising from exchange interactions, symmetry also

allowed extra antisymmetric spin-spin interaction terms in the Landau free energy.

Dzyaloshinskii showed that these extra terms–of the form D ·Si×Sj and loosely

attributed to spin-orbit coupling and magnetic dipole interactions–favored canted
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spin configurations and argued that they were responsible for the observed weak

ferromagnetism. However, this purely phenomenological theory neither provided

an expression for the vector D nor identified the underlying microscopic processes

behind this interaction.

A couple of years later Moriya proposed a microscopic mechanism [40,

41] for the antisymmetric spin-spin interaction. Extending Anderson’s theory of

superexchange [42] to include spin-orbit coupling, Moriya’s theory provided a means

to compute D from a microscopic model.

In honor to the above seminal contributions of these two physicists, the anti-

symmetric spin-spin interactionD ·Si×Sj is nowadays referred to as Dzyaloshinskii-

Moriya interaction.

Skyrmions are born

The pioneering Skyrme model [1]—already discussed in chapter two, section

2.1—came out in 1962.

Thiele’s equation

Thiele’s equation for the steady-state motion of magnetic domains was

introduced in 1973 [43]. Assuming the magnetization field moves rigidly with the

magnetic domain, Thiele mapped the equation governing magnetization dynamics,

namely Landau-Lifshitz-Gilbert (LLG) equation (introduced in chapter six, section

3.2), to the following one

G×v−Dv+F = 0 , (3.9)

where v is the velocity of the magnetic domain, G×v is the gyrotropic or Magnus

force, Dv is the dissipative force, and F is the force due to an externally applied
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Figure 3.4: Interfacial Dzyaloshinskii-Moriya interaction. The microscopic
mechanism discovered by Fert and Levy [44] produces an interfacial DMI taking
advantage of nearby atoms with a large spin-orbit coupling and the fact that
inversion symmetry is broken at interfaces. This mechanism is important to
the design of layered heterostructures with engineered interfacial DMI. Adapted
from [45].

magnetic field. He also showed explicitly that unlike the dissipative tensor D, the

gyrotropic vector G does not depend on details of the magnetization except for its

“boundary values”.

Magnets can support skyrmions

Skyrmions in magnetic systems were discussed for the first time by Belavin

and Polyakov in 1975 [33]. Their field theoretical study found that skyrmions can

exist as metastable states in two-dimensional isotropic ferromagnets. The energy

of these metastable states was shown to be proportional to their topological charge.

Also, the scale invariance of this theory implied that skyrmions of any had the

same energy. Additionally, using stereographic coordinates they were able to obtain

analytical expressions for skyrmion solutions.

Interfacial Dzyaloshinskii-Moriya interaction

Trying to elucidate the origin of enhanced anisotropy observed in in spin-

glass alloys doped with nonmagnetic Au or Pt impurities, Fert and Levy discovered
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(a) (b)

Figure 3.5: Theory of the helical state in chiral magnets. A helical spin density
wave was identified as the ground state in magnets with bulk DMI. (a) The free
energy is minimized at a nonzero wave vector, k, corresponding to the helical
spin density wave. Adapted from [46]. (b) The helical spin density wave has the
lowest free energy, which is minimized at a nonzero wave vector Q0. Adapted
from [47].

a new microscopic mechanism for the DMI [44]. They realized that the strong spin

orbit coupling of Au and Pt could modify the spin-spin interactions mediated by

conduction electrons. Upon including the effects of spin-orbit coupling, they found

an additional Ruderman-Kittel-Kasuya-Yosida (RKKY) interaction term of the

DMI type. Their calculations showed that for spins located at RA and RB with

respect to the nonmagnetic impurity with strong spin-orbit coupling, their DMI

vector D was proportional to R̂A×R̂B (see Fig. 3.4). Presently, this mechanism is

an important guiding principle behind the design of layered heterostructures with

engineered interfacial DMI [29].

Helical state in chiral magnets

The helical spin density wave observed in the magnetic compounds MnSi

and FeGe was explained by Bak and Jensen [46] and Nakanishi et al. [47] in

1980. These magnets, with tetrahedral P213 structure, lack inversion symmetry

which allows the emergence of DMI due to spin-orbit coupling. By minimizing the
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Figure 3.6: The A phase in MnSi. Experimental phase diagram of MnSi as a
function of temperature and applied magnetic field. The magnetic texture of
the A phase, which occupies a tiny phase space pocket just below the critical
temperature and at a moderate magnetic field, remained unknown for more than
two decades. Adapted from [48].

appropriate free energy, they demonstrated the DMI renders the ferromagnetic

state unstable because the system can lower its free energy even more by adopting

a single-Q helical texture, where Q is the wave vector (see Fig. 3.5).

A phase in MnSi

Small angle neutron scattering (SANS) measurements from 1984 by Ishikawa

and Arai [48] revealed the so-called A phase of MnSi (see Fig. 3.6). It occupied

a tiny phase space pocket just below the critical temperature and at a moderate

external magnetic field. Further SANS studies [49] let Lebech suggest that the A

phase of MnSi and FeGe could be a single domain multi-Q rather than a multi
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Figure 3.7: Prediction of the skyrmion lattice in chiral magnets. Schematic of
the thermodynamically stable hexagonal skyrmion lattice phase expected to be
observed in chiral magnets. Adapted from [50].

domain single-Q magnetic texture. However, the actual magnetic texture of the A

phase remained elusive for more than two decades.

Magnetic skyrmion lattice predicted

The energy of the domain wall separating the superconducting from the

normal state is type-II superconductors can become negative under an external

magnetic field. In 1989, Bogdanov and Yablonskii [51] noted that the DMI in

magnetic materials could also render negative the domain wall energy separating

regions with opposite magnetization. They explored the possibility of realizing

magnetic skyrmions–which they referred to as magnetic vortices–analogous to

the Abrikosov vortices of type-II superconductors, and found conditions for their

stability in the presence of an external magnetic field. Subsequent work of Bogdanov

and collaborators [50, 52] predicted and studied theoretically a thermodynamically

stable skyrmion crystal (SkX) phase (see Fig. 3.7).
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(a)

(b)

(c)

Figure 3.8: Experimental observation of the skyrmion lattice in chiral magnets.
(a) Neutron scattering intensity showing a pattern of six Bragg peaks indicative
of a triangular lattice. (b) Experimental phase diagram of bulk MnSi. The A
phase was identified as a triangular lattice of skyrmions. (a), (b) Adapted from
[20]. (c) Lorentz TEM was used to image skyrmions in real space in a thin film
of Fe0.5Co0.5Si. The SkX phase was observed to occupy an extended region of
the phase space. Adapted from [21].

Magnetic skyrmion lattice observed

Experimental confirmation of the existence of the skyrmion crystal phase

came from two different, complementary studies.

In 2009, Mühlbauer et al. [20] used SANS to investigate the magnetic phases

of bulk MnSi. Applying an external magnetic field parallel to the incident neutron

beam, they discovered that the diffraction pattern of the A phase was consistent with

a triangular skyrmion crystal (see Figs. 3.8(a) and 3.8(b)). Employing Ginzburg-

Landau theory they justified the interpretation of their data and identified the SkX

as a multi-Q texture resulting from the superposition of three helices whose wave

vectors had the same magnitud and had relative angles of 120◦.

A year later, Yu et al. [21] reported on the real-space observation of the

skyrmion crystal in a thin film of Fe0.5Co0.5Si by Lorentz transmission electron
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microscopy (TEM). The observed magnetic phase diagram as a function of tem-

perature and external magnetic field was in good agreement with Monte Carlo

simulations (see Fig. 3.8(c)). This study also demonstrated that the SkX phase,

which only represents a small phase space pocket in bulk MnSi, gets extended in a

thin film.

More experiments followed which explored the dependence of the SkX and

its stability on the thin film thickness. Huang and Chien [53] reported in 2012 that

the SkX in FeGe thin films, determined with the aid of the topological Hall effect,

gets extended to wider magnetic field and temperature ranges upon decreasing the

film thickness. The SkX was detected for even zero magnetic field and near room

temperature (∼270 K). Similar results had been obtained for FeGe by Lorentz

TEM in 2011 [22].

Magnetic skyrmions in ferromagnetic ultrathin films

Other magnetic systems capable of supporting skyrmions are ferromagnetic

ultrathin films.

A square lattice of atomic-sized skyrmions (with a magnetic unit cell of ∼1

nm), measured by spin-polarized scanning tunneling microscopy (SP-STM), was

reported in 2011 [25] as the magnetic ground state of a hexagonal monolayer of Fe

atoms on an Ir substrate (see left panels of Fig. 3.9). The ultrathin film was at

∼11 K and no external magnetic field was needed to stabilize the SkX. Employing

a two-dimensional spin lattice model along with DFT calculations, the microscopic

origin of the SkX was found to arise from Heisenberg exchange, DMI, and four-spin

interactions. The DMI was present due to spin-orbit coupling from the Ir substrate

and the broken inversion symmetry naturally provided by the surface. The square

symmetry was attributed to the four-spin interactions.
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Figure 3.9: Magnetic skyrmions in ferromagnetic ultrathin films. Left panels,
adapted from [25], show a square lattice of atomic-sized skyrmions measured by
SP-STM. Right panels, adapted from [26], schematically show the writing and
deleting of skyrmions using spin-polarized tunnel currents from an STM.

Spin-polarized tunnel currents from an STM were used by Romming et al.

in 2013 on a PdFe bilayer on an Ir substrate to write and delete individual magnetic

skyrmions at will [26]. Maintaining the PdFe bilayer at 4.2 K under an applied field

of 3.25 T, corresponding to the ferromagnetic phase, single skyrmions with a size

of ∼ 5 nm were reversibly written and deleted. According to the authors, creation

or annihilation of a single skyrmion amounts to a switching process between the

ferromagnetic and single skyrmion states (see right panels of Fig. 3.9). Tuning

the relative energy of these states with an applied field develops an energy barrier.

It was found that the energy supplied by the injected tunneling electrons was the

dominant mechanism that helped overcome this energy barrier.

Magnetic skyrmion helicity

Motivated by the prospect of spintronic applications and the consequent need

to control skyrmions, Shibata and coworkers investigated the skyrmion structural
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(a) (b)

Figure 3.10: Magnetic skyrmions at room temperature in multilayer systems.
(a) Asymmetric multilayers of then repetitions of Ir/Co/Pt induced a sufficiently
strong interfacial DMI that was able to stabilize skyrmions against thermal
fluctuations. (b) Nanoscale disks and tracks displaying isolated skyrmions.
Adapted from [29].

properties in thin films of Mn1−xFexGe [54]. They observed a non-monotonous

variation of the skyrmion lattice constant with composition x. Also, correlation be-

tween lattice chirality, established by convergent beam electron diffraction (CBED),

and skyrmion helicity, determined by Lorentz TEM, was reported. Interestingly,

this correlation changed sing around x= 0.8, where the skyrmion lattice constant

exhibited divergent behavior. The origin of these phenomena was attributed to the

dependence of the spin-orbit coupling strength on chemical composition x.

Magnetic skyrmions at room temperature

Recently, skyrmions have been detected at room temperature in multilayer

systems. The first report, published in 2015, found stable skyrmions without
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the need of an external magnetic field in Fe/Ni/Cu/Ni/Cu(001) systems through

interlayer exchange coupling [27]. Other chemical compositions were explored,

and their findings published, at the beginning of 2016. Asymmetric multilayers

consisting of ten repetitions of Ir/Co/Pt were shown to induce a sufficiently strong

interfacial DMI that was able to stabilize skyrmions against thermal fluctuations

[29] (see Fig. 3.10). Patterned nanostructures in ultrathin Pt/Co/MgO films

were used to stabilized skyrmions in the absence of an applied magnetic field [30].

Skyrmion lattices were generated and trains of individual skyrmions were driven

by short current pulses in ultrathin films of Pt/Co/Ta and Pt/CoFeB/MgO [31].

Finally, in 2017, the ability to tune the size and stability of skyrmions in multilayer

stacks of Ir/Fe/Co/Pt was achieved by varying the ferromagnetic layer composition

[32].

3.3 Novel Phenomena

Research on magnetic skyrmions has been fueled by the fascinating novel

phenomena they exhibit. The origin of these properties and effects can be traced

back to the real-space topology of magnetic skyrmions. Below we briefly review

four phenomena that have been experimentally observed.

3.3.1 Emergent Electromagnetic Fields

The dynamics of conduction electrons is affected by the magnetism of their

host material. As electrons move, they interact with the magnetization field via

Hund’s rule coupling. In the adiabatic approximation, when the electron spins

align perfectly with the direction of the local magnetization (see Fig. 3.11 (b)), an

alternative description can be adopted. Projecting the electronic wave functions
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(a) (b)

Figure 3.11: Conduction electrons moving through skyrmion textures. (a) A
solid angle Ω, subtended by three spins of a non-collinear texture. An electron
that during its trajectory interacts with these spins picks up a Berry phase equal
to Ω

2 . Adapted from [55]. (b) A conduction electron moving through a skyrmion
texture acquires a Berry phase as it adjusts to the local spin direction. Adapted
from [56].

so that their spin quantization axis was always along the magnetization field M ,

Volovik [57] found that electrons interacted with the following emergent electric

and magnetic fields

Be
i = ~

2 εijkn̂ · (∂jn̂×∂jn̂) , (3.10)

Ee
i = ~ n̂ · (∂in̂×∂tn̂) , (3.11)

where n̂=M/|M |. Note that Be vanishes for collinear magnetic textures and that

Ee vanishes for collinear, static textures. A deep connection exists between the

above fields and the quantum-mechanical electronic Berry phase [58]. In fact, the

Berry phase of electrons is proportional to the solid angle covered by n̂ (see Fig. 3.11

(a)) and the emergent electromagnetic fields correspond to the real-space electronic

Berry curvature. Therefore, in modern condensed matter parlance, electrons are

said to pick up and accumulate a Berry phase as they traverse a non-collinear

magnetic texture.

Magnetic skyrmions are an example of non-collinear magnetic textures, and
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as such they can support emergent electromagnetic fields. As a matter of fact, each

magnetic skyrmion carries exactly one emergent flux quantum. This quantization

follows from ẑ ·Be
i being proportional to the topological charge density of the

magnetic texture. When skyrmions move with velocity v, the emergent magnetic

field becomes time dependent and, by Faraday’s law, it must induce an emergent

electric field of the form Ee =−v×Be. This observation lead to Hall resistivity

measurements in single crystals of MnSi that revealed signatures of these emergent

fields [59]. The topological contribution to the Hall signal, which produces a

suppression in the Hall resistivity, was found only for the temperature and applied

magnetic field ranges corresponding to the skyrmion lattice phase (see left panels

in Fig. 3.12). In MnSi, the emergent magnetic field has an average magnitude of

2.5 T.

3.3.2 Topological and Skyrmion Hall Effects

The topological Hall effect is the deviation of electrons, perpendicular to the

direction of applied electric current, moving in a sample with a topologically non-

trivial spin texture. In materials hosting skyrmion crystal phases, this phenomenon

arises from the interaction of electrons with the emergent electromagnetic field

produced by the moving skyrmions—as explained above. This effect can be detected

by measuring the potential difference due to the electric charge separation across

the direction perpendicular to the applied current, once the contributions from the

conventional and anomalous Hall effects have been subtracted. The experimental

observation of the topological Hall effect due to moving skyrmions was first reported

in the chiral magnet MnSi [61, 62].

The origin of the measured topological Hall effect in MnSi was later clearly

explained in a theoretical study [63] that explicitly incorporated the emergent
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Figure 3.12: Topological Hall Effect and Skyrmion Hall Effect. Left panels,
adapted from [59], show the suppression of the Hall resistivity, a signature of
the topological Hall effect induced by the emergent electromagnetic field felt by
electrons moving through the skyrmion crystal phase in MnSi. Right panels,
adapted from [60], depict the direct observation of the skyrmion Hall effect in
the trilayer system Ta/CoFeB/TaOx using magneto-optical Kerr effect.

electric field generated by the moving skyrmion crystal. This study also included

the prediction of the skyrmion Hall effect, where now skyrmions get deflected in

a direction perpendicular to an applied electric current. The angle between the

driving current and the skyrmion velocity is referred to as the skyrmion Hall angle.

Direct observation of the skyrmion Hall effect was recently reported by imag-

ing the time evolution of individual skyrmions in the trilayer system Ta/CoFeB/TaOx

[60] using magneto-optical Kerr effect (see right panels in Fig. 3.12) and in mul-

tilayer films of [Pt/CoFeB/MgO]15 [64] by time-resolved x-ray microscopy. The

dependence of the skyrmion Hall angle on the driving current was also measured.

While both studies found a monotonic increase of the skyrmion Hall angle at

low currents, a saturation at high currents was observed in Ta/CoFeB/TaOx. A

similar saturation had been predicted by numerical simulations of a large number
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(a) (b) (c)

Figure 3.13: Emergent magnetic monopoles and antimonopoles. (a) Emergent
magnetic monopoles and antimonopoles drive the merging process of skyrmions at
the surface of bulk crystals of Fe0.5Co0.5Si. Adapted from [66]. (b) Ground state
spin texture in MnGe. (c) Emergent monopoles (yellow dots) and antimonopoles
(green dots) that appear in the green box in (b). (b),(c) Adapted from [67].

of current-driven skyrmions in samples with quenched disorder [65].

3.3.3 Emergent Magnetic Monopoles

The topology of skyrmions protects them from being destroyed by smooth

deformations. On the other hand, skyrmions can in fact be destroyed, for example,

during the transition from the skyrmion crystal to the helical phase.

Milde et al. [66] used Magnetic Force Microscopy (MFM) to track the

evolution of individual skyrmions at the surface of bulk crystals of the chiral

magnet Fe0.5Co0.5Si. Starting from a field-cooled skyrmion crystal phase they then

gradually decreased the applied magnetic field. They observed that skyrmions

merged to form elongated structures that eventually grew longer and became the

stripes characteristic of the helical phase.

Invoking the relation between the quantized topological charge of skyrmions

and the emergent magnetic field, Be, the authors noted that the merging pro-

cess of two skyrmions requires the appearance of a singular point defect with

vanishing magnetization. Because these points act as sources/sinks of the emer-
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gent magnetic field, i.e., ∇·Be 6= 0, they were interpreted as emergent magnetic

monopoles/antimonopoles.

To make this clear, consider the flux of Be through the closed surface of a

cylinder that has two skyrmion lines emerging from the top cap and one entering

at the bottom. On gets

∮
∂Cyl

Be ·dS =−2Φ0− (−Φ0) =−Φ0 , (3.12)

since the flux vanishes over the cylinder mantle and each skyrmion carries one

negative emergent flux quantum Φ0. Stokes theorem then implies the existence of

a point singularity inside the cylinder which produces a nonzero divergence of the

emergent magnetic field.

Two possible mechanisms to explain how two skyrmions coalesce at the

surface of the chiral magnet crystal were identified. An emergent antimonopole

moving toward the surface from within the bulk can mediate the merging of two

skyrmion lines acting as the slider of a zipper (see Fig. 3.13 (a)). Alternatively, an

emergent monopole can enter from the surface into the bulk zipping together two

skyrmion lines.

Monte Carlo simulations confirmed the role played by emergent monopoles

and antimonopoles in the merging of skyrmions. Both the MFM measurements

and Monte Carlo simulations suggest that skyrmion merging processes drive the

transition from the skyrmion crystal to the helical phase.

Emergent magnetic monopoles and antimonopoles have also been observed

in the chiral magnet MnGe. Below 170 K and at zero external magnetic field,

the ground state of MnGe is an exotic monopole-antimonopole cubic lattice with

a lattice constant of ∼ 3 nm (see Figs. 3.13 (b) and 3.13 (c)). Signatures of
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(a) (b)

(d)(c)

Figure 3.14: Proposed technological applications of skyrmions. (a) Schematic
of a skyrmion racetrack memory. Adapted from [70]. (b) Proposal for a logic
OR gate. Adapted from [71]. (c), (d) Bio-inspired devices with neuron-like
functionality. (c) Adapted from [72]. (d) Adapted from [73].

this exotic phase were first observed by small-angle neutron scattering [68], later

confirmed in real space with Lorentz TEM [69]. A topological, second-order

phase transition in real space has been identified to be driven by the annihilation of

emergent monopole-antimonopole pairs. Interesting critical phenomena in transport

and elastic properties have been measured near this transition, which have been

associated to critical fluctuations of the emergent fields [67].

3.4 Proposed Applications

Another important motivation driving magnetic skyrmion research is the

potential to exploit them for future technological applications. Properties that
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make skyrmions attractive for applications are their nano-scale size, topologically

protected stability, particle-like behavior, and topologically induced dynamical

effects such as small depinning electric current densities—six orders of magnitude

smaller than those needed for domain walls [74]—and their ability to move around

obstacles [45, 36].

A major branch of application proposals envisions skyrmions as informa-

tion carriers in energy-efficient, high-density data-storage and logic devices. The

premise is that by employing skyrmions the downsizing limit of conventional CMOS

(complementary metal-oxide-semiconductor) technology could be surpassed.

Among the most promising data-storage architectures are skyrmion racetrack

memories [75]. Based on the original domain-wall racetrack memories [76], the

skyrmion-based version would store information in a chain of skyrmions whose

motion along a magnetic film strip can be controlled by electric currents (see

Fig. 3.14 (a)). Quite conveniently, this architecture can be adapted, by adding

electric-field gates, to add transistor-like and multiplexer-like functionality [77].

Furthermore, taking advantage of a mechanism where a single skyrmion splits into

two domain walls when driven through a geometrical constriction, AND and OR

skyrmion logic gates have been proposed [71] (see Fig. 3.14 (b)).

Other devices that have been put forward include skyrmion magnonic crystals

[78], where tunable periodic arrangements of skyrmions could be used to modulate

the magnetization in order to control the propagation of spin waves. Also, skyrmion-

based radio-frequency devices that could either generate or detect radio-frequency

signals through the excitation of the skyrmion breathing mode [79, 80, 81]. Lastly,

ensembles of skyrmions have been recently suggested to implement neuromorphic

computing concepts [73, 72, 82].
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3.5 Challenges Ahead

The basic functions desirable in devices that use skyrmions for transportation

and storage of information have already been demonstrated, namely, creation,

annihilation, manipulation, and detection. However, they have been achieved in

separate systems, in certain cases under extreme conditions of low temperature and

high magnetic fields, and sometimes not for individual skyrmions. Furthermore,

many challenges need to be addressed before any of the above device proposals

can be turned into marketable products [83, 84, 85]. It is noteworthy that these

challenges are also of interest to fundamental research.

Below is a list of some of the main challenges that lie ahead in the field of

magnetic skyrmions, which have motivated the research presented in this disserta-

tion.

• Control over the size of skyrmions must be achieved. So far, room-temperature

skyrmions supported by multilayer systems are not small enough to be useful

for applications. As the size of skyrmions is reduced, quantum mechanical

effects may become relevant and detrimental to the stability of skyrmions.

On the flip side, quantum mechanics could drive the nucleation process of

nanometer-scale skyrmions.

• A detailed understanding of the interaction of skyrmions with spin-polarized

electric currents and magnetic/electric fields is needed. Higher skyrmion

velocities that would enable faster device operation, are currently sought after.

Additionally, efficient nucleation, detection, and destruction of skyrmions may

require high-frequency time-dependent electromagnetic fields. Under these

extreme nonequilibrium conditions, internal modes and collective degrees of

freedom could be excited. Therefore, research should focus on the physics of
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the breathing and other modes, as well as on the skyrmion helicity.

• The role of defects in collective skyrmion dynamics must be elucidated.

Structural imperfections in the magnetic films that support skyrmions can

produce random quenched disorder. It is well known that skyrmions, by

virtue of the Magnus force, have the ability to avoid getting trapped by

pinning centers. Nevertheless, strong pinning can trap them regardless of

this advantageous property. Moreover, when a large number of skyrmions

is driven, their mutual interactions must also be taken into account since

they can lead to different dynamical regimes. Finally, as applications begin

to explore concepts involving ensembles of interacting skyrmions, such as

the neuromorphic computing proposals mentioned above, numerical studies

of current-driven and flux-driven collective skyrmion dynamics and their

associated critical phenomena will become increasingly important and useful.



Chapter 4

Theoretical Caveats

At first glance, two well-established results—the Hobart-Derrick and the

Mermin-Wagner theorems—seem to preclude the existence of stable magnetic

skyrmions. Furthermore, the fact that these spin textures ultimately reside on

a lattice renders ill-defined the use of topology, thus nullifying any topological

protection. However, as observed in experiments, magnetic skyrmions manage to

circumvent the restrictions imposed by both these theorems, and do inherit some

degree of protection from the nontrivial topology of their continuum limit.

4.1 Hobart-Derrick Theorem

Attempts from the 1950’s and early 1960’s led to explore localized solutions of

nonlinear classical field theories that could describe, upon quantization, elementary

particles as extended objects hoping to avoid some of the divergences arising from

theories that treat particles as singular, point-like entities. A general class of

field theories considered for this program had the standard relativistic Lagrangian

density

L= 1
2∂tφ ·∂tφ−

1
2∇iφ ·∇iφ−U(φ) , (4.1)

37
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where φ(r, t) is a vector of scalar fields φi(r, t), i ∈ {1, ...,N}. Static, nontrivial,

localized solutions were of great importance because they could correspond to

particles at rest in some frame of reference. However, Hobart [86] and Derrick [87]

unequivocally proved that such solutions are unstable in three spatial dimensions.

The Hobart-Derrick theorem is of importance to magnetic skyrmions as it imposes

specific restrictions on the field theories that can be used to describe them.

The proof goes as follows. Static solutions in D dimensions are extrema of

the energy functional

E =
∫
dDr

[
1
2∇iφ ·∇iφ+U(φ)

]
, (4.2)

i.e., δE = 0. For these solutions to be localized, the integrals I1 = 1
2
∫
dDr∇iφ ·∇iφ

and I3 =
∫
dDrU(φ) must converge. While for trivial (space-independent) solutions

I1 = 0, nontrivial solutions satisfy I1 > 0. Furthermore, stable solutions must have a

nonnegative second-order variation of the energy, namely, δ2E ≥ 0. Assuming φ(r)

is a static, nontrivial, localized solution, let us consider the one-parameter family of

variations φλ(r) = φ(r/λ), which constitute a uniform stretching or compression

of the solution depending on the value of λ. The energy of these variations, upon

rescaling the integration variables, takes the following lambda-dependent form

Eλ = λD−2I1 +λDI3 . (4.3)

For this restricted class of variations, the first- and second-order variation of the
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energy become

(
dEλ
dλ

)
λ=1

= (D−2)I1 +DI3 , (4.4)(
d2Eλ
dλ2

)
λ=1

= (D−2)(D−3)I1 +D(D−1)I3 . (4.5)

In three dimensions (D = 3), (dEλ/dλ)λ=1 = 0 yields I3 = −1
3I1 < 0 since I1 > 0

for nontrivial solutions. On the other hand, (d2Eλ/dλ
2)λ=1 = 6I3 < 0. Therefore,

static, nontrivial, localized solutions are unstable. Interestingly, if U(φ) ≥ 0–a

reasonable requirement for infinite systems–then both I1 and I3 are nonnegative for

localized solutions. From (D−2)I1 +DI3 = 0, it then follows that I1 = 0 = I3 for

D ≥ 3. In this case, the only allowed solutions are trivial: the space-independent

zeros of U(φ).

In two dimensions (D = 2), one obtains I3 = 0 and so the second-order

variation gives 2I3 = 0, which guarantees stability. If U(φ) ≥ 0, then again the

solutions must be the space-independent zeros of U(φ). Nontrivial solutions are

allowed in this case provided a continuous set of zeros exists.

When D = 1, φλ variations do not reveal an instability. The stationarity

condition gives I3 = I1 and the second-order variation is equal to 2I1, which is

positive for nontrivial, localized solutions.

The continuum limit of the typical microscopic interactions of magnetic

systems such as exchange, Zeeman, and anisotropies, results in a magnetic energy

density of the form discussed above (4.2), where the field is now the magnetization.

According to the preceding analysis, this energy density may not describe magnetic

skyrmions in two dimensions and not at all in three. However, there are two ways

to circumvent the restrictions imposed by the Hobart-Derrick theorem: demanding

a fixed magnitude of the field and adding a term to the energy density that is linear
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in first spatial derivatives.

Belavin and Polyakov [33], as mentioned above, found metastable skyrmion

solutions in two dimensions. They studied a field theory for the direction of the

magnetization, n̂, supplemented with the constraint n̂ · n̂= 1.

Bogdanov and coworkers [51, 50, 52] have found stable magnetic skyrmion

solutions in theories describing magnetic systems whose energy density admits terms

linear in spatial gradients of the magnetization, the so-called Lifshitz invariants.

Extending the stability analysis of the Hobart-Derrick theorem results in the

following equations

(
dEλ
dλ

)
λ=1

= (D−2)I1 + (D−1)I2 +DI3 , (4.6)(
d2Eλ
dλ2

)
λ=1

= (D−2)(D−3)I1 + (D−1)(D−2)I2 +D(D−1)I3 , (4.7)

where I2 is the spatial integral of the energy density terms linear in spatial gradients.

Bogdanov [35] pointed out that for I2 6= 0, nontrivial, localized solutions are possible

in two and three dimensions.

4.2 Mermin-Wagner Theorem

Mermin and Wagner proved a theorem [88] with important consequences

to low-dimensional magnetic systems. It is sometimes erroneously invoked as

proof that there can be no magnetic order in one or two dimensions at nonzero

temperature. However, neither the assumptions of the theorem include all possible

magnetic systems nor they forbid all types of magnetic order.

The Mermin-Wagner theorem states that spontaneous ferromagnetic or

antiferromagnetic order is not allowed at any nonzero temperature in systems with
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less than three spatial dimensions described by an isotropic Heisenberg model with

finite-range exchange interactions. Under the assumptions of the theorem, long-

range ferromagnetic or antiferromagnetic order is destroyed by thermal fluctuations.

It should be stressed that the theorem holds in the thermodynamic limit. Although

the proof is given for quantum mechanical spins, it also applies to classical spins.

The theorem does not hold if other magnetic interactions that break the O(3)

symmetry are present, such as uniaxial anisotropy. Recently, the Mermin-Wagner

theorem was extended to include interactions between lattice spins and itinerant

electrons [89]. This extension found that magnetic order is generally not excluded

in the presence of spin-orbit interactions—which may lead to Dzyaloshinskii-Moriya

interactions (DMI). Again, these results are valid in the thermodynamic limit

and hence do not forbid ordered magnetic phases in finite systems at nonzero

temperature.

Magnetic skyrmions have been observed in quasi-two-dimensional magnetic

systems. Moreover, numerical simulations routinely find magnetic skyrmions in two

dimensions. The models used to describe these systems, do not just involve isotropic,

finite-range Heisenberg exchange. Therefore, individual magnetic skyrmion or

magnetic skyrmion lattices are not forbidden by the Mermin-Wagner theorem or

its extension.

4.3 Topological Stability on a Lattice

The topology of magnetic skyrmions, characterized by their unit topological

charge, ensures that perturbations that continuously deform the magnetization

field will not be able to alter their identity. Only perturbations that introduce

singularities in the magnetization can bring the magnetic texture into a different
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Q = −1

Q = 0

Figure 4.1: Topological charge creation on a lattice via a hedgehog singular-
ity. Evolution of a vector field from a trivial topological sector (Q = 0) to a
configuration with a single skyrmion (Q=−1). Topological charge is created
during this process, which requires the appearance of a hedgehog singularity
(highlighted by the gray ellipse). On the lattice, this singularity can be avoided
by placing it at the center of a plaquette, where there are no spins, allowing a
fully continuous description of this process.

topological sector—with a different topological charge [66]. This topological protec-

tion hinges on the continuity of the magnetization field. However, continuous fields

in condensed matter are only an approximation. The fact that these spin textures

ultimately reside on a lattice renders ill-defined the use of topology, and thus it

technically invalidates claims of topologically protected stability.

Nevertheless, magnetic skyrmions on a lattice do inherit versions of the

properties, albeit weaker, induced by the topology of their continuum limit. For

instance, topological charge can still be defined [90]. In the case of a square lattice,

it is given by the sum of the solid angles subtended by the spins situated on the

vertices of elementary triangular plaquettes. Although skyrmions on a lattice can
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be created or destroyed in an entirely continuous fashion, this process necessarily

introduces a hedgehog-like defect [91] (see Fig. 4.1), the so-called Bloch point.

This defect, the lattice version of the singularity introduced in the continuum,

corresponds to a spin configuration with a substantial energy. Therefore, the

topologically protected stability in the continuum translates, on the lattice, into a

sizable energy barrier that needs to be overcome.



Chapter 5

Quantum Nucleation of

Skyrmions

We show that in magnetic ultrathin films with interfacial Dzyaloshinskii-

Moriya interaction, single skyrmions can be nucleated by creating a local distortion

in the magnetic field. In our study, we have considered zero temperature quantum

nucleation of a single skyrmion from a ferromagnetic phase. The physical scenario

we model is one where a uniform field stabilizes the ferromagnet, and an opposing

local magnetic field, generated by the tip of a local probe, drives the skyrmion

nucleation. Using spin path integrals and a collective coordinate approximation, the

tunneling rate from the ferromagnetic to the single skyrmion state is computed as a

function of the tip’s magnetization and height above the sample surface. Suitable

parameters for the experimental observation of the quantum nucleation of single

skyrmions are identified.

44



45

5.1 Skyrmion Nucleation

Recently, experiments have demonstrated the ability to nucleate skyrmions

in a controlled fashion. In thin magnetic films, skyrmions can be nucleated at the

sample edge by spin-polarized electric currents [92]. Using spin-polarized tunneling

currents from the tip of a scanning tunneling microscope (STM), skyrmions have

been written and erased from ultrathin magnetic films [26]. Another experiment uses

an in-plane electric current to force magnetic stripe domains through a geometrical

constriction to nucleate skyrmions in a process resembling soap bubble blowing

[28]. Time-dependent magnetic fields generated by sending current pulses down

a microcoil were used to nucleate skyrmions in magnetic disks [31]. Theoretical

studies have also discussed various mechanisms for the nucleation of skyrmions such

as from notches in the sample edge by electric current [93], electric current pulses

in nanodisks [94], injection of spin-polarized currents [95], circulating spin currents

[96], local heating [97], thermal fluctuations [98], and time-dependent magnetic

fields [99].

A profound observation that can be drawn from the above reports is that

topological charge is created during the nucleation of a skyrmion. Since smooth

deformations of the magnetization field cannot make Q jump from one integer value

to another, the skyrmion nucleation process must necessarily introduce a singularity

in the magnetization. However, this restriction does not apply to spins on a lattice

[91], where the topological charge can change without the need of a singularity.

What is needed for a lattice spin system to nucleate a skyrmion is a means to

overcome the energy barrier separating the current magnetic configuration from

the skyrmion texture. This is common to all the aforementioned studies, where

the different mechanisms provide the energy injection necessary to overcome this

energy barrier. However, even in the absence of thermal fluctuations or external
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perturbations, the system has a nonzero probability to escape from a metastable

state by quantum tunneling through the energy barrier. As a matter of fact,

the quantum nucleation of a magnetic skyrmion can be described as a quantum

tunneling process. This is the approach that will be taken in what follows.

From an application-oriented perspective, understanding and controlling the

nucleation of skyrmions is of paramount importance in exploiting these textures as

information carriers. Furthermore, studies of the impact of quantum tunneling on

the stability of skyrmions will be useful as the size of skyrmions shrinks in order to

meet those required by applications.

5.2 Quantum Nucleation in One Dimension

Quantum nucleation, in general, can be understood as a process of quantum

tunneling from a metastable state to either another lower-energy metastable state

or the ground state. The observable that characterizes this quantum mechanical

phenomenon and that is worth computing, is the tunneling rate [100], which in

this case can also be interpreted as the nucleation rate. Using as an example the

simplest case of quantum tunneling from a metastable state in one dimension, we

will introduce a powerful semiclassical technique to compute the tunneling rate.

An extension of this technique will be employed later in this chapter to tackle the

more complicated problem of skyrmion quantum nucleation.

Consider a particle of mass m allowed to move in one spatial dimension in the

presence of a potential energy V (x). Let us further assume the particle finds itself

at rest at the bottom of a local minimum—a metastable state—located at position

x0, (see Fig. 5.1). The global minimum—the ground state—of the potential is

separated from the local minimum by an energy barrier. Classically, energy would
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need to be supplied to the particle so it can overcome the energy barrier. A quantum

mechanical treatment of this problem reveals that there is a nonzero probability

amplitude for the particle to evolve from the local to the global minimum. This

leads us to study the “survival probability”, that is, the probability that after a

period of time t the particle remains at the bottom of the local minimum, given by

|〈x0|e−
i
~ tH |x0〉|2, with H the quantum mechanical Hamiltonian. The probability

amplitude involved here has the path integral [101, 102] expression

〈x0|e−
i
~ tH |x0〉=

∫
x(0)=x0=x(t)

[
Dx(t′)

]
eiA , (5.1)

which is a sum over all the possible paths taken by the particle that begin and end

at x0, and where

A= 1
~

∫ t

0
dt′

1
2m

(
dx

dt′

)2
−V (x)

 , (5.2)

is the action. After a long time T , it can be shown that the survival probability

becomes proportional to e−ΓT , where Γ is the tunneling rate.

A powerful technique to compute Γ using the above path integral, begins

by performing Wick’s rotation to imaginary time, t→−iτ , to obtain the so-called

Euclidean path integral

〈x0|e−
1
~τH |x0〉=

∫
x(0)=x0=x(τ)

[
Dx(τ ′)

]
e−AE , (5.3)

with

AE = 1
~

∫ τ

0
dτ ′

1
2m

(
dx

dτ ′

)2
+V (x)

 , (5.4)

the Euclidean action. Note that the mapping to imaginary time had the effect of

changing the sign in front of the potential energy. In this new formulation, the

particle feels the inverted potential −V (x), where now a local maximum is found
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Figure 5.1: Bounce instanton of a particle in one dimension. (a) One-
dimensional potential energy, V (x), with a local minimum or metastable state at
x0. An energy barrier separates x0 from the global minimum or ground state. (b)
Inverted potential energy, −V (x), obtained after Wick’s rotation to imaginary
time. A local maximum is now located at x0. Green arrows depict the trajectory
of a single-bounce instanton—needed for the calculation of the tunneling rate
from x0 to the ground state of V (x).

at x0 (see Fig. 5.1 (b)). Furthermore, the paths that start and end at x0 can be

solved for classically. One of those paths corresponds to the particle staying for a

long time at x0, then quickly “rolling downhill”, and finally bouncing back to x0.

This type of solution, localized in Euclidean time, is called an instanton. Since the

path integral sums over all possible paths, multi-instanton solutions that depart

from x0 and then bounce back any number of times must be included in the sum.

The standard treatment [100, 103, 104] of summing over all these paths and the

quadratic fluctuations about them gives the following result for the tunneling rate

Γ = Ce−AE [1 +O(~)] , (5.5)

where C is the fluctuation determinant prefactor and the Euclidean action is

evaluated in the single-bounce instaton.
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5.3 Setup and System Preparation

Since the nucleation rate is expected to scale exponentially with the number

of spins involved in the tunneling process, here we are interested in fairly compact

skyrmions whose size is of atomic dimensions. The experimental setup we envision is

depicted in Fig. 5.2. A uniform magnetic field, Bext, is applied perpendicular to the

film (ẑ) to control its global magnetic phase. A local probe, such as a magnetized

tip of an STM or magnetic force microscope (MFM), is then invoked to provide

an additional opposing field Btip. We adopt a model for the magnetic field of the

tip that has been recently used to analyze MFM imaging data of individual Néel

skyrmion in Ir/Fe/Co/Pt multilayer films [105], that had also been previously used

with superconducting vortices [106]. The model describes the tip as a magnetized

truncated cone. Setting the origin of coordinates on the surface of the thin film,

when the tip is at a height, h, right above the origin, the magnetic field it produces

on the film surface (z = 0) has the form

Btip(r) = µ0m̃

4π


 h0ρ

[ρ2 +h2]3/2
+ 1
ρ

1− h√
ρ2 +h2

 ρ̂ +

−

 1√
ρ2 +h2

+ h0h

[ρ2 +h2]3/2

 ẑ
 , (5.6)

where µ0 is the vacuum permeability, ρ= |r|, and h0 is the truncation height (see

Fig. 5.2). Details of the magnetic properties of the tip such as the cone angle,

thickness of the coating layer, and magnetization of the coating are encoded in m̃.

Thus, the net local magnetic field is B(r) =Bextẑ+Btip(r). The quantities Bext,

m̃, h, and h0 are all adjustable parameters within our model.

To prepare the system for the quantum nucleation of a single skyrmion (SSk),

a uniform magnetic field is first applied to bring the sample to the ferromagnetic
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Bext h
h0

sample

tip

Figure 5.2: Schematic of the setup to study quantum nucleation of a single
skyrmion. A uniform field, Bext, and an opposing local magnetic field, generated
by the tip of a local probe, Btip (not shown), are simultaneously applied to the
sample. Thus, the net local magnetic field is B(r) =Bextẑ+Btip(r). The tip
is modeled as a truncated cone, with truncation heigh h0. A coating layer of a
magnetic material (blue) generates the magnetic field of the tip.

(FM) state, close to the boundary separating it from the skyrmion crystal (SkX)

phase (see Fig. 3.8). Then, the local probe field is turned on. Varying the probe

field strength, it can be shown that a SSk can become energetically more favorable

than the FM. The local distortion in the magnetic field produced by the field of the

local probe is crucial because if we tried not to use it and we simply decreased the

applied, uniform magnetic field the system would at some point undergo a phase

transition into the SkX, instead of the SSk. Thus, under these conditions, the

system is still ferromagnetically ordered, but now in a metastable state. At zero or

low enough temperature, thermal fluctuations cannot overcome the energy barrier

separating the FM and SSk states. However, quantum tunneling renders the FM

state unstable, hence there is a nonzero probability to decay to the SSk state.
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5.4 Theoretical Model

5.4.1 Continuum Model

In the continuum limit, the energy density appropriate to describe magnetic

ultrathin films is

E(r) = 1
2J(∇M)2 +D

[
Mz∇ ·M − (M ·∇)Mz

]
−K(Mz)2−B(r) ·M . (5.7)

Besides the usual exchange energy term, this model includes interfacial Dzyaloshinskii-

Moriya interaction (DMI), uniaxial anisotropy, and Zeeman energy. At zero tem-

perature, the low magnetic field phase is a helical structure (H), while at a high

magnetic field the system orders into a uniformly magnetized ferromagnet (FM).

Interpolating these phases is the skyrmion crystal. Skyrmion nucleation will be

studied close to the SkX-FM boundary due to the effect of a local reduction in the

magnetic field.

5.4.2 Lattice Spin Model

Since the topological charge cannot change under a smooth deformation of

the field Ω(r) =M(r)/|M(r)|, in order to accommodate quantum tunneling be-

tween different topological sectors in our model, we must account for the underlying

discrete lattice on which the spins are situated [91].

We discretize on a square lattice of lattice constant a, and henceforth we

measure all lengths in units of a. We assume the magnitude |M(r)| of the local

magnetization is fixed at M0, which is set by a consideration of interaction effects

[20]. Assuming all the spins have magnetic moment µ, then M0 = µ/(a2t), with

t the thickness of the film. After identifying an energy scale E0 = tJM2
0 , the
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discretized dimensionless energy, H̄ = E/E0 , with E = t
∫
d2r E(r) , takes the form

H̄ =−
∑
r

{
Ωr ·

(
Ωr+x̂+Ωr+ŷ

)
+α

[
x̂ ·Ωr×Ωr+ŷ

− ŷ ·Ωr×Ωr+x̂

]
+κ(Ωz

r)2 +br ·Ωr

}
, (5.8)

where α= aD/J is a ratio of the lattice constant to the length scale R0 = J/D set by

the competition between DMI and exchange terms, κ=Ka2/J , and br =B(r)/B0

with B0 = E0/µ a magnetic field scale.

5.4.3 Quantum Mechanical Action

To endow our model with quantum dynamics, we extend each Ωr to a

function of imaginary time, and write the quantum action,

AE
[
{Ωr(τ)}

]
= S

βE0/S∫
0

dτ

i∑
r

dωr(τ)
dτ

+ H̄
[
Ωr(τ)

] , (5.9)

where β is the inverse temperature, dωr(τ)/dτ is the rate at which solid angle is

swept out by the evolution of Ωr(τ). The quantized spin value, S, is related to

the magnetic moment of the spins by µ = gµBS, with g the gyromagnetic ratio.

Note that we have rescaled imaginary time by units of ~S/E0 in order to render it

dimensionless.

5.4.4 Phase Diagram

In order to identify parameters of our model suitable for the potential

experimental observation of quantum nucleation of skyrmions, we have borne in

mind the following two considerations. First, as anticipated above, the tunneling

rate is expected to scale exponentially with the number of spins that participate in
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the tunneling process. Since the size of skyrmions is controlled by the length scale

R0 [50, 107], and we are interested in skyrmions that extend over a few lattice sites,

we set it equal to the lattice constant a, therefore α = 1. Noting that the uniaxial

anisotropy is typically small compared to the exchange interaction and DMI, we will

neglect it in our study, hence κ= 0. For these values of α and κ, in the absence of

the local probe, we have determined that the zero temperature SkX-FM boundary

is crossed when the external magnetic field is swept between 0.65B0 and 0.7B0.

Second, for the parameters describing the magnetic field generated by the local

probe we will take as reference the values reported by the experiments in [106]. In

turn, these guided us in choosing the parameters that fix B0. We have determined

that for E0 = 0.5 meV, a= 0.3 nm, and µ= µB, with µB the Bohr magneton, the

magnetic field scale of our system is B0 = 8.34 T.

Employing a combination of Monte Carlo and numerical relaxation methods

we computed the energy of the FM and SSk states on a square lattice of 30×30 spins

with periodic boundary conditions, using the Hamiltonian H̄
(
{Ωr}

)
in Eqn. (5.8).

To ensure that the SSk state could be achieved for reasonable experimental config-

urations, the truncation height was chosen as h0 = 200 nm; m̃, which encodes the

geometric and magnetic properties of the tip of the local probe, was allowed to vary

between 0.5m̃0 and 1.5m̃0, with m̃0 = 0.027 A/m; and the local probe height above

the sample surface, h, was swept between 60a and 100a. Fig. 5.3 shows the zero

temperature phase diagram, with {E0,α,κ,µ,a} = {0.5meV,1.0,0.0,µB,0.3nm},

indicating regions where the FM and SSk configurations are the ground states. Also

shown in the phase diagram is a region we define as MultiSk, where the ground

state accommodates more than one skyrmion. We should point out that the FM

state referred to in this phase diagram deviates slightly from the configuration

where all the spins point along ẑ because of the in-plane component of the local
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Figure 5.3: Phase diagram as a function of the local probe parameters m̃ and h.
Zero temperature phase diagram of the model Hamiltonian from Eqn. (5.8), with
{E0,α,κ,µ,a,h0, m̃0} = {0.5meV,1.0,0.0,µB,0.3nm,200nm,0.027A/m}, for a
system comprising 30×30 spins on a square lattice with periodic boundary
conditions. The overlaid density plot corresponds to the vertical component of
the net magnetic field on the surface of the sample and below the center of the
tip, Bz, in units of the magnetic field scale B0.

probe field. The phase diagram is overlaid with a density plot of Bz, defined as

the vertical component of the net magnetic field on the surface of the sample and

below the center of the local prove. We have confirmed that the FM-SSk boundary

lies between the level curves Bz = 0.69B0 and Bz = 0.7B0, in the range where the

FM-SkX boundary was obtained in the absence of the local probe field. The overall

structure of the phase diagram can be understood by noting that Bz, for a given

m̃ and h, is the maximum value attained by the vertical component of the net

magnetic field at the surface of the sample. Either increasing m̃ or decreasing h

results in a smaller Bz. Therefore, starting in the FM state, as Bz is reduced, it

will first become energetically more favorable for the system to accommodate a
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single skyrmion (SSk), and then multiple ones (MultiSk).

5.5 Tunneling Rate Calculation

According to a classical description, once in the FM metastable state, in

the absence of thermal fluctuations, it is impossible for the system to overcome the

energy barrier that separates it from the SSk state. However, within a quantum

mechanical description, the FM state is rendered unstable due to quantum tunneling.

This process is analyzed by looking at the survival probability amplitude that the

system remains in the FM state after a long time T , i.e. 〈FM |e−iHT/~ |FM〉, where

H is the quantum Hamiltonian. The magnitude of the tunneling amplitude decays

for large T as exp(−ΓT/2), where Γ is the inverse lifetime of the metastable FM

state, which in our current study will be equivalent to the tunneling rate. We will

calculate Γ using path integrals and the standard technique of instantons [104]. To

that end we first write the above probability amplitude as the following multi-spin

coherent state path integral [108] in Euclidean time,

〈FM |e−βH |FM〉=
∫
DΩ(τ)e−AE[Ω(τ)] , (5.10)

where ~β = iT , Ω = {Ωr}, and the dimensionless Euclidean action AE
[
Ω(τ)

]
is

given in Eqn. (5.9). Näıvely, the boundary conditions on the path integral are

Ω(0) =Ω(βE0/S) =ΩFM, but as the action is linear in time derivatives, supplying

initial and final conditions is problematic. However, for long time bounce paths as

we shall consider below, the instantons come very close to satisfying these conditions.

A careful discussion of boundary conditions on the spin path integral is provided in

the work of Braun and Garg in [109].
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5.5.1 Collective Coordinates

Rather than expressing the path integral in terms of the unit vectors Ωr,

we find it useful to instead use their stereographic projections wr = vr/ur, where

ur = cos(θr/2) and vr = sin(θr/2)exp(iφr) are spinor coordinates for the spin at

site r. Let
(
uSk
r ,v

Sk
r

)
be the spinor coordinates corresponding to a static single

skyrmion configuration ΩSk
r which minimizes the energy function H̄ in Eqn. (5.8).

Instead of attempting to solve for the full instanton, we adopt here a simplifying

collective coordinate description, parametrized by a complex scalar λ(τ), and we

write

wr(τ) = λ(τ)vSk
r

1 +λ(τ)uSk
r

, w̄r(τ) = λ̄(τ) v̄Sk
r

1 + λ̄(τ) ūSk
r

. (5.11)

For λ→ 0, we have that wr describes a FM configuration, while for λ→∞, wr

corresponds to the single skyrmion ΩSk
r .

In the continuum, the topological charge of the above λ-dependent spin

configuration can be readily computed. When ΩSk
r is equal to −ẑ at the origin and

to ẑ at infinity, for a real λ, we find the simple expression Q(λ) = −λ2/(1 +λ2).

Although Q(λ = 0) = 0 and Q(λ→∞) = −1, as expected, it adopts non-integer

values for any nonzero real value of λ. As explained in Chapter 2, the topological

charge takes on integer values only if the one-point compactification requirement is

fulfilled—in the present case it is not. As a matter of fact, the troublesome point is

at the origin, where the spin configuration inherits a singularity from φSk
r . While

φSk
r is also singular in the FM and SSk states, its singular behavior is not expressed

because the spin at the origin has no in-plane component in those states.

The previous discussion pertains to the continuum. On a lattice, however,

the singularity can be avoided by ensuring that no lattice point lies at the origin.

As mentioned in Chapter 4, the topological charge can still be defined on a lattice
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Figure 5.4: Quantum tunneling process. Energy landscape as a func-
tion of the collective coordinates along the line Re(λ) = Re(λ̄), with
Im(λ) = 0 = Im(λ̄), for the model parameters {E0,α,κ,µ,a,h0, m̃0} =
{0.5meV,1.0,0.0,µB,0.3nm,200nm,0.027A/m}, as well as m̃/m̃0 = 0.85 and
h/a = 70. The classically metastable FM state, at λ = 0 = λ̄, is rendered un-
stable due to quantum tunneling. The system can tunnel through the energy
barrier to the X state, at λX , and then reach the SSk state, at λ, λ̄→∞, by
classical evolution. The topological charge of the X state is −1 or 0, if λX > 1
or λX < 1, respectively.

[90]. For a square lattice, it is given by the sum of the solid angles subtended

by the spins situated on the vertices of elementary triangular plaquettes. In our

calculations of the lattice version of the topological charge, we use the following

expression for the solid angle, Ω1,2,3, subtended by three unit vectors {n̂i}3i=1 [110]

tan
(1

2Ω1,2,3

)
= n̂1 · n̂2× n̂3

1 + n̂1 · n̂2 + n̂1 · n̂3 + n̂2 · n̂3
. (5.12)

The topological charge on the square lattice jumps from 0 to −1 as soon as the spins

located on the vertices of the central plaquette acquire a negative z-component.

Noting that the z-component of a hypothetical spin located at the origin would be

given by (1−λ2)/(1 +λ2), it follows that the topological charge jumps at λ= 1.
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By investing the interpolation parameters {λ, λ̄} with time dependence, the

evolution of the set
{
wr(τ), w̄r(τ)

}
now depends on the evolution of these new

collective coordinates. Our approach here parallels that taken in [111], where a

collective coordinate path integral approach was applied to analyze metastable

Bose-Einstein condensates. The situation is depicted in Fig. 5.4. As a function of

real λ, the energy H̄(λ) has a local minimum at the FM state λ= 0, and a global

minimum at the SSk state λ=∞ (blue curve). In the quantum tunneling process,

the collective coordinate moves under the barrier, emerging at the point marked X

in the figure, at λX , from where it may “roll downhill” toward λ=∞. As explained

above, at the conclusion of the tunneling process the topological charge of the X

state will be −1 or 0, if λX > 1 or λX < 1, respectively.

Within the collective coordinate approximation, the spin path integral

becomes

〈FM |e−βH |FM〉 ≈
∫
D[λ, λ̄] e−A

eff
E [λ,λ̄] , (5.13)

where

Aeff
E [λ, λ̄] = S

βE0/S∫
0

dτ

∑
r

w̄r∂λwr ∂τλ− wr∂λ̄w̄r ∂τ λ̄
1 + w̄rwr

+ H̄(λ, λ̄)

 , (5.14)

and where H̄(λ, λ̄) is obtained from H̄
(
{Ωr}

)
by substituting

Ωz
r = 1− w̄rwr

1 + w̄rwr
, Ωx

r + iΩy
r = 2wr

1 + w̄rwr
. (5.15)

5.5.2 Instantons

This reduced path integral over collective coordinates is dominated by

the paths that extremize Aeff
E , the so-called bounce instantons. Summing over
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all the multi-bounce instantons [104] and the quadratic fluctuations about them,

the tunneling rate from the FM to the SSk state can be approximated as Γ =

C exp
(
−∆Aeff

E
)
, where C is the fluctuation determinant prefactor, and the reduced

effective action,

∆Aeff
E = S

βE0/S∫
0

dτ
∑
r

w̄r∂λwr ∂τλ− wr∂λ̄w̄r ∂τ λ̄
1 + w̄rwr

, (5.16)

is evaluated in the single-bounce instanton; here we focus on the computation of

∆Aeff
E . The calculation of the tunneling rate has now been reduced to solving the

Euler-Lagrange (EL) equations of motion

dλ

dτ
=− 1

M

∂H̄

∂λ̄
,

dλ̄

dτ
= + 1

M

∂H̄

∂λ
, (5.17)

where H̄ and M are functions of both λ and λ̄, with

M(λ, λ̄) = 2
∑
r

1
(1 +wrw̄r)2

∂wr
∂λ

∂w̄r

∂λ̄
. (5.18)

Owing to the relative minus sign in Eqns. (5.17), the EL equations for λ(τ) and

λ̄(τ) are not complex conjugates of each other. Nor, since the EL equations are first

order in time, are we permitted to impose boundary conditions on both λ and λ̄ at

τ = 0 and τ = βE0/S. Rather, λ(τ) is to be evaluated forward from initial data

λ(0) = λ0 (with λ0 = 0 in our case, corresponding to the metastable FM state) and

λ̄(τ) is to be evaluated backward from final data λ̄(βE0/S) = λ̄∗0, where star denotes

complex conjugation. Thus, during the bounce path, λ(τ) and λ̄(τ) are generally

not complex conjugates, and thus the components Ωα
r , obtained in Eqn. (5.15) from

(wr, w̄r), are not always real [112, 113]. Indeed the bounce instanton equations

imply λ̄(τ) = λ∗(βE0/S− τ), hence w̄r(τ) = w∗r(τ) only on three time slices: τ = 0
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and τ = βE0/S, corresponding to the FM state, and τ = 1
2βE0/S, where the field

emerges from the barrier. In fact, for finite βE0/S, there are exponentially small

differences between λ(βE0/S) and λ0, and between λ̄(0) and λ∗0. These differences

can be made arbitrarily small by increasing the value of βE0/S.

For a continuous family of magnetization fields M(r,u) parameterized by

a real number u, a topology change between different topological charge sectors

is possible only via Bloch points [114, 115, 116], which are configurations where

M(r,u) vanishes at some location r. This occurs for a critical value of u, since

this state of affairs is nongeneric, and thereby corresponds to a three-dimensional

singularity such as a hedgehog. In our tunneling formalism, the fields wr(τ) and

w̄r(τ) are in general not complex conjugates of each other, and thus there is no

corresponding field M (r, τ) which has a classical interpretation except at the initial

and final (imaginary) times, and at the midpoint where the fields emerge from the

tunneling barrier. Nevertheless, if one defines the fields Ωz
r ≡ (1−w∗rwr)/(1+w∗rwr),

Ω+
r ≡ 2wr/(1 +w∗rwr), Ω̄z

r ≡ (1− w̄rw̄∗r)/(1 + w̄rw̄
∗
r), and Ω̄+

r ≡ 2w̄∗r/(1 + w̄rw̄
∗
r),

where bar does not signify complex conjugation, one has that Ω(r, τ) and Ω̄(r, τ)

each go though Bloch points at different times, in the continuum limit. Again, the

fact that our model is defined on a lattice avoids any actual singularities.

5.5.3 Results

We first computed the energy of the system as a function of the collective

coordinates along the line Re(λ) = Re(λ̄), with Im(λ) = 0 = Im(λ̄), in the SSk region

of the phase diagram in Fig. 5.3. It was confirmed that the FM state was indeed

a metastable state in this region. Then the reduced effective Euclidean action,

∆Aeff
E , was computed as a function of m̃ and h in the SSk region, for the same

model parameters used in the construction of the phase diagram. Our results are
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Figure 5.5: Reduced effective Euclidean action, ∆Aeff
E . Computed for the same

model parameters in Fig. 5.3, as a function of the local probe parameters m̃
and h in the region where the SSk state is the ground state. S is the spin of the
individual magnetic moments in the sample. ∆Aeff

E was not computed in the
(gray) regions where the ground state is either the FM or the MultiSk state.

presented as a contour plot in Fig. 5.5. Since Γ = C exp
(
−∆Aeff

E
)
, a large/small

∆Aeff
E corresponds to a small/large tunneling rate. ∆Aeff

E is simply the sum of

the (complex) Berry phases accumulated by all the spins in the lattice during a

single-bounce instanton. The spin Berry phase has the geometrical interpretation

of the solid angle swept by the spin as it evolves in time. Therefore, Γ is strongly

dependent on the effective number of spins flipped during the tunneling process. A

general feature of our calculation of ∆Aeff
E is that it decreases as both m̃ and h are

reduced. We have correlated this behavior with the height of the energy barrier

separating the FM from the X state: the smaller the energy barrier the smaller

∆Aeff
E gets.

Two representative bounce instantons have been plotted in Fig. 5.6 along



62

τ

Re(λ)Re(λ̄)

τ

Re(λ)Re(λ̄)

Re(λ)
R
e(
λ̄
)

Re(λ)

R
e(
λ̄
)

(a) (b)

(c) (d)

0

10

20

30

0 2 4 6 8 10 12 14 0 10 20 30
0

10

20

30

0

2

4

8

0 2 4 6 8 10 12 14

6

0

2

4

8

6

0 2 6 10

10

84

Figure 5.6: Bounce instantons. (a) & (c), bounce instantons as a function of
imaginary time, measured in units of ~S/E0. Only the real part of λ and λ̄ are
plotted, their imaginary parts vanished within numerical error. (b) & (d), phase
portraits of the instanton ODEs, Eqns. (5.17); the orange contours correspond
to the bounce instantons. Local probe parameters {m̃/m̃0,h/a}= {1.3,98} and
{m̃/m̃0,h/a} = {0.85,70} were used for (a) & (b) and (c) & (d), respectively.
For all panels, the same model parameters in Fig. 5.3 were used.
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with the respective phase portrait of solutions determined by Eqns. (5.17). The

spin configuration exhibited by the system as it emerges from under the tunneling

barrier, the X state, admits a classical interpretation (see Fig. 5.4). Therefore, its

topological charge can be computed. For the parameters we have worked with, it

was found that the X state always had a topological charge of −1 since λX > 1.

Once the X state is reached, the system evolves classically toward the minimum

energy state. During this evolution the magnetic texture deforms, but preserves its

topological charge of −1.

The inverse of the tunneling rate, 1/Γ , is also the lifetime of the FM, i.e., a

measure of the characteristic time that one has to wait to observe the decay of the

FM into the SSk state. To complete the calculation of Γ , we also need to compute

the fluctuation determinant prefactor. C has units of inverse time, and thus it can

be estimated using the energy scale of our model as C ≈ E0/~. In the calculations

presented here, we assumed the spins had a magnetic moment µ = gµBS = µB,

consistent with a system of spins with S = 1/2 and a gyromagnetic ratio g = 2.0.

Therefore, from our computed ∆Aeff
E , E0 = 0.5 meV, and S = 1/2, we obtain that

1/Γ ranges between 0.5 and 1 ms.

5.6 Conclusions

Quantum nucleation of individual skyrmions in magnetic ultrathin films

with interfacial DMI was studied. At zero temperature, a localized magnetic field,

generated by the tip of a local probe, applied to a sample in the FM state can

render a SSk energetically more favorable. Using spin path integrals and a collective

coordinate approximation, the tunneling rate from the metastable FM state to

the SSk state was computed as a function of the magnetization of the local probe
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and its height above the sample surface. Nucleating a SSk from the FM state is

unavoidably accompanied by the creation of topological charge, a process forbidden

in the continuum. However, since the magnetic state of the system was described

by spins on a lattice, we were able to model the quantum nucleation process using

the continuous evolution of the spins. Model parameters leading to tunneling rate

values that could result in experimentally observable skyrmion nucleation events

were determined.

Chapter 5 contains material from the preprint: S. A. Dı́az and D. P. Arovas,

“Quantum Nucleation of Skyrmions in Magnetic Films by Inhomogeneous Fields”,

arXiv:1604.04010 [cond-mat.str-el] (2016). The dissertation author was the primary

investigator and author of this paper.



Chapter 6

Controlling Skyrmion Helicity

We present our study of single magnetic skyrmion dynamics in chiral magnets

with a spatially inhomogeneous Dzyaloshinskii-Moriya interaction (DMI). Based

on the relation between DMI coupling and skyrmion helicity, it is argued that the

latter must be included as an extra degree of freedom in the dynamics of skyrmions.

An effective description of the skyrmion dynamics for an arbitrary inhomogeneous

DMI coupling is obtained through the collective coordinates method. The resulting

generalized Thiele’s equation is a dynamical system for the center of mass position

and helicity of the skyrmion. It is found that the dissipative tensor and hence the

Hall angle become helicity dependent. The skyrmion position and helicity dynamics

are fully characterized by our model in a particular case of engineered DMI coupling:

half-planes with opposite-sign DMI. Our results constitute the first step toward a

more complete understanding of the skyrmion helicity as a new degree of freedom

that could be harnessed in future high-density magnetic storage and logic devices.

65
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6.1 Skyrmion Helicity: a New Degree of

Freedom

6.1.1 Skyrmion Helicity

For a static, axially-symmetric skyrmion centered at the origin, the direction

of the magnetization, Ω =M/|M |, can be written as

Ω(r,γ) = sinΘ(r)
[

cos(ϕ+γ)x̂+ sin(ϕ+γ)ŷ
]

+ cosΘ(r)ẑ , (6.1)

where r and ϕ are the usual cylindrical coordinates. Here, γ, which determines

the in-plane twisting of the magnetization, is known as the skyrmion helicity. The

skyrmion radial profile, Θ(r), describes the out-of-plane rotation of the skyrmion

texture. So far, experiments have observed only two kinds of skyrmions tied to the

two types of DMI: Bloch skyrmions with γ = ±π/2 due to bulk DMI, and Néel

skyrmions with γ = 0 arising from interfacial DMI. Since the helicity of skyrmions is

usually set by the DMI type, it has been largely regarded as a constant parameter

rather than as a degree of freedom. However, as will be argued below, this is no

longer true for skyrmions moving in systems with spatially inhomogeneous DMI.

6.1.2 Experimental Motivation

Recent experiments have revealed the dependence of the DMI in the chiral

magnet alloys Mn1−xFexGe [54, 117, 118] and Fe1−xCoxSi [119, 120, 121] on the

chemical composition x. For instance, measuring the wave vector of the helical spin

texture, it has been shown [120] that the strength and even the sign of the DMI can

be controlled by varying the composition of Co in Fe1−xCoxSi. Similar results were

reported in [54], where by changing the composition x in Mn1−xFexGe the size and
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helicity of magnetic skyrmions were modified. These experiments, together with

the latest theoretical studies [122, 123, 124], have been devoted to elucidate the

intriguing relation of the magnitude and sign of the DMI to chemical composition,

thus opening the possibility to manipulate the skyrmion helicity by engineering

the crystal chirality and spin-orbit coupling. Motivated by these experiments

[54, 117, 118, 119, 120, 121], we studied the dependence of the helicity, promoted

to a degree of freedom, on single magnetic skyrmion dynamics in chiral magnets

with an inhomogeneous DMI coupling.

6.2 Skyrmions in Chiral Magnets with Spatially

Inhomogeneous DMI

We chose to study skyrmion dynamics in chiral magnet thin films at low

temperatures and in the presence of an external magnetic field B. As mentioned

above, it is in compounds belonging to this class of materials where the ability

to engineer the DMI with doping has been reported. Assuming the magnitude

of the magnetization field, M , is uniform across the sample, the magnetic energy

functional for these systems is given by

U =M2
∫
dr
[
J(∇Ω)2 + 2D(r)Ω ·∇×Ω− B̄ ·Ω

]
, (6.2)

where J denotes the spin stiffness, and B̄ =B/M . We focused exclusively on the

case of an external magnetic field orthogonal to the thin film, i.e., B =Bẑ. The

DMI of this model is of the bulk type and has a spatially-dependent DMI coupling

D(r). This energy functional has been successfully used to describe skyrmions with

uniform DMI coupling, i.e., when D(r) =D [21].
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6.2.1 Static Skyrmion Texture and Skyrmion Radial

Profile

The magnetic texture of the static, axially-symmetric skyrmion is completely

determined once its helicity γ and radial profile Θ(r) are specified. Substituting

the expression of equation (6.1) into the magnetic energy introduced above (6.2),

a functional in the skyrmion radial profile is obtained. Calculating Θ(r) for an

arbitrary D(r) is not straightforward. The simpler case of uniform DMI coupling,

though, will play a key role in what follows. Extremizing the energy functional

with D(r) =D leads to the following Euler-Lagrange equation

d2θ

dρ2 + 1
ρ

dθ

dρ
+ sinγ 2sin2 θ

ρ
− sin2θ

2ρ2 − bsinθ = 0 , (6.3)

with boundary conditions θ(0) = π and θ(∞) = 0. These boundary conditions

correspond to a skyrmion whose magnetization points along −ẑ at its center,

against the external magnetic field, while at an infinite distance from the core

the magnetization points in the same direction as the magnetic field. The above

ODE has been adimensionalized by scaling the radial coordinate as ρ= r/R, where

R = J/D, as well as defining θ(ρ) = Θ(Rρ) and b = BR2/(2JM). It is worth

pointing out that the helicity enters in (6.3) as a parameter, in the same way

as the adimensionalized external magnetic field b. Later, upon investing gamma

with time dependence, it will be crucial to explicitly state the dependence of the

skyrmion radial profile on the helicity, hence from now on we will write Θ(r,γ) and

θ(ρ,γ) = Θ(Rρ,γ).

The skyrmion radius is defined as that for which θ = π/2. Because the

size of the skyrmion cannot be less than the lattice constant, a, we considered an

elementary size for the skyrmion: ρ∗ =
√

2a/R. Accordingly, a minimum value for
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Figure 6.1: Helicity dependence of the skyrmion texture and radial profile.
Schematic illustration of skyrmion textures with different helicities are displayed
in (a)-(d), for γ = π/2, γ = 3γ∗, γ = 1.5γ∗ and γ = 3π/2, respectively (here b= 2
and ρ∗ = 0.04 which yield γ∗ = 0.23). In (e) and (f), plots of the numerical
solutions of the adimensionalized profile equation, Eq. (6.3), for a single skyrmion
are shown. These helicity-dependent solutions were determined in the presence
of an adimensionalized uniform external magnetic field b. In (e), where the
helicity of the skyrmion profile is γ = π/2, it is observed that as the magnetic
field increases, the size of the skyrmion core shrinks. A similar behavior holds
for the skyrmion size as the helicity decreases, which is plotted in (f) for a
magnetic field b= 0.75. The size of the skyrmion core is a smooth function of
the helicity, being maximum when γ = π/2 (a) or γ = 3π/2 (d) and minimum
for γ ∈ [0,γ∗]∪ [π−γ∗,π+γ∗]∪ [2π−γ∗,2π].

the helicity, γ∗, was introduced. For Fe0.5Co0.5Si, ρ∗ = 0.04, and taking b= 2, this

value is estimated to be γ∗ = 0.23.

Schematics of the skyrmion magnetization field obtained are depicted in

Fig. 6.1 for several values of the helicity (panels (a)-(d)). The dependence of the

skyrmion radial profile on the external magnetic field and the helicity are shown in

Fig. 6.1(e) and Fig. 6.1(f), respectively. In (e), for a helicity γ = π/2, it is observed

that as the magnetic field increases, the size of the skyrmion core shrinks. A similar

behavior holds for the skyrmion size, plotted in (f) for a magnetic field b= 0.75, as
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the helicity decreases.

6.3 Effective Skyrmion Dynamics

The time evolution of any magnetic texture, in particular that of a skyrmion,

can be determined by solving the field equations for the magnetization field M .

However, in a given problem, not all of the uncountably infinite degrees of freedom in

the magnetization field are equally important. For this reason we seek to construct

an effective description of the long-term skyrmion dynamics based only on a few

relevant degrees of freedom.

The initial state of the physical scenario we wish to study has a skyrmion

already nucleated in a region of the sample with a locally uniform DMI coupling.

Then, as the skyrmion begins to move, it will get deformed due to the spatial

inhomogeneities in the DMI. Owing to its topologically protected stability, it is

assumed that the skyrmion will not be destroyed by these deformations. Further-

more, for low energy distortions, which correspond to long-term dynamics, the

axial symmetry is retained [125]. Therefore, we expect the skyrmion to translate

across the sample and, due to its inextricable relation to the DMI, the helicity is

also expected to evolve in time as the skyrmion explores regions with varying DMI.

Now that we have identified the relevant degrees of freedom, namely the

position and helicity of the skyrmion, we need to determine their equations of

motion. To that end we will use the method of collective coordinates [126], and

the corresponding Generalized Thiele’s Equation [127] will be constructed.
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6.3.1 Collective Coordinates

The method of collective coordinates is based on the assumption that the

magnetic texture can be described by a discrete set of time-dependent coordinates

ξ(t)T = (ξ1(t), . . . , ξN (t))—each one of them usually comprising a large number of

microscopic degrees of freedom—so that the time dependence of the magnetization

comes solely from theirs, i.e., M (r, t) =M (r,ξ(t)). As suggested by the previous

analysis and assumptions, an effective description of the skyrmion dynamics in terms

of the position of its center r0 =Xx̂+Y ŷ and its helicity γ will be constructed.

Thus, we define the following three collective coordinates: ξ1(t) =X(t), ξ2(t) = Y (t),

and ξ3(t) = γ(t)

A successful description of the effective, long-term dynamics depends on a

judicious selection of collective coordinates. Only a few soft modes, those with the

largest relaxation times, are typically chosen. When present, Goldstone modes are

the first choice because changes in them costs zero energy, and consequently have

an infinite relaxation time. However, not all the collective coordinates appropriate

to a given description have to be Goldstone modes, other soft modes with a finite

relaxation time may be needed.

In our model, the spatially inhomogeneous DMI term in the magnetic energy

breaks both translational and rotational symmetry. Thus, neither (X,Y ) nor γ are

Goldstone modes. Nevertheless, under the assumptions outlined above, they are

suitable soft modes for the problem at hand.

6.3.2 Generalized Thiele’s Equation

A general derivation of the Generalized Thiele’s Equation, valid for any

number and choice of collective coordinates, is presented in this section.
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When the magnitude of the magnetization can be regarded as constant, the

equations of motion for the collective coordinates follow from the dynamics of the

direction of the magnetization Ω, governed by the Landau-Lifshitz-Gilbert (LLG)

equation
dΩ
dt

= γ̄Heff×Ω+αΩ× dΩ
dt

+τ STT +τ SOT . (6.4)

Here γ̄ = g|e|/(2me) is the electron gyromagnetic ratio, the effective magnetic field

is Heff = − 1
M

δU
δΩ , and α is the Gilbert damping constant. For completeness, the

conventional spin-transfer torque τ STT, due to the transference of spin angular

momentum from spin-polarized currents to the magnetization, and a spin-orbit

torque τ SOT [128, 129], due to the intrinsic spin-orbit coupling of the chiral magnet,

have also been included. Using that the time dependence of Ω enters through the

collective coordinates, i.e., Ω(r, t) = Ω(r,ξ(t)), the left-hand side of this equation

can be rewritten as dΩ/dt = ξ̇j∂Ω/∂ξj . Acting on the LLG equation with Ω×,

taking the dot product with ∂Ω/∂ξi, multiplying by the angular momentum density

J = M/γ̄, and finally integrating over the volume, we arrive at the Generalized

Thiele’s Equation

Gij ξ̇j−Dij ξ̇j +Fi+F si = 0 , (6.5)

where

Gij = J
∫
dr Ω ·

(
∂Ω
∂ξi
× ∂Ω
∂ξj

)
, (6.6)

Dij = αJ
∫
dr

(
∂Ω
∂ξi
· ∂Ω
∂ξj

)
, (6.7)

Fi = −
∫
dr
δU
δΩ
· ∂Ω
∂ξi

=−∂U
∂ξi

, (6.8)

F si = −J
∫
dr
∂Ω
∂ξi
· [Ω× (τ STT +τ SOT)] . (6.9)
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Figure 6.2: Helicity and external magnetic field dependence of the dissipative
tensor components. Components of the dissipative tensor η1 and η3, right and
left panel respectively, as a function of the helicity for different values of the
adimensionalized external magnetic field b. The dashed, grey and black curves
are obtained for b= 0.75, b= 1.25 and b= 1.75, respectively.

Above, Gij and Dij denote the gyrotropic and dissipative tensor, respectively.

F is called the generalized force. The spin force, F s, is determined by the two-

dimensional electric current density and the specific form of τ SOT. In the results

presented here the electric current density is assumed to vanish, so this force will

be neglected. By solving the Generalized Thiele’s Equation, we obtain the time

dependence of the collective coordinates necessary to describe the effective skyrmion

dynamics. In order to do so, we first need to compute Gij , Dij , and F which we

proceed to do below.

6.3.3 Gyrotropic and Dissipative Tensors

From our previous discussion, we will use the magnetic texture of a static,

axially-symmetric skyrmion introduced in (6.1) with the proviso that the radial

profile is now helicity-dependent, Θ = Θ(r,γ), and results from a calculation

that assumed a uniform DMI coupling. Additionally, both the skyrmion center

and helicity are now promoted to collective coordinate status: Ω(r, t) = Ω(r−

r0(t),γ(t)).
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As can be seen from their definition, while the gyrotropic tensor is antisym-

metric, the dissipative tensor is symmetric. We found that the non-zero components

of the gyrotropic tensor are G12 =−G21 = 4πdJ, with d the thickness of the mag-

netic film. Noting that Gij is proportional to the topological charge in the ξiξj

space, this result follows directly from the topological structure inherited from the

parent magnetic texture Ω(r,γ). Our calculations show that the dissipative tensor

obeys Dij = 4παdJδijηj , with η1 = η2 by the axial symmetry of the parent texture,

and where

η1(γ) = 1
4

∫ ∞
0

rdr

(∂Θ(r,γ)
∂r

)2
+ sin2 Θ(r,γ)

r2

 , (6.10)

η3(γ) = 1
2

∫ ∞
0

rdr

(∂Θ(r,γ)
∂γ

)2
+ sin2 Θ(r,γ)

 . (6.11)

Clearly η1,η2,η3 > 0, so Dij is positive definite. The radial profile Θ(r,γ), required

to compute the ηi’s, was obtained by numerically solving the Euler-Lagrange

equation (6.3) using the shooting method.

The curves shown in Fig. 6.2 present the result obtained for the helicity-

dependent parts of the non-zero components of the dissipative tensor, η1 and η3.

The plots were performed for several values of the external magnetic field b. It is

observed that as the magnetic field is decreased, the variation of the components of

the dissipative tensor is enhanced. From Eqs. (6.10) and (6.11), it is clear that this

is caused by the increase in size of the skyrmion profile due to its strong dependence

on the external magnetic field (see Fig. 6.1(f) and also Fig. 6.1(a-d)).
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6.3.4 Generalized Force and Equations of Motion

In order to compute the generalized force we first need to evaluate the mag-

netic energy for the collective coordinate-dependent skyrmion texture Ω(r−r0,γ).

The magnetic energy thus obtained, now a function of the collective coordinates,

reads U(r0,γ) = UDM(r0,γ) +UEX-Z(γ), where UDM(r0,γ) = 2dM2 sinγ
∫
d2rD(r0 +

r)f(r,γ), UEX-Z(γ) = dJM2g(γ), and

f(r,γ) = ∂Θ(r,γ)
∂r

+ sin2Θ(r,γ)
2r , (6.12)

g(γ) = 2π
∫ ∞

0
drr

(∂Θ(r,γ)
∂r

)2
+ sin2 Θ(r,γ)

r2 − B̄
J

cosΘ(r,γ)
 . (6.13)

It is worth noting that while the exchange and Zeeman energy terms become

helicity-dependent, UEX-Z(γ), the DMI energy also acquires a dependence on the

skyrmion position, UDM(r0,γ). This was expected since only the DMI coupling was

position-dependent.

As can be seen from (6.9), the components of the generalized force follow from

straightforward partial differentiation of U(r0,γ). For the sake of clarity, hereafter

we will use the collective coordinate symbols as subindices for the generalized

force components instead of numbers. Thus, F{1,2} =−∂U/∂{X,Y }= F{X,Y }, and

F3 =−∂U/∂γ = Fγ . For a DMI coupling with arbitrary spatial dependence on the

thin film plane, D(r), the generalized force components are given below

F{X,Y } = −2dM2 sinγ
∫
d2r

∂D(r0 +r)
∂{X,Y }

f(r,γ) , (6.14)

Fγ = −dM2 ∂

∂γ

[
2sinγ

∫
d2rD(r0 +r)f(r,γ) +Jg(γ)

]
. (6.15)

Using the explicit expressions determined in the previous section for the

gyrotropic and dissipative tensors, we can write the Generalized Thiele’s Equation
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for our model as the following autonomous, third-order dynamical system

Ẏ −αη1(γ)Ẋ+ 1
4πdJFX(X,Y,γ) = 0 , (6.16)

Ẋ+αη1(γ)Ẏ − 1
4πdJFY (X,Y,γ) = 0 , (6.17)

αη3(γ)γ̇− 1
4πdJFγ(X,Y,γ) = 0 . (6.18)

Although expected when internal degrees of freedom associated with the change of

shape of the skyrmion are incorporated, our equations do not contain an inertia

term. Unlike the results presented in [130], where by integrating out the internal

degrees of freedom an inertia term arises, the focus of our work is to explicitly track

the helicity dynamics. If Eq. (6.18) were used to eliminate γ from Eqs. (6.16) and

(6.17), an inertia term, among others, should emerge.

6.3.5 Engineered DMI: One-Dimensional Spatial

Dependence

Now that we have constructed the Generalized Thiele’s Equation which

describes the effective skyrmion dynamics in thin films with an arbitrary DMI

coupling, we will focus exclusively on the special case of an engineered DMI coupling

with one-dimensional spatial dependence. Besides being one of the simplest, we

are interested in this particular case because skyrmion-supporting samples with

this feature have already been reported. Without loss of generality, we choose the

x-axis as the direction along which the DMI coupling varies, i.e., D(r) = D(x).

This choice makes the magnetic energy, and consequently the generalized force,

no longer dependent on Y . Our model can be further simplified by eliminating

Ẏ using (6.17)—now with FY = 0—giving way to the following adimensionalized,
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autonomous, second-order dynamical system

dX̃

dτ
= αη̃1(γ)

1 +α2η̃2
1(γ) F̃X(X̃,γ) , (6.19)

dγ

dτ
= 1

αη̃3(γ) F̃γ(X̃,γ) , (6.20)

where all spatial variables and time have been scaled by R = J/D and T =

πJR/(2DM2), respectively. Here we have also introduced X̃ = X/R, η̃1 = η1,

η̃3 = η3/R2, F̃X = FX/(8dDM2), and F̃γ = Fγ/(8dRDM2). Therefore, only X̃ and

γ govern the effective skyrmion dynamics while Ỹ = Y/R is now a slave variable

whose time evolution is determined from

dỸ

dτ
=−tanδ(γ)dX̃

dτ
, (6.21)

where the Hall angle δ(γ) satisfies tanδ(γ) = 1/[αη̃1(γ)]. Because of the typical

small values of the Gilbert damping, the Hall angle would attain an almost γ-

independent value close to π/2, thus determining a large ratio between the Y - and

X-velocities. However, if the variation of η̃1(γ) is made large enough, by decreasing

the external magnetic field, it could be possible to observe the helicity dependence

predicted for δ(γ).

The next section is devoted to the effective skyrmion dynamics, predicted by

the model developed so far, in a particular scenario of interest of engineered DMI

coupling. We will proceed to determine F̃X and F̃γ , then the general equations

(6.19), (6.20), and (6.21) will be used to analyze the resulting dynamics.
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6.4 Half-Planes with Opposite Sign DMI

Thin films of Mn1−xFexGe with an engineered, spatially-varying DMI

strength have been recently synthesized [54]. LTEM measurements revealed the

existence of neighboring domains hosting skyrmions with opposite helicity: γ = π/2

and γ = 3π/2, respectively. Skyrmion dynamics in such systems can be modeled by

considering a thin film split into two half-planes with opposite-sign DMI couplings.

If the interface between the two domains is located at x= 0, the spatial dependence

of the DMI coupling can be written as D(r) =D sgn(x). Using (6.14) and (6.15),

the adimensionalized components of the generalized force are calculated to be

F̃X(X̃,γ) = −sinγf̃1(X̃,γ) , (6.22)

F̃γ(X̃,γ) = − ∂

∂γ

[
sinγf̃3(X̃,γ) + 1

8 g̃(γ)
]
, (6.23)

where

f̃1(X̃,γ) =
∫ ∞

0
dvf̃(

√
X̃2 +v2,γ) , (6.24)

f̃3(X̃,γ) =
∫ ∞

0
dv
∫ X̃

0
duf̃(

√
u2 +v2,γ) , (6.25)

g̃(γ) = 2π
∫ ∞

0
dρρ

(∂θ(ρ,γ)
∂ρ

)2
+ sin2 θ(ρ,γ)

ρ2 −2bcosθ(ρ,γ)
 . (6.26)

The dimensionless functions introduced above, g̃(γ) = g(γ) and f̃(ρ,γ) =Rf(r,γ),

were obtained by scaling the radial coordinate as ρ= r/R, and using the previously

defined θ(ρ,γ) = Θ(Rρ,γ).
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Figure 6.3: Solutions of the effective dynamical system. (a) Phase portrait of
solutions of the dynamical system for a skyrmion in a thin film split into two
half-planes with opposite-sign DMI couplings, for α= 0.5 and b= 2. The color
code represents the skyrmion radius, SkR, defined as that for which θ = π/2.
Highlighted in red are the separatrices which determine the eight labeled regions.
While trajectories from regions 1-4 always remain within either of the two
domains, regions 5-8 host trajectories that can cross over. (b) Schematic of a
the eight types of trajectories allowed by this dynamical system.
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6.4.1 Phase Portrait of Solutions and Analysis

In samples with uniform DMI coupling D, the static, axially-symmetric

skyrmions that extremize the magnetic free energy in Eq. (6.2) have helicity

π/2 or 3π/2 for D > 0 and D < 0, respectively. A skyrmion with either of those

helicities does not extremize the magnetic energy in the sample with nonuniform

DMI coupling considered in this section, unless it is located at an infinite distance

away from the interface. Therefore, the expected long-term dynamics of a skyrmion

in this type of sample is to flow toward (X̃ =∞,γ = π/2) or (X̃ =−∞,γ = 3π/2)

depending on its initial condition. Indeed, as depicted in the phase portrait

in Fig. 6.3 (a), these are the only two attractors—stable fixed points—of the

corresponding dynamical system. The unstable fixed points are (X̃ = 0,γ = 0,2π)

and (X̃ = 0,γ = π). The separatrices, i.e., trajectories that separate regions of the

phase portrait with qualitatively different solutions, are also shown, in red. A total

of eight qualitatively different possible solutions emerge from the structure of fixed

points and separatrices of this dynamical system. These correspond to the eight

regions labeled in the phase portrait. A diagram sketching all types of possible

trajectories in the XY plane is included in Fig. 6.3 (b).

According to the phase portrait of solutions, a skyrmion that has been

nucleated to the right of the interface (X̃ > 0) could either remain within this domain

and eventually flow away from the interface toward the attractor (X̃ =∞,γ = π/2)

or cross over to the left domain and flow asymptotically to (X̃ =−∞,γ = 3π/2).

Among the possible trajectories that remain within the right domain, those whose

initial position is located close to the interface could have the skyrmion approach the

interface first and the turn around to finally flow toward the attractor. Interestingly,

the time evolution of the helicity is strictly monotonic (clockwise/counterclockwise

as in region 3/4 [Fig. 6.3 (a)]) for those skyrmions that remain to the right of the
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t = 1.08 nst = 0.36 nst = 0 ns

Ωz−1 1

t = 0.04 nst = 0 ns t = 1.08 ns

(a)

(b)

Figure 6.4: Snapshots of two select trajectories, highlighted in blue, from the
phase portrait in Fig. 6.3. (a) From region 7, a skyrmion crosses over the interface,
at X = 0, between the two domains. (b) From region 4, a skyrmion reverts its
helicity. Using parameter values for Fe0.5Co0.5Si, the time scale introduced to
adimensionalize the dynamical system was estimated as T = 0.36 ns.

interface, whereas the helicity of skyrmions that cross over to the left domain can

increase/decrease to a maximum/minimum value before decreasing/increasing to

3π/2 at the attractor. A similar analysis can be made for skyrmions nucleated to

the left of the interface (X̃ < 0).

Two features observed for skyrmions nucleated at large distances from the

interface are worth noting. First, the further a skyrmion is nucleated from the

interface, the smaller becomes its probability to cross over. This can be understood

by observing how little regions 5-8 [Fig. 6.3 (a)], which host solutions that cross

over, such as that shown in Fig. 6.4 (a), extend away from the interface. Second,

for those initial conditions that do not result in the skyrmion crossing over [Fig.

6.4 (b)], the time evolution appears to take place in two steps: a fast change in



82

the helicity toward its asymptotic value with almost no change in the skyrmion

position, followed by a slow flow of the skyrmion away from the interface.

6.5 Conclusions

We have investigated single skyrmion dynamics in chiral magnets with locally

varying Dzyaloshinskii-Moriya interactions. An effective description, based on the

collective coordinates method, was established in terms of the skyrmion center of

mass and helicity, which were found to satisfy a generalized Thiele’s equation. In

the construction of this equation, only the static skyrmion radial profile, Θ(r,γ)

was needed to compute the gyrotropic and the dissipative tensors. The spatially

dependent DMI coupling only entered in the calculation of the generalized forces.

It should be noted that although the radius of the skyrmion was not included

as a collective coordinate, by using a helicity-dependent skyrmion radial profile

to derive the generalized Thiele’s equation, the size of the skyrmion inherited its

dynamics from the helicity. This is a general feature of our model independent of

the particular DMI coupling considered. Another interesting feature is the helicity

dependence of the Hall angle. Since δ(γ) derives from the dissipative tensor, it will

be the same for any form of the DMI coupling. As with the skyrmion radius, the

Hall angle also inherits its time dependence from the helicity. Furthermore, for

sufficiently small values of the Gilbert damping, the Hall angle becomes almost

independent of the helicity with a value close to π/2.

The simple helicity dynamics allowed by the case we have investigated,

should not be seen as mere academic exercises. On the contrary, the proposed

engineered DMI coupling scenario must be considered as the simplest testbed where

the nontrivial time evolution of the skyrmion helicity can be studied in a controlled
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fashion. Indeed, the features observed in the case discussed could be detected

by standard real space imaging techniques such as Lorentz TEM, in conjunction

with the experimental technique used in [131] where the low-energy dynamics of a

skyrmion lattice was investigated measuring its microwave response.

In this work, we predicted how a single magnetic skyrmion texture adjusts

its helicity as it propagates under a spatially modulated DMI. The results presented

here establish the road to single magnetic skyrmion manipulation with full control

over all its relevant degrees of freedom. Moreover, we expect future applications to

take advantage of the relation between the skyrmion position and helicity using the

structure of their phase portrait as a valuable guide. Finally, our findings constitute

the first step toward a more complete understanding of the physics of the skyrmion

helicity, which opens numerous opportunities for an effective control of skyrmions

in future high-density storage and logic devices.

Chapter 6 contains material published by Institute of Physics Publishing

in: S. A. Dı́az and R. E. Troncoso, “Controlling skyrmion helicity via engineered

Dzyaloshinskii-Moriya interactions”, Journal of Physics: Condensed Matter, 28,

426005 (2016). The dissertation author was the primary investigator and author of

this paper.



Chapter 7

Noise Signatures of

Current-Driven Skyrmions

Using a particle-based model we simulate current-driven magnetic skyrmions

interacting with random quenched disorder and examine the skyrmion velocity

fluctuations parallel and perpendicular to the direction of motion as a function

of increasing drive. We show that the Magnus force contribution to skyrmion

dynamics combined with the random pinning produces an isotropic effective shaking

temperature. As a result, the skyrmions form a moving crystal at large drives

instead of the moving smectic state observed in systems with a negligible Magnus

force where the effective shaking temperature is anisotropic. We demonstrate that

spectral analysis of the velocity noise fluctuations can be used to identify dynamical

phase transitions and to extract information about the different dynamic phases,

and show how the velocity noise fluctuations are correlated with changes in the

skyrmion Hall angle, transport features, and skyrmion lattice structure.

84
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7.1 Introduction

Similar to other particle-like objects such as vortices in type-II supercon-

ductors [132, 133, 134, 135], electrons in Wigner crystals [136, 137, 138], and

colloids moving on a rough substrate [139, 140, 141], skyrmions exhibit depinning

and collective dynamics when driven over quenched disorder [142]. All of these

systems can exhibit dynamical transitions between distinct types of motion as

a function of the strength of the driving force. Such dynamic phases include a

low drive pinned phase, a plastic or disordered flow phase in which there is a

combination of moving and pinned particles [142, 132, 139, 140, 143, 144], mov-

ing liquid phases in which all the particles are in motion but the overall moving

structure is disordered [142, 132], and high driving dynamically ordered or quasi-

ordered states including moving smectic states and moving anisotropic crystals

[142, 132, 134, 135, 137, 141, 145, 146, 147, 148, 149, 150, 151, 152]. These different

phases can be identified by direct visualization [148, 150], changes in the structure

factor of the particle configurations [134, 146, 147, 149, 151, 152] and features in the

transport curves or differential conductivity [142, 132, 135, 137, 143, 145, 147, 149].

The dynamic states can also be characterized by measuring changes in the noise

fluctuations of the moving particles as a function of increasing drive [142]. One of

the best examples of a system in which noise fluctuations can be used to identify

the dynamical states is flux motion in type-II superconductors, where the voltage

noise generated at fixed current or drive is produced by the velocity fluctuations

of the vortices. Both experiments and simulations show that in the plastic flow

regime the noise fluctuations typically exhibit a large low frequency component

with a 1/fα characteristic [133, 147, 152] where α= 1.0 to 2.0, while in the moving

liquid phase the noise is white with α = 0 [133, 147]. At higher drives when a

moving ordered state forms, a narrow band noise signature appears with peaks
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at frequencies that are correlated with the periodicity of the moving structure

[147, 150, 152, 153, 154, 155].

Koshelev and Vinokur [145] argued that the transition from the disordered

flow state to the ordered flow state at higher drives in vortex systems can be

understood by representing the fluctuating forces exerted by the pinning sites on

the moving vortices as an effective shaking temperature Tsh. As the driving force

Fd increases, Tsh decreases according to Tsh ∼ 1/Fd since the more rapidly moving

vortices have less time to respond to the pinning forces. At high drives the pinning

sites act only as a weak perturbation of magnitude Tsh on the rapidly moving

vortices, and the mutual repulsion between vortices dominates over the pinning

forces so that the vortices form an ordered lattice. In contrast, at lower drives the

fluctuations created by the pinning sites are stronger and Tsh becomes large enough

to melt the vortex lattice, in analogy to the melting of an equilibrium system

under ordinary thermal fluctuations. Further theoretical work [156, 157] showed

that due to the direction of the external driving force, the shaking temperature

from the pinning-induced dynamical perturbations is anisotropic, and thus the

dynamically ordered state is also anisotropic, taking the form of a moving smectic

or a moving anisotropic crystal. Such states have been observed in experiment [148]

and simulations [146, 147, 149]. Computational studies have also directly shown

that the dynamic fluctuations in the different phases are anisotropic [149] and that

the shaking temperature decreases with increasing drive [158].

Skyrmions share many features with vortices in type-II superconductors.

Both are particle-like objects with repulsive interactions, both form triangular

lattices in the absence of quenched disorder, and both can be set into motion with

an applied current. Thus, analyzing the noise fluctuations of moving skyrmions

should provide a valuable method for characterizing the skyrmion dynamics. One
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key difference between vortices and skyrmions is that skyrmion motion typically has

a large Magnus component, while vortex systems are generally in the overdamped

limit where the Magnus term is weak or absent. The Magnus term generates a

skyrmion velocity component that is perpendicular to the external force, and it

is not known what effect this has on the noise fluctuations. Due to the Magnus

term, the skyrmions move at an angle, called the skyrmion Hall angle θSk, with

respect to the driving force. In the absence of pinning θSk has a fixed intrinsic

value of θintSk = arctan(αm/αd) where αm is the strength of the Magnus term and

αd is the damping coefficient. Both simulations [159, 160, 161, 162, 65, 163] and

experiments [60, 64] have shown that when pinning is present, θSk is strongly

drive dependent, taking the value θSk ≈ 0 just above depinning and increasing to

θSk ≈ θintSk at high drives where the dynamic fluctuations induced by the pinning are

reduced. This drive dependence is a result of the side-jump motions the skyrmions

experience when they interact with pinning sites, which diminishes at higher drives

[160, 161, 162, 164]. Previous simulation work showed that in the presence of

pinning the skyrmions form a pinned skyrmion glass that depins plastically into

a disordered flowing state followed by a transition to an ordered flowing state at

high drives [161]. Unlike the overdamped vortices, which form a moving smectic

state, the skyrmions form a moving isotropic crystal, suggesting that the dynamic

fluctuations and shaking temperature experienced by the moving skyrmions are

different in nature from those in the vortex system. Previous numerical studies

indicate that skyrmions show a broad band noise signature near depinning and

narrow band noise at high drives [65]; however, these studies were limited in scope

and did not include diffusive measures that could indicate how the fluctuations

correlate with the structure of the moving skyrmions.

Here we examine skyrmions moving over random quenched disorder and
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measure the velocity fluctuations both parallel and perpendicular to the direction

of skyrmion motion for varied intrinsic skyrmion Hall angles and drives. We use a

particle-based model [159, 160, 161, 162, 65, 164] in which the skyrmion dynamics

is described by a modified Thiele equation [164, 43]. In the overdamped limit the

Hall angle is zero with respect to the driving direction, the velocity fluctuations

are highly anisotropic at all drives, and the system forms a moving smectic state at

large drives as indicated by the presence of two dominant peaks in the structure

factor. When the Magnus term is finite, we find that the velocity fluctuations are

anisotropic in the plastic flow regime but become isotropic at the transition to a

moving ordered phase in which the skyrmions form a moving triangular crystal

with equal weight in the six Bragg peaks of the structure factor. The skyrmion

Hall angle is zero just at depinning within the plastic flow regime and gradually

increases with increasing drive before saturating to a value close to θintSk at the

transition to the moving crystal state. We show that the velocity noise fluctuations

undergo a crossover from a broad band noise signature in the plastic flow phase to

narrow band noise in the moving crystal. In general the skyrmion system exhibits a

richer variety of narrow band noise than the vortex system, such as switching events

that are associated with small rotations in the moving lattice. We also show that

at small but finite intrinsic skyrmion Hall angles, multiple dynamical transitions

can occur in the moving state, including a transition from disordered flow to a

moving smectic followed by a transition to a moving crystal. These transitions can

be detected through changes in the velocity noise signal and jumps in the skyrmion

Hall angle.
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7.2 Model and Simulation

We consider a two-dimensional system in which the skyrmions are modeled as

point particles obeying dynamics that are described by a modified Thiele’s equation

which includes quenched disorder and skyrmion-skyrmion interactions [164, 43].

The particle-based model is applicable under conditions where excitation of internal

modes in individual skyrmions can be neglected and where the distance between

skyrmions is comparable to or larger than the size of an individual skyrmion. We

simulate N = 480 skyrmions moving in a system of size Lx×Ly with Lx = 34.64

and Ly = 36 containing Np = 259 randomly distributed pinning sites. The equation

of motion of skyrmion i is given by

αdvi−αmẑ×vi = F ss
i +F p

i +FD . (7.1)

Here vi = dri/dt is the instantaneous velocity and ri is the position of skyrmion

i, while αd = 1.0 is the damping coefficient for the dissipative viscous force. The

second term on the left hand side is the Magnus force which originates from the

topological charge of each skyrmion. It produces no work and causes the skyrmions

to move in the direction perpendicular to the net force. The skyrmion-skyrmion

interaction force [161, 164] is given by F ss
i =∑N

j=1K1(rij)r̂ij , where rij = |ri−rj |,

r̂ij = (ri−rj)/rij , and K1 is the modified Bessel function of the second kind. The

randomly distributed pinning sites are modeled as finite range parabolic traps that

produce a pinning force described by F p
i =∑Np

k=1(Fp/rp)(ri−r(p)
k )Θ(rp−|ri−r(p)

k |),

where Fp = 1.5 is the maximum pinning force, rp = 0.35 is the radius of the pinning

sites, r(p)
k is the location of the k-th pinning site, and Θ is the Heaviside step

function. The external driving force, FD = FDx̂, represents the Lorentz force

exerted on the emergent quantized magnetic flux carried by each skyrmion by an
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applied electric current [165, 59]. Equation (7.1) neglects thermal fluctuations,

which are typically described by adding a Langevin force term, η, because the

fluctuations introduced by random quenched disorder dominate in our system. The

dynamics of superconducting vortices are also described by Eq. (7.1) in the limit

where the coefficient αm of the Magnus term vanishes, since the vortex dynamics

are dominated by damping. We refer to the case αm = 0 as the overdamped vortex

limit.

We measure V = N−1∑N
i=1vi, the instantaneous velocity averaged over

all of the skyrmions, as well as its time-averaged value 〈V〉. In the absence of

pinning sites, the angle θ between V and the driving force is equal to θintSk , the

intrinsic skyrmion Hall angle. When pinning is present, however, θ fluctuates

around the drive-dependent value of θSk. We resolve V into components V|| =

V · x̂cosθSk+V · ŷ sinθSk and V⊥ = V · ŷ cosθSk−V · x̂sinθSk that are parallel and

perpendicular, respectively, to the direction of θSk. Figure 7.1 shows an image of

our system as well as a diagram illustrating the relationship between V, V||, V⊥,

θSk, and the driving force FD which is applied along the x direction.

To investigate the effect of the Magnus term, we perform simulations for

different values of αm corresponding to intrinsic skyrmion Hall angles of θintSk = 0◦,

10◦, 20◦, 30◦, 45◦, 60◦, 70◦, and 80◦. We initialize the skyrmions in a triangular

lattice and slowly increase FD from FD = 0 to FD = 8.0 in increments of ∆FD = 0.01

every 5×105 simulation time steps. For each drive increment, we allow the system

to equilibrate during 5×104 simulation time steps, compute θSk for the equilibrated

system based on the direction of 〈V〉, and then use θSk to measure V|| and V⊥

during the remaining 4.5× 105 simulation time steps. From the resulting time

series we construct σ|| and σ⊥, the standard deviations of V|| and V⊥, respectively.

We also obtain S||(ω) and S⊥(ω), the power spectral densities of the fluctuations
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〈V〉V

FDx̂

V‖

V⊥

y

x

Figure 7.1: Simulated system: current-driven skyrmions with random quenched
disorder. (a) Real-space snapshot of the simulated system. Open black circles
indicate pinning sites and filled blue dots indicate the instantaneous skyrmion
positions. (b) Diagram illustrating the relationship between the driving force
FDx̂ applied along the x direction and the instantaneous skyrmion velocity V
averaged over all skyrmions. The skyrmion Hall angle θSk varies with FD, and
the time-averaged skyrmion velocity 〈V〉 is aligned with θSk. The direction of
V fluctuates around θSk and we resolve V into its components V|| and V⊥ that
are parallel and perpendicular, respectively, to the direction defined by θSk.
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in the parallel and perpendicular velocity components. Using the instantaneous

positions of all the skyrmions, we calculate the mean squared displacements ∆||

and ∆⊥ parallel and perpendicular to 〈V〉, as well as the static structure factor

S(q) =
∣∣∣N−1∑N

i=1 exp[iq ·ri]
∣∣∣2. We determine Pn, the fraction of n-fold coordinated

skyrmions, according to Pn = N−1∑N
i=1 δ(n− zi) where zi is the coordination

number of skyrmion i obtained from a Voronoi tessellation. We focus on P6, which

measures the amount of six-fold or hexagonal ordering of the moving skyrmions,

as well as P5 and P7, which are correlated with the appearance of dislocations

composed of 5-7 paired dislocations. There is also some finite weight in P4 due to

the shearing of a triangular lattice structure. All other coordination numbers have

vanishing weight and are not shown.

7.3 Dynamic Phases

In Fig. 7.2(a) we plot the magnitude of the time-averaged velocity 〈|V|〉

versus driving force FD for the overdamped vortex limit with αm = 0 and θintSk = 0◦.

For FD < 2.0, 〈|V|〉 has a nonlinear shape consistent with a plastic depinning

process, and crosses over to a linear dependence on driving force for FD ≥ 2.0. As

shown in the inset of Fig. 7.2(a), θSk = 0◦ for all FD, indicating that the particles

are moving in the direction of the applied drive, as expected for the vortex limit. In

Fig. 7.2(b), the plot of σ|| and σ⊥ versus FD indicates that the velocity fluctuations

are strongly anisotropic, with σ|| > σ⊥. Both σ|| and σ⊥ reach peak values near

FD = 1.0, indicating a maximum in the plasticity of the flow. This is followed

by a decrease in σ|| to a saturation value of σ|| ≈ 0.27 at high drives, and a dip

in σ⊥ followed by a gradual increase to a saturation value of σ⊥ ≈ 0.19 at high

drives. The plots of P4, P5, P6, and P7 versus FD in Fig 7.2(c) show that for
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Figure 7.2: Results from the overdamped limit αm = 0 with θint
Sk = 0◦. (a)

Magnitude of the time-averaged velocity 〈|V|〉 vs driving force FD. The inset
shows θSk vs FD, where there is no driving force dependence and θSk = 0◦.
(b) Standard deviation σ|| (upper blue curve) and σ⊥ (lower red curve) of the
parallel and perpendicular instantaneous velocity, respectively, vs FD showing a
strong anisotropy. The labels a, b, and c indicate the values of FD at which the
structure factors in Fig. 7.5(a,b,c) were obtained. (c) P4 (lower green curve), P5
(central light orange curve), P6 (upper black curve), and P7 (central dark red
curve), the fraction of 4-, 5-, 6-, and 7-fold coordinated particles, respectively,
vs FD showing a transition to an ordered state near FD = 2.0.
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0.0 < FD < 1.2, P6 ≈ 0.4 and the vortex positions are strongly disordered. For

FD > 1.2, P6 increases to a value of P6 ≈ 0.9 indicating that dynamical reordering

of the vortices has occurred, while P5 and P7 drop to P5,7 ≈ 0.05 and track each

other as the defects form paired 5-7 gliding dislocations.

Figure 7.3 illustrates the same quantities as above in a system with a finite

Magnus term where θintSk = 45◦. In Fig. 7.3(a), the shape of 〈|V|〉 versus FD is

nonlinear for FD < 2.0, indicating a plastic depinning process similar to that of the

θintSk = 0◦ case shown in Fig. 7.2(a), but with a lower overall magnitude of 〈|V|〉. The

plot of σ|| and σ⊥ versus FD in Fig. 7.3(b) shows that σ|| > σ⊥ only for FD < 2.5

in the disordered flow regime, while for FD ≥ 2.5 when the system has dynamically

ordered, σ|| ≈ σ⊥, indicating that the velocity fluctuations are isotropic unlike in the

vortex case. In Fig. 7.3(c), we plot P4, P5, P6, and P7 versus FD. The disordered

plastic flow with low P6 and high σ|| persists out to slightly higher drives in the

θintSk = 45◦ system compared to the vortex system, as indicated by the fact that the

peak in σ|| occurs at FD = 1.1 in Fig. 7.3(b) but at FD = 1.0 in Fig. 7.2(b). The

dynamic reordering also shifts to higher drives, falling at FD = 2.0 in Fig. 7.2(c)

but at FD = 2.5 in Fig. 7.3(c); however, although P6 continues to slowly increase

with FD in the vortex system above the dynamic reordering transition, in the

θintSk = 45◦ system P6 reaches a higher saturation value of P6 = 0.96 at FD = 2.5

and does not evolve as FD further increases, as shown in the inset of Fig. 7.3(c).

This difference is due to the anisotropic velocity fluctuations in the vortex case,

where the dislocations remaining after the dynamic reordering process has occurred

undergo gliding motion and can only slowly annihilate each other, and the isotropic

velocity fluctuations in the skyrmion case, where the remaining dislocations can

climb under effectively thermal excitations and annihilate each other much more

efficiently. The inset of Fig. 7.3(a) shows that θSk ≈ 0◦ at small FD and gradually
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Figure 7.3: Results from a system with θint
Sk = 45◦. (a) 〈|V|〉 vs FD. The

inset shows θSk vs FD where θSk = 0◦ at FD = 0 and increases to θSk = θint
Sk

when the system enters the moving crystal phase. (b) σ|| (upper blue curve)
and σ⊥ (lower red curve) vs FD. σ|| ≈ σ⊥ when the system enters the moving
crystal state, where the velocity fluctuations are isotropic. The labels d, e, and f
indicate the values of FD at which the structure factors in Fig. 7.5(d,e,f) were
obtained. (c) P4 (lower green curve), P5 (central light orange curve), P6 (upper
black curve), and P7 (central dark red curve) vs FD showing a transition to the
moving crystal state near FD = 2.5. Inset: P6 vs FD for systems with θint

Sk = 0◦
(magenta curve) and θint

Sk = 45◦ (black curve) over the range 2.0<FD < 4.0. The
θint

Sk = 45◦ system reaches a higher saturation value of P6 = 0.96 at FD = 2.5.
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increases to θSk = θintSk = 45◦, reaching its saturation value at FD = 1.5 where the

difference between σ|| and σ⊥ in Fig. 7.3(b) has become small. This indicates that

the direction of skyrmion motion in the plastic flow state gradually rotates until the

drive is high enough that all the skyrmions have depinned. The drive dependence

of θSk is in agreement with previous simulation studies [161] and experiments [60]

which show an increase in θSk with driving force and a saturation to the intrinsic

value θintSk at high drives.

The same quantities as above for a system with θintSk = 70◦ appear in Fig. 7.4.

〈|V|〉 versus FD in Fig. 7.4(a) has a similar nonlinear shape for FD < 2 as found

for the other values of θintSk , and at higher drives the magnitude of 〈|V|〉 is further

decreased compared to the vortex system. The inset of Fig. 7.4(a) indicates

that at low drives θSk = 0◦, while the skyrmion Hall angle saturates to the value

θSk = θintSk = 70◦ at FD = 1.5. In Fig. 7.4(b), the plot of σ|| and σ⊥ versus FD

shows that there is a sharp decrease in both quantities when the system enters the

moving liquid phase at FD = 1.5, and that at high drives σ⊥ is slightly larger than

σ||. The plot of P4, P5, P6, and P7 versus FD in Fig. 7.4(c) indicates that there

are two distinct disordered flowing phases. For 0.3< FD < 1.5, the system exhibits

plastic flow (PF) where not all of the skyrmions are moving, σ‖ > σ⊥, P6 = 0.4,

P4 > 0, and P5 > P7. In contrast, for 1.5 < FD < 2.5 the system forms what we

call a moving liquid (ML) phase in which all of the skyrmions have depinned and

have gained some partial order, with P6 ≈ 0.625, P4 = 0, and P5 = P7 indicating

that all the remaining dislocations have formed pairs. For FD > 2.5 the system

dynamically orders into a moving crystal as shown by the jump in P6 to P6 ≈ 0.98

and the drop in P5 and P7 to P5 = P7 ≈ 0.02. At the transition from the moving

liquid to the moving crystal there is also a small jump in σ⊥, as shown in the inset

of Fig. 7.4(b).
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Figure 7.4: Results from a system with θint
Sk = 70◦. (a) 〈|V|〉 vs FD. The inset

shows θSk vs FD where θSk = 0◦ at FD = 0 and increases to θSk = θint
Sk when

the system enters the moving crystal phase. (b) σ|| (upper left blue curve) and
σ⊥ (lower left red curve) vs FD showing that the velocity fluctuations become
isotropic at high drives. The labels g, h, and i indicate the values of FD at
which the structure factors in Fig. 7.5(g,h,i) were obtained. Inset: A zoom of
the main panel highlighting the small jump in σ⊥ at the transition from the
moving liquid to the moving crystal. (c) P4 (lower green curve), P5 (central light
orange curve), P6 (upper black curve), and P7 (central dark red curve) vs FD

showing a multi-step transition to the moving crystal state near FD = 2.75.
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Figure 7.5: Static structure factors S(q). (a,b,c) The system in Fig. 7.2 with
θint

Sk = 0◦ at drives of (a) FD = 1.3 in the plastic flow state, (b) FD = 2.0 in the
moving smectic state, and (c) FD = 8.0 in the moving anisotropic crystal state.
(d,e,f) The system in Fig. 7.3 with θint

Sk = 45◦ at drives of (d) FD = 1.6 in the
moving liquid state, (e) FD = 2.4 in a slightly anisotropic moving crystal state,
and (f) FD = 8.0 in the moving crystal state. (g,h,i) The system in Fig. 7.4 with
θint

Sk = 70◦ at drives of (g) FD = 2.0 in the moving liquid state, (h) FD = 2.8 in a
slightly anisotropic moving crystal state, and (i) FD = 8.0 in the moving crystal
state.
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7.3.1 Moving Lattice Structure

The different features in the transport curves and velocity noise fluctuations

correlate with changes in the static structure factor S(q). In Fig. 7.5(a,b,c) we plot

S(q) for the overdamped system with θintSk = 0◦ from Fig. 7.2 at drives of FD = 1.3,

2.0, and 8.0, respectively. At FD = 1.3 the system is undergoing plastic flow and

S(q) in Fig. 7.5(a) exhibits a ring feature indicative of an amorphous structure,

while at FD = 2.0 in Fig. 7.5(b) the system is in a moving smectic state in which

the particles travel in one-dimensional chains that slide past one another, producing

two peaks in S(q) along the qx = 0 axis. At FD = 8.0 in Fig. 7.5(c) there is more

order in the system as indicated by the additional smeared peaks appearing in S(q);

however, the system is still in a moving smectic or a strongly anisotropic moving

crystal state as shown by the anisotropy in σ⊥ and σ|| in Fig. 7.2(b). This result is

in agreement with previous simulations and experiments in the overdamped limit

for vortex systems [146, 147, 148].

In Fig. 7.5(d,e,f) we plot S(q) for the system in Fig. 7.3 with θintSk = 45◦

at drives of FD = 1.6, 2.4 and 8.0. At FD = 1.6 in Fig. 7.5(d) the system is in a

moving liquid phase, while at FD = 2.4 in Fig. 7.5(e) the system has dynamically

ordered into a slightly anisotropic moving crystal phase. Here S(q) is rotated

compared to the θintSk = 0◦ case in Fig. 7.5(b) since the skyrmion lattice is moving

at an angle with respect to the drive direction. There is weak anisotropy in the

moving structure as indicated by the smearing of four of the peaks in S(q), which

is consistent with the small anisotropy observed in σ⊥ and σ|| for this drive value

in Fig. 7.3(b). At FD = 8.0 in Fig. 7.5(f) where σ⊥ = σ‖, the system forms a

moving crystal state in which all six peaks in S(q) have almost equal weight. In

Fig. 7.5(g,h,i) we plot S(q) for the system in Fig. 7.4 with θintSk = 70◦ at drives of

FD = 2.0, 2.8, and 8.0, respectively. Similar to the θintSk = 45◦ case, at FD = 2.0
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Figure 7.6: Dynamic phase diagram as a function of the intrinsic skyrmion
Hall angle θint

Sk vs the drive strength FD. PF: plastic flow phase; ML: moving
liquid phase; MS: moving smectic phase; and MC: moving crystal phase. The
line separating PF from ML is at FD = Fp. For FD < Fp, only a portion of the
skyrmions are flowing, while for FD ≥ Fp, all of the skyrmions are moving. At
high θint

Sk the MC phase is lost due to a Magnus melting effect. Black squares
indicate the ML-MC boundary, green circles mark the ML-MS boundary, and
blue triangles show the location of the MS-MC boundary.

in Fig. 7.5(g) the system forms a disordered moving liquid state, at FD = 2.8 in

Fig. 7.5(h) a slightly anisotropic moving crystal state appears, and at high drives

of FD = 8.0 in Fig. 7.5(i), an isotropic moving crystal forms as indicated by the

equal weight of the six peaks in S(q).

In Fig. 7.6 we plot a dynamic phase diagram as a function of θintSk versus

FD. For FD/Fp < 1.0 there is a mixture of pinned and moving skyrmions and we

find a plastic flow (PF) phase with a disordered structure. In this regime, the

velocity fluctuations are anisotropic with σ|| > σ⊥, and θSk increases from zero

as FD increases. Just above FD/Fp = 1.0, all the skyrmions are moving but the

structure is still disordered, placing the system in a moving liquid (ML) phase. The
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value of θSk saturates to θSk = θintSk at the onset of the ML phase. For θintSk < 20◦, at

higher drives the system transitions into the same moving smectic (MS) state found

in the vortex system. At θintSk = 10◦ we find that the ML-MS transition is followed

at slightly higher FD by a transition into a moving crystal (MC) phase. In the

MC phase the fluctuations are isotropic or only slightly anisotropic with σ⊥ & σ||.

For 20◦ < θintSk ≤ 70◦ we find no MS phase and the system transitions directly from

the ML phase to the MC phase. For θintSk = 80◦, above the PF-ML transition the

system remains in the ML phase out to the highest values of FD we have considered;

however, in principle it is possible that the system could dynamically order at much

higher drives. At θintSk = 0◦, the ML phase extends from FD = 1.5, when all the

particles depin, to FD = 1.8. Both P5 and P7 decrease throughout the ML regime

before reaching a partial saturation at the onset of the MS phase, as shown in

Fig. 7.2.

The loss of the MC phase at large values of θintSk is due to the nondissipative

nature of the Magnus term which becomes increasingly dominant as the intrinsic

skyrmion Hall angle increases, creating larger dynamical fluctuations that prevent

the skyrmions from reordering due to what we term a Magnus melting effect.

7.3.2 Diffusion

For vortex systems, the dynamic fluctuations of the vortices induced by

interactions with the pinning sites are argued to act as an anisotropic effective

shaking temperature, with the largest fluctuations occurring along the driving

direction. In order to test the nature of the fluctuations we measure the mean

squared displacement (MSD) of the skyrmions by projecting the individual skyrmion

displacements into the directions parallel and perpendicular to the drive-dependent

θSk direction. We define the parallel MSD in the center-of-mass frame of reference
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at time t as ∆‖(t) = N−1∑N
i=1

[
r̃i,‖(t)− r̃i,‖(0)

]2
, where r̃i,‖(t) = ri,‖(t)−RCM

‖ (t).

Similarly, the perpendicular MSD in the center-of-mass frame of reference is given

by ∆⊥(t) = N−1∑N
i=1

[
r̃i,⊥(t)− r̃i,⊥(0)

]2
, where r̃i,⊥(t) = ri,⊥(t)−RCM

⊥ (t). Here

we have used the parallel and perpendicular components of the position of the

i-th skyrmion and of the center of mass RCM. These components are given by

ri,‖ = ri · x̂cosθSk+ri · ŷ sinθSk, ri,⊥ = ri · ŷ cosθSk−ri · x̂sinθSk, and similarly for

RCM. The position of the center of mass is RCM =N−1∑N
i=1ri.

At long times, ∆||(t) and ∆⊥(t) exhibit a power law behavior and are

proportional to tα, where α is the diffusion exponent. We write ∆||(t)∝ tα|| and

∆⊥(t)∝ tα⊥ .

In Fig. 7.7(a) we plot ∆|| and ∆⊥ versus time for the overdamped case

of θintSk = 0◦ at a drive of FD = 4.0 where the system forms a moving smectic

state. Here ∆||�∆⊥ and power law fits of the long time behavior give α|| ≈ 2,

consistent with ballistic motion in the parallel direction, and α⊥ = 0.04. This result

is in agreement with previous simulation studies measuring the diffusive behavior

in the moving smectic phase for vortices in type-II superconductors [149]. The

superdiffusive behavior of ∆|| arises due to the fact that in the moving smectic

state the particles move in one-dimensional chains that slip past each other due

to their slightly different velocities. As a result, the distance between any two

particles in different chains in the moving center of mass frame grows linearly with

time. Since there is no transverse hopping of particles from chain to chain, diffusion

perpendicular to the driving direction is strongly suppressed. In Fig. 7.7(b) we

plot M|| and M⊥, the value of ∆|| and ∆⊥ at a time of τ = 5×105 simulation time

steps, versus FD for the θintSk = 0◦ system in Fig. 7.7(a). Here M|| >M⊥ for all FD,

and there is a drop in M⊥ at the ML-MS transition. Within the ML phase, ∆⊥

behaves diffusively while in the MS phase it has subdiffusive behavior (not shown).
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Figure 7.7: Mean squared displacements. (a,c,e) The parallel and perpendicular
mean squared displacements, ∆|| (blue) and ∆⊥ (red), vs time in simulation
steps obtained at FD = 4.0. (a) At θint

Sk = 0◦ in the moving smectic phase, the
diffusion exponents are α|| = 2.01 and α⊥ = 0.04. (c) At θint

Sk = 45◦ in the moving
crystal phase, α|| = 0.41 and α⊥ = 0.47. (e) At θint

Sk = 70◦ in the moving crystal
phase, α|| = 0.27 and α⊥ = 0.19. (b,d,f) M|| = ∆||(τ) and M⊥ = ∆⊥(τ) vs FD

with τ = 5× 105 simulation time steps. (b) θint
Sk = 0◦, (d) θint

Sk = 45◦, and (f)
θint

Sk = 70◦. As the intrinsic skyrmion Hall angle increases, the Magnus term
becomes dominant over the dissipation and the anisotropy in ∆|| and ∆⊥, which
serve as measures of the effective temperatures parallel and perpendicular to
θSk, is greatly reduced.



104

In Fig. 7.7(c) we plot ∆|| and ∆⊥ versus time for a system with θintSk = 45◦ at

FD = 4.0 in the moving crystal phase. Here the displacements are isotropic and we

find subdiffusive behavior with α|| ≈ α⊥ ≈ 0.45. In general, in the moving crystal

phase a small number of dislocations are present that can slowly climb or glide,

producing the weak subdiffusive behavior in both ∆|| and ∆⊥. The plot of M||

and M⊥ versus FD in Fig. 7.7(d) indicates that the displacements are anisotropic

in the PF phase for FD < 2.0, and then become isotropic in the MC phase for

FD ≥ 2.0. These results indicate that the isotropic nature of the effective shaking

temperature in the moving skyrmion system is responsible for the formation of an

isotropic moving crystal phase. Figure 7.7(e) shows ∆|| and ∆⊥ versus time in the

moving crystal phase at FD = 4.0 for a system with θintSk = 70◦. We find subdiffusive

behavior in both directions with α|| ≈ α⊥ ≈ 0.22, and ∆⊥ is slightly larger than

∆||. In Fig. 7.7(f) we show M|| and M⊥ versus FD for the same system, where

we observe a transition to isotropic diffusion at the higher drives. At θintSk = 80◦

where the moving liquid phase persists up to high drives, there is still a transition

from anisotropic diffusion in the plastic flow phase to isotropic diffusion in the ML

phase; however, within the ML phase α|| and α⊥ have much higher values than

what we observe in the MC phase for smaller θintSk . This indicates that even within

the disordered flow regime, the Magnus dominated dynamics modify the diffusive

behavior compared to what is observed in the overdamped case.

7.3.3 Small Intrinsic Skyrmion Hall Angle

The small intrinsic skyrmion Hall angle case of θintSk = 10◦ is particularly

interesting since it exhibits both a MS and a MC phase. In Fig. 7.8(a) we plot

∆⊥ and ∆|| as a function of time for the θintSk = 10◦ system at FD = 2.0 in the MS

phase. Here ∆|| is superdiffusive with α|| = 1.54 while ∆⊥ is subdiffusive with
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Figure 7.8: The transition from a moving smectic to a moving crystal for a
system with θint

Sk = 10◦. (a) ∆|| (upper blue line) and ∆⊥ (lower red line) vs
time in simulation time steps at FD = 2.0 in the moving smectic phase. α|| =
1.54, indicating superdiffusive behavior, while α⊥ = 0.24, indicating subdiffusive
behavior. (b) The corresponding structure factor S(q). (c) Voronoi construction
of the instantaneous skyrmion positions at FD = 2.0. Black dots indicate sixfold-
coordinated skyrmions, red dots indicate fivefold-coordinated skyrmions, and
blue dots indicate sevenfold-coordinated skyrmions. In the smectic state, the
defects combine into 5-7 pairs that glide along the driving direction. (d) ∆||
(lower blue line) and ∆⊥ (upper red line) vs time in simulation time steps at
FD = 4.0 in the moving crystal phase. (e) The corresponding structure factor
S(q). (f) The corresponding Voronoi construction of the instantaneous skyrmion
positions at FD = 4.0 shows an almost completely ordered lattice.

α⊥ = 0.24. Figure 7.8(b) shows that the structure factor at FD = 2.0 contains

prominent peaks indicative of a smectic ordering. The moving smectic is tilted

with respect to the x axis since the skyrmions are moving at an angle θSk ≈ 9.8◦

relative to the driving direction. This differs from the MS that forms for θintSk = 0◦,

shown in Fig. 7.5(b), which remains aligned with the drive direction. In Fig. 7.8(c),

a Voronoi construction of the instantaneous skyrmion positions in the MS phase

indicates that the defects assemble into 5-7 pairs that glide along the direction in



106

which the skyrmions are moving.

At FD = 2.75, a transition occurs into the MC state where the skyrmions

move at an angle θSk = 10◦ to the driving direction, indicating that the MS-MC

transition is also associated with a lattice rotation. In Fig. 7.8(d) the plot of ∆⊥

and ∆|| versus time in simulation steps at FD = 4.0 in the MC state shows that

the system is much more isotropic and that both ∆⊥ and ∆|| exhibit subdiffusive

behavior with α|| ≈ α⊥ ≈ 0.425. The corresponding structure factor in Fig. 7.8(e)

contains six peaks with equal weight. In general the moving crystal phases are

considerably more ordered than the moving smectic phase, as illustrated by the

Voronoi construction of the instantaneous skyrmion positions in the MC phase shown

in Fig. 7.8(f), where there are significantly fewer 5-7 dislocation pairs compared to

the MS phase. Additionally, the dislocations in the MC are not aligned with the

direction of motion and can move slowly in any of the six symmetry directions of the

skyrmion lattice, leading to the subdiffusive behavior. It is possible that for even

smaller but finite values of θintSk , MS-MC transitions could occur that are pushed to

higher values of FD as θintSk decreases. Although skyrmion systems generally have

θintSk > 25◦, a finite but small Magnus term can still arise in some vortex systems,

so it may be possible to observe MS-MC transitions in superconducting systems,

particularly for weak pinning where large vortex velocities could be realized.

7.4 Noise Signatures

We next analyze the velocity noise power spectral densities, S||(ω) and

S⊥(ω), computed from time series taken at fixed FD of the velocity fluctuations

parallel and perpendicular to θSk, respectively. In Fig. 7.9(a,b,c) we plot S||(ω) and

S⊥(ω) for the overdamped case of θintSk = 0◦ at FD = 1.0 in the plastic flow regime,
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Figure 7.9: Noise power spectral density plots S||(ω) (blue) for velocity fluctu-
ations parallel to θSk and S⊥(ω) (red) for velocity fluctuations perpendicular
to θSk. (a,b,c) A sample with θint

Sk = 0◦ at (a) FD = 1.0 in the disordered flow
state, (b) FD = 2.0 in the moving smectic phase, and (c) FD = 4.0 in the moving
smectic phase. (d,e,f) A sample with θint

Sk = 45◦ at (d) FD = 1.0 in the disordered
flow state, (e) FD = 2.0 in the moving liquid phase, and (f) FD = 4.0 in the
moving crystal phase. (g,h,i) A sample with θint

Sk = 70◦ at (g) FD = 1.0 in the
disordered flow state, (h) FD = 2.0 in the moving liquid phase, and (i) FD = 4.0
in the moving crystal phase.

FD = 2.0 in the moving smectic phase, and at FD = 4.0 in the moving smectic phase.

At FD = 1.0, we find broad band noise in both directions with the largest noise

power in the parallel direction. S||(ω) has a 1/ω feature at low frequencies along

with a 1/ω2 tail at high frequencies, while S⊥(ω) becomes white at low frequencies.

At FD = 2.0 in the moving smectic state, characteristic frequencies emerge which

become more pronounced at FD = 4.0. We find a washboard frequency of ω ≈ 14.5

at FD = 4.0 that is produced by the perturbations of the periodic vortex lattice

by the underlying pinning sites. This frequency corresponds to ω = 2π〈|V|〉/a,

where a is the characteristic spacing between the vortices in the driving direction.
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We also observe a time-of-flight signal at ω = 2π〈|V|〉/Lx which produces weaker

peaks with ω < 1. In superconducting systems both of these frequencies have been

measured in experiments and simulations. In Fig. 7.9(d,e,f) we plot S||(ω) and

S⊥(ω) for a system with θintSk = 45◦ at FD = 1.0, 2.0, and 4.0, respectively. At

FD = 1.0 in the plastic flow regime we again find a broad band noise signal, but

the anisotropy between S||(ω) and S⊥(ω) is smaller than in the overdamped case.

In the moving liquid phase, at FD = 2.0 the noise is less anisotropic and a narrow

band frequency emerges which becomes sharper in the moving crystal phase at

FD = 4.0. In Fig. 7.9(g,h,i) we show S||(ω) and S⊥(ω) for a system with θintSk = 70◦

at FD = 1.0, 2.0, and 4.0, respectively. At FD = 2.0 the system is in a ML phase

and the noise power is flat at low frequencies, while at FD = 4.0 we find a strong

washboard signal in both directions with slightly higher signal strength at higher

frequencies in the perpendicular direction. These results indicate that moving

skyrmion lattices can exhibit a narrow band noise signature similar to that found

in the vortex system, and that analysis of this noise could be used to extract the

lattice constant and skyrmion velocity.

Another feature produced in the noise signatures by a finite Magnus term is

switching events that are associated with global rotations in the moving skyrmion

structures. These switching events occur due to the drive dependence of the flow

direction generated by the Magnus term. Such switching events do not occur in

an overdamped system since the lattice remains locked to the driving direction

once it has entered the MS phase. In Fig. 7.10(a) we plot a heightfield showing

the magnitude of the S|| noise component as a function of FD versus ω in the

overdamped case of θintSk = 0◦. The plastic flow regime for FD < 1.75 is distinguished

by large amplitude low frequency noise, while the onset of the narrow band noise

at FD = 1.75 is indicated by a series of lines that shift to higher frequencies with
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Figure 7.10: Noise signatures and moving smectic phase features. (a,b,c,d)
Heightfield plots of the power spectral density S|| as a function of FD and ω. (a)
θint

Sk = 0◦. (b) θint
Sk = 45◦. (c) θint

Sk = 70◦, where the two dashed lines indicate the
switching events illustrated in panel (g). (d) θint

Sk = 10◦, where there is a MS
phase in the region between the two dashed lines. (e) θSk vs FD at θint

Sk = 10◦.
(f) The structure factor peak heights h1 (red), h2 (black), and h3 (blue) vs FD

in a system with θint
Sk = 10◦. Pairs of peaks 180◦ apart are indistinguishable in

the plotted range, shown are those corresponding to the first two quadrants. At
large drives, peak h1 is at an angle φ1 = 40◦ with respect to the x axis, peak
h2 is at φ2 = 100◦, and peak h3 is at φ3 = 160◦. (g) The angles φ1, φ2, and φ3
at which three of the structure factor peaks appear vs FD for the system in
panel (c) with θint

Sk = 70◦. The two dashed lines indicate switching events that
are associated with a lattice rotation.

increasing FD. For θintSk = 45◦, the heightfield plot of S|| in Fig. 7.10(b) shows several

switching events that occur near FD = 2.25 as indicated by the horizontal features.

Figure 7.10(c) shows a heightfield plot of S|| for θintSk = 70◦. Here the plastic phase

appears as a strong signal at low frequency for FD < 1.5, while for 1.5< FD < 2.8

the system is in the moving liquid phase. The dashed line at FD = 2.85 denotes

the transition into the MC phase, while the dashed line at FD = 4.85 indicates a

switching event. We measure φn, the angle between the nth structure factor peak

and the x axis, for the θintSk = 70◦ system, and plot φ1, φ2, and φ3 for the peaks
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in the first two quadrants versus FD in Fig. 7.10(g). The two dashed lines are at

the same values of FD as the dashed lines in Fig. 7.10(c). The first dashed line at

FD = 2.85 indicates that just after the moving crystal forms, there is a switching

event in the lattice orientation, while the dashed line at FD = 4.85 shows that

there is a second switching event associated with a lattice rotation. In Fig. 7.10(c),

several of the narrow band noise peaks disappear above the second switching event.

Figure 7.10(d) shows a heightfield plot of S||(ω) versus FD at θintSk = 10◦

where a frequency shift is associated with the MS-MC transition. The region in

which the MS phase appears is bounded by the two dashed lines. Once the system

enters the MC phase, several additional narrow band noise peaks arise. The plot of

θSk versus FD for the θintSk = 10◦ system in Fig. 7.10(e) shows that there is a jump

in θSk to θSk = 9.8◦ at the transition to the MC phase. We measure the magnitude

hn of individual peaks in the structure factor S(q) and plot h1, h2, and h3 versus

FD for the three peaks in the first and second quadrants in Fig. 7.10(f) for the

same system. In the MS phase, only h2 is large, indicating the strong asymmetry

of the weight of the peaks due to the smectic ordering. At the transition to the

MC phase, all the peaks in the structure factor have similar weights. These results

indicate that switching events in the noise spectral power measurements can be

used to deduce information about the lattice orientation.

7.5 Discussion

We have only considered the case of rigid skyrmions; however, it is possible

that internal modes or distortions could arise that would modify the transport

signatures. In [64] it is argued that distortions in the skyrmion shape as a function

of current or drive can change the skyrmion Hall effect. For example, if the skyrmion
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become elongated, the fluctuations would be more anisotropic and this could make

the skyrmion-skyrmion interactions anisotropic, which would tend to stabilize

moving smectic phases rather than moving crystal phases at higher drives. Since

narrow band noise appears in both the moving smectic and moving crystal phases,

velocity noise measurements are a robust probe of changes in the ordering of the

moving skyrmions. Additionally, the switching events in the noise spectral power

should be a robust feature. It is also possible for breathing modes to appear in the

moving skyrmion state which are not included in the particle-based model. These

could introduce additional dynamical modes which could couple to thevelocity noise

modes; alternatively, the breathing mode frequencies could be much higher than

those of the velocity noise and would appear as additional noise peaks.

Future studies could examine such skyrmion dynamics using continuum

models, which are computationally expensive and more difficult to use for probing

low frequency effects. Another approach would be to add correlated fluctuations

mimicking the dynamical effects to the continuum models in order to reduce the

computational resource requirements.

Although the diffusive behavior we observe is generated dynamically, we

can compare our results to equilibrium thermal studies of skyrmions [166, 167],

which show that the Magnus force reduces the diffusion since the particles move in

more circular patterns rather than diffusing outward as in the overdamped case.

In our system, under high drives the fluctuations experienced by the skyrmions

produce a reduced diffusion, leading to the appearance of a moving crystal, whereas

in an overdamped system, there is still strong diffusion along the direction of drive,

causing a moving smectic state to form.
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7.6 Conclusions

We have numerically examined the velocity fluctuations parallel and per-

pendicular to the direction of motion for skyrmions driven over random disorder

for different values of the Magnus term or intrinsic skyrmion Hall angle. In the

overdamped limit, the system undergoes a transition from a disordered phase to

a moving smectic state in which the velocity fluctuations are strongly anisotropic

and have the largest magnitude parallel to the direction of motion. In the center

of mass frame of the smectic state, the particle displacements are either diffusive

or superdiffusive in the direction of motion but subdiffusive in the perpendicular

direction. For a finite intrinsic skyrmion Hall angle, the system is disordered at

low drives, while at higher drives it transitions into a moving crystal state which

exhibits isotropic velocity fluctuations and has subdiffusive particle displacements

in the center of mass frame both parallel and perpendicular to the direction of

motion. The isotropic nature of the moving skyrmion crystal is a result of the

Magnus term, which generates velocity fluctuations perpendicular to the force

fluctuations experienced by the moving skyrmions due to the pinning sites. In

general, moving skyrmion lattices are more ordered than moving vortex lattices

and the dynamic shaking temperature is isotropic for skyrmions but anisotropic

in vortex systems. We show that the velocity noise power spectra can be used to

identify the transition from the plastic flow or moving liquid state to the moving

crystal state in skyrmion systems since it changes from a broad band noise signal

to a narrow band noise signal. In the moving crystal state, velocity noise power

peaks appear at the washboard frequency, which permits the calculation of the

velocity and lattice spacing of the moving skyrmion lattice. We find that the moving

skyrmion lattice can exhibit discrete switching events associated with global lattice

reorientations due to the dependence of the skyrmion Hall angle on the magnitude of
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the external drive. These switching events produce changes in the noise fluctuations

as well as rotations in the structure factor. For small but finite intrinsic skyrmion

Hall angles, the system exhibits a mixture of both vortex-like and skyrmion-like

dynamical behavior. At lower drives the system first dynamically orders into a

moving smectic state, but at higher drives there is a transition into a moving crystal

which is associated with both a change in the direction of skyrmion motion as well

as pronounced changes in the velocity noise signal. Skyrmion velocity fluctuations

could be measured by direct imaging of moving skyrmions, measuring fluctuations

in the topological Hall resistance, performing magnetic noise measurements with

Hall probes, or measuring the time dependence of the structure factor.

Chapter 7 contains material published by American Physical Society in: S. A.

Dı́az, C.J.O. Reichhardt, D. P. Arovas, A. Saxena, and C. Reichhardt, “Fluctuations

and noise signatures of driven magnetic skyrmions”, Physical Review B, 96, 085106,

(2017). The dissertation author was the primary investigator and author of this

paper.



Chapter 8

Skyrmion Avalanches

We simulate flux-driven magnetic skyrmion avalanches in the presence of

random quenched disorder, using a particle-based model. The dependence of the

avalanche statistics on the Magnus force and disorder is explored. We show that

increasing the Magnus force coefficient allows the system to sustain avalanches of

larger size and longer duration. For dilute, strong pinning, avalanches consist of

persistent, slowly evolving channels of flowing skyrmions that do not exhibit critical

behavior. On the other hand, critical behavior is observed for dense pinning where

the scaling region shifts to larger, longer avalanches, and the critical exponents are

modified as the Magnus force is increased. The universal average avalanche shapes

we obtain are asymmetrical, showing an abrupt initial growth and a smooth final

deceleration. Their dependence on pinning and Magnus force are discussed.

8.1 Avalanches

When slowly driven by an external stimulus, a wide variety of dissipative

systems with a large number of interacting degrees of freedom respond by launching

avalanches, which are discrete, intermittent, bursts of collective activity spanning a

114
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Figure 8.1: Ferromagnetic domain wall avalanches: Barkhausen noise. (a)
Time series of the voltage during a single avalanche. (b) Average avalanche
shapes for different durations obtained from simulations of a theoretical model.
(c) Average avalanche shape extracted from experimental data. Adapted from
[177].

broad range of sizes and durations. Strikingly, systems with quite different charac-

teristic time and length scales can sustain avalanches, such as in superconducting

vortex dynamics [168, 169, 170], Barkhausen noise in ferromagnets [171, 172] (see

Fig. 8.1), plastic deformations of solids [173], slip motions of the Earth’s tectonic

plates [174, 175], and intrinsic stellar processes [176], just to name a few. If the

measured time series of avalanche events of these systems is converted to audio

format, upon adjusting the time scale properly, they sound like crackling noise.

This is the origin of the term crackling noise phenomena [177], commonly employed

to encompass the broad class of systems that support avalanche physics. As natural

consequence of their ubiquitousness, the study of avalanches has developed into

what nowadays is a highly multidisciplinary field of research [178].

Avalanches also exhibit scale-invariant behavior, which is deeply connected to

the theory of nonequilibrium phase transitions. The two distinct dynamical phases

present in these driven systems, the dormant and the active phases, are separated

by a nonequilibrium dynamical critical point [179]. When the system is near

criticality, self-similarity of the avalanches and scaling laws are expected to emerge.

This nonequilibrium statistical mechanics approach, allowed researchers to utilize



116

the machinery of the renormalization group and scaling to successfully describe

avalanche statistics and dynamics. Within this framework came the recognition that

avalanche systems also exhibited universality, i.e., that the complex, microscopic

details did not matter in the description of their phenomena at sufficiently long

length scales. Systems could then be distinguished by their different critical behavior,

defined by their critical exponents and scaling functions, and thus classified into

different universality classes.

8.2 Magnetic Skyrmion Avalanches

Here we investigate flux-driven magnetic skyrmion avalanches in the presence

of random quenched disorder. Avalanches of magnetic skyrmions are interesting to

study due to the presence of a sizable Magnus force, which does no work and allows

skyrmions to avoid getting trapped by pinning centers. In particular, we would

like to quantify the impact the Magnus force may have on the critical behavior of

skyrmion avalanches. Our studies are likely to be relevant to the implementation

of applications that involve a large number of interacting skyrmions such as the

recently suggested neuromorphyc computing devices [73, 72, 82]. In addition,

according to recent numerical simulations, the Magnus force may also play an

important role in the dynamics of superfluid vortices in the neutron star crust [180].

8.3 Model and Simulation

We simulate flux-driven magnetic skyrmion avalanches in a Lx×Ly rectangle,

with Lx = 26 and Ly = 24, containing Np randomly distributed pinning sites.

Periodic boundary conditions are used along the y direction, i.e., the bottom and

top sides of the simulation box are identified.
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Skyrmion dynamics is described using a particle-based model. The equation

of motion of the i-th skyrmion reads

αdvi−αmẑ×vi = F ss
i +F p

i , (8.1)

where vi = dri/dt is the instantaneous velocity and ri is the position of skyrmion i.

The damping coefficient of the dissipative force αd and the Magnus force coefficient

αm, define the intrinsic skyrmion Hall angle through θintSk = arctan(αm/αd). The

skyrmion-skyrmion interaction force is given by F ss
i =∑N

j=1K1(rij)r̂ij , where N is

the current number of skyrmions in the system, rij = |ri−rj |, r̂ij = (ri−rj)/rij ,

and K1 is the modified Bessel function of the second kind. The force due to the

pinning sites is F p
i = ∑Np

k=1(Fp/rp)(ri− r(p)
k )Θ(rp− |ri− r(p)

k |), where Fp is the

maximum pinning force, rp is the radius of the pinning sites, r(p)
k is the location of

the k-th pinning site, and Θ is the Heaviside step function.

The simulation begins populating the system by dropping skyrmions at

random, one at a time, in a narrow 4×24 region, which has no pinning sites, to

the left of the simulation box (see Fig. 8.2). As skyrmions are dropped, they are

pushed into the pinned region by virtue of their mutual repulsion arising from

the emergent magnetic flux each skyrmion carries. Skyrmion motion is eventually

stopped by the pinning sites. In our simulation, we drop the next skyrmion once the

average skyrmion velocity v̄ = Ñ−1∑Ñ
i=1 vi, with vi the magnitude of the velocity

of skyrmion i, and Ñ the current number of skyrmions in the pinned region, falls

below a certain cutoff value. Skyrmions that reach and cross the right-hand side

boundary of the simulations box, opposite to the region where they are dropped, are

removed from the simulation. After a sufficient number of drops, the system reaches

a critical state where the pinning forces marginally hamper further penetration of
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x

y

Figure 8.2: Simulated system: flux-driven skyrmion avalanches with random
quenched disorder. Snapshot of the simulation setup for dense, intermediate
pinning (Np = 3,700) and θint

Sk = 30◦. Blue dots represent skyrmions, 934 in
total in this snapshot, and open circles are pinning sites. Skyrmions enter the
sample from the left through the unpinned, gray region due to their mutual
repulsion arising from the emergent magnetic flux they carry. Upon crossing
the right-hand side boundary, they are removed from the simulation. Periodic
boundary conditions are used along the y direction.

skyrmions. In the case of superconducting vortices, it is called the Bean critical

state [181]. Since our model can be used to model superconducting vortices for a

vanishing Magnus force, we also refer to the skyrmion critical state as the Bean

state. To ensure our system reaches the Bean state, 2×103 skyrmions are dropped

during this initial stage.

Upon reaching the Bean critical state, dropping a skyrmion as before may

destroy the perfect balance of the state launch avalanches. During this second stage

of the simulation, skyrmions are dropped at a slow rate, every 2×104 simulation

steps, to allow enough time for the system to relax before the next drop. This

protocol ensures well-defined avalanches.



119

Three pinning regimes were studied:

• Dilute, Strong Pinning: Np = 600 and Fp = 3.0.

• Dense, Intermediate Pinning: Np = 3,700 and Fp = 1.0.

• Dense, Weak Pinning: Np = 3,700 and Fp = 0.3.

For each pinning regime, we simulated five different values of the intrinsic skyrmion

Hall angle, θintSk = {0◦,30◦,45◦,60◦,80◦}, keeping αd = 1.0 and varying αm. In all

the simulations we used a time step of dt= 0.03 and a pinning radius of rp = 0.15.

8.4 Avalanche Statistics

8.4.1 Analysis and Implications of Self-Similarity

From each simulation—for each pinning regime and intrinsic skyrmion Hall

angle—we extracted and processed the time series of the average skyrmion velocity

v̄(t). First, individual avalanches were identified after introducing a threshold v̄th.

This value was determined by observing the time series over three different intervals

corresponding to ten skyrmion drops each, from the beginning, middle and ending

sections of v̄(t). Then, we measured the duration, T , and size, S, of each avalanche.

For the entire duration of any avalanche, v̄(t) > v̄th, so that T is the interval of

time between the events when v̄(t) goes above and then below v̄th. We define the

size of an avalanche as the time integral of v̄(t)− v̄th over its duration. Note that

T and S are dependent on the choice of v̄th (see Fig. 8.3).

Let V (t,T ) denote v̄(t), restricted to the domain of a general avalanche of

duration T . Averaging over avalanches of the same duration T , we get 〈V 〉(t,T ).
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Figure 8.3: Avalanche Duration and Size. (a) Section of the time series of v̄
for dense, intermediate pinning with θint

Sk = 30◦. (b) Blow up of the time series
interval shaded in gray from the top panel. Individual avalanches are identified
by introducing a threshold value v̄th (red, dashed line), which also determines
their duration T (time extent) and size S (time integral above the threshold,
i.e., light blue area), here shown for a particular avalanche.

Now we define the average avalanche size (see Fig. 8.4) of duration T as

〈S〉(T ) =
∫ T

0
〈V 〉(t,T )dt . (8.2)

Near criticality, typically in a range where both S and T are large, self-similarity of

avalanches implies the power law 〈S〉(T ) =S0T a, for some constant S0. It can also be

shown that self-similarity gives the following power laws for the probability density

functions of the avalanche sizes and durations: P (S)∼ S−σ and P (T )∼ T−τ . The

critical exponents a, τ , and σ are important, universal quantities that characterize

the universality class of the system. However, not only critical exponents are
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Figure 8.4: Average Avalanche Size. (a) Avalanche size S vs avalanche duration
T in simulation steps for dense, intermediate pinning and θint

Sk = 30◦. (b) Average
avalanche size 〈S〉 versus T in simulation steps for the same case as in (a).
〈S〉(T ) is obtained by averaging the size of avalanches of same duration T . This
averaging produces the vertical narrowing observed in (b) with respect to (a).
The effect is more pronounced for shorter durations as there are more avalanches
of the same duration in that range. A power law dependence for large and long
enough avalanches, is now clearly seen in this log-log plot.

universal. In fact, it can be shown that

〈V 〉(t,T ) = T bg(t/T ) , (8.3)

where g(·) is a universal function, the average avalanche shape, that can be extracted

from the v̄ time series by plotting T−b〈V 〉(t,T ) versus t/T . Furthermore, the

exponents a and b are not independent, they satisfy the relationship a = b+ 1.
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Summarizing, self-similarity of avalanches implies the scaling relations

〈S〉(T ) = S0T
a , (8.4)

P (T ) ∼ T−τ , (8.5)

P (S) ∼ S−σ , (8.6)

〈V 〉(t,T ) = T a−1g(t/T ) . (8.7)

A pedagogical discussion an detailed derivation of the above results can be found

in [177, 182]. We aim at computing the critical exponents and g(·), and study their

dependence on pinning and θintSk .

8.4.2 Probability Density Functions and Critical Exponents

For each of the simulated cases, defined by the pinning regime and value of

θintSk , we compute the probability density function (PDF) of the avalanche durations

and sizes, P (T ) and P (S), respectively. Our calculated PDF’s for each of the three

pinning regimes are shown in Figs. 8.5, 8.6, and 8.7. The Magnus force tends to

deflect the trajectory of a skyrmion approaching a pinning site, which sometimes

results in the skyrmion missing the pinning site altogether, thus avoiding getting

trapped. Therefore, increasing the Magnus force coefficient, or equivalently θintSk ,

reduces the stopping effect of pinning allowing avalanches to grow larger and last

longer. This behavior translates into PDF’s that extend over larger values as θintSk

increases, a feature common to all the simulated pinning regimes. The fact that

the system can reorder rather easily permitting the brief displacement of a small

fraction of the skyrmions, is another attribute shared by all pinning regimes that

shows in the PDF’s attaining their maxima at low values.

Figure 8.5 depicts the PDF’s for dilute, strong pinning. Avalanches of
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Figure 8.5: Probability density functions of the avalanche durations, P (T ), and
sizes, P (S), for dilute, strong pinning. (a) Log-log plot of P (T ) for the different
θint

Sk ’s simulated. (b) Log-log plot of P (S) for the different θint
Sk ’s simulated. Gaps

in some of the curves correspond to intervals where the probability density
functions vanished. The jaggedness observed in both P (T ) and P (S) is due to
the channels of flowing skyrmions formed in this pinning regime. For clarity,
curves have been shifted vertically in both panels.
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Figure 8.6: Probability density functions of the avalanche durations, P (T ),
and sizes, P (S), for dense, intermediate pinning. (a) Log-log plot of P (T )
for the different θint

Sk ’s simulated. (b) Log-log plot of P (S) for the different
θint

Sk ’s simulated. Dashed, gray segments indicate the scaling regions where the
probability density functions exhibit power law behavior. For clarity, curves
have been shifted vertically in both panels.
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superconducting vortices had been previously simulated for this pinning regime

[170], which are equivalent to ours for θintSk = 0◦. The authors of this previous work

reported that avalanches were characterized by the appearance of a few preferred

paths or channels of motion for vortices that persisted over many consecutive

avalanches before disappearing or deforming into new ones. The slow time evolution

of the channels resulted in characteristic avalanche durations that were revealed

as peaks in their computed P (T ). Our simulations recovered those results in the

vortex limit of θintSk = 0◦. Increasing the Magnus force, channels were still present

and never completely disappeared, regardless of the value of θintSk . Gaps that can

be seen in some of the curves in Fig. 8.5 correspond to intervals where the PDF’s

vanished, meaning that there were no avalanches with the sizes/durations of those

intervals. Additionally, the jaggedness observed in both P (T ) and P (S) is due to

the characteristic durations and sizes of the slowly evolving channels, repeatedly

traversed by consecutive skyrmion avalanches. Because of the presence of these

channels that formed for all the simulated values of θintSk , we did not find critical

behavior in this pinning regime.

Our simulations of dense pinning, both weak and intermediate, showed

avalanches of a different structure. They typically involved the displacement of a

large fraction and sometimes of all the skyrmions in the system, with durations

and sizes spanning over many decades—characteristic of systems near criticality.

In order to quantify the critical behavior of our simulations in these two pinning

regimes, we did the following. First, we determined the scaling region, where critical

behavior is observed. This was done using log-log plots of P (T ) to identify the

interval of long durations where it shows linear dependence (dashed, gray segments

in Figs. 8.6 (a) and 8.7 (a)). Once the scaling region was determined, linear

regression was used to extract the τ critical exponent. Then, using the relation
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Figure 8.7: Probability density functions of the avalanche durations, P (T ), and
sizes, P (S), for dense, weak pinning. (a) Log-log plot of P (T ) for the different
θint

Sk ’s simulated. (b) Log-log plot of P (S) for the different θint
Sk ’s simulated.

Dashed, gray segments indicate the scaling regions where the probability density
functions exhibit power law behavior. For clarity, curves have been shifted
vertically in both panels.
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Figure 8.8: Critical exponents σ (gray curve), τ (magenta curve), and a (black
curve), as a function of θint

Sk , for dense, intermediate pinning. Colored dots are
the results of our calculations, and are joined by line segments that serve as
guides to the eye.

(8.4) and the log-log plot of 〈S〉(T ), the a critical exponent was computed. The

interval of avalanche sizes corresponding to the scaling region in T (dashed, gray

segments in Figs. 8.6 (b) and 8.7 (b)), followed from the above calculations through

(8.4). Finally, the σ critical exponent was computed.

The effect of the Magnus force, mentioned above, of reducing the pinning

ability to halt avalanches, is also behind the shifting of the scaling regions to larger,

longer avalanches with increasing θintSk , in the PDF’s plotted in Figs. 8.6 and 8.7.

Furthermore, as expected, for the same value of θintSk , avalanches of longer duration

and larger size are allowed for dense, weak pinning compared to those from the

dense, intermediate pinning regime. The scaling region is also similarly shifted.

Critical exponents, σ, τ , and α, plotted as a function of θintSk , are depicted

in Fig. 8.8, for dense, intermediate pinning, and in Fig. 8.9, for dense, weak

pinning. The fact that the critical exponents were modified for different values of

θintSk , implies that the simulated systems belong to different universality classes. For

both dense pinning regimes, changes in all critical exponents become more drastic
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Figure 8.9: Critical exponents σ (gray curve), τ (magenta curve), and a (black
curve), as a function of θint

Sk , for dense, weak pinning. Colored dots are the
results of our calculations, and are joined by line segments that serve as guides
to the eye.

for θintSk ≥ 45◦, and they all attain their maximum value at θintSk = 80◦. Increasing

θintSk , for dense, intermediate pinning, monotonically increases a, while σ and τ

first decrease an reach a minimum at θintSk = 45◦ and then increase monotonically.

For dense, weak pinning, upon increasing θintSk , both τ and a have a minimum at

θintSk = 30◦ and then increase, while σ decreases until θintSk = 45◦ and then it jumps

to a large value at θintSk = 80◦.

8.4.3 Average Avalanche Shape

Critical behavior is not restricted to the emergence of power laws. As a

matter of fact, they could well be accidental. The hallmark trait of critical behavior,

self-similarity, also requires the collapse of avalanches under appropriate scaling.

Moreover, self-similarity implies the existence of a universal average avalanche

shape [177, 183, 184], introduced above (8.7) and given by g(t/T ) = T 1−a〈V 〉(t,T ).

Since V (t,T ) is the average skyrmion velocity of a given avalanche, the average

avalanche shape is a measure of the average velocity of skyrmions over all the
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Figure 8.10: Average avalanche shapes for dense, intermediate pinning. The
universal functions g(t/T ) = T 1−a〈V 〉(t,T ) were computed for each value of
θint

Sk , which determine the critical exponent a, using all the avalanches from the
respective scaling regions. For comparison purposes, plots are normalized by the
their maximum value gmax.

0.2 0.4 1.00.80.0 0.6

g
/g

m
a
x

t/T

0.0

0.2

0.4

0.6

0.8

1.0

Figure 8.11: Average avalanche shapes for dense, weak pinning. The universal
functions g(t/T ) = T 1−a〈V 〉(t,T ) were computed for each value of θint

Sk , which
determine the critical exponent a, using all the avalanches from the respective
scaling regions. For comparison purposes, plots are normalized by the their
maximum value gmax.
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Figure 8.12: Scaling collapse of time-averaged avalanches, for dense, inter-
mediate pinning and θint

Sk = 30◦. Colored curves represent the time average of
avalanches from ten logarithmically-spaced bins spanning the full scaling region,
multiplied by the scaling factor T 1−a, with a= 1.63. The color gradient from
blue to red indicates avalanches of increasing duration T . The black, dashed
curve shows the corresponding average avalanche shape.

avalanches from the scaling region as determined above. Figures 8.10 and 8.11

show the average avalanche shapes for all the simulated values of θintSk in the case of

dense, intermediate and dense, weak pinning, respectively. We confirmed that upon

scaling, avalanches from the scaling region respect the required scaling collapse,

that is, they fall onto the same universal curve g(·). This is illustrated in Fig. 8.12

for dense, intermediate pinning and θintSk = 30◦.

All the computed average avalanche shapes are asymmetrical. They all show

a sudden jump from zero at the beginning and a smooth deceleration toward the

end. Within each dense pinning regime, the initial and final parts of the average

avalanche shapes tend to get smaller with increasing θintSk . They also get skewed

toward smaller times for θintSk ≥ 45◦. We can explain these observations recalling

that the Magnus force effectively reduces pinning, so that avalanches with smaller

initial velocity can be launched and it takes a longer time to stop them.

Comparing the average avalanche shapes for each θintSk between dense, inter-

mediate and dense, weak pinning, reveals the following. For θintSk < 80◦, the average
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avalanche shapes in the weak pinning regime exhibit a larger velocity during the

beginning of the avalanche, a smaller velocity when approaching the end, and are

skewed toward smaller times. These features are consistent with the fact that at

reduced pinning, avalanches experience less resistance to their motion, thus initially

growing to a large velocity, and lasting longer. The opposite features are observed

for θintSk = 80◦, which may be due to enhanced fluctuations arising from this large

Magnus force case and could also be related to a finite size effect, considering

that these avalanches have the longest durations (see Figs. 8.6 and 8.7). Further

analyses and investigation are needed to fully understand this last case.

8.5 Conclusions

We have simulated skyrmion avalanches for different pinning regimes and

values of the Magnus force coefficient, parameterized by θintSk . Increasing the Magnus

force allows the system to sustain avalanches of larger size and longer duration. We

have also shown that the probability density functions of the size and duration of

avalanches are modified as a function of θintSk .

Owing to the low density of pinning sites in the dilute, strong pinning regime,

avalanches of characteristic sizes and durations appear that correspond to the

emergence of slowly evolving channels repeatedly used by skyrmions. Consequently,

no critical behavior was found in this pinning regime. Critical behavior was observed

for dense pinning where the scaling region shifted to larger, longer avalanches with

increasing θintSk . We observed that the Magnus force changed the critical exponents,

and hence the universality class of the simulated systems.

The claims of critical behavior based solely on the identified power laws

were further confirmed by computing the universal average avalanche shape and
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checking that the avalanches exhibited scaling collapse—a key test of self-similarity.

Features expected from the differences between the two dense pinning regimes and

from varying the Magnus force, were verified using the average avalanche shapes,

such as the effective reduction of pinning by the Magnus force leading to longer

lasting avalanches.

Several other quantities can be computed to further characterize the role

of the Magnus force in the properties of skyrmion avalanches. One of them is the

ratio of the average y and x displacements as a function of distance from where

skyrmions enter the sample (the left-hand side of the simulation box in Fig. 8.2).

This ratio may be a useful measure of the effective average deflection experienced

by skyrmions and could help us to elucidate the unexpected features of the average

avalanche shape for θintSk = 80◦.

Chapter 8 contains material currently being prepared for submission for

publication: S. A. Dı́az, C.J.O. Reichhardt, D. P. Arovas, A. Saxena, and C.

Reichhardt, “Flux-driven magnetic skyrmion avalanches”. The dissertation author

was the primary investigator and author of this work.



Chapter 9

Outlook

Despite the fast-paced research in the field of magnetic skyrmions, challeng-

ing, unexplored physics still lies ahead. Research directions I plan to pursue in the

future are discussed below.

Edge Nucleation of Skyrmions

Skyrmion racetrack memories are promising architectures of data-storage

technology [75] where the information is stored in a chain of skyrmions that can be

moved along a magnetic film strip. The proper operation of these memories would

be hindered by the uncontrolled penetration/exclusion of skyrmions into/out of

this strip. As recently emphasized by Müller et al. [185], the DMI present in thin

films induces a twist in the magnetization at the edge of the sample that seems to

play an important role in the nucleation of skyrmions from the edge. Moreover, the

experiments [186] that motivated the results reported by Müller and collaborators,

have revealed a rich magnetization dynamics during the edge nucleation process.

Therefore, these processes must be understood in order to guide the design of

skyrmion racetrack memories and devices alike. Specifically, it would be desirable
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to estimate the penetration and exclusion rates of individual skyrmions through

the sample edge.

Antiferromagnetic Skyrmions

Since their experimental observation, the overwhelming majority of studies

on magnetic skyrmions have been restricted to ferromagnets. Recently, however,

theorists have considered antiferromagnetic materials as a novel and promising

platform for skyrmions [187, 167, 188, 189]. Antiferromagnets are more abundant

in nature, have low stray fields, and the DMI needed to form and sustain skyrmions

is more prevalent than in ferromagnets.

Antiferromagnetic (AFM) skyrmions are compound topological objects

supported by an intrinsic two-sublattice structure. The magnetic textures of each

sublattice have opposite topological charge. Therefore, AFM skyrmions carry a

vanishing net topological charge leading to a cancellation of the Magnus force,

which allows them to move faster and for longer distances in straight paths along

applied currents. This last property together with the prediction that they are

less sensitive to external magnetic fields make them better candidates for their

application as information carriers than their ferromagnetic counterparts. The first

experimental observation of antiferromagnetically exchange-coupled skyrmions in

ferrimagnetic GdFeCo films was reported recently [190].

A problem worth exploring is the nucleation process of AFM skyrmions and

how different it is from that of conventional skyrmions. In particular, an intriguing

facet is the creation and interplay of topological charge on each sublattice during the

nucleation process. Another important feature enjoyed by AFM skyrmion dynamics

is the emergence of an effective mass [188]. It would be interesting to study the
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implications of the effective mass on internal normal modes and collective dynamics

of AFM skyrmions. Despite recent theoretical and experimental studies of isolated

AFM skyrmions [187, 167, 190], an understanding of the antiferromagnetic skyrmion

crystal (AFM-SkX), which has not been experimentally observed yet, is lacking.

Monte Carlo simulations suggest that while the triangular lattice antiferromagnet

could support the AFM-SkX [191], the square lattice antiferromagnet cannot due to

symmetry considerations of the Néel field [189]. The role of geometrical frustration—

briefly mentioned in [191]—of the underlying antiferromagnetic lattice in the

formation of the AFM-SkX needs to be elucidated. Finally, another aspect of the

crystalline form of AFM skyrmions that has not been discussed in the literature yet,

is their spin-wave spectrum and whether nontrivial magnonic bands—as predicted

for the conventional SkX [192]—are supported.

Superconductivity and Topologically Nontrivial

Magnetic Textures

It is often the case in condensed matter physics that when two different sys-

tems are put in contact with each other, new, unexpected phenomena take place at

their interface. One well-known example in superconducting/non-superconducting

(S/NS) hybrid heterostructures is the leakage of superconductivity into the NS

layer known as the proximity effect. A related phenomenon, central to experimen-

tal and theoretical efforts from the past decade, is the appearance of spin-triplet

superconductivity when the NS layer happens to be a ferromagnet (FM). Research

delving further into the properties of S/FM hybrid heterostructures has revealed

fascinating physics and led to promising superconducting spintronics applications

[193].



136

Similarly, at the interface between a superconductor and a magnet with

nontrivial topological texture, striking effects and exotic quasiparticles are expected

to emerge from the interplay between the superconducting order parameter and

the magnetization, as suggested by recent theoretical investigations. Among the

reported predictions are controllability of the Josephson effect and 0-π transitions

in superconductor/magnetic skyrmion/superconductor junctions [194], skyrmion-

induced bound states in superconductors [195], Majorana bound states at the core

of magnetic skyrmions [196], and the formation of skyrmion-vortex pairs [197].

An unexplored avenue with potential for applications in superconducting

spintronics, is the possibility to induce bound states at the core of AFM skyrmions

and whether the AFM-SkX can support dispersive bands of these states. On the

other hand, spin-triplet Cooper pairs have been identified as the quasiparticles

induced at the interface of S/FM hybrid heterostructures. Studying the interaction

between superconducting quasiparticles and the emergent gauge fields produced

by the nontrivial topology of skyrmions could reveal new physics. Also, the

macroscopic quantum coherent platform provided by the superconducting state has

the potential to mediate the entanglement of skyrmion-induced qubits. This new

breed of quantum bits could be realized from skyrmion low energy modes or from

localized states residing at the core of skyrmions. The advantage of manipulating

entangled states by controlling their supporting magnetic textures, could open the

door to new quantum computing concepts.
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[37] Bertrand Dupé, Markus Hoffmann, Charles Paillard, and Stefan Heinze.
Tailoring magnetic skyrmions in ultra-thin transition metal films. Nature
Communications, 5:4030 EP –, 06 2014.

[38] J. Seidel. Topological Structures in Ferroic Materials: Domain Walls, Vortices
and Skyrmions. Springer Series in Materials Science. Springer International
Publishing, 2016.

[39] I. Dzyaloshinsky. A thermodynamic theory of “weak” ferromagnetism of
antiferromagnetics. Journal of Physics and Chemistry of Solids, 4(4):241 –
255, 1958.
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[111] José A. Freire and Daniel P. Arovas. Collapse of a bose condensate with
attractive interactions. Phys. Rev. A, 59:1461–1467, Feb 1999.

[112] Jainendra K. Jain and S. Kivelson. Tunneling in a high transverse magnetic
field. Phys. Rev. A, 36:3467–3470, Oct 1987.
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[166] Christoph Schütte, Junichi Iwasaki, Achim Rosch, and Naoto Nagaosa. Inertia,
diffusion, and dynamics of a driven skyrmion. Phys. Rev. B, 90:174434, Nov
2014.

[167] Joseph Barker and Oleg A. Tretiakov. Static and dynamical properties of an-
tiferromagnetic skyrmions in the presence of applied current and temperature.
Phys. Rev. Lett., 116:147203, Apr 2016.

[168] Franco Nori. Intermittently flowing rivers of magnetic flux. Science,
271(5254):1373–1374, 1996.

[169] Stuart Field, Jeff Witt, Franco Nori, and Xinsheng Ling. Superconducting
vortex avalanches. Phys. Rev. Lett., 74:1206–1209, Feb 1995.

[170] C. J. Olson, C. Reichhardt, and Franco Nori. Superconducting vortex
avalanches, voltage bursts, and vortex plastic flow: Effect of the microscopic
pinning landscape on the macroscopic properties. Phys. Rev. B, 56:6175–6194,
Sep 1997.
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