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Abstract

Tunneling cortectioné to the rate constant for unimolecular reactions
in an isolated molecule are;treated:within thevstandard transition state
(i.e., RRKM) theory of sucﬁ processes. The microganohical'distributionb
relevant to the unimolecular case causes tunneling effgcts to enter in a
somewhat more complicated fashioﬁ than in the analogous transition state
theory for thermally averaged bimolecular'rafe constants; e.g., even with-
inbthe separable approximation they d6 n&t‘enter-as simpiy a multiplicati?e
correction factor. Applicatidn of the thedreticél expressions to some
unimélecular processes (HZCO > H, + CO, trans HCOH - HZCO) of interest
in the collisionless phbtochemistryuofkformaldehyde indicate that tunneling
effects are quite. significant for rates of 109 secfl‘or slower. Isotope

effects are also considered and seen to be quite interesting.



Much has been written over the years about tunneling corrections to
o ' | 1 - | ‘ S .
transition state theory  for thermal rate constants of bimolecular reactions,

but there has been little disqussidn about the effect of tunneling in the -

e r T - 2 , ' R
analogous transition state (i.e., RRKM) theory” of unimolecular reactions.
. The purpose of this paper is to consider such.effects and to illustrate
them by application to some processes of current interest-in the photo-

chemistry of formaldehyde.

Brief Summary of the Standard Transition State

(i.e.vRRKM) Theory for Unimolecular Processes

To simplify the presentation, rotational degrees‘of freedom will be
ignored here; the'Appendix shows how the formulae are modified to take
) . - : . J ‘, . . .
proper account of total angular momentum conservation and other aspects
. of the rotational degrees of freedom. With this proviso, the standard
L2 . , ' ' . -1
expression  for the unimolecular rate constant (units sec ") of an
isolated molecule with total energy-E is

k(ﬁ)'=-—+§£§lr—— o, - (1)
_ 2mh No (E)

where N(E) and NO(E) are the integral densities of states for the transition

state and for the reactant molecule, respectively. -Specifically,
: v , s
N(E) =3 h(E-€ o - | (2a)

~
~

3

NO(E‘)=§h(E-en) . S (2b)

~



where h(x) is the usual step-function,

0, x<0
h(x) = v
1,x>0

and €, and €, are the vibrational energy levels of the transition state:
and the reactant molecule. In practice the vibrational energy levels

are almost always assumed to be given by a separable harmonic oscillator

“approximation, so that

S ) 1
€= . hq)i (mi +§-) ' (3a)
~ i=1
. S_l .
* 3 , + l_ :
e, =Vg* 12__:1 hw, " (n +3) . \ (3b)

where s is the number of vibrational degrees of freedom of the stable

¥ . . v _ , . -
molecule, {wi} and {wi } are the normal mode frequencies of the reactant
0 is the "bare" barrier height, i.e.,

the énergy of the saddle point of the potential energy surface (i}e., the

molecule and transition state, and V

transition state) rélative to the minimum 6f the‘potential energy surface
which cprreSpqnds'to_the reactanf molecﬁle. The totél energy E is also
defined relative to the minimum of tﬁe potential energy.gurface.
Becéuse.of the large sums ihvoivéd in computing the densitieé of
states, it is customary iﬁ.praCtice t6 approximate them by élosed form
expressions. The simplest suéh épproximation is the éiaSsical expfession2

which gives (if the Marcus-Rice 'semiclassical modification2 is included)



Es )
— G
st T (hw.) '

=1 -t

Ny (®)

(B-V)® 1
s-1 .
(s-1)! T (ho, )

(4b)

N(E)

With these approximations Eq. (1) gives the simple classical rate expression

k(@E) = A—D5T  Ga)

where A is a frequency factor (units sec_l)v

. 5 s-1 . .
5 A= (1L wi)/ZW( I w, ) - $ (5b)

Modification to Include Tunneling

The only simple wéy to include the effect of tﬁnneling along the
feaction.coordinaterin-transition state theory is to assuﬁe‘that this
degree.of freedom--i.e., motion along the reaction poordinate——is
separable ftoﬁ the other degrees of freedom; this approximation is also
consistent with the use of Eq. (3) fpf the énergy levels?- Within the
séparable approximation tunneling is accégnted for'by,replacing N(E) iﬁ

, 1
Eq. (1) by NQM(E),

s |
NQﬁ(E) =§;P(E'€B ) . (6)

~



Where_P(El) is the ohe—dimensionél'tunneling probability. as a fﬁngtion of
the energy Ei in the reaction coordinate; in the classical limit ofvno
tunneling P(El).4‘h(El)’ and NQM(E)_* N(E). The expression fqr'the uni-

- molecular rate constant which incorporates tunneling is thus

e £
E:P(Efen )L

n o ~

 kgy(B) = S o

. gnh NOj(E)vv

If the barrier along the reaction coordinate is approximated as an

 vinvérted parabola; then the  tunneling pfobability is given by

P(E)) = e& /7 (1+e%)
with
2nE1,
E = .
hu)b .

’

where wy is the-magnitude of the imaginary frequency reiatgd to the barrier.
.The-géneralizédvﬁgkart'poteﬁtialla in general providesva more accurate.
representation of the barrier, aﬁd»in_tﬁis Casé‘thevtﬁnneling probébility
is giﬁen by-A |

sihh(a) sinh(b)

sinhz(égh) +.cosh2(c)

P(E.) =

1 s ' | . (8)

where
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(hw,)

V0 is, as before, the barrier height relative to reactants, and Vl is the
barrier height relative to products, 1 0 is the exoergicity of

the reaction (neglectlng zZero p01nt energles)

- Eq. (6) can be written in another form by the following manipulations:

i} Y AN s
NQM(E) = §P(E»—e:r~l ) —/:iEl P(El) %1:(S(E—El—sr~1 )
_VO
= .7% dE P(E ) N' (E—E )
0 .
E=V, . _
= f dE P! (E ) N(E-E ) . ) . (9)

where N(E-El) is the density of stateé defined by Eq. (2a); i.e., NQM(E)

is given by a convolution of the classical approximation to it, namely

N(E), and the tunneling probability. [For comparison, it is interesting

to note that the tunneling correction factor I' for a thermally averaged

rate constant is given in ‘terms of the tunneling probability by

o ”—El/kT
T = dE, P(E)) -
| fv e i

-E_ /KT

;/” dE, P' (E Ye T L]



One is temEted to use Eq. (9) w1th the approx1mat10n to N(E El) given
'_be Eq. (4b), thereby obtalnlng the follow1ng 81mp1e expre351on for the

tunneling rate constant:
E~V _-E -
_ 0 "1,s-1 .
w® = f By PU(E) (—5) : Qo)
V

where A is the same frequency féctor as above. It should be emphasized,
however, that this is not a good.thing to do. Although apprdximating

NO(E) by Eq. (4a) is valid (at‘least for the applications below3), in

the threshold-région where tunneling is important there are so few terms

- that contribﬁte to the sum in Eq. (6) that Eq. (4b) is a poor approximation
to N(E—El) in the integrand of'Eq. (9). '‘Eq. (10) thus gives values much
too large, and one mﬁst retain the discre;e'sum;sincé only a few terms do
contribute to the sum, this causes no computational difficulties. The
final expression we use (except for the modification due to rotation

discussed in the ‘Appendix) is thus

S
(s=1)! T hw, . ,
k_(E) = R S Y P[E-V —ﬁw*°(n+i)»] : 11
M omh EO L " a 0~ "~.2 T

where
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fof'the applications below the tunneling pfobability for the Eckart .

barrier [Eq. (8)] was used.

~ Applications to Unimolecular Processes in the Ground

"Electronic State (S,.) of Formaldehyde
U i .

’Tﬁe motivation for.this WOrk has béen'the:curreﬂt‘interest in the
photochemistry of formaldehyde,4'f6f which the;é are several pdtentially
relevant unimolgcﬁiar procésses that cén take élacé on the ﬁotentialv
energy surface of the ground‘electronig state kSO). (The excited

velect;oniq state Si whiéh is initiéllyfproduqéd by laser excitation is
assumed to undefgo avradiationless traﬁsition back to SO.) Figure_l

N . C. 5 B .'
shows a schematic of thepotential energy surface™ for SO’ and we consider

the unimolecular decomposition of formaldehyde to molecular products

' HZCO > H2 + CO s : (R1)
and the.isomerization of the meﬁastable species trans-hydroxymethylene--

which has been suggested6'as the species first formed from Sl—Qto

formaldehyde, B ’Ei o o . i¢>‘

trans-HCOH + H)CO . - (R2)

Goddard and Scﬁaéfer? have receﬁtly Carriéd out extensive éelf;‘
vconsistent field and configuration intéréction cgicuiétions on formaldehyde
and have determined all the‘parameters,ﬁeeded to‘evalu;te thé rate
expreésions giveh above. The energiés-of the two stable species (i.e.,

H,CO and HCOH) and of the two transition states are shown in Figurévl,



and Table I gives the six v;brgtional frequencies and thrée rotation

constants fof-all;four species. :Unless stated otherwise, all rates=

constants given below were calculéted from Eq. (A.8), which for J = 0

is ‘identical to Eq. (ll),'with.the>tunneling probability of Eq. (8).
Figuré 2 shows the uniﬁolecular rate Eonstanﬁ for reaction (R1)

as a,function of total energy E (relative to the bottom of the potential

.energy.suffacé'of:HZCO);_énd‘fér comparisoﬁ the "semic;assicgily"

moditied classical rate cbﬁstant of Eq. (5) is also shown (Broken line).

The arfow on the enérgy scale indicates fhe value GO’ the "bare"

barrier height plus the zero point energy of the transition state,

Vo= Vot 25 Fhwy S .12y
i=1 : o

which would be the threshold of the teaction.in a completely classical

approximation; one sees that tunneling allows a significant rate

(> 109 sec—l) at this threshold energy. The rate has'fallennbhly

to 106vsec-l at an energy v 8 kcal/mole below v The exponehtial

0.
energy dependence‘of k(E) (i.e., the linearity of the semi-log plot)

. for E < VOvalso indicates that the process is dominated by tunneling

in this region.

Figure.Z also shows that then"semicléssically",modifiedjclaséical.
rate expression [Eq. (5)] provides a crude description of the tunneling
region; it is at least better than the purely classical result-ﬁhich.goes

to zero at V This partial success is the result of a cancellation of

0
errors: .the "semiclassical" approximation to N(E) [Eq. (4b)]‘isknown2

to become much too large as E decreases toward threshold, which tends to



make the rate too large, but neglect of tunneling tends to make it too
small; thus the partially.off—setting'errbfs; If, on the other hand,
one includes tﬁnneling via Eq. (9) and uses the "semiclassical" approxi-
mation to N(E—El), then the rate obtained [Eq. .(10)] is much (over an
order of;magnitude) too large in the tunneling=region..

Figure 3 shows simiiar fesults for the rate constant of reaction
(R2). The arrow shows thevélassical tﬁreshold for the reaction, 60,
‘and one again sees that tunneling is subétantial. In this case the
"semiclassically" modified classical rate is rather poor in the thres-
hold region, probably a more typical situation than the better agreemeﬁt
in Figufé 2.

To assess the effect of rotation, calculations were also carried
outvfor'total angular momentum J > 0. The rate constant in general :
decreases with increésing J, but thé effect is not large for the present
examples: for J = lO,,és large a_valuevas is ﬁrobably of interest, the
rate constant for bdtﬁ reactions is decreased by a factor of v 2.5 at
E =v90 kcal/mole, and the factor decreases approximately uniformly to

v 1,2 at E = 120 keal/mole.

Isotope Effects

Tuﬁneling is Significanﬁ for these reactions because they primarily
involve the motion 6f hydrogen atoms, as.evidenced by the largé imaginary
barrier fréqgencies iwb for the transition states in‘Tabie‘I. One thus
expects large isotdpe effects iﬁ the tunnéliﬁg region if H-atoms are
repiaced by D atoms. The relevant freéuéncieé'(and rotafion constanfs)

for the deuterated'specieé have also been determined by Goddard,and

Schaefers'and are given in Table I.



_=10-

Figure 4 shows»the isbtope effect, i.é;, the ratio ofithe hydfogen'
to the deh£érium raté'constant for the fwo reactions. it is easy tb.
sée‘tﬁa; fhe.éiaséicél rate expréSéion'[Eq. (5)] gives an enefgy—ihdependent

: isdtopé ratid,‘and~§ne sées in'Figure 4 that this limit is.approééﬁed
for énergies aﬁove thchlassicél_thresholds..'Iﬁ the ;hreshold region
and.below,:however;vthe isotope ratio is stronglyidependent 6h energyﬁ
for_énergiés.éigpificaﬁtly below thevciéssicéi tﬁreshold there is an
~ exponeniial energy‘dependence (i.e.; thé sti—log plot is'linear);_buﬁ
_néaf the classical thtesholdVitself‘the_énergy dependence is duité
COmplicatéd, sthing a pronounced_minimuﬁ, in thé viéinity ofbwhich thé
deuterium versions of theireactions are acfually faster thanvthg hydrogen
versions. | . |

" Although Comparing difféfent iéotopes at tﬁe.saﬁe total energy (as
in Figure 4) is the‘most meaningful compérisqn froﬁva theoretical point
of view, thebexpérimental sitﬁatioﬁ often dictates othérwise. -Thus’for

formaldehyde the excitation energy from'the_ground,vibrational state of

.S0 to the ground vibragional state of Sl is4 80.6 kcal/mole for H,CO and

80.9 kcal/mole for DZCO, and since'the zero point éngrgiés ovaZCO and

\

2

resulting from these vibrationless excitations are 96.7 kcal/mole for H,CO ~

D CO are 16.1 kcal/mole and '12.8 kcal/mole, fespectiﬁely, the total energies

and 93.7 kcal/mole for D,CO. At these,enefgies the present calculations

=
N

I
N

2
give.
H B N '._ . . ) -
kl = 5.8 x lO6 sec } , _le = 1.4 x 105 sec l‘ (133)
H 1.9 x 107 sec—l ‘ k D_ 5.7 x,105 sec_l L (13b)
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{

.whefé kl and k2 refér to_reactions1(Rl);and (R2), respgctively.._(The vaiues
;for le and klD in Eqé (lga) includg_aﬁiextra_factor Qf 2 due to symmetry,
which'has heretgfore been omitted; this is because H,CO and D,CO have a
two—fold_rotation'axis_aﬁd tﬁué:a symmetry numbef'bf 2.) 'These rates are
for.total.angular ﬁbﬁentum;J‘=.0;lf6r J = 10 they are all about a factor.
of 2 émallerf ' | B
Similar calculaﬁions ﬁéve'begn carried’out_for the-mixed isbtope'HDCO
‘Zaﬁdvthe ratés are, perhébs ﬁét uﬁexpeétedly, intermediate be£Ween those

for H,CO and DZCO.  For the vibrationless S '+‘S excitation} for example,

2 » 0 1
the total energy is 95.3 kcal/mole and' the péte’df reaction (R1l) is

K 2 9.5 x 10° sect

. (14)

Conéludiﬁg Remarks

The main ﬁurpose'of this paper has been to show how tunneling can be
incorporated in the transition‘state‘(i.e., RRKM) theory for unimolecular
reactioné in a manner analogous td the way if'is inqluded in transitioh
state fheory forvthermal bimolecular reactions. 'Because the unimolecular
case correspondé to a fixed energy rather than a fixed temperapure, the
effect of tunneling is somewhat more complicated, i.e., it'doés not enter
as simply a multiblicative,correction factor but rather in a more |
convoluted manner. |

With regard to the applibétidné to forﬁaldehy&e,.one mustvbe somewhat
cautious regarding the specific valgeé 6btainéd for tﬂe'rate constants
because it is known that when tunnéling effects are substéntial; the

' . le '
separable approximation for tunneling can be poor. Nevertheless, the
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results. obtained for the rates dolindicate that on the time scale of
interest in the collisionless photochemistry of formaldehyde, i.e.;

10_5 - 10—6 ségs, tunneling is 1ikely\to play a significant role.
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éppendix: Effect. of Rotational Degrees of Freedom

There are three degrees of freedom associated with the overall.

.

" rotation of a nonélinear’moleCJie;'fhe quéﬁtum'numbers_for which we

désignaté‘i, MJ, K. J, the totalvangulér momentum quantﬁﬁbnumber,

‘and MJ,_its p;ojeétion onto é space-fixed axis, arevalways conserVed,

while K is in general not conserved. (Foi a figid symme;ric fop, K

is also éonsefved.)_'oﬁe thus ﬁéeds to define the unimolecﬁlar ra£é -

constaﬁt'k(E,J);thch cofréspdnds to a-fixedIQalue_of total'angularz

momentum J aé'wéll as total eﬁergy E; because of the isotropy,ofvépace,q

‘the-rate_is‘independegt‘of Mj. | | |
We assume that_K-is a statistical degree of freédqm,vi.e-, that it

inferchanges energy‘statisticallvaith all'the vibrational'degrées of

freedom. The unimolecular rate constant is then giveh by

K(E,J) = ﬁég’gé T ' (a1
. 0+ . : ,
2~
where
NE,J) = 3 Y hE-eg ;) | (A.2a)
=-J ‘n . bt el . ) ) .
No(E,J) = 3. P h(E-e_ ;) | (A.2b)
: : K=-J n S ' B

{e - } and {eu*

E ] o I3 . 4 . ,—'A ‘o
n,J,K’ n,J,K} belngvthe rotgtlonal vibrational energy levels Qf

the transition state and of the reactant molecule, respectively. In .

pfactice these energy levels are obtained by assuming a rigid rotor-harmonic
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oscillator approximation,

.

a0k - Myt 12:31 hu; (n; +3) ' (A.3a)
I LR

R S 1};1 hw,  (n; +3) , (A.3b)

$ : N . '
where W and W are the rotational energies of the transition state

J,K J,K

and of the reactant molecule. Since the energy levels of most asymmetric
rotors are reasonably well approximated by assuming an "almost symmetric

- . e o . 7
top", we invoke that approximation here; so that

. K ) .
WJ,K = (A.4a)

N =

(4+B) [3(3#41) - K2] + CK

W - ?1 + 'k, (A.4b)

=
I
NI

J,K

where (A,B,C) and (A%,B*,C*) are the three rotation cénstants of the
molecule and of the transition state. (A and B are chosen as thg two :
most nearly equél rqtatioh constants of the three A, B, and C, and.A%
and B# similarly.)

'Thevsums over Vibrationél quantum numBer n may be approximated as
before;z_but because we consider cases of smali J, the discrete sum '
over K is retained. Analogéﬁs to Eq. (4) the élassiCal approximation.
to the sum over n in Eq. (4.2) thus gives

I E-V, -W )

N(E,J) = 3 O_s_.l LK . (A.5a)
K=—J t) -

(s-1)! T -(hwi
i=1



) _ J.K !  :,
N,(E,J) = ;J — . - '(A.Sb)
. Sl Thw. .

i=1 1.

J -1
2. (- Vo = Y5 K)S
K(E,J) = o &1 : ’ (A.6)
Y ’. J (E _ w )S_l 3 .
2 1K

A being the frequency faétor-of Eq. (5b). Note that for J = 0, Eq._(A.6)
reduﬁes to Eq. (5a).
The effect of tunneling'along the feaction coordinate is included
in the same manner as before, by rfeplacing N(E,J) by NQM(E,J),
NQM(E,J) = Z: Y P(E - gﬁ.,J’K) , (A.7)
=J T 2
where again P(El) is the one-dimensional tunneling probability. The
exﬁression fof the tunnéling rate constant which generalizes Eq. (11)
by includiﬁg rotation is  thus .

S J 3 $ 1
(s-1)! T hw, 3 D PIE-V -W _-hy *(a+3)]
R 1 y__ 0 J,K'j ~ ~ 2
=1 ol  (A.8)

k. (E,J) = - g ,
vl - | i & -w )%t |
R=—J oK

. : . % L B
with the rotational energies W; . and W, X given by Eq. (A.4). One notes
. b4 ]
that for the case J = 0 Eq. (A;S) reduces to the result in the text [Eq.

(11)] that ignores rotation altogether.
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Table I. Vibrational Frequencies and Rotation Constants

v ‘ '»v_HydrogeBKSpeqieé
(ﬁégg‘ tr-HCOH ~ _TS-M TS-R_
2843 - 3634 2760 3675
2766 . 2684 . 1654 2803
1746 1595 1137 2339 .
1501 - 1264 . 941 1568
‘1247 1101 697 - . 1221
1164 1093 - 2288 1 2299 i
1.13 1.04 - 1.05 . 1.09
o 1.30 . 1.16 - 1.18 1.25
9.41  10.52  9.06  8.86
Deuterated Specieé ' '
S EEEE——— —
D,CO £r-DCOD TS-M_ TS-R
2160 2525 2186 2759
2056 1979 1503 - 2134
1700 1430 820 1735
1106 933 724 11408
990 921 505 974
938 799 1900 i 1675 i
0.88 °  0.84 0.76 0.89
1.07 0.97 0.89 1.10

4.70 6.28 5.45 4,75

a. - . v iy . . . .
The six values above the dotted lines are the vibrational frequencies, and
the three values below it are the rotation constants. Units for all are

cm . TS-M and TS-R are the molecular and rearrangement transition states

indicated in Figure 1.
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Figure Captions

Schematic of the potential energy surface for the ground electronic

state (SO) of formaldehyde. Units of energy are kcal/mole, and the

" values shown are from the work in reference 5.

Unimolecular rate constant for the reaction indicated, as a function

of total energy, for total angular momentum J = O. The solid curve

includes tunneling effects and is computed from Eq. (11). The broken

curve is from the "semiclassically' modified classical expression in

Eq. (5). The arrow indicates the classical threshold for the’reactidn,

as defined by Eq. (12).

Same as Figure 2.

Isotope effects. Plotted is the log of the ratio of hydrogen to

deuterium rate constants for the reactions indicated, as a function

of total energy.
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Figure 1
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