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DETERMINATION OF THE ASYMPTOTIC D TO S-STATE 

RATIO OF THE DEUTERON WAVE FUNCTION 

H. E. 

Abstract: 

, . t * Conzett, F. H~nterberger , P. von Rossen , 

* * F. Seiler, and E. J. Stephenson 

Lawrence Berkeley Laboratory 
University of California 
Berkeley, California 94720 

Cross sections and tensor analyzing powers in dp 

elastic scattering, measured at 35 and 45 MeV, are used to 

determine the asymptotic D to S-State ratio of the deuteron 

wave function. The results agree with the value determined 

at lower energies and provide a considerably more precise 

averaged value: P = 0.0263 ± 0.0013. 
D .. . 
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1,2 , " 
Recent reviews of the deuteron have emphas1zed the1mportance 

of the determination of its D-state probability, PD' and/or its asymptotic 

D to s-state ratio, PD' More precise knowlege of these basic deuteron 

properties would establish significant constraints on the nucleon-nucleon 

intermediate and long range te~sor force and,thus, on the various potential 

models of the NN interaction. Such constraints would also be important in 

calculations of the triton binding energy and in the .determin.ation of the 

saturation properties of nuclear matter, both of which are very sensitive 

2 
to variations of P . 

D 

1 
Even though P

D 
is known only within a factor of two, 
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the prospects for a significant improvement in its de.t'erminat;ion are poor 

because of the model dependence among the various techniques used to deduce 

2 Po from experimental data. In contrast, it has been shown recently that 

the asymptotic ratio Po can be obtained in a clear model-independent fashion 

from measurements of the tensor analyzing-power component T
22

(0) in dp 

scattering;3 and the method has been used to determine the value 

4 
Po = 0.027 ± 0.005 from dp data at Ep= 10 MeV. We report here on dp measure-

ments of the cross section aCe) and T
22

(e) at Ed = 35 and 45.2 MeV, from 

which we extract independently determined values of po. The consistency 

among our two values and that of reference 4 is extremely good, and the resulting 

averaged value of Po has a substantially reduced error. 

"." 

The original pre·scription 
3 

for the determination of Po was to fit 

the experimental angular distribution T
22

(e)/Sin
2

e with a'L~gendre polynomial 

expansion iri z = cos e, and to extrapolate this functo~ to the neutron 

exchange pole at 

·z 
p 

5 9 B (- + ) 
4 4E' 

d 
(1) 

with B the deuteron binding energy and Ed .the deuteron laboratory kinetic 

energy. The extrapolated value at zp is then directly proportional to PD· 
5 . . 4 

Soon thereafter, Gruebler et al. found that their 20 MeV measurements of 

T22(8)/sin2e exhibited a rather complex angular dependence, and the higher 

order polynomials required to fit these data led to unstable extrapolated-; 

values at the pole position. 
4 

Subsequently, Amado et al. showed that a. 

more suitable quantity ·for extrapolation is given by 

", 

.' ,~ 

t. 
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f(z) 
222 

= k O(Z)T
22

(Z) (Z-Zp) /(l-z ), (2) 

where k is the dp c.m. wave number. The construction of f(z) is quite 

clear. The quantity O(Z)T
22

(z) is the difference between two spin-

dependent cross sections, which has a second order pole at z = z that 
, p 

2 
is removed from f(z) by the factor (z-zp) . The zeros of T

22
(z) at 

2 
z = ± 1 are cancelled by the factor (l-z ). Extrapolation of fez) to the 

pole then gives directly the value 

- 0.0542 f(z ) 
p 

(3) 

Independent determinations of P
D 

at higher energies Ed are essential 

for the following reasons: 

i) The value of P
D

, thus f(zp)' must be independent of Ed. There is 

always the question in pole extrapolations of the "background" contribution 

from other singUlarities.6 Thus, changes in the relative positions of z 
,p 

and other singularities with respect to the physical region, produced by 

variation of Ed' can provide an important experimental check on the back

ground contribution. As see~ in (1), the pole moves closer to the physical 

region as E' increases. 
d 

ii) The proportionality constant bet\veen P
D 

and f(z ) in (3) was 
p, : 

obtained
4 

from expressions for nd scattering since, in leading order, f(z) 

is Coulomb-independent. Any remaining exchange-pole Coulomb distortion 

effects will be reduced at the higher energies. 
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Measurements were made of both 0'(8) and T
22

(8) in dp scattering 

35 MeV, while T
22

(8) alone was measured at Ed = 45.2 MeV. Cross 
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section ,values at tl}e higher energy were obtained from quadratic least 

squares interpolations of data in the literature.
7 

The absolute normali-

zation of our 35 MeV 0'(8) distribution was made in the same way, and an 

additional check was made through a comparison of optical model calcu.lations 

with measured forward angle cross sections in d + Xe elastic scatte~ing. 

" 
Absolute 0'(8) normal-ization errors of 2.3% and 3.0% were assigned at 35 and 

45 MeV, respectively. The absolute normalization errors in T
22

(8) were 

2.9% and 3.4%, respectively.8 The fez) values are plotted in Fig. 1, 

where the relative errors shown are essentially statistical. 

In order to extrapolate the measured distribution fez) and td 

determine the quantity fez ), a least~squares Legendre polynomial fit was 
p 

made. The fit procedure used the method of multiple linear regression as 

described ~y Bevington.
9 

The data points (zi;fi ) were fitted using a 
L 

Legendre polynomial series of 'Order'L: f ( z), = L a £P ~ (z). The 

,Q.=O 

fit program was modified in order to obtain the covariances as well as 

the variances of the fit parameters a£. A correct error assign~ 

ment to the extrapolated value fez ) can be made only if the covariances 
p 

(.. ' 

(correlation between parameters) as well as the variances are included. 

A crucial point of the analysis is the maximum order L of the 

Legendre polynomials to be used in the fitting function, because the error 

in the extrapolated value increases with L. We found that L = 4 was 

necessary and sufficient for satisfactory fits at both 35 and 45 MeV. 
, . 2 

Details of the fit information are contained in Table 1. From the X 

2 
per degree of freedom, X lv, L = 4 is clearly required. Since the value 

of the as coefficient is consistent with zero, the L = 5 term is not needed. 
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It can be noted in Table 1 that there is agreement, within errors, 

between the extrapolated fez ) values for both L = 4 and L = 5, but 
P 
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that L = 4 provides the.more precise extrapolation. The L = 4 fits and 

the extrapolated values f (zp) are also, shown in Fig. l. 

Using (3), our two independently determined values of the 

asymptotic ratio P are also given in Table. 1. The listed errors are 
D 

those combined from the error in fez ) and the absolute normalization 
p 

errors in 0'(8) and T22 (8) given above. The weighted average of these 

two values and that of reference 4 is 

0.0263 ± 0.0013. (4 ) 

Theoretical estimates of p are also available. Values. calculated 
D . 

from various phenomenological potential models range from 0.025 to 0.0285 

Ref. 1). However, the value (4) now weighs against the old phenomenological. 

Hamada-Johnston potential value of 0.0285. A mod~l-independent dispersion 

relation calculation, which used only one-pion exchange and the np effective 

, 0 10 
range parameters, gave the value 0.029 with no estlmate of its uncertalnty. 

A different, less direct, method has been used by Knutson 

b l oll 0 0 f and Hae er 1 to obtain lnformatlon about p rom measurements 6f 
D 

1 0 0 h 208 (d ) 209 0 9 . tensor ana yZlng powers ln t e Pb ,p Pb reactlon at MeV. 

In their distorted-wave Born approximation (DWBA) calculations, 

these analyzing powers scale with the deuteron parameter 

the 

2 
where a 2 MB/h , with M the nucleon mass. .Their deduced value of D2 

gives Po 0.0232 ± 0.0017. While uncertainties in the nuclear distorting 

potentials are included in their error estimate, there may remain some 

12 
systematic discrepancy from the approximate way in which the D-state was 

included in the DWBA calculations. 
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In view of the experimental accuracy stated in (4), other sources 

of error must be considered. The first concerns the effect of background 

contributions from singularities other than the neutron exchange pole. 

We cite the remarkable stability of the P
D 

values, derived at energies 

between 10 and 45 MeV, as'subst.antial experimental evidence against 

background contributions at the level of more than a few percent. 

That is, the strongest background contribution to the scattering amplitude 

in the physical region of momentum transfer comes from the triangular 

graph (two nucleons in the intermediate state) branch cut which starts at 

the, brarlch point z 
a 

6,13 
= 1 + 18 BlEd. Then, for Ed = 10 and 45 MeV, the 

corresponding singularity positions (z ,z ) are (5.00, '- 1.75) and 
a p 

, '(L89, -1.'36), respectively. Thus, the relative contributions of the 

exchange~pole and branch-cut amplitudes will certainly change over this 

energy ',interval. The stability of P
D 

then argues well against any 

significant background contribution from the branch-cut singularity. 

It would seem, at,first, that this conclusion is at odds with the finding 

of an intrinsic error of 10% in nd cross section extrapolations in 

. . 6 
momentum transfer, due essentially to just this branch-cut contrlbutl0n. 

2 
There, however, the extrapolateq quantity was F(z) = cr(~) (z-~p) . We remark 

again that the factor q(z) T
22

(z) in (2~ is the difference'between two 

spin-:-dependent. cross sections. If the background contributions to them are 

less spin-dependent than the pole contributions; some cancellation could 

result. This would make fez ) more free of these background effects, in 
p 
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agreement with our experimental findings. This argument, however, requires 
, 

quantitative theoretical verification. 

A second source of error, that of the exchange-pole Coulomb-distortion 

14 
has been evaluated by Amado and Locher. The Coulomb distortion leads to 

13 . 
an exchange-channel branch cut which starts at the exchange pole. The 

contribution from this cut to the calculated dp cross section (near z = -1) 

is 3.5% at Ed = 45 MeV, 4.5% at 35 MeV, and 8% at 20 MeV. Since the leading 

contribution to T22 (z) comes from S-D interference,3 a considerably smaller 

correction to f(z) is estimated. Hence, for our extrapolated value accuracies 

of 5 to 7%, this Coulomb correction at 35 and 45 MeV can safely be neglected. 

Certainly the experimental error on P
D 

can be further reduced simply 

by making repeated independent determinations of its value. This should be 

done at different energies Ed' since the stability of P
D 

as a function of 

energy provides an important test of the reliability of the pole~extrapolation 

method. However, in view of the level of accuracy already achieved, a more 

sophisticated analysis, which includes conformal mapping and the removal of 

next nearest singularities, should be made.
3 

The value (4) for P
D 

can now be used in any particular potential 

model to specify the D-state probability PD. That is, with the intermediate 

and long range parts of the D-state wave function constrained by the deuteron 

quadrupole moment and by P
D

, the calculated value of P
D 

will be similarly 

constrained. Of course, there will still be variations because of the model-

dependence of the short range part of the wave function. 

In terms of the modern meson-exchapge potentials, our P
D 

valve 

establishes a constraint on the strength Of the long-range part of the 
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, f 15 tensor orce. For example, this component is too strong in the Paris 

-, 16 h' h' h 1 0 0293 M th 0; 1 d;ng potentl.al, w l.C gl.ves t eva, ue PD
=. . eson eory, n w ~nc u ~ 

'" 15 
p-meson exchange, suggests 'the value P

D 
<,0.026, in good agreement with 

'. 
our experimental value. 

," 
In summary, we have determined the deuteron D to S-state asympotic 

ratio to an accuracy of ±5%, and this value provides an, important constraint 

on the NN intermediate and long range tensor force. 

We are grateful to R. D. Amado, M. P. Locher, and G. R. Plattner 

for illuminating discussions. We thank K. Holindefor remarks concerning 

meson theoretical predictions. We also thank R. M. Larimer and B. T. 

Leemann for their assistance during the course of the experiment. This 

work was supported by the Nuclear Sciences Division of the U.~. Department 

of Energy under contract No. W-7405-ENG-48. Two of us (FH,FS) received 

support from the Bundesministerium fur Forsc~ung und Technolgie and from 

the Max Geldner Stiftung, respectively. 
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L 
Table 1. Results from fits with f(z) = L:aQ,pQ, (z) 

Q,=O 

2 X IV 

.1. 36 

0.90 

0.90 

2.01 

0.72 

0.71 

0.010±0.005 

0.010(5)a) 

0.025(7) 

-0.009(9) 

0.006(4) 

0.041(5) 

-0.007(7) 

f(z ) 
p 

-0.355(13) 

-0.480(36) 

-0.572(104) 

-0.326(9) 

-0.490(24) 

-0.548(62) 

LBL-8795 

0.0260(21) 

0.0265 (18) 
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Figure Captions 

Fig. 1 The quantity -f(z), eq. (2), in dp elastic sc::attering isplotted 
./ 

versus z = cose at'E c= 35 and 45.2 MeV. The relative errors are 
cm d 

showIl except'where they are smaller than thepornts. The curves are 

4th order Legendre polynomial series fits .to the data, Extrapolated 

values;· ~·f (z ) , . are also shown. 
p , 
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