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ABSTRACT 

The effects of non-perturbative instanton 

field configurations ~n QCD are evaluated for deep 

inelastic scattering. These corrections rapidly become 

significant (> 5% of non-interacting parton term) 

for higher moments (n ~ 16) of the hadron structure 

functions, and contribute to the breaking of the 

Callan-Gross relation. 

Work has been supported by the High Energy Physics Division of 
the United States Department of Energy. 
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Most applications and tests of QCD are renormalization 

group improved perturbative calculations for laTge momentum transfer 

processes. The data is now becoming adequatel to support the 

perturbative predictions2 for the scaling violations to deep 

inelastic scattering. It is now of fundamental importance to 

attempt an experimental verification of the non-perturbative 

instanton3,4 effects in physical processes. The contribution of 

the one-instanton configuration has been reliably calculated5 for 

e+e- to hadrons. However, instanton calculations for deep 

inelastic scattering are made obscure by the existence of two 

size scales in the problem. The crucial deviation from + -e e 

to hadrons is the incident hadronic size scale which is introduced 

in addition to the scale set by the momentum transfer, q. For 

e+e- annihilation, one can justifiably calculate the diagram of 

Fig. 1 in the dilute instanton gas approximation since the instanton 

scale size is driven to zero as 
2 (x - y) decreases 

Euclidean space. However, as pointed out by Baulieu 

with .L 
q2 

et.al.,6 

in 

there 

is no kinematic reason why large-scale field configurat~ should 

be irrelevent for the diagram of Fig. 2 for deep inelastic scattering. 

There should obviously be a contribution from large instantons which 

overlap the incident and out-going hadrons, whose size is not driven 

to zero for large 2 
q • A possible escape from this dilemma exists 

in observing that the contribution from these large instantons should 

not have the dramatic 2 
q dependence of the small 1 

(~ "2) 
q 

instantons, since their" variation over comparable size scales is 

much smaller. These infra-red instantons are expected to contribute 
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dispersion relations in the variable x = _ q2/2v 

to an over-all infra-red ~malization of the incident hadronic ~ 

wave-function, which appears to be of little concern in searching 

for scaling violations. In this paper, instanton effects on 

external parton lines are excluded by the above reasoning, and 

internal free parton propagators are repla.ced by parton propagators 

in a one-instanton background field configuration. The lowest 

order diagram for deep inelastic scattering is calculated, and 

numerical results obtained. 

To calculate the single instanton contribution to the 

scaling violations of the hadronic structure-functions, one begins 

by relating the moments of the structure functions to the elastic 

forward scattering amplitude. In the standard way7, with p the 

incident hadron momentum, and q the momentum transfer 

(1) 

The tensor T~ can be written as 

- ~ %:)(Pt3- ~q(3)T2(q2,v) 
q q 

(2) 

where v is defined as p.q. The functions Tl and T2 satifY the 

where 

F
l

(X',q2) 1 
1m Tl (x' ,q2) = -

1! 
(4a) 

2 
F

2
(x' ,q2) 

v 1. 1m T2(x' ,q ) 
=2" 1! 

(4b) 

m 

For x outside the physical region, i.e. x > 1, 

CD 

L ,n-lF (, 2) x 1 x ,q 

n=l 

L 
n=l 

Thus to calculate the moments of the structure functions, one must 

calculate the large x behavior of Tl and T2 via T~. The 

process to calculate is that of Fig 3. It is obtained by replacing 

the fermion propagator of the free parton model with one for propagation 

in a background instant on field for the lowest order diagram of deep 

inelastic scattering. To justify the dilute instant on gas approxi

mation4 , the singular gaugeS is used, where instantons of small size 
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can be localized without substantial overlap. With this gauge choice, 

the fermion propagator in a single instanton field9 and expanded 

about the fermion mass equal to zero is 

S)x,y,p,z=o) 1 

- 2Jt2 

+ 
S (x-y) o 

2 1/2 2 1/2 
(1+ P 2) (1+ R 2) 

x y 

(6) 

where S = - ~, 1 /::,. =~, 
o 4Jt /::,. 

and /::,. = x - y . The instanton 
o 2Jt /::,. 

has size scale p, and is located at Z = O. A global averaging 

over instanton color orientation has been done, corresponding to 

its random direction in the SU(2) subgroup of SU(3). For the 

propagator in an anti-instanton field, 75 - - 7
5

, and the 

anti-symmetric tensor Defining p' = p + q , 

6 

the spin averaged amplitude, Ta~' in Euclidean space becomes 

where the origin of the phase difference between ~ and m in the 

energy projection operator is the analytic continuation to Euclidean 

space with positive definite metric. It is easily seen that when 

S+(pl) has a gamma matrix structure which is proportional to ~', 
vT

2 the Callan-Gross relation holds ( ""2 =2xTl )· From equation (6), 
m 

this is true of all the terms in S+(pl) 

corresponds to the zero-energy-mode (ZEM) 

except for the first, which 

of fermion propagation~,lO 

Thus, for the non-zero-energy modes (NZM) in the propagator, it is 

straight-forward to show 

For the zero-energy-mode, the gamma structure is unity, and 

only contributes to Tl because of Lorentz invariance. 

1 a(ZEM) 
- - T 3 a 

o 

(8a) 

(8b) 

(9b ) 
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Therefore 

_ 1. 1l(NZM) _ 1. 1l(~) 
Tl = 2 a 3 a (lOa) 

(lOb) 

Tl and T2 can now be calculated from the trace of T~ for the 

zero-mode and non-zero-mode parts of the fermion propagator. The 

expressions to evaluate are 

(lla) 

{ 

p2( ~ - z) .( - !. - z) 1 
1 + 2 2 

( !. _ z)2(!. + z)2 
2 2 

- 1 

( 
p2 ~/2( p2 1/2 1+ 21+--2 

( ~ - z) (~ + z) 

( p2 [(!. _ z).(- !. _ z)(p.x) + (!. _ z).p(_!' - z).x t P 
2 + (~ - z)2 2 2 2 2 

Ilb continued on next page 

8 

- (~- z)'x( -~- z).p] + 2 p: 2 (~- z).(-~- z)p·x 
p + (2' + z ) 

+ ( ~ - ,)-X(- ~ - ,J"p - (~- ,)-P(- ~ - ,)ox]} }4, (llb) 

where the free fermion propagator has been subtracted off in. the 

first term of the integrand of (lIb). These integrals are not soluble 

in closed form because of their elliptic nature. However, by 

expanding the denominators in the small distance x, the lowest 

order approximation is accurate to within a logarithm of p'p. 

One obtains 

rJ? (ZEM) 
0: 

22 d ~ 
- 12811 P --2 K (2" ,2 p) 

dp' 0 ., P 

....o:(NZM) 2 4 d 
'.I: = 4811 (P'p')p - K (2.,[7I p) a d ,2 0 P 

. P 

with· Ko(Z) the modified Bessel function, which has a large 

behavior proportional to e-z . 

z 

(12a) 

(12b) 

The contribution of an instanton of size p is seen to fall 

as -pq e . Consequently, since the instanton density function decreases 

with decreasing p, by making q large enough the effects due to a 

single instant on can be reliably isolated. There is no need for an 

ad-hoc cut-off or assumption about the behavior of large scale size 

instantons. One can now freely integrate equations (12) over all 

instanton scale sizes, weighted by the known distribution function 

d(p). 

zation, 

1 For small quark masses, mi « P' 
d(p) takes the formlO,5 

and Pauli-Villars regulari-

.iC 



.. 

9 

_2 1 2 
with g ( -)/8n 

J.l.p 
3 

(33-2Nf ).en(l) 
J.l.P 

the asymptotically free running 

coupling constant. The renormalization effect which manifests itself 

in the appearance of the running coupling constant is also believed 

to replace the masses appearing in equation (13) by the effective 

masses at scale size p. In this spirit, the values of mi should 

11 be regarded as the short-distance current algebra masses, rather 

than the dynamically generated constituent quark masses. Also, when 

doing the p integral the slowly varying logarithmic terms can be 

pulled outside and p replaced by its average value in the integrand. 

For 3 quark flavors with masses of 7.5 MeV, 13.5 MeV, and 

150 Mevll, and a J.I. of 500 Me~2, one finds 

(148.) 

where some factors of J.I. have been left explicit. One can now 

replace p I by P + q, 

do a ! expansion in x 

add the crossed diagram with 
2 

x = - 9..... »1. This yields 2v 

n=even 

q ... - q, 

(14b) 

and 
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[ 
2]6 2

6 

(3.8 105).en q 2 (~) 
(6.2J.1.) q 

t (~ ;: (nf): n 

n=even (15b) 

and from equations (10) and (15), for n even 

where the Born term of Fig. 4, and the over-all scaling violation 

due to the perturbative calculation of the anomalous dimension have 

been included. That the anomalous dimension term is an over-all factor 

is obvious from the fact that the light-cone behavior of the fermion 

propagator in an instanton field is the same as that of the free 

propagator. 

From equations (5), (10), (15) and the perturbative corrections 

to the Wilson coefficents as calculated by Calvo,13 it is straight-

forward to show that the contribution to the breaking of the flavor 

non-singlet part of the Callan-Gross relation is 

x,n-2 [F
2

(X I,q2) _ 2x'Fl (Xl ,q2)] 

Eq. 17 cont. on page 11 
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2 C (R) 2 6 2)6 1 
= ~. ~+l + 2'7Xl05(~) (tn --L-2 (~sr 

:n: q (5. 21-() J ( 
2)-7n 

tn ~ 
I-( 

where C2(R) is the evaluation of the quadratic Casimir operator of 

SU(3) color on its irreducible representation R to which the 

fermions belong. For 3 flavors, . 4 
C2(R) = 3' Note that for all of 

these results the instanton effect grows rapidly with n. In table I 

we have summarized the relative magnitudes of the instanton term to 

the Born teIrm for q ~ 81-( and n from 2 to 30 for the structure 

function Fl' In Table II we compare the instanton correction to 

the leading perturbative term for the scaling deviations of the 

moments of the Callan-Gross relation. 

As can be seen from the numerical calculation, for 

moderate values of q(~81-( ~ 4 GeV), one should see substantial 

instanton effects (~5%) for moments of the structure functions on 

the order of 16 or larger, and an additional non-perturbative 

correction to the Callan-Gross relation. These large effects for 

the higher moments are an indication that instantons tend to 

dominate the physics at large x. These contribution~ when 

2 observed, should be unmistakable in their rapid q dependence and 

relatively large magnitudes for higher moments. 

I thank M. Suzuki for illuminating discussions, and 

N. Fleishon for a valuable reading of the manuscript. 
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FIGURE CAPTIONS 

Fig. 1. Single fermion loop contribution to the vacuum polarization 

in a one-instanton background field. 

Fig. 2. The "hand-bag diagram" for deep inelastic scattering in a 

one-instanton background field. 

Fig. 3. Instanton contribution to the diagram for deep inelastic 

scattering. The cross-hatched line is the fermion 

propagator in a one-instanton background field. 

Fig. 4. Born term (free parton model) for deep inelastic scattering. 
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Table I: Relative magnitude of the instanton correction to the lowest order free 

parton term as a function of q2 for the (n-l) x-:moment of F
l

(x,q2) 

n J 

q oj!- ~ 4 6 8 10 12 14 16 18 20 22 24 26 28 30 

8 1 x 10-5 7 x 10-5 3 x 10-4 8 x 10-4 0.002 0.005 0.009 0.02 0.03 0.05 0.08 0.12 0.19 0.27 0·39 

10 1 x 10-5 8 x 10-5 4 x 10-4 1 x 10-3 0.003 0.008 0.02 0.03 0.06 0.10 0.16 0.26 0.40 0·59 0.85 

12 6 x 10-6 5 x 10-5 2 x 10-4 8 x 10-4 0.002 0.005 0.01 0.02 0.04 0.07 0.12 0.19 0.29 0.44 0.63 

14 3 x 10-6 3 x 10-5 1 x 10-4 4 x 10-4 0.001 0.003 0.006 0.01 0.02 0.04 0.07 0.10 0.16 0.24 0·35 

16 1 x 10-6 1 x 10-5 6 x 10-5 2 x 10-4 6xio-4 . 0.001 0.003 0.006 0.01 0.02 0.03 0.05 0.08 0.12 0.17 I-' 
VI 

18 6 x. l.0-7 6 x 10~6 3 x 10-5 1 x 10-4 3 x 10-4 7X l0-4 0.001 0.003 0.005 0.009 0.02 0.03 0.04 0.06 0.08 

20 3 x 10-7 3 x 10-6 1 x 10-5 5 x l.0-5 l.x lD-4 3 x 10-4 ,..4 
,xJD 0.00l. 0.003 0.005 0.008 0.0l. 0.02 0.03 0.04 

* (in units of !.J. = 500 MeV) q 



Table II: Relative magnitude of the instanton correction to the leading perturbative term for 
the scaling deviations of the (n-1) x-moment of the Callan-Gross relation. 

, , 
# n 

* q f! 4 6 .8 10 12 14 16 18 20 22 2lJ. 26 28 30 

·8 1.7 x 10 -4 0.002 0.009 0.03 0.09 0.22 0.47 0.94 1.74 3·03 5·05 8.08 12.5 18.7 27.4 

10 1.6.x 10 -4 0.002 0.008 0.03 0.08 0.21 0.44 0.88 1.63 2.84 4.74 7.59 11.7 17.6 25·7 

12 0.8 x 10 -4 0.001 0.004 0.01 0.04 0.11 0.23 0.47 0.87 1.51 2.52 4.04 6.24 9.37 J.3·7 

J.4 3.9 x 10-5 ,.4 
4.6x10 0.002 0.007 0.02 0·05 0.11 0.22 0.40 0.69 1.16 1.85 2.86 4.29 6.28 

16 1.7 x 10-5 2 x 10-4 0.001 0.003 0.009 0.02 0.05 0.09 0.17 0·30 0·51 0.81 1.25 1.87 2.74 f-' 
0\ 

18 8 x 10-6 1 x 10-4 4 X10-4 0.001 0.004 0.01 0.02 0.04 0.08 0.14 0.24 0.38 0.60 0.89 1.3 

20 4 x 10-6 5 x 10-5 2 xl0-4 7 x10-4 0.002 0.005 0.01 0.02 0.04 0.07 0.12 0.19 0·30 0.45 0.65 

* (in units of I-L = 500 MeV) q 
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