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M o d e l i n g Perceptua l  Learnin g o f  Abstrac t  Invariant s 

Philip J. Kellman Timothy Burke John E. Hummel 
<Kellman@cognet.ucla.edu > <MizeRai@ucla.edu > <Jhummel@psych.ucla.edu > 

University of California, Los Angeles 
40 5 Hilgar d Avenue ,  Lo s Angeles ,  C A 90095-156 3 

Abstrac t 

We present the beginnings of a model of the human 
capacit y t o lear n abstrac t  invariants ,  suc h a s square .  Th e 
model  i s founde d o n fou r  primar y assumptions ,  whic h 
we believ e t o b e neurall y plausibl e an d generic :  Metri c 
space ,  Topology ,  Compariso n operation s (subtraction , 
greater-than/less-than) ,  an d Extractio n o f  vertices .  Th e 
model  successfull y learn s t o discriminat e simpl e plana r 
quadrilaterals ,  an d generalize s tha t  learnin g acros s 
variation s i n viewpoin t  an d modes t  variation s i n shape . 

Introduction 
A hallmar k o f  h u m a n informatio n processin g i s th e 

abilit y  t o detec t  an d respon d t o abstrac t  invariants .  M a n y o f 
th e mos t  importan t  output s o f  visua l  perceptio n an d 
cognitio n involv e shap e an d spatia l  relations .  A s th e Gestal t 
psychologist s pointe d ou t  earl y i n thi s century ,  thes e ar e 
relationa l  notions .  A  square ,  o r  a  melody ,  i s no t  definabl e 
i n term s o f  an y particula r  elements ,  bu t  i n term s o f  invarian t 
relationships . 

We no t  onl y encod e certai n characteristi c relations ,  bu t 
we discove r  n e w one s wit h experience .  Thi s abilit y  make s 
possibl e hig h level ,  sometime s almos t  magical ,  expertise .  I n 
chess ,  th e bes t  h u m a n playe r  ca n compet e wit h a  compute r 
syste m tha t  examine s 25 0 millio n move s pe r  second , 
althoug h plainl y w e di d no t  evolv e t o proces s th e specifi c 
relation s o f  shap e an d arrangemen t  tha t  ar e importan t  i n 
chess .  H u m a n perceptua l  learnin g allow s th e discover y o f 
feature s an d relation s tha t  m a k e possibl e efficien t 
performanc e i n almos t  ever y domai n o f  expertis e (Gibson , 
1969 ;  Goldstone ,  1998) . 

S o me ke y aspect s o f  perceptua l  learnin g remai n deepl y 
mysterious .  A  crucia l  on e migh t  b e calle d th e discover y 
problem :  Expertis e i n a  classificatio n tas k grow s a s n e w 
stimulu s relationships ,  ofte n quit e abstract ,  becom e th e basi s 
of  response .  H o w doe s th e visua l  syste m discove r  abstrac t 
invariants ,  suc h a s squareness ,  roundness ,  o r  parallelism ? 
By abstrac t  invarian t  w e m e a n a  visua l  propert y that ,  whil e 
computabl e from ,  i s  no t  definabl e i n th e vocabular y o f 
primitiv e feature s fro m whic h i t  i s  derived .  Fo r  example ,  n o 
logica l  concatenation—conjunctive ,  disjunctiv e o r 
otherwise—o f  neura l  response s i n primar y visua l  corte x 
(i.e. ,  loca l  visua l  propertie s suc h a s edges ,  vertice s o r  Gabo r 
components )  define s th e invarian t  squareness .  Squarenes s 
i s bot h mor e an d les s tha n an y finite  se t  o f  suc h features .  I t 
i s mor e becaus e s o m e n e w activatio n patter n migh t  als o 
for m a  square ,  an d i t  i s  les s becaus e m a n y o f  th e attribute s 
of  an y give n activatio n patter n (e.g. ,  it s  precis e location , 

siz e an d orientation )  hav e nothin g t o d o wit h thei r 
squareness . 

Becaus e a n abstrac t  invarian t  i s  define d les s i n term s o f 
th e visua l  primitive s tha t  compos e i t  tha n i n term s o f  th e 
relation s a m o n g thos e primitives ,  i t  i s a  myster y ho w th e 
visua l  syste m discover s invariant s i n th e output s o f  suc h 
primitives .  I t  i s  possibl e t o buil d a  loca l  featur e detecto r  b y 
systematicall y combinin g th e output s o f  a  finit e numbe r  o f 
simple r  featur e detector s (e.g. ,  i t  i s  possibl e t o defin e a n 
edg e detecto r  base d o n a  weighte d su m o f  th e output s o f  a 
finit e numbe r  o f  contras t  detectors) .  Learnin g suc h a 
featur e i s therefor e a  relativel y simpl e matte r  o f  finding  a n 
algorith m t o discove r  th e appropriat e "wirin g diagram "  (i.e. , 
weightin g terms )  fro m th e inpu t  ( a specifi c  se t  o f  contras t 
detectors )  t o th e outpu t  (th e loca l  edg e detector) .  Man y 
suc h learnin g algorithm s exist ,  includin g supervise d 
learnin g algorithm s suc h a s back-propagatio n (Rumelhart , 
Hinto n &  Williams ,  1986) ,  a s wel l  a s numerou s 
unsupervise d learnin g algorithms .  Al l  thes e algorithm s 
wor k precisel y becaus e (a )  the y operat e b y exploitin g 
statistica l  regularitie s i n thei r  input s (or ,  i n th e cas e o f 
supervise d rules ,  regularitie s i n th e input-outpu t  mappings) , 
and (b )  th e featur e t o b e learne d ca n b e define d i n term s o f 
th e mor e basi c feature s o f  whic h i t  i s  composed .  B y 
contrast ,  becaus e squarenes s doe s no t  correspon d t o an y 
finite  collectio n o f  loca l  features ,  ther e exist s n o analogou s 
wirin g diagra m tha t  ca n detec t  al l  (an d only )  instance s o f 
"squareness" .  A s such ,  ther e i s n o straightforwar d statistica l 
basi s fo r  learnin g "squareness "  base d o n th e output s o f  loca l 
featur e detectors . 

We assum e tha t  a n invarian t  suc h a s "squareness "  i s no t 
detecte d simpl y b y constructin g a  larg e (potentiall y  infinite ) 
number  o f  detector s fo r  specifi c  square s an d the n summin g 
thei r  outputs .  A s th e Gestaltist s argue d agains t  thei r 
structuralis t  predecessors ,  w e ca n alway s devis e a  ne w 
squar e o f  a  differen t  size ,  m a d e b y arrangin g som e ne w 
elements ,  i n a  n e w position .  I t  woul d stil l  b e readil y 
detecte d a s a  square .  A n algorith m geare d t o learnin g eac h 
and ever y possibl e instanc e o f  a  squar e woul d b e unwield y 
t o sa y th e least .  H u m a n s ,  b y contrast ,  ca n lear n man y 
invariant s i n a s littl e a s on e exposur e an d transfe r  tha t 
learnin g t o n e w instances . 

H o w ca n w e accoun t  fo r  thi s performance ? Althoug h 
perceptua l  learnin g o f  abstrac t  relationship s i s  wel l 
documente d (e.g. ,  Chas e &  Simon ,  1973 ;  Gibson ,  1969 ;  fo r 
an excellen t  recen t  review ,  se e Goldstone ,  1998) ,  littl e 
modelin g ha s addresse d th e learnin g o f  abstrac t  invariants . 
Our  ai m i n th e presen t  progra m o f  researc h i s t o develo p 
model s o f  invarian t  detectio n an d learnin g i n visua l  shap e 
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perception .  Her e w e repor t  initia l  progres s towar d thos e 
goals . 

Mixing Architectures in a Principled Fashion 
What  appear s difficul t  abou t  th e proble m o f  delectin g 

invariant s m a y depen d o n one' s startin g point .  Fro m th e 
standpoin t  o f  symboli c descriptions ,  squarenes s doe s no t 
see m to o formidable .  Give n a  close d figure ,  it s  verte x 
locations ,  edg e length s an d angl e measurements ,  w e ca n 
easil y writ e a  mathematica l  tes t  fo r  squareness .  Bu t  i t 
woul d b e unwield y t o hav e suc h a  routin e fo r  ever y spatia l 
invariant .  No r  i s i t  clea r  h o w suc h stati c routine s coul d 
come t o lear n ne w invariants .  O n th e othe r  hand ,  traditiona l 
connectionis t  approache s readil y suppor t  learning ,  bu t  wil l 
not  com e t o classif y (correctly )  ne w square s i f  thei r  initia l 
input s ar e limite d t o concret e element s suc h a s loca l 
features . 

Toward a Grammar of Form 
What  initia l  recoding s o f  concret e input s coul d allo w 

bot h th e extractio n o f  abstrac t  relationship s an d th e learnin g 
of  ne w ones ? A t  th e roo t  o f  ou r  approac h i s th e ide a tha t  th e 
apparen t  openendednes s o f  th e huma n abilit y  t o lear n 
abstrac t  invariant s call s fo r  a  syste m tha t  i s formall y lik e a 
grammar  wit h recursiv e rules .  Natura l  language s ca n 
generat e a n unlimite d numbe r  o f  nove l  sentence s base d o n a 
fixe d se t  o f  word s an d a  recursiv e rul e syste m fo r 
combinin g them .  Th e sam e ide a ha s bee n applie d t o objec t 
recognition :  Object s m a y b e decompose d int o a  finit e 
vocabular y o f  volumetri c primitive s an d spatia l  relation s 
connectin g the m (e.g. ,  Biederman ,  1987 ;  Mar r  &  Nishihara , 
1978) .  I t  seem s plausibl e tha t  huma n perceptua l  learnin g o f 
abstrac t  spatia l  invariant s depend s o n som e basi c se t  o f 
relation s an d som e processe s fo r  concatenatin g them . 

I n th e presen t  work ,  w e pursu e thi s approac h i n 
buildin g a  prototyp e shap e networ k tha t  extract s a  smal l  se t 
of  importan t  relation s earl y o n an d use s the m a s input s fo r 
learnin g t o classif y simpl e shapes .  W e choos e a s ou r 
domai n th e name s o f  simpl e plana r  quadrilaterals ,  includin g 
squares ,  rectangles ,  parallelograms ,  trapezoid s an d 
rhombuses .  Thi s domai n i s usefu l  fo r  severa l  reasons . 
Most  importantly ,  th e label s refe r  t o abstrac t  entities . 
Changes i n retina l  position ,  scale ,  an d plana r  orientatio n 
(fo r  th e mos t  part )  o f  th e constituen t  element s d o no t  affec t 
th e correc t  labels .  Second ,  thi s kin d o f  classificatio n i s 
arguabl y natura l  fo r  humans .  Youn g childre n readil y com e 
t o distinguis h an d nam e squares ,  rectangle s an d s o on ,  an d 
generaliz e naturall y acros s change s i n size ,  positio n an d 
orientation .  Third ,  plana r  shap e classification—an d th e 
subtletie s o f  quadrilateral s i n particular—hing e o n 
interestin g spatia l  relation s an d comparisons .  Ultimately , 
our  ai m i s t o encompas s riche r  domain s o f  shap e 
description ,  includin g 3- d form ,  bu t  th e plana r  shap e 
domai n i s a  reasonabl e choic e fo r  confrontin g th e basi c 
challenge s o f  h o w encodin g an d learnin g migh t  cop e wit h 
abstrac t  spatia l  relations . 

A ke y challeng e i s t o postulat e onl y thos e step s fo r 
recedin g o r  findin g relation s tha t  ca n b e justifie d o n 
independen t  grounds .  Tha t  is ,  succes s wil l  no t  consis t  o f 

findin g a  special-purpos e processo r  tha t  respond s t o 
squareness ,  bu t  allowin g squarenes s t o emerg e naturall y 
fro m basi c operation s tha t  w e woul d expect ,  o n independen t 
grounds ,  t o b e par t  o f  visua l  processing .  B y implementin g 
onl y operation s tha t  ca n b e justifie d independently ,  w e ca n 
begi n t o develo p th e fundamenta l  gramma r  o f  invarian t 
processin g an d ultimatel y tes t  whethe r  th e scop e an d limit s 
of  wha t  i s learnabl e withi n tha t  gramma r  approximat e thos e 
of  huma n visua l  cognition . 

Base d o n a  smal l  se t  o f  earl y recoding s tha t  m a k e sens e 
on genera l  grounds ,  thi s firs t  shap e networ k ca n lear n 
abstrac t  notions—specificall y variou s kind s o f  quadrilatera l 
(4-vertex ,  planar )  figures .  I t  als o classifie s n e w instances , 
suc h a s a  squar e o f  a  siz e an d positio n no t  previousl y seen . 

Modeling Assumptions 
Th e vocabular y o f  a  "visua l  grammar "  consist s o f  a 

finit e se t  o f  basi c operation s correspondin g t o (presumabl y 
innate )  assumption s o n th e par t  o f  th e visua l  syste m abou t 
th e natur e o f  th e visua l  world .  Fo r  ou r  curren t  purposes ,  w e 
assume tha t  th e visua l  syste m come s int o th e worl d 
equippe d wit h (a t  least )  th e followin g knowledge/capacities : 

I .  Metri c Space :  W e assum e tha t  neuron s i n earl y visua l 
processin g (e.g. ,  retina ,  L G N ,  V I )  "know "  (perhap s 
implicitly ,  i n th e for m o f  thei r  interconnections )  abou t 
metri c space :  The y k n o w tha t  thei r  receptiv e field s 
correspon d t o finit e region s o f  large r  metri c space ,  an d the y 
kno w (approximately )  wher e i n tha t  spac e thei r  receptiv e 
fields  ar e located .  W e assum e tha t  thi s knowledg e 
manifest s itsel f  i n a  neuron' s (o r  hypercolumn's )  abilit y  t o 
signa l  it s  locatio n independentl y o f  an y o f  it s  othe r 
properties ,  namel y b y activatin g othe r  neuron s representin g 
locatio n (e.g. ,  i n Euclidea n coordinates )  independentl y o f 
th e natur e o f  whateve r  visua l  feature s happe n t o resid e 
there . 

II .  Adiacenc v (Topologv) :  Implici t  i n (I) ,  bu t  deservin g 
of  mention ,  w e assum e tha t  neuron s i n earl y visua l 
processin g "kno w about "  thei r  adjacenc y relation s (an d 
possibl y othe r  topologica l  relations) .  Thi s kin d o f 
knowledg e i s manifes t  i n th e loca l  latera l  connectivit y 
among,  fo r  example ,  neuron s i n visua l  are a V I . 

III .  Differenc e Operations :  Third ,  w e assum e that , 
give n pair s o f  numerica l  quantitie s (e.g. ,  coordinate s i n a 
Euclidea n space) ,  th e nervou s syste m i s equippe d wit h 
routine s fo r  performin g variou s kind s o f  differenc e 
operations ,  includin g subtraction ,  an d evaluatin g greater -
tha n an d less-tha n relations . 

IV .  Verte x Finding :  Finally ,  w e assum e tha t  earl y 
visua l  routine s ca n fin d vertice s an d othe r  loca l  change s i n 
contou r  curvatur e base d o n th e output s o f  basi c loca l  edg e 
computations . 

Thes e fou r  assumptions ,  alon g wit h th e w a y the y ar e 
embodie d an d th e way s i n whic h the y interact ,  for m th e 
theoretica l  foundatio n o f  th e curren t  modelin g effort .  Ou r 
goal  i n thi s pape r  i s t o demonstrat e that ,  embodie d i n a n 
appropriat e architecture ,  thes e asumption s ar e sufficien t  t o 
"bootstrap "  th e learnin g o f  abstrac t  invariant s suc h a s 
"square. " 
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The assumptions are instantiated in a four-layer 
"neural"-styl e network .  Unit s i n th e firs t  laye r  represen t  th e 
retina l  coordinate s o f  th e vertice s i n a n imag e o f  a 
quadrilateral .  W e assum e tha t  th e vertice s ar e detecte d an d 
thei r  spatia l  coordinate s registere d b y a n earl y preprocessin g 
stag e (Assumption s I V an d I ,  above) .  ( W e acknowledg e 
tha t  simpl y "handing "  th e mode l  th e coordinate s o f  vertice s 
i s a  stron g simplification .  W e ar e currentl y workin g t o rela x 
i t  an d equi p th e mode l  wit h a  mor e realisti c front-end. ) 
Unit s i n th e secon d laye r  comput e th e pair-wis e Euclidea n 
distance s betwee n th e coordinate s code d i n th e firs t  laye r 
(Assumption s I  an d III) .  I n th e curren t  implementation , 
eac h uni t  represent s on e distanc e (e.g. ,  ther e i s on e uni t  fo r 
th e distanc e betwee n verte x 1  an d verte x 2 ,  anothe r  fo r 
vertice s 2  an d 3 ,  etc.) ,  an d distanc e i s  represente d a s 
activation .  Tha t  is ,  i n Laye r  2  layer ,  distanc e i s rate-coded . 
Coordinate s ar e "rea d into "  th e mode l  i n a  fixe d order , 
startin g fro m som e corne r  o n th e stimulus ,  an d proceedin g 
aroun d th e figur e clockwise .  Thi s conventio n i s a 
simplifie d implementatio n o f  ou r  mor e genera l  assumptio n 
tha t  th e syste m know s whic h vertice s ar e connecte d t o 
whic h b y virtu e o f  a n intervenin g contou r  (Assumptio n II , 
topologica l  relations) .  (I n th e curren t  model ,  implici t 
knowledg e o f  sequentia l  orde r  o f  vertice s i n a  connecte d 
figur e i s important ,  althoug h th e particula r  startin g poin t  i n 
th e sequenc e i s not. ) 

Unit s i n th e thir d laye r  tak e thei r  input s fro m pair s o f 
distanc e unit s ( i  an d j )  i n th e secon d layer ,  an d compar e th e 
distance s fo r  thei r  equalit y (Assumptio n III) .  Specifically : 

1 i f  m J .  -d ,  <  5 

'.,- < 

m d - d 
otherwise , 

(1 ) 

wher e e n i s th e activatio n o f  equalit y uni t  ij ,  d ^  an d d j  ar e 

distance s i  an d j ,  5  i s a  differenc e threshol d tha t  determine s 
th e rat e a t  whic h e  drop s of f  a s th e absolut e differenc e i n 
distance s increases ,  an d m =  max(^j ,  dp ,  serve s a s a  scalin g 

factor .  5  wa s se t  t o .0 2 i n th e simulation s reporte d here ,  e/ v 

take s a  valu e o f  1  w h e n d i  an d d j  ar e withi n 5  o f  bein g 

equal ,  an d fall s of f  towar d zer o a s \d i  dj \  approache s 

infinity . 
Th e resultin g pairwis e distanc e comparison s serv e a s 

th e inpu t  t o th e fourt h (output )  laye r  o f  units ,  whic h lear n t o 
classif y thei r  input s a s representin g variou s four-side d 
geometrica l  figure s (squares ,  parallelograms ,  trapezoids , 
etc.) .  Th e ne t  inpu t  t o outpu t  nod e i  i s  simpl y th e do t 
product : 

fi i  =  I j  a j  wi j  (2 ) 

where aj is the activation of node j in layer 3, and Wn is the 

weigh t  o n th e connectio n fro m j  t o / .  Th e activatio n o f 
outpu t  nod e i  i s  give n b y th e logisti c function : 

ai=m+e-^i) .  (3 ) 

At  th e beginnin g o f  training ,  th e connection s betwee n 
th e thir d an d fourt h (output )  layer s wer e initialize d t o zero . 
On eac h trainin g trial ,  on e four-side d figure  wa s presente d 
at  a  tim e t o th e networ k (a s detaile d below) ,  an d layer s o f 
unit s wer e update d i n sequenc e (laye r  1 ,  the n laye r  2 ,  etc. ) 
unti l  a  patter n o f  activatio n wa s generate d o n th e fourt h 
(output )  layer .  Th e connection s betwee n th e thir d an d 
fourt h layer s wer e modifie d accordin g t o th e differenc e 
betwee n th e actua l  activatio n o f  outpu t  nod e i  (oj )  an d th e 

desire d outpu t  (di )  i n respons e t o th e trainin g patter n 

(Rumelhar t  e t  al. ,  1986) : 

Awi j  =^a j  (  1  -a,)(a, -  -  di) ,  (4 ) 

wher e t )  i s a  learnin g rate . 

Simulations 

The present simulations were to designed to test the 
model' s abilit y t o lear n invariant s suc h a s square ,  rectangle , 
etc. ,  fro m a  smal l  numbe r  o f  example s (typicall y one )  an d t o 
explor e it s abilit y t o generaliz e t o ne w instance s tha t  diffe r 
fro m th e trainin g example s i n thei r  location ,  siz e an d 
orientation .  W e als o explore d th e model' s abilit y t o 
generaliz e acros s smal l  distortion s i n th e coordinate s o f  a 
figure' s vertices . 

Training 
We traine d th e mode l  t o classif y si x  type s o f 

quadrilaterals .  The y ar e show n i n Figur e 1  alon g wit h th e 
coordinate s use d fo r  training .  Th e mode l  wa s traine d o n 
on e exampl e o f  each ,  excep t  fo r  th e trapezoid ,  o f  whic h 
ther e wer e tw o examples . 

We traine d th e mode l  t o perfor m tw o type s o f 
classification .  Inclusiv e classification s require d th e mode l 
t o respon d t o eac h stimulu s wit h ever y labe l  tha t  applie d t o 
i t  (e.g. ,  a  squar e i s  als o a  rectangle ,  a  rhombus ,  etc. ,  s o i n 
thi s condition ,  th e mode l  wa s traine d t o respon d wit h al l 
thes e label s give n a  squar e a s a  stimulus) .  Exclusiv e 
classification s require d th e mode l  t o respon d onl y wit h th e 
most  specifi c  labe l  correspondin g t o a  stimulu s (e.g. ,  a 
squar e woul d activat e onl y th e squar e unit) .  Th e exclusiv e 
classificatio n i s  arguabl y th e mor e humanl y natural ,  an d 
serve s a s th e basi s o f  th e majorit y o f  th e test s reporte d here . 
Durin g training ,  stimul i  wer e presente d on e a t  a  time ,  an d 
th e weight s a t  th e outpu t  laye r  wer e correcte d i n respons e t o 
th e model' s output ,  a s describe d above .  Th e weight s wer e 
update d "i n batch" ,  afte r  al l  stimul i  ha d bee n presented . 
Trainin g proceede d unti l  th e mea n squar e erro r  o f  th e 
model' s respons e a t  th e outpu t  laye r  fel l  belo w .01 .  Th e 
classificatio n task s wer e traine d separatel y an d store d a s 
separat e matrice s o f  connectio n weights .  Th e model' s 
response s t o th e traine d stimul i  ar e show n i n th e secon d 
colum n o f  Tabl e 1  (Training )  fo r  th e purpose s o f 
compariso n wit h th e result s o f  th e othe r  simulations .  No t 
surprisingly ,  th e mode l  learne d t o classif y th e pattern s o n 
whic h i t  wa s trained . 
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Generalizatio n Ac ros s V i e w p o i n t 
We nex t  teste d th e mode l  wit h translate d an d scale d 

versio n o f  th e stimul i  o n whic h i t  ha d bee n trained .  Tabl e 1 
shows th e model' s response s t o scaled ,  oriente d an d 
distorte d version s o f  th e trainin g stimul i  usin g th e exclusiv e 
respons e criteria . 

^ Z \  : 

Figur e 1 .  Trainin g Stimuli . 

Result s wer e similarl y successfu l  i n th e inclusiv e 
labellin g condition :  generally ,  th e mode l  correctl y assigne d 
al l  relevan t  label s t o a  give n tes t  display . 

Thes e result s demonstrat e tha t  th e mode l  treat s th e 
traine d figure s a s invariants ,  respondin g equivalentl y t o 
the m regardles s o f  thei r  locatio n i n th e visua l  field,  size ,  o r 
orientation .  Thi s kin d o f  stron g i n varianc e wit h orientatio n 
illustrate s a  limitatio n o f  th e curren t  simplifie d model .  T o 
th e h u m a n visua l  system ,  a  squar e rotate d 4 5 i n th e pictur e 
plan e m a y b e a  d iamond ,  no t  a  squar e (Mach ,  1897) . 

stil l  loo k squarelike .  A s asymmet r y increases ,  squarenes s 

decrease s an d othe r  classification s b e c o m e m o r e probable . 
We d o no t  hav e quantitativ e dat a abou t  h u m a n observers ' 
toleranc e fo r  distortion ,  o r  whethe r  i t  varie s b y task ,  etc . 
Qualitativel y speaking ,  however ,  w e wou l d expec t  a 
plausibl e mode l  t o accep t  s o m e distortio n bu t  no t  to o m u c h 
i n maintainin g a  shap e response . 

I n th e model ,  thi s toleranc e i s  controlle d b y th e 

paramete r  S ,  whic h modulate s th e magnitud e o f  respons e 
fo r  departure s fro m equalit y o f  give n lengt h pairs . 

Tabl e 2  show s th e model' s response s wit h th e valu e o f  S 
use d i n thes e simulation s (.02) .  I t  ca n b e see n that ,  a s wou l d 
be expecte d o f  h u m a n observers ,  smal l  ( 2 % )  distortion s tha t 
technicall y violat e squarenes s ar e ignored .  Large r 
deviation s d o chang e th e respons e o f  th e mode l ,  however . 
For  example ,  a  1 2 % lengthenin g o f  paralle l  side s lead s th e 
networ k t o abando n th e "square "  respons e an d classif y th e 
shap e a s a  rectangle . 

Shape 

Squar e 

Rhomb. 

Rect . 

Par . 

Trap . 

Quad. 

. 5 
e 
1 

.94 

.93 

.93 

.91 

.95 ,  .9 5 

.97 

1 

.96 

.97 

.93 

,92 

.98 

,97 

c 
* 
1 

.94 

,93 

.91 

.92 

,95 

.97 

o 

1 

--

.93 

.92 ,  .8 3 

,93 

.91,.45 ^ 

.34 b 

Tabl e 1 .  Classificatio n Result s fo r  Exclusiv e 
Categorization .  Classificatio n score s ar e s h o w n fo r 
transfe r  test s involvin g change s i n scale ,  orientatio n an d 
proportion .  Classificatio n score s wer e calculate d f ro m 
shap e networ k output s as :  c/(c+w) ,  wher e c  i s th e 
network' s outpu t  fo r  th e correc t  respons e an d w  i s th e 
network' s highes t  respons e fo r  an y incorrec t  response . 
Scal e change s consiste d o f  a  doublin g o f  al l  lengths . 
Orientatio n w a s change d b y 9 0 de g f ro m th e trainin g 
set  excep t  fo r  th e square ,  whic h w a s rotate d 4 5 deg . 
Proportio n chang e display s varie d an d als o include d 
positio n an d orientatio n changes . 
a T h e networ k gav e a  highe r  scor e t o parallelogra m (.51 ) 

fo r  thi s displa y (verte x coordinates :  (2,3) ,  (5,6) ,  (9 ,  8) , 
(4 ,  3). ) 

b T h e networ k gav e a  highe r  scor e t o parallelogra m (.66 ) 
fo r  thi s displa y (verte x coordinates :  (0,0) ,  (5,2) ,  (7 ,  0 ) , 

(3 ,  1). ) 

T o l e r a n c e fo r  Distort io n 
H u m an shap e classificatio n include s s o m e toleranc e fo r 

distortion .  A  squar e wit h on e sid e slightl y to o lon g m a y 
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V e i t M 
Coon) . 
(0.0,0,0)(0.0,5.0 ) 
(5,1.5,1X5,0,0.0 ) 
(O,O.O.0K0.O.5.1 ) 
(5.0,5.1X5.0.0.0 ) 
(0.0.0.0)(0.0.5.0 ) 
(5.6,5.6X5.0,0.0 ) 
(O.0,0.0)(0.0,5.4 ) 
(5.0,5.4X5.0.0.0 ) 

Technicall y 
Correc l  Shap e 
QUAD 

RE(rr . 

QUAD. 

RECT. 

.00 4 

.20 

.04 3 

.88 

Shape Nel' s 
Hishcs i  Resp . 
SQU,  .9 4 

SQU.  .8 0 

RHMB.  .9 7 

RECT.  .8 8 

Tabl e 2 .  Distortio n Tolerance .  (Se e text. ) 

Discussion 

Th e shap e networ k succeedei d i n learnin g t o distinguis h 
squares ,  rectangles ,  parallelogram s an d othe r  quadrilateral s 
base d o n trainin g wit h on e exampl e o f  eac h (tw o example s 
of  trapezoids) .  I t  di d s o i n bot h inclusiv e an d exclusiv e 
respons e conditions ,  generall y activatin g strongl y al l  correc t 
shap e label s i n th e forme r  conditio n an d limitin g it s 
respons e t o th e singl e mos t  specifi c  (an d correct )  choic e i n 
th e latte r  condition .  Th e mode l  correctl y classifie d ne w 
instance s tha t  ha d n o overla p i n coordinate s o r  edg e length s 
wit h th e trainin g instances .  Th e basi c comparison s buil t 
int o th e earl y layer s o f  processin g m a d e possibl e learnin g o f 
abstrac t  invariant s involvin g spatia l  relationships . 

Althoug h th e mode l  i s simplifie d i n a  numbe r  o f 
respect s an d perform s a  restricte d shap e classification ,  i t 
demonstrate s h o w combinin g earl y registratio n o f  certai n 
relation s wit h learnin g i n a  neura l  networ k migh t  accoun t 
fo r  discover y o f  abstrac t  invariants .  Th e interes t  o f  th e 
approac h depend s o n whethe r  th e basi c operation s i n th e 
model  ar e a d ho c manipulation s t o perfor m th e tas k unde r 
stud y o r  ar e likel y t o b e par t  o f  a  basi c inventor y o f  relation s 
i n a  visua l  "grammar. "  H o w plausibl e ar e th e ke y 
ingredient s here ? 

Findin g Vertices .  Th e mode l  assume s th e abilit y  t o 
locat e vertices—point s o f  contou r  slop e discontinuity—i n 
th e visua l  array .  Thi s make s sens e i f  th e huma n visua l 
syste m readil y encode s suc h point s an d i f  the y ar e require d 
fo r  a  variet y o f  task s i n visua l  processing .  Fo r  vertices ,  thi s 
appear s t o b e th e case .  Th e mer e fac t  tha t  thes e point s hav e 
m a ny name s i n th e literatur e (e.g. ,  vertices ,  tangen t 
discontinuities ,  ke y points ,  etc. )  i s  suggestive .  Locatio n o f 
vertice s appear s t o b e require d fo r  man y middl e an d high -
leve l  visua l  processes ,  suc h a s contou r  interpolatio n 
(Shiple y &  Kellman ,  1990 )  an d objec t  recognitio n ( H u m m e l 
& Biederman ,  1992) .  Eve n so ,  w e d o no t  ye t  hav e a 
completel y satisfactor y mode l  o f  verte x finding .  O n e goa l 
of  th e presen t  researc h i s t o develo p a  suitabl e metho d t o 
extrac t  vertice s fro m luminanc e map s o f  natura l  images . 

Distanc e Computations .  Th e mode l  compute s distance s 
betwee n vertices .  I n th e presen t  work ,  retina l  extent s (rathe r 
tha n rea l  length s i n th e physica l  world )  ar e al l  tha t  ar e 
required .  Evidenc e fro m a  variet y o f  perceptua l  tasks , 
includin g studie s o f  siz e perceptio n an d siz e constancy , 
implie s tha t  visua l  spac e ha s a  metric ,  an d retina l  a s wel l  a s 
rea l  extent s ar e routinel y measured . 

Distanc e Comparisons .  Comparin g extent s woul d 
see m t o b e o f  th e essenc e o f  for m classification ,  e.g. ,  i t 
define s th e differenc e betwee n a  squar e an d a  rectangle . 
Ther e i s als o reaso n t o believ e tha t  human s ar e highl y 
sensitiv e t o aspec t  ratio s i n shap e perception . 

I n short ,  eac h o f  th e thre e kind s o f  informatio n 
extracte d b y th e earl y stage s o f  th e mode l  seem s t o b e no t 
onl y a  typ e o f  informatio n potentiall y  availabl e t o visua l 
processing ,  bu t  informatio n tha t  i s  routinel y use d fo r  a 
variet y o f  visua l  tasks .  Thes e ar e th e kind s o f  informatio n 
tha t  ar e plausibl y member s o f  a  se t  o f  basi c input s fro m 
whic h higher-leve l  relationship s ca n b e constructed .  Th e 
model' s shap e classificatio n abilitie s emerge d mor e fro m 
"off-the-shel f  component s tha n fro m tool s speciall y 
engineere d fo r  a  limite d task . 

At  th e sam e time ,  ther e ar e limitation s o f  th e presen t 
model ,  an d som e aspect s o f  th e result s reflec t  arbitrar y 
simplifications .  M a n y limitation s involv e th e domai n o f 
shap e classification .  Addition s t o th e mode l  wil l  b e neede d 
t o encompas s plana r  shape s o f  variou s number s o f  vertices , 
and eve n mor e elaboratio n m a y require d t o perfor m 
meaningfu l  classificatio n o f  smoot h forms ,  beginnin g wit h 
th e simpl e circle ,  whic h ha s n o vertices .  Thes e challenge s 
m ay hel p revea l  mor e abou t  th e gramma r  o f  shape . 
Attempt s t o organiz e th e shap e domai n hav e a  lon g an d 
continuin g histor y (e.g. ,  Attneave ,  1954 ;  Hochber g & 
Brooks ,  1960 ;  Leyton ,  1993) ,  ye t  n o syste m o f  genera l 
utilit y  ha s emerged .  I t  i s  possibl e tha t  furthe r  developmen t 
of  th e modelin g effort s begu n here ,  combine d wit h researc h 
on th e abstrac t  relationship s learnabl e i n huma n shap e 
classificatio n ca n hel p clarif y an d constrai n th e gramma r  o f 
shape . 

Anothe r  kin d o f  limitatio n o f  th e presen t  result s 
involve s learning .  Althoug h w e believ e th e relation s 
extracte d i n th e earl y layer s o f  th e networ k ar e generi c an d 
not  contrived ,  ou r  curren t  mode l  ha s th e goo d fortun e t o 
includ e onl y thes e severa l  sort s o f  information .  I n natura l 
circumstances ,  h u m a n perceptua l  learner s mus t  discove r 
whic h amon g routinel y compute d o r  potentiall y  computabl e 
basi c function s wil l  b e relevan t  t o a  particula r  classificatio n 
task .  Suppos e ou r  stimulu s input s ha d include d man y mor e 
concret e an d relationa l  features ,  an d feedbac k i n ou r  tas k 
was suppose d t o allo w th e syste m t o converg e o n th e notio n 
of  "square. "  A t  a  m in imum ,  man y mor e example s woul d b e 
neede d b y th e networ k t o separat e th e usefu l  invariant s fro m 
irrelevan t  variation .  Eve n mor e m a y b e needed ,  however .  A 
syste m tha t  register s length s an d colors ,  fo r  example ,  an d 
has comparison s suc h a s equality/differenc e m a y hav e t o 
lear n t o compar e length s rathe r  tha n colors ,  b y samplin g 
possibl e comparison s o r  b y applyin g previousl y learne d 
strategies .  Eve n i f  som e comparison s ar e automaticall y 
computed ,  a s i n ou r  simpl e model ,  i t  seem s unlikel y tha t  al l 
learnabl e comparison s ar e carrie d ou t  al l  th e time .  If ,  a s w e 
suspect ,  th e mos t  advance d varietie s o f  perceptua l  learnin g 
involv e sensitivit y t o higher-orde r  relation s tha t  ar e 
synthesize d fro m n e w combination s o f  basi c relations ,  the n 
a fundamenta l  proble m wil l  b e h o w th e searc h fo r  usefu l 
n e w combination s i s guided . 
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The model' s curren t  architectur e i s unrealisti c i n th e 
sens e tha t  w e postulat e a  separat e uni t  fo r  ever y vertex-to -
verte x distanc e (laye r  2) ,  an d ever y distanc e compariso n 
(laye r  3) .  (Th e model' s inpu t  i s similarl y unrealisti c i n th e 
sens e tha t  unit s ar e dedicate d t o particula r  vertice s o n th e 
quadrilateral ,  rathe r  tha n vertice s a t  location s i n th e visua l 
image. )  Thes e representation s ar e spatiall y  multiplexed ,  i n 
th e sens e tha t  identica l  propertie s o f  differen t  entitie s (e.g. , 
differen t  lengths ,  lengt h comparisons) ,  ar e represente d b y 
completel y separat e unit s i n th e network .  Thi s architectura l 
conventio n canno t  b e expecte d t o scal e t o represen t  figure s 
wit h arbitrar y number s o f  vertices .  I n futur e incarnation s o f 
th e system ,  w e inten d t o replac e thi s spatia l  multiplexin g 
wit h tempora l  multiplexing ,  allowin g separat e verte x 
coordinates ,  distances ,  an d distanc e comparison s t o b e 
represente d b y th e sam e unit s firin g a t  differen t  time s (fo r 
simila r  ideas ,  an d fo r  a  summar y o f  neurophysiologica l 
suppor t  fo r  tempora l  multiplexin g i n th e visua l  system ,  se e 
Hummel  &  Biederman ,  1992 ,  an d th e reference s therein) . 

Our  prototyp e shap e networ k ca n discover ,  fro m 
plausibl e buildin g blocks ,  th e abstrac t  invariant s tha t 
determin e a  simpl e shap e classification .  Buildin g o n thi s 
foundation ,  w e hop e t o discove r  th e visua l  gramma r  an d 
computationa l  processe s tha t  mak e possibl e an d constrai n 
human perceptua l  learning . 

Shipley .  T.F .  &  Keliman .  P .  J .  (1990) .  Th e rol e o f 
discontinuitie s i n th e perceptio n o f  subjectiv e contours . 

Perceptio n &  Psychophysics ,  48 ,  (3) ,  259-270 . 
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