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- MESON PRODUCTION

I. MESON PRODUCTION BY MESONS

II. ISOBAR MODEL FOR MESON PRODUCTION IN PROTON-PROTON COLLISIONS

Saul Barshay
Radiation Léboratory
University of California
Berkeley, California

November 29, 1956
ABSTRACT

In Part I, calculation of meson production in a meson-nucleon
collision has been carried out for the processes ZV*}- p;__,ﬂ#7+7'+_n

_ + , _ o
and 7 + p___)7r*+ 7°+ p, by means of the method of Low. Use has

_Been made of an approximéte form of the Chew-Low tranSitién matrix

» for scattering off the energy shell. This matrix exhibits explicitly

the resonance behavior of ﬁhe isotopic spin 3/2, angular momentum 3/2‘
scattering state. At 350-Mev incident-meson kinetic energy, the cross
section for n* production is 0.86 mb and: that for #° production

is 5.5 mb. The angular‘distribution of each final-state pion is of

the form A + cos® 8. For ﬁﬁi production at 250 Mev, A = 0.6kL.

The two_final—state mesons ?eém'to share tﬁe available kinetic energy.
The'probability of the nucleon's flipping its spin in the process is
about 1.5 time the-pfobability for no spin flip.

In Paft II, a'model:iS'considered for single< and déuble—piﬁn

production which takes place via an intermediate state wherein either

. one or both of the.initial nucleons are excited to the isobaric state

of" J =T = 3/2. The treaﬁmeﬁt is'phenoménclogical and comparison. is

made with recent experiments in the 0.5 to 1.5 Bev range. Two striking



€
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features of the experiments, the strong preference for the emission
of mesons with kinetic energies of 50 to 150 Mev, and the rapid
increase in the_tﬁo—meson processes at bombarding energies above 1 Bev,

are exhibited by the calculation.



- matrix developed by Chew énd Low.
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I. MESON PRODUCTION BY MESONS

INTRODUCTION
- There has been increasing intefest in the production of mesons’

in meson-nucleon collisions at high enefgies. We have felt that it
would be of interest to calculato the>production cross section for
energies near threshold. Thero is evidence indicating strong P-wave
production of mesons. Such>evideoce consiéﬁs of the small cross
section for 7° produciioh in p-p collisions, the rapid increase
with energy of the total cross section for 7T+ ~production in these
collisions, and the_center-of—mass'angular distribution for the Zf+

1,2

of 0.29 + cos> 8. The (3/2, 3/2) fesonant state in meson-nucleon

scattering appears to be of importance in the production process. The

'hypothesis that meson production takes place through exciﬁation of a

nucleon into the (3/2, 3/2) resonant state is capable of explaining
the small cross section for 7 production in n~-p collisions relative

to that in p-p collisions.3 The hypothesis has also been used to

. . . + - . o 2 ' 12 o
explain the # /7~ production ratio in nucleon-nucleus collisions.

We have assumed production from the (3/2, 3/2) state and have inves-
+ *
tigated the processes 7+ p —7 +7+ n and 7+ p—?°+ 77T+ p.
The procedure has been to derive the amplitude déscribing the

procéss by the methodlof\Low.5 The method deals with a pertﬁrbation—

" like expansion in terms’of exact eigenstates of the total Hamiltonian.

This feature makes possible an improvement of the ofdinary perturbation-
theory treatment, since it ié possiole tovdescribe part of the process
as meson—nuoleon soattefing'and to uoe here the scattéring transition
| 6,1 We will bo dealing with a

transitiop'matrix for scattering off the energy shell. Chew and Low
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“have derived ah‘apprqximate expression for this matrix in a form that

exhibitsrthe resonant behavior of its (3/2, 3/2) part. It was this

_pOSSiBility whi@h led to the calcuiatidn-presented here, in the hope

that, in spite of the approximations, the form of this matrix off

the energy shell would give reasonable results in the computation of
a cross sectiqp for meson production.. Chew and Low have shown that,
on the energy shell, their matrix'gives a'good’description'Of low~

6

energy scattering.
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CALCULATIONS .
Fbllowing LowQ? one starts with.pyson's S-matrix between initial
and final bare particle states,

(£] s| i) = ngo_('i-) ot fdtn (%, | a (k) a, (k)
| _ P [%I(il)...ﬁi(tn)J ai*(k) |.¢£> } ;
| | - . ey
where A=c=1," x : (;, xo> s -k = (K, W) |

The symbol HI is the usual interaction Hamiltonian for pseudoscalar.
meson theory.5

Assume k # k; # ko 3 P _# p'. The a, (k)- is gommuted
through the P bracket to ihe left and the ge(ké) and aj(kl) are

commﬁted through'to the right, making use of

G| /0 = 40| ) = a8y z 0.

The resulting éxpfeSsion is trahsfofmed by making use of the identity

<¢b, | Eg;é' (fi)n/n& b/odtl;..dtn P [Hi(il);..HI(tn)Ai(x)Aj(y);.{] |¢&>_

-0 . »
L - . : | - (3)
where on the left side all operatdrs are in the'interaction represen-

tation and on the right side ;;(x) has the Heisenberg time dependence,



— - ifx - -ilx =
\ Ai(?i, xo) = v € Ai(x: O_)' e ’ ’ | _ (Z\L)
and the ] LP> are exact single ~-nucleon eigenstates of the total

Hamlltonlan (free field plus interaction). The S matrix is then
| N .3 BN L ikx - ikyy - ikpz
(18] 5y = 0w wy wph [ dbedy dby 1T
<q}pl | ; ILAI(X) AJ(Y) AI(Z)J LPp>

. _ ' 'v 3 : v Ll '_'(k- .k ) .
: +,(.‘i.?2)/(8 w @ wz)?f dx d'y o ,{e e

] [Frorsgoreme] @

 _ikax - ik D ,,v . N L :
e Hox =1 ;Y(Wp" P IiAj(y) (2¢i(x_-)¢f (x) +§iﬂ¢m(x)¢m(x_>)J (Pp>

—iklx 1k2y

te T Py | [ f<y>(2§5' 7,0+ 8 ¢ G, “") | W}

1(k kl kg)

PR f e G 15 08, 19

= -1)/(2w)% fd X e <p' k) ké i R ’ -Ai('x) l p>
- (5)
The quantity < p' k) ky J { I-Ai(x) I p> ~ is defined by the above

equation for all values of p, p'; kl; and k,. By the commutation
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process it may be shown to be identical with
0

. ._<¢p' l aj(_kl)af(kg) Z)- (_i)é/nijﬁtl...dtp PIiH_I(t.'l)“’HI(tn-)Ai(xj l¢p>

N=

(") R  .' v
= <(P | P'?kl;kg Al(X) | qu> .

(6)
On the energy s'helil,v P'+ ky+ ky=pt k, this quantity is the
S matr'ij_c le.{;h th'e ‘delta function of energy and momen{ium left out. .-
However, off the energy shell, the S matrix is not defined, whereas
< p! ky ky J 1, Al(x) | 'p> _ 1s defined by the integrand on the
left side of Eq. (6). | o
We will be intere'sted in t_h_e static ln.mlt ' We ther:efore drop
tenﬁs in A aﬁd consider
(i 3 A A | p) 2 (0w )

: ‘ - o > o
L] 3-) 3., e _1(wlyo - kiy + %ZO - kz'Z)
d zdz, dy dy, e _ - ,

—)‘ - ’ - - v v L - -
i(Hzo-P-z)  -i(Hz - P-2) i(ly,-B-y) -i(Hy,- P+y)

‘./@p,’r& Chy0)e T e

A4(0)e

i(x, -B-%)  -i(Hxy- Pex) -
X e o Ai O)e | > s
P

(7)

where we have utilized invariance under the_tra_nslation {momentum)

. : ->
. operator P ,
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., -iP¥ iPx
Ai(x) = € ‘ Ai(O)e

We now perform the indicated space and t_iine integrations, set.tlhg
%= X, =0 in the final result. This is best done as in the following

Introducing comple‘te sets of exact eigenstates l({jn > and

I kPm , . and considering a partlcular time ordering 2z > Yo > Xo"
we have

g dh'?“’l“’z RGR ¥ | Ai@" »)

example.

> 1oy i(Hz Peg) i(Hz, 3;’-)
— txA : - - P
B dY§ 'Y)+ o 170 < q,p' | " AF(O)e | | ‘Pn>
i(Hy —;';) -i(#y, - B3 )|
' < A I e (0)e
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-0 : . -0 .
‘ : - - " - ' =
~ i(wyt E - Ey, by, - xg) o
L leO . N . o -} ‘b‘— ie N ) ,
ik —p + p)y 1(—k2—p'+ Py) 2
ﬁBZ d3~> 17 Pa™ Pn/Y

| 20 L) (| 20 [ 1) (o] )

Z(tp | A <°>|qf)<€l/l“0>l\1/,,}<kl/l A, <o>l%>8<p S5 R)SG-E)
- (By- wz_wp,-le)(Em—w-wl-wp_le)
| '(9)

Here we have used

o f iakO
M ) = - [ dae _
' 2r7i - a - 1ié&

]
| d
»
le)

v
@

This procedure is carried out for each time ordering. The full

amplitude is then given by
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5

<p: X kz.j Il Ai_(O) | ‘p> = /(L @y wy)

.Y @ A,z(o)_’ Gl 410 P | 45| gSE, 7 -G, -B-K)

b n,m . ' . : .
’ '.(En"w"‘“}pv'le)(Em_wZ"w“%s"le)

2 1

G G 4 Ol | 4@ 936, F -SG5 4Ty

o - - 1€)( - - 1€
(B - w .wp, i )(Em+a)2 W, 1.)

Bl N 10l 0 056,32 86,35 |

(E.n+ Wt w, - wp-—le)(Em— wp+ w, + i€)

(10)
plus three additional terms obtained by 1nterchang1ng the subscrlpts i
. and A and 1 and 2. ) .
' a d r
If the I[{JF> I\ij ILP> n I\pm> were
replaced by bare nucleon spinors, the above equation would yield lowest--\
order perturbatlon the;ory for the six diagrams shown in Fig. 1. In
this case, althbugh lk}é> - and h%) > represent physical .
nucleon states, the 'k4jn> and Iqlﬁ> ‘may be;any~members
of a complete orthonormal set of eigenstates of H , a physical nucleon,

or a physical nucleon plus any number of real mesons. Anothér

3

inﬁeresting feature is that a.lthough qu> is to represent the
initial physical proton in our process, and although Ai(O) --=51nce

it is derived from an ‘1nteractlon which represents the absorption vof
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a 7f+ by a neutron;—contains the operator ?; ‘= 'ti + i’Té s, yet

Ai(O) I %ﬂ:> :75.0. Operation on a bare proton with T, yields zero,
but the physical proton is a superposition of a bare-proton amplitude,
a bare-neutron—plus—meson amplitude, etc. Equation (11) contains only

¥ energy denominators of the form (E. Since the

intermediate Efinal)°
physical nucleon self-energy appears in both states, this unobservable
quantity.ddes not appear in the equation.

We wish to treat the equation for < p' k) k, 3 A I Ai(O)w{‘p> '

in the static limit:

it — - -

oz

] _;4 bv
a0, = {47f £8H G oo 4,

. / R
AK(O) N AN Tk, T,
| , 2

(11)
Here f is the unrenormalized, unrationalized pseudovector

coupling constant. in = ( %[gﬁ 'T; 5 1051 T. > 'Zé)o In the
double sum over the two intermediate states, we keep those terms in

- which both intermediate states contain only a physipal nucleon, and

those terms in which one intefmediate state contains only a physical.

nﬁcleon and the other state éontains a nucleon, plus one meson. These

terms COrrespond to the nine diagrams shown in Fig. 2, plus nine more

obtained by interchanging k1 and ks,
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Let us consider first the process 77 + p —s 7 +—7f + n.
Since there exist nelther doubly charged nor negatlvely charged physical
nucleons, our 1n1t;a1 phys;cal proton cannot make a tran31;10n to
another state of the physical nucleon by absorbing e 7f+ or by
emitting two successive 77+ . Therefore the matrlx elements corre-
sponding to Diagrams (a), (c), (£), and (g) of Fig. 2 vanlsh

We are left with two pairs of dlagrams, (d) and (e), and (h) and
(i);v These correspond, respectively, to resonance scatterlng in the
first and in the second intermediate state. In Fig. 2, the open diagrams,
(q) and (h), contain the energy denominetors.correspoﬁding to the . |
.resonating intermediate state. The energy controiling the resonance in
Diagram'(d)-(the eingularity introduced Ey the energy denominator) is
the total energy of the incident meson, whereas in Diagram (h) it is
the total energy ef:the_second eutgoing meson. We have investigated
Diegram (d) and ite crossee counterpart, Diegram.(e), and we find that,
since ) +'U)2 is well above the (3/2, 3/2) resonance energy, the
contribution of these diagrams to the matrix element is less than 10%
of that from Diagrams (h) and (i). We shall consider only the latter
two diagrams. |

: e </3 | Akl* I K> <b’ I Ak ' >l>

) - CLH
Blaa" | ¥) @ ¥ | 5| 2
W' - W, - i€ R
@l“klw‘ ¥) (W' ffﬁk*|71> AR NCY

Wt w + o, %

CRR | & |s)

(12)
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plus the same expression: w1th 1 and 2 1nterchanged ,
- In the new notatlon, |c{ > ( | f3> ) represents the initial
(final) phy51cal ‘proton (neutron) state, L)> and "3’> represent

the four states of the physical nucleon,'end these are to be summed

ovef; : [C&)) represents the nucleon,_one-meson states. One sums
over the spin end i spin of the nuoleon and the i spin of the meson,
‘end one integratee over the meson momentnm from zerO‘up to the cutoff
value. The deltarfunctions of the momenta of intermediate and initial
and final states are taken into account by integrating'over intefmediate
nucleon momenta, the nucleon in the static limit beiné infinitely heavy,
and hence the absorber of any amount of momentum required. for conservation
at a vertex. |

In Eq. (12), we now neglect the @, in the denominator of the
last term in the fifet parentheees and the ccﬁ; in the denominator of
the same tenm in the second parentheses. Our approximations are made in
the terme coming from thev"orossed" diagrams ((i) of Fig,vz), These
matrix elements contain no poles and will therefore be small compared.
with the matrix elemenﬁs‘coming from the "open" diagrams ((h) of Fig. 2).

More explicitly, the approximation is made in a term of the form

w
max
ped aed RS lw x> < XlAk|°<>
% | W't Wt w,
(13)
where
- o 2 2,3

p = (w' - /Zi )
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Dropping‘ wy in the denominator gives rise to an error in the integrand
of the order of %/(w' + Wt «w,), which, at most, is about
Z/A//A ¥ B/UL = %. The error in the integral is less, since the integral

diverges linearly, and hence the main contributions come from w',

several times /u This can be seen from the follow1ng

(o ¥ [ n]) = -2 {m fla?-i’;"‘ m

5 1 e s )

)

TS
| - (14)

~E (A9

where

Ap*. I F 53 ”c’//u F

Therefore <o.)' K ' A |0{> QG l/-/ , and the above integral

is proportlonal to o
ma.

QOur amplitude now has the follow1ng forms

<ﬂk12IAklo(> i {</3|Ak1|75><zr\zxklz>
| 3
<5,Akl | cw b’><w'i{}Ak|),>
_16

| I
W' -

L (BIk] @ ) (o ¥ [t ) } Ol ae"

W+ w

(15)
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The term in parentheses is the one-meson approximation for the

Chew-Low scattering matrix, Tk(kl) (in the notation of Chewé)° It
describes the scattering of a 77 of momentum (energy) k(«w) into
a 7>"+ of r‘nomentum (energy) kl(cul), .w_ith the physical neutron going
.from state . X  to state A .

. A similar equation may be de‘rived’ for the p‘rocess

Al p-—ﬁp‘*-/- 7°+ p. In this case, the matrix element corresponding
tovDia.gra.m (£) in Fig. 2 does not vanish. We neglect this diagram;
.since the energy _de‘nominators‘give rise to_ no poles: There is, in
addition, a nonvanishing‘ matrix ‘elemént for the Born ép_pfoximation
" represented ny Diagram (c). The bontribution from this diagram is
given by _ o ‘
Blal ) Pal D [ 1) gy

w, (@) + W

5)
We neglect <, in the quantity (wl<+ CUZ) The part -

Bl D0 [ 12)

Wy

is then the "crossed" contfibution to 'thve ABorn approximation in the
Chew-Low scattering matrix. The error in the Born term is of the
order of wé/(wl + u)z), which is quite smail compared with"thei'
complete coﬁtributi-on to the matrix element from the Born terms plus
the one-meson t,.erms° The Born term can be treated exactly; however, .
we feel that to do so would alter the cross section by less than 10%.
In Eq (15), the matrix element <) ‘ ‘A‘kz* [0{> is of thé

'form_
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k -~ |
<physical nucleon- .| f o °k ?& physical nucleon> ..

I8 . Lo : .
Evaluating this matrix element is equivalent to taking the vertex
' operatorvbetween bare nucleon states and renormalizing the coupling
- 7,8 ' '
constant, f—f..
The scattering matrix may be expanded in terms of projection

~operators for the various states of total isotopic spin and angular

momentum.. We keep only the Iz 3/2, J =3/2 part.'_ Then

Te(ky) = L7 ok hy(ky) P,y . | -

L w, w
k kg

v‘vHere P3 and Q3 are projection operators fo'r the J = 3/2

 and I = 3/2 -.states riespectively. P3 is given exp-licitly by

' - - vv'->\“—> -
Py = i J2kk + i (kxk)l . (18)
. 3kkl :

The expression for h3(kl) in the "effective range approximation"

of Chew and Léw, is given by

h3(ky) = 73 — where Ay =4 £ 730
.a)kl(l -"a«i(l/a)s) -1 A3k | )

(19)

" Here, fr is the renormalized, 'u_nration_ali:zed coupling constant;
_ T o P ¢
w3 is the "resonance" energy. We take f,. = 0.08; u)3 - 2.1

- + _ -
The matrix element for 7+ p—-—)z/++ 7' + n 1is now.



A

)3.

ol [

3

T-k‘(k‘l’kz)‘ =

_lz.fl-il—is'.(kxﬁl) Q3’Z><X -17/477‘1' Gk 7/_"&’
. /7/@3/2

|

(20)

plus the same expres_s__ivon with sﬁbscripts -1 and ' 2 interchanged.

'.".I'he matrix element _for 7/° | produg‘t‘ion is givéﬁ by the above
”fomula' with t’he _?’_ in the_--perturbat.ion 'term'»ch'anged to '2’3/ /;
when the subscripts l and 2 are 1nterchanged |

Here 7(1(?41.) is the initial (flnal) bare proton (nucleon)
Spinor, spin up or do_wn. The 1ntermed1ate bare splnors are summed over

spin and charge states,
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RESULTS AND DISCUSSION
The f¢3ults for the square of the matrix element'aﬁeraged and
summed over initial and final spin states fbliow.ﬁ

Spin flip

| 2 e S o w02
[metg i | * M7 5 (g )
. } 81/4,4 (a_ul w2 a))
i\}o { 4 siriz. 8, cos® 8, + :.szi.nz.‘e2 cos? 8y
_ +% sin’ 261 sin 262 ‘cos(¢2 - ¢l)}
+3B, {1_92, 2__;1}

+Cy ¢ 205 sin 291 sin 29,2,' ,cos(;éé*- ¢l) + 4 Sin2 8, cos? N
+I+ sin® 91 coszv_vez}] .

WLy £k k) k,)

| -'81/‘_‘6(&)1 w, @)

" No spin fllp

_\ lTk(ki ko) ' =
’:_(Ao-f' Bo) : {14, Qog?el. _cov‘szez + sin29l sin 62
;_' sin ?Qlj'sin 29'2 cos(¢l‘ - ¢2)}
+ G, {8 cqsz.el c‘:o‘s-;zej2 +-":2' s_inzel ‘s_inzez cos 2(>¢l - ¢2).

(1)
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wher’e,‘fdr- 7/+ production,

A ." | : i ’lv : : - s
S T2 2 2. -2 8]
“ {“’1 a- 9"1/?’3) TAy K }
B = . G
0T T3 A 2 2 ?
“ N 2..(1 - w_z/w3) T3 K
W W @/ w/w)+ 2243,
C - 4 4 1/ g/t ahl g 3 ¥k

‘: [ 2 2 2 6( 2 }2.2~.6'
(wlaf?){cdl 1 “Q,l/wB)*)'B”kl }{wz (1-wfa) +2,5 K, }
'The coef'ficient._s‘for, ﬁo ‘production are

R 1 “ .
"_A :b"_"SAo-’_,.

G, = 3.¢C
v-The-differeﬁtial cross éection is given by
dc" = (k/(.u) . Tk(,kj_'k2) , o

(27— ) - )y kyh Wy deg dey 0y Ay

o (2m®

(22)
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Spin £lip | _
5 = -i'(A +B) + 2,

\No spin flip

°

g = A+ B+C .

For Zf+- production,

A(B)(C) - z-f aw kg Kk A(B)(C,)
where : o S
07 £k
Z - - 3

)
\QN

T incident meson kinetic energy - (w —//A,.

For 7° production replace .Ao. by“A"

o etc.

The angular distributions.for'each meson are given by the

following:

No spin.flip

do” acos 6 +Db -,

d(cos 6)
where ' o = S
a = 3 A+ B+ 2 cC ,
8 : 2
b = % (a+B)

(23)

(24)
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Spin flip

d g
d(cos ©)

g(éos2 é) + £

crifpeaed _
f ="% {v% A 4? B -+‘gi} ) : |

The integrations were performed'numerically. At 250-Mev ‘incident-meson

where

[10]
14
Fw

kinetic energy, the differehtial crOSS'secﬁion for ‘7f+. prodﬁction as
a functién of the polar angle between either outgéingiméson and the
vincident;directiqn is of the form 0.64 + cos® . At 350 Mev, the
angular distribution is of the form 0.70 + cos? 6. The dip at 90° is

9 for the angular distri-

more pronounced than thatvobtained by Miyachi
S oy . ' ‘ oo :
bution of the 7 from the process 7"+ p—y N+ 7+ n at 210 Mev.
‘The latter calculation was done by using covariént perturbation theory

. with pseudovector coupling.

The total cross sections for fhe two processes.are listed below.

Incident-meson - Energyvv abo%re 0‘(77'+ 7/+) 6’(7/‘70) 0"'(77”7#) 6'(77;*770)
- (mb) (mb)

kinetic energy threshold - (mb)
(Mev) " (com.) (Mev) S
250 60 - 0.070 0.4 0.5
© 350 | 130 0.86 5.5 6.4

At 350 Mev, the cfoss section for production of an additiénal

meson is about 12% of the total cross section.lo The'sharp increase in
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cross section at 350 Mev is due to the resonance behavior of the scattering

part of the matrix element when one or both of the mesons may come out

with klnetlc energy approaching the resonance kinetic energy. At SOO—Mev

1n01dent-meson kinetlc energy, the productlon cross section becomes of
the order of the totalpcross section of 20 mb, indicating the breakdown
~ of this approximation. |
| Gomparisdn with definite eXpefimenﬁal results is not yet possible.
However, Blau and Caultoﬁll have observed inelastic collisions of SOO—.
MeV‘ Zﬁ in emulslons " They héve estimated’the‘cross sectioﬁ for the
productlon of an addltlonal charged meson, averaged over #/7 - p and
7/~ - n collisions, to be.between 3.5 and 10 mb., We have taken the
value of 3;5 mb and have deduced, on the baéis of the‘i%dpgr.ﬁbdel, aA
‘ldwer 1imit on the production cross. section in 7f+ -p §ollisions of
about 6 mb. Yﬁan and'Lindénbaum;o havé‘receﬂtly ihdicated; on the ggsis
of their.total-cross-éection measurements, that mesen production in

jﬂﬂhf p collisions is likely to become important above 300 Mev,
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II. ISOBAR MODEL FOR MESON PRODUCTION'IN PROTON-PROTON COLLISIONS

‘INTRODUCTION

Recent experiments on meson production_in nucleon-nucleon
Collisions have thrown some light on the'usefulneés of the J =.3/2,
T = 3/2 isobar as an intérmediate‘state in'high energy processes
involving one or more nuqle@ns, At the cosmotron, Yuan and'Lindenbaum;
. have observed the energy spectra ofvpositive'and_ﬁegative piéns produced
in p - Bé and p ;vp'collisibns at 1 Bey-and'at 2.3 Bev. At the higher
energy, double produbtion appears to predémihate. Atvboth 1 and'2;3
Bev; a plét of the relative meson—production'crosé sectionsiper‘Mév
per uhit solid ahglelversus meson kinéﬁic energy in the hucleoﬁ—nucleon
céntér-of—mass system exhibit strong peaks‘bétween 100 and 150 Mev,
In the case of,‘ﬁdr production, these peaks are surprisingly similar
in shépe to the péak that éppears in the 77 - p  total-interaction
cfbss section When pldtted versus meson kinetic energy in the 7" - P
center-of-mass sysﬁem2 At 1 Bev the curve is.shiftéd somewhat ﬁéward
the lower”enérgies. At.2,3vBév the'curve is considerably Broadened
as compared to the fd'u p curve., The peaks ih the negative pion
spectra are markedly similar tO'that whicﬁ appearsvin a plot of the
7 -p »inﬁéractionvEross-sectioh versus mesdn kinetic energy. The
" .spectraAalsoishow-the effécté deScribed above, at 1 and 2.3 Bev
respectively;‘ | H

Theserfacfs may be explained in a qualitative mannervas follows.
In ﬁhe collision of the two nucleons, a mechani;m whose detailed
nature is ﬁrqbably quitehgompiicéted operates to fofm én intermediate

state in which either one or both of the hucieons’has been raised to

TN



~25-

the (3/2, 3/2) isobaric stéﬁe. If the initial nucleons have momenta
:tﬁ in the center-of-mass system and if the excitation process involves
a transfer of ﬁomentum § between the particles, the partigles in the
intermediate state have momenta .1(5 —v§). Tt is then supposed that
these particles separaﬁe from the region of strong interaction; and
one or both decay from thé isobaric state by emission of a pion. The
decay»of one isobar is to be thought of as beihgvindepéndent of the
presence of anothervisobar'of nucleon. This is an abstréction»from
reality in light of the fact that, from the width of the 77 - p
scattering peak, the‘isobar lifetime appears to be '«10—23 séconds.
Tt would seem that tﬁe intermediate-statevparticles juét have time to
separate ffom a region of'radigs‘ Af'lo_lB 6m if thej are moving

with qonsiderable‘relative velocity. The éxcitation may,'howeVer,
occur near the‘edge of the region of strong interaction, with not

too great é momentum transfer. This woﬁld make the sepafétiqnvand
‘independént decay more plaﬁsiblé. The'usefulness of this model of
the;intermediate étate'rests ultimatelj onithé comparison of ité
predictions with experiment._ The presenp-stfongvresemblance bet&een
the meson;energy spectra and the 7 - p interéction cross sections
‘in the (3/2, 3/2) state as a function éf energy speaks well for
investigating the predictions of this model. A further reason for
* looking at.thé épedictive bowers of this 'model i$ the_folldwingf
The isobar degay:into a méson‘Of_energy EV énd a nucleon of energy
EN will be Fharacterized by a function ﬂhat is essehtially the.square

root of the 7 - p scattering cross section in the (3/2, 3/2) state

+

-evaluated at the energy: %v-t_EN. vA theoretical expression for this
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function has been made avéilable by the work of Chew and Low on the pign;
nucleon scattering problem°3 For meson production through the isobaric.

| state; wé will use ﬁhis function evaluated at just:those enérgies in the
resonance region where the Chew-Low theory has proved mést effeétive in
déscribing'the scattering. |

‘We discuss ngw briéfly the most familiar of the meson-production

i
! .

reactions in nucleon-nucleon éoliisions at the lower energies, for
vfurther evidence of the'infiuence of the strong (3/2, 3/2)—sta£e inter-

action?h These reactions are P+ p__97f+4- D, and p-f p—n +;p +77.
' The meson comes oﬁt prédominatély in p—Stéteé withvan angular distribution

of (0.1 to 0.3) + cds2 e at‘energies from>311 to 437 Mev. This ié in

qualitative égreemeﬁt with thé idea of the reactidn proceeding through

an interﬁédiate,state containing a (3/2, 3/2) isobar and a nucleon. The
~ratio of 5- to P-wave meson_emissibn is about 1/7 in agreement with an
~estimate of the S;ﬁave emissioﬁ-as,a recoil éffeéfc.° Further evidence

for the influence of this iﬁtermediate'state in/éingle~meson production

phenomena at.the lower energies is supplied by the raﬁio.of P—waﬁe meson
/prdduction in reéctions_in which the isotopic:spin of the nucleons
‘changes from 1 to 0, to that in reactions in which the isotopic spin

changes from O to 1. Thié ratie"is.abéﬁt 0,3° .These facts‘on the
- low-energy single—prqducﬁion phenomgna caﬁnot be interpreted with tﬁe

aid of a statiétical model such as may be applied in the Bev region.

Geffen has given a phenomenologicai treatment of the above two processes

to show that the observations may be interpreted wiﬁhout invoking.the

strong (3/2, 3/2)—stateyinteractions ir proper attention is éaid»to

the influence of the nuclear force on the initial and final tWOw
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vnucleon wave functions > However, in view of the ev1dence.1n the Bev
range for the strong role of the (3/2, 3/2) statemmsuch as the con-
siderably:larger amount of double meson production than is predicted
by.statistical considerations, even whenbmodified for the nuclear-

. force éffects~=we.prefer to take the above facts as further evidence
for the usefulness of this intermediate-state approach,; and to
investigate the predictions of the model in some further detail.

In Section A under the Calculationss we,derive.the charge fati@s
in single and double production on the basis of the model. Thése were
derivéd originallyrby Peasleé6 and are presented here'for'clarity in
the ensuing discussion. In Section.Bs‘we define and briefly derive
the fundamental amﬁlitudes to be used in calculating the transition
pfobébilities for meson'pfoductioh; These amplitudes were defined by
Austern7 and were utilized by him in his study of ﬁhe photodisintegration

of the deuteron on the basis of the isobar model. The reader is réferred
t; his.péper for a lucid discussion of the model. In Section C, we
derivé the cross section for the proceés P+ p—>n+p + 77 . The
energy spectrum of the emitted pion is of particular'inﬁerest fér
comparison with expefiment° .In Secﬁion D, we derive the cross sections
for double—plon productlon and present the energy spectrum of the pions.,
‘An estimate of the double-to-single ratio as a functlon of bombarding
energyvis given,‘ In Section E, we discuss the modification of the
angular dlstrlbutlons of the two pions that would ocecur if a
hypothetical meson-meson 1nteractlon_were present. The predlctlons

of the model are compared in the ﬁichssioﬁ with the recent experiments

on meson production in p - p collisions.
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CALCULATIONS . -

A. Charge Ratios in Single and Double Production

The initial state containing two protons has total isctopic

spin I = 1 and total Z-component: I, = 1, ‘We gxpand the state

I, Tz :> =

a I = 3/2 isobar and'a I = 1/2 nucleon.

l,l> in tefms of a product of,statés describing

L) o (302, 102, 302, 1/ 1D |32 3/2) ’1/25. -1/2)

+ <3/2, 1/2, 1/2, 1/2 |1,1) ‘3/2, 1/2>' ,1/2_, 1/2)
= {3 I 3/2, 3/2) '1/2, “1/2) + Y1/4 \3‘/2, 1/2) | 1/2.1/2).
- . | @
‘The expansion coefficients are the usual Clebsh-Gordan coefficients in
‘the notation <jl, 3oy Wy, M, ‘ J,m> . The -I = 3/2 state is
expanded in terms of a product of states deseribing a I = 1 pion and

a T = 1/2 nucleon.

18
P
'—l

~

| l3/2, 3/_2> 1/2, 1, 1/2 '3/?‘., 3/'2> | '1,1>» [ 1/2, 1/2) = |t p>,‘

|3/2, l/?!> = <:L., 1/2, 0, 1/2 | 3/2, 1/2) 1,0) ,,1/2', 1—‘/2>" o
+'.<1', 1/2, :‘l‘”"’l/é 3/2, 1/2> i,1> [ 1/2, -1/2)
S O FAOS 2N F A
| - - @
The expansion of the state l l,i> is then

(33

3 - | o)+ B (e ¢ | ]
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In Equation (3), a éemicolon stands between the pion-nucleoﬁ pair
resulting from the isobar decay and the second nucleon. The differential
cross section is given in terms of differential cross sections for the

separate processes by

do- = 3/h do- (o) + L L as (7 msp) + _fz do (7°psp). (&)
The total cross sectien is then

o = Lo (7psn) + Lo(7 nsp) + 2 o (7°sp) - (5)
12 12 12 °

and the Z/iyz,o‘ ratiq is 5. ‘It will be noted later that this ratio
may be lowéred by the suppression of ZVb production due to the Pauli
principle; It is 1mportant to note that the total cross sections
‘cr(zVFp;n) and o " n;p) represent physically distinguishable
‘processes, in thdt the -7T+f-»p; pair and the Zf+ - n pair respectively,
wili show-thé characterisfic Q~value of the isobar decay

By expandlng the state ' 1 l> in terms of a product of two
I = 3/2 isobar states and then decomp051ng the latter 1nto pion-nucleon

pairs, we ob@aln for the total cross section for double production

o =’ h%_ﬁ{lSo-(ﬂ’“ P3 7f°n) + 8@(7(%; 7/+n) + 9¢(7/+P;7fnn)

+ 85 (7 °p; 7%) + 2<r<7r*n;'7r*n)} . (6)
This gives for total ZY*V zfo 71* productlon the relative welghts
v,f13, 14, 3 respectively. A predlctlon of this model, as seen from
Eqg. (6), is that in the dominant double production process

P+ P —777++7/9+ p+ n, the 7/+ should be corr/qlatéd by Q-value

to the profon’9/h of the time.
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B. Fundamental Amplitudes for Calculating Transition Probabilities

’ Following Austern's ﬁethod we now define an ba.mp,litude 7'/'_' in
the following manner. Consider the scattering of positive P-wave pions
by protons, at a total eﬁérgy E. We assume that the scattéring 'proceeds
throﬁgh an interr_nédiéte .state that involves formation of thé (3/2, 3/2)
~isobar with energy Ej = m +/¢,L + 0.16 = 1.24 Bev, vwhere m and 2
.are the nucleon and meson rest masses respectively. The P-wave part of
the incident meson plane wavé of momentum fc’ ma.yAbe"mrritten as
::2: Yl,m* (2) 1) (F3) - (7
where 2 is the‘quantizatién axis and the T, . '>‘are normalized
sphéri'cai harmonics. The .J = 3/2 part of the "product of the above
expression with the initial prét'ori spinor with spin ‘z-'-component
S, N® s is given by |

m=1 *

Yl;m
m=_)

&2 (1, 1/2,m, 5 | 3/2, m+s) [ 3/2, m +s)

e , ’ | ' (8}
The d-efinit‘onrzbof 77' is then achieve‘d by ‘stating ﬂhat a poSitivé-
meson plane wéve of unit amplitﬁde incident upon a proton forms the

~Jd =3/2 isobar with spin z-component o— f; m + s, with the amplitude
T7(E) Yl,:-(k’;'i) <1, 1/2, m, s l3/2, m»_f-.s>. R (9)
if’the inif;iai pion;nuc_ledri state is not. pure I = 3/2, say 7t - n,
then an addit,ional Clebsh-Gordon éoef_ficient appears in the above
amplitude, 1e ; <l, 1/2,' 1, -l/é | 3/2, .l/2>', representing that

part of the state that couples into the I-= 3/2riéobar. Taking the

o e - 202 ’ . . .
.. direction 2z as k/l _kl » we see the isobar is formed with amplitude
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77"(»E.) Yl,o* (1) (1,' 1/2, 0, s 13_/2,' s> | . .(io)

It then decays into a 7T+ of‘momentum k' and a proton of spin
z—component s! with an amplltude

PIA /OSSR TR AR Sy )
’__1 ‘ . . .
m,I‘I:‘S’:s.

The matrix element fqr}the séattering‘proceSS is then

s ey @y BB, 0,8 |32 )

2 (L2 e s | 320 00 Q)
where D_l is the energy.denominator given'By‘
D :,E-_.E'O-i.r"/z o (.13)‘
Asvwevéfe doing a'phenomenelogibal.tfeatment,_wé go.beyond ordinary

perturbation theory and introduce an imaginary part to the isobar

' _ L
energy because of -its decay._ This is given by

- 136 /g0 58 v s
1+ 077 (/)2 |

\

' : 2 2 ‘
where k is the meson momentum, 7/(E - m) - /A . By squaring
"M and summing ovepv?fihéll”and avéraging‘overjhﬁ@kﬂ'épin states; we
arrive at the scatterihg cross section in'térms‘bf v/

A € (7 N)

dc- (ﬂ’++ p—?/ + p) = (87) 777 (7/) p2(3 coszgll)df,’-/h# .
V(7 »
B

(15)
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From this, we solve for 777 as function of the total cross section

77"‘*(3») = L7 gE::)) | ’D ;'2 o—E(-W"-Fp — 7"+ ).
5 16)

Thevquantity. VE(ﬂfi) is the inéident'pion velocity = k/w where
cw=E - m. 'Pﬁ(ﬂ“N). is the dehéity.of final states‘z 5;; ke .
We now have one of our fundamental amplitudes‘evaluated in terms of

a cross sectiqn; In Austern's work, usé was made of this amplitude
with thé eﬁperimental éross section'on the right-hand side. In order
“to perférm certain phase;space integrations Whén investigating meson-
production phenomena; we ﬁill need a theoretical expressiqn fqr-

G‘E( W/*— p) ‘VI:-‘_o‘r this we will use the fo_fm gi'\-}en by the one-meson
apﬁgqximationrto the QhewuLow theory3 ' '

G(E) = 8)2kh L . 5 (17)

- w2(1 - w/ws)g + >132 K

where 0 is the meson ehergy = 1 K 4’/AL2 = E-m,

2 | |
3
constant f£2 = 0,08, and cu

3

We now need to evaluate one more basic amplitude. We recapitulate

(lé/é)(fhéﬁLh) .:7 29,5 for the pseudovector coupling

- O,B'Bev°

Austern's argument in brief. 'Cénsider the mesonic-disintegration of
the deuteron;_ ZV*J— D -f92p;_at a total energy 'E, We consider the
process to go ihrough an intermediate state invoiving one isobar and
one nucleon. We neglect the energy of relative motion of ﬁhe particles
in the intermediate state, énd we consider them to be in an S state.

It is then readily seen that, in order to conserve angular momentum
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J

and parity, the final—state pfotons mﬁst'be in'a,lD2 étaﬁe. What we
want to do is to relate the amplitude,for_the transition of an isobar-
nucleon system in an S state into.a tWo—nuéleon system in‘the’lDQ
state to the cross section for mesonic disintégfation.of the deuteron.
The JZ = 1 spin, isotopic—spin‘wéve function fér the'deutefon is given

.v by

111 1 _1 1 R
‘ 2 292 %"% 2:‘% %:2
2T FENE N N, » ) | | (18)

, where-therfirst_superscript refers tb the z—component of ordinary sﬁin
‘and the second superscripp to the z component of isotopic spin. The
-incident' 77+ may now be absorbed by nucleon 1 to form the isobar .
_X‘S'P where G~ is the z éomponent-bf'spin'and P the z component of

isotopic spin. The intermediate state is then
 2 277"(14:) 1, O(1) <1 1/2 0 1/2 \ 3/2 1/2>
2
2’3/ N, 5’% <1 1/2 1 -1/2 |3/2 1/2> xz’% 2’2 )

77"(E)(u7/) % 7%, {'—' bty o )

We now take the I - l,'.IZ =1 “part ofvthis state in isotopic-spin

space and the J = 2, J, =1 part in ordiﬁary—spin space. The result

is

77(E) (h7/) 2 1> l 1 1> | (20)

Now ‘the D part of ‘the two—proton plane wave of momentum p is
ma2 M ‘ e '
» 22
N Yz,m (p-2) Y

(2z2) . o (21)
me-2 _ .
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We define the amplitude7 T, by stating that the two-nucleon plane

2 .
wave of unit amplitude.fbrms the J = 2, Jz =m part of the isobar-
nucleon state,withvamplitude

T (E) Y, ( 7) E S | | (22)

.Wlth Z taken as the dlrectlon of the in01dent-meson momentum k/'
we get the matrix element for ﬂ’ + D —$'2p from the J, = 1 state
of the deuteron given by ‘ .
-1

=0l - m 7 @ - w7 @) r, @D . @)

of course nucleon 2 maj absorb the ﬂ’*,.and this results:in a factor.

'of 2 mnltlplylng the above matrlx element The matrix element for

the transition from the J‘ = —l state of the deuteron is the same

z
as Eq. (23). The matrix element .Mb for the transitlon'from the
J; = 0 state giveh by | - |

R S IVINTES £ SN i SUURY Y S 4 S S
| o (24)
may be calculated ih'thebsame mannér. ‘Adding 2/3 the square’of Mi

to 1/3 ‘the square of My,. multlplylng by suitable factors to form

a cross section, and 1ntegrat1ng over the solid angle of p, we obtain

_c@(f’f-r— D —‘-)2p)>: %_ eE.l(ZINf)/VE(f") ‘D ,,"'2 77’2 (E - 'm)Tzz(E)
o ‘ o (25)

05 (2) ='(_z/7/)p g with p"".;

9 -
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We solve this for YT2(E) using Eq. (lé)_for 777(E) '

ITQ(E)I2 - Ik {(E”-'m—'Eo)vzwufz_}% o3 (7" D —2)

109 Vp N | h 4 G(—E—m)%(ﬂ.:—p 77+ p)
=_,97-,' | {(E-m-EO) 5 P }5 Q-'E(p-kp—-a?f + D)
10 7/_, Bk ) 'GEE._m)%(W_ t+P 7—77 +p)

where we have used the relation from detailed balancing

‘,G—E,(fo D=»2p) = __lz_P; Q_E(p"’ p,—-77/‘,"’+.D)Q @)
v o -3 x . :
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C. Cross-Section Derivation for p +P—s2f+ D+ N0'..

We are now in a position to apply the model to -calculate some
single and double pfoduction processes involving unbound nucleons in
the final state. We consider first p+ p__’pd:ﬁ n ¢+ p. The traﬁsition

is to the 331 state of the final nucléons, because they cannot emerge

in a lSO state with a P-wave meson and yet conserve angular momentum

and parity. The calculation proceeds in a manner similar to that above.
We construct the final n-p states of S = 1, S, = #1,0; I = 0, and

I, = 0, and ffom these we obtain the intermediate state of isobar and

nucleon by coupling the pion‘to éiﬁher the protbn ér the_néutron.' We
then extract the J = 2, J, = 0; I =1, and I, = 1 part of this state,
and projéct it up@n'the initial twéfprotbﬁ state with an amplitude

Té', as only ﬁhe lD2 ‘part of ihe iniﬁial state consefves'éngular
momentum and parity with ﬁhe ihtermediaté state. The‘qﬁantity

2 2

S
T, = |7

2

deuteron space function at r = 0, (See Appendix B.) In computing the

-2 )
%6 (r=0) ’ ‘where (fD (r=0) 1is the

cross section for this process, we add the cross sections fof the
separate proéééses in which the pion is coupled tobthé proton and to

thé neutron to fofm the isdbar, instead of adding the amplitudes as

in Section B, remembering that these two final states are distinguishablev

by Q-values measurements. The résults for the two cross sections are .
n'® | ,77’(E-_m) , -

-2
. _ - 6 () A=
(3_co‘s e +1) ,D I - @glam) fugw e

dog(p+p—7+ D+ n) = a

(28)
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where a = 1/8 when the ' - p result from the isobaf and a = 1/72

when the.'#+'é n .resuit ffom the isobar. Before usihg this resuity

we would like to modify it to take into account somewhat the final

state n}p interaction. _In'Appéndix‘A, iﬁ is shown'thafrconsideration |

of the relative motipn_of the.two'nuéleons iﬁ the final state

épproximately modifies.the above matrix element by the multiplicative

vfactorv‘. } | | ‘

18 4 o _18.

e - sind JquF f(r) =.constant - e sind
U - (29)

| where $ is the‘n-p scattéfing-phase'shift'inAthe'triplet state,

g is the magnituae 6f the’felative momentum, and f(r) is a function

of the magnitudes of'thevreléfive dobrdinéte between the nucleons. We

approximate d by qcot ; = o where o -l 5.39 x 10713 en

is the triplet—slc'a;ttering length. The density of final states PE(ZN )

is given Ey ' | | ”

(/1) kew (2> o w2/ g7 ae . (30)

where £ = Q?/m is the relatiVé‘enefgy_of the nuéleons;‘ Insgrting

‘the expressions for Tss 7, PE ~into 'E.'q.._(28>) appropriately

modifiedzfor the fiﬁal—state intefaption;IWé obtain | o

dc‘fE(é rp—n+prrt)

trh(p f'p-—qu’f; D) e oF

Eq. (31) cont.
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-2 {(Efzm-é)z -,/“2}._ {(E‘m'g'E0)2+ JZ_'{

{@- »ém)?“v'— ,u2 2 {(E -m _ 5”4 L; f%—
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The proportionality sién indicates ﬁhaf'this.is:tﬁe fatio to within a
constant factbr involviﬁg Qf dBFif(r). .If we‘call ﬁhe fatio of
Og(p+p —7"+ n +p) to ox(p +'p —7 +D), r, then Eq (31)
determines r(E). We-will’normalize‘ r(E)  to its expefimental value

at 500 Mev and then compare it with the experiments at higher energies.
: T ' U ; .
The quantity e E( 7+ p~>7T+ p) arises from the vertex at which

.the isobar decays. The energy‘ Eq is the sum. of the pioh‘énd nucleon
 rest masses plus the sum of tﬁeir kinetic eneréies.v If we denote the pion
- kinetic ehergy bylit, then Ei-: /AFP'm +?£ ‘fv%%', and t is given

by energy consérvatibn, neglecting the récoiﬂ éf'the cenﬁer-of—maés‘

~ of the two—nucleon_systém, t ;fE - 2ﬁ - /A - €. Inithe expression

‘fdr El ~we have set the nucleon kinetic energy equal.to one—half the
energy of rélaﬁive ﬁotiQn-of the two nuéléons; 57? . This is not |

' exact , But'is reasonaﬁle,'sinceAthe.maésive nucleons tend td'acéount

for most of the conservation of momentﬂm, and heﬁce tend to mo#e bff

in oppésité d}rectibns with abbgt.equal'momenta. We now use Eq. (17)

5 .
giving Cfb . as a function of meson energy.
o 1

W _=..El_-m = E-2m -%_



39-

1

3 o | e 5 _f2_ |
5, (7)_“+f- p—s7+ p) :_{{E—m-—gf-)__ —/a}

. | N .
e

(32)

Inserting this into Eq. (31) and pu_ttihg £ =E-2m -~ /A - t, we
obtain the energy spectfum of the pr.oduced pié_n for a fixed value of E.
The ratio of the cross sections as a ful_‘iction of E 1is obtained by

integrating over &, for 0 < £ 4 E = 2m -/u.
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D. Cross-Section Derivation for p + p — 7f++ n’f-ﬁ n + n.

Turning our attention to the double-pion production processes,
we will illustrate the method of calculation for the process
P+ p—-,7/* * 77*_ + n +n, We consider only S states of relative

motion for the final two nﬁcleons. 'Ihp final state of the 2n is then

the l‘SO°

intermediate state involving two J = 3/2v, I=3/2 isobars. We

The production proceés_is now considered to go through an

. neglect the energy of motion of.the isobars aﬁd_we;COnsider them to
be in an S-state,' Wé-have two identicai fermions in the-intermediate
state with total I = 1, total I, :vl;' Tﬁese are in a symmetric
'rspace state and because the tétal state must be‘antisymmetric, wersee
that the totai angulér ﬁomentum of the intermediate state mugt be

:J =2 or J=0; ﬁence the lSO and lD2 parts of the incident
ﬁwo-proton state couple into the two-isobar state, with amplitudes
that we shall cail AO and A2 respect.ivelyo In Appendix-B it is
shown that in ﬁhe»approximation in which we neglect the motion of the

intermediate state isobars, the amplitude A

5 is related to the

amplitude Tzv derived earlier, by

2

o * ~ g [ i [ -

Tzﬂ(E) ’2.

(33)

‘where (f%X(R) is the two-isobar wa§e'function¥evaluated at some
relative céordinaﬁe :R charécteristic of_the'interactiOn region for.
meson production; &pX’N(R) is the isobar-nucleon wave‘fUnctiong'
and the factor. F?'.is eneréy inde?endent. An épproximation such as
this ié of very liﬁited ?alidity. It will be used only to get an

idea of the behavior of the two-meson excitation function from 0.8 to
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about 1.3 Bev. We are not able to_relate AO to a simpler.reaction,
so we leave it as'an.undetermined parameter., However, the amplitudeS'
AO ‘
for the correspondlng transitions, ‘and ,dﬂ

o= s .A2=(i)f"J (34)

and A2 bear the following relatlonshlps to the S-matrix elements

' Ay ,2 cérries a statistical factor of 5 relative to :} Ab ’20
| The process t6 be calculated may be rgpresentedlby the Feynman
diagraﬁs in Fig. 1. The energy denominators that wiil enfer.into the
matrix elements maybbe read off from thé diagrams; The first intere
medlate state contrlbutes D = (E - 2EO - 1 fb) . The second
~ intermediate state contrlbutes Dl 2—1 = (E aé 1arm - £L - l 5 - _153
Here the subscripts 1 and 2 refer to Dlagrams a and b and Diagrams ¢ and
d respectively. In the former case, the meson_ kl is emitted first;
in the latter case, the meson 'EZ is emitted first. The tl;g;;referb
to the meson kinetic energksr:The kinetic energy of the nucleon in the
_secondviﬁtermediate state is taken as 6/? where £ is the energy
of relative motion of the final two nucleons, The width ["O is
given by Eq. (14) with k = S[(E - 2m) /h] /Lz } 2 . We must now

evaluate"the remainder of the matrix element. The wave function for -

the IS

0 state of the nucleons and the two P-wave meséns is

(\l). = 2 (lef % %,—% _ Nif%’—%NZ%’-%)_

. L T T -
% Lo G S @D Gy @R
s

- (35)
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-t
We combine meson kl with nucleon 1 in the J = T = 3/2 state, and

‘meson K, with mucleon 2 in this state, with amplitudes 'JTYE,} and

'TT'(E,) respectively. To take into account Diagrams a and b of Fig. 1
(for a particuiar time ordering) we also combine meson. 1_;1 ‘with -
nucleon 2 and meson EQ with nucleon 1. We then take the J = 2 and O,

I -1, I =1 parts of this two-isobar state and project them on the

Z
initial tw_o—pr,oton.ét_ate‘with amplitudes A2 and.v Ag , respectively.

The matrix element 1s then

- M(m,m') = EW!EJ‘TP(,E;)AQ Yl,m%'(i"l";)ﬂYl,If(iKé%) p~L 'Dl-l,

{(1 ,m.} | 3/2m+3) (1m0, |3/2,in' - 1)
(3/2,3/2,m+ EENE o) + (1am3 |3/2 m'+ 1)
(1,hm,-3 |3/2;m-%> (/2,3/2,m1+ 3,mb | 2,0)

. <1,é,m;_§_|j/2,@-%>_. (1,3,m1,% "3/2§_m'+%->
(3/é,3/2,m—%;m'+% | 2,0) - (1;,%;m',~%,|' 3/2,m1-%)
<1v,%,m,% | 3/2,m+3) (3/2,_3/2,m9=-%,‘m+% 2,0)} |

. f{l,a,l %\’/A) (3/2 3/2,%,%1,1) }

. 1 -1
t same expression w1th D, — D ]
+.  same expression with A,—hy and J z2—J =0 in

the Clebsh-Gordan coefficierts . : (36)
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M o= TP (51) 7]"’(132) Ay (E) p'l {Dl—l+ pz‘li' i 1/3 2/5 g
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In the line written out exialicitly the ‘firs‘t‘braé:ket contains the
angular-momentum vector addition and the ‘second‘ bracket contains the
isotop'ic-sbin vector add‘ition.v It should be ﬁoted that the antisymmetry
of the angular-momentum bracket with respect to the interchangeé m(—:->m7 5
s = Le—s! : -4, wadeh is equivalent to interchanging the spin z
compbnents of the two isobéré. :'fhe'ﬁotal transition amplitude is
obtained by summing the expression (36) over the spin z components, -
.cr' and 0-",._of_v éach’vintvemed'iate' state isébar, ‘subject to

Q"" + 0-"-_-‘Jz = 0. This is eq‘uivvavlent'to .summing.over m and m'

in Eq. (36), subject to xﬁ + m ‘v= 0. The fesult. for the transition

amplitﬁde 1s

. 2%('3/477') {% cos ei‘;%_cos- 8.2'+v _31_ s?n Ol §ih ‘92 cos (¢l - ¢2)z

+ TeED 7T(E2) Ad(E)_Dfl.v{Dl'l t bz’lz { 1/3_ 72/5 } .

. 2% (3/417)v§ % cos;el ¢6s éé 1{1% sin 8; sin 6 cos (¢i "¢2)} .
o | O (39)

The amplitude is properly symmetric in the two final-state mesons.-

- The quantities W (E;) and W(Ez) are the isobar decay.amplitudes

“evaluated at the total energies o'f_'the resulting pion—nucleon systems 5

By = ‘/l'.¢+ m + ty + '5./2, 'andi By = /u-r m -F'tz--l- £/2, respectively.
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.'I_‘he square of the transition amplitude is given by
| u]” = ennont)® @m ‘ ey [T, i
. { ’ Dy ,’2 + “Dz lfz + 2 Re (Dlnz)"l} ’

. | ,'AQ,. {h c05261 c:oszez + si_.nzel sin262 c032(¢1 - ¢2)

+ é,_in(zel)' sin(26,) cos(f, - ¢2)_‘} _

, O’ {b, cos 61 00526 + b, sin 61 sin292 cos (¢l ¢2)

- v2.‘sin(29vl) Sin(Zeé) ¢C§(¢l - ¢2)}

t2 ,A’zl ‘ ’AOI' cos A { -4 c05261 coszez' +2 sinzei sin‘?ez
2
-cos”(f) - @)
-4 % sin(26) sin(zez) cos-_(¢l - 5252)}:]
(40)

He‘rev A :‘ go - 52 ; the difference in the phases of the amplitudes
'AO and A2° The differential cross section is obtained by multi-
plying Eq. (40) by 27 eE(27T’, ‘2_N)/VE(N)4 where

/2

% dg cl.n.1 dn

(41)

‘QE(27f,' 2N) = _(2/?/)2 k) W] dw ky w dab (21r) 22
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~The salient features of the angular distribution of either meson are
best seen by integrating over one of the'solid—angle elements. The

"angular dependence is then given by
o 2 PR 2
o(®) of IAZI is cose+l} + 8 IAO[

-f—h \Azl lel cosA 3 l_—'30032 9} .
. L)

Little can be said about the interference term because the phase factor, '
cos A , is not given by this analysis.. We see.ﬁﬁat if Ay =0, theﬁ
- angular distribution of each meson is giveﬁvby the familiar'l—+ 3 0052 3]
cﬁaractéristic of emission fromva J : 3/2 state. On the other hand,
if A, = 0, ﬁhe angular distribution of eachrmesoﬁ is isotropie, as it’
must be for any 1n1tia1 state w1th J = O; Negleéting the iﬁterference }
term and using Eq. (34) to write cr'(e) in terms‘of the S-matrix

elements, we have

G'(é) é{j 5 .,Sé I2 4‘ 8 ISO 12.1;115' ISZ ,2.0052 5] °‘
| - - B CE))

50 <~ |52
more isotropic than that which is charaéteristic of the J = 3/2 state.

, the angular distribution can be someiwhat -

We now- dlscuss the energy spectrum of the mesons and the total
cross sectlon as a functlon of energy on the basis of Eq, (AO) For
simplicity, the angular 1ntegrat10ns are performed-w;th Ay set equal
to zero, Substituting.from Egs. (16), (26), (33), (35), (36), and

(49), into Eq. (40), we obtain.
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_dZG"(P+ P->77""+ v n+ n)/d€ dty QC

' R '\G'Lyn(r=o)lz{tl(t1+ 2M)(E-2m-2/< éti—ﬁ)(?};.metl—é)é}%
.- e | . '__} 211 o -1
| y .{(E-—.Zm)z-_. /*2} %'»{A(E_?_Eo)z_} f[,,"}z {(E ] 2Eo)2+fr(‘32}"
. [{(E[— Eo-tl' /2 /u m) + D) }
+ E. +m+ s € ro 13
ot m /u+t + /2) +: -.
t 2 {(E-E | t 5/2 | )(E FO
- -ty - —/A—mno+m+/a+t +£/2)+
e | 2 .1
. {(E-EO-'tl—E/z-/u‘-m)f- __0__} _
. ) 2 I,'\ __,l
o v_{(_.,EO+ m ot pt t‘1+‘5/2)‘ + _%_} |
_ : 2
.. €/ _ 1
{(tl+/u+m+ /2on>)-)f.- = } -
| {(E t." 5/2 'H‘E)z j-ﬂ;}%
Erm-Eampemom) 4
G'El (77 _+ P —~7"+ p) G"E2 (7f + p—_->7>’l+ P

. G“(p+p—77f+ D)/oz (77 F p—-977’+p)
' (L4)
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B o . o
In this expression. Q—-El ,.2(77 + p -7 + p) is given by Eq. (17)
b

with Ey =ty + £/2 ¥awsm, E, = E- o - -ty - £/2  and

(ty +.,£/2)(tl +, 6/2 + 2/u).

kK oz
) ,
ko = (E-2m —2/.( -=tl 6/2)(E— 2m -ty - €/2)
The rll , are defined by Eq. (14) with k = ky é, respectively.
s : o 3’
The quantities ,-'P and . "Po are defined by Eq. (14) with
, _ -
k = {(E_gm)?,/u?} 3 and k = {[(E-:Zm)/b,] m/uzf =,

respectively.

The enef'gy ‘spectra are obtained by integrating over £ for

.0 £ £ £E-2m- 24 - %7 -, and plotting the resulting function
B 4 1

vs t; for given values of the total energy E. Finally one -

integrates over tq for 0O £ t; £ E -~ 2m - 2/.& to obtain CS'(E).O

It should be noted that in the energy region above 1 Bev, .where_z.dquble—

meson production begins to occur to some extent, o (p +p —37 + D)

is eséenti’ally energy-independent , The right-hand side of Eq. (44)
should then give the shape of the double-production cross section as .
a function of the total energy E. For this purpose

(E m) (77ﬁL + p—s7"+ p) will be evaluated from the expemmental '

~ work of Yuan and Llndenbaum 2 As a final test of the analysis, the

ratio of double to 31ngle production as a function of energy may be

obtained by using Egs. (31) and (hh) |
Normallzlng this ratio to its experlmental value at 1.5 Bev.,

we may calculate it at lower and at higher energies and compare. the

results with those of recent experiments at around 800 Mev and 2 Bev.,
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- amplitude into the 3
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In a similar manner we may calculate the processes

(8 p+p—p+prr®7°
(b) P+ pesp+ D+ ¥+t (45)

() P+ pP—n+p+ r e 7°

whose relative weights were given in Section A. In connection with

Process (c),-which is predicted by the model to be the dominant one,

_and which, experimentally, seems to be so, we note that the transition

1 state of the final nucleons tends to be

suppressed. This condition results from several factors. The total

. mesonic isotopic spin muist be one. In the approximation in which we

may consider the center-of-mass of the twp—mesdn system to be in an

S-state, the relative'orbital.angular momentum of the two mesons

gives their total angular momentum in the total center-of-mass system.

However, the odd-orbital states are forbidden by parity conservation, .

and the even orbital states are forbidden by the requirement of

symmetry for the two-meson wave function. The effect implies that
deuterén formation in the final state of reaction (c) should be
suppresséd. Such an absence of deuteron formation is not contradicted

by the present preliminary experimentalvresults.
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E. Modification of the Angular Distribution for Two Pions Produced.

pz,a’MesonéMeson Interaction.

In making this phenomenological analysis of the meson-production

problem, we have 'so far taken into accoﬁnt the strong pion-nucleon

. interaction in the J = I = 3/2 state and the nucleon-nucleon final-

state interaction in the S state, There is also the possibility that

- a meson-meson interaction may affect the momentum and angular

distributions of the final;state pions. In this section, we introduce

a hypothetical effect of a particular form, and observe its consequences

_ for the'angular correlation of the two mesons. In the same manner in

- which we separate out the relative motion of the two finaluétate

nucleons from the matrix element, and replace the plane wave by a

wave function of the form elg sin § f£(r)/q for an S state, we may

 separate out the relative motion of the two final-state mesons and

describe the interactibn in terms of a similar modification of the
matrix elemeﬁt, where 3 1is now the meson-meson. S-wave phase shift
and g _is the'relatiVe momentum of the two mesons. This separation
of the nuéleonfnucleon and meson—ﬁeson final-state effects is the
simplest manner of observing the modifications brought ab§ut by each.
In reality, the two gffeéts may interfere, and one may be obscured
by the other. | | |

For the meson-meson phase shift; we choose a Breit-Wigner

- form

sin $ - | ‘ r/g .. T ('hé_)
{€ -2u- €.+ 172
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where & r-_is the resonant energy in the meson-meson center-of-mass
systen, f‘ is the resonance width, and E 1is the total energy of
the two mesons in their center-of-mass system. The &£ 1is given in

terms of the meson momenta in the total center-of-mass system, kj

~and k2,‘and the angle between them, ,61’2, by

.ﬁ”? ‘ 2.. . 2 .
(47)
where ‘ S =
| o 2 2%
“p,2 = {kl,z + M } -
Also ;
, 2 ) 3
q =z kl + k2 = %y k2 cos Gl 2 .

| - The modification of the angular'distribution is then in the factor

6’/q2, The angular'function of the double-production Cross.
section is given by.Eq. (AO) in terms of the polar angles of each

meson with fespect to the direction of the incident nucleon.
—od ed 2. 2 2 2 | '
CT(91¢19 92¢2) Q{: "{h cos” 8 cos 0, + sin"0; sin 6210052(¢1 - ¢2)A

+‘ sin(20;) sin(20,) cos(#y - _¢2)u} dry dxiz

- | (48)
An exércise in spherical trigonometry allows one to transform this
distribution into a function'bf the polar angle, el', of one meson
w1th respect to the incident dlrectlon, and the polar angle, ] s

of a second meson with respect to the first°



-51~

~The result is
(Yfel, 8) 'c;{? {A'coshel-cos (&) ;% sinéel cos 8 -.

1 1

i+ 2.5 8in 6y cpsze sinze f-sin 61(2»c0526 - sinze)} g dn-.

In - Fig.2 we plo# this fﬁnction, as'well as the fuhction'modified by |
N ‘ o : e -

sin> S/qz, vs. © for ©p = 45 , with parameters, and 5r = 50 Mev

and ‘q - 10 Mev, for-seVeralvpairs of-mesonemomenta values. Because

the mesons account for a pdftion of the momentum'conéervation,_there is

a kinematic tendency for»angles" 6 j> 909._ This effect has not been

taken into account in the figure.
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DISCUSSION
Figures 3 to 8 contain the energy spectra for the pion produced

in the process p + p—n + D +-7Y*° The final state nucleon-nucleon

“interaction is included in the 450 Mev spectrum, but is'néglected in .

the spectra at higher energies. This finaléstate interaction should
be important only where ,4i/q >> a, where g is the relative

momentum of the final nucleons and a is the fadius of the region

.of the primary interaction (eXcitation of the isobar). Experiment

seems to indicate for the proton a region-of very strong interaction

of radius ~ 0.5 x lO_lg'surrounded by a region of weaker interaction
M . .
of ~ 1x lO“13 cm.,9 Blokhintsevlo has termed the former region the

kernel of the_nucleon, and the lattér region; the meson shell. In
nﬁcleon—nucleon collisions, one may ﬁhen speak of iﬁteractions between
the meson shells,‘befween a meson shell»aﬁd a kernel, and between

the kernels. Bérring.a strong meéon—meson effecﬁ the firét mentioned

interaction, which is of the longest range, is probably not responsible

for the excitation of the isobaric states. However, the interaction

. between the meson shell of one nucleon aﬁd the kernel of the second

may account for this excitationothhe-region of the primary interaction

13

may therefore be ~ 1x 10 cﬁo The final'staté nucleon-nucleon
interaction should play a decreasing role in the reaction aé £he
.boﬁbardiﬂg energy is raised and q may be f%lfio_ The curve labeled
(b) in Fig° 7 and'the curve in Fig. 8 represent the meson spectra‘
when the final nucleons are ina P stateo_ These are obtained by

L ‘
replacing & ° in the phase space of the final nucleons by 6:3/20

S 11 ,
In Figs. 6 and 8 the experimental histograms at 810 Mev and
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12 : .
- respectively are superposed on the theoretical spectra.

l.SFBev
Agfeement; especially at the lowef‘eﬁergy, appears to be fair. At

1.5 Bév a certainramount_of double production may be included in the
hist.ogram.12 Further éxperimental evidence oﬁ'the shape of the enérgy
Spectra in the regidn_005 to 1 Bev is supplied by the Russian experiments
on p+ p—n+ b 1; 7" at 560 and»ééO Mevolg The meanienergies of

the experimental spectra wefe 82 and‘llO‘Mev respectively° These are

to be compared with the peak energies iﬁ Figs. 4 and 5 of aboﬁt 75 and
100 Mev respectively. Figures 9 to 12 contain the energy spectra for

the pions produced in the processes p + p—y <N+ 27 with the final

-nucleons in an S'state, These spectra all exhibit pronounced peaks

at relatively low meson kinetic energies. Such a_markéd‘preference
for the emission<of low=énergy mesons is indeed one of the striking

1,14

features of the experimental situation in the Bev range. Another

striking feature of the experiments, the rapid increase above 1 Bev

of the double-meson production processesylh915

is evidenced in Fig. 1k,
where we.have plotted a rough estimate of the ﬁwo%meson excitation
functién versus bombarding eriergy°

The situation as to the charge ratios has been covered‘in somé'
detail in the recent series of papers by the workers at the Cosmo’bronoll+
We only méntion ﬁhat the: charge ratios in double prodﬁéﬁion are not
yet well estabiishedo “In single_prbduction, the isobar mbdel predicts
a thﬁro ratio of 5. The experimental-ratio.at present is between

5 and 17. In connection with this ratio, it should be remembered that

the process p+ p—p + p + #° is forbidden by the requirements

of angular-momentum and parity conservation and the Pauli Principle
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whenever'the meson is in a P state and the final nucleons ére in an
S state. The process will be suppressed during that portion of the
time in which the final nucleons are in an S state.

Figure 13 shows a rough estimate of the ratio

. : + :
cp+p—ntp + )/ (p+p + 7+ D)

versus bombarding energy. The ratio is normalized to 2 at 500 Mev.

Below~500 Mev the raﬁio-is'é very sensitive function of £he fihal

state nucleon-nucleon infera@tioﬁ, Above 500 Mev it should be less

sensitive‘for_reasdns given.earlier. The Russian measurement of
A/3‘5iat 660 Mev and the Brockhaven measurement of 84 at 810 Mev

would indicate that the ratio takes a huge jump in an energy interval

‘of only ~ 150 Mev, The curve is in better accord with the

Birmingham._l6 value of ~~ 9. at 660 Mev. At the higher energies the
tatio is probabiy badly underestimated because we have included only |
S states for the nucleons in the unbound reaction.

'Littlevcan be said as to meson;meson effecﬁé between two final-
state low-energy pions. A marked forward-backward ésymmetry in the -

aﬁgle between the mesons might be detectable if enough events could

. be observed. 1No such correlation waS‘bbserved in the few double-

_production events analyzed ir the early Brobkhaven work.

In cqnclusion, we may say that the current experiments on meson
broauction in the Bev_rangerseem.to'strongly indicéte an important
role is béing played by the J = I = 3/2 isobar. This is particularly
'true whenlexaming meson-energy spectra anva—values between‘final

meson-nucleon pairs. The mechanism of excitation is unknown, but it
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 seems to involve a sort of‘peripheral collision in which the final

nucleons retain much of their incident momenta. The calculations

presented here are meant to give a rough idea of how far this model

can go in correlating the data on meson production.
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APPENDIX A
We here separate the ﬁucleon—Qnucleon final—state interaction
vfrom the meson—productién matrix element. If we consider single-meson
‘ productioh, the»pa.rt' of the total transiﬁion amplitude in which we |
are interested is the ma_trix element t_ha'tb describes the »tré'risition

‘.'UX- N> s to the meson-
,N7.

tuwe-nucleon final state, I\PN N T/> . We shall call the operator
. ., o - l’ .2’ .

from the isobar-nucleon "intemediéte state,

that brings about this transition 0. It opera_.t’es ‘on the isobar with
momentum T and energj Eg to form a meson of momentum % and energy -
Y TN R and a nucleo'p‘ of momentum 5;_ and e_nergy 'El’. The second
'nucleon.has moﬁentm ;2 .and ehergy ' E2 in the finé.l staie , and

v;'_ _and E' in the ihtermediate state. | Wiﬁh all particles in plane-

wave states the matrix element is the following
<" '\J/Nl’NZ’-’r . WX:‘N> = : .

[ 32 32 /F ] ">

: d'r d°r ;%1’1\12’7, r> <r U

29 G V)

Rt S 32
32 3» 3 39 35 LKL, T DTy PyeTp
= ;/d%.drN _d?der'erevr . ,
g - - : : .
d(s.r. + .p'.r') . _ .
X g b
e & 8@ - R SE - RS- (V)

= M §@-F) SE-F-B (v) .

In the second line, the notation for the posit.iori véctors of the particles

is self-evident. The 5 functiéris'arise from the definiton of an
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operatoi‘, "U in the ‘T representation and the assuméd local nature of
the interaction. Thé quantity <U> | is the isqba‘r-decay operator
betwe.en initial and final states after the space _dependence has been

- extracted. This quanﬁi}y is, in general, a fﬁnctién of I<’, w '53_,
,El,'-s,, Egy and, possibly,:eVen the spin orientation of the isobar and »
tirle reSultiné nucleon. } In this work the isc‘)bar notion has been neglected,
and we have considered this function to be giveﬁ by our quantity 7J/7(E),
with E = co'+ Ep, times a P wave spherical harmonic for tﬁe meson.’
The relative motion of the final-state nucleons may be separated 6u1;

. from Eq. (1) by writing the matrix élemént in terms of E=l1—"l + rz)/z,
? = ';l - -1?2‘ ; P - ;—);_ +’_§2, and g =G;l - -p)z)/z The factor e_i-q"’?, |
which represents the plane-wave relative motion of the particles, 1s

then replaced by an S state wave function of the form

\7U(r) QS e sin ¢ £f(r) .
. Qq :
‘The matrix element now becomes the following: - v
oy - - - 3 3 32 3= 3=
(27) §(By+ Py - Py - pY) fd T d7r) &R & ARy
D -, - - '
-iP-(ry + 1,0/ -ikerg id ,
‘e - 1 2/ e 1T"e ’ sin d/q
| ‘ | i(s z_-;{+ iy ) - '
- - . s - - - -
of( , ry - ry I) e o 5_(rl—rx)cS(rz—r‘)_é‘(I:!“,er) <U>
S | 1(3-%-8)F

.(277',)3 ;(?2 - ;’),I'el sin d/q '5d31_{_=d3r e
15 -K-p)(o/2) .

| GO RO

o T N a
emM° G- SE-%-B) e  smd/a (v)

-

. '
- ’ 1g.Tr !
. Sf('r) e q. »'dB? .



where

£(q) = Jf(r) .elq.
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Comparing this result with the last line 6f Eq. ‘(1), we see that

the matrix element is modified by the factor ’elS sin £(q)

q

r ‘~ . :
dB;" ~ j £(r) dS? = constant.
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APPENDIX B
In Section B, we defined anvampiitude T,(E) for the transition

2

state at rest. This amplitude was defined in terms of the cross

from a 1D two-nucleon state of energy, E, to an isobar-nucleon

section, CfE(ZV+f';D>——*2p),’and_the previously defined amplitude,
| ﬁﬂn(E), for creation of the isobar. in order to modify Té(E) S0
that we méy use it iﬁ calcﬁlatin’g ’o—E(p -f-,ip_--977*+ n +p) we need :
simply to observe that, by defining iﬁ in terms of the deuteron
| mesgdisintegration, we include in it a faétor of the deﬁtéron wave
function evalﬁéted at thezérigin, .\#b(f=0). This is simplj because
the production of an isébar-nucleon ihtermediate state involves a
matrix”elémenﬁ of tﬁé form | . : _
Y lvU [ %,10 = j o5 Yo .|?’>u (F|v ‘LN} |
‘ - 7 S (1)

where tﬁe integration is over the momenium distfibution of the.deﬁteron.
The matrix element 05’ I U| q/x,m> is simply TJP(E') at the
energy E! in the centerASf—mass systemiof ﬁhevincident pion and the
nucleon within the deuteron that absorbs it-to form the isobar. If '

we neglect the deuteron momentum distribution, Eq. (1) becomes

_ 39, S\ '
| T (8) j (Y, | F) = TTE Ylr = 0) (2)
where E is now the energy of the_pion—ﬁucleon system considering‘thé
nucleon to be at rest. This is a good approximatioh for the high
energies, E, in which we will be interested. For use in calculating

- 122 -2
the unbound reaction, we define , Tz'(E) l - T2(E) 'q/D(r;O) l .
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We now show that the amplitude T2' (E) can be of use in
describing_the transition from the twp—nucleon'state of ehérgy, 'E s

to the two-isobar sﬁat‘e,‘ in the approximation‘ that the isobars are

at rest. The operator, V‘T' , may be defined formally in terms of a

poten_tial operator, V, by the : relation

B . "E\ /. @
| ,Q‘x,N‘ I T o >.' <L+/_X,N l v

uzNE> . (3)

‘The | u) are p]_.ane-wave ‘eigenstates’ of the.'f_reeéfiéld Hamiltonian,

" H, | ) = E [y W)

The l L}/> are eigenstates of the total 'Hamirltonian, H:

(5)

They sat_isfy‘. the Lippﬁan—Schwinger §qu§tiqn s . s

Introdqc':ing"é.n ? representv,%tion‘, ;%/Je ;btain R |
| <ux’ﬁE' l‘T' , .u2NE> = T'(E, E') o ,b o

) (F v [ 7 RIS

(7)

. J dB;dB_I_".': (k}/x NE

In the center-of-mass system, r and r' are the relative position
coordinates of the two par.;ticlés‘. The interaction is assuied to be

lo'cal‘: |



.
@ |V l ?>‘ = V(r) 5'(?—’?')' .
T'(E E') de <\4/XN ()

< [ G

We have taken out of the integral the isobar-nucleon wave function and

- (8)
V(r) , uéNE(r)>

~have evalueted it ‘at a relative coordinate, R, characteristic of the

: 2 . ' '
region -in which . l\#& N"(R) w - -is large. In addition, we have
b
written the two-nucleon plane wave explicitly where '3 is the
relative momentum. The quentity_ <V(r)> “is the potential

perator between the two states after the p051t10n dependence of these

states_has been extracted. This is in general a function of E, B!

E; andtig' (The relative momentum of the isobar and nucleon), If we.

con51der the 1sobar and nucleon at rest, fﬁ = 0, E' = Eg + m.
In this approx1mat10n, the rlght—hand 31de of Eq (8) deflnes

a functlon of E
T'(E) = Wx,N" - (R) f(E)v L (9)

A 51m11ar argument leads to the amplitude for the transition from the
two—nucleon state to the two-lsobar state in the approx1mat10n in
which the 1sobars are_at rest:

A® = g, C® rE . o)

We have

_ f(E) - f'.(E) ‘ ~ I(EO-- m)/EO\ e 0,3/1. 24 «rvo 2l

(11)
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therefore

- 2Eg o | Ly
A(E) —~ .(ljzx ! (R) £(E) - . (12) .
and n
( , 2 - N - 2
[ A(E) l ~ ¥ © -[T“E)l BRI
_ |4y, Eotm ' '
| Wew 0 | (3) S (13)

 The separation into amplitudes for various total *J states is obtained

by writing
' i
™ = 5 T; P s
7 J J
(14)
vV = 8 VJ PJ s

v'whefe the PJ:>are projection'operatofsf An attempt to'improve this:
crude approximatiOn may be made by constructing an eﬁergy—depéndent
wave fﬁnctioh_for the-i;obar-nucléon staté, ‘For example, if the
isobar—nucleén éystem is considered tovbevin an S state_charactérized
by a scattering length‘of 'E{diJ 'O;S_to 1.0 x l()ml'3 cm, we may

approximate
Yy @

where g 1is the relative momentum. The relative momentum may be

2

by f(R)/( °+ &) B

'determined by,gonsidering_thé isobar—ngcleon‘system to be appfoXimately

on the energy sﬁell or by assigning a certain éverage momentum transfer

to the excitation.pfécess, | |
In the ﬁext appendix we show that one can éomewhatlcorrect tﬁe

angular distributions of this simple model for the motion of the

intermediate-state particles.
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APPENDIX C

Consider the double production process,
P+p~—27 + 2n , : (1)

at an energy E. We have up to now coﬁsidered the'pfécess as going
through an intermediate state invol#ing two isgbars ét rest. Actually
these isobars move relative.to each other with a momentum 23"in their
center-of-mass system. The‘moﬁentum s is given in terms of the

momenta of the final-state pions and nucleons by
- - I d | g ndi Y
s = kK + p = -(ky + Do)
N L | ,
where kl 5 and- Py o are the pion and nucleon momenta of the
3 2 o . : .
correlated pairs. If the isobars are in a P state, the above reaction

' : 3 : '
will take place from the - P states of the initial protons into

0,12
the P states of the final two neutrons. The creation of the two-isobar

state is described by the amplitudes A , and A ,

ABPo ? 3P1 3P2
whose possible dependence on the motion of the isobars we continue to
neglect. The decay of the two-isobar system at rest was described
by the amplitudes 77' (El) and - W(Ez) times P-wave spherical .
harmonics for eacﬁ meson, where- E; and E, were total center—qf—
mass eneréies of fhe»pion-nuclebn system resulting from the decays.

- We will neglect'the.effect of the isobar motion on the amplitudes
'771w; however, we may modify the matrix,elemenf.by.adding a P-wave
harmonic that describes ﬁhe relative motion of the_two pion—nﬁcleon
systems, Yl’n(grﬁ). Because the massive nucleoné usually carry

. ' N . o . -
considerable more momentum than the pions, we may approximate s,

the intermediatefisobar'momentum,_by ft the final-state nucleon
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momentum, We may compute the modified angular angular distributions as.
before. For example, for the Process (1), the'final state, with nucleon
spin z componeﬁt S =1, is-'

é» % - | ¥ = o .
(" %) E ' (kl-z) Yl LFD) Ylm(k2 7)Yy p(F%02)

m,m',n
1n(p‘>) T n (rZ) .
(2)

We perform the vector additioh,ﬂéombining the meson-nucleon systems
into isobars'with amplitudes ;67 , then adding the two isobar angular
mbmenta, and finally COmbining this with.thé.orbital angular momentum .
of the isobars to a total J O 1, and 2 -with the amplitudes

A3P ' respectlvely. Computlng the matrlx for. S O; and weighting
0,1,2 o , ,' .

the absolute square of the.matriX'elementS'fof S, =1 and S,=0

with 2 and 1 respectlvely, we obtaln, for the angular part of the
3

cross section from the -“P.: state of the 1n1t1al protons, after

0
integration over azimuthal angles,

CS’(elg 82, 8) “°C. - o % _ v (3)
{2 éoszel'sin292"+ 2,C05292 sinzel |
- +H8-coszel 063262f+? 16 éinzei‘sinzez'}, cos%e

+ '132 coszel coszeé + ll Sinzel sin292

+ cos2el sin 6, + cos262 sinzel‘} singe .



e v.

3
From the P2 state, we have

d‘(ﬁl, 8,5 ©) ..OC |
{32 coséel.coszez 17>6h sinzel’sinzez
| + 8 coszei Sin292.‘+ 8 coszeé siﬁzél’}. coszg.
v+l{§952§i sinzeé +-.co;?62 éinzel
' 4—,32 c05261 C05262:4' ll sinzeibsinzezt} sinze o sium

(&)
The angle © is the polar angle of thevnﬁcleonﬁrelative momentum with
respect ﬁo the incident-proton direction in th; total center-of-mass
system. The angles '91 and '62 are thé polér angleé'of the two
‘mesons with fespect.to‘this dirécﬁion, aiso in the totalICenter-of-
'~ mass system, if onebneglects.£he transfofmationxffom the rest system
of each isobar. By iﬁtegraﬁién over-the meson angles in Egs. (3)_and
- (4); we can get an idea of the‘angulaf'distribﬁtion.df the final- .
state nucleons éﬁat could arise from iﬁcluSion of the(P;ane motion
of the intérmediéte«state isobajs; For‘the trénsitién from thé BPO‘

state, we have

4

L JU';(G) _ & c0s26. + 'sin%0 3 | (5)
T s T o
from the 3P2 state, we have‘ihe familiar
. 2 o f
2w 4 g(8), o 3 cos ® + 1 . , _ (6)
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Because the transition amplitudes from 3P states give rise to

} 0,1,2 _
interferenée terms that depend on their relative phases, a more detailed
account of the excitation of the isobaric states will be necessary in
order to obtain quantitative angular distribﬁtions.- However the.

observed forWard—backward breference for the nucleons is not beyond

the reach of the model.
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ILLUSTRATIONS
Part I |
Fig. 1. Feynman diagrams for meson production in the Born approximétion°
Fig. 2. Feymman diagrams for.meson.production in.the one-meson
| approximation.
Part II |
Fig. 1. Feynman graphs for dquble-meson production through an inter-
| | mediate two-isobar state. i
Fig. 2. (a) Plot of Eq. (49) versus O with €y = h5°5 (b) Plot of Eq.
(49) times siﬁ2<§/q2 versus 6 withbel-: LSO; ki = 20 Mev/c, -
k, v=.30 Mev/c, &, = 50 Mev, /7 - 10 Mev. (c) Same as (b)
‘with ky = 70 Mev/c, k2 = 50 Mev/c. (d) Séme as (b) with
Ky = 150 Mev/c, ko :,130 Mev/c,r |
Fig. 3. Energy spectra for the mesoa‘produced in the reaction
P+p ___;%/++ n+p at 450 Mev. The finai—_state n-p force
is included‘in terms of the low—energy triﬁlet scattering
length.,
Fig,/h, Energy spectra for the meson produced‘in.the reaction
' P+ P—>s% + n + p at 565 Mev,
o Fig, 5. Energy spectra.for.the meson produced in the reaction
rpv.f— p _’.;7/++ n + p at 680 Mev.
Fig. 6. Energy spectra for the meson pfoduced in the reaction .
P + p——a 774'1‘; n + p at 795 Mev. Histogram is from
the Brookha&en experiment at 810 £ 100 Mev.
Fig. 7. Eﬁergy spectra for the meson produced in the reaction
P + p. _'__-_,p/++ n + p at 1.015 Bef., Curve (a) nucleons

are in an S state. Curve (b) nucleons are in a P state.



Fig. 8.

-

Energy spectra for the meson produced in the reaction

P + D __777f7+- n + p at 1.51 Bev. The nucleons are in

~a P state. Histogfém is from the.Brookhaven experiment

Fig. 9.

Fig. 10.

Fig. 11.

Fig. 12.

 Fig. 13.

Fig. 1lk.

at 1.5 £ 0.1 Bev.
Enérgy spectra of the mesons produéed in p+ p—2N + 277
at 1.015 Bev withvfinal nucléoné in an S state,
Energy spectra of the mesons produced in p + p-—aZN‘+'27V
atvl°27 Bev withvfinal nuéieons in an S state.
Energy spectra.of the mesons produced in p+ p—>2N + 27
at 1.51 Bev with final nucleons in an S state.
Energy spectra of the mesoﬁs producgd‘in p + p—2N +-27f
at 2.01 Bév with final nucléons in an S state. | '.
Ratio O«(p +p —>#'+ n+1p)/c=(p + p—>7" + D) asa
function of bombarding energy. The ratio is normalized:
to 2 at 500. The trimnjkx indicate the Russian'points, the
ciré_le_indiéates‘the‘Birmingham‘point° The remaining
'points are American data from Chicago, Berkeley, and
Bfookhaven. | |
Two-pion e#citation function'versﬁs bdmbarding energy .
Thé curvature of the uppervportion of the solid curve is
probably dué_tq the neglect of the energy depeAdeﬁce of
Fhe factork_ 'fVJX,N(R) f2

which is not justified at
the highér bombarding energies. The dashed line is'an ‘
extrapolation of the essentially lineaf portion of the

solid curve.



c=T2=-

Fig. 15. Ratio of two-pion to one-pioh cross sections as a function
| of bombarding energy. The ratio is normalized to 30% at
1.5 Bev. The dashed line is an extrapolation of the

essentially linear portion of the solid curve.
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