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MESON PRODUCTION 

I. MESON PRODUCTION BY MESONS 

II. ISOBAR MODEL FOR MESON PRODUCTION IN PROTON-PROTON COLLISIONS 

Saul Barshay 

Radiation Laboratory 
University of California 

Berkeley, California 

November 29, 1956 

ABSTRACT 

In Part I, calculation of meson production in a meson-nucleon 

collision has been carried out for the processes lYT-r p ~1I'f. -f-71+-+-n 

'+ +- 0 
and 71 + P---t1T' +1T + p, by means of the method of Low. Use has 

been made of an approximate form of the Chew-Low transition matrix 

for scattering off the energy shell. This matrix exhibits explicitly 

the resonance behavior of the isotopic spin 3/2, angular momentum 3/2 

scattering state. At 350-Mev incident-meson kinetic energy, the cross 

section for "~ production is 0.86 mb and that for ~ production 

is 5.5 mb. The angular distribution of each final-state pion is of 

the form A +' cos2 8. For 11+ production at 250 Mev, A = 0.t4. 

The two final-state mesons ~eem to share the available kinetic energy. 

The probability of the nucleon's flipping its spin in the process is 

about 1.5 time the probability for no spin flip. 

In Part II, a model is considered for single': and double-pion 

production which takes place via an intermediate state wherein either 

one or both of the initial nucleons are excited to the isobaric state 

of J = T = 3/2. The treatment is phenomenological and comparison is 

made with recent experiments in the 0.5 to 1.5 Bev range. Two striking 
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features of the experiments, the strong preference for the emission 

of mesons with kinetic energies of 50 to 150 Mev, and the rapid 

increase in the two-meson processes at bo~barding energies above 1 Bev, 

are exhibited by the calculation. 
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I. MESON PRODUCTION BY MESONS 

INTRODUCTION 

There has been increasing interest in the production of mesons, 

in meson-nucleon collisions at high energies. We have felt that it 

would be of interest to calculate the production cross section for 

energies near threshold. There is evidence indicating strong P-wave 

production of mesonp. Such evidence consists of the small cross 

section for 71 0 production in p-p collisions, the rapid increase 

with energy of the total cross section for +' # production in these 

collisions, and the center-of -mass angular distribution for the 11':J-
2 1,2 

of 0.29 + cos e. The (3/2, 3/2) resonant state in meson-nucleon 

scattering appears to be of importance in the production process. The 

hypothesis that meson production takes place through excitation of a 

nucleon into the 0/2, 3/2) resonant state is capable of explaining 

~~ , 

the small cross section for /f production in n~p collisions relative 

to that in p-p collisions.3 The hypothesis has also been used to 

-,1'/'''''' - d . 1 1 1" 4 explain the /' p pro uction ratio ~n nuc eon-nuc eus col ~s~ons. 

We have assumed production from the (3/2, 3/2) state and have inves­

tigated the processes 11+ + p ~ TI~ + 1/1' + nand 7lr- p --,110 + 1fT- r p. 

The procedure has been to derive the amplitude describing the 
, 5 

process by the method of,Low. The method deals with a perturbation-

like expansion in terms of exact eigenstates of the total Hamiltonian. 

This feature makes possible an improvement of the ordinary perturbation-

theory treatment, since it is possible to describe part of the process 

as meson-nucleon scattering and to use here the scattering transition 

. 6 7 
. matrix developed by Chew and Low.' We will be dealing with a 

transitio~ matrix for scattering off the energy shell. Chew and Low 
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have derived an. approximate expression for this matrix in a form that 

exhibits the resonant behavior of its 0/2, 3/2) part • It was this 
. . 

possibility which ied to the calculation presented here, in the hope 

that, . in spite of th'e approximations, the form of this matrix off 

the energy shell would give reasonable results in the computation of 

a cross sectioIl for meson production. Chew and Low have shown that, 

on the energy shell, their matrix gives a good description 6f low­

energy scattering.6 
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CALCULATIONS , 
. 5 

Following Low, one starts withD,yson's S matrix between initial 

and final bare particle states, 

.00 

- L 
n=O 

where "fi-c=l, 

00 

(_i)n/nl J dtn (¢p' I a/k) "e(k2) 

_00 

p Er(t1)0 0 oHr(tn)] ai*(k) I ¢p) , 

(1) 

The symbol HI is the usual interaction Hamiltonian for pseudoscalar. 

meson theory.5 

p 1- .p'. 

through the P bracket to the left and 

* The ai (k) 

the at (k2) 

commuted through to the right, making use of 

is commuted 

are 

(2) 

The resulting expression is transformed by making use of the identity 

00 

n 
(-i) /nt J dtr 0 odtn P [ Hr(t1)· 0 oHr(tn)Ai (x)Aj(y). 0 j 

-Q() 

[~(x) 9Y)0 0 -]1 %) 
. 0) 

- <~,I P -

where on the left side all operators are in the interaction represen-

tation and on the right side Ai(x) has the Heisenberg time dependence, 
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(4) 

and the I~p) are exact single-nucleon eigenstates of the total 

Hamiltonian (free field plus interaction). The S matrix is then 

3 . 1. f 4 4 4 ikx -ikly - ik2z (r I 5 Ii> - (-i) /(8 W w l ( 2 )2 d x d y d z e 

(5) 

The quantity < p'kl k2 j Q I Ai(x) I p) is defined by the above 

equation for all values of p, pI; kl , and k2 • By the commutation 
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process it may be shown to be identical with 

A.(x) III .' N I )' 
i Tp 

(6) 

On the energy shell, pI +kl + k2 = p'" k, this quantity" is the 

S matrix iWith the delta function of energy and momentum left out. 

However, off the energy shell, the S matrix is not defined, whereas 

< pI kl k2 j l' I Ai (x) I p) 

left side of Eq. .( 6) • 

is defined by the integrand on the 

We will be interested in the static limit. We therefore drop 

terms in ';1 and consider 

where we have-utilized invariance under the translation -(momentum) 
~ 

operator P, 

(7) 
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~ ~ -+ ~ 
-iP·x iP·x 

= e A.(O)e 
1. 

(8) 

We now perform the indicated space and time integrations, setting 
... 
x = Xo = 0 in the final result . This is best done as in the following 

example. Introducing complete sets of exact eigenstates I q;n) and 

I '}1m) , and considering a particular time ordering Zo > Yo > Xo ' 

we have 

-QO 



," 

'" 

L n,m 

Q() 

dz o 
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"'"0 

J,,' , i(U\ + 
dyo e 

En -~)Yo f '" ib, (Yo - X,o) 
" 'db e·, 

b - iG ' 
"-<>0 

_ ~ L (V{) AR(O) I qJ)<lJ{ I A/O)I~J(q;ml Ai (0)1 %f 8 (~-Pn ~k}S(~n;u= k2 ) 

n,m (En - c..J2 - wp ' ~ i~ ) (~- w 2 - WI - w p ' - i 6 ) 

Here we have used 
QQ 

'7t (x) 1 J iaxo 
= da e 

271'i a - i6-
-00 

, - 1 Xo > 0 

= 0 Xo < 0 

This procedure is carried out for each time ordering. The full 

amplitude is then given by 
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+ (~, / AJ(O)/(jJ)(!Jln / Ai (0) I q;'>~m / A£.(O)IPiSCrk p' - k2) S(;m-~ + \) 

(E, - WI' - W I - i E ) (E + W
2 

- w - i C ) n p m p 

+ (pp_t IAi (O)/lJJd(lfJn I A/O)I q;m><<fm I Al(O) I 'lJJ&(Pm-Pn -k1) S(;~rl- ~-k2), 

(En + UJ. + w 2 - Wp - if )(Em - wp + W 2 + iC) 

(10) 

plus three additional terms obtained by interchanging the subscripts j 

and 1. and 1 and 2 . 

If the I 'PI ' I 'fJ~ were 

replaced by bare nucleon spinors, the abdve equation would yield lowest-

order perturbation theory for the six diagrams shown in Fig. I. In 

this case, although I q.;p) , and 

nucleon states, the IlT) and 
't'n 

Il T) ) represent physical -
Tp' 

I
lTl ') may be any members Tm 

of a complete orthonormal set of eigenstates of H , a physical nucleon~ 

or a physical nucleon plus any number of real mesons. Another 

interesting feature is that although 1l.JJ~ is to represent the 

initial physical proton in our process, and although Ai(O) --since 

it is derived from an .interaction which represents the absorption of 
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a 71+ by a neutron;:-contains the operator ~ = 1:'1 + i l2 ' yet 

Ai (0) I pp) =t- o. Operation on a bare 'proton with L+ yields zero, 

but the physical proton is a superposition of a bare-proton amplitude, 
~ 

a bare-neutron-plus-meson amplitude, etc. Equation (11) contains only 

energy denominators of the form (E. t· d' t - Ef · 1)' Since the .. ln erme la e lna 

physical nucleon self-energy appears in both states, this unobservable 

quantity does not appear in the equation. 

We wish to treat the equation for (pi kl k2 j J.. I Ai (0)1 p) 

in the static limit: 

-i ! 411" 4 -a> 

A/O)~ f C)okl 

f< -/2 W 
1 

A~(O) 
-i -/41/ f if·~ 2 

----:> 

)A 12 w~ 

= 

1:'. 
J - ~ , 

~ 

A: k 

* kk 

~~ 

1 

Ak 
2 

, 

Here f is the unrenormalized, unrationalized pseudovector 

(11) 

coupling constant. 1:' i = ( r;: lof- , In the 

double sum over the two intermediate states, we keep those terms in 

which both intermediate states contain only a physical nucleon, and 

those terms in which one intermediate state contains only a physical, 

nucleon and the other state contains a nucleoD, plus one meson. These 

terms correspond to the nine diagrams shown in Fig. 2, plus nine more 

obtained by interchanging kl and k2 • 
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Let us consider first the process 
+ +- + 71 +- p -711 +- 11' + n. 

Since there exist neither doubly charged nor negatively charged physical 

nucleons, our initial physical proton cannot make a transition to 

...,..,,+ another state of the physical nucleon by absorbing a If or by 

"..,,+ • emitting two successive If Therefore the matrix elements corre-

sponding to Diagrams (a) , (c) , (f), and (g) of Fig. 2 vanish. 

We are left with two pairs of diagrams, (d) and (e), and (h) and 

(i). These correspond, respectively, to resonance scattering in the 

first and in the second intermediate state. In Fig. 2, the open diagrams, 

(d) and (h), contain the energy denominators corresponding to the 

resonating intermediate state. The energy controlling the resonance in 

Diagram (d) (the singularity introduced by the energy denominator) is 

the total energy of the incident meson, whereas in Diagram (h) it is 

the total energy of the second outgoing meson. We have investigated 

Diagram (d) and its crossed counterpart, Diagram (e), and we find that, 

since wI + w2 is well above the 0/2, 3/2) resonance energy, the 

contribution of these diagrams to the matrix element is less than 10% 

of that from Diagrams (h) and (i). We shall consider only the latter 

two diagrams. 

+ 

Our amplitude is then 

WI - W - i~ 
1 

(~/ I Akl * I . ~ ) «(( t Ak IIV 
-w . 1 

<~ I Ak2* f9 > 
W 2 

(12) 
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plus the same expression with 1 and 2 interchanged. 

In the new notation, Icy) ( 'I P) ) represents the initial 

(final) physical proton (neutron) state; IA) and f ([) represent 

the four states of the physical nucleon, and these are to be summed 

over; represents the nucleon, one-meson states. One sums 

over the spin and i spin of the nucleon and the i spin of the meson, 

and one integrates over the meson momentum from zero'up to the cutoff 

--value. The delta functions of the momenta of intermediate and initial 

and final states are ,taken into account by integrating over intermediate 

nucleon momenta, the nucleon in the static limit being infinitely heavy, 

and hence the absorber of any amount of momentum required for conservation 

at a vertex. 

In Eq. (12), we now neglect the uJ
2 

in the denominator of the 

last term in the first parentheses and the ~' in the denominator of 

the same term in the second parentheses. Our approximations are made in 

the terms coming from the "crossed" diagrams «i) of Fig. 2). These 

matrix elements contain no poles and will therefore be small compared 

with the matrix elements coming from the "open" diagrams «h) of Fig. 2). 

More explicitly, the approximation is made in a term of the form 

f, 
W, max 

PW duJ 

? 

where 

(A I Akl * I Wi ~'t) (Wi y; r Ak I ~) 

P = 

'wIt WI + W2 

2 
(WI 

, 

(13) 
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Dropping GV2 in the denominator gives rise to an error in the integrand 

of the order of U2/(w l + wI + w2 ), which, at most, is about 

2tl? -I- 3)A= ~. The error in the integral is less, since the integral 

diverges linearly, and hence the main contributions come from ~Y, 

several times ? . This can be seen from the following: 

(14) 

where 

Therefore (WI () /Ak 10() aG l/r;;; , and the above integral 

is proportional to <..D • 
max 

Our amplitude now has the following form: 

= {(J3 I Akl * I :0) U \ Ak I :1) 
-~ 

+ 

t 

«(3 J I WI t)(WI 0' I Ak I~) 
Wi - W - iE 

1 

<~ I Ak IWI'~) (WI 't I Akl * I ~) } 
WI + UJ. 

1 

(:1 I Ak2~~ 19') 
W 2 

(15) 
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The term in parentheses is the one-meson approximation for the 

Chew-Low scattering matrix, Tk(kl ) (in the notation of Chew6). It 

describes the scattering of a i!'+ of momentum (energy) k(4J) into 

a TIT of momentum (energy) kl ("'""1)' with the physical neutron going 

from state 0( to state )t 

A similar equation may be derived for the process 

11'+ + p---)]/++ Tlo f p. In this case, the matrix element corresponding 

to Diagram (f) in Fig. 2 does not vanish. We neglect this diagram, 

since the energy denominators give rise to no poles. There is, in 

addition, a nonvanishing matrix element ·for the Born approximation 

represented by Diagram (c). The contribution from this diagram is 

given by 

We neglect w l in the quantity (Wl + W 2) • The part 

«(3 I Ak I (() < () I Ak2* I ) 
W 2 

is then the "crossed" contribution to the ·Born approximation in the 

Chew-Low scattering matrix. The error in the Born term is of the 

(16) 

order of 0)2/(001 + 002), which is quite small compared with the 

complete contribution to the matrix element from the Born terms plus 

the one-meson terms. The Born term can be treated exactly; however, 

we feel that t,o do so would alter the cross section by less than 10%. 

In Eq. (15), the matrix element is of the 

form 
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(PhYSiCal nucleon' f -;..~ (' i I physical nucleon) 

( 

Evaluating this matrix element is equivalent to taking the vertex 

operator between bare nucleon states and renormalizing the coupling 
. 7,8 

constant, f~fr. 

The scattering matrix may be expanded in terms of projection 

operators for the various states of total isotopic spin and angular 

momentum: We keep only the I = 3/2,- J = 3/2 part. Then 

Tk(kl ) = 4 11 (17) 

-I 4 w k wkl 

Here P3 and Q3 are projection operators for the J = 3/2 

and I = 3/2 states r'espectively. P3 is given explicitly by 

~~ ~ -t -+ { "} 2 k·kl + i (). (k x kl ) (18) 

The expression for h3(kl ) in the "effective range approximation" 

of Chew and Low is given ,by 

= where 

2 
Here, fr is the renormalized, unrationalized 

2 
is the "resonance" energy. We take fr = 0.08; 

The matrix element for 71+ + p--)71+ f 1f+-+ n 

(19) 

coupling constant; 
6 

is now 
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(20) 

plus the same expression with subscripts 1 and 2 interchanged. 

The matrix element for ?to production is given by the above 

formula with the 1"'_ in the perturbation term changed to' 1:31 Ii' 
when the subscripts 1 and ;2 are interchanged. 

Here 'Xi ( /t-:f) is the initial (final) bare proton (nucleon) 

spinor, spin up or down. The intermediate bare spinors are sununed over 

spin ,and charge states. 
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RESULTS AND DISCUSSION 

The results for the square of the matrix element averaged and 

summed over initial and final spin states follow. 

Spin flip 

~A {. ,2, 2· .• 2 ' 2 'La i • 4 sin 81 cos 82 + sm 82 cosel 

+i sin~ sin 262 cos(¢2 - ¢ll} 

. 2 2 ].] + 4 sin 81 cos ,82 ., 

No. spin flip 

'\ 

t Co fa cos2a1 cos 262 + 2 sin261 Sin
2
S2 cos 2(¢1 - ¢2) 

- 2 sin 2~ ~in 2 62 cos(¢l - ¢2l}] 

(21) 



where, for 11+ production, 

A -o -

'The 

1 

1. 

coefficients for 

Ao 
, 

4.5 Ao = 
, 

Bo = 2 Bo 

, 
Co - 3 C 0 
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, 

1/0 production are 

, 

The differential cross section is gi~en by . 

'-0 211' O(w- wl - ( 2)k1 k2~w2 d4. d~ d..n.l dJl.2 

(211)6 

(22) . 
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.2 (A t- B) + 2C 
4. 

, 

No spin flip 

CJ = A +B + C 

For 7/+ production,' 

A(B)(C) = d"'l k13 k23 A (B )(C ) 
\A.'. 0 0 0 

where 

z = 

~ = W - W
l 

(2 , 
k 

2 - - ;U-2 - . w
2 

, 

T = incident meson kinetic energy = UJ - ~ • 

For 1,10 production replace 

The angular distributions for each meson are given by the. 

following: 

No spin. flip 

des-
2 = a cos e r b , 

d(cos e) 

where 
2 a = (A. t B) + 3 C . , 
8 2" 

b = 2 (A + B) ; 
8 

(23) 

(24.) 
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Spin flip 

= g(cos
2 

e) + f 

d(cos e) 

where 

g 3 {t A - ! B + c} ..,. '4 

f = 1 fi A + BH} 4 

The integrations were performed numerically. At ~50-Mevincident-meson 

kinetic energy, the differentia.l cross section for1t+ production as 

a function of the polar a:ngle between either outgoing meson and the 

incident direction is of the form 0.64 + cos2 6. At 350 Mev, the 

angular distribution is of the form 0.70 .,. cos2 6. The dip at 90° is 

more pronounced than that obtained by Miyachi9 for the angUlar distri-

bution of the 7/
1- . 

from the process 

The latter calculation was done by using covariant perturbation theory 

with pseudovector coupling. 

The total cross sections for the two processes are listed below 0 

Incident-meson 
kinetic energy 

. (Mev:) 

250 

350 

Energy above 
threshold 
(c.m.) (Mev) 

60 

130 

0.071 

0.86 

rs(r/ 1f') 
(mb) 

0.44 

5.5 

0.51 

6.4 

At 350 Mev, the cross section for production of an additional 

meson is about 12% of the total cross section.10 The sharp increase in 
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cross section at 350 Mev is due to the resonance behavior of the scattering 

part of the matrix element when one or both of the mesons may come out 

with kinetic energy approaching the resonance kinetic energy. At 500-Mev 

incident-meson kinetic energy, the production cross section becomes of 

the order of the total cross section of 20 mb, indicating the breakdown 

of this approximation. 

Comparison with definite experimental results is not yet possible. 

However, Blau and Caultonll have observed inelastic collisions of 500-

Mev 11- in em'lllsions. They have. estimated the cross section for the 

production of an additional charged meson, averaged over f,f- - p and 

~- - n collisions, to be between 3.5 and 10 mb. We have taken the 

value of 3.5 mb and have deduced, on the basis of the i'~ob.ar. model, a 

+ lower limit on the production cross section in 11 - p collisions of 
. 10 

about 6 mb. Yuan and Lindenbaum have recently indicated, on the basis 

of theirtotal-cross-section measurements, that meson production in 

collisions is likely to become important above 300 Mev. 
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II. ISOBAR MODEL FOR MESON PRODUCTION IN PROTON-PROTON COLLISIONS 

INTRODUCTION 

Recent experiments on meson production in nucleon-nucleon 

collisions have thrown some. light on the usefulness of the J = 3/2, 

T = 3/2 isobar as an inte,rmediate statE! in high energy processes 
1 

involving one or more nucleons. At the cosmotron, Yuan and Lindenpaum 

have observed the energy spectra of positive and negative pions produced 

in p - Be and p - p collisions at 1 Bev·and at 2.3 Bev. At the higher 

energy~ double production appears to predominate. At both 1 and 2.3 

Bev, a plot of the relative meson-production cross sections per Mev 

:per upit solid angle versus meson kinetic energy in the nucleon-nucleon 

center-of-mass system exhibit strong peaks between 100 and 150 Mev. 

In the case of ;/1' production, these peaks are surprisingly similar 

+-in shape to the peak that appears in the 11 - p total-interaction 

cross section when plotted versus meson kinetic energy in the 711" - p 
2 

center-of-mass system. . At 1 Bev the curve is shifted somewhat toward 

the lower energies. At 2.3 Bev the curve is considerably broadened 

as compared to the 1It - p curve. The peaks in the negative pion 

spectra are markedly similar to that which appears in a plot of the 

i- - p interaction cross section versus meson kinetic energy. The 

~- spectra also show the effects described above, at 1 and 2.3 Bev 

respectively. 

These facts may be explained in a qualitative manner as follows. 

In the collision of the two nucleons, a mechanism whose detailed 

nature is probably quite complicated operates to form an intermediate 

state in which either one or both of the nucleons has been raised to 
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the (3/2, 3/2) isobaric state. If the initial nucleons have momenta 

+~ -p in the center-of~mass system and if the excitation process involves 

~ 
a transfer of momentum g between the particles, the particles in the 

intermediate state have momenta ±(p - g). It is then supposed that 

these particles separate from the region of strong interaction, and 

one or both decay from the isobaric state by emission of a pion. The 

decay of one isobar is .to be thought of as being independent of the 

presence of another isobar or nucleon. This is an abstraction from 

reality in light. of the fact that, from the width of the +-71 - p 

scattering peak, the isobar lifetime appears to be _10-23 seconds. 

It would seem that the intermediate-state particles just have time to 

-13 
separate from a region of radius ~10 cm if they are moving 

with considerable relative velocity. The excitation may, however, 

occur near the edge of the region of strong interaction, with not 

too great a momentum transfer'. This would make the separation and 

independent decay more plausible. The usefulness of this model of 

the intermediate state rests ultimately on the comparison of its 

predictions with experiment. The present strong resemblance between 

the meson-energy spectra and the ?1 - p interaction cross sections 

.in the (3/2, 3/2) state as a function of energy speaks well for 

investigating the predictions of this model. A further reason for 

looking at the predictive powers of this 'model is the following. 

The isobar decay into a meson of energy ~ and a nucleon of energy 

EN will be characterized by a function that is essentially the square 

root of the 71 -p scattering cross section in the (3/2, 3/2) state 

evaluated at the energy E71 + EN" A theoretical expression for this 
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function has been made available by the work of Chew and Low on the pion­

. 3 
nucleon scattering problem. For meson production through the isobaric 

state, we will use this function evaluated at just those energies in the 

resonance region where the Chew-Low theory has proved most effective in 

describing the scattering. 

We discuss now briefly the most familiar of the meson-production 

reactions 'in nucleon-nucleon coliisions at the lower energies, for 

further evidence of the influence of the strong 0/2, 3/2)-state ;inter­

action.4 These reactions are P -f P ~11+ + D, and p t- p -- n T p T;I+. 

The meson comes out predominately in p-states with an angular distribution 

2 of (0.1 to 0.3) -r cos e at energies from 311 to 437 Mev. This is in 

q'\lalitative agreement with the idea of the reaction proceeding through 

an intermediate state containing a (3/2, 3/2) isobar and a nucleon. The 

ratio of S- to P-wave meson emission is about 1/7 in agreement with an 

. estimate of the S-wave emission as a recoil effect. Further evidence 

for the influence of this intermediate state in single-meson production 

phenomena at the lower energies is supplied by the ratio of P-wave meson 

(production in reactions in which the isotopic spin of the nucleons 

changes from 1 to 0, to that in reactions in which the isotopic spin 

changes from 0 to l~ This ratio is about 0.3. These facts on the 

low-energy single-production pheno~ena cannot be interpreted with the 

aid of a statistical model such as may be applied in the Bev region. 

Geffen has given a phenomenological treatment of the above two processes 

to show that the observations may be interpreted without invoking the 

strong 0/2, 3/2)-stateinteractions if proper attention is paid to 

the influence of the nuclear force on the initial and final two-
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nucleon wave functions,5 However, in view of the evidence in the Bev 

range for the strong role of the (3/2~ 3/2) state~~such as the con~ 

siderablylarger amount of double meson production than is predicted 

by st,atistical considerations, even when modified for the nuclear~ 

force effects--we prefer to take the above facts as further evidence 

for the usefulness of this intermediate-state approach, and to 

investigate the predictions of the model in some further detail o 

In Section A under the Calculations 9 we ,derive the charge ratios 

in single and double production on the basis of the model, These were 
6 

derived originally by Peaslee and are presented here for clarity in 

the ensuing discussion, In Section B~ we define and briefly derive 

the fundamental amplitudes to be used in calculating the transition 

probabilities for meson production, The'se amplitudes were defined by 

Austern7 and were utilized by him in his study of the photodisintegration 

of the deuteron on the basis of the isobar model, The reader is referred 

to his paper for a lucid discussion of the model o In Section C, we 

derive the cross section for the process p + p ~ n +- p + 71T , The 

energy spectrum of the emitted pion is of particular interest for 

comparison with experiment, In Section D9 we derive the cross sections 

for double-pion production and present the energy spectrum of the pions, 

An estimate of the double-to~single ratio as a function of bombarding 

energy is given, In Section E, we discuss the modification of the 

angular distributions of'the two pions that would occur if a 

hypothetical meson-meson interaction were present, Thepredictions 

of the model are compared in the Discussion with the recent experiments 

on meson production in p - p collisions, 
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CALCULATIONS 

A. Charge Ratios in Single and Double Production 

The initial state containing two protons has total isotopic 

" 
spin I = 1 .. and total i-component 12; = L . We ,~xpand the state 

I I, r~ > = II 1,1) in terms of· a product of states describing 

a I = 3/2 isobar and a I = 1/2 nucleon 0 

11,1) - (3/2 , 1/2, 3/2, -1/2 11,1) J 3/2, 3/2) 11/ 2 , -1/2) 

+ 0/2, 1/2, 1/2, 1/2 11,1) 13/2, 1/2) 11/2, 1/2) 

, 

J 1/2,-1/2) +11/4' 1 3/ 2 , 1/2) 11/2,1/2)0 

(1) 

The expansion coefficients are the usual C1ebsh-Go\r'dan coefficients in 

the notation 

expanded in terms of a product of states describing a I = 1 pion and 

a I = 1/2 nucleon. 

13/2, 1/2) - (I, 1/2, 0, 1/2 1 3/2, 1/2) /1,0) /1/2, ]:/2) 

+(1, 1/2, 1;-1/21 3/2, 1/2) /1,1) r 1/2, ~1/2) 

= 
(2) 

The expansion of the state 11,1) is then 

11,1) = h;4' I rlp;n) -/- /1/47 {{27J 11I'°PlP) +- /18 r »'+ n;p)} 
0) 
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In Equation (3), a semicolon stands between the pion-nucleon pair 

resulting from the isobar decay and_the second nucleon. The differential 

cross section is given in terms of differential cross sections for the 

separate processes by 

The total cross section is then 

and the t1\1J,t0 ratio is 5. It will be noted later that this ratio 

may be lowered by the suppression of ~o production due to the Pauli 

principle. It-is important to note that the total cross sections 

() (rrp;n) and CJ (1f+" n;p) repr-esent physically distinguishable 

processes, .in that the 7fT - P pair and the 77'~ - n pair respectively, 

will show the characteristic Q-value of the isobar decay. 

By expanding the state I 1,1) in terms of a product of two _ 

I = 3/2 isobar states and then decomposing the latter into pion-nucleon 

pairs,we obtain for the total cross section for double production 

0-= 4i- f 18" (7t+ p; 1f' n) + 8.,-( 7f 0p; 1l' n) + 9" (r P ;1'-n) 

+ 8" (7f 0p; 7fop) + 2" CIt"" n; 71"n)} ( 6) 

_This gives for total 1t~, 71 0
, 7/.... production the relative weights 

--13, 14, 3 respectively. A prediction of this model, as seen from 

Eq. (6), is that in the dominant double production process 

Pt p ~'!/+ ~71°+ Pot n, the 

to the proton 9/4 of the time. 

~r should be correlated by Q-value 
r-
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B. Fundamental Amplitudes. for Calculating Transition Probabilities 

Following Austern's method we now define an amplitude rr in 

the following manner. Consider the scattering of positive P-wave pions 

by protons, at a total energy E. We assume that the scattering proceeds 

through an intermediate state that involves formation of the (3/2, 3/2) 

isobar with energy EO = m i-j"- t 0.16 = 1.24 Bev, where m and /A' 

are the nucleon and meson rest masses respectively. The P-wave part of 
-+ 

the incident meson plane wave of momentum k may be Written as 

m::l 

~ 
where t is the quantization axis and theYl m are normalized , 

(7) 

spherical harmonics. The J = 3/2 part of the product of the above 

expression with the initial proton spinor with spin z-component 

s s, N ,is given by 

Y .. * (k. ~) < 1, 1/2, m, s I 3/2, m + s) l,m [3/2, m+ s) 
(8) 

7 The definiton of 7T is then achieved by stating that a positive-

meson plane wave of unit amplitude incident upon a proton forms the 

J = 3/2 isobar with spin z-componeht cr- = m t s, with the amplitude 

'll'(E) Yl,m* (k.~) (1, 1/2, m, s 13/2, m t-s) 

If the initial pion-nucleon state is not pure I = 3/2, say 11'+ - n, 

then an additionalClebsh...Gordon coefficient appears in the above 

a.'llplitude, Le. (1, 1/2, 1, -1/213/2, 1/2) ,representing that 

part of the state that couples into the I = 3/2 isobar. Taking the 

direction "Z!as k/ I k I , we see the isobar is formed with amplitude 
.. ,......---
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(10) 

It then decays into a 
. r ~' 
7r of momentum kl. and a proton of spin 

z-component Sl with an ~plitude 

ml=-l 
m~+s'=s 

The matriX element for the scatterirtgprocess is. then 

x (1,1/2, S-SI,S' f 3/2 s)O-l (12) 

-1 
where Dis the energy denominator given by 

o = E - EO .... i t/2 (13)· 

As we are doing a phenomenological treatment,we go beyond ordinary 

perturbation theory and introduce an imaginary part to the isobar 

4 
energy because of its decay. This is given by 

r = 1.36 (k/,M)3. 5B Mev 

1+ 0.77 (k/j-t)2 

where k is the meson momentum, j'(E---. --m-) 2-•. -_-. -j.J.-2""'\\ 

(14) 

• By squaring 

. M and summing over, -:fi#~l:,and averaging over iiliI?ial spin states, we 

arrive at the scattering cross section in terms ·of 7r 

(15) 
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From this, we solve for 7T' as function of the total cross section 

I D/
2 

(JE(1f+ + P --;71+-+ p). 

(16) . 

The quantity vEe 1t) is the incident pion velocity = k/w where 

W = E - m. PE(1l'N) is the density of final states :: 
;2 kw . 
'ff' 

We now have one of our fundamental amplitudes evaluated in terms of 

a cross section. In Austern's work, use was made of this amplitude 

with the experimental cross section on the right-hand side. In order 

to perform ~ertain phase-space integrations when investigating meson-

production phenomena, we will need a theoretical expression for 

<r"EC r - p). For this we will use the form given by the one':"'meson 

3 approximation to the Chew~Low theory 

cr(E) = , 

where W is the meson energy :: I k2 1- jJ- 2' :: E - m, 

2 
;13 = = 2905 for the pseudovector coupling 

constant f2:: 0.08, and ~3 - 0.3 Bev. 

(17) 

We now need to evaluate one more basic amplitude. We recapitulate 

Austern's argument in brief • Consider the mesonic disintegration of 

the deuteron, 1ft' +- D --; 2p, at a total energy E. We consider the 

process to go through an intermediate state involving one isobar and 

one nucleon. We neglect the energy of relative motion of the particles 

in the intermediate state, and we consider them to be in an S state. 

It is then readily seen that, in order to conserve angular momentum 
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and parity, the final-state protons must be ina '~2 state. What we 

want to do is to relate the amplitude for the transition of an isobar­

nucleon system in an S state into a two-nucleon system in the~2 

state to the cross section for mesonic disintegration of the deuteron. 

The Jz = 1 spin, isotopic-spin wave function for the deuteron is given 

by 

-12 -21 '-21 1 _1 1 _1 1 1 
2. (N N ~, ~ - N 2, ~ N ~'2) 

1 2 . 1 2· (18) 

where the first superscript refers to the z-component of ordinary spi,n 

and the second superscript to the z component of isotopic spin. The 

incident 7fT may now be absorbed by nucleon 1 to form the isobar 

'x cr~ where ~ 1.. s th t f . dOth t f v e z componen . 0 spln an \. e z componen 0 

isotopic spin. The intermediate state is then 

2-i 7T' (E) Yl,O(l) (1,1/2,0,1/2\3/2,1/2) 

(19) 

We now take the I = 1, I z = 1 part of this state in isotopic-spin 

space and the J = 2, Jz = 1 part in ordinary~spin space. The result 

is 

Now the .D ~ part of the two-proton plane wave of momentum p is 

(20) 

(21) 
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We define the amplitude? T2 by stating that the two-nucleon plane 

wave of unit amplitude forms the J = 2, Jz = m pa~ of the isobar­

nucleon state with amplitude 

(22) 

.With ~ taken as the direction of the incident-meson momentum k/ l'k I , 
T-

we get the matrix element for 7Y.+ D -7'2p from the Jz = 1 state 

of the deuteron given by 

+. , . 
Of course nucleong may absorb the 11' , and this results in a factor· 

of 2 multiplying the above matrix element. The matrix element for 

the transition from the Jz:: -1 state of the deuteron is the same 

as Eq. (23). The matrix element Me for the transition from the 

Jz = 0 state given by 

2-\Nl~,i.N2-i,-! + Nl-~'~ N
2

i ,-! - l\i,-! N
2
-!,i - N

l
- l ,-, N

2
!'!) 

(24) 

may be calculated in the same manner. Adding 2/3 the square of Ml 

to 1/3 the square of Me, multiplying by suitable factors to form 

.-. 
a .cross section, and integrating over the solid angle of p, we obtain 

+-
O""E(1T -r D -t 2p) = 5 .. 

9fT 
f'E(2Ni)/VE(7!) I D 1-2 712 

(E - m)T2
2

(E) 

where VE (rr.) = k/ w with 

= (2/11 )p E with 
:2 p = 1. 2 ·E 

* 

= E - 2m 

2' 
- m 

(25) 
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We solve this for T2(E) using Eq. (16) for rr (E) 

t 
T (E) 12 = 911· 

2 lO72' 
o-E(1T'"+- D ~2p) 

C>(E-m) ~ (1f+-+- P -'1.,(+ p) 

(26) 

where we have used the relation from detailed balancing 

4 ~2. ( ..wi.-J- D) CJE P-t- P~fI. T· • 

3k 
(27) 

/ 
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C. Cross-Section Derivation for . p t p --,t!+ p +- n'. 

We are now in a position to apply the model to calculate some 

single and double production processes involving unbound nucleons in 

the final state. We consider first + 
p + p -.,71 + n T p. The transition 

is to the 

in a lS 
° 

and parity. 

3Sl state of the final nucleons, because they cannot emerge 

state with a P-wave meson and yet conserve angular momentum 

The calculation proceeds in a manner similar to that above. 

We construct the final n-p states ofS = 1, Sz = ±1,0; I = 0, and 

I z = 0, and from these we· obtain the intermediate state of isob!lr and 

nucleon by coupling the pion to either the proton or the neutron. We 

then extract the J = 2, Jz = 0; I = 1, and I z = 1 part of this state, 

and project it upon the initial two-proton state with an amplitude 

T2 ', as only the lD2 part of the initial state conserves angular 

momentum and parity with the intermediate state. The quantity 

(r=O) 
1

-2 
\ where fD (r=O) is the 

deuteron space function at r = 0. (See Appendix B.) In computing the 

cross section for this process, we add the cross sections for the 

separate processes in which the pion is coupled to the proton and to 

the neutron to form the isobar, instead of adding the amplitudes as 
, 

in Section B, remembering that these two final states are distinguishable 

by Q-values measurements. The results for the two cross sections are 

dG""E(P + p 47fT+- p + n) = a I T2 '(E) /2 /7T'(E-m)/2 

2 I D 1-2 
(.) .().. .(3 cos 9 + 1) \ (2N1T')/VE(1\1 L 

E 411' 

(2S) 
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where a = 1/8 when the ~r -p re~ult from the isobar and a = 1/72 

when the 1fT- - h result from the isobar. Before using this result" , 

we would like to modify it to take into account somewhat the final 

state n-p interaction. In Appendix A, it is shown that consideration 

of the relative motion of the two nucleons in the final state 

approximately modifies the above matrix element by the multiplicative 

factor 

is io 
e sind = ,constant • e sin rS 

q q 

(29) 

where 8 is the n-p scattering phase shift in the triplet state, 

q is" the magnitude of the relative momentum, and f(r) is a function 

of the magnitudes of the relative coordinate between the nucleons. We 

approximate ~ by q cot d = 0( where 0( -1 = 5.39 x 10-13 cm 

is the triplet-scattering length. The density of final states E'E(2N11) 

is given by 

(30) 

where = q2/m is the relative energy of the nucleons. Inserting 

the expressions for T2 , 7P', fE intoEq. (28) appropriately 

modified for the final-state interaction; we obtain 

dcrE(P r p '-'n + p + '11'+) 

O'""E(P ~p --.711' -r D) 

Eq. (31) cont. 
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a 

x 
3/2 ~ i ,~. + r 

m C ~ (JEt. (1r '1- p -., 7? + p) d '" 

(31) 

The proportionality sign indicates that this is the ratio to within a 

constant factor involving J d3rf(r). If we call the ratio of 
~ '~ 

"E(P + P ~/I t nr p) to OE(p + p ---}1f +- D), r, then Eq. (31) 

determines r(E). We will normalize r(E) to its experimental value 

at 500 Mev and then compare it w~th the experiments ·at higher energies. 
1 

The quantity 0E
1

2
( 1ft-+ P ~7tT 1- p) arises from the vertex at which 

the isobar decays. The energy El is the sum, of the pion and nucleon 

rest masses plus the sum of their kinetic energies. If we denote the pion 

kinetic e~ergy by t, then El = fA't- m +t +- ~, arid t is given 

by energy conservation, neglecting the recoill of the center-of-mass 

of the two-nucleon system, t ~E - 2m ~ ~ - £. In the expression 

for El we have set the nucleon kiIleticehergy equal to one-half the 

energy of relative motion of the two nucleons, - e/2. This is not 

exact, but is reasonable, since the massive nucleons tend to account 

for most of the conservation of momentum, and hence tend to move off 

in opposite directions with about equal momenta. We now use Eq. (17) 
1. 

giving u
E1

2 
- as a function of meson energy 
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{ 2 2} . (E - ~ - ~) - jJ-

Inserting this into Eq. (31) and putting c: = E - 2m - jA- t, we 

obtain the energy spectrum of the produced pion for a fixed value of E. 

The ratio of the cross sections as a function of E is obtained by 

integrating over E, for 0 ~ . E.. ~ E - 2m - ? 



-40-

D. Cross...,Section Derivation for p + p ~ 1/+ + trT ~ n r no 

Turning our attention to the double-pion production processes j 

we will illllstrate the method of calculation for the process 

P 1- P --., 1/+ ~. 11'+ +- n +- n. We consider only S states of relative 

motion for the final two nucleons. The final state of the 2n is then . : ,. 

the The production ~rocess is now considered to go through an 

intermediate state involving two J = 3/2, I = 3/2 isobars. We 

neglect the energy of motion of the isobars and we consider them to 

be in an S state. We have two identical fermions in the intermediate 

state with total I = 1, total lz = 1. These are in a syrrnnetric 

space state and because the total state must be antisyrrnnetric j we see 

that the total angular momentum of the intermediate state must be 

J =2 or J = O. Hence the ID2 parts of the incident 

two-proton state couple into the two-isobar state, with amplitudes 

that we shall call AO and A2 respectively. In AppendixB it is 

shown that in the approximation in which we neglect the motion of the 

intermediate state isobars, the amplitude A2 is related to the 
I 

amplitude T2 derived earlier, by . 

~ T2
1

(E) /2 

(33) 

where tfzx.(R) is the two-isobar wave function evaluated at some 

relative coordinate R characteristic of the interaction region for 

meson production, 'fX,N(R) is the isobar-nucleon wave function~ 

and the factor f is energy independent. An approximation such as 

this is of very limited validity. It will be used only to get an 

idea of the behavior of the two-meson excitation fllnction from 0.8 to 
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about 103 Bev. We are not able to relate AO to a simpler reaction j 

so we leave it as an undetermined parameter. However, the amplitudes 

AO and A2 bear the following relationships to the S-matrix elements 

for the corresponding transitions, ~ and ~ 

AO __ 0 ~O , 

.1 A2 r 2 carries a statistical factor of 5 relative to ., AO /2. 

The process to be calculated may be represented by the Feynrnan 

diagrams in Fig. 1. The energy denominators that will enter into the 

matrix eiements may be read off from the diagrams. The first inter-

mediate state contributes .0-1 = (E ..... 2EO - i fof'l. The second 

Dl 2-
1 = (E ~~o·~in~ k.. - tl 2 - iJO)=l. 

, .;. 2 , 2 
intermediate state contributes 

Here the subscripts 1 and 2 refer to Diagrams a and b and Diagrams c and 

-+ 
d respectively. In the former case, the meson, kl is emitted first, 

~ 
in the latter case, the meson k2 is emitted first. The tl,~t; .. refer 

to the meson kinetic energli5. The kinetic energy of the nucleon in the 

secondinterrnediate state.is taken as C/2 where E. is the energy 

Do is 

We must now 

of relative motion of the final two nucleons. The width 

2] 1 1 
given by Eq. (14) with k = ,[(E - 2m) /4 - f-2 J 2 • 

evaluate the remainder of the matrix element. The wave function for 

the lsO state of the nucleons and the two P-wave mesons is 

L 
m,m l 

(35) 
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-'P 

We combine meson kl with nucleon 1 in the J = T = 3/2 state, and 

-meson k2 with nucleon 2 in this state, with amplitudes trr(E1l and 

trr(EJ respectively. To take into account Diagrams a and b of Fig. 1 

-" 
(for a particular time orqering) we also combine meson klwith 

.., 
nucleon 2 and meson k2 with nucleon 1. We then take the J:: 2 and 0, 

I = 1, I z = 1 parts of this two-isobar state and project them on the 

initial two-proton ~tate with amplitudes A2 and AO' respectively. 

The matrix element i~ then 

M(m,m t ) = 

· 2-! {(l,i,m" 13/2,m+!) (l,!,m' ,-! 13/2,m' - !) 

(3/2,3/2,mt !,m'-! 12,0) + (l",m' " 13/2"m'+!) 

(l,!,m,-! 13/2~m-!) 

(l",m,-! /3/2,m-,) 

0/2,3/2,m' + !,m-! I 2,0) 

0/2,3/2,m~!,mf ~! I 2,0) I 3/2,m'-!) 

(l,!,m,! 13/2,m +,) I 2,0) } 

+ same expression with A2 ->AO and J:: 2~J :: 0 in 

the Clebsh-Gordan coefficients (36) 
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In the line written out explicitly the first bracket contains the 

angular-momentum vector addition and the second bracket contains the 

isotopic-spin vector addition. It should be noted that the antisymmetry 
.. 

of the angular-momentum bracket with respect to the interchanges m <~ m i ~ 

S = !<---7s' = -i, ~ is equivalent to interchanging the spin z 

components of the two isobars. The total transition amplitude is 

obtained by sunnning the expression (36) over the spin z components, 

cr and <J', of each intermediate state isobar, subject to 

cr- of- 0-1 = Jz = O. This is equivalent to summing over m and mi 

in Eq. (36), subject to m'" m'= O. The result for the transition 

amplitude is 

• 2'- (J/41f) f ~ cos 91 cos 92 + ~ sin 91 sin 92 cos (¢1 - ¢2) } 

(39) 

The amplitude is properly symmetric in the two final-state mesons. 

The quantities '7f' (Ei) and 'll' (E2 ) are the isobar decay. amplitudes 

evaluated at the total energies of the resulting pion-nucleon systems, 

El = t + m + tl +- e/2, and .E2 = t- T m +t2 +- £/2, respectively. 
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The square of the transition amplitude is given by 

I M /2 ;: (2/45)(3/471)2 (2/9) 7r(EI) f
2

/7r(E2) /2 /0/-2 

. { I Dll-2 t- ID2 r + 2 He (D1D2)-~ 

. [I A2 /
2 {4 cos2~ cos

2
82 t sin

2
81 Sin

2
82 cos

2
(¢1 - (2) 

+ sin(2S1) sin(282) cos(¢l - ¢2)} 

f A'c,O /2 '{ 4 2e 2e + 4 . 2e i 29 ' 2 (¢' ¢ ) 1ft:, ,cos 1 co~ 2 s~n I s n 2 cos I -', 2 

- 2 sin(2~) sin(282) COS(¢l - ¢2)} 

+ 2 I A2 / I AQ I cos L\ { -4 cos2~ COS282 + 2 Sin
2
81 Sin

2
S2 

• COS
2

(¢1 - ¢2) 

+ ! sin(281) sin(282) cos(¢l - ¢2)}] 

(40) 

Here II ;: ~o - 82 ;, the difference in the phases of the amplitudes 

AO and A2 , The differential cross section is obtained by multi­

plying Eq. (40) by 211' f E(2ff", 2N)/VE(N), where 

e
E

(211, 2N) = (2/1f)2 kl wI dw.t k2 w 2 d~ (2~-2 m
3/'2 e~ dE.. d.l1- 1 d.l)..2 0 

(41) 
\ 

\ , 
r 
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. The salient features of the angular distribution of either meson are 

best seen by integrating over one of the solid-angle elements. The 

angular dependence is then given by 

I ~o I cos Ll ~ 1 - 3 cos
2 

e J . 
(42) 

Little can be said about the interference term because the phase factor, 

cos ~ , is not given by this analysis. We see that if AO = 0, then 

angular distribution of each meson is giv:en by the familiar 1+ 3cos2 9 

characteristic of emission from a J =3/2 state. On the other hand, 

if A2 = 0, the angular distribution of each meson is isotropic, as it 

must be for any initial state with J = O. Neglecting the interference 

term and using Eq. (34) to write c:s- (9) in terms of the S-matrix 

elements, we have 

5 I S2 /2 + 8 1 So /2+ 15 I S2 12 cos
2 e . 

(43) 

If I So I ~. I S2 I, the angular distribution can be somewhat 

more isotropic than that which is characterist~c of the J = 3/2 state. 

We now· discuss the energy spectrum of the mesons and the total 

cross section as a function of energy on the basis of Eq. (40). For 

simplici ty, the angular integrations are performed with AO set equal 

to zero. Substituting from Eqs. (16), (26), (33), (35), (36), and 

(49), into Eq. (40), we obtain 



-46-

..... 

{ 
2 2 } -i {. 2 . r2 J ~ {. 2 2 } "",1 

(E - 2m) -;;.. .. (E - m - EO) -f T (E - 2E0) +;~ 

{ 

2 . f02 } .... -1 + ,-EO + m + t + t1 + £/2) + -4- . 

.. 2 

+ 2 {(E - EO - tl - E /2 -f' - m)( -EO tm t-I' + tl + e /2) + ~ } 

{ 
. C 2 }-1 

• (E - EO - t1 -E/2 - r - m) 
2 + '40 . 

• {(-EO + m + f+ tl + e/2)2 t ,~2 }-l 

{
. 2 r22} ~ 

(E - t1 - C /2 - ft - m - EO) + 4 . 

',: 
~ +- ..ft .. ~ +- of. erE (1f + p --rl1 t' p) erE (1'1 -r p -)11 + p) 

1 2. . . 

(44) 
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:+ '* In this expression CJE .' (11 + p ~11 t p) is given by Eq. (17) 
1,2 

with El = tl + 6 /2 -t~+m)l E2 = E - m - ;- - tl ~ G /2 and 

k 2 _ 
1 

The ,r
12 

are defined by Eq. (14) with k ... klj2 , respectively. , 
The quantities ,r and ,r~ are defined by Eq. (14) with 

f (E - 2m) 
2 

- ~ 2 j i f~E - 2m)/4] _ ~2 j 1. 

k = and k ::: 2 

respectively. 

The energy spectra are obtained by integrating over £ for 

OLE. ~ E - 2m - 2j-L - tl j and plotting the resulting function 

vs tl for given values of the total energy E. Finally one 

integrates over tl for 0 f: tl ~ E - 2m - 2r to obtain cs- (E). 

It should be noted that in the energy region above 1 Bev~ where double-

meson production begins to occur to some extent, +-
C):"(p + p -7'11 + .n) 

is essentially energy-independent. The right-hand side of Eq. (44) 

should then give the shape of the double-production cross section as 

a function of the total energy E. For this purpose 
1 

O(E-m) 2(11" + P ~~.,. p) will be evaluated from the experimental 

work of Yuan and Lindenbaum. 2 As a final test of the analysis j the 

ratio of double to single production as a function of energy may be 

obtained by using Eqs. (31) and (44). 

Nqrmalizingthis ratio to its experimental value at 1.5 Bev.~ 

we may calculate it at lower and at higher energies and compare the 

results with those of recent experiments at around gOO Mev and 2 Bev. 
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In a similar manner we may calculate the processes 

(a) p + p~p + p + .,.,.0 + fTo 

(b) p + P""4 P + P f- 1f+- + 1f+ (45) 

(c) p +- P ---? n +- P + 1+ ~ 1(0 

whose relative weights were given in Section A. In connection with 

Process (c) ,which is predicted by the model to be the dominant one, 

and which, experimentally, seems to be so, we note that the transition 

amplitude into the 3S1 state of the final nucleons tends to be 

suppressed. This condition results from several factors. The total 

mesonic isotopic spin must be one. In the approximation in which we 

m?y consider the center-of-mass of the two-meson system to be in an 

S-state, the relative orbitalangula~ momentum of the two mesons 

gives their total angular momentum in the total center-of-mass system. 

However, the odd-orbital states are forbidden by parity conservation, 

and the even orbital states are forbidden by the requirement of 

symmetry for the two-meson'wave function. The effect implies that 

deuteron formation in the final state of reaction (c) should be 

suppressed. Such an absence of deuteron formation is not contradicted 

by the present preliminary experimental results. 
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E •. Modification of the Angular Distribution for Two Pions Produced 

by a Meson-Meson Interaction~ 

In making this phenomenological analysis of the me son-product ton 

problem, we have 'so far taken into account the strong pion-nucleon 

interaction in the J = I = 3/2 state and the nucleon-nucleon final-

state interaction in the S state. There is also the possibility that 

a meson-meson interaction may affect the momentum and angular 

distributions of the final-state pions. In this section~ we introduce 

a hypothetical effect of a particular form~ and observe its consequences 

for the angular correlation of the two mesons. In the same manner in 

which we separate out the relative motion of the two final-state 

nucleons from the matrix element, and replace the plane wave by a 

wave function of the form ei~ sin ~ f(r)/q for an S state, we may 

separate out the relative motion of the two final-state mesons and 

describe the interaction in terms of a similar modification of the 

matrix element, where d . is now the meson-meson S-wave phase shift 

and q is the relative momentum of the two mesons. This separation 

of the nucleon-nucleon and meson-meson final-state effects is the 

simplest manner of observing the modifications brought about by eacp. 

In reality, the two effects may interfere, and one may be obscured 

by the other. 

For the meson-meson phase shift, we choose a Breit-Wigner 

form 

sin 8 (46) 
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where E r is the resonant energy in the meson-meson center-of-mass 

system, r is the resonance width, and £. is the total energy of 

the two mesons in their center-of-mass system. Thee is given in 

terms of the meson momenta in the total center-of-mass system, kl 

and k2, and the angle between them, 91,2' by 

2 {~i- VJ2 r 2 . 2 
4 e\ = ... kl - k2 - 2kl k2 cos 91,2 

(47) 

where 

{ 2 2 }l 
. k112 +? . 2 

Also 

The modification of the angular distribution is then in the factor 

. 2 {I / 2 sJ.n 0 q. The angular function of the double-production cross 

section is given by Eq. (40) in terms of the polar angles of each 

meson with respect to the direction of the incident nucleon. 

{4 C05
2 

61 cos 262 + 5in
2
61 5in

2
62 c05

2
(¢l - ¢2) 

+ 5in(2l\) 51n(292) c05(¢l - i!'2)} d-"[ dJl.2 

(48) 

An exercise in spherical trigonometry allows one to transform this 

distribution into a function of the polar angle, 91 , of one meson 

with respect to the incident direction, and the polar angle, 9, 

of a second meson with respect to ·the first. 
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The result is 

In Fig.2 we plot this function, as well as the function modified by 

.22 0 
Sl.n S /q, vs. 9 for 91 = 45 , with parameters, and Er = 50 Mev 

and r = 10 Mev , for· several pairs of meson-momenta values. Be·cause 

the mesons account fbr a portion of the momentum conservation, there is 

a kinematic tendency for angles e ~ 900
• This effect has not been 

taken into account in the figure. 

, 
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DISCUSSION 

Figures 3 to g contain the energy spectra for the pion produced 

in the process p + p ~n + p + 11*, The final state nucleon-nucleon 

interaction is included in the 450 Mev spectrumJ but is neglected in 

the spectra at higher energies, This final-state interaction should 
g 

be important only wherel1/q > > a~ where q is the relative 

momentum of the final nucleons and a is the radius of the region 

of the primary interaction (excitation of the isobar), Experiment 

seems to indicate for the proton a region of very strong interaction 

of radius r../. 0.5 x 10-1~ surrounded by a region of weaker interaction 
Co .... " 

of -.; 1 x 10-13 cm, 9 BlokhintsevlO has termed the former region the 

kernel of the nucleon J and the latter region J the meson shell, In 

nucleon-nucleon collisions J one may then speak of interactions between 

the meson shells, between a meson shell and a kernel, and between 

the kernels, Barring a strong meson-meson effect the first mentioned 

interaction,which is of the longest range, is probably not responsible 

for the excitation of the isobaric states, However j the interaction 

betweeri the meson shell of one nucleon arid the kernel of the second 

may account for this excitation, The region of the primary interaction 

may therefore be -13 
"V 1 x 10 cm, The final state nucleon-nucleon 

interaction should play a decreasing role in the reaction as the 

bombarding energy is raised and > q may be ~,fA-. The curve labeled 

(b) in Fig. 7 and the curve in Fig, g represent the meson spectra 

when the final nucleons are in a P state, These are obtained by 
1. 

0 3/ 2 , replacing [2 in the phase space of the final nucleons by 

In Figs. 6 
11 

and g the experimental histograms at 810 Mev and 
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12 
1.5 Bev respectively are superposed on the theoretical spectra. 

Agreement, especially at the lower energyj appears to be fairo At 

1.5 Bev a certain amount of double production may be included in the 
12 

histogram. Further experimental evidence on the shape of the energy 

spectra in the region 0.5 to 1 Bev is supplied by the Russian experiments 
or 13 

on p + p--.; n + p t- 11 at 560 and 660 Mev.. The mean energies of 

the experimental spectra were S2 and 110 Mev respectively. These are 

to be compared with the peak energies in Figso 4 and 5 of about 75 and 

100 Mev respectively. Figures 9 to 12 contain the energy spectra for 

the pions produced in the processes p +- p ~ 2N +- 21f with the final 

nucleons in an S state. These spectra all exhibit pronounced peaks 

at relatively low meson kinetic energies. Such a marked preference 

for the emission'of low~energy mesons is indeed one of the striking 

features of the exp~rimental situation in the Bev range.l~14 Another 

striking feature of the experiments~ the rapid increase above 1 Bev 

of the double-meson production processes~14915 is evidenced in Figo 14~ 

where we have plotted a rough estimate of the two~meson excitation 

function versus bombarding energy. 

The situation as to the charge ratios has been covered. in some 

detail in the recent series of papers by the workers at the Cosmotrono14 

We only mention that the charge ratios in double production are not 

yet well established. In single production~ the isobar model predicts 

a .,yT/..,... 0 
/I I' ratio of 50 The experimental ratioCj.t present is between 

5 and 17. In connection with this ratioj) it should be remembered that 

the process p + p -,p + p + 11 0 is forbidden by the requirements 

of angular~momentum and parity Conservation and the Pauli Principle 
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whenever the meson is in a P state and the final nucleons are in an 

S state. The process will be suppressed during that portion of the 

time in which the final nucleons are in an S state. 

Figure 13 shows a rough estimate of the ratio 

versus bombarding energy. The ratio is normalized to 2 at 500 Mev. 

Below 500 Mev the ratio is a very sensitive function of the final 

state nucleon-nucleon interaction. Above 500 Mev it should be less 

sensitive for reasons given earlier. The Russian measurement of 

rv3.5 at 660 Mev and the Brookhaven measurement of 84 at 810 Mev 

would indicate that the ratio takes a huge jump in an energy interval 

of only N 150 Mev. The curve is in better accord with the 
16 

Birmingham value of ~ 9 at 660 Mev. At the higher energies the 

ratio is probably badly underestimated because we have included only 

S states for the nucleons in the unbound reaction. 

Little can be said as to meson-meson effects between two final-

state low-energy pions. A marked forward-backward asymmetry in the 

angle between the mesons might be detectable if enough events could 

be observed. No such correlation was observed in the few double­

production events analyzed in the early Brookhaven work.
17 

In conclusion, we may say that the current experiments on meson 

production in the Bev range seem to strongly indicate an important 

role is being playe~ by the J = I = 3/2 isobar. This is particularly 

true when examing meson-energy spectra and Q-values between final 

meson-nucleon pairs. The mechanism of excitation is unknown~ but it 
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seems to involve a sort of peripheral collision in which the final 

nucleons retain much of their incident momenta. The calculations 

presented here are meant to give a rough idea of how far this model 

can go in 'correlating the data on meson production. 
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APPENDIX A 

We here separate the nucleon-nucleon final-state interaction 

from the meson-production matrix element. If we consider single-meson 

production, the part of the total transition amplitude in which we 

are interested is the matrix element that describes the transition 

from the isobar-nucleon intermediate state, 

two-nucleon final" state, 
I LV >:' to the meson­

T X,R; 
We shall call. the operator 

that brings about this transition U. It operates on the isobar with 

momentum -: and energy Es to form a meson of momentum ~.' and energy 

... 
,"'"' (,' and a nucleor of momentum Pl and energyEl • The second 

.... 
nucleon has momentum P2and energy E2 in the final state, and 
..." 

'p' and E' in the intermediate state. With all particles in plane-

wave states the matrix element is the following' 

= I
~ 

, d,~ 

= 
6 (' ~ ~ ('.., -I> -+, () 

(211') 0)(P2 - pI) a(s - Pl- k) U 

In the second line, the notation for the position vectors of the particles 

is self-evident. The 8 functions arise from the definiton of an 
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-+ 
operator Uin the r representation and the assumed local nature of 

the interaction. The quantity (U ) is the isobar-decay operator 

between initial and final states after the space dependence has been 

extracted. 
~ ~ 

This quantv.y :is, in general, a funct ion of k, w, Pl' 

and, possibly, even the spin orientation of the isobar and 

the resulting nucleon. In this work the isobar notion has been neglected 9 

and we have considered this function to be given by our quantity ~(E), 

with .E = ~.~ El ) times a P wave spherical harmonic for the meson. 

The relative motion of the final-state nucleons may be separated out 

fr9mEq., (1) by writing the matrix element in terms of . it =li). + r2tY~, 
~ -9 ~ ~ t..... ~'. 
P = Pl +P2' and q =\Pl - P2)V~' 

........ 
The factor e-1q•r , 

which represents the plane-wav'e relative motion of the particles, is 

then replaced by an S state wave function of the form 

= 

YJ(r) ct ic&' 
e sin¢' 

q 
fer) 

The matrix element now .becomes the following: 

~...., 

-ik·r1l"" is 
e e 

(2) 

sin d /q 

..... .-, .-, ...,. 
its - k - P2) '(r/2) '. (·U) 

'e '. fer) 

~ ...., -+ i8 < ) 
des - k - p,) e sind/q U 

. ....1..'. 

"" ... 
S (.) iq.r 3 .... • fr e dr. 
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Comparing this result with the last line of Eq. (1), we see that 

is the matrix element is modified by the factor e sin S f(q) 
q 

where 

f(q) = S fer) constant 0 



-60-

APPENDIX B 

In Section B, we defined an amplitude T2(E) for the transition 

from a 102 two-nucleon state ~f energy, E, to an isobar-nucleon 

state at rest. This amplitude was defined in terms of the cross 
+ 

section, CrE(1Y .,.. D ....... 2p) , 'and the previously defined amplitude, 

71' (E), for creation of the isobar. In order to modify T2(E) so 

that we may use it in calculating (JE(P + P ~ 11"+ n r p) we need 

simply to observe that, by defining it in terms of the deuteron 

mI.SO;disintegration, we include in it a factor of the deuteron wave 

function evaluated at the origin, 'fD(r=O) • This is silnply because 

the production of an isobar-nucleon intermediate state involves a 

matriX-- element of the form 

(1 I u I X,N) 
(1) 

where the integration is over the momentum distribution of the deuteron. 

The matrix element ( pip '/ l¥X,N) is simply .,.,-r(EI) at the 

energy E' in the center-of-mass system of the incident pion and the 

nucleon within the deuteron that absorbs it to form the isobar. If 

we neglect the deuteron momentum distribution, Eq. (1) becomes 

= 7!(E) lfD(r = 0) (2) 

where E is now the energy of the pion-nucleon system considering the 

nucleon to be at rest. This is a good approximation for the high 

energies, E, in which we will be interested. For use 'in calculating 

the unbound reaction, we define 
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, 
We now show that the amplitude· T2 (E) can be of use in 

describing the transition from the two-nucleon state of energy, E, 

to the two-isobar state, in the approximation that the isobars are 

at rest. The operator; T' , may be defined formally in terms of a 

potential operator, V, by the ~elation 

f 
'I E) ~E' f T u2N = \lfX,N V 

The I u) are plane-wave eigenstates of thefree.,...field Hamiltonian, 

;: 

The I~) are eigenstates of the total Hamiltonian, H: 

H I . E') 
l/J. I w.E '.). =(HO +- V) T 

They satisfy the Lippman-Schwinger equation, 

E -1 
- ufo (E - HO - i J ) E 

V 0/ 

Introducing an -:f representation, ·we obtain 

E'· . E 
(~,N I T' I u 2N ) - T'(E, E') 

(6) 

I 

<l/JX,N
E 

Ii!) (i!1 V /-;,) (r' I u2N
E 

) . 
. . 

(7) 

...... -+ 
In the center-of-mass system:, rand r' are the relative position 

coordinates of the two particles. The interaction is assumed to be 

local: 
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- VCr) b(~ -1-,) 

(S) 

... 
.~-
ip·r 3~ 

e dr. 

We have taken out of the integral the isobar-nucleon wave function and 

have evaluated it at a relative coordinate, R, characteristic of the 

region in which is large. In addition, we have 

written the two-nucleon plane wave explicitly where p is the 

relative momentum. The quantity is the potential 

operator between the two states after the position dependence of these 

states has been extracted. This is in general a function of E, Ei ~ 
.-:;. .~ 

Ii and pI (The relative momentmn of the isobar and nucleon). If we 

consider the isobar and nucleon at rest, ~ 

pI = 0, E I = EO + m 0 

In this approximation, the right-hand side of Eq. (S) defines 

a function of E, 

TI (E) = 
E +m 

tjJX,N 0 . (R) feE) (9) . 

A similar argument leads to the amplitude for the transition from the 

two-nucl~on state to the two-isobar state in the a.pproximation in 

•• 
which the isobars are at rest: 

A(E) 
. 2EO 

(R) fl (E) (10) - tyzx -

We have 

I feE) - f'eE) I I (EO - m)/Eo \ Jt¢;V 0.3/1. 24 ~ 0024 , 

(11) 
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2Eo 
y.;2X (R) 

2E 
\j.J2X 0 (R) 

llJ Eo+m(R) 
. TX,N 

feE) (12) 

2 

r T'(E) r 
(13) 

The separation into amplitudes for various totalJ states is obtained 

by writing 

T' = S 
J 

, 

(14) 

. where the P J are projection operators. An attempt to improve this 

crude approximation may be made by constructing an energy-dependent 

wave function for the isobar-nucleon state. For example j if the 

isobar-nucleon system is considered to be in an S state characterized 

by a scattering lengthof~~'~0.5to 1.0 x 10-13 cm j we may 

approximate 

E 
'flx N (R) , 

2 

by 

where q is the relative momentum. The relative momentum may be 

'determined by considering the isobar-nucleon system to be approximately 

on the energy shell or by assigning a certain average momentum transfer 

to the excitation process. 

In the next appendix we show that one can somewhat correct the 

angular distributions of this simple model for the motion of the 

intermediate-state particles. 
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APPENDIX C 

Consider the double production process, 

+ 
p + p -,271 ,.. 2n (1) 

at an energy E. We have up to now considered the process as going 

through an intermediate state involving two isobars at rest. Actually 

these isobars move relative to each other with a momentum 
-7. 

2s in their 

center-of-mass system. The momentum ~ s is given in terms of the 

momenta of the final-state pions and 'nucleons by 

where "-'" and p 1,2 are the pion and nucleon momenta of the 

correlated pairs. If the isobars are in a P state, the above reaction 

will take place from the states of the initial protons into 

the P states of the final two neutrons. The creation of the two-isobar 

state is described by the amplitudes and 

whose possible dependence on the motion of the isobars we continue to 

neglect. The decay of the two-isopar system at rest was described 

by the amplitudes ~(El) and ~(E2) times P-wave spherical 

harmonics for each meson, where El and E2 were total center-of­

mass energies of the pion-nucleon system resulting from the decays. 

,We will neglect the effect of the isobar motion on the amplitudes 

,,-r .. '; however, we may modify the matrix element by adding a P-wave 

harmonic that describes the relative motion of the two pion-nucleon 

systems, Yl,n(S'Z)' Because the massive nucleons usually carry 

considerable more momentum than the pions, we' may approximate -;:, 

the intermediate-isobar momentum, by 
-'Po 
p, the final-state nucleon 
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momentum. We may compute the modified angular angular distributions as 

before. For exampl!3, for the Process (1), the final state, with nucleon 

spin z component, Sz = 1, is 

L 
m,ni.' ,n 

(2) 

We perform the vector addition, combining the meson-nucle<;m systems 

into isobars with amplitudes 7T , then adding the two isobar angular 

momenta, and finally combining this with the orbital angular momentum 

of the isobars to a total J = 0, 1, and 2 with the amplitudes 
) 

A3 respectively. Computing the matrix for Sz = 0, and weighting 
PO,1,2 

the absolute square of the matrix elements for Sz = 1 and Sz = ° 
with 2 and 1 respectively, we obtain, for the angular part of the 

cross section from the 3Po state of the initial protons, after 

integration over azimuthal angles, 

+"S 
2 

cos 91 
2 

cos 92 + 16 

+ ·{32 
2 29 + 11 

. 2 
cos el cos 2 sinel 

"" 2 
sin 91 

. 29 sm "2 

2 
sin 92 } 

. 2e S1.n 

(3) 

2 cos 9 
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3 
From the P2 state, we have 

er( el' 92 , 9) OC 

{~2 c05291 cos
2
82 + 64 sin%l Sin

2
92 

+ 8 cos281 sin292 1- 8 cos28Z smZs1 } 

~ 2" . 2e 2 2 
+ 1. cos 91 S1n 2 t- cos 92 sin 91 

+ 32 2 cos 91 . 29 cos 2 + 11 . 29 S1n 1 sin
Z
9z} 

2 cos e 

2 
sin e 

(4) 

The angle 9 is the polar angle of the nucleon relative momentum with 
if:--

respect to the incident-proton direction iri the total center-of-mass 

system. The angles 91 arid 92 are the polar angles of the two 

mesons with respect to this direction, also in the total center-of-

mass system, if one neglects the transformation from the rest system 

of each isobar. By integration over the meson angles in Eqs. (3) and 

(4); we can get an idea of the angular distribution of the final-

state nucleons that could arise from inclusion of the P-wave motion 

of the intermediate~state isobars. For the transition from the 

state, we have 

(5) 

from the state, we have the familiar 

2 
'2.-rr ~ 0-:-(9)/. CC 3 cos 9 + 1 

/!.n. 
( 6) 
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Because the transition amplitudes from states give rise to 

interference terms that depend on their relative phases, a more detailed 

account of the excitation of the isobaric states will be necessary in 

order to obtain quantitative angular distributions. However the 

observed forward-backward preference for the nucleons is not beyond 

the reach of the model. 
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ILLUSTRATIONS 

Part I 

Fig. 1. Feynman diagrams for meson production in the Born approximation. 

Fig. 2. Feynmandiagrams for meson production in the one-meson 

• approximation. 

'. 

Part II 

Fig. 1. Feynman graphs for double-meson production through an inter-

Fig. 2. 

mediate two-isobar state. 

(a) Plot of Eq. (49) versus e with 91 
o = 45 0 (b) Plot of Eq. 

(49) times sin2 8/q2 versus e with 91 = 45°, kl = 20 Mev/c, 

k2 = 30 Mev/c, 6r = 50 Mev, r = 10 M,ev. (c) Same as (b) 

with kl = 70 Mev/c, k2 = 50 Mev/c. (d) Same as (b) with 

kl = 150 Mev/c, k2 = 130 Mev/c. 

Fig. 3. Energy spectra for the meson produced in the reaction 
. + . 

p + p --711 .r n +- p at 450 Mev. The final-state n-p force 

is included in terms of the low-energy triplet scattering 

length. 

Fig. 4. Energy spectra for the meson produced in the reaction 

p +- p--711-t- + n r p at 565 Mev. 

Fig. 5. Energy spectra, for the meson produced in the reaction 

p -r P ~ tI+- f' n .,.. pat 680 Mev. 

Fig. 6. Energy spectra for the meson produced in the reaction 

r 
p + P -.-..." 71 + n +- p at 795 Mev. Histogram is from 

Fig. 7. 

the Brookhaven experiment at 810 r 100 Mev. 

Energy spectra for the meson produced in the reaction 

p r p ~ 1/+..;- n +- p at 1.015 Bev. Curve (a) nucleons 

are in an S state .. Curve (b) nucleons are in a P ,state. 
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Fig. 8. Energy spectra for the meson produced in the reaction 

f p +- P ~ 11' . +- n +- p at 1. 51 Bev • The nucleons are in 

aP state. Histogram is from the Brookhaven experiment 

at 1. 5 ;j; 0.1 Bev. 

Fig. 9. Energy spectra of the mesons produced in p + p -,2N +- 2'1t 

at 1.015 Bev with final nucleons in an S state. 

Fig. 10. Energy spectra of the mesons produced in· p -r p ---"l2N +- 2ff 

at 1.27 Bev with final nucleons in an S state. 

Fig. 11. Energy spectra of the mesons produced in p + p~2N -r 21'/"· 

at 1.51 Bev with final nucleons in an S state. 

Fig. 12. Energy spectra of the mesons produced in p rp--,2N +- 27J( 

at 2.01 Bev with final nucleons in an S state. 

Fig. 13. Ratio o-(p -r p -7~+ n 1- p)/ o-(p 1- P--'l7l1" + D) as a 

function of bombarding energy. The ratio is normalized 

to 2 at 500. The tri Oonj lc4 indicate the Russian points, the 

circle indicates the Birmingham point. The remaining 

points are American data from Chicago, Berkeley, and 

Brookhaven. 

Fig. 14. Two-pion excitation function versus bombarding energy. 

The curvature of the upper portion of the solid curve is 
. \ 

probably due to the neglect of the energy dependence of 

the factor I YJX,N(R) 1-2 
which is not justified at 

the higher bombarding energies. The dashed line is an 

extrapolation of the essentially linear portion· of the 

solid curve. 
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Fig. 15. Ratio of two-pion to one-pion cross sections as a function 

of bombarding energy. The ratio is normalized to 30% at 

1.5 Bev. The dashed line is an extrapolation of the 

essentially linearportiori of the solid curve. 
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