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ARTICLE INFO ABSTRACT
Keywords: PORERnet, a novel approach to model effective properties of thin porous media, TPM, is presented.
Thin porous media The methodology allows the extraction of local effective property tensors by volume averaging

Multifunctional transport

from discrete pore networks, PNs, built on the tessellated continuum space of a TPM. The
Effective property

Multiscale gradient theorem is used to describe 3D transport in bulk tessellated space, providing an

Modeling appropriate metric to normalize network fluxes. Implemented effective transport properties

CFD include diffusivity, permeability, solid-phase conductivity, and entry capillary pressure and
contact angle under two-phase conditions, considering multi-component materials with several
solid phases and local contact resistances. Calculated property tensors can be saved on 3D image
stacks, where interfacial and sub-CV scale features can be added before exporting data to CFD
meshes for simulation. Overall, POREnet provides a general-purpose, versatile methodology for
modeling TPM in an ample range of conditions within a single CFD framework. Among other
advantages, coupling of PN and continuum models at TPM-channel interfaces is simplified,
interfacial contact resistances can be included using robin boundary conditions, and transient
multiphysics simulations can be implemented more easily using CFD. The code is tested against a
miscellaneousness of examples extracted from electrochemical applications.

1. Introduction

Thin porous media (TPM) play a key role in multiple applications, such as filters, papers, textiles, composite reinforcements,
membranes and (reactive) transport layers [1]. By definition, TPM encompass porous materials whose thickness in the through-
plane direction (TP) is significantly shorter than any in-plane (IP) length within the material plane. For this reason, TPM typically
suffer from a lack of length scale separation between pore and layer scales in the TP direction, which barely spans a few pore
sizes (see, e.g., [2,3]). Moreover, TPM are frequently used as a stack of porous layers, leading to inhomogeneous, deformable
interfaces, manufacturing defects (e.g., cracks and holes) and interfacial regions (e.g., interpenetration of a macroporous layer and
a microporous layer). The situation is more challenging for multifunctional TPM, such as those found in electrochemical energy
devices (gas diffusion layers (GDLs), porous flow distributors, catalyst layers (CLs), membranes and macroporous electrodes) [4-8].
These TPM must fulfill multiple functions, simultaneously providing a route for gas/liquid reactant and product transport, charge
transport and heat transport [2,9,10]. In addition, CLs and macroporous electrodes must provide an active surface area [11-15].
Optimal design and manufacturing of TPM at small scales ranging from nanometers to millimeters poses a non-trivial problem due to
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the existence of usually conflicting effects in the targeted properties. For example, porous transport layers with high mass diffusivity
require high porosity, but an exceedingly high porosity can lead to poor mechanical, thermal or electrical properties [2,10,16]. The
interplay between microstructural properties (porosity, solid volume fraction, pore size, specific surface area, etc.) on the resulting
effective transport properties (diffusivity, permeability, capillary resistance, electrical and thermal conductivities, etc.) is difficult to
be anticipated [3,7,14,17].

A large body of work has been devoted to TPM modeling with industrial application (see, e.g., [1,18] and references therein).
Generally speaking, modeling transport in TPM poses the opposite scenario to that found in pseudo-infinite PM (e.g., sand and
rock reservoirs), where a representative elementary volume (REV) can usually be defined and macroscopic transport modeled at the
(previously defined) REV scale [19,20]. The finite thickness that characterizes a TPM allows the modeler to describe macroscopic
transport in the full thickness over a rather large area. However, the effect of a weak REV definition introduces uncertainty in the
model formulation and numerical prediction [2,3,21]. It is not easy for the modeler to establish a general mathematical formulation
for TPM with well-defined, measurable constitutive relationships that could describe the effect of intra and interlayer microstructural
features on internal transport processes in any situation (with say less than 5% error) [17,22,23]. For example, a persistent problem of
Darcian macroscopic models is the accurate prediction of two-phase capillary transport in TPM due to the dominant role of invasion-
percolation (IP) processes, which are overlooked in a standard macro-homogeneous formulation [21]. As a result, the combination
of macroscopic and microscopic modeling techniques, such as direct numerical simulation (DNS) and pore network modeling (PNM),
is a widespread approach adopted to analyze TPM and extract more predictive results [5,24]. The combined use of macroscopic
and microscopic information can be carried out in different ways using one-way micro-to-macro models, where effective transport
properties determined from a numerical or analytical pore-scale model are plugged into a macroscopic model (see, e.g., [25-27]).
And hybrid models, where microscopic and macroscopic formulations are combined simultaneously (e.g., DNS+macroscopic [28,29],
PNM-+macroscopic [11,16,30-34], continuum microscopic+macroscopic [35], or a combination thereof).

Pore-scale PN methods require a significantly lower computational effort than DNS at the cost of reduced microstructural res-
olution. Structural and morphological features below the pore-throat scale must be incorporated as part of pore-scale constitutive
relationships (e.g., entry capillary pressure of throats or saturation retention curve of pores). This is a reasonable assumption in most
engineering applications, where a trade-off between spatial resolution and numerical domain size is needed. For instance, DNS (e.g.,
lattice Boltzmann method, LBM [36]) can be used to perform more detailed simulations and extract constitutive relationships for
PNM [37-39]. Thus, PN-based methods offer a simplified bridge-like framework between microscopic and macroscopic scales.

PNM was first introduced in the 50s by Fatt [40], as a more realistic alternative to bundle-of-tubes models, in tandem with the
appearance of first computers. PNM offered a novel approach to analyze and understand transport in PM, which included cross-
connections and tortuosity of the pore space in agreement with the analyses of other authors, such as Kozeny [41] and Carman [42].
During the second half of the 20th century, the interest of the community on versatile PN methods gradually increased hand in
hand with the increase of computational performance. Significant contributions were presented by Dullien [43,44], Wilkinson [45],
Prat [46,47], Blunt [48,49] and co-workers, just to name a few. More elaborated PN models were developed in 3D with different
structures and topologies (compared to the rudimentary but pioneering 2D model of Fatt [40]). The use of PNM was not only re-
stricted to the description of drainage and imbibition but applied to other physical processes (e.g., foam flow [50], non-Darcian
effects in high-speed gas flows [51], evaporation/condensation [52], etc.). From the last decade of the 20th century, a strong growth
in the use of PNM has taken place, mainly with a focus on petroleum and environmental science [48,53-56]. Multi-network dual and
trial PN models (D-PNM and T-PNM) have been extensively presented to examine transport in multiscale PMs with a variable num-
ber of solid phases (e.g., transport in carbonate rocks [57], fractured vuggy reservoirs [58], hierarchical catalysts [59], membrane
electrode assemblies (MEAs) [31-33], and battery electrodes [60]). Furthermore, significant progress has been achieved in the com-
bination of PNM with X-ray computed tomography (X-CT) and virtually reconstructed PMs [57,61,62]. The continuous advancement
in multiscale imaging techniques (nano and micro X-CT) and development of commercial and open-source computational tools for
PM generation [63,64] provides a good complement for better description of complex microstructures [65-68].

The recent work on multi-network PN methods has also motivated the implementation of hybrid PNM and continuum models
to capture small scales that can be difficult to reproduce only using PNM (e.g., effect of internal fractures and multi-component
composition [58]) or to couple formulations between regions featuring different physical descriptions (e.g., coupling of PNM with
a free flow formulation in a channel [69,70]). The main difficulty of hybrid models usually relies on the coupling of discrete
and continuum formulations at boundary pores [71]. Several approaches have been proposed in the literature for scalar and flux
continuity. Balhoff et al. [72] (2007) presented a single-phase flow model, which coupled a semi-analytical continuum formulation
with a PNM, considering domains with a simple parallelepipedal geometry. Flux continuity at the shared boundary interface was
enforced by solving for the coefficients of an analytical series expansion used to describe the continuum region. In a subsequent
work, Balhoff et al. [73] (2008) presented a fully numerical hybrid PNM/continuum model, which relayed for the first time on 2D
finite-element mortars to couple the solution of independent PM sub-domains. Mortar space is useful to enforce continuity of pressure
and flux using a domain decomposition approach, since the numerical solution in the decomposed sub-domains can be calculated in
parallel. However, the implementation can be tedious and can lead to complicated parallelization when the number of subdomains
is large and they have a complex geometry, as it is the case of multiscale, multi-component TPM (e.g., CL). Mortars are potentially
more useful when a single method is used to model transport in a full PM subdomain, including all its porous and multi-component
features [74].

Later, Chu et al. [75] (2012) presented a hybrid algorithm, where transport in a PN model was locally coupled to an effective
continuum conservation law upon average flux conservation. This modeling approach allowed to upscale information from a lower
spatial scale resolved by PNM to an upper spatial scale given by the continuum, which could in turn be connected to other macro-
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scopic continuum regions or a combination thereof. Liu et al. [67,68] (2021) used a conceptually similar approach to that presented
by Chu et al. [75] but coupling pore-scale DNS with an effective continuum scale. The multiscale model was used to analyze reaction-
diffusion transport through the combination of nano and micro X-CT of Pt-free CLs. The main complication of the above upscaling
methods relies on their elaborated implementation for arbitrary 3D meshes, upscaling of discrete multiphase transport processes (e.g.,
IP [45]), integration of coupled multi-component transport processes between scales, and parallelization. In 2016-2017, Aghighi et
al. [32] (2016) and Belgacem et al. [33] (2017) presented independently a hybrid PNM/continuum model of a polymer electrolyte
membrane fuel cell (PEMFC) MEA. PNM was used to model transport in macroporous layers and a macro-homogeneous formulation
to model transport in porous layers with fine pore sizes (microporous layers (MPLs), CLs and membrane). Aghighi et al. [32] (2016)
coupled PNM pores and numerical continuum nodes using a finite difference method on a structured Cartesian mesh, so that PNM
and continuum formulations could be both expressed as a resistor network and solved together iteratively (1 pore was connected
to 25 continuum nodes). No need of complex coupling techniques based on mortars were needed. In contrast, Belgacem et al. [33]
(2017) imposed interfacial coupling by means of a finite volume method on a structured Cartesian mesh (1 fluid/solid throat was
connected to 1 continuum node). The similar form of PNM and finite volume formulations also allowed for a direct coupling of dis-
cretized equations between porous layers. As an alternative to hybrid models, Zhang et al. [58] (2017) presented a multiscale finite
element method (MsFEM), where sub-grid scale heterogeinities and interaction through multiscale basis functions were calculated
based on a multi-continuum background. Several 2D examples of a matrix-fracture-vug triple-continuum were examined, showing
good agreement between multiscale and fine scale simulations (error lower than 5%). MSFEM methods are a promising multiscale
approach, even though 3D widespread codes are still not available and little work has been performed on transient, multiphysics,
continuum-discrete multiphase problems.

The above literature survey shows the growing effort devoted toward the development of comprehensive methods for the analysis
of multi-component, multiscale PMs. The aim of this work is to present a novel, general-purpose method, POREnet, for extracting
local effective transport properties from a tessellated PN representation of multifunctional TPM. The method is based on the previous
work of Garcia-Salaberri [10] on structured networks embedded in Cartesian CFD meshes but extended for control volumes (CVs)
of arbitrary shape. In its current form, POREnet has been implemented in Matlab due to the wide availability of predefined tools.
A sample code can be downloaded here. Unlike other methods, local effective transport properties can be directly included in
a conventional CFD software for numerical simulation of transient, multiphysics processes (e.g., ANSYS, COMSOL Multiphysics,
STAR-CCM+, OpenFOAM, etc.). This versatile, user-friendly framework simplifies the incorporation of pore-scale information into
continuum models, providing an alternative approach to fully PN models [76]. Extracted effective transport properties could also be
used as an input for multiscale continuum models (e.g., MSFEM [58]). Other advantages of the methodology include easier numerical
implementation of comprehensive models of TPM and interfacial robin boundary conditions, especially when a PM is composed of
many complex-shaped subdomains, and facilitated parallelization, since it is given by the simulation software and not affected by
the coupling method between PNM-continuum formulations (e.g., mortars [73]). Regarding multiphase flow, the proposed method
allows the extraction of local entry capillary pressures and contact angles of throats. This pore-scale information can be used to
build multiphase models in CFD codes, e.g., continuum bundle-of-tubes models [77,78] or discrete PNM algorithms [16,30]. It is
worth noting that the present approach is not exclusively restricted to TPM but could also be applied to other PM (e.g., transport in
multiscale carbonate reservoirs and fractured rocks, flow near a well, etc.) or to extract properties for the description of larger PM
systems (e.g., geothermal processes through stratified reservoirs, aquifers, etc.).

The organization of the work is as follows. In Section 2, the methodology used for the generation of continuum, tessellated CV
assemblies with embedded discrete networks is presented, including both fluid and multi-component solid phases. In Sections 3 and
4, the method developed in POREnet to extract local microstructural properties (porosity, average pore size, specific surface area,
etc.) and local effective transport properties (diffusivity, permeability and solid-phase conductivity) of TPM is presented. In Section 5,
the flow chart of the implementation methodology is examined, with a focus on the main features included in the current version of
PORERnet. In Section 6, the modeling capabilities of POREnet are tested against a miscellaneousness of cases related with TPM, which
were extracted from electrochemical applications. In Section 7, the limitations of the method are discussed. Finally, the concluding
remarks and future work are given in Section 8.

2. Tessellation and network generation
2.1. Control volume tessellation of continuum space

Multiple mathematical algorithms exist for space tessellation in 2D and 3D, such as rectangular, triangular, pentagonal, octahedral
or tetrahedral tiling, among others [79-82]. In this work, Voronoi tessellation was used for CV generation due to the large availability
of fast algorithms already implemented in commercial and open-source codes. The voronoin function (from the C++ code Qhull) was
used to determine Euclidean Voronoi diagrams in n-D space. For a prescribed set of 3D seed points, Voronoi diagrams provide a full
space tessellation composed of convex polyhedral CVs, where each CV contains a single seed point. Faces dividing polyhedral CVs
are equidistant to neighboring seed points, so that the distance of all points in a polyhedron to its owner seed point is lower than the
distance to any other seed point. CV density can be modified by the distribution of seed points in 3D space.

As shown in Fig. 1(a)-(b), ordered rectangular tessellations can be simply generated using seed points with a fixed spacing in
x, y, z-direction, [AL;,AL;,AL;], so the centroid of any CV matches the corresponding seed point — reflection of Voronoi seed
points is commonly used to control edge definition in polyhedral mesh generators [83]. Graded ordered tessellations can also be
generated using an uneven but ordered spacing with meshgrid. Starting from an ordered tessellation, creation of a random distribution
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(a) Ordered tessellation (b) Random tessellation

(c) Layered assembly (d) Macroscopic features

200 pm

A

Fig. 1. (up) Ordered and random spatial tessellations generated from Voronoi diagrams with (a) equally spaced and (b) random seed points, respectively. (down)
Compositions of different spatial tessellations in (c) a layered assembly and (d) a layered assembly with macroscopic features highlighted in green (cracks). The
resolution of the output tif image stack is 5 pm.

of polyhedral CVs can be accomplished by perturbing the ordered seed points in the range (L7 — AL? /2, L? + AL? /2) for i = x, , z.
Alternatively, seed points can be extracted from X-CT images to reproduce more complex pore distributions (e.g., fibrous carbon
cloths [84,85]). Often, boundary cells are problematic because they do not match the modeled finite-size domain. Issues with
boundary cells can be overcome using an oversized “background PM”, which extends a distance §; beyond the targeted domain.
Adding two extra seed points in each direction, 6, = 2AL?, is enough to ensure that the targeted domain is fully covered of Voronoi
cells without including vertices at infinity.

Other interior TPM regions can be superimposed on the “background PM” by sequentially adding data on a same matrix. Ulti-
mately, data can be stored in a 3D image stack (e.g., Tif stack). For interior TPM regions, only CVs that lie inside the convex hull of
a predefined bounding box are processed — the contributed inhull function [86] was used here. Unlike fully discrete PN methods, the
sequential addition of tessellated TPM regions on image stacks provides a customizable approach to reproduce layered, multiscale
TPM assemblies with or without interfacial regions and macroscopic defects. Fig. 1(c) shows an example of a 3-layer TPM assembly
generated by this additive construction method. The multiscale TPM combines a random tessellation for the “background PM” (i.e.,
the resulting thickest layer at the top) with ordered tessellations for the two thinner sub-layers at the bottom. Macroscopic features
are added in Fig. 1(d) (highlighted in green) by direct manipulation of the matrix (image stack) in (c). Porous cracks were incorpo-
rated across the two thinner sub-layers by thickening the edges of a 2D Voronoi diagram (20 pm wide), followed by an extrusion in
the TP direction. More realistic defect structures could be added by using more elaborated techniques or by direct combination of
machine learning with tomography images [87,88].

2.2. Fluid network

As in PNM, the pore space is described using a geometrically representative pore-throat assembly inscribed in each polyhedral CV.
Fig. 2(a)-(b) shows fluid networks inscribed in ordered and random CVs, along with the equivalent resistor network corresponding
to an analysis of transport in j-direction. The fluid network is composed of a central pore body p, geometrically similar to the CV,
and inlet/outlet truncated conical throats ¢ arranged in parallel. Inlet and outlet faces of pore p and throat ¢ are determined based on
the outward unit normal vector to each face of a CV, 7, according to Egs. (1a)-(1b)

S

Inlet : 7/i-&; <0 (1a)

Outlet : 7n-é > 0 (ordered), €= 0 (random) (1b)
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where é ;s the unit vector in j-direction (é,, é,, €;). As in sealed permeameters, a face of an ordered CV where 7 - & ;= 0, i.e.,
perfectly perpendicular to j-direction, is taken as a no-flux face [10,16,30]. For random CVs, CV faces are considered outlets by
default if the rare but possible condition i - &; =0 is met.

The central pore body p is scaled by a factor @, < 1 with respect to the CV, so that the points that define p and CV, P, and P,,,

are related according to Eq. (2)

P,=C,+a,(P.,-C,) )
where C,, is the position vector of the CV centroid.

The truncated conical throats are disposed in parallel, connecting every face of a CV, fcv, with the corresponding pore body face,
fpb. The throat radii at every CV face, Rfc", and pore body face, prb, are given by Egs. (3a)-(3b)
R = |§, | a, R (3a)
R™ = |f, i @, R (3b)
where §,, a, and §,, a, are directional, isotropic scaling parameters relating Rf“ /R and R:pb / Rfc" (B; £1, a; < 1), respectively,
7 is the outward unit normal vector to fcv, and R;“""‘ is the radius of the maximum inscribed circle at fcv (determined by means of
the Euclidean distance transform [89]).
Pore bodies and throats are uniquely defined in terms of transport by a reference transport area, Ag‘;f, equivalent length, Lf‘;,

and unit direction vector, f,’p. For pore body p, the transport properties in j-direction (x, y, z) can be directly scaled from those of
the CV (see CV metrics in Section 4 below), according to Egs. (4a)-(4c)

Al =’ Al (4a)
L;q,j =aq, Liu (4b)
. AY
o= (40)
lAcll

where Ai’; and Lﬁv are the projected CV area in i-direction and CV metric corresponding to transport in j-direction, respectively
(A?! is equal to the projected CV area in j-direction). For throat ¢, the transport properties can be extracted from the geometry of

truncated cones, according to Eqgs. (4d)-(4f)

A;‘ef — Afcv (4d)
Lteq _ ” Ptfcv _ Ptfpb” e =Ly (4€)
Hf pipb
P -F

4D

1

= —
5 5{pb
||I)’fCV_PP ||

where A" is the circular area of throat ¢ at fcv, }_’tfcv and Ptfpb are the position vectors of circle centers of throat ¢ at fcv and fpb,
respectively, and ¢, > 1 is the shape factor of throat . The shape factor of conical throats with a linearly variable cross-section

around the central axis (Pfc",Ptfp b) can be determined from the solution to the 1D scalar conservation equation along throat ¢
(/-coordinate), as given by Eq. (5a)

d dz ()

L —A(l)H,—]:Oz—w— Jue

dl T I, A()
where 7 = C,p and Il = D, K, are the scalar and the property of interest (species concentration, C, and bulk diffusivity, D, vs.
pressure, p, and throat permeability, K;), and j,, is the (constant) species flux rate across 7. Imposing boundary conditions at the
inlet/outlet of throat ¢, Eq. (5b) can be derived

5
ai al (5a)

L,

. di
A= ’f/ 1,0) A, () (5b)
0

The species flux rate referenced to the maximum throat area, A;"®*, and internal property (in the case of permeability), IT"**, can be
expressed according to (5¢)

Amaxppmax A”T — A”I
! ! qu /L, dl/
O T, A

= jt,l (5¢)

Therefore, qu is equal to the equivalent length for continuum resistors in series [9,90], as given by Egs. (5d)—(5e)

5
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L, 1
AMax LF ai
Diffussivity : L% = / LA =L =/ — =c (5d)
y t At(l) Lr At( ) td
0 0
L 1
K Mmax gmax {7 L“I di
Permeability : qu = L / === = Cy (5¢)
/ K.() A1) L, ) K, () A, (D)
with
A= AP 4 (1 - AP K=K + (1 - K™Mn)] (56)

where A, = A,(D/ AP and K, =K,/ K™ are the normalized cross-section and permeability with respect to fcv (/i{“i“ =
Apm /AfCv <1, Kt“““ = K™/ thc" < 1), and the dimensionless coordinate along ¢ is [ = //L,. The shape factor ¢, accounts for

bottlenecks caused by a narrowing transport area (¢, = 1 for constant area, and ¢, - co when fﬁni“ - 0). (A‘,“a", K,ma") and (A;“in,
K™Min) are equal to the throat circular area, A, = 7R?, and permeability, K, = R?/8, with R, = Rfc" and R, = prb at the CV and the
pore body faces, respectively. Integrals were computed using the trapz function. Pore volume can be directly determined from the

CV volume by similarity

Vp:as V., (6a)

where V,,, can be calculated with the convexhulln function. Throat volume can be determined analytically through the expression for
a truncated cone of height L,

fpb
4

fpb
1

y, = %;;Lt (R 4+ (R

where L, is the length of throat t. The average porosity can be easily modified using the scaling parameters «; and ;.

)2 + Rfcv R (6b)

2.3. Dual or complementary solid network

As shown in Fig. 2(a)-(b), the solid network inscribed in a CV is given by the complementary network to the fluid network (pore
body conductivity is considered to be negligible). Unlike fluid throats, the shapeless form of solid throats is implicitly defined by the
enclosed volume between a CV and the corresponding pore space. It is convenient to subdivide the solid space into N, solid nodes
or partitions, as imposed by the morphology of the fluid network. Each solid partition encompasses the volume enclosed between
fev and fpb minus the volume of the confined fluid throat ¢. Consequently, solid throats are independent elements arranged in
parallel, which connect fcv with the faces that delimit a solid node, fsn. For an analysis of transport in j-direction, only area pairs
ps preferentially oriented in that direction are taken into account. For example, face pairs with a projected unit direction vector in
absolute value higher than ¢4 in j-direction (|7, ps*€;| 2 th) —th =0.7 was considered here. Rather complex topologies with numerous
solid connections arise when the number of CV faces is increased in random networks. For ordered parallelepipedal solid networks,
there are 10 solid area pairs in each solid node, since a partition is bounded by 5 conductive faces (excluding fpb). Inlet and outlet
solid throats are meaningless, since every solid pair connects an inlet with an outlet, and there is not a central “solid pore body”.

The reference solid area, A;f;f’J , of a solid pair ps, corresponding to an analysis in j-direction, is determined by the maximum of
the two connecting solid areas, according to Eq. (7a)

f.j _ Lj 2.
AL = max (ALY, 421 (7a)

eq
ps>

1 2 :
areas, Pps and Pps, as given by Egs. (7b)-(7c)

Similarly, the equivalent length, L;!, and unit direction vector, Z, »s» are obtained from the centroids of the two connecting solid

—_ || p!1 D2 _7J
L =Pl = P2 | s = L)y 7b)
1P}~ P2 |
= 70)
‘P] — P2
ps ps

where ¢, is the shape factor of solid pair ps. Note that the absolute value makes results independent of the Z »s Orientation, since

solid pairs are treated as independent elements and the concept of inlet/outlet is meaningless in the solid network. Considering 1D
continuum resistors in series [9,90], Lf,‘s’ of solid pair ps is given by Eq. (8a)

1897 ~
ps d/ i Tmin Aminy7
= [ == AL (D= AR+ (1 - AN (8)
Ly Ap(D)
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(a)

Ordered network Random network

(b)

analysis in j-direction

t,in t,o

T —— P

Aref

—
s —
T

zt,in .. -
e,

ref,1 ref,2
Ard Aps

Z;SP;I Gp < multicomponent

Fig. 2. (a) Ordered and random polyhedral control volumes, showing the fluid network composed of a pore body p geometrically similar to the CV and truncated
conical throats 7, and the solid network around the central pore body. (b) Equivalent resistor network of the fluid and solid networks, corresponding to an analysis of
transport in j-direction. Inlet and outlet fluid throats, #,in and 7, 0, are arranged in parallel between them and in series with the intermediate pore body p. Solid pairs
ps connect solid inlet/outlet and are arranged in parallel between them. The reference transport area, Af“, equivalent length, qu, and unit direction vector, Z, are
indicated. The equivalent conductance of the resistors is denoted by G;.

where A/ = A/ /AD™/ is the normalized area ratio with respect to the maximum area of face pair ps (Anin = AP J ARy and

I=1/ L{;s is the normalized coordinate along solid pair ps. The area ratio of the porous solid phase can be estimated as A/ Ay =~ e?fs
based on the solid fraction in a solid node, ¢, so that Eq. (8b) is obtained

1

Lyt 7 A .
ps_ _ _-2/3 / d _ . ibulk,j 7y _ ibulk,min Tbulk,miny\7
— = —— = (s A (l)—A +(1—A )l (Sb)
A O " "
where Azgﬂk’j is the bulk (i.e., fully solid area) of solid pair ps. The shape factor, c,, = L;‘g‘j (Lis)‘1 > 1, due to the constriction of the

flux by the porous solid geometry. The solid fraction of a solid node ns, €,,, can be determined by subtracting the volume enclosed
between fcv—fpb and the volume of the immersed throat, V,, = V., — V;. The volume of the sub CV between fcv-fpb, V., is equal
to that of a truncated prism of height L,, as given by Eq. (9)

Vieo = %L, (Afer + AT 4V ater g1o0 ) ©

This expression is simplified to Eq. (6b) for a truncated conical throat (circular cross-section).
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For multi-component materials with N, solid components distributed among N, solid nodes, two conditions must be fulfilled to
determine the volume fraction per unit solid volume of component k in solid node #s, EZ‘YZ (i) the sum of the volume fraction of all
solid components in each solid node ns must be equal to one, and (ii) the sum of the volume fraction of solid component k over all
solid nodes must be equal to a prescribed solid volume fraction per unit solid volume ¢, ; in the corresponding CV (the prescribed

N,
total sum must be equal to one, Y, B :"l grs=1)

Ny
ezss =1 V solid node ns (10a)
=1
NY
Z EnsEps = €5EL,s ¥ solid component k (10b)

ns=1
where g, is the volume fraction of solid node ns per unit total volume, and ¢ is the solid volume fraction in the examined CV. The
above two physical constraints lead to N, + N, equations for N, X N, unknowns erS. The solution to the constrained indeterminate
system of equations (10a)-(10b) can be simplified by looking only for solutions that match condition (10a), since condition (10b) is
statistically satisfied as the number of solid nodes is significantly high. If variables are random and independent (as it is usually the
case), the expected value of condition (10b) yields Eq. (10c)

E(eme:fs) = E(em)E(eﬁfs) =€ (10¢)

The normalization of £* can be easily accomplished by prescribing random values from prescribed distributions (e.g., random

distributions between minimum and maximum thresholds) and normalizing each volume fraction by the total sum to ensure that

;jz“l €', = 1 is matched. Tests with a common number of solid nodes, N, ~ 8 — 15, showed that the error incurred in meeting
condition (10b) is typically lower than 5%, which is a reasonable approximation. It is also worth noting that there is not any
limitation to keep ¢, ; constant. It can vary according to a predefined spatial distribution (e.g., random and patterned distributions
found in untreated and engineered TPM [91,92]).

3. Local microstructural properties

Many microstructural properties can be locally extracted on a CV basis using the geometrical information from the fluid and solid
networks. Effective transport properties can be locally correlated as a function of microstructural properties, as a complementary
procedure to the tensorization method presented in Section 4. The use of correlations is necessary for modeling TPM assemblies with
large separation of scales between layers (e.g., GDL+MPL+CL in a PEMFC), since the computational cost of including pore sizes that
span around three orders of magnitude can be prohibitive. In multiscale TPM, it is convenient to generate virtual CVs in which there
are N, pores in each CV with a pore size distribution downscaled by a multiscale factor .S, with respect to the pore size distribution
used for CV generation (R, = R‘g,en /S,)- For example, in the simulations conducted for the cracked MPL+GDL presented in Section 6,
the MPL was modeled with N »=2.5X 10* and S, = 18 using CVs with a size around 5 times lower than that used for the GDL. The
resulting porosity was e ~ 0.45 and the average pore size was R, ~ 100 nm. Dry effective diffusivity was correlated as a function of
local porosity by a power-law function.

Below, expressions for the volume fraction, ¢;, length, L;, anisotropy ratio, AR;, size, R;, and specific surface area, q;, are
presented for the fluid phase and single/multi-component solid phase. In addition, common expressions for entry capillary pressure
and (static) contact angle, p, and 6, are presented. Local properties determined on a CV basis (¢;, L;, AR;, R; and g;) can be exported
to 3D image stacks similar to other CV variables, such as TPM regions, Voronoi cells and effective properties (see Fig. 1). However,
local variables corresponding to CV-CV interfaces (p,) must be exported to a CFD solver using an adjacency matrix between CV
identifiers (e.g., binary ASCII file). Properties modeled with the scaling argument commented above for the number of pores and
pore size are presented at the end. Average properties in larger TPM regions could be simply determined by volume averaging local
properties determined on a CV basis.

3.1. Volume fraction

The volume fractions of the fluid phase (porosity) and the solid phase, € and ¢, respectively, along with the volume fraction of
solid component k per unit total volume, ¢, in multi-component TPM, are given by Eq. (11)

N,
Y _NrEh
V V

cv cv

; oeg=1-g g =g an

where V,, is the volume of a control volume (determined by the convexhulln function), and Vf, V[, and V, are the volumes of the
fluid phase, pore p and throat 7 in that CV, respectively (all of them determined either by similarity or analytically, see Egs. (6a) and

(6b)), and ¢, ; is the prescribed local volume fraction of solid component k in the CV.

8
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3.2. Length and anisotropy ratio

The mean geometrical length of the fluid and solid phases, L and L, can be quantified by the volume average length of fluid

throats and solid pairs (in all j-directions), L, and L’_, and the diametrical pore length, according to Eq. (12a)

ps?

3,0\ /3
N 14
Z,='1L1Vz+2<ﬁ> Vp

eV,

cv

3
1 S
L= Z 2y (12a)
where €, = (V,., — V;)/V,, is expressed per unit CV volume (see Egs. (6b) and (9)).
TPM usually feature significantly different properties in the IP direction compared to the TP direction due to the use of pseudo-
2D manufacturing techniques [1,93]. The anisotropy ratios between the mean length in the material plane (x, z-direction) and the
through-plane direction (y-direction), AR r and AR,, can be determined according to Eq. (12b)

Z L"’V+L'pV Z ’“L’p
AR, = ﬁ AR = $ (12b)
Z LV+LV ]132 psLtppsm
where the average directional lengths of fluid throat ¢, pore p and solid pair ps are given by Egs. (12c)—(12e)
: LY+ L?
L;p _ 5 t : Lip :L;V (12¢)
(L + L?i), ,
Ly =———" LY =)L) (12d)
X z
i ps ps _
e I S (12

In this expression, a, is the pore scaling parameter, and L., is the CV metric (introduced in Section 4).
3.3. Size

The mean size (i.e., radius) of the fluid and solid phases, R r and R, and the radius of solid component k, R, in multi-component
materials, can be determined according to Eq. (13)

3v,\ '/

Ry, + (2 v,

z 47[ ! ESI/CU 12 Rk €k 12

5 Ry= PR\ ) =t (13)
eV, nLg R £

cv

R, =

where R™® is the mean radius of throat , R = (RI®V + pr ®)/2, L, is the mean solid length given by Eq. (12a), and ¢, is the

volume fraction of solid component k given by Eq. (11). The geometrical radii of the solid phase and the solid component k scale
with the volume fraction (R; — 0 when ¢; = 0).

3.4. Specific surface area

The specific surface area, a, plays a key role in reactive TPM (e.g., macroporous electrodes in redox flow batteries (RFBs) [13]
and CLs in PEMFCs [14]). a is given by the fluid-solid interfacial area per unit total volume according to Eq. (14a)

Ny yint int

T A A
a=— (14a)
V.

cv

where the fluid-solid interfacial areas of throat ¢ and pore p are equal to Egs. (14b)—(14c)
A;m = ws(RIY + RIPP), 5= 4 /(Rfev — Ripb)2 4 Lt2 (14b)
AN = o AT — 7(RIPPY? (140)

Here, s is the apothem of the truncated conical throat ¢. The interfacial area of a CV was determined by Delaunay triangulation using
the 2D delaunay function on each fcv face.

3.5. Entry capillary pressure and contact angle

The entry capillary pressure of a fluid throat, p,,, is determined by the radius and internal contact angle, 0,. p,, is usually
estimated using Washburn’s equation for a cylindrical pore [94], as given by Eq. (15a)
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20
Pes = —E cos 6, (15a)
fpb

where o is the surface tension of the working fluid pair in the TPM, R:Wg = (RfCV + R,

contact angle in throat ¢.

For fibrous TPM, such as carbon paper, felt and cloth, the convergent/divergent geometry of pore space is better described by a
toroidal pore model (Purcell’s equation). The entry capillary pressure of a throat takes the form of Eq. (15b) (modified Washburn
equation) [16,30,89,94]

)/2 is the average throat radius, and 0, is the

2 cos(6, —v) | sinf
pe,t:—w 4 ! 5 y:0—n:+arcsm Travg (15b)
s
to1+ SR (I —cosy) 14+ —*

t s

where d; is the characteristic fiber diameter.

In practice, the volume average entry capillary pressure inside a CV was used for two-phase calculations. This simplification
could be omitted but is convenient to reduce the amount of data during calculation of the global adjacency matrix, so that a CV is
identified by only one p, value (a reasonable approximation for many applications). Volume averaged p, in a CV and p, , are related
by Eq. (15¢)

b= Zthe,t
XV

where V/ is the volume of fluid throat ¢ (Eq. (6b)).

A representative constant contact angle (6, = const.) can be estimated based on the solid-fluid-gas system under analysis [89,94,
95]. For multi-component materials (e.g., polytetrafluoroethylene (PTFE)-treated GDLs), wettability can be made dependent on the
solid composition (local PTFE content) using semi or fully empirical correlations. For example, the contact angle of carbon paper has
been reported to increase with PTFE content by weight [96]. In addition, distributions of PTFE content and internal contact angle can
be extracted by combining X-CT and image processing [97,98]. This information can be readily incorporated into the CV generation
process to analyze the effect of spatially-varying solid composition, either in conventional or engineered TPM [95,99,100].

Many other formulations have been reported for p,, and 6, depending on the pore shape (triangular, squared, rectangular,
hyperbolic, etc.), roughness, and multiphase system under analysis (see, e.g., [53,101,102] among others).

In multiscale porous assemblies, where the pore radius of fine TPM is downscaled by a factor S,, Ry = R, = R;, assuming no
internal redistribution of average pore size inside each CV. Other microstructural properties of interest (e.g., volume fraction, length
and specific surface area) can be determined based on a spherical pore geometry, according to the number of pores in each CV, N,
and the actual downscaled pore radius (see Eq. (16))

(15¢)

2
471'Rp

-, € (16)
b 3ch cv

471:R2
e=min( N mx ). e =l-e L;=2R; L,=(V,)'* a=N,

where ™ is the maximum allowed local porosity (¢™** ~0.95), and V,, is the CV volume.

4. Local effective transport properties: tensorization

In this section, a tensorization method for extracting local effective transport property tensors (higher order mathematical ele-
ment) from a resistor network (lower order mathematical element) is presented. The analysis for the fluid network considers a fully
3D description of space (effective diffusivity and permeability), while the methodology for the more complex solid network relies
on a simplified 1D description to determine 3D tensors (solid-phase conductivity, such as electrical or thermal conductivity). In all
cases, the approach is valid for transport of a scalar z (e.g., species concentration) governed by a Laplace-like equation of the form
of Eq. (17a)

V.-J=0;, J=-IVx (17a)

where J is the scalar flux (e.g., species diffusive flux), and II is the scalar diffusivity (e.g., species mass diffusivity). When IT is
non-linear, I1(x), Eq. (17a) can be linearized by means of Kirchhoff’s transformation [103-105], as given by Eq. (17b)

VO =I(7)Vx — O(x) = / T1(7) dn, 17b)
0

so it is reduced to a linear Laplace equation with unity diffusivity in terms of the potential ® (see Eq. (17¢))

Ve =0 17¢)

The inverse Kirchhoff’s transformation can be used in CFD calculations to determine zf4 from the computed value ©°/9, according
to Eq. (17d)

10
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sefd

@Cfd _ F(ﬂ_cfd) =0 ﬂ,Cl‘d(®Cfd); F(”Cfd) — / (x) dn 17d)
0

This equation can be solved analytically or numerically [106].
4.1. Effective diffusivity tensor

According to Fick’s law, the effective diffusivity tensor relates the average diffusive flux in i-direction through a porous CV, j;,
when a macroscopic concentration difference is prescribed in j-direction, AC;. In index notation, Dl.ejff takes the form of Eq. (18)

1 . .
E/ijidv Lcu/Vf]idV
AG e
L

cv

ff _
Dy = 18)

where V., and V; are the total and fluid volumes of the porous CV, respectively. No flux holds in solid regions.

The CV length, L., is usually unknown except for ordered CVs with a fully padded geometry aligned to x, y, z-direction (e.g., a
parallelepipedal CV). However, this is an infrequent case for polyhedral CVs. As shown in Fig. 3(a), the reference length of a CV is in
general a diagonal metric, L{.{,, obtained from the condition that the effective diffusivity equals the bulk diffusivity when no blocking
(i.e., no resistor network) is present in a CV — the CV is simply a bulk, isotropic medium of diffusivity D. In other words, the CV
tessellation and inlet/outlet distribution alter ordinary space by themselves. Introducing this condition, Eq. (18) leads to Eq. (19)

AC;

Dt ~ Ly, Jy, VCI; 4V v,
Jy,, — V€l dv

_J e - Ji = v
= =1=>Ll=

(19
D Ve AC;

where VCJ|; is the j-component of the concentration gradient when AC; is imposed in j-direction. The volume integral can be
transformed into a surface integral by means of the gradient theorem (reduced form of the divergence theorem [107]), so that
Eq. (20) is obtained

/ —VCav = / ~Chido=-C;, )\ Al —C, Y AlVi, (20)
in o

V,

cv in,0

where C;, and C, are the (virtually) prescribed inlet and outlet concentrations in j-direction, and Afrf"/Agcv and n;,/n, are the areas
and outward unit normal vectors of inlet and outlet CV faces, respectively. The evaluation of the (unknown) concentration at walls
is avoided, since the entire CV surface is decomposed into inlet and outlets. For ordered parallelepipedal CVs, the contribution of
symmetric CV faces where 7 - €; = 0 cancels out due to the opposite sign of 7.

As shown in Fig. 3(a), faces in a CV are considered outlets by default, that is, C, is taken as the nominal concentration. Hence,
undefined faces of random polyhedral CVs where 7 - &; = 0, such as the upper horizontal face of the pentagon in Fig. (3), are
treated as outlets. Inlets are identified according to the criterion (1a). The surface integral (20) can be re-written in terms of “gauge”

concentrations (C;, — C,) using the principle of linear superposition (21a) [108,109]

/ —Cﬁdaz—/Ci,,ﬁda—/Coﬁd0'=

Zino Xin 2o
0
- / C,, do — jzf C,7do + / C,ndo = —/(Cm - Cido=~(C,, ~C,) Y AR, (21a)
i 1 i S "
or (21b)
/ —Cﬁdaz—/Ci,,ﬁda—/Coﬁdaz
Zino Xin o

da—/Coﬁda+/Cinﬁdo=(C,~,,—Cu)ZA£C"ﬁo (21b)
b b ’

Here, it has been taken into account that the surface integral of a constant scalar over a closed surface is null due to self-cancellation
of ii. The term — Y, A" 71, = ¥ Al*V%, = A/, is equal to the projected cross-section of the convex hull to i-direction (i = x, y, z)
m o o 0 cv

for AC;. Ai{, denotes the full tensor of CV projected areas including all i-directions (rows) and j-directions (columns). Incorporating
(21a)-(21b) into (19), we yield Eq. (22)

11
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(@)
Bulk isotropic medium Porous CV with PN
J-direction G, Restricted transport
eff
Al . Deff
p =1-La <
D
(b)
Parallelepipedal CV Square pyramidal CV
Ly
Yy
LCV
XX 2z
LCV LCV

Fig. 3. (a) Schematic of the methodology used to determine the normalized effective diffusivity tensor, D:?/ff /D, of a fluid network inscribed in a polyhedral CV. The

physical constraint ij“/ D =1 is imposed on the bulk, isotropic medium to determine the tensor metric L/, and ij“ /D <1 is then determined on the porous CV
by volume averaging of the discretized pore network. Similar considerations apply for other effective transport properties. (b) Skeletonized representation of a fluid

network inscribed in a parallelepipedal CV, defined by the side length, (L., , L,,,,» L., .), and a square pyramidal CV, defined by the base length, L ,, and the height,
h.
i Ve Ve YV 22
cv fov i fov gl | Al
—Lin A My XA, Ay
where ﬁ{n and ﬁ{; are the j-component of the outward unit normal vector of the inlet and outlet CV faces, respectively. Lﬁ{, depends

exclusively on CV geometrical properties, and can be interpreted as the 3D analog of the expression for 1D continuum resistors
in series (Eq. (5d)) [9,90]. For a CV composed of a single throat, when j-direction points along the throat axis, L%}, = V,,/AM*,
since the solution holds axial symmetry, i.e., there is no net vector flux in any direction other than the axial direction. Hence, the
normalized effective diffusivity, Eq. (19), takes the form of Eq. (23a)

peft /ch =vCl|; av

- _—_ew 0 23
D ATAC, (232)
Introducing the result derived before in Eq. (5¢), we yield Eq. (23b)
Jie AC;
— .= _'; i = 23b
|J DA() Jie th dl (23b)
0 DA,

It can be verified the connection between the tensorization method and the expression for 1D continuum resistors in series through
Eq. (23¢)

1

Deff di _ Lt

) = / /i—(l) =Leq (23¢)
t

0

t

12
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All length metrics tend to infinity when A" — 0.
Two simplified 3D examples for the CV metric are shown in Fig. 3(b): (left) a structured parallelepipedal CV, and (right) a square
pyramidal CV. In the case of the parallelepiped, the application of Eq. (22) is straightforward

1

i=x 0
A L 0 0
Lij=i=y V,| 0 —5 0 (=0 L7 0 (24
w 0 0 L=
i=z 0 0 Azz

cv
j=x j=y j=z

where A{{) and L{{, are the projected cross-section and metric of the CV for j = x, y, z.
For the squared pyramid, the CV volume and the base and lateral areas, A, and A,, can be expressed in terms of the size of the
base, L,, and the pyramid height, 4, leading to a diagonal CV metric with different expressions in x, y, z (see Eq. (25))

L2h L
Vw=%; Ay=L% A,=Tb\/4h2+L§ (25)

The projected area in the first column (AC; imposed in axial x-direction) is simply given by the base of the square pyramid (A} =

A,). In the transverse y, z-directions, A)) = AZE = A;siny, where siny =2h/4/4h? + Li, with y the apex semi-angle. Consequently,
(22) leads to the CV metric (26)

h

= 0 0
3
N 2L
Li=|o Tb 0 (26)
2L,
0 —
3

The metric is proportional to the reference geometrical length of the pyramid in x,y,z (h in the axial x-direction and L, in the
transverse y, z-directions). The proportionality factor decreases with the fluid space available for transport in a given direction, so it
is lower in the axial direction compared to the transverse direction (1/3 vs. 2/3). Note that the inlets and the outlets are uniquely
defined by their outward unit normal vectors 7 (71 - & ;< 0 for inlets and 71 - & = 0 for outlets), so that the projected area for j = x
is always equal to A, (positive value) regardless of the x-axis orientation. The same holds for other directions. The incorporation
of the fluid network is accomplished by discretizing the volume integral in (18) according to the pore-throat geometry. For N,

(inlet+outlet) fluid throats t and one central pore body p, we yield Eq. (27a)

ij N, AC AC
eff _ cv : : L - ! = L4
Dij - ch ch <;1t.in +Jp.in s i = D Lteq ft.i’ Jpi =D L;q Lﬂp,i (272)

where V,, V), is the ,p volume, 7, ;,£,; is the i-component of the 7, p unit direction vector pointing from higher to lower concentra-

tions, qu, L;q is the equivalent ¢, p length, and AC,, ACP is the ¢, p concentration difference. Eq. (27a) can be re-written as Eq. (27b)

Ni
. . . N £ N I3
eff _ eff eff . eff _ “t | eff _ P
Dt =3 pett+ DT pett = 5 D= (27b)
=1 td pd

where ¢, =V, /V,

.o and £, =V, [V, are the contributions of # and p to the total porosity, and TZ and TLQ are the (apparent) diffusive

tortuosities of ¢ and p between directions i — j (see Eq. (27¢))
AC; 1 LY AC; 1 LY

= o =y = — (27¢)
“4OAG ol M AG 4y L

The concentration differences, AC, and AC,, can be determined using the equivalent resistor networks presented in Fig. 2,
neglecting edge and 7-p-t connectivity effects in a first approximation. Alternatively, they can also be obtained from DNS, molecular
dynamics simulations, experiments or even machine learning (see, e.g., the recent works [110-113]).

The effective tortuosity tensor, r"f , encompass the aggregated contribution of ¢ and p, rz and 7 | as given by Eq. (27d) [41,42]

pd’
—1 -1
peft N, e N, . N, ,/¢€)
i £ £ T € (e,/e)  (gp/€
—IZZ—.t.'Ffp.:f:}T;j:S _t+_[7 = ZT_J’_ p.. (27d)
D Tl/ TU TU TU le TU TU
=1 *4q pd d =1 *4q pd =1t tp

The extended form of (27d) takes the form (27¢)

13
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-1

N Ji ij
" AC, (€ L AC, (e, 1 A -1
i St A [t e ) 22 o = J ij
kD [; A:j < € qu ft,i) " AC; < € a 1A - ){tdmrtm +'¥rd urta+}( F 21 (27e)

where || A/|| is the magnitude of the CV projected area for AC;.
The terms ;(é n are the concentration partition coefficients, )(é m= AC,, /AC ;> ACTOSS inlet throats (m =t,in), pore (m = p) and

outlet throats (m =t,0), whose sum is equal to one (neglecting any interfacial resistance, see below). ;(5 . is determined from mass
conservation across the diffusive resistor network according to Eq. (28a)

N! in Nr,o NI in
J . J
AC’ in Z Gld in AC’v" 2 th,o’ ACI in Z th in ACPGpd (28a)
t=1
where the diffusive conductances are given by Eq. (28b)

_ DA . DA . pAY Al
fd,in = e;’m; G{d,n = e;ﬂ ; G;d = jjl') = Da, ji (28b)

Lt,in Lt,o Lp LLU

From (28a)-(28b), we yield Eq. (28c¢) for the partition coefficients ;(é . (m=t,in;t,o0;p)

J i 1! j i T

N €
Jj _ td,in td,in . i _ td,o td,o . Jo_1_ i i
Kigm=|1+ P + e S o =| 1 p + P ; xpd_l Xidin~ X1d o (28¢)
td,o pd td,in pd
A distributed interfacial conductance (i.e., resistance), .» can also be incorporated, resulting in an additional term G J/ G’ dint

in the summations of (28c). For G/ (K G’ , the partltlon coefﬁc1ents of ¢ and p would vanish due to the dominant role of G’
severely reducing the network dlffuswlty

Considering that the volume of a truncated conical throat is given by Eq. (29a)

td’ d,int’

1
Vi=L, / Ar(i) dl (29a)
0

the dimensionless tensors Finj are equal to Egs. (29b)—(29d)

Nt,in rm
=3 14 <V”> = D / 4 (l) (29b)
’ =V \Al éju =1 Cud
N,
- R AAY Al
Fi,’g=2—’< 35) G =— / D, (200
t=1 Vf A cu t=1 Cia
y )
pi 2l 1 Aq _% A 294)
P Ve A e ]l

Introducing the above results, T;j and D:?jff /D are reduced to Egs. (30)-(31)

Niin Nio 2 ij
ij A(I) A(l) ;o AY
1J — J cv
Td - thlnEZ/C Jj tl Itdu Z/C '+Zpd?m >1 (30)
Id td
——
N r<i
' <i ' <i =
tin— 10
D" o [ A A0 AU
LA 2 cv
D tdmZ/c dlfrz m'gZ/c ;,1+Zpd » A <e (31D
rd rd
——
I'e<e
Y ese ese pes

Since Yz’ o < 1 and I'7 <1, all elements of r;/ > 1 and Defl /D < 1. Delf /D =¢ (r; = 1) is reached when there are one or

more straight fluid elements oriented along j-direction, that 1s a porous prlsmatlc CV with AC; prescribed in the axial direction
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( ;(t’;j =1,¢=1and A, /AY = A i A = ¢). This is the case of the ordered parallelepipedal CV in Fig. 3(b), where the pore space
available for transport is perfectly aligned in j-direction (CV faces perpendicular to j-direction are walls). In nanometric materials
(e.g., CLs), effective diffusivity, DZifij, is reduced due to the frequent collision of gas molecules with pore walls (i.e., Knudsen

diffusion) [11,14]. Knudsen correction, f,, = D! / Delf can be incorporated through an additional multiplicative term in Eq. (27d),

kn,ij
leading to Eq. (32a)
£f ff £f £f - avg
;n,ij _ Dinu Dy ZUo_y Dj; fo=(1+ D 1<]. D _R’_’” 8R°T (32a)
D pft D D T TD,) TR TS M

where D*” is the Knudsen diffusivity derived from kinetic theory of gases, R° is the ideal gas constant, T is the operating tem-
perature, M, is the gas molecular mass, and R; ¢ and Ravg are the throat and pore average radii, Ravg (RfCV + prb)/Z and
Ravg [3v,/ (47r)]‘/ 3, respectively. The effect of R € on f,, is dominant in most situations involving small temperature and pressure
varlatlons [14 114].

The dependency of Dz‘:[j /D on Ri‘;g mainly modifies: (i) the concentration partition coefficients, )(g’m, and (ii) the contribution
of t and p to Diifij /D (neglecting the local effect on the shape factor c,;). The corrected D’.ejff /D tensor is equal to Eq. (32b)

bt L A, A, AY
U _ kn cv
D kanf”nO/C,A dlf”+){knozf O/C,A li” anpf 1’||AJ||<1 (32b)

where ;(k (m=t,in;t,0;p) is the concentration partition coefficient determined with diffusive conductances incorporating Knudsen
correction (G (DA/L) fr,)-

The nanoscale correction can be included in all diffusivity calculations regardless of the characteristic pore size of the examined
TPM, since f}, — 1 for pore sizes in the order of micrometers [14].

4.2. Absolute permeability

According to Darcy’s law, the absolute permeability tensor in creeping regime is given by Eq. (33a)

N,
ul? ! K, Ap K, Ap
Keff = v §Vu FVoup )i ==t b Uy = ——n b (33a)
1 API = t,i i 1, u L;aq 1,i i u Lf,q i

where 4 is the dynamic viscosity, Ap,, Ap, is the pressure difference across 7,p, and u,;,u,; is the i-component of the interstitial
velocity in t, p. Kfjff is independent of u as given by Darcy’s law [2].
Considering Carman-Kozeny analysis [115], (33a) can be expressed in terms of the characteristic permeability of the fluid net-

work, K IE leading to Eq. (33b)

i

ff N, ff ff ff 2
K K K K& d; 4e
= 2 el K=ty gy== (33b)
K, “K;, K, Ky 4 16k, a

where k,, is the cross-sectional shape factor derived from Darcy’s friction factor (k, = 2 for circular throats), and d,, is the volume-
average hydraulic diameter, with a the specific surface area (per unit total volume). The effective permeability tensor, K,.ejff /Ky,

takes the expanded form of Eq. (33c) (similar to ijff /D)

ett Niin Nio

4D ; Koo, 4G,
rhmsz/ ZKf_/ 1i thfap ||A_j” (339)

where K, and K, are the hydraulic permeability of ¢ and p, respectively. The pressure partition coefficient, )(,J; m=Apy/Ap; (m=
t,inyt,0; p), is obtained from mass conservation in the equivalent resistor network of hydraulic conductances. For incompressible
flow, we can write Eq. (33d)

A (l)

i

Niin Nio Niin
Jj o Joo. Jj o J
APz,m Z Gth,in - Apts” Z Gth,o’ AP[J" Z Gth,in - Apl’Gph (33d)
=1 t=1 t=1

where the hydraulic conductances of t and p for Ap; are equal to Eqgs. (33e)~(33f) (considering k, =2 for both ¢ and p in a first
approximation)

Aref 2
j _ tinfo K = ht d.  =2RfY (33e)
= e ek, M )
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KA KAl d, 3V,\ '/
Gl =l gl g = My, =R, =2 (330)
p uL? wor 16k, ” 4n

The addition of a distributed hydraulic resistance, G;l e
way as for diffusion.

Unlike diffusive tortuosity, hydraulic tortuosity cannot be directly extracted from the calculations due to the absence of a universal
relationship between permeability, K;;, hydraulic tortuosity, z; .., and microstructural parameters (e.g., porosity, ) without fitting

in the calculation of the partition coefficients can be performed in the same

ijs
parameters. Indeed, the value of the Carman-Kozeny constant, Kc o and Th ; are both unknowns in the Carman-Kozeny equation, so
the determination of one is necessary to calculate the other. Here, the approach proposed by Duda et al. [116,117] to determine the
hydraulic tortuosity based on the magnitude-to-component velocity ratio was used, as given by Eq. (34a)
Clafiy >y Clall)
@y D)
||/ il i) ||
rﬁ=<”u“ L JJ > Al Iyl > Al IZI ) 51 (342)
(@) (uy) (uy) (u5)
C(lairy - Clanry - Cllall*)
@) ) )

where ||@||/ and uf are the velocity magnitude and the i-component of the velocity vector for Ap;, respectively, and (z) =

/v, wa 7 dV is the volume average operator. KZ{ can be directly extracted from the computed values of K;; and rizj [42,115],
according to Eq. (34b)

3 3
3 ij 3
v= S KT, (34b)
chrija ijT; 49

In nanometric materials, the viscous resistance of gases decreases due to the presence of a slipping boundary condition at pore
walls when the mean free path, 4, is comparable to the pore radius, avpg [118]. This nanoscale effect can be incorporated on
top of Poiseuille’s flow by introducing a molecular correction factor, F;, — a rather similar approach to Knudsen diffusion. For
incompressible flow, we yield Eq. (35a) [119]

_ Ktp Aptp 4cA
u= P L‘q Fkn’ Fkﬂzl'l'F\;g (353)

where ¢ is a collision proportionality factor (¢ ~ 1). According to the kinetic theory of gases, A depends on viscosity, temperature
and average pressure, p**¢, according to Eq. (35b)

R°T u

/2 e (35b)
g p
The corrected permeability tensor, Kicjff /K, is equal to Eq. (35¢)
1
Keft N,,,, LK, Nio A (l) K, Al
2 J kn j kn 2 “tev
=y . — / di¢, ; + y F / Fhn 2 42 v (35¢)
Kf sl,m < th / CU i slo Zl 1,0 Kf ACL i slp p Kf P ||AJ||

where ;(f | m (m=in;o;p) is the pressure partition coefficient determined with hydraulic conductances accounting for the slippage

correction (G = (K A" / L¢q) Fkm),

When pressure can be assumed constant (p ~ p**#), Fy, can be taken into account for porous media of any pore size, since Fj,, — 1
for pore sizes above 1 pm (as in the case of f;,). However, in applications where p**¢ cannot be assumed constant, the nonlinear
dependency between i and Ap introduced by F,,(p) must be included at the CV scale using Kirchhoff’s transformation. Considering
the linearized potential of Eq. (35d)

p
(E):/F""(n)dn /1+—<\/ R T”)dn, (35d)

0
we yield Eq. (35e) at the CV scale to be solved numerically in a CFD solver

Keff
V. <_ Y > =0 (35e)
U

where Kf.ff is the permeability tensor determined without the nanoscale correction factor (Eq. (33a)), and R/ is the average CV pore
radius (see Section 3).
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The pressure field with the nanoscale correction factor can be determined through the inverse Kirchhoff’s transformation by
solving Eq. (35f)

pcfd

®°fd—/F""(;1)d11 /1+—<\/ RT”)dn 0 petd (350)
0

It is worth noting that the present method allows the combination of non-linear effects and spatially-varying microstructural
properties at the CV scale (e.g., specific surface area, radius, porosity, coordination number, etc.) during the calculation of inverse
Kirchhoff’s transformation in a CFD code. Although possible, the incorporation of non-linear effects at the sub-CV scale is not
convenient because calculated effective properties depend on the actual pressure, complicating the data export methodology.

For applications at Reynolds numbers higher than one (based on the average pore/solid diameter), the non-linear dependency
between # and Ap beyond Darcy’s regime can be important. The so-called Forchheimer equation is given by (36) [120]

-1
N N _
Vp=—— = Crpllilla= = <chf +ch||u||> Vp 36)
ij ij
where ||| is the magnitude of the superficial velocity vector. In CFD simulations, the Forchheimer constant, C, may be expressed
as a function of local microstructural properties using correlations determined from DNS at a finer scale (see, e.g., [121-123]).

4.3. Solid-phase effective conductivity tensor

The solid-phase conductivity (electrical, ionic or thermal conductivity) can be extracted from the solid network considering also
a Laplace-like conservation equation [5]. However, the more intricate topology of the solid network complicates the extraction of
effective transport properties based on a 3D analysis. The main drawbacks are: (i) the lack of a clear criterion to determine inlet and
outlets depending on the j-direction under analysis due to the absence of a central conductive element, and (ii) the presence of a
no-flux boundary condition at solid-pore interfaces rather than a Dirichlet boundary condition. The analysis of the solid phase can
be simplified by working independently on each solid node ns (see Fig. 2), and then averaging the effective conductivity among all
solid nodes. The calculation on each solid node can be performed using a 1D continuum approximation to account for the volume
reduction originated by fluid throats. This approach is a reasonable approximation for analyzing the solid phase given the relevance
that contact resistances often play in solid conduction and the irregular arrangement of solid matrices (especially in the case of
multi-component TPM) [17]. More elaborated models could be implemented by complementing the method with DNS and machine
learning.

According to Fourier’s or Ohm’s laws, the effective conductivity tensor is given by the volume-average flux in a CV, j='¢, divided
by the macroscopic scalar gradient in j-direction, As;/ Lﬁ{) An arrangement of CV partitions throughout the solid network must be
assumed. For simplicity, we shall consider a parallel arrangement of CV partitions, so that the macroscopic flux in each CV partition
is proportional to As j/ L!J. Moreover, the central pore body can be removed from the analysis, since the internal flux j, is null
therein. Introducing these simplifications, the normalized solid-phase conductivity, Sfjff /S, is directly given by the volume-average
effective conductivity of each solid node ns (see Eq. (37a))

ff . ij N, ff ff N, ff
S B j?vg _ L“ ' Siej As; ;cj 1 ' Siej
S T aeg Taas XS | m s T A s @72
ASj/Lc 5 ns=1 ns L, €U ps=1 ns

where S and s are the bulk property and the scalar under analysis, and V,,; and Sl.cjff /S . are the volume and normalized effective
conductivity of ns, respectively. A

For a given j-direction, the flux j, can be quantified by the average flux between all face pairs ps preferentially oriented in that
direction. The i-component takes the form of Eq. (37b)

i N
. J oL As
.J Xns Z J
Jsi = S—=12,l, (37b)
ns.,i NIJ,S = L;z,j
leading to Eq. (37c¢) for Sfjff / S|
ns
Seft i 3
_ ns,i Ens Xns Z |f | (37C)
P ps,i
S|, SAs; /L fres

23

where L{,S is the equivalent length of node ns under bulk conditions without fluid throats (L,,s / Leq” ), ;(,,S is the partition

coefficient of ns, N [{S is the number of face pairs in j-direction corresponding to ns, and |Z ;| is the absolute value of the i-component

<1

ps,i
of the unit direction vector between the centroids of solid pair ps. Note that all elements of Sfjff /S| <1, since ;({,s <L |8,

ns ’
and g, < 1.
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The partition coefficient ;(;S is obtained from flux rate conservation in j-direction between solid node ns and a distributed contact
conductance, Gg int? placed in series (see Eq. (38))

i J J
G’ int S ref,j 1 Nps 1 Nps
y === J = ns_ Areld — Z Aty pead — 2 L9 (38)
ns GJ ns Leq’j ns Nj s ps NJ ps
ns ns ps np=1 ps ps=1

where Afff’j and Lfg’j are the mean reference area and equivalent length among all solid pairs ps in ns, respectively.
The analysis of multi-component TPM is straightforward using the above formulation. The only modification is that the volume

fraction of the corresponding solid phase k, e”;s, must be considered. As a result, the volume-averaging weights in (37a), and the

eq.j

equivalent length ratio L{;S /Lps

and partition coefficient in (37c) change depending on the composition of solid node ns.
5. Implementation methodology

The main features of the implementation methodology of POREnet based on the methods presented in the previous sections are
summarized in Fig. 4. The flow chart can be decomposed into five steps:

Step 1. Generation of continuum CV tessellation. A CV tessellation is generated. As commented in Section 2, infinitely many
tessellations can be considered either based on ordered or random CVs to describe spatially-varying properties of a TPM.
Polyhedral Voronoi tessellation based on seed point generation provides a widespread, versatile framework. In multi-region
TPMs, several regions can be incorporated via bounding box identification. Sub-regions are added sequentially on top of
a “background” region that spans the entire domain. The multi-layer approach ensures that the full modeled domain is
covered by tessellated CVs.

Step 2. Extraction of fluid and solid networks on a CV basis. A pore-throat geometry of pore space within each CV is generated,
which is composed of a central pore body geometrically similar to the CV and truncated conical throats connected to every
CV face. The solid network encompasses the surrounding shapeless space in a CV, which is subdivided into solid nodes
or partitions to facilitate subsequent calculations. Voronoi cells are uniquely defined by their conforming vertices and co-
planar faces. Geometrical information (e.g., volumes, unit direction vectors, areas, inlet/outlet labels, etc.) is determined
through a mixture of numerical and analytical operations to reduce computational time. Geometrical parameters can be
adjusted to modify properties, such as porosity, throat conicity and spatial composition of multi-component materials,
among others.

Step 3. Calculation of effective properties on a CV basis. Microstructural properties of every CV (porosity, specific surface area,
coordination number, anisotropy ratio, average pore radius, etc.) are determined using the geometrical descriptors ex-
tracted in Step 2. Effective transport property tensors (mass diffusivity, permeability, and solid-phase conductivity), entry
capillary pressure and contact angle are computed by means of: (i) tensorization of volume average fluxes of fluid and
solid networks, and (ii) empirical, numerical or semi-empirical correlations expressed as a function of local microstruc-
tural properties. 3D tensorization requires a CV metric to account for the alteration of bulk, isotropic space originated in
a tessellated CV with inlets and outlets, thus providing an adequate reference to normalize discrete transport resistances.
Correlation of local effective properties is useful to model fine regions of multiscale TPM assemblies with large disparity of
scales (e.g., MPL+GDL). Calculated microstructural and transport properties are stored both on a CV basis and on a voxel
basis for subsequent manipulation with image processing techniques.

Step 4. Addition of sub-CV features on a voxel basis. Interfacial regions and defects in porous assemblies are frequently found
in TPM. Microstructural and transport properties with a resolution lower than the CV size can be added on a voxel
basis using image processing. Voxel-scale operations can be performed through direct manipulation of previously saved
matrices, such as addition of mixed interfacial properties and cracks in a selected bounding box or superimposition of
macroscopic features from ex-situ images. In addition, the modeled domain can be enlarged by replicating an originally
generated sample stochastically in the material plane. Stochastic replication is a powerful approach for upscaling the area
of a domain up to one order of magnitude with a much lower computational time than direct generation through Steps 1-3.
Communication with external image processing softwares (e.g., Fiji [124]) is not currently supported but can be useful for
fast application of filters, boolean operations, etc.

Step 5. Data saving, mesh interpolation and CFD modeling. Data are saved on 3D image stacks with single precision. Anisotropic
voxel sizes can be specified by introducing a scaling parameter of order unity in x, y, z-space on cubic voxels. Image scaling
assumes that pore-scale composition is similar in larger CVs, an approach that can be used to enclose larger computational
domains with reduced spatial resolution of heterogeinities. Previously extracted effective properties remain unchanged at
this step. Other formats to export voxelized data are possible, such as binary ASCII files. Interfacial CV-CV properties (e.g.,
discrete entry capillary pressure between CVs) must always be exported to binary ASCII files as a sparse adjacency matrix
based on CV identifiers. Saved image data are interpolated to centroid coordinates of a computational mesh (exported from
the CFD solver). A fast k-nearest neighbor algorithm can be used when image and mesh resolutions are similar. The inter-
polated data are saved on a binary ASCII file to be read in the CFD solver (e.g., via user defined functions programmed in
C language for ANSYS Fluent). Simulation of linear and non-linear Laplace equations can be carried out depending on the
capabilities of the CFD software. Solution of other types of equations (e.g., Forchheimer term in Navier-Stokes equations)
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Fig. 4. Flow chart of the implementation methodology of POREnet. From a tessellated pore-scale description of a TPM, local effective transport properties are extracted
toward the solution of differential conservation equations in a CFD solver.

is also possible if effective transport properties are not obtained from a tensorization method but from a local correlation
with microstructural properties. CFD simulations can be used to either compute overall effective transport properties in a
full TPM domain or to perform more realistic multiphysics, multiphase, multiscale simulations.

6. Results

The modeling approach was tested against a collection of cases extracted from electrochemistry due to the variety of transport
processes and extended use of TPM (see, e.g., [5,6,125]). As listed in Table 1, four case studies were analyzed: (i) a GDL with a
cracked MPL, as those frequently used in PEMFCs [125]; (ii) a macroporous electrode with a bimodal pore size distribution, as those
investigated in RFBs [13,126]; (iii) a CL of a PEMFC, as an example of a fuel cell or battery microporous electrode [11,12,14,60]; and
(iv) an ion-exchange membrane (e.g., Nafion in protonated form), as an example of non-linear mesoscopic modeling at nanoscale [4,
127]. The average pore radii of the different TPM are: (i) GDL+MPL, R s~ 11 pm+ 150 nm, (ii) bimodal macroporous electrode,
R R 9 um and R 2R 17.5 pm, (iii) CL, R R 37 nm, and (iv) membrane, R R 4 nm. The sample area was set around one order
of magnitude larger than the average pore size, while the thickness was determined either according to the finite size of the modeled
material or to reduce computational time in a REV (e.g., CL and membrane). No attempt was made here to model domains with large
pore populations, such as a single electrochemical cell or a CL along the full thickness. The transport properties of the macroporous
electrode, CL and membrane were generated using exclusively the tensorization method presented in Section 4, even though only R,
was used for mesoscopic modeling of the membrane. Isotropic microstructural properties were considered in the regional generation
process of the various samples using a random Voronoi tessellation. For the multiscale GDL+MPL assembly, the transport properties
of the macroporous GDL were also calculated using the tensorization method but modifying the random CV tessellation to obtain
more anisotropic properties with preferential alignment in the in-plane direction. The fine pore structure of the MPL was reproduced
using a random, isotropic CV tessellation with an average size 5 times smaller than the GDL, N, =2.5 X 10* pores in each CV, and
reducing the pore size by a factor S, = 18 with respect to the value used for the tessellation. MPL properties were correlated as a
function of local porosity. The above variety of generation routes allowed us to assess the correct functioning of the algorithm in
a wide range of scenarios. ANSYS Fluent was selected as the CFD solver. Only the diagonal elements of the property tensors were
considered in the simulations due to the larger numerical stability.

The simulation campaign spanned around 400 simulations, completed over the course of 1-2 days using a conventional worksta-
tion with 12 processors and 128 GB RAM memory. For the GDL+cracked MPL, diffusivity and two-phase IP simulations were run
for 15 MPL crack volume fractions, ezzlck, ranging between e';z ::k ~ (0 — 0.1 with 8 realizations per value (120 simulations). Crack
density was modified by varying the number of seed points used to mimic the crack geometry from edges of Voronoi cells. For the
macroporous electrode, permeability calculations were run for 21 secondary macropore volume fractions, €,,..,, varying between
€ ~ 0 — 0.6 with 5 realizations (105 simulations). The secondary volume fraction was augmented by increasing the number of

macro
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Table 1

Case studies examined for model testing: (i) GDL+cracked MPL, (ii) macroporous electrode, (iii) CL (i.e., microporous electrode), and (iv) ion-exchange membrane.
It is indicated the average pore radius, the sample area and thickness, the examined physical variable and the corresponding model variable used to modify it, the
analyzed range, and the number of values and realizations (per value) simulated in each case study. For the macroporous electrode, the average pore radius of the
secondary macropore region is included between brackets.

Case study Average Area Thickness ~ Physical variable Model variable Range Number of values

pore radius (realizations)
GDL+cracked MPL 11 pm 1.5 x 1.5 mm? 250 um Cracks volume Cracks seed points 0-0.1 15 (8)

+ 150 nm fraction
Macroporous 9 um 1.5x 1.5 mm? 500 um Secondary Secondary 0-0.6 21 (5)
electrode (17.5 pm) macroporous cylindrical

volume fraction sub-regions

Catalyst layer 37 nm 33 um? 1 um Porosity Pore scaling factor 0-0.8 24 (5)
(microporous (component fraction) (0-0.5)
electrode)
Ton-exchange 4 nm 600 x 600 nm?> 200 nm Relative humidity - 0.1-1+water 6 (10)
membrane (s=04)

cylindrical sub-regions preferentially aligned in the material plane. For the CL, diffusivity and conductivity simulations were run for
24 electrode porosities (¢ ~ 0 — 0.8) and 5 realizations, considering three multi-component solid compositions (g4 =05,0.3,0.2),
i.e., variable component volume fraction (per unit total volume) between ¢, ~ 0 — 0.5 (120 simulations). The electrode porosity
was modified using the pore scaling factor a,,. For the membrane, only the operating relative humidity (RH) was examined and
no material parameters were further adjusted. Mesoscopic diffusivity and conductivity simulations were run for 6 humidifications,
RH=0.1,0.2,0.4,0.6,0.8 and RH = 1+liquid water (saturation, s = 0.4), with 20 realizations per value (120 simulations).

According to Eq. (39a), normalized effective properties in the full sample (either diffusivity, permeability or conductivity), Hj;f /10,
were determined by volume averaging the flux in j-direction, J;, subjected to Dirichlet boundary conditions with a scalar difference
Ar; - no-flux boundary conditions were prescribed in the remaining surfaces

v - (39a)

where L; is the sample length in j-direction.

For two-phase simulations, IP was evolved from an initial random saturation distribution imposed on the first two rows of the
cells facing the inlet surface [16,30]. A standard IP algorithm without trapping was implemented in parallel based on the adjacency
matrix using user defined functions in ANSYS Fluent [30]. Liquid pressure, p;, was subsequently determined by solving two-phase
Darcy’s equation on the percolated water path. This approach emulates quasi-steady-state transport of water at low capillary number
(Ca< 1) [30]. In a first approximation, s = 1 was set for macroporous features above 1 um and s = 0.5 for microscopic features
below 1 pm owing to the larger entry pressure and gradual pore filling in the latter. A more detailed formulation could be included
using semi-empirical retention curves or a bundle of capillary tubes sub-model to relate capillary pressure with local saturation, p.—s
relationship [77]. By definition, average saturation on a sample was calculated as the ratio of water volume, V,,, to total volume, V/,
throughout all computational cells, according to Eq. (39b)

Sag = 72 = LZS;F = (39b)
cell
where € and V,; are the local porosity and volume of a mesh cell, respectively.

A structured, hexahedral mesh was used in all case studies examined. The mesh resolution was determined from a grid in-
dependence study, where the cell size was gradually decreased by a factor of two. The initial cell size was set five times lower
than the average pore size of the corresponding TPM under analysis (minimum pore size in the case of bimodal porous media).
Resolution-independent results with a variation lower than 1% were reached with a cell size one order of magnitude lower than the
corresponding average pore size. This level of accuracy resulted in computational meshes with around one million of cells, providing
a fine spatial description of heterogeinities and virtually equal volume average effective transport properties.

Fig. 5(a)-(b) shows the results from the analysis of the GDL+cracked MPL conducted under both dry and partially-saturated
conditions. Representative distributions of the effective diffusivity in wet condition, saturation and liquid-phase pressure are shown
in Fig. 5(c). The normalized dry effective diffusivity of the MPL, f(¢e) = Df;; /D, was modeled by an isotropic power-law function of
the form of Eq. (40) [128-130]

fmpl(e) = Eszn (40)
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Fig. 5. Variation of (a) both normalized through-plane dry effective diffusivity, f,, = D;f; D', and relative effective diffusivity, &p= Dﬁfefl (Dgfi)’l, and (b) average
water saturation, s,,,, as a function of volume fraction of cracks, e:‘rz Lk. The inset shows the number of cases with significant multi-crack invasion patterns. Mono-crack
invasion is more frequent at low crack density, and increases for middle and high crack densities. (c) Distributions of (up) normalized gas species concentration and

water saturation, corresponding to wet diffusivity and invasion-percolation simulations at different s:‘;lck, and (down) liquid-phase pressure, p,, corresponding to

mono-crack (s,

avg crack

~0.03) and multi-crack (s,,, ~ 0.16) invasion patterns at €™ ~0.055.
where the local porosity of the MPL varied between &, ~ 0.2 — 0.6 in microporous regions (lower than that of the macroporous
GDL, £4q 0.6 — 0.85) and €, =1 in cracked volume space. The Knudsen correction factor is given by Eq. (32a), considering the

molecular mass of oxygen.
The saturation exponent of the local relative effective diffusivity, g,.,(s), was fixed to n = 3, according to the previous numerical

results of Garcia-Salaberri et al. [9] (see Eq. (41))

gs)=1-s)? (41)

where s is the local saturation.
The entry capillary pressures of both the GDL and the MPL were modeled based on Washburn equation (Eq. (15a)) with 6, = 100°.
Other scenarios shall be examined, e.g., considering Purcell equation for the GDL (Eq. (15b)).
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The computed data were averaged among all sample realizations and fitted to mathematical expressions (see black lines in
Fig. 5(a)-(b)). According to Egs. (42a)-(42c), the variation of the normalized dry effective diffusivity and the relative effective

diffusivity, fip= thf; D! and 8ip= D:’Nfeft (D;ﬁ;)‘l, and the average water saturation, Save> with the crack volume fraction, szglck, are
well fitted (on average) by linear expressions (Fig. 5(a)-(b))
ge) by P g
eff
dry mpl 2
fip= D = 0.21+0.58¢ ., R*=077 (42a)
Del‘f
gp=—=t =0.8-26emr  R¥=0.62 (42b)
dry
Savg =0.02+0.34e™ - R2=04 (42¢)

The rather low R? obtained for Savg 1S explained by stochastic variations between mono-crack and multi-crack invasion patterns
(see picture at the bottom part of Fig. 5(c)). Multi-crack invasion arises when the crack density is increased due to the higher
probability of finding cracks that are connected to GDL regions with low entry capillary pressure. As shown in the inset of Fig. 5(b),
the frequency of multi-crack invasion events correlates positively with the number of cracks in the MPL, since the low entry capillary
pressure in cracks provides preferential paths for water transport [131,132]. Multi-crack invasion mimics flooding-related issues
observed in MPL+GDL assemblies with excessive defects between layers (e.g., due to inter-layer delamination), where water can
block a significant fraction of transport pathways between the channel and the CL [133]. Unlike the low average saturations reached
in mono-crack invasion (s, ~ 0.02 — 0.04), average water saturations around s,,, ~ 0.04 — 0.06 are reached in multi-crack invasion

In terms of diffusion, a higher crack volume fraction leads to two opposite effects. At dry condition, a larger number of cracks
slightly facilitates diffusion across the MPL+GDL assembly, since diffusivity in cracked void space (Dgg /D = 1) is significantly

larger than diffusivity in MPL nanometric regions (Dgf; /D ~ 0.1 —0.2). Note that Knudsen effect reduces even further the effective
diffusion coefficient at pore scales below 1 um [14]. However, the situation is reversed under two-phase conditions due to the
increase of average saturation with crack volume fraction, regardless of the invasion mode (mono-crack vs. multi-crack invasion).
The increase of both dry effective diffusivity and water saturation reduces the relative effective diffusivity in highly cracked MPLs.
Heterogeneous distribution of reactant can result in current density gradients that can impact durability. This scenario is expected
to be more representative of an operating PEMFC at low operating temperature and high RH (T =~ 40 — 60 °C,RH ~ 1). At higher
operating temperatures (T ~ 70 — 90 °C), the effect of phase-change of water must also be considered, and the presence of cracks
can either reduce or increase the effective thermal conductivity depending on the amount of stored water [134,135]. Coupled mass
and heat transport must be examined using a more elaborated two-phase model coupled with an electrochemistry model to assess
the interplay between distributed water generation and phase change of water.

The results of the bimodal macropore electrode, featuring an average pore size of 9 uym with a patterned secondary phase of
17.5 pm, are shown in Fig. 6. As shown in Fig. 6(a), the in-plane permeability, K;,, increases around one order of magnitude
(Kjpy=4—11x 1012 m?) when the secondary macropore fraction is increased ten-fold from nearly &,,,.,, & 0.05 up to £,,,.,, ~ 0.55.
However, as stated by the Carman-Kozeny equation, permeability and specific surface area are inversely related to each other,
since viscous friction is proportional to the flow wet area [42]. Consequently, as shown in Fig. 6(b), the permeability growth is
accompanied by a reduction of the reactive specific surface area. The specific surface area of the examined electrode drops from

ar0.14 pm~! at £, #0.05 to a~ 0.11 pm~! at £,.., = 0.55. According to Eqs. (43a)—(43b), both the permeability and the
specific surface area can be fitted to exponential functions of the form
K;,=3.95% 10" exp (1.88 £,0) m* R*=0.99 (43a)
a =0.14exp (—0.37 £pero) MM~ R?=0.98 (43b)

The relative effect of the secondary macropore fraction on permeability is stronger than that on specific surface area (i.e., higher
exponential argument), given that K, ~ R?r and a ~ R}l at equal porosity (as may be anticipated from dimensional analysis) [136].
The design of tailored macroporous electrodes with enhanced permeability and relatively high specific surface area has been shown
in several experimental studies (see, e.g., [126,137] among others), and continues to be a source of research in combination with
more advanced fabrication techniques, such as 3D printing [138]. The optimization of fibrous electrodes with bimodal pore sizes
enables operation at higher velocity at virtually equal pumping loss, which in turn increases both Reynolds number and Sherwood
number (mass transfer coefficient) for a fixed fiber radius [139,140] - see velocity distributions in Fig. 6(c). As a result, operation
at higher peak power densities is possible, increasing the range of available charge/discharge rates of a battery. Alternatively, active
area may be reduced for operation at intermediate power densities, leading to material saving [141]. Further work is still needed
to optimize electrode and flow field coupling. The design of both components must be synergistic to ensure an appropriate flow
distribution over the cell active area, so different electrodes can be optimal for a given flow field [142,143]. The best possible
combination is still to be determined. State-of-the-art multimaterial, multiscale 3D printing can provide a versatile manufacturing
technique to develop best theoretical designs [144].

Multiphysics and multiphase transport in CLs (and microporous electrodes) is challenging due to the small dimensions involved
and the variety of coupled phenomena that take place. Transport in CLs has motivated a large body of experimental, numerical and
theoretical work with the aim of understanding the effect of CL microstructure on PEMFC operation and optimizing this key porous
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component (see, e.g., [14] and references therein). Fig. 7(a) shows the variation of the normalized dry effective diffusivity, Dgg D,

with the electrode porosity, ¢,,, while Fig. 7(b) shows the variation of the effective (ionic) conductivity, 6T 6=!, with the component
volume fraction (i.e., ionomer volume fraction, ¢, = ¢;). Results for three different solid fractions are shown (curves with different
markers and colors): g5 =0.5 (2, red), €5 = 0.3 (o, green), and &rs =02 (v, blue). According to Egs. (44a)—(44b), the normalized
effective diffusivity and the ionic conductivity are well correlated by power laws, showing good agreement with previous numerical
and experimental data [145-149] (see corresponding distributions in Fig. 7(c))

Deff

—¥ 2026 (e, - 0.12)° R2=092 (44)
eff

7 =03e!F R? =098 (44b)
2

For a given ionomer volume fraction (¢, = ¢;), a reduction of the solid fraction leads to a gradual decrease of the ionic conductivity,
even though the effect is significantly lower than that of ¢;. The reduction is caused by the decreasing local volume fraction available
for transport in the solid phase, which originates bottlenecks even if ¢, =¢; is the same. A qualitatively similar effect has been
reported for the ionic conductivity of ionomer nanofilms due to the effect of substrate confinement and percolation [150-152]. It is
worth noting that data in Fig. 7(a)-(b) are quite dispersed among authors. For effective diffusivity, variations can be mainly ascribed
to Knudsen effect, so diffusion is hindered in CLs with a lower average pore radius due to frequent molecular collision with pore
walls [11]. Other factors that can affect diffusivity variability are the fraction of macroporous cracks and defects [153], as well as the
morphology arising from manufacturing (e.g., airbrushing vs. electrospraying [154]), aspects that have not been explicitly considered
here. Less conclusive is the scenario found for the ionic conductivity, where values up to one order of magnitude higher than those
shown in Fig. 7(b) were reported by Liu et al. [155]. These discrepancies in the ionic conductivity deserve a further analysis of
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dry diffusivity and conductivity calculations, respectively, at different € and ¢,.

the multiscale ionomer network from the scale of a carbon particle up to the macroscopic scale, passing though the agglomerate
scale. The impact of bottlenecks of thin ionomer films, the presence of thick ionomer highways and proton transport across flooded
nanoregions must be delineated [14,156]. Understanding key factors that affect effective transport properties of CLs is crucial to
ensure good manufacturing tolerances for large-scale commercialization.

The results of the membrane with graded humidification, i.e., varying RH at the bottom surface and well hydration at the top
surface, are summarized in Fig. 8. A representative piece of material with a thickness of 200 nm was examined - larger heterogeneity
can arise in state-of-the-art membranes around 10 pm thick. Mesoscopic diffusion and ionic conduction were modeled by Laplace
equation, considering a non-linear self-diffusion coefficient of water, Diff, as typically observed in Nafion, and a water-dependent

ionic conductivity, 6°!f, as given by the Nernst-Planck equation. Their expressions are given by Egs. (45a)-(45b) [4,127,157,158]

ff _ A—B
DS _A[1+tanh<T)]Yp (45a)
¢, F2 D Gy
o = Tw? pr AT (45b)
TROT

where A, B and C are constants (A =4.1 x 10710 m?2s~!, B=2.2, C =1.4), 4 is the water content in ionomer (i.e., water molecules
per protogenic group), ¢,, is the volume fraction of water, D;fi ~9x 107 m?s~! is the effective diffusion coefficient of protons,
Cy+ is the proton concentration (in the fluid phase), 7 is the tortuosity factor, Y, is the pore size coefficient, F is Faraday’s constant,
and T is the operating temperature (considered to be T' =80 °C). Cy+, ¢,, and 7 are given by Eq. (46) [127,159]

_ pdl‘y(1 _¢w) leﬁ
T Ew e,

= ; =A —¢h _2; p=— 46
WS oM 5+ EW T c(bu=9l) "5 7 o (46)

s

where A, ~0.19 Sm~!, ¢L’)’ ~ 0.02 is the water percolation threshold, py, ~ 1980 kg m~! (Nafion) and p,, are the dry density of

ionomer and water, respectively, EW = 1.1 kgmol~! (Nafion) is the equivalent weight, and M, w is the molecular mass of water.
According to Dorenbos and Suga [160], Y, decreases with increasing pore size due to the more tortuous pathways formed at
higher intra- and inter-cluster distances. According to Eq. (47), Y, can be linearly correlated with the local fluid radius, Ry, as
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Ry —R;
Yp=max 1404 T ,0 (47)
P

where R =4 nm is the reference pore size.
Introducing Kirchhoff’s transformation, the linearized potential of water content, ®,, and the backward Kirchhoff’s transformation
are given by Egs. (48a)-(48b)

A B
tanh<—>+1
C

_ ff _
®/1—/Di (m) dn=AClog B (48a)
0 tanh(T)+1
tanh<é>+1
A =B-Catanh| ——<2 1 (48b)

®/1
“P\ac

where A, B and C are the coefficients in (45a).
At the bottom and top membrane surfaces, water content was assumed to be at thermodynamic equilibrium with the surrounding
RH and water saturation, as given by the water sorption isotherm at the operating temperature 7' (see Eq. (49))

[1+0.23520° (% )] (14224 = 18.922° + 1341a) a<1
heg = (49)

) [1+0.2352(%)](871+3(u—1)) a>1

where a = RH + 2s is the (effective) water activity.

As shown in Fig. 8(a) and Eq. (50a), the computed through-plane effective ionic conductivity, o-fpff

around 4 Sm~! to 15 Sm™! as the bottom surface is gradually humidified (from RH=a=0.1 upto RH=1(s=0.4), a=1.8)

, increases exponentially from

Gflff =3.lexp(l.6RH) R?>=0.99 (50a)

The strong sensitivity of ionic conductivity to water arises from the bottleneck originated at the bottom surface, which is reduced
as this surface is well hydrated. Graded water distributions in PEMFC membranes can be problematic due to dry-out of the anode
side when a cell is operated with an oversaturated cathode and a dry anode at intermediate voltages [161,162]. Eventually, a cyclic
response can be achieved if liquid water is periodically released from the cathode inlet, so that current density oscillates between
low and high performance levels, as previously observed by Garcia-Salaberri et al. [163]. In recent years, a growing effort has
been devoted toward PEMFC operation at low humidification or even without any external humidification due to cost and weight
reduction, and system simplification. However, operation at low humidification usually leads to a premature dry-out of the anode
side, even if both flow fields are dry, because of water generation at the cathode and electro-osmotic drag. The design of membranes
with increased water uniformity is not only necessary to increase average water content but to reduce local bottlenecks for proton
conduction and heterogeneity, which can exacerbate membrane degradation. This aspect is emphasized in Fig. 8(b)-(c), which shows
the variation of the homogeneity factor, HF, defined according to Eq. (50b)

HF=1- 20

(50b)

e
where Aj, = max(j,) — min(j,) is the amplitude of current density variation, and j;vg is the average current density. According to
Eq. (50c¢), HF can be described through a logarithmic function, which passes through the point (1, 1) (reference uniform condition)

HF =1 +log(0.05RH) R%>=0.73 (50¢)

Water uniformity at low RH can be enhanced by increasing the number of adsorption points for water uptake and/or increasing
the connectivity of water clusters. Strategies to accomplish this goal are the use of nanocracked membranes, membrane thinning
and/or the incorporation of secondary porous phases, such as (doped) metal or covalent organic frameworks [164-167].

7. Limitations

The method introduced here is conceptually equivalent to PNM. The main difference arises in the description of pore network
morphology, which is based on a tessellated CV decomposition in POREnet. Therefore, unlike PNM, the main limitation relies on
the construction of a realistic tessellated representation of porous media space, which matches the coordination number and the
spatial distribution of pores observed experimentally. This limitation can be mitigated by: (i) the combination of various tessellation
algorithms rather than only Voronoi tessellation, and/or (ii) the extraction of tessellated CV networks from tomography images using
algorithms based on watershed filtering. Another disadvantage is caused by the larger number of computational nodes needed to
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Fig. 8. Variation of (a) through-plane effective ionic conductivity, o-f[ff o1, and (b) current density homogeneity factor, HF, as a function of RH at the bottom surface,
RH. RH in the upper side is kept at fully humidified conditions with liquid water (RH = 1, s = 0.4). (c) Distributions of water content per protogenic group, 4, and
normalized through-plane current density, corresponding to diffusivity and conductivity calculations, respectively, at different RH. HF =1 is achieved when both
sides of the electrolyte are well hydrated (RH= 1,5 =0.4).

describe heterogeneity, since several computational cells must be present in every tessellated CV. This drawback can be overcome
thanks to the computational power of numerical schemes available in state-of-the-art CFD softwares. Further work is still needed to
perform a one-to-one comparison against PNM and experimental data considering porous media with different morphologies (e.g.,
soils, rocks, fibrous materials, foams, etc.). The computational performance of using a continuum formulations must also be tested in
supercomputing clusters.

In addition, it is worth noting that the present method relies on discrete algorithms to model IP under two-phase conditions
despite the continuum formulation adopted for other transport processes. A fully continuum implementation may be achieved by in-
corporating microstructural information extracted from POREnet into a continuum two-phase formulation. For example, introducing
local retention curves expressed in terms of local entry capillary pressure, and solving the heterogeneous partial differential equation
for liquid saturation by means of Kirchhoff transformation.

8. Conclusions

Unlike pseudo-infinite domains in soils and rocks, thin porous media, TPM, are characterized by having a lateral dimension in
the material plane much larger than their thickness. As a result, TPM present striking features which deserve special consideration,
including but not limited to finite size, manufacturing defects and possibly a lack of separation between pore and layer scales. In this
work, a novel general-purpose tool for extracting effective properties of multifunctional TPM, POREnet, has been presented. Effective
transport properties implemented in POREnet are mass diffusivity, permeability, solid-phase conductivity (e.g., thermal conductivity
or ionic conductivity), and entry capillary pressure and contact angle under two-phase conditions. Knudsen and slippage effects in
nanoporous materials are also taken into account for diffusivity and permeability calculations, respectively. In addition, the code
allows conductivity calculations of multi-component TPM with several solid phases and local contact resistances.
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The method is built on a continuum tessellation of macroscopic porous regions using a Voronoi diagram (i.e., control volume,
CV, assembly). Local effective property tensors are extracted from every Voronoi cell or polyhedron using a discretized dual pore
network, PN, which is composed of a pore body and connecting throats, along with the surrounding solid space. Local effective
transport properties are determined by volume averaging of the corresponding flux, normalized with respect to bulk transport in
each Voronoi cell. 3D bulk fluxes are calculated thanks to the gradient theorem, which provides an appropriate metric for tessellated
space with inlets/outlets. Unlike fully discrete PN methods, the calculation of local effective properties on a CV basis allows data
saving in a continuum basis with 3D image stacks. As a result, interfacial and sub CV scale features can be added on 3D image
stacks to reproduce layer-layer interfacial regions or manufacturing defects, such as high porosity in cracks. After post-processing,
data can be exported to CFD meshes for simulation. The resulting modeling approach provides a versatile methodology for modeling
multiphysics, multiphase and multiscale problems in conventional CFD codes, where a large variety of solution modules is available.
In particular, the proposed method simplifies the analysis of transient problems and the coupling of discrete and continuum models
using a single framework, as it is found when coupling a free-stream flow with a PN model at channel interfaces. Interfacial contact
resistances can also be easily incorporated through robin boundary conditions.

The method was tested against a miscellaneousness of examples involving TPM from electrochemical applications: (i) gas species
transport in a multiscale porous assembly (gas diffusion layer + microporous layer) under two-phase conditions; (ii) convective
transport in macroporous electrodes with a bimodal pore size distribution; (iii) gas species transport and multi-component conduction
in a nanoporous catalyst layer; and (iv) non-linear water transport and percolative ionic conduction in a membrane with a graded
RH profile. These contrasting examples allowed us to check the correct functioning of POREnet, while discussing important aspects
of transport in TPM and open questions to be addressed.

Several aspects warrant closer attention. Future work shall be devoted to: (i) generation of tessellated domains from tomography
images using, e.g., watershed transform; (ii) implementation of other effective properties, such as mechanical properties based on
composite material theory and Sherwood number based on generalized Lévéque equation; and (iii) optimization of the numerical
code implemented in Matlab and speeding-up the code using faster, low-level programming languages (e.g., C++ or Julia). In
tandem, the method should be tested not only to determine global effective properties, but to model multiphysics problems in a CFD
software.

Nomenclature
Symbols

area / m?

dimensionless area / —

anisotropy ratio / —

specific surface area (also activity) / m~! (9
species concentration / molm™3

centroid coordinate / m

capillary number / -

dimensionless shape factor or collision factor / —
Forchheimer constant / —

bulk mass diffusivity / molm=2s~!

diameter / m

expected value / IS units

ionomer equivalent weight / kg mol ™!

unit Cartesian vector in j-direction (x,y, z) / -
slippage correction factor / —

normalized dry diffusivity (also Knudsen factor) / — (-)
conductance of transport mode m in j-direction / m?s™! (m=d); m® (m=h); WK1, S (m=35)
relative effective diffusivity / —

homogeneity factor / —

height / m

scalar transport flux / IS units

diffusive, conductive flux / molm=2s~!, Wm=2, Am2
absolute permeability / m?

Carman-Kozeny constant / —

permeability shape factor / —

length / m

control volume metric / m

longitudinal coordinate / m

unit longitudinal vector / —

molecular mass / kgmol ™!

number of element i / -
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spatial position vector (point) / m

pressure / Pa

entry pressure / Pa

radius / m

universal gas constant / JK~! mol™!

bulk solid-phase thermal, electrical conductivity / Wm~!K~!, Sm~!
downscaling factor / —

solid-phase scalar, e.g., temperature, voltage (also saturation) (also apothem) / K, V (=) (m)
temperature / K

velocity vector / ms™!

volume / m3

primary in-plane coordinate / m

through-plane coordinate / m

secondary in-plane coordinate / m

MR X IENS LhxRET v

Greek letters

pore/throat isotropic scaling parameter / —

pore/throat directional scaling parameter / —

dimensionless parameter tensor / —

angle beyond the apex of a curved throat (also apex semi-angle in Fig. 3) / -
extended distance of “background PM” around modeling domain / m
volume fraction per unit total volume of phase/component i / —
integration variable (Kirchhoff’s transformation) / IS units

linearized potential (Kirchhoff’s transformation) / IS units

contact angle / —

mean free path (also ionomer water content) / m (-)

dynamic viscosity / kgm™!s™!

scalar transport diffusivity / IS units

transport scalar / IS units

density / kgm™3

surface tension (also ionic conductivity) / Nm~! (Sm~")

tortuosity tensor of transport mode m / —

pore size coefficient / —

water volume fraction in ionomer / -

partition coefficient of transport mode m in j-direction / —
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Pl
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Subscripts and superscripts

avg average
b base

bulk bulk property

c capillary

cfd computational fluid dynamics
cl catalyst layer

cv control volume

d diffusive

dry dry condition

eff effective

eq equivalent

f fluid

fev control volume face
fpb pore body face

8 gas

gdl gas diffusion layer
gen generation

h hydraulic

i i-direction

ij tensor indices

in inlet

int interfacial

ip in-plane direction

J j-direction
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kn Knudsen
I} liquid
max maximum
min minimum
mpl microporous layer
ns solid node (ns=1,...,N,)
0 outlet
pore
ps solid pair in solid node ns (ps=1,... SN,
ref reference
s solid phase
t fluid throat (r=1,...,N,)
th threshold
tp through-plane direction
w water
wet wet condition
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