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Abstract 

Nuclear magnetic resonance is a very useful tool for 

characterizing molecular configurations through the measurement 

of transition frequencies and dipolar couplings. Tlie measure-

ment of spectral lineshapes, spin-lattice relaxation times, and 

transverse relaxation times also provide us with valuable inform-

ation about correlations in molecular motion. The new technique 

of multiple qauntum nuclear magnetic resonance has numerous 

advantages over the conventional single quantum NMR techniques 

in obtaining information about static and dynamic interactions 

of coupled spin systems. 

In the first two chapters, we discuss the theoretical back-

ground of spin Hamiltonians and the density matrix formalism of 

multiple quantum NMR. Tlie creation and detection of multiple 

quantum coherence by multiple pulse sequence are discussed in 

chapter III. Prototype multiple quantum spectra of oriented 

benzene are presented. Redfield relaxation theory and the 

a 



application of multiple quantum NMR to the study of correlations 

in fluctuations are presented in chapter IV. A specific example 

of an oriented methyl group relaxed by paramagnetic impurities is 

studied in detail. In chapter V we present the study of possible 

correlated motion between two coupled methyl groups by multiple 

quantum NMR. For a six spin system it is shown that the four­

quantum spectrum is sensitive to two-body correlations, and serves 

a ready test of correlated motion. In chapter VII we present the 

study of the spin-lattice relaxation dynamics of orienting or 

tunneling methyl groups (CH
3 

and cn
3

) at low temperatures. The 

anisotropic spin-lattice relaxation of deuterated hexamethylbenzene, 

caused by the sixfold reorientation of the molecules, is investi­

gated in chapter VIII. The NMR spectrometers and other experi­

mental details are discussed in chapter IX. 

b 
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I 

THE SPIN HAMILTONIAN 

1.1 Introduction 

·~ Nuclei, as well as fundamental particles, have individual 

attributes. Some examples are mass, charge, and spin. The spin 

angular momentum of any particle only takes the value of a non-

negative integer or a positive half-integer in the unit of h. 

For example, the spin of electron, proton, neutron, nuclei of 

13c and 19F is one half. Nuclei of 2H and 14N have a spin 1, 

12 16 whereas the nuclei of C and 0 have no spin. A particle with 

.... 
spin I has a magnetic dipole moment lJ associated with it, and 

.... .... 
lJ = hyl ' (I.l) 

where y is a magnetogyric ratio of the particle. Table 1.1 shows 

1 the value of y for several common particles. 

v1e are primarily interested in the nuclear magnetic 

resonance (IDIR) of organic molecules; hence we shall focus 

mainly on the nuclei of hydrogen and deuterium atoms--namely, 

the proton and the deuteron. 

The nuclear spins in a molecule can interact with neighbor 

spins by direct dipole-dipole interaction, and also by indirect 

spin-spin interaction via orbiting electrons. Also, they can 

interact with an external static field or an oscillating magnetic 

field of an electromagnetic wave. For nuclei with spins greater 

than one half, the spins can interact with their local electric 

field gradients, also known as nuclear quadrupole interaction. 
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1.2 The Zeeman interaction 

In the presence of an external magnetic field,·quantUJl1 

theory demands that spin cannot have an arbitrary orientation. 

Only a few states are allowed and they are characterized by 

the spin magnetic quantum number m. The z-component of the 

spin angular momentum hiz is quantized, and Iz can take on one 

of a set of discrete values -I, -I+l, ••• , I. The interaction 

between spin and an external magnetic field B along the z-axis 
0 

is described by the Zeeman Hamiltonian H , z 

-+-+ 
H = -yit I• B z 0 

= -yit I B 
' z 0 

or 

E = -yil.B m m 0 

= -mhw , 
0 

where w is the Larmor frequency. The Larmor frequency of 
0 

(!.2) 

(!.3) 

several common particles is listed in Table 1.1. 2 In a typical 

field of 50 kG, the proton has a resonant frequency at about 

210 MHz. The energy levels of spin I in a magnetic field consist 

of 21+1 multiplets with an energy separation of hw . 
0 

Because of the shielding effect of the surrounding 

elect~ons, the nuclear spins do not experience a common magnetic 

field B
0

• They experience slightly different local fields Bi's, 

3 and 
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Table I.l 

The Resonance Frequency and ~mgnetogyric Ratio 

., 
y(radians/sec 10 KGauss) Frequency (MHz/10 KGauss) I 

1/2 3 4 
' e 1.759 X 10 2.800 X 10 v 

~ 1/2 2.675 42.577 

n 1/2 1.833 29.175 

13c 1/2 0.673 10.705 

19F 1/2 2.518 40.055 

2H 1 0.411 6.542 

14N 1 0.193 3.072 

y-



Hz • -ttr.I i •(1-a) •B 
. i i - -i 0 

• -tty t· Ii (1-ai )Bo 'i ,z ,zz 

• -hw L Ii (1-ai ) 
0 i ,z ,zz (1.4) 

where ~ is a unit tensor, and ~i is the local shielding tensor 

of the second rank. The shielding is determined by the local 

-6 electronic structure, and has a magnitude order of 10 • It is 

small but plays a very important role in identifying molecular 

structure. 

1.3 The dipole-dipole interaction . 

The nuclear spin can interact with the magnetic field 

produced by neighboring spins. The dipole-dipole interaction 

1 3 is described by the dipolar Hamiltonian ~ as ' 

-+ -+ -+ -+ -+ -+ 
Ii•I. 3(Ii•r)(I.•r) 

[ 3 J - ----=-_,5 _ _,]~..---_] (1.5) 

rij rij 

where rij is the internuclear distance. ~ij is a traceless, 

symmetric tensor of the second rank. Since the dipolar coupling 

strength is much weaker than the Larmer frequency, we may ignore 

the non-secular part of the dipolar Hamiltonian that does not 

commute with the Zeeman Hamiltonian. The secular part (truncated 

Hamiltonian) can be expressed by3 

-. 
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~ ........ 
BL • ~ D (31 I - Ii•Ij) 
ll i<j ij i,z j ,z ' (1.6) 

and 

' (1.7) 

where eij is the angle between the z-axis and the internuclear 

vector. 

For heteronuclear dipole-dipole interaction, the flip-flop 

.... -+ 
term Ii+Ij- + Ii-Ij+ in Ii•Ij may also be neglected, since it does 

not commute with the Zeeman Hamiltonian if nuclei i and j are 

different species. 

Assume we have two unlike species I and S; the secular part 

of the dipolar coupling between them is given by 

\' 
L 2Dij Ii 

i<j ,z 
s j,z 

1.4 The indirect spin-spin coupling 

(1.8) 

The nuclear spins can interact with each other through the 

second order effect of hyperfine coupling via electrons. The 

indirect spin-spin interaction can be written as 

H .. 
J 

(1.9) 

where ~ij is a second-rank tensor. 

If we neglect the non-secular part, the remaining secular 

3 term is given by 

., 
'$ 
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, (1.10) 

where Jij is the isotropic average of the tensor ~ij" J~so is 

the anisotropic component that vanishes if the molecule undergoes 

isotropic tumbling as happens in liquid phase. 

1.5 The quadrupole interaction 

Nuclei with spin I greater than one half possess an electric 

quadrupole moment because of the non-spherical distribution of 

charge on the nuclei. In the molecule, the nuclear quadrupole 

moment will interact with the local electric field gradient that 

is produced by surrounding valence electrons. The nuclear quad­

rupole interaction is described by4 

H ... 
Q I 

1 
(I.ll) 

where Qi is the quadrupole moment of nucleus i and vi,aB (a,B = 

x,y, or z) is the second-rank tensor component of the electric 

field gradient at site i. Laplace's equation demands that the 

tensor V be traceless and symmetric. 
'\, 

In the presence of a large magnetic field, the Hamiltonian 

4 becomes 

H = 
Q 

eQiVi 2 1 2 2 
\' ,zz [3Ii,z-Ii(Ii+l) + n (I +I ) ] 'r 4Ii (2Ii-l) 2 i i,+ i,-

(I.i2) 

where ni is the asymmetric parameter defined by 

ni = (vi -vi )/vi ,xx ,yy ,zz 
o ~ n ~ 1 (!.13) 
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lvzzl ~ lvxxl ~ lvyyl are the principle values of the electric 

field gradient tensor. For axially symmetric nuclear surroundings 

n vanishes, and 

hw 
H • l: Q,i [3I2 -I (I +1)] 

Q i 3 i,z i i ' (!.14) 

where the quadrupole strength wQ,i is defined by 

(1.15) 

1.6 Discussion 

In general, the Hamiltonian of a spin system consists of four 

parts: 

(1.16) 

In an isotropic liquid phase, all molecules undergo rapid 

diffusion and rotation. Consequently, the anisotropic parts of 

the interactions, such as dipolar and quadrupole interactions 

vanish in the time scale of NMR; and only the isotropic parts 

remain, namely, 

H = -hw 
0 

(1.17) 

Molecules dissolved in an anisotropic solvent such as liquid 

crystal are forced to align themselves in a preferential direction. 

Although the molecules are free in translational motion, their 

freedom of isotropic tumbling is impaired. As a result, the 
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anisotropic interactions do not vanish though their strength is 

generally reduced. 

The dipolar interaction between solute molecules and liquid 

crystal, or among solute molecules, vanishes due to fast diffusion. 

Only intramolecular dipolar interaction remains. 

For protons, the anisotropic spin-spin coupling J~~iso is 

negligible and HQ • 0. The Hamiltonian is given by
3 

-hw L (1-cr )I~ + r .. .. 
H = Jij Ii •Ij 0 i i,zz ,z i<. . J 

L: .... 
+ Dij(3Ii,zlj,z-Ii•Ij) 

i<j 
(1.18) 

where 

1 2 · 2 <3 cos eij-1> (1.19) 

The coupling constant Dij in the laboratory frame can be expressed 

in terms of the ordering parameters sas's of the liquid crystal. 

The coupling constants in the molecular frame can be expressed 

3,5 as 

D •. 
~J 

= - 2 
rs <3 cos ei. -1> aa J ,a 

+ (s S ) < 28 28 > 
bb- cos i' b-cos i' , CC J, J,C 

(I. 20) 
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and 

S =·.! <3 e e ~ > aS 2 cos az cos Bz - uaB a,B = a,b, or c 
' 

(I.21) 

where e is the angle made by the a-axis in the molecular frame az 

(with respect to·the field direction). 

The matrix S is traceless, symmetric, and has at most five 

independent components. The number of independent elements 

3 depends on the symmetry of the molecule. For example, there is 

only one element for the benzene molecule and methyl group. There 

are two elements for the para disubstituted benzene. 

The NMR study of partially oriented molecules in liquid 

crystal allows us to obtain valuable information about molecular 

structure by.measuring the dipolar coupling constants that depend 

on internuclear distance and relative orientation. This informa-

tion is generally not available by an NMR study of molecules in 

the liquid or solid phase. 
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II 

THE DENSITY MATRIX AND FICTITIOUS SPIN OPERATORS 

2.1 Density matrix 

For a given quantum mechanical system, any pure state I~> 

is a superposition of all the eigenstates li>, 

~~> - ·r <j li> . i 
1 

(II.l) 

The expectation value of a physical observable operator A 

at that state is given by 

(II. 2) 

* where Pij = aiaj. The diagonal element pii of the density matrix 

is the population at state li>. The off-diagonal element pij 

describes the phase relation between states li> and lj>. 

In general, the Hamiltonian of a system consists of two 

parts, the static Hamiltonian H0 (t) and the fluctuating Hamiltonian 

H1(t). In most cases, the time dependent Hamiltonian H1 (t) is 

much weaker than the static Hamiltonian and can be treated as a 

small perturbation. 

By using a high temperature approximation (SI IHI I << i) which 

is generally true for a spin system, the density matrix at thermal 

equilibrium can be expressed by1 

a: 1-BH 
0 ' 

(II.3) 
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where 8 = 1/kT. 

The density matrix p is diagonal in the basis set of the 
0 

eigenvectors of the Hamiltonian H0 . The irreversible fluctuation 

H1 (t) drives the non-diagonal element of the density matrix toward 

zero at a time constant characterized by the transverse relaxation 

time. The non-equilibrium distribution of the population recovers 

at a different rate--called the longitudinal relaxation time. 

2 The equation of motion for the density matris is given by 

d 
dt P(t) = -i[H ,p(t)] 

0 
(h = 1) (II.4) 

where the time-dependent Hamiltonian H
1

(t) is neglected. The 

solution for the above equation is very simple and can be expressed 

by 

p(t) = exp(-iH t) p(O) exp(iH t) 
0 0 

(II.S) 

2.2 Rotating frame 

The concept of rotating frame that synchronizes with the 

rotation of applied radio-frequency electromagnetic wave is 

convenient to use. 

In the laboratory frame, the rf field along the coil is 

composed of clockwise and counterclockwise components. Only 

the component that rotates in the same way as the precession of 

nuclear spins is effective. The other component, which is off 

resonance by 2w , can be neglected. This is the basis of the 
0 

rotating-wave approximation. The assumption is justified because 

the strength of rf field is much weaker than the Larmor frequency w . 
0 

;:· 
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Assuming U is a unitary transformation operator that 

transforms ,the wavefunction ~ or the density matrix from laboratory 

3 frame to rotating frame: 

or 

then 

and 

* -~ + 
p = UpU 

d -- P* = -i[H*,p*] dt ' 

where the asterisk mark is refer~ed to the rotating frame. 

(II. 6) 

(II.7) 

(II.8) 

(II. 9) 

The Hamiltonian of a spins system in the presence of an rf 

field at frequency w is given by 

H=H +Hf z r 

(II.lO) 

where w1 is the strength of the oscillating field. 

Using an explicit form for the unitary transformation operator 



the Hamiltonian at rotating frame becomes 

=-~I - w I 
Z 1 X 

, 

14 

(II.ll) 

where ~ is the frequency offset. The term with sin2wt oscillates 

2 at a very high frequency and is averaged to zero, and cos wt has 

an average value of one half. 

Evidently, the above expression shows that the effective 

Hamiltonian at the rotating frame is time-independent, and that 

the Larmor frequency w is reduced to ~. 
0 

2.3 The effect of symmetry on density matrix 

For a system of N coupled spin-1/2 particles, the density 

matrix has a dimension of 2N x 2N. To characterize a general 

2N 
quantum state for such a system, one needs to know 2 -1 matrix 

elements. Even for a system of a small number N, such as benzene, 

the number of matrix elements is quite huge. Fortunately, the 

actual number of independent and non-zero elements is not so large 

if the spin system possesses some kind of symmetry. 

Let us assume that operator R corresponds to a symmetry 

operation of the system, and that the operator leaves the Hamiltonian 

invariant, namely, 

' 
(II.l2) 

or 

[R, H ] = 0 
0 

(II.l3) 
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We can then show that the density matrix will also commute with 

R.4 

The reasons are as follows. The density matrix at an 

equilibrium given by 

-BH -BH p = e o/Tr(e o) 
0 

is invariant under operator R, namely, 

-BRH R+ -BH 
Rp R+ = e 0 /Tr(e 0

) 
0 

== p 
0 

(II.l4) 

Since the radio frequency Hamiltonian Hrf has an A-type symmetry, 

it also commutes with R. In the rotating frame, the density 

matrix at an arbitrary time p(t) given by 

p(t) 
-it(H +H f) 

= e o r p(O) 

commutes with R, that is, 

R p(t) R+ = p(t) 

or 

R p(t) = p(t) R 

e 
it(H +H f) o r 

(ILlS) 

(1!.16) 

The above equation can be expressed in a matrix form based on eigen-

vectors of R such as 

or 
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(11.17) 

Thus Pae(t) = 0 if a and S refer to different eigenvalues of R, 

that is, no off-diagonal elements of P will connect states of a 

different symmetry. 

As a result, the density matrix can be reduced to a simple 

block form such as 

(1) 
p 0 0 

• - - ... .,. '- - - - .. - L - - - - -

0 0 

-----1----:. ~ 

0 0 

where p(i) refers to i-th irreducible representation. 

By using symmetry-adapted wavefunctions, we can greatly 

(1!.18). 

reduce the task of evaluating a density matrix or diagonalizing 

a Hamiltonian matrix. 

We shall see later that no multiple quantum coherence exists 

among states of different symmetry. 

2.4 Two-level system and fictitious spin 

The most simple and fundamental quantum system of physical 
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interest is a two-level system. The system with a spin-1/2 

particle in a magnetic field is a typical example. Its density 

matrix is given by a 2 x 2 matrix, and can be expressed by a 

linear combination of an unit matrix and the other three Pauli's 

matrices as 2 follows 

-+-+ 
p = 1/2(1 + P•o) (II.l9) 

The Pauli's matrices are given by 

(II.20) 

We can show t~at the Pauli's matrices are mutually orthogonal, 

namely, Tr(oioj) = 2oij' where oij is the Kronecker delta function. 

-+ 
The vector P describes the polarization and is given by 

-+ -+ 
P = Tr(po) (II. 21) 

Any given quantum state is completely determined, except for an 

overall constant phase, if the polarization vector is known. The 

time-evolution of the polarization is governed by an equation of 

motion for the density matrix or for the Pauli's matrices. Both 

of these approaches are equivalent. 

-+ -+ 
Usually, we will use a spin operator I instead of o. They 

are related to each other by 

-+ 1-+ 
I =- o 

2 
(II.22) 
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We can demonstrate this important commutation relationship: 

[Ia,IB] = iiY, a,B,y in cyclic ordering. (II. 23) 

-+ 
The motion for the operator I is given by Heisenberg's 

equation 

d -+ -+ 
d t I = i [JC, I] (II. 24) 

where we use the usual convention h = 1. 

Any physical observable can be expressed in terms of operator 

-+ -+ 
I, and can be calculated by knowing the equation of motion for I. 

Since the operator I is so important, we shall discuss it in 

more detail. Instead of a matrix representation, we may also 

-+ 
express I in the second quantization operators for boson. For a 

two level system, there are two states Ia> and IS>. We can define 

the creation operator c; which creates a particle in state li> 

out of vacuum. 

in state lj>. 

The annihilation operator Cj destroys a particle 

+ If we define a projection operator C .. as C.C., we 
~J ~ J 

-+ 5 
can express the operator I in terms of them as 

I 1 
(caB+cSa) 

1 
<la><SI + IB><al) = =-

X 2 2 

i 
- ~ <la><SI - IB><al) I = - - (c -c ) = 

y 2 aS Sa 

1 1 
<la><al - IS><BI> (II. 25) I = - <c -c ) = 2 z 2 aa SS 

This approach was first devised by Schwinger. 

We can expand Schwinger's ideas to include any N-level system. 

Given a pair of states li> and lj>, we can define fictitious 



spin operators in a similar way as 

x!j = ~ < c ij +e j i > = ~ < I i>< j I + I j>< i I > 

I~j =- ~ (Cij-Cji) =-; (li><jl - lj><il) 

Iij =! (C -C ) =! <li><il - lj><jl) z 2 ii jj 2 

We may notice that 

and that they are all hermitian operators. As ordinary spin 
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(II.26) 

(II.27) 

operators, the fictitious spin operators also follow a similar 

communication relation: 

a,B,y in cyclic ordering. (!!.28) 

Since there are more than two states, the commutation relationship 

of the fictitious spin operators among different states is also 

important. They are listed below: 

1) [Iij Ikm] 
a ' B = 0, if i, j :f k, m 

2) [ Iij Ikm] 
z ' z 

= 0, for any i, j, k, m 

3) [Iij Kkm] i (o rim_o rkj+o rik_o Imj) =-
X ' X 2 jk y im y jm y ik y 

4) [ Iij Ikm] i (o rim-a rkj_o rik+o rmj> = -z-y ' y jk y im y jm y ik x 

5) [Iij Ikm] i 
<-o . rim+o. rkj+o. rik_o. rrid) =-

X ' y 2 Jk X l.m X Jm X J.k X 

6) [Iij Ikm] i 
<o Iij+O Iij -o Iij -o Iij) =-

X ' Z 2 jk y im y ik y jm y 
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7) 

8) Iij + Ijk + Ikp + .•• + Ism + Imn = 1in 
z z z z z z (II.29) 

The above equations are very useful. In particular, they are 

frequently used for finding the commutation relationship among 

generators of SU(3). These will be discussed in the next section. 

The time-evolution of the projection operator caS(t) is 

governed by Heisenberg's equation, and is given by 

-iw t 
ca,S(t) = e-iHtla><SieiHt = e aS la><SI 

-iwaSt 
= e caS(o) 

where waS = w~-wS. wa and wS are the eigenfrequencies of the 

states Ia> and IS>. Consequently, the evolution of the 

fictitious spin operators follows a simple relation: 

Iij ( t) Iij (o) i" = coswijt - I J (o) sinwij t X X y 

Iij (t) = Iij (o) sinw .. t + Iij (o) cosw .. t y X ~J y ~J 

Iij (t) = Iij (o) 
z z 

(II.30) 

(1!.31) 

The transverse polarizations Iij and Iij rotate in the fictitious 
X y 

spin space at a frequency w. . (Figure II.l) • The dependence of 
~J 

the transverse polarizations of multiple quantum coherence upon 

the phase shift ~ varies for a different order of coherence as 

follows: 

i~I z e 
-i~I z e = Iij cos(m.~m.)~ - Iij sin(m.-m.)¢ 

X ~ J y ~ J 
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• (!1.32) 

Thus, n-quantum coherence has a phase shift by n¢. 

2.5 Three-Level System 

As we discussed previously, for any general n-level system, 

the density matrix of the system has a dimension of n x n. 

Because of the conservation of probability, the total population 

among each state should remain constant. Consequently, to 

completely specify a general quantum state of a n-level system, 

we must know n2-1 independent parameters about the system. 

For two-level systems, the quantum state is completely 

determined if we know their three polarization components. The 

polarization is actually the expectation value of the Pauli's 

matrices. Any physical transformation of a given quantum state 

can be characterized by an unitary transformation U and is related 

to the Pauli's matrices by6 

i = 1,2,3 (II. 33) 

Mathematically speaking, the Pauli's matrices are generators of 

the SU(2) group and U is a group element. 

Generally in a n-level system, any physical transformation 

is characterized by a group element of SU(n). The SU(n) group 

2 6 has n -1 generators. For each generator, it associates with a 

parameter e. 2 Therefore, it needs n -1 parameters to completely 

specify any general quantum state. 



I i > 

W·· 
IJ 

I j > 

-__ <I> 

<I'J > = 
X 2Rep .. 

I J 

<Iij>=-21mp .. 
y IJ 

<Iij> = p -p 
z i i j j 

z 
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W" 
IJ 

y 

XBL 816-10418 

Figure II.l Correspondence between the fictitious spin polarization 

and the density mat!ix. The polarization in the fictitions spin 

space precesses about the z-axis at the transition frequency. The 

longitudinal and transverse polarizations correspond to the 

population difference and phase coherence. 

.· 
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In the case of a spin-1 particle, such as the deuteron, it 

is a three-level system •. Using NMR techniques on deuteron, we can 

7 explore many interesting properties of the SU(3) group. There are 

eight generators in all. Our choice of these generators depends 

on the physical situation and convenience. Usually the generator 

-+-
set consists of three components of the spin operator I and five 

components of the second-rank tensor T(m), where m = 0, ±1, and 

±2. They have following commutation relations: 8 

rra,rsl = i\ a,B, y in cyclic ordering 

[I T(m)] = m T(m) 
z' 

j=2 (11.34) 

The generators can be represented by matrices with states lm=l>, 

lm=O>, lm=-1> as bases, 

I = 
z 

1 

0 

1 

0 

0 

0 

-1 

0 

0 

T(O) = 

0 

0 

(II.35) (~ 
0 

-2 

0 

0 

0 



24 

and T(-m) = (-l)m ~. All the above generators are traceless and 

Tr((-l)m T(m) T(-m)) = 6 .• 

Another usual set of generators are fictitions spin operators 

given by r!j, where a= x, y, z and i,j = 1, 2, 3. Their matrix 

representations are shown as follows: 

12 
I 

X 

!23 1 
X = 2 

!13 1 =-
X 2 

0 

0 

1 

0 0 

0 

1 

0 -10 r oo_) 
112 =! ( 1 

y 2 

0 0 0 

0 0 -1 

y 2 0 

1 =-
2 

1 !23 
z = 2 

!13 1 =-
z 2 (: 

0 

0 

0 

a) (a 
1 0 

a) 
0 

r13 
- .!. (a 

1 0 

a) 
0 0 0 -1 

(II.36) 

The above nine operators are not linearly independent, since 

r13 = r12 + r23 • Nevertheless, the remaining eight operators z z z 

are linearly independent and form the complete set of generators 

for SU(3). We can show that 

(II.37) 

. 
' 

. 
• 
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and that for all other combinat~ons r!jr~ are traceless, namely, 

(II.38) 

These fictitious spin operators are convenient for solving the 

9 problem of weak, selective perturbation. 

Many interesting NMR phenomena of spin-1 system arise from 

the peculiar properties of transforming these SU(3) generators. 

Before exploring their peculiar transformation and commutative 

relationship, we shall prove two important lemmas: 

Lemma 1. If operators A, ~ and C satisfy the following relations 

[A,B] = iaC 

[A,B] = -iaB 

then eiBA B e-iBA = B cosa8 - C sina8 ' . 

Proof: 

ei8A B e-i8A = 

=I. 
n=O 

(even) 

(i8)n 
n! 

[A[A, ••• [A,B]~ •• ]] ~ ... ________ , 
n times 

L
eo (i8)n 

....:...__....:;--, [A[A •.• [A,B] ••• ]] 
n. n=O 

(i8)n 
n! 

= B cosae - c sina8 

Lemma 2. If operators A, B, c, and D satisfy 

[A, B) = i!3aC 

[A,C] = - iaD 

[A,D] = iac 
' 

(II.39) 



then 

i8A -i8A 
e B e = B - 8D(l-cosa8) - 8C sina8 

Proof: 

co 

e i8A B e -iS A = B + L 
n=l 

= B + L 
n=l 

(odd) 

(i8)n 
[A[A ••• [A,B] ••• ]] n! 

e(i8)n (ia)n c + \ 
n! '-n=2 

(even) 

= B - 8D(l-cosa8) - 8C sina8 

2.6 Transformation of fictitious spin operator 
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(II.40) 

The transformation of the SU(2) group has a very special 

property. If A, B, and Care its generators--as are Pauli's 

matrices cr , cr and cr --their commutation relationship is given 
X y Z 

by 

i 
[A,B] = z C A, B, C, in cyclic ordering. 

Using Lemma 1, we can show 

EiSA B e-i8A B 8 C . 8 = cos 2 - s1n 2 

The transformation of a state is only half the angle of the 

spatial rotation. Consequently, a 2TI pulse will change the 

sign of the wave function and will not bring it back to its 

original state. Actually this is a special property of a 

spinor that is a half-rank tensor. We can show that the 

following sets of operators generate their own SU(2) groups. 

(II. 41) 



These are subgroups of SU(3): 

(1) 112 
X ' 

123 
X ' 

113 
y ' 

(2) 112 
y ' 

113 
y ' 

123 
y ' 

(3) 113 123 112 
X ' X ' y 

(4) 112 113 123 
X ' X ' y 

The following sets of operators however, generate 0(3) 

5 groups (orthogonal group) that are also subgroups of SU(3) 

(1) 112 
X ' 

112 
y ' 

112 
z ' 

(2) 123 
X ' 

123 
y ' 

123 
z ' 

(3) 113 
X ' 

113 . 113. 
y ' z 

They follow a different commutation relationship such as 

[A,B] = iC A, B, C, in cyclic ordering, 

and 

i8A -i8A 
e B e = B cose - c sin8 
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(II.42) 

Unlike spinors, they make a full rotation and behave as ordinary 

vectors. 

2.7 Transformation of tensor operator 

The transformation of a tensor operator is very important 

in studying the NMR of spin-1 system. Both quadrupole and dipole-

dipole interaction Hamiltonian consist of tensor operators of the 
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second rank. They are bilinear operators in spin operators I , 
a 

that is, they are formed by the product of two spin operators. 

Their transformation is completely different from vectors and 

spinors. A tensor of second rank two has five components T(m) 

with indices m = 0, ±1 and ±2. The index m is the magnetic 

quantum number. Because of the closure property of similarity 

transformation, a spatial transformation will change any component 

into a linear combination of the five components. 

Using the lemma 1 and the lemma 2, we are able to show some 

important transformations of the tensor operators. 

(A) e 
-iS I 

X 
iSI , 

e x = T(O) + v
8
6 (T(2)+T(-2)+/6 T(O)) (cos2S-l) 

- i l6 (T(l)+T(-l))sin2S 
4 

= T(O) l (3 cos 2S-l) - i l6 (T(l)+T(-l))sin2S 
2 4 . 

+ l6 (T(2)+T(-2))(cos2S-l) 
8 

Proof: Because of follwoing commutation relations: 

[Ix,T(O)] = 2 ~ (T(l)+T(-l)) 

[Ix' ~ (T(l)+T(-l))] = 2 ~ (T(2)+T(-2)+16 T(O)) 

[Ix' ;; (T(2)+T(-2)+/6 T(O)] = 2 ~ (T(l)+T(-l)) 

together with the lemma 2, it is easily proven. 

(II.43) 

We may notice that the angular dependece of T(O) is given 

by the Legrendre polynomial P2(cos8). It has a zero value at 

-1 1 
the magic angle em= cos 7.J ~ 54.74°. 
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-iSI iSI 
(B) e x (T(Z)_T(-Z))e x = (T(Z)_T(-Z)) cosS-i(T(l)_T(-l))sinS. 

(11.44) 

It can be proved by lemma 1; using the follow~ng relation, 

-iS I 
X (C) e (T(l)_T(-l)) cosS-i(T(Z)_T(-Z))sinB 

(11.45) 

It can be easily proven by using a method similar to the 

one used in (B). 

(D) 

(E) 

e 

e 

-iBI 
X 

-iBI 
X 

The above relations can be proved by using 

(11.46) 

(11.47) 
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and the lemmas 1 and 2. 

(F) 
-icf>Iz 

e T(m) icf>I ( ) 
z T m e = 

-im¢ 
e (II.48) 

It can be proved using 

-i8I 
Y is equivalent to the The rotation about the y axis e 

-in I -i8I in I 
transformation e 2 z e x e 2 z; for any arbitrary rotation, 

it can be characterized by several successive rotations about the 

z and x axes. Consequently, we can obtain any transformation of 

T(m) without too much difficulty. We shall use them quite often 

in the study of spin-lattice relaxation of cn3 groups and deuterated 

hexamethylbenzene molecules in solids. 

2.8 Quadrupole echo in SU(2) space--an analogy to Hahn spin-echo 

In a recent paper, 7 the eight-dimensional spin space of a 

spin-1 particle is studied by NMR. It illustrates that the SU(3) 

group has three kinds of SU(2) subgroups that transform under 

rotation with the angles 8/2, 8, and 28. The quadrupole echo that 

follows a 90° - T - 90° pulse sequence is actually the behavior 
X y 

of the fictitious spin in the SU(2) space of rotation with angle 

28. In a typical Hahn spin-echo experiment in high-resolution 

NMR, the pulse sequence 90° - T - 180° is used to refocus the 
X y 

transverse magnetization that has dephased because of field 

i h 
. 10 n omogene~ty. In a powder sample of a spin-1 system, the 

dephasing mechanism is caused mainly by the distribution of 

quadrupole splittings over all possible orientations. Because 
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of the characteristic feature of a 2S-rotation in the fictitious 

spin space, a 90° pulse is used instead of a 180° pulse to rephase 
y y 

the incoherence. 

To illustrate this, let us consider the behavior of a spin-1 

system in the rotating frame at the Larmor frequency. Followed 

by a 90° pulse, a net magneti~ation is created along the y-axis 
X 

as is shown in Figure II.2(a). Each spin begins to precess at a 

rate of wQ as described by 

(II.49) 

Owing to the orientation dependence of wQ, each spin does not 

precess at the same rate, and they begin to fan out as shown in 

Figure II. 2 (b) • The effect of the second 90° pulse is to reverse 
y 

s ' X 

and is shown in Figure II.2(c). 

(II. 50) 

The spins shown in Figure II.2(d) begin to refocus as time 

goes on. At time T after the second pulse, all spins align. 

along they-axis as shown in Figure II.2(e), 

= S = I y y 
(II. 51) 
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Sz 
90°-pulse y 

sY 

Quadrupole Echo 

Sy 

(e) 
XSL 8C'-9::~ 

Figure II.2 Evolution of the fictitions spin in the SU(2) space of 

rotation with angle 2S followed by a 90° -T-90° sequence is shown 
X y 

as an analogy to the l~hn spin-echo experiment. 

-· 
.. • 
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and a quadrupole echo can be detected. 
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III 

MULTIPLE QUANTUM NMR SPECTROSCOPY 

3.1 Introduction 

The conventional NMR spectra are usually obtained by a 

continuous wave method1 or Fourier transform of the FID following 

2 
a single pulse excitation. In both cases, the spectra consist of 

allowed magnetic dipole radiation, that is, the transitions that 

change the magnetic quantum number m by 1 or -1. 3 

For the dipole-coupled spin system, the NMR spectrum is 

generally very complicated, not well resolved, and sometimes 

4 difficult to analyze. To illustrate this, let us consider the 

system of non-symmetric six dipole-coupled spin 1/2 particles. 

The energy levels can be classified into several manifolds of 

varying magnetic quantum number m as we have shown in Figure III.L 

The multiplet inside the same manifold is caused by the dipole-

dipole interaction. The ordinary single quantum NMR spectrum is 

very complicated and has about eight hundred transitions. 

For a molecule with symmetric configuration~ the number of 

allowed transitions becomes fewer because of the additional 

selection rule imposed by the symmetry of the molecule. For 

example, the benzene molecule has a hexagonal symmetry with 

5 symmetry group n6h. The energy levels should be classified by 

the magnetic quantum number m and also by the irreducible 

representation of the symmetry group as shown in Figure III.2. 

Because of the additional selection rule, only the transitions 

within the same representation are allowed. Consequently, the 
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0 m 20 

~ 15 

2 6 

3 
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Figure III.l Energy level diagram of a non-s~etric six spin-1/2 

system in a strong magnetic field. The multiplet splitting inside 

the m manifolds is due to dipole-dipole interactions. 
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IDUlNE ENERGY lEVELS 

- 3 

- 2 
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3 
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Figure III.2 Energy level diagram of proton spins in oriented 

benzene. The energy levels are classified into six classes: 

A
1

, A
2

, B
1

, B
2

, E
1

, and E2 , where the E
1 

and E2 representations 

are doubly degenerate. 
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number of single quantum transitions is fewer and is approximately 

seventy. 

By examining the energy diagram of benzene, we can find three 

important features of the multiple quantum NMR spectroscopy. 

First of all, the number of multiple quantum transitions becomes 

6 7 fewer as the number of quanta 6m increases , . There is only a six-

quantum transition between the state with all the spins up and the 

state with all.the spins down. There.are two five-quantum trans-

itions and seven four-quantum transitions. Since the higher multiple 

quantum spectra have fewer transitions, they are much easier to 

analyze. We should notice that the highest multiple quantum transition 

contains no information about the dipole couplings because the assoc-

iated states are image states and have the same dipolar shift. Gener-

ally speaking, the well-resolved multiple quantum NMR spectra provides 

an easier way to study molecular structure and conformation. 

Secondly, since we can observe forbidden transitions (non-single 

quantum transitions), more information about the couplings between 

spins becomes available. It allows for a much more complete determ-

ination of the molecular structure. Besides, the measurement of the 

spin-lattice relaxation time and the transverse relaxation time of 

the multiple quantum transitions provides more information about 

8-10 the dynamics of the system. 

Thirdly, the zero-quantum transitions among the multiplet within 

the manifold of the same magnetic quantum number depend on the 

dipole couplings but not the Larmer frequency. Consequently they 

..... 

.. .• 
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are independent of the external magnetic field and are free of 

11 inhomogeneous field broadening. 

3.2 Creation of multiple quantum coherence 

Multiple quantum coherence is a non-linear process as in the 

harmonic generation of a non-linear oscillator. The Zeeman coupling 

between spins and the external field is a linear interaction. 

Nevertheless, the dipole-dipole interaction and the quadrupole 

interaction are all bi-linear and contain products of two spin 

operators. They are responsible for the generation of multiple 

quantum coherence. 

When followed by a single strong pulse the FID S(t) is actually 

a correlation function of the spin operator Ix or Iy in time, 

S(t) 

= Tr(I (0) I (t)) 
X X 

(III.l) 

Since Ix and Iy are linear in raising and lowering oeprators I+ 

and I that are single quantum operators, the FID S(t) consists 

of only single quantum coherence. 

Evidently, a single pulse can excite only single quantum 

transition. The simplest way to create a multiple quantum 

coherence is achieved by employing two strong pulses with an 

appropriate time interval. This allows the dipole-dipole inter-

action to mix the phase coherence. 
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Although there are many possible ways to create multiple 

quantum coherence, we shall direct our attention to the simplest way 

of suing two pulses. Following two 90° pulses of x and x phases 

with time interval (Figure III. 3), the density matrix in the 

rotating frame is given·by 

pxx(T) m exp{-i~2 I )exp(-iHT)exp{i~2 I )I exp(-i~2 I )exp(iHT)exp(i~2 I ) 
X X Z X · . X 

= exp(-iH T)exp(-i~TI )I exp(i~TI )exp(iH T) 
YY yz Y YY 

= exp(-iH T)I exp(iH T)cosbwT + exp(-iH T)I exp(iH T)sinbwT 
YY z YY YY x YY 

- U (T)cosbwT + U (T)sinbwT 
Z X 

(III. 2) 

where H = -~I .+ H H = 
z zz' zz 

" .. .. L.D .. (3Ii Ij -I.•I.) is the secular 
i<j l.J z z l. J 

part of the dipole-dipole coupling Hamiltonian, ~ is the resonance 

frequency offset, and 

H = exp{-i~2 1 )H exp(i~2 I ) = 
YY X zz X 

.... 
Di.(3Ii I. -Ii. •I.) 

i<j J Y JY J 
(III. 3) 

Similarly, if the phase of the second pulse is y (Figure 

III.3) the density matrix becomes 

pxy (T) = exp(-iH T)l exp(iH T)cos~T + exp(-iH T)I exp(iH T)sin~T 
~ y ~ ~ z ~ 

where 

- V (T)cosbw1 + V (T)sin~wT 
y z 

H 
XX 

I: .... 
= Di.(3Ii Ij -Ii•Ij) i<j J X X 

(III.4) 

(III..J) 

.• 
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goo gog goo 
X X r--2 r-- r-- I 

':. I 

T t T' I Sx( t) 
I 
I Sy(t) 
I 

PREPARATION EVOLUTION DETECTION 

goo goo 
X y 

t 

XBL 804-9059 

Figure III.3 Pulse sequences for creation and detection of 

multiple quantum coherence. The first two pulses establish a 

phase relationship among eigenstates whose magnetic quantum number 

may differ from unity. In the interval t, each multiple quantum 

coherence oscillates at its own characteristic frequency. A third 

... , pulse is applied at the end of the evolution period to transfer the 

multiple quantum coherence into detectable single quantum coherence. 

Signals S (t) and S (t) are detected by a quadrature detector. 
X y 
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Exp(±iHxx '!) and exp(± iHYY l') are even-quantum operators that 

connect eigenstates with a difference in magnetic quantum number 

by even number of ~. As a consequence, U (-r) and V (-r) are even-. z z . 

quantum operators. Conversely, U (-r) and V (l') are odd-quantum 
X y 

operators. As a special case of zero frequency offset, i.e., ~w = 
-

0, pxx(l') and pxy(T) contain only even-quantum and odd-quantum 

coherences. Even in the presence of an inhomogeneous field, we 

can apply a ~ pulse (Hahn-echo pulse) in the middle of the 

preparation period to eliminate the frequency offset (Figure III.4). 

Consequently, by simply arranging the phase of the pulses, we may 

be able to selectively create even-quantum or odd-quantum 

coherences (Figure III.4). Imperfection in the selectivity may 

be caused by a deviation in the flipping angle from n/2 in the 

pulses. 

3.3 Examples of spin-1 and spin-3/2 particles 

Our approach in the previous section can also be applied to 

a isolated particle system with spin I ~ 1 because of the similarity 

in the transformation by rotation between the quadrupole Hamiltonian 

and dipole-dipole interaction Hamiltonian. Specifically, the 

density matrices pxx(-r). and pxy (l') are calculated in terms of 

the fictitious multiple quantum transition operators. 

(1) I= 1, HQ = wQ (3 Iz
2
-I(I+l))/3 

The energy level diagram is shown in Figure III.Sa. It consists 

of three states lm = -1>, lm = 0>, and lm = 1>. They are denoted 

by 11>, 12>, and 13> in sequence. Only two single quantum 

transitions are allowed. The splitting is caused by quadrupole 

.,_. 
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Figure III.4 Pulse sequence for selective excitation of even-

quantum and odd-quantum coherence. The phase of the 180° pulse 

is arbitrary. 
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Figure III.5 Energy level diagrams of spin-1 and spin-3/2 particles. 

The Zeeman levels are shifted by the quadrupole interaction. 
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interaction. We may observe that the double quantum transition 

between ll> and 13> contains no information about the quadrupole 

strength. It is free of quadrupole anisotropy in the polycrystalline 

or glassy state. As a consequence, we may obtain a high resolution 

double quantum spectrum of deuterons in solids. Thus,information 

about chemical shift can be obtained. 

After the second 90° pulse of x and y phases the density 

matrices are given by 

(III.6) 

(I
12

-I
23

) sinwQT} 
X X 

(III.7) 

The multiple quantum transition operators are defined in 

equation (1I.26). 13 The operator I describes the double quantum 
y 

coherence between states ll> and j3>. Its intensity depends on 

the pumping period T. If we assume the condition of perfect field 

homogeneity and exactly on resonance, or using a Hahn-echo pulse 
-

as described earlier, the density matrices pxx(T) and pxy(T) have 

pure even-quantum and odd-quantum coherence. The above result 

also applies to the general dipole-coupled spin system. 

(2) I= 3/2, HQ = d(3 Iz
2
-I(I+l))/3 

The energy level diagram is shown in Figure III.Sb. It 
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consists of a quartet lo=-3/2>, lm=-1/2>, lm=l/2>, lm=3/2>. They 

are denoted by 11>, 12>, 13>, and 14> in sequence. There are three 

single quantum, ~o double quantum, and only one triple quantum 

transitions. Again, the highest order of multiple quantum transition--

the triple quantum transition--has a transition frequency independent 

of the quadrupole strength. 

The density matrices after the second 90° pulse are given by 

pxy (1") 

13 
The transition operators I , 

X 

14 quantum operators, whereas I and 
X 

, (III.8) 

(III. 9) 

I
13 , I

24 and I
24 are double-

y X ' y 
14 I are triple quantum operators. 
y 

The allowed multiple quantum spectrum contains three single 

quantum, ~o double quantum, and one triple quantum transitions. 

The dipole-dipole coupling Hamiltonian of some molecules that 

contain only I = 1/2 spins may look like a quadrupole interaction 

Hamiltonian. For example, the eigenstates of methyl group contain 

-· 
.• . 
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10 one quartet of A symmetry and two doublets' of E symmetry. The 

subsystem of A-symmetry quartet behaves similar to a particle of 

I = 3/2; the other two doublets behave similar to particles of 

I = 1/2. A second example of this is the system of an isolated 

pair of spin 1/2 particles. The eigenstates consist of a triplet 

and a singlet. The triplet behaves similar to a particle of I = 1 

and the singlet behaves similar to a scalar particle without spin. 

A third example is the system of tetrahedral group. It contains 

one quintet, three triplets, and two singlets as quasiparticles 

of spin I = 2, 1 and 0. The density matrices illustrated for 

spins I = 1 and 3/2 are applicable to those quasiparticle of 

triplet and quartet. The calculation of the density matrix for 

scalar particle and spin 1/2 particle is trivial and will not be 

discussed. 

3.4 Detection of multiple quantum coherence 

The multiple quantum coherence created in the preparation 

period oscillate at their own characteristic frequencies in the 

evolution period (Figure III.3) as shown in equation (11.31), and 

IaB(t) = 1
aB 

coswaBt - IaBsinw Bt 
X X Y a 

IaB(t) = 1aB 
coswaBt + IaBsinw Bt 

y y x a 

IaB(t) = 1
aB 

z z 

where w B is the transition frequency between states Ia> and 
,a 

I B>, i.e., 

(III.lO) 
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Da and o6 are eigenvalues of the Hamiltonian Hzz on states Ia> 

and IS>. The offset term in above equation indicates that the 

6 n-quantum transition has a frequency offset of n&u. 

Since the multiple quantum coherence cannot be detected directly, 

a monitoring 7T/2 pulse is usually applied at the end of the evolution 

period. This transfers the multiple quantum coherence into an 

observable single quantum coherence that is detected at time T' 

after the monitoring pulse is shown in Figure III.3. 

Using the quadrature detection, signals are detected in x and 

y channels such asS (t) and S (t). They are evaluated for both 
X y 

pulse sequences in Figure III.3 as follows, 

1) goo - T - (goo) - t - goo - T t 
X y X 

s (t) = L: p~(T) pYX(-T') exp ( -iwaS t) ' X a,S Sa 

- -l: s (t) XX 
p:(-T') exp(-iwa6t) = Pas(T) y a,S 

(III.ll) 

2) goo - T - (g0°) - t - goo - T' X y X 

s (t) = L: p~(T) pyx(-T') exp(-iwaSt) 
X a,S Sa 

s (t) = .L: p~~(T) p~(-T') exp(-iwaSt) y a,S 
(III.l2) 

XX xy 
where PaS' paS are elements of the density matrices in the 

equations (III.8) and (III.g), and 

pyx(-T') = U (-T') cos6wT' + U (-T') sin6wT' aS x z. 
(III.l3) 

Multiple quantum spectrum can be obtained by Fourier transformation 

of S (t) and S (t) on variable t. Each order of multiple quantum 
X y 

' 
/ 

~· 
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spectrum can be made in separate domains because the n-quantum 

transitions have a frequency that offset nbw. 5 The higher order 

of multiple quantum transition, however, may be broadened 

substantially in the presence of an inhomogeneous field. A technique 

that uses a TI pulse in the middle of the evolution period and also 

uses a phase increment in the first two pulses to create an 

artificial frequency offset, can remove the inhomogeneous broaden-

ing; meanwhile it preserves the ordering of each n-quantum 

transitions 7 as is shown in Figure III.6. 

The phase change ~ of the first two 90° pulses in the 

preparation period is equivalent to the rotation of the density 

matrix by angling about z axis. It is given explicitly by 

-XX 
p~ (T) =. exp(-i~Iz) Uz(T) exp(i~Iz) cosliwT 

where U (T) and U (T) are defined in equation (III.2). In deriving 
Z X 

the above result, the following relation is used: 

The rotation of the operators U (T), U (T) about z axis by 
Z X 

angle ~~ changes the phase of the multiple quantum operators in 

proportion to its order m; that is, them-quantum operator has a 

phase change by~~ as shown in equation (II.32). This important 

property allows us to selectively monitor and pump a particular 

order of coherence. 

Furthermore, it is used in the TPPI method to create a 

fictitious frequency offset ~ = ~~/~t, where ~t is the inverse 



904> 904> +'77' 
k 

cpk = k~cp 

90y' 

k = 0, I, •••• , N -I 

N =number of FID 

~ w = ~cplll t (Fictitious frequency offset) 

50 

XBL 816-10416 

Figure III.6 Time Proportional Phase Incrementation (TPPI) pulse 

sequence. The phases of the first two pulses are increased in 

proportion to the time interval in the evolution period. 

.! 
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of the sampling rate in the evolution period. The selective 

detection of a particular order n of a multiple quantum coherence 

can be obtained by summing up n multiple quantum FID's with a 

different phase shift ¢k = 2 k/n, k = 0, 1, ••• , n-1 as shown in 

Figure III.7. Actually, besides then-quantum spectrum, the other 

harmonics, such as 0, 2n, 3n, etc., are also selected out. In the 

above discussion, we did not take the relaxation process into 

account. Practically, T and T' should be made shorter than T2 

and be of order of the inverse of the dipolar or quadrupole 
/ 

strength. 

Since the intensity for each multiple quantum transition is 

individually dependent on the preparation and detection periods, 

an ensemble average of the magnitude spectra is usually taken for 

the different values ofT and T'. 

3.5 Experimental spectra of. oriented benzene 

Small molecules dissolved in an anisotropic solvent such as 

liquid crystal at the nematic phase have characteristics of high 

resolution NMR. Usually, the transition has a linewidth of 

approximately a few hertz to a few ten hertz • 

Several molecules have been studied by multiple quantum NMR 

. 6 12-13 
techn~ques. ' We, however, shall illustrate·the prototype 

6 experiments on partially oriented benzene in particular. We 

have chosen to examine the benzene molecule because of its simple 

structure, high degree of symmetry, and reasonable number of spins. 

The schematic energy level diagram is shown in Figure III.2. The 

energy levels are classified into several irreducible representations 

of the symmetry group n6h. There are six different classes A1 , A2 , 
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Figure III.7 Pulse sequences to selectively monitor a particular 

order of multiple quantum spectra. Many FID's with different 

phase shifts ¢k = 2nk/n, k = 0, 1, ••• , n-1 are added. 
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B1 , B2 , E1 , and E2 , where states of E1 and E2 representations 

are doubly degenerate. 
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The ensemble-averaged magnitude spectra of multiple quantum 

transitions are shown in Figure III.8. The timer intervals 1
1 

and 1 2 were set equal for several values between 9.6 msec and 

10.7 msec. The r.f. frequency are set at 5.97 kHz off resonance 

so that each order of the multiple quantum spectra is well 

separated by the frequency offset. The multiple quantum transitions 

of a higher order have a larger linewidth because of the field 

inhomogeneity. During experimentation, we found that the linewidth 

is linearly proportional to the number of quanta, that is, the 

six-quantum transition has a linewidth six times larger than that 

of single quantum transitions. Also, since they are independent 

of field inhomogeneity the zero-quantum transitions have a very 

narrow linewidth of only a few hertz. The spectral lines seen 

in the figure are substantially broadened because of the FID 

truncation. 

Using the TPPI method, the field inhomogeneity in the spectrum 

can be removed, and meanwhile retain the separation of the order. 

The multiple quantum spectra of benzene obtained by the TPPI 

method are shown in Figure III.9. Several magnitude spectra have 

been averaged for differentT (or T'). 
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Figure 111.8 Experimental and theoretical multiple quantum spectrum 

of benzene with a three pulse sequence. The broadening of the 

transitions in the top figure is caused by field inhomogeneity. 
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Figure III.9 Experimental and theoretical multiple quantum spectra 

of benzene using the TPPI pulse sequence. The inhomogeneous line-

broadening was removed by a 'rr pulse in the middle of the evolution 

period. '11le artificial frequency offset is created by phase 

qcl.ing. 
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IV 

RELAXATION OF MULTIPLE QUANTUM COHERENCE AND APPLICATIONS 

4.1 Redfield's relaxation theory 

The first phenomenological description of time evolution for 

the spin system was proposed by Bloch, and is known as the Bloch 

1 equation, 

(IV.l) 

This equation of motion describes the evolution of magnetization 

~ ~ 

M in a strong magnetic field B. The transverse magnetizations 

Mx and My decay at a rate of l/T2 , and the longitudinal magnetiza­

tion Mz recovers back to its thermal equilibrium value M
0 

at a rate 

of l/T1 . The Block equation fails to describe a general coupled 

spin system. An accurate general approach using the density matrix 

formalism is contained in Redfield's studies. 2 ' 3 

The Hamiltonian of a general system is composed of two parts, 

a static part H0 and a small fluctuating part H1(t), 

(IV.2) 

The time-dependent term H
1

{t) describes the random fluctuation 

of the coupling between the spin system and the bath (or the 

lattice). The fluctuation is an irreversible process which 

relaxes the non-equilibrium distribution of population and the 

coherence among spin states back to thermal equilibrium. 

The equation of motion of the density matrix p for the system 

is given by 



·-

In the interaction representation with 

and 

the equation of motion becomes 

d * 1 * * dt p = i [Hl(t),p] 

To the first otder approximation, it can be shown 

t 

* ·* J * * p (t) ~ p (0) + [H
1
(t'),p (O)]dt' 

0 

* 
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(IV.3) 

(IV .4) 

(IV .5) 

(IV.6) 

(IV. 7) 

By substituting the density matrix p inside the commutator of the 

equation (IV.6) and by using the above approximated form, we 

obtain 

t 

d * * * dt p = -i[H1 (t),p (0)] 1 ' *< * * O dt [Hl t), [H1 (t'),p (O)]];(IV.8) 

or,. by introducing a new variable T = t-t' 

d 
dt 

* * * = -i[H
1 

(t),p (0)] * * * [H1(t), [H1 (t-T),p (0)]] .(IV.9) 

We shall take an ensemble average of the above equation and 

* * replace p (0) by p (t). It can always be assumed that H1 (t) = 0. 

,• 

• ... 
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If the average is different from zero, it can be included into the 

unperturbed Hamiltonian. In the case of a finite lattice 

* * temperature, we must replace p by p -p
0 

where Po is the 

density matrix at the thermal equilibrium, 

' 
3 4 The master equation of motion becomes ' 

or 

00 

-1 dT 
0 

-iH T 
[e 0 H

1
(t+T) 

B • 1/kT 

' 

The relaxation matrix element R 0 101 is related to the 
O.p,O. p 

spectral densities of fluctuation by 

(IV.lO) 

(IV.ll) 

(IV .12) 

+ 6 I r J B B''<ws ) +eBB' ry Jyri,ya.<wya.)] ' (IV.l3) a.a. y y ,y y 

where the spectral densities is defined by 

00 

Ja.B,a.'B' = ~ dT exp(-iwT) <a.IH1 (t)IB><B'IH1 (t+T) Ia.> • (IV.l4) 
..co 
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If no other resonance frequencies of the system overlap the 

transition waS' i.e., 

(IV .15) 

the rapidly oscillating function exp{i(waS-wa'S')t] can be 

neglected. The equation of motion for the off-diagonal element 

Pas that describes the phase coherence between states Ia> and 

IS> is given by 

(IV.l6) 

Here waS is the transition frequency between states Ia> and IS>. 

The transition is characterized by a single exponential decay 

rate RaS,aS" 

If another transition frequency wa' B, overlaps the transition 

waS' namely, 

(IV .17) 

the equation of motion for paS is coupled to Pa'B' and 

(-iw -R ) p -R p aB aB,ciB aS aB,a'B' a'S' 

(IV.l8) 

By solving the secular equation, the complex eigenvalues correspond 

to the new transition frequencies and decay rates. 

The equation of motion for the diagonal elements describes the 

spin-lattice relaxation and is given by 

.... ~ 
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(IV .19) 

Following a perturbation, relaxation of the populations towards 

their equilibrium values is governed by a set of coupled differential 

equations. Often, the spin-lattice relaxation is characterized by 

several exponents. 

We shall focus in this chapter on the transverse relaxation 

of the multiple quantum coherence. The decay rate for a non-

d · · b I > d Is i · b 
3

, 5 egenerate trans~t~on etween states a an > s g~ven y 

raB = RaB,aB = ~2 [-2 Jaa,BB(O) + L Jya,ya<wya) + [ JyB,yB<wyB)] 
y y 

where 

r<OB) = _!_2 [J (O) + JBB B8(0) - 2 J~ 88(0)] a 2h aa , aa , u.a , 

and 

The first term is referred to as the adiabatic term--a 

special characteristic of transverse relaxation. It does not 

contribute to the longitudinal relaxation. It can also be 

5 expressed as 

(IV.20) 

(IV. 21) 

(IV.22) 
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00 J dT [<aiH1 (t) la>-<BIH1 (t) U~>] 

• [<ajH (t-T)ja>-<BjH (t-T)jB>] 
1 1 

(IV. 23) 

The adiabatic relaxation involves the process that conserves the 

Zeeman energy. It depends exclusively on the fluctuation of the 

energy difference between the two st:=tes Ia> and IB>; it is also 

known as the elastic process (Figure IV.l). 

The second term (nonadiabatic term) is related to the lifetimes 

5 6 
ta and t

8 
as states Ia> and IB> through ' 

' 1 1 1 (IV.24) r = -<- + -) ' aS 2 ta t 8 

where 
00 

1 1 J r. -= dT <ajH
1

(t)jy><yjH
1

(t-T)ja> exp<iw T> 
ta h2 y#B ay 

-oo 

00 

1 1 J I <BIH1 (t) jy><yjH1 (t-T)j8> -= 
h2 

dT exp<iwBYT> 
tB y#S _oo 

(IV.25) 

The nonadiabatic term contributes to the linewidth of the finite 

-lifetime of··-states -Ia> and-jS> -caused by __ the_ long_it_udi_n~_l relaxation 

mechanisms~ Because the nonadiabatic process involves changing Zeeman 

energy, they are also known as inelastic process (Figure IV.l). 

The nonadiabatic relaxation is dominant when the fluctuation 

rate is close to the Larmor frequency or its higher harmonics. 

Adiabatic relaxation, however, is dominant for a low fluctuation 

rate. 2 2 In the extremely short correlation time when w0Tc >> 1, both 
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Ia> 

ly>, etc. 

1/3> 

Adiabatic Broadening Life-time Broadening 

XBL 816-10419 

Figure IV.l Transverse relaxation channels for the transition 

between states ja> and 18>. The broadening of a transition comes 

from two sources--the adiabatic broadening (elastic process) and 

lifetime broadening (inelastic process). 
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relaxation processes are comparable, and T
1

, T2 are of the same 

order of magnitude. 

It can be shown that the relaxation matrix elements obey the 

7 
following identities: 

R aa,aa 

RaS,a'S' = RJ\a.l\S,II.a'S' (IV.26) 

where 1\. is the spin inversion operator. The nonadiabatic term of 

relaxation rate elements follows a triangular relation 

' ' ' raS ~ ray-+: ryS (IV .27) 

Their value can be calculated from the conventionally selective T
1 

measurement. There are, however, no similar properties for the 

adiabatic term of the relaxation rate element. The value of spectral 

densities for the adiabatic relaxation process can be determined 

from the multiple quantum relaxation; a complete determination of 

the relaxation matrix R becomes possible by using multiple quantum 

techniques. 

The tiine=-dep-erident HamiTtonian Hl(t1---can -genera-ll-y -be Glassified 

into two categories. The part which is bilinear in the spin 

operators represents the intradipolar interaction or quadrupolar 

interaction. The part linear in the spin operators consists of an 

anisotropic Zeeman interaction, and a dipolar or scalar interaction 

with magnetic dipoles outside the considered system. 



. .. 
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.• 

The paramagnetic molecules of external impurities has unpaired 

electron spin, and acts as a strong relaxation agent. The gyro-

magnetic ratio of electron spin is 658 times larger than the 

proton spin. Since the relaxation rate is proportional to the 

square of the electron gyromagnetic ratio, the relaxation of 

electron spins is very effective with even a small amount of 

impurities. 

The dipole-dipole interaction between the electron spin and 

h . . . b 6 t e proton sp~n ~s g~ven y 

1 
= K [ (-1) m V (m} f (-m) (t) 

in=-1 

where 

= I v(l) = 
z ' 

and 

1 
- -:= I 

vz + 
v(-l) = ~ I 

vz -

The random fluctuation functions f(m)(t) are given by6 

(IV. 28) 

(IV. 29) 

(IV.30) 
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Here the spherical harmonic functions of the second rank F (t} 
m 

are defined as 

1-3 
2 

F = cos a 
0 

Fl = 3 icp - 2 sin cosee 

F = - 1 sin2e e2i<P 
2 4 

F = p* 
-m m (IV .31) 

Using the definition of the correlation function in the frequency 

domain given by 

00 

G(m)(mw
1

) = i J dT (-l)m f(-m)(t} f(m)(t-T) exp(-im.ll
1

T} , (IV.32) 

6 we obtain 

G(l)(w) 
I 

...00 

1 

1 

(IV.33) 

Without losing generality, the dipole-dipole interaction between 

the protons of the measured system and the unpaired electron can 

be treated as a random local field. 6 ' 8 It can be expressed as 

= -hy 
I 

L (-l)m v~m)· f~-m)(t),(IV.34) 
i 

•, 
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-+ 
Where Bi is the local field at the i-th proton site due to the 

electron spin, and 

' (IV.35) 

A ~ 

where yi is the unit vector of yi. 
\ 

4.2 Relaxation of Weakly Coupled System 

In the case of a weakly coupled spin system, the magnetic 

quantum m of individual spin is a good quantum number. Any 

eigenstate is a direct product of states for each individual 

spin. 

The longitudinal relaxation or the non-adiabatic relaxation 

is completely determined from the life-time of states,
8 

1 
= li 2 

00 

J dT [ exp(iwayT) L 
y#a p,q 

' 2 2 L. li Yr B .(t) B .(t-T) p,l. q,J 
i,j 

·<air ily><ylr .Ia> 
p' q ,J 

00 

= ..!._ J dT L exp(iw T) L 11
2
y

1
2 

B • (t) B . (t-T) 
li 2 y#a ay p , i P ' 1 P ' 1 

-00 

2 
• <air IY>I p,i 

Since only the autocorrelation function, B i(t) B .(t-T), of p, p,l. 

(IV.36) 
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the random field B at nucleus p enters the above equation, no 

p 
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information on cross-correlation is available from the measurements 

of longitudinal relaxation rates. 

8 The adiabatic relaxation rate is given by 

2 
YI 

=--
2 p,q 

(m -m ) (m .-m ) 
a,p S,p a,q S,q 

co 

J B (t) B (t-T)aT p,z q,z 

where m is the magnetic quantum number of nucleus p in the a,p 

state Ia>. 

(IV.37) 

For an allowed single quantum transition, characterized by a. 

flip of spin s,_ the only non-vanishing contribution to r(O) is 
aS 

that of p = q = s, that is, 

B (t) B (t-T) 
s,z s,z (VI.38) 

Consequently, information on cross-correlation cannot be obtained 

from the adiabatic linewidth of the allowed transitions. 

Nevertheless, the adiabatic linewidth of multiple quantum and 

forbidden single quantum transitions depends on the cross-correlation 

of fluctuating local fields between various sites. That valuable 

information on cross-correlation can only be obtained from 

multiple quantum relaxation measurements. 

4.3 Relaxation of Strongly Coupled System 

For a strongly coupled system, the magnetic quantum number for 

... 



. 
·~ 

·~ 

69 

each individual spin is no longer a good quantum number. The 

strong couplings mix the product of spin states. Usually, observable 

single quantum transitions simultaneously flip polarizations of 

several spins. Therefore, both longitudinal and transverse 

relaxation of allowed single quantum transitions are influenced 

by internuclear correlated fluctuation. Without a doubt, the 

multiple quantum relaxation measurements provide more independent 

6 8-11 information on relaxation mechanism. ' 

We shall discuss in the following sections two systems of 

dipole-coupled spins that are released by paramagnetic electron 

spins. In both systems, the strong dipole-dipole interaction mixes 

the spin states. The linewidth measurements of the multiple quantum 

transitions allow a complete determination of the auto and cross-
. 6 

correlated fluctuations. 

4.4 Multiple quantum NMR and relaxation of an oriented cn
3 

group 

4.4.1 Introduction 

We have been interested in the multiple quantum NMR of strongly 

dipolar coupled spin-1/2 nuclei in oriented systems (solids and 

liquid crystals). These illustrate the behavior of systems with 

high symmetry--for example a CH3 group or benzene. Normally, 

radiofrequency irradiation only can induce the transitions between 

eigenstates that belong to the same irreducible representations of 

the spin Hamiltonian. Relaxation by fluctuating random fields 

may, however, induce symmetry~breaking transitions. The study 

of n-quantum spectra and their relaxation should allow a complete 

determination of the fluctuations, correlations, and symmetry­

breaking pathways. 6 This provides a useful tool in combination 
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with the elegant selective excitation and normal mode relaxation 

12 techniques in !~quantum spectroscopy that Werbelow and Grant 

described. In the following sections we shall present an initial 

study of the dipolar coupled 3-proton system (CH
3 

group) which is 

relaxed by paramagnetic impurities. The 1-, 2-, and 3-quantum 

linewidths were ~tudied over a w~de concentration range, and the 

accurate linewidth ratios allowed us to determine that the 

fluctuations are correlated and are a measurement of the correlation 

. 6 t1mes. 

Section 4.4.2 describes the n-quantum spectra of a dipolar 

coupled CH3 group, and Section 4.4.3 provides a concise theory of 

n-quantum relaxation for this symmetry group. Experimental results 

and discussion are presented in Section 4.4.4. 

4.4.2 Multiple quantum spectra of methyl group 

The NMR spectrum of an oriented solute in a liquid crystal is 

generally dominated by dipolar structure. It is caused by the 

incomplete motional averaging-out of the intramolecular dipolar 

interactions. The methyl protons of acetonitrile, for example, 

have a c3 symmetry with the symmetry axis perpendicular to the 

proton plane. The eigenstates can be classified by their symmetry 

13 . 
characteristics; they contain one quartet and two doublets. The 

observable multiple quantum transitions connect the states of the 

same irreducible representation. The energy diagram and the possible 

multiple quantum transitions are shown in Figure IV.2. The eigen-

states are given by: 
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Figure IV.2 Energy level diagram of dipolar-coupled methyl 

protons in a magnetic field. ~w is the frequency offset in the 

rotating frame and d is the dipolar shift. The lower half shows 

a stick spectrum of the multiple quantum transitions. The associated 

relaxation rates rij are related to their linewidths. 



ll> = 1~/2> = lttt> 

= !cl~++> + !+~+>+ I++~>) 
13 

= !cl+~~> + I~+~>+ ~~~+>l 
13 

j4> a IA_3/2> = ~~~~> 

Is> 

16> 

= IE~12> = !cl++~> + El+~+> + E*l~++>l 
13 

= IE~l/2> = !<!~++> + El~++> + E*l+~+>) 
13 

17> = IE~/2> = 1 <1+++> + E*lt+t> + El~+t>) 
13 

IS>= IE~l/f=~<l~~t> + E*l~+~> + Elt~~>) 

where E = exp(i1TI/3). 
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(IV.39) 

The frequencies of the allowed multiple quantum transitions in 

the rotating frame (resonance offset ~w) are listed in Table 4.1. 

The method used to observe the multiple quantum spectra is the 

TPPI method previously described in Reference 14. In this method, 

the frequency'offset ~w is created artificially by phase increments. 

A theoretical stick spectrum is shown in Figure IV.2. The intensity 

of each transition depends on the length of the preparation and 

mixing periods of the multiple pulse sequence, dipolar coupling 

strength, and real frequency offset. 

The experimental spectrum shown in Figure IV.3 exhibits the 

expected multiple quantum transitions. They are all separated 

according to order. Truncation of the multiple quantum free 

induction decay limits the resolution. The actual linewidth is 

less than 5Hz. 
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Transition 
Origin 

Al/2-A3/2 

A-1/2-Al/2 

A-3/2-A-1/2 

a a 
E-1/2-El/2 

b b 
E-1/2-El/2 

A-l/2-A3/2 

A-3/2-Al/2 

A-3/2-A3/2 

... 

Table 4.1 

Allowed Multiple Quantum Transitions 

Frequency 

.&D-2d 

b.w 

b.w+2d 

b.w 

b.w 

2b.w-2d 

2b.w+2d 

3b.w 

M 

b.M=l 

single quantum 
transition 

b.M=2 

double quantum 
transition 

b.M=3 
triple quantum 

transition 
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n-Quantum 

l:i.w 

CH3CN in EBBA 

cp-Separated Echo Spectra 

(~-7.8125 kHz) 

26.w 

Figure IV.3 Multiple quantum spectrum of oriented methyl 

protons. It consists of three single quantum transitions, 

two double quantum transitions, and one triple quantum 

74 

transition. Truncation of the multiple quantum free induction 

decay limits the resolution. Inhomogeneous broadening was 

removed by echoes in the TPPI sequence. 
\ 
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4.4.3 Relaxation by paramagnetic impurity 

The effect of the NMR line broadening by the addition of 

small quantities of paramagnetic species to a sample was first 

. 15 
observed by Bloch and others. This effect was interpreted 

as a fluctuating electron-nuclear dipole-dipole interaction. 16 

Even at small concentrations, this mechanism can be more important 

than intra- and inter-nuclear dipolar interactions because the 

magnetic moment of an unpaired electron is of the order of 103 

times larger than the moment of a nucleus. We predict that the 

relaxation rate should be proportional to the concentration of the 

paramagnetic impurity and the square of the effective magnetic 

f h 1 h _:_ . 16 moment o t e e ectron on t e ~pur1ty. 

The dipole-dipole interaction between the unpaired electron 

and the methyl protons is given by 

-+ -+ -+ -+ 
(I. •r.)(S•r.)) 1 1 1 

5 
ri 

(IV.40) 

where YI and y
5 

are the gyromagnetic ratios of the proton and 

-+ 
electron. The vector r. defines the position of the proton as 

1 

shown in Figure IV.4. If the concentration is low, it is legitimate 

to expand the above expression in 6/r. Using symmetry-adapted 

b . 17 operators, we o ta1n 
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s 
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Figure IV.4 Geometry of interacting methyl group and electron. 

~ 

r. is the vector from the electron of the paramagnetic impurity 
~ 

~ 

to one of the methyl protons. The vector r defines the center 

position of the methyl protons triangle with respect to the 

electron. 6 is the vector from the center of the triangle to 

one of the protons. 
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-+ -+ -+ -+ -+ -+ -+ 
[(Ill•crll-)(S•r) +(I •r)(S·cr~) .ll ll 

'tvhere 

2 
1511 y 1y S 

+ --::7:---";__ 
r 

i =! (i +A i
2 

+A* i
3
), 1 =! (6 +A* 82 +A 8

3
) j.J /3-1 j.JV3 1 

a b * ll = A, E or E for A = 1, £ or £ 

(VI.41) 

(IV.42) 

The first term in the above equation contains only A symmetry 

operators and connects states of the same irreducible representation 

of the c3 symmetry group. The second and third terms containing 

Ea and Eb symmetry operators, will violate the symmetry, and 

cause symmetry-breaking relaxation pathways. 

Without.loss of generality, the dipole-dipole interaction 

between the methyl protons and ~he unpaired electron can be 

18 19 
expressed as a product of tensor operators. ' 
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r ii ii (t> = I: <-l>m vi <m> fl e-m> <t> 
i=1,2,3 m=O,±l 

i=1,2,3 

= L. 
m=O,±l 

(-l)m V (m) f;; (m} (t) 
' ~ ... {IV.43) 

~=A,Ea,Eb 

where 

v (0) = 
i 

I V (l) = 
i,z' i 

l (Vi + iVi ) and V. ( -l) = .!_ (V - iV ) 
12 ,x ,y l. /2 i,x i,y 

(IV.44) 

The symmetry-adapted form V~ (m) is related to Vi {m) by the same 

transformation as we used in equation (IV.ll). The fluctuating 

~ ~ 

local field Bi(t) experienced by the proton spin Ii, is produced 

by the unpaired electron. 

Two kinds of correlation functions are involved in our 

discussion. These are the auto-correlation functions G (T) and 
a 

the cross-correlation function G (T) which are given by 
c 

(-l)m f (-m)(t) f {n)(t-T) = 
i 1 

o G (m){T) 
mn a 

(IV.45) 

= o G (m)(T) 
mn c for i # j . (IV.46) 

We can express the correlation function in terms of the molecule's 

symmetry by 

.• 
!" 
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(-l)m f (-m) (t) f-~n) (t-T) 
l.l l.l 

(IV .47) 

It can be shown that the symmetry-adapted correlation function 

is closely related to both the auto-correlation function and the 

cross-correlation function by 

and 

G (m)(T) = 
l.l 

G (m)(T) + 2 G (m) tr) 
a c 

G (m)(T)- G (m)(T) 
a c · 

if l.l = A 

if l.l 
a b = E ,E .(IV.48) 

The transitions between states ( A112 ,A_112>, (E~12 , E~112 ), 
b b 

(E112 , E_112 ) have the same frequency. The decay of the 

coherence for these degenerate transitions is generally non-

exponential and complicated. The decay rates for the non-

degenerate multiple quantum transitions are evaluated and given 

as follows: 

h2rl4 = ~ J (O) +! J (1) + J a(l) 
2 A 2 A E 

h2r = h2r = ~ J (O) + 1 J (1) +! J (o) + ~ J (1) 
13 24 3 A 6 A 3 Ea 3 Ea 

h2r h2r = ! J (O) + 1 J (1) +! J (O) 
12 = 34 6 A 6 A 3 Ea + ~ J (1) 

3 Ea 

(IV.49) 

The spectral densities are related to Fourier transformations 

of correlation functions by 



so 

J (0) = 2 G (O) (0) (1+2F,;) ' A a 

J (1) = . 2 Ga (1) (wi) (1+2F,;) 
A ' 

(0) 
J b (0) G (O) (0) (1-F,;) J a = = 2 

' E E a 

J a(l)= 
E 

J b (1) 
E 

= 2 G (l)(w )(1-F,;) 
a I ' (IV. SO) 

where 

F,; = G (O) /G (O) = G (1 ) /Ga (1) (IV .51) 
c a c 

and wi is the Lamor frequency of the proton. The asymmetry 

parameter (or correlation parameter) F,; is a measure of the extent 

of the symmetry-breaking relaxation (Figure IV.S). 

(1) Completely correlated fluctuation, F,; = 1. 

In this case each proton in the methyl group experiences the same 

field produced by the unpaired electron. It implies that the 

auto-correlation function and cross-correlation function be 

equal, namely, F,; = 1. We readily obtain 

G (m)(T) = 
A 

3 G (m)(T) 
a 

G b(m)(T) = 0 
E 

The allowed relaxation channels are those transitions that 

conserve symmetry. 

(2) Completely uncorrelated fluctuation, ~ = 0. 

(IV.52) 

In this case each proton spin is relaxed i:ndependently by the 

electron. The inter-symmetry~crossing relaxation is allowed and 

the cross-correlation function vanishes; namely, 
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Figure IV.S Possible relaxation pathways for the triple-quantum 

transition. The spectral density of A-type (symmetry-conserving) 

corresponds to relaxation among states of the same symmetry. 

Spectral densities of Ea or Eb-type (symmetry-breaking) correspond 

a 
to relaxation between the states of A-symmetry and states of E 

b or E -symmetry. 



(3) General case. 

G (:m) (r) 
a 
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(IV .53) 

The ratios of the decay rates of multiple quantum coherences 

depend on the asymmetry parameter~ and the ratio of Ga (O) /Ga(l)(wi) 

(which depends on the correlation tilne T of the fluctuation and 
c 

the Lamor frequencies WI' w8 of proton and electron). As we 

evaluated in an earlier section, the correlation functions are 

given by: 

(IV.54) 

G (l}(w )= G (-l)(w) = ~ K2 T 
a I a I 20 c 

1 

(IV.SS) 

where 

The dependence of the decay rates on the concentration of para-

magnetic impurity is through the average distance between the 

electron and methyl proton. 

The ratios of the relaxation rates (independent of the 

concentration of impurity in the experimental range) provide a 

measurement of the correlation time and the asymmetry parameter. 

To illustrate the sensitivity of the n-quantum relaxation to 

the fluctuation model, the ratios of the decay rates are shown 

for three extreme cases that are classified by the value of T • c 



(a) 
2 2 Short correlation time limit, w 'T << 1. 
s c 

The ratios of decay rates is given by 

rl4 3(1+~) 
rl2 = 2+~ 

~+2l:" 2 . <, 

2+~ 
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(IV. 56) 

Their dependence on~ is indicated by the two curves A and A' 

in Figure IV.6. 

(b) 
2 2 

Long correlation time limit, WI'Tc >> 1. 

In this case, we have 

(IV .57) 

The dependence of the ratios on ~ is indicated by the two 

curves B and B' in Figure IV.6. 

(c) 2 2 2 2 
~ntermediate case, w1Tc << 1 , Ws'Tc >> 1. 

The ratios are given by 

rl4 21 + 24~ 
r

12 
= 13 + 6~ 

r'l3 17 + 14~ 
r

12 
= 13 + 6~ (IV.58) 

Their dependence on ~ is indicated by the two curves C and 

C' in Figure IV.6. 

4.4.4 Experimental results and discussion 

4.4.4.1 Samples and spectrometer 

Experiments were done in a field of 42.5 KG provided by a 

Bruker superconducting solenoid. The corresponding operating 

frequency for protons is 185 MHz. The pulsed r.f. power of 200 

Watts generated by a tuned transmitter, produced a rotating field 
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Fig. IV.6 The ratios of relaxation rates of double and triple quantum 

coherences to single quantum r
13

tr
12 

and r
14

!r
12 

depends on the corre­

lation factor ~ and the correlation time T • Curves A and A' show the 
c 

2 2 
case of short correlation time limit, w T << 1. Lines B and B' show 

s c 
2 2 

the case of long correlation time limit, wi re>> 1. The intermediate 

2 2 1 2 2 1 i h b C and C'. case, wi Tc << , tv
8 

rc>> , s s own y curves 
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of 20 G in a solenoidal coil of 8 mm in diameter. Samples of 

acetonitrile (~ 12% in mole) dissolved in EBBA (p-ethoxy-benzylidine 

n-butylaniline), with different concentrations of di-t-butyl-
0 

nitroxide (DTBN) radical, were observed over a range of temperature 

21.5° ~ 23.0°C. The temperature was controlled by a feedback 

system within± 0.1°. The change of the observed dipolar 

splitting by temperature fluctuation caused linebroadening by 

an amount less than a few hertz. 

4.4.4.2 Pulse sequence 

Multiple quantum transitions were observed by using the 

TPPI-Echo method. 14 The line broadening by field inhomogeneity 

(~ 1 ppm) was removed by the echo pulse20 during the evolution 

period of multiple quantum coherences as we have shown in Figure 

IV.7. An artificial frequency offset was created by the phase 

increment of the first two goo pulses relative to that of the 

third goo pulse. When the r.f. phase is incremented by¢, the 

n-quantum transitions "see" this as n¢. 15 ,16 

4.4.4.3 Spectra and results 

The linewidths of multiple quantum transitions for a given 

concentration of DTBN were measured by taking the averages of 

the particular linewidth of spectra obtained from various 1 

ranging from 250 ~sec to 500 ~sec, Four typical spectra with 

different concentrations of DTBN are shown in Figure IV.8. 

The full widths at half height of each transition, related 

to the relaxation rate by r/n, were found to vary linearly with 

respect to the concentration of the impurity as is shown in Figure 
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Figure IV.7 The TPPI-Echo pulse sequence is used to remove 

inhomogeneous line broadening, and to restore the frequency offset 

by the time proportional phase increnent. The artificial frequency 

offset is merely the rate of phase increment. The time during the 

period of preparation and mixing is set to be 250 ~sec ~ 500 ~sec. 

The multiple quantum spectrum is obtained by a Fourier transformation 

of the signal in time domain t. 
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0.00% DTBN 

0.89% 

1.63% 

2.5% 

Aw 2Aw 3Aw 

XBL 796-10114 

Fig. IV.8 The relaxation rates of multiple quantum coherences depend 

on the concentration of the paramagnetic impurity. Shown are illus-

trative multiple quantum spectra with different concentrations of DTBN 

in mole per cent. The frequency offset 6w/2n is 7.8125 KHz . 
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IV.9. Their relations are given by linear fits: 

r12 = r 4 (336 ± 5)[C]Sec -1 = . 3 

rl3 = r24 (565 ± -1 10) [C] Sec . 

r
14 

= (850 ± 90)[C]Sec-l 

where [C] is the concentration of DTBN in mole per cent. 

The ratios of the decay rates rl4/rl2 and rl3/rl2 are then: 

4.4.4.4 Discussion 

We shall now compare the various models of correlation time 

T and correlation parameter ~ (Figure IV.6) with these data. 
c 

The model with the condition w2-r 2 
<< 1 is completely ruled out s c 

since it predicts (Curves A and A' in Figure IV.6) 

for ~ = 0-L 

Similarly, -riw~ >> 1 is not possible since it predicts (Curves B 

and B' in Figure IV.6) 

for ~ = 0-1. 

By looking at Curves C and C' in Figure IV.6 we see that the 
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Fig. IV.9 The linewidth of multiple quantum transitions is linearly 

proportional to the concentration of DTBN. The ratios of the relax-

ation rates can be determined accurately by measuring the ratios.of 

the slope. 
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data fits quite well with the assumption 

wiT~ << 1 with ~ = 1. This predicts: 

that W2~2 >> 1 d • an 
s c 

F; = 1. 

The fit can be made very good by keeping F; = 1, but 

y = (l+wiT~)-l = 0.91 ± 0.04. With these values we find 

-10 T = (2.7 ± 0.6) x 10 sec. 
c 

The conclusions that F; = 1, namely, that a complete 

correlation in the fluctuation is not unreasonable, since T ~ 
c 

-10 10 sec; whereas the rotation time for the CH3 group (permuting 

the proton positions) is of the order of l0-12 sec. In additi~n, 

the average-distance between the electron spin and the methyl 

protons is much larger than the dimensions of the methyl group. 

Simple geometric calculations (using o/y), predict that the 

extent of symmetry breaking transitions should be less than 1%. 

Thus we see that the measurement of n-quantum relaxation indeed 

gives a very sensitive measure of correlation and correlation 

times. 

4.4.4.5 Summary and comments 

In a system of strongly coupled spins, we have shown that 

the longitudinal and transverse relaxation of normal single 

quantum transitions usually provides information about inter-

nuclear correlation functions. They alone, however, are not 

adequate to determine the relaxation mechanism characterized by 

a number of auto- and cross-correlation functions. The 

: 
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advantages of using multiple quantum spectroscopy to study 

relaxation effect have been illustrated by the system of oriented 

actionotrile in a liquid crystal matrix containing paramagnetic 

impurities. 

We estimate that the broadening of linewidths of paramagnetic 

impurity becomes dominant over those by intra- and inter-proton 

relaxation if the molar concentration of paramagnetic impurity is 

larger than 0.01%. The estimated contribution of linebroadening 

by symmetry-breaking channels is rather small (<1%), even with 

molar concentrations as high as 35%. 

The presence of the echo pulse during the evolution period 

of multiple quantum coherences reverses the magnetic quantum 

number m, and changes the density matrix element Pa.B into Pa.'B' 

where Ia.'>, IB'> are mirror-imaged states of Ia.> and IB> by 

reversing m. The associated dipolar splitting and relaxation 

rates, however, remain unchanged. 

We shall now point out some features of completely correlated 

fluctuations. The adiabatic term of the relaxation rate, originated 

from the elastic scattering (energy-conserving) processes, can 

be written as 

r (O) = _!_ J (O)(O) (m -m ) 2 
a.B 2h 2 A a B (IV.59) 

It has a simple quadratic dependence of the decay rate on the 

number of quanta. In the case of a long correlation time limit 

(wiT~>> 1), the non-adiabatic contribution by inelastic scattering 

processes becomes negligible. The linewidth of n-quantum 

.. 
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coherence depends on N quadratically. It is a general property 

of the case of completely correlated fluctuations but does not 

refer particularly to the system of methyl protons. As the 

correlation time becomes shorter, the non-adiabatic contribution 

becomes as important as the adiabatic term. The non-adiabatic 

term can be found by evaluating the lifetimes of the associated 

states. 

The expression of the adiabatic term in the case of.completely 

uncorrelated fluctuations is generally complicated. There is, 

however, a simple relation if either Ia> or IB> is the highest 

or lowest state. In this case, the adiabatic term linearly 

depends on the number of quanta of the multiple quantum coherence, 

such as: 

r {O) = --1-- J{O)(O) lmN-m6l 
aS 2h 2 .... 

(IV.60) 

For a system of N coupled spins, the non-adiabatic term has a 

simple form in the case of completely uncorrelated fluctuations: 

r' aS 
(IV.61) 

Because each spin relaxes independently, it contributes to the 

decay rate equally. 

There is only one transition between the state with all 

spins up and the state with all spins down. The adiabatic term 

of its linewidth depends on the number of quanta quadratically in 

the case of completely correlated fluctuation, and linearly in 
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the case of completely uncorrelated fluctuations. 

4.5 Multiple quantum NMR and relaxation of two coupled methyl groups 

In the previous multiple quantum NMR study of an oriented 

methyl group relaxed by paramagnetic impurities, we found that 

the fluctuating magnetic fields at each site of methyl protons 

6 are correlated. The dominant relaxation mechanism is caused by 

the A-type fluctuation that conserves the symmetry of the spin 

states. The relaxation caused by the fluctuation of symmetry-

a b breaking types E and E is negligibly small. 

We have studied the multiple quantum NMR of two coupled 

methyl groups at room temperature. The experiments showed no 

evidence of correlated motion between them in the time scale of 

a millisecond,. that is, two methyl groups rotates quite 

independently. 21 

vle shall demonstrate the application of multiple quantum NMR 

to the study of two dipole-coupled methyl groups in the presence 

of paramagnetic electron spins. The measurements of the transverse 

relaxation time for four, five, and six-quantum transitions allow 

a complete determination of the fluctuation spectral densities 

and relaxation pathways. 

As shown in Figure IV.lO, each of the two methyl groups 

experiences a fluctuating magnetic field that is produced by a 

distant electron spin. Since the methyl group rotates very 

12 rapidly at a rate of 10 Hz, the protons of same group feel an 

equally fluctuating field. This assumption is reasonable and has 

been verified by our previous experiments on the multiple quantum 

6 study of an methyl group. Although each methyl proton of the 
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Figure IV.lO Geometry of two methyl groups. The electron spin 

S produces a large random field at each site of the methyl groups. 
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same group experiences the same field, the fluctuating field at 

the site of different groups may not be equal. Different degrees 

of correlation between these two fluctuating magnetic fields B1 (t) 

and B2(t) affects the linewidth of the multiple quantum spectrum 

differently. 

The interaction between the methyl p~otons and the magnetic 

field produced by the unpaired electron is given by the time-

dependent Hamiltonian H
1

(t) as 

H (t) = - h y 
1 I l: 

i=l,2,3 
L 

i=4,5,6 

(IV .62) 

-+ -+ 
We may rearrange the functions Ii and B1 , 2(t) in terms of the 

symmetry-adapted form to read 

-+ -+ -+ -+ 
= - h y I •B - h y I •B 

I g g I u u 

= [ (-l)m V (m) f-(-m)(t) (IV.63) 
m=O,±l l..l l..l 

=g,u 

-+ -+ 
where B is the symmetrized function, B is the anti-symmetrized 

g u 

function 

(IV. 64) 
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and 

V (O) = I 
jJ jJ,Z 

v (1) 
' l.1 

. 1 
=--I 12 l.l,+ 

V .(-1) 1 ( 6 ) =-I .rv.s 
l.1 12 l.l,-

The fluctuating function 

f (m) = - h y B (m) ( t) 
l.1 I l.1 . 

is related in a similar way to £ (m) by 
i 

f (m) = - h y B (m) ( t) 
i I i 

(IV.66) 

(IV .67) 

There are two distinctive kinds of correlation function-­

the autocorrelation function G (m)(T) and the cross-correlation 
a 

function G (m)(T). 
c 

They are defined by 

f (-m)(t) f (n)(t-T) 
i i 

= 0 G (m)(T) 
mn a 

f (-m)(t) f (n)(t-T) = 
i j 

0 G (m)(T) 
mn c fori~ j. (IV.68) 

We can introduce the symmetry-adapted correlation function G(m)(T) 

as 

= 0 0 G(m)(T) 
mn l.l'd JJ 

(IV.69) 

(m) 
The function Gl.l (T) is closely related to both the autocorrelation 

function and cross-correlation function by 

[ 

G (m) (T) = .!_ G (m) (T) + .!_ G (m) (T) 
g 2 a 2 c · 

G (m)(T) = .!_ G (m)(T)- .!_ G (m)(T) 
u 2 a 2 c 

(IV.70) 
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In the case of a completely correlated fluctuation, the fluctuating 

magnetic fields at both methyl groups are equal and correlated. 

The autocorrelation function is thus equal to the cross-correlation 

function, hence, the antisymmetric correlation function G {m) 
u 

vanishes. If the fluctuating fields at each methyl group are 

completely uncorrelated, the cross-correlation term should be an 

identical zero. In this case, the symmetric correlation function 

G (m) is equal to the anti-symmetric correlation function. 
g 

Generally, there are four different fluctuation spectral 

density functions: G {O) G {l) G (O) and G (l). 
g 'g 'u' u 

To completely 

determine their values and the relaxation pathways, we should at 

least measure the linewidth of four different multiple quantum 

transitions. We shall calculate the linewidth for the two 

satellite four-quantum transitions, one satellite five-quantum 

transition, and the central six~quantum transition. The four 

above transitions are all of A -type. g 

By using the expression for relaxation rate in the equation 

IV.20 and the fluctuation Hamiltonian in the equation IV.63, we 

can calculate the decay rates for the nondegenerate multiple 

quantum transitions. Their values are given as follows: 

(1) six-quantum transition A (...;3) - A (3) g g 

= 18 J (O)(O) + 3 J (l)(w) + 3 J (l)(w) 
g g I u I 

(IV. 71) 

(2) five-quantum transitions A (-2) -A (3), A (-3)- A (2) g g g g 

h2r 5 = 2{ Jg (0) (0) + 121 Jg (1) (wi) + ~ Ju (0) (0) + t Ju {1) (wi) 

(IV. 72) 
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(3) four-quantum transitions 1 A (-1) 
_g - A (3), 

2
A (-1) - _Ag(3) ~ g- g 

A (-3) - 1A (1), A (-3) - 2A (1) g g g . g 

h2r 4 = 8 Jg (0) (O) + ~ Jg (1) (wi) + Ju (0) (0) + ~ Jk (1) (wi) • (IV. 73) 

Since there are two kinds of fluctuation G and G , we need to g u 

consider only two types of symmetry representations, A and A • g u 

To illustrate this, the relaxation channels for the six and five-

quantum transitions are shown in Figure IV.ll. 

Expressing the decay rate for the two four-quantum transitions 

is very complicated. It depends on the strength of the dipole 

couplings. If we change to a different sample, the dipole 

coupling will also change. As a consequence, we cannot study 

the effects using different concentration of impurities. Neverthe-

less, we can show that the average value of the decay rates for 

the two four-quantum transitions does not depend on the strength 

of dipole couplings. Its value was given in the previous rate 

equation. 

It is reasonable to assume that the ratio between G (m) and 
c 

G (m) is characterized by the same correlatin parameter ~ as a ./ 

~ = G (0) /G (0) = 
c a 

G (1)/G (1) 
c a 

(IV.74) 

We can rewr-ite the. equations for the relaxation rates as 

h 2r = 18 G (O)(l+~) + 6 G (l) 
6 a a 

h2r = (13 + 120G (O) + (8 .+ 3t)G (l) 
5 a a 

h 2r (9 + 7~)G (O) + 9 G 
(1) = 4 a a 

(IV.75) 

-" 
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Figure IV.ll Relaxation channels for 5 and 6-quantum transitions. 

Pathways which connect the A and A states are caused by 
g u 

antisymmetric fluctuations. Symmetry-conserving relaxation 

channels are caused by symmetric fluctuations. 
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The explicit expression of G (O)(O) and G (l)(w) has already 
a a I 

been shown in equations (IV .54) and (IV .55). 

We shall illustrate the dependence of the relaxation rate 

on the correlation parameter ~ by using three extreme cases. 

2 2 (a) Short correlation time, w .. -r « 1. 
s c 

In this case, one has G (O) = G (l) and 
a a 

r6 24 + 18~ 
"f4 = 18 + 7~ , r5 21 +1st; 

r
4 

= 18 + 7~ (IV.76) 

Their dependence on ~ is indicated by the two curves A and 

A' in Figures IV.12 and IV.l3. 

2 2 
(b) Long correlation time, wi-rc >> 1. 

In this case, we have G (l) << G (O) and 
a a 

r6 18 + 18E; 
r

4 
= 9 + 7t;. 

r s 13 + 12t;. 
r~ = 9 + 7t; (IV.77) 

Their dependence on [,. is shown by the two curves B and B' in 

Figures IV.12 and IV.13. 

(c) Intermediate 
2 2 

<< 1, 2 2 >> 1. case, WI 'rc W "t s c 

r6 90 + 72E; rs 76 + 57[,. (IV.78) -= 
r4 = r4 63 + 28[,. 63 + 28f,; 

Their dependence on [,. is indicated by the two curves C and C' in 

Figures IV.12 and IV.13. 

From the linewidth measurements of four, five, and six-quantum 

transitions with different concentrations of paramagnetic 

'. 
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RATIO OF RELAXATION RATES 
rs;r4 

2.5 r 2.4 

2.3 2.25 
2.2 r B 

2.1 

2.0 

L I .9 1.7J I .8 ~ 
1.7 t I .6 1.68 

I .S 

I .4 

I .3 

1.2 

I . I 

1.0 ..L._. 
j_ __ 

0.0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1.0 

e (correlation factor} 
XBL 814-9004 

Figure IV.l2 Ratios of relaxation rates of 6-quantum coherence 

to 4-quantum coherence. r 6;r4 depends on the correlation factor 

~ and 

short 

the correlation time T • Curves A shows the case of the 
c 

1 · · 1" · 
2 2 

< 1 C B h h corre at~on t~me ~m~t, w T < • urves s ows t e 
s c 

case of the long correlation 

. d" 2 2 1 ~nterme ~ate case, w1Tc << , 

time limit, w~T~ >> 1. The 

2 2 w T >> 1, is shown by curve C. 
s c 
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Figure IV.l3 Ratios of the relaxation rates of 5-quantum 

coherence to 4-quantum coherence. r5tr4 depends also on the 

correlation factor~ and the correlation timeT . Curves A', 
c 

B', and C' show the case of the short correlation time limit, 

long correlation time limit, and intermediate case •. 
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impurities, we can determine the ratios of the decay rates more 

accurately. The degree of the correlated fluctuation can be 

calculated from the experimental measurements of these ratios. 

By knowing the correlation factoT ~' we can completely determine 

the relaxation pathways. 

4.6 Relaxation by an external randam field 

As we have pointed out in the earlier discussion of the 

completely correlated fluctuations, the adiabatic part of the 

relaxation rate is given by 

r (O) = __!__ JA(O) (O) (m,., -ms) 2 
aB 2h 2 "" 

(IV. 79) 

For a n-quantum transition, the adiabatic relaxation time is n 
2. 

times faster than that of. a single quantum transition. 6 

This interesting phenomena can be verified by irradiating 

external random electromagnetic waves at audio frequency. The 

nuclear·spins couple to the fluctuating magnetic field that is 

produced by a tuned coil along the z-axis; its interaction 

Hamiltonian is given by 

= - h YI ( L I. )B ( t) 
i l.,Z Z 

(IV.80) 

The fluctuating magnetic field at audio frequency can be produced 

by a noise generator. The power level and the band width of the 

noise can be controlled by an amplifier and an audio frequency 

filter. 

Since the non-adiabatic part of the relaxation is very small, 

the transverse relaxation rate is completely determined by the 
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. 6 
adiabatic process, and 

1 =-·. 2 
2fi 

(IV.81) 

The linewidth of multiple quantum transition has a simple 

quadratic dependence of the decay rates on the number of 

quanta. 

-1 By changing the width of the filter that corresponds to T 
c 

and the amplifier gain for the noise generator, we can system­

atically vary the spectral density of fluctuation JA(O)(O). From 

the linewidth measurements of the multiple quantum transition, 

the quadratic dependence can be testified. 

: 
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v 

MULTIPLE QUANTUM NMR STUDY OF CORRELATION OF TWO METHYL GROUPS 

5.1 Introduction 

Molecules having two rotating groups may show coupled 

motions. An interesting question for us to consider is the 

characterization of conformation and correlated motion of 

molecular groups which are sterically hindered. For example, 

two adjacent methyl groups may exhibit some degree of correlated 

motion as do two wheels in gear. The coupling of rotational 

motion is very difficult to measure by microwave spectroscopy. 

Although the traditional single quantum NMR can yield some 

information about the molecular conformation and correlated 

motions, the spectra obtained may sometimes be complicated and 

difficult to analyze. 1 

In this chapter, we shall demonstrate the application of 

multiple quantum NMR technique to the study of the potentially 

correlated motion of two adjacent methyl groups in the same 

molecular framework. 2 

We shall show that four-quantum spectrum is sensitive to the 

two-body correlations and distinguishes simply between the cases 

of uncorrelated and correlated motion.
2 

The two-body correlation 

also reveals in other lower order spectra, though their complexity 

in the spectrum makes the assignment difficult. The number of 

four-quantum transitions (five expected for uncorrelated and 

seven for correlated motion) provides a ready test of the limits 

for two methyl groups. 
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We shall also.discuss the intermediate case, namely, when the 

inverse of the correlation time of gearing motion is comparable 

to the dipole coupling strength. 

We should expect that the two distant methyl groups will rotate 

or reorient independently. Yet, if we bring these two groups 

closer, their mutual in~eraction will force them to move in a 

copperative way. This kind of correlated motion is very interesting. 

We shall see how the correlated motion affects both molecular symmetry 

and multiple quantum NMR spectra. 

Let us now consider a system of two methyl groups as is 

shown in Figure V.la. For the uncorrelated case, these two methyl 

groups move independently; their relative orientations are random. 

Consequently, the dipole couplings between protons of a different 

group are equal in average. nevertheless, this is not true if 

these two methyl groups move in a correlated way as do two wheels 

in gear. Although each· methyl group rotates very fast about its 

three-fold axis, their relative orientation is in good order--as 

we have shown in Figure V.lb. The methyl group on the left rotates 

clock-wise, however, the right one rotates counterclockwise. A 

complete correlation signifies that the gearing motion is not 

interrupted. 

Let us define several dipole coupling constants according to 

the top configuration of the Figure V.Ib as 
.· -

a = D24 = D34 

b = Dl4 = D25 = D36 

c = D35 = D26 

d = Dl6 = DlS (V. I) 
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Figure V.la The geometry of two adjacent methyl groups. In the 

case of uncorrelated motion the two methyl groups move independently. 

On the average, the couplings between protons belonging to different 

methyl groups are equal. Figure V.lb With gearing motion, the 
/ 

averaged coupling between protons 1 and 4 is not equal to the 

coupling bet~veen 1 and 5. Thus, there are two intermethyl 

couplings and one intramethyl coupling. 
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The time-averaged dipole coupling strengths are averaged over the 

three possible orientations as in Figure V.lb, and they are 

1 = 3 (a + b + d) (V.3} 

As a result, there are two different intermethyl dipole coupling 

constants for 'the correlated motion. 

If the motion is not correlated, we need to average the 

dipole couplings over an additional six different orientations. 

We shall find that all of the intermethyl dipole couplings are 

equal and have a value of 

x =; (v'+ 2w) =; (2a + 3b + 2c + 2d) (V.4) 

For both cases, the intramethyl dipole couplings are all equal 

since each methyl group is identical; also, the distance between 

protons of same group is equal. 

The difflerence in the number of intermethyl dipole couplings 

has a striking effect on the symmetry and the NMR spectrum, and 

will be discussed extensively later. 

We shall use a simple rule and diagram representations to 

find out the number of possible four, five, and six-quantum 

transitions for the system of two-methyl groups. The rule is 

stated as: 3 

The number of n-quantum transitions is given by the number 

of combinations of non-equivalent configurations. For a system 
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of N coupled spin-1/2 particles, the rule holds only for N, N-1, 

and N-2 quantum transitions. The rule is based on the group 

theory and holds exactly for the transitions within the manifold 

of totally symmetric representation. It turns out that the N, 

N-1, and N-2 quantum transitions are of totally symmetric 

representation. 

As illustrated in Figure V.2, there is only one six-quantum 

transition, since it connects the state with all spins up and the 

state with all the spins down. A similar argument can be applied 

to the five-quantum transitions. There is only one configuration 

with one spin down. The location of the down spin at any one of 

the six different sites is equal. Therefore, there are two five­

quantum transitions. For each case of correlated and uncorrelated 

motion, the number of six and five-quantum transitions is the 

same. 

As shown in Figures V.3 and V.4, there are seven four-quantum 

transitions for correlated motion and five four-quantum transitions 

for uncorrelated motion. The difference results from the way we 

assign the two down or up spins. For the case of uncorrelated 

motion, there is only one intermethyl coupling. The assignment 

with one of the two down (or up) spins to each separate methyl 

group is equal. Nevertheless, it is not the case for a correlated 

motion that has two intermethyl couplings. As we discussed before, 

the averaged couplings <n14> and <n15> are not equal. As a 

consequence, the configuration with spins 1 and 4 down is not 

equal to the configuration with spins 1 and 5 down. Therefore, 

there are two additional transitions for the correlated motion. 
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6- Quantum Transition 

( I ) m=-3- m=3 

~ D. 
be D. 

5-Quantum Transitions 

( I ) m = -3 - m=2 

be b 
~ 

- ~ 
(2) m .= -2- m =3 

A L. 
~ L. 

XBL 803-8630 

Figure V.2 Diagra.I!ls representing ~ultiple quantum transitions. 

Full (empty) circles represent up (down) spins. There is only 

one 6-quantum transition and two 5-quantum transitions for both 

correlated and uncorrelated motion. 
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4-Quantum Transitions 
Uncorrelated Motion 

m = -3 -:-- m =I 

' 

(l)cD, 
~ (2)~ ~ -

L - L ~ ~ 

- m=3 

-

m=-2-m=2 

(5) L 
c6, 

XBL !303-8628 

Figure V.3 Allowed 4-quantum transitions for two methyl groups 

with uncorrelated motion. There are five 4-quantum transitions. 



4- Quantum Transitions 
Correlated Motion 

m=-1-m=3 

(4)~ 

m =-2 m=2 

XBL 803-8629 

Ficure V.4 Allowed 4-quantum transitions for the case of 
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correlated motion. Seven 4-quantum transitions are expected. 

Since there are two intermethyl couplings, the configuration in 

(2) is different from the configuration in (3). 
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The four-quantum spectrum provides a direct and ready test of 

the limits for the motion of two methyl groups. 

5.2 Two methyl groups in correlated motion 

•. The symmetry group for two methyl groups in correlated motion 

is isomorphic to the symmetry group of cyclopropane molecule. 4 

In the molecule of cyclopropane as we have shown in Figure V.5, 

the dipolar couplings n14 , n25 , and n35 are all equal and 

different than the value of n24 , n34 , n25 , n36 , n16 or n15 • 

Since there is a one-to-one correspondence between the dipolar 

couplings for cyclopropane molecule and the two correlated methyl 

groups, we do not need to find the symmetry group for the latter 

case from the first principle. Instead, we can use the symmetry 

group n3h of ~yclopropane for it. 

5 Using the characteristic table for n3h group, we can decompose 

the eigenstates of m-quantum manifold into several irreducible 

representations. The result is shown as follows, 

m = 3 A' 
1 

' II ' II 

m = 2 Al + A2 + E + E 

' II II ' II 

m = 1 3A
1 

+ A
1 

+ A2 + 3E + 2E 

' II ' II II 

m = 0 3A
1 

+ A
1 

+ A2 
+ 3A

2 
+ 3E 

The states with negative quantum number m have the same decomposition 

as their mirror states with positive m. With the above 

decomposition, we can construct the energy-level diagram as shown 

in Figure V.6. 
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Figure V.S (a) Methyl groups in correlated motion. (b) The 

symmetry group for the system in (a) is isomorphic to the symmetry 

group of cyclopropane. The average coupling constants <n14> and 

<n15> are different. 
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XBL 803-8655 

Figure V.6 Energy level diagrams for two methyl groups in 

correlated motion or uncorrelated motion. The number of multiple 

quantum transitions can be found from the diagrams. There are 

one 6-quantum, two 5-quantum transitions for both cases, but five 

4-quantum transitions for uncorrelated motion, and seven for 

correlated motion. 
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' ' There are one six-quantum transition A1(m=-3) ~ A1 (m~3)~ 

' ' ' and two five-quantum transitions A1(m=-3) ~ A1 6n=2), A1 6n~-2) ~ 

' ' ~(m=3). These transitions are of A1 type. Any pair of mirror 

states has a similar dipolar energy shift. The transition between 

the two occurs at the center of the corresponding m-quantum domain, 

and does not contain information about dipolar coupling. The 

' ' " four-quantum transiticns of A1(-2) ~ A1(2), A2(-2) ~ A2(2}, 
t II II 

2E (-2) ~ 2E' (2), and 2E (-2) + 2E {_2) are mirror-state transitions. 

They are located at the center of 4-quantum domain. Yet, there 

<' ' ' ' are three pairs of transitions 3A1(-l) ~ A1C2), A1(-2) ~ 3A1(1), 

which have a non-zero frequency shift. Consequently, there are 

' seven four-quantum transitions. The three pairs of A1-type 

transition appears on each side, and the central peak consists of 

several degenerate transitions of a different type. 

The dipole-dipole interaction Hamiltonian H of two methyl 

groups in correlated motion is given by 

H=H +H +H u v w 

= u L: uij + v I 
i<j i<j 

v .. + w 
l.J L wiJ. 

i<j 
(V.S) 

H is the Hamiltonian for the intramethyl dipolar interaction, H 
u v 

and H are the intermethyl dipolar Hamiltonian. The blinear 
w 

operators Uij' Vij' and Wij are given by the same form as 

(V .6) 

The indices i and j refer to different sets of protons as follows, 



uij: (i,j) = (1,2), (1,3), (2,3)' 

(4,5)' (4 ,6)' (5,6} 

vij: (i,j) = (1,4), (2,6), (3,5) 

w .. : (i,j) = (2,4), (3,4), (1,5}, (2,5) 
~J 

(1 ' 6), (3 ' 6) 

We can show that 

and 

HIA~(3)> = Hlaooaaa> 3 3 3 ' 
= (2 u + 4 v + 2 w) IA1 (3)> 

= H .! ( ll> + 12> + 13> + 14> + IS> + 16> 
16 

. = 0 
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(V. 7) 

(V. 8) 

where state li> means the state with all spins up except i-th 

spin. 

l 
The eigenenergies for the triplet of A1 (1) can be found by 

matrix diagonalization of 

w 

u 
H = /2 

u --
(V. 9) 

and will be discussed later in the section on partially correlated 

motion. 
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5.3 Two methyl groups in uncorrelated motion 

The symmetry group for each methyl group is n
3
. The molecule 

with two non-equivalent methyl groups (AA 'A"BB 'B") forms a symmetry 

group by the direct product of two n
3 

groups. It is represented 

by 

(Al + 2E) x (~ + 2E) 

= Al X Al + 2Al X E + 2E X ~ + 4E X E (V .10) 

If two methyl groups are identical, we should include the 

permutation symmetry that they share and introduce the symmetric 

or anti-symmetric form for the wavefunction. The representations 

A , A signify the symmetric and antisymmetric wavefunctions of g u 

A
1 

x A
1 

type. Similarly, we should classify the four-fold 

degenerate representation 4(E x E) by 4G' and 4G'. The two doubly 
g u 

degenerate representations 2A1 x E and 2E x A1 are put together 

to form a new representation 4G. We can decompose the total 26 

' spin states into irreducible representations A , A , 4G, 4G and g u g 

' 4G as shown in Figure V.6. 
u 

By decomposing the representations of n3h for the correlated 

motion into the new representations above, we can obtain the 

information about the correlation between these two symmetry groups. 

The correlation diagram is also shown in Figure V.6. For example, 

' representation A1 is the direct sum of Ag and G~. 

not have states with m = 2 or 3, states Ai(2) and 

Since G' 
g 

A]_(3) are 

does 

simply 

the states Ag(2) and Ag(3). In the cases of partially correlated 

and uncorrelated motion, the cocrelated motion is frequently 
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interrupted. ' The triplets of A1 (1) are no longer pure states and 

' are mixed with different representations A and G • The g g 

corresponding four-quantum transitions become broadened once 

phase interruption sets in. The five and six-quantum transitions, 

however, remain unaffected because their associated states are 

pure states. We shall discuss the effects of phase interruption 

on multiple quantum spectrum later in more detail. 

As we found in the previous figure for uncorrelated motion, 

there are one six-quantum transition A (-3) ~A (3), and two five g g 

quantum transitions A (-2) ~A (3), A (-3) ~A (2). The transitions g g g g-

A (-2) ~ A (2), A (-2) ~ A (-2), and 4G(-2) ~ 4G(2) are all 
g g u u 

degenerate because they are transitions between mirror states. 

There are two pairs of transitions 2Ag ( -2) ~ Ag (1), Ag (-1) ~ 2Ag (2), 

and they have non-zero frequency shift. As a consequence, there 

are five four-quantum transitions derived from the simple rule 

for counting the number of N-2 quantum transitions. 

The dipole-dipole interaction Hamiltonian H of two uncorrelated 

methyl groups is given by 

H = H + H u v 
(V.ll) 

It is a special case of Eq. (V.S), when we make the coupling 

constants v and w equal. The Hamiltonian H describes the dipolar 
v 

coupling between protons of different methyl groups. We can show 

that 

HIA (3)> 
g 

3 9 
= <z- u + -z:v> (V.l2) 



HIA (2)> = 0 g 

The eigenenergy for the doublet of A (1) can be found by g 

diagonalizing a 2 x 2 matrix, and is given by 

A = - I u - ! v ± 
1 (9 u2 + 7 u

2 
- 3 uv' 1/ 2 

± 4 4 2 •4 J 
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(V.l4) 

As a consequence, the dipolar frequency shifts in the five and 

four-quantum spectra are given by 

&n 5 3 9 
(V.15) = ± (- u + - v) 2 4 ' 

&n 4 9 5 1 9 2 + 7 2 1/2 = ± (- u +-v ± 2 ~u v 3 uv) ).(V.l6) 4 2 

From experimental four-quantum spectra, five-quantum spectra, and 

the above relation, we can specifically determine the coupling 

strength u and v. 

5.4 Experiments 

We have shown earlier that the high n-quantum spectra 

distinguish simply between the cases of uncorrelated motion 

(independent rotation) and correlated motion (geared rotation). 

For N spins we can show that the N-2 quantum spectrum is 

sensitive to the two-body correlations and has many triplets equal 

to the number of different dipole couplings, (that is, the number 

of different pairs of spins). 3 For the system of two methyl 

groups, we should make a distinction in the four-quantum 

spectrum between these two cases. 

The extent of the correlated motion that two adjacent rotating 

methyl groups have is determined by the potential barrier of the 

: 
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coupling, and by the temperature of observation. The lifetime 

T characterizes the duration of the correlation and may be c 

classified into three main categories: (l) completely uncorrelated 

motion (T-l >>10kHz), (2) completely correlated motion (T-l << c . c 

0.1 kHz), and (3) the i~termediate case. The time scale defined 

here refers to the magnitude of the dipolar splittings. 

For example, a sample of 2,3-dimethylmaleic anhydride (30% in 

mole), dissolved in a liquid crystal solvent of p-octylphenyl 

2-chloro-4-(p-heptybenzoxyloxy) benzoate, was studied by using 

multiple quantum NMR techniques in a magnetic field of 42.5 KG 

An ensemble average process was performed on the multiple 

quantum spectra. By using the TPPI method we were able to take 

the average of each magnitude spectra. The various preparation 

periods, ranged from 1.0 msec to 7.0 msec. The experimental 

multiple quantum spectra of four, five, and six-quantum regions 

are shown in Figure V.7. 

Assuming that the intramethyl dipolar coupling constant u 

is equal to 2.00 kHz and that intermethyl coupling constant v is 

equal to -0.59 kHz the spectra are best fitted with the model of 

completely uncorrelated motion. The calculated stick spectrum 

using above parameters is shown in Figure V.7; it is in agreement 

with the experimental spectra. 

The molecule of 1,8-dimethylnaphthalene, with two methyl 

groups in closer position, was studied. The experimental spectra 

of multiple quantum transitions are shown in Figures V.8 and V.9. 

The calculated stick spectrum assuming uncorrelated motion is also 
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Figure V.7 (a) Spectrum of 4, 5, and 6-quantum transitions in 

dimethyl maleic anhydride. Five of the 4-quantum transition 

n=6 

66w 

XBL 806- 98S2 

were observed. (b) Calculates stick spectrum assuming uncorrelated 

motion with intramethyl coupling constant equal to 2.00 kHz and 

intermethyl coupling constant equal to -0.59 kHz. 
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Figure V.8 Multiple quantum spectra of 1,8-dimethylnaphthalene 
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Figure V.9 The top figure shows the experimental spectra of 3, 4, 

5, and 6-quantum transitions of 1,8-dimethylnapthalene. The lower 

stick spectra are obtained by assuming uncorrelated motion. 

_. 
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in agreement with the experimental spectra. 

5.5 Partially correlated motion and chemical exchange process 

5.5.1 Chemical exchange for J~coupled AB system 

Besides nuclear magnetic relaxation, the molecular motion 

also affects its NMR lineshapes. NMR has been a successful -tool 

in studying chemical exchange processes. In this section we shall 

illustrate the first application of multiple quantum NMR study 

of exchange process among two methyl groups as caused by steric 

hindrance. Before any further discussion, however, we shall 

demonstrate how to apply density formalism to the study of a 

simple chemically exchanging system. 

The motion equation of the density matrix p for a chemically 

exchanging system is given by6 

:t p = i[p,H] + ; (RpR+-p) (V.l7) 

where we neglect the T2 relaxation caused by other mechanisms. 

The first term on the right-hand side is familiar. The 

second term describes the effect of the chemical exchange on the 

evolution of the density matrix. The unitary operator R is the 

exchange operator that connects the various states or configurations 

caused by chemical exchange with a correlation timeT. The 

inverse of the correlation time is also known as the exchange rate. 

For the system of no chemical exchange, the operator R is a unity 

operator; consequently, the second term on the right-hand side of 

eq. (V.l7) is, as we expected, identical to zero. 

By using the projector operator UaB = la><BI, we can expand 
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the density matrix p into its components as 

(V.l8) 

The equation of motion for any particular matrix element of 

p(t) is given by 

(V.l9) 

For the case of non-degenerate transitions, namely, 

lwa'B'-wa81T >> 1, the last term of the above equation is very 

small and may be neglected because it consists of components 

that oscillate very fast in time. 

As a result, the evolution of element p~B is not coupled 

to other components and is given by 

d 
dt Pas 

(V.20) 

or 

(V. 21) 

where 



129 

If there is only one other quasi-degenerate transition between 

states Ia'> and IS'>, i.e., lwu'srwasiT ~ 1, the equations of motion 

for paS and pa'S' are coupled and are given by 

(V.22) 

We can obtain the eigenfrequencies by solving the secular 

equation. The ~esult is given by 

(V.23) 

We shall now discuss two extreme cases which have simpler results: 

(i) Slow exchange limit (very large T). 

In this case, we may neglect all of the higher order terms 

except terms that contain 1/T. We can show 

-iw 'S' .... ..!. (1-R , ,RS'S') a T a a (V.24) 
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This is just the case of non~egenerate transitons, 

{ii) Fast exchange limit (very shortT). 

We can show that there are two eigenfrequencies and they are 

given by 

(V.25) 

One of the above solutions with positive sign in 1/T 

corresponds to exponentially increasing function in time. It is 

a non-physical solution and should be omitted. The other solution 

is physical and it indicates that two separate peaks in the slow 

exchange limit will coalesce into one peak in the fast exchange 

limit. The new resonant frequency is the average of the two. 

For example, we shall discuss the exchange system of two 

J-coupled unlike spin-1/2 particles. The energy diagrams for 

both slow and fast exchange limits are shown in Figure V.lO. The 

eigenstates and eigenfrequencies for slow exchange limit are listed 

as follows: 

ll> = laa> 

12> = cos8laS> + sinS I Sa> 
J 1 ~ . 2 2' 

E =-- + - (\J o) + J 
2 4 2 0 

13> = -sin laS> + coselsa> J 1 ~ 2 2' E = -- - - (v o) + J 3 4 2 0 ' 

14> = ISS> 

(V.26) 
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m=-1 ', 14> 

' ' ' ' Forbidden 
' ' ' 12> ' m=O ' 13> 13> 

/ 
/ 

/ 
/ 

/ 
/ 

/ 

m =I ./" II> 

Slow Exchange Fast Exchange 
XBL 813-8518 

Figure V.lO Energy level diagrams for a J-coupled AB system under­

going chemical exchange, (a) for slow exchange and (b) for fast 

exchange. There are four single quantum transitions for the slow 

exchange case. Only one transition is expected for a fast exchange, 

because the transitions 12> ~ 14>, ll> ~ 12> are degenerate, and 

13> ~. 14>, ll> ~ 13> are forbidden. 
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where o = crB-crA and tan29 = J/ov0 • 

Similarly, for the case of a fast exchange limit, we can show 

12> = .!c I aS>+ I Sa>) 
.f2 

14> = ISS> 

13> = ~<-laS> + lsa>) 

, 

(V. 27) 

where cr = crA = crB. We notice that it is the special case with 

e = rr/4. 

The spectrum of the slow exchange case contains four peaks, 

but only contains one peak for the fast exchange case as shown 

in Figure V.ll •. We shall use density formalism to solve the 

problem for the general exchange rate. 

The operator R describes the exchange operation on particles 

between two sites. Since R does not change the magnetic quantum 

number, it can only connect states of the same magnetic quantum 

number. 

We can show that the states ll> and 14> are invariant under 

operation R and that 

Rj2> = R(cos8jaS> + sin8jSa>) 

= cos8jSa> + sin8laS> 

= cos8(sin8j2> + cos8j3>) + sin8(cos8\2>- sin8!3>) 

= sin28j2> + cos28!3> (V. 28) 



Slow Exchange 

3-1 

Fast Exchange 

133 

4-2 2-1 

-2C-IJI- 4-3 

,_--J----t 

I 

2-1 
4-2 

u=u =u 
A 8 

Figure V.ll Theoretical stick spectra for a J-coupled AB system 

undergoing chemical exchange. There are four peaks in the slow 

exchange limit but only one peak in the fast exchange limit. 

XBL 813-8517 
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Rl3> = -sinSISa> + coselaS> 

= cos28l2> - sin28l3> (V, 29) 

Using 12> and 13> as a basis set, the operator R can be 

represented by a 2 x 2 matrix as follows 

( 

sin28 

R = 

cos28 

cos28j 
R+ 

-sin2 = 
(V. 30) 

We can show that the equation of motion for density matrix 

elements P12 , p
13 

and p24 , and p34 are coupled and are given by 

, (V .31) 

. (V.32) 

By solving the above equation for either stationary or 

transient conditions, we can obtain the spectrum for the general 

case of exchange rate. The computed spectra with various values 

of T are shown in Figure V.l2. 

5.5.2 Two methyl groups in partially correlated motion 

We shall discuss an interesting system of two methyl groups 

having steric hindrance. We have discussed the characteristic 

features between two extreme cases of completely uncorrelated 
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Figure V.l2 Theoretical spectra of a J-coupled AB system. The 

molecule undergoes chemical exchange with a correlation time T c 

3 -4 
from 10 sec to 10 sec. 
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and completely correlated motion. Particularly, we have shown 

that there are five and seven peaks of 4-quantum transitions for 

the first and latter cases. In this section, we shall discuss the 

intermediate case when the exchange rate namely, the inverse of 

the correlation time, is comparable to the dipolar coupling 

strength. The six and five quantum transitions remain unchanged 

because the exchange operator does not affect their corresponding 

states. That is, states lAg (m = ±3)> = lA{ (m = ±3)> and 

lAg (m = ±2)> = lA{ (m = ±2)1 are also eigenstates of the 

exchange operator. Since those 5- and 6-quantum spectra are 

invariant they are not relevant to our discussion of the exchange 

process. Particularly, we shall discuss how the correlated motion 

affects the 4-quantum spectra. The associated states of 4-quantum 

transitions are shown in Figure V.l3. The central peak, which 

actually consists of several degenerate transitions, has a 

complicated dependence on the exchange rate and thus, will not be 

discussed. We shall only deal with the satellite peaks. 

The exchange operators Rand R' describe the interruption of 

the geared motion of the two methyl groups as shown in Figure V.l4. 

The duration of the geared motion before interruption is the 

correlation timeT. To observe the effect of the geared motion 

on the NMR spectrum, the correlation time should be longer than 

the inverse of the dipolar coupling. Frequent interruption of 

the correlat-ed motion (between the two methyl groups) makes each 

groupt rotate as if independent. 

We shall assume that the correlation times for exchange processes 

Rand R' are identical because of the symmetry consideration. As 
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Figure V.l3 The relevant energy level diagram for 4-quantum 

transitions is shown above. One pair of 4-quantum transitions 

' ' A (3) -+ G (-1) and A (-3) -+ G (1) is forbidden for the case of 
g g g g 

uncorrelated motion. Consequently, the 4-quantum transitions for 

correlated motion have one extra pair of transitions • 
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3 

2 

XBL B03-S65E 

Figure V.l4 The exchange operators R and R' represent the process 

of slipping that interrupts the correlated motion. 

.-



·. 

139 

-shown in Figure V.l4, the exchange oper<iltors Rand R' rearrange 

the ordering of the methyl protons cyclically and can be expressed 

mathematically by permutation symbols as follows 

R =C 
2 3 4 5 

R =C 
2 3 4 5 

1 2 4 5 3 1 4 5 

(V .33) 

The original position for each proton is shifted to the 

position indicated in the lower line. We may notice that R-l = 

R and R' = R
2• 

The state IA~(m = -3)> C=!Ag(m = -3)>) is invariant under 

operations R and R'. The remaining three eigenstates (those with 
1 

m=l and A
1 

symmetry of special interest) are superpositions of the 

following three basis functions, 

Ia> = 

lb> = 

1 Cll2> + 113> + j23> + 145> + 146> + jS6>) 
16 

1 Cll4> + j26> + j35>) 
13 

lc> = l C!lS> + 116> + 124> + 125> + 134> + 136>) 
16 

(V. 34) 

where state jij> means that the spins of i-th and j-th protons are 

down. The above states are not eigenstates of the Hamiltonian in 

eq. (V.S). If we separate the dipolar Hamiltonian into three 

parts H , H , and H according to their different couplings u, u v w 

v and w, we can show that the matrix representations of the above 

Hamiltonians with Ia>, lb>, and lc> as basis set are given by 
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0 0 0 

H 0 
1 1 

(V .35) = u -2 --u ' /"Z 

0 
1 

- 1 
.fZ 

1 
0 

1 -- -2 4 

0 3 0 
H = v 4 (V.36) 

v ' 
1 

0 
1 

-2 - 4 

1 1 1 
-2 

IZ 2 

H 
1 1 0 (V .37) =w 

2 w 
IZ 

1 
0 

1 
-2 -

2 

and 

v w w v w 
-4-2 -tt - z--2 

H 
w u 3 w u 

(V. 38) = - -+'"':"""r- --
.f'l. 2 4 2 .f'l. 

v w u v w 
-2-2 -- - u - -+-

.;z 4 2 

Calculating the matrix representations for Rand R' is 

straightforward, however, a few remarks should be made. First 

of all, Ia> is an invariant state. Secondly, Operators R and R' 

mix states lb>, lc> and another state IA~(m = 1)> of a different 
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symmetry. Using Ia>, lb>, lc> and [~(m = 1)> as a basis set we 

can show 

1 0 0 0 

0 0 
1 1 --

""' 
12 I! ·• R= (V.39) 1 1 1 , 

0 2 2 12 

0 1 1 1 

12 
-2 -2 

1 0 0 0 

0 0 1 1 -
12 12 

R' = 1 1 (V.40) 1 
0 - --

12 2 2 

0 1 1 1 -- 2 12 2 

and 

2 0 0 0 

0 0 12 0 

R + R' = (V .41) 

0 12 '1 0 

0 0 0 - 1 

·. As we shall see later only R + R' will enter the equation of 

" motion as a whole; the exotic state IA1 (m = 1)> does not mix 

with the remained states since R + R' has no off-diagonal elements 

in the 4-th column and row. Consequently, we can completely 
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eliminate it. 

The equation of motion for exchange processes Rand R' is 

given by 

(V.42) 

Let IA~(m = 3)!Pii> =pi; by using the facts RIA~(m = ~3}> = 
, ' 3 3 3 I' IA1 (m = -3)> and H!A1 (m = -3)> = (2 u + 4 v + 2 w) A1 (m = -3)>-

E0 IA~(m = -3)>, we can show that 

By rearranging the superposition between states 12> and 13> as 

[ 

12'> 

13'> 

= ~-; 12> - ~-; 13> 

~-; 12> + lj 13> 

' 

(V.44) 

the operator R + R' becomes diagonal in this basis set and is 

given by 

2 0 0 

R + R' = 0 - 1 0 (V. 45) 

0 0 2 

The equation (V.43) can be written in a simpler form as 

follows 
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d
dt Pi+ {i E -!. [(R+R') ..;2]}p = i ~H. p o 1' i i 1... -Ki k (V. 46) 

The corresponding secular equation can be found by using 

dp./dt = iA.Pi and is written explicitly as follows 
l. l. 

3 
- u+v+ 2w- A 
2 

13 - (v-w) 
6 

1 (v+2w) 
16 

13 
- (v-w) 
6 

12 - (v-w) 
3 

!. (v+2w) 
16 

12. (v-w) 
3 

3u+!v + !!_ w - A 
3 3 

= 0 

(V.47) 

One remark needs to be made about matrix element ~i in the new 

basis set. It is related to the old ~i in eq. (V.38) by a 

similarity transformation A and 

+ 
H = A H(old) A (new) (V .48) 

where 

1 0 0 

A(old) = 0 /%. _j! 
3 3 

(V.49) 

0 a 
3 

n 
3 

The solution of the above secular equation gives three 4-quantum 

transition frequencies. The three satellites on the other side are 

the images of these three with respect to the central frequency of 

a 4-quantum transition domain. 



144 

We shall now discuss two extreme cases of the above solution •. 

In the limit of short correlation time, ICv-w) I << 1, the two 
'r 

methyl group move quite independently. The transitions frequencies 

are gi,Ten l:y 

, 9 + 5 ± !. (:9 u2 + ·7 ..,.2 _ 3 ux) 1/2 
"1,2 = 4 U 2 X 2 4 -A ' 

(V .SO) 

and 

/..3 = l U + X + W + 3i 
2 'r 

where 

x = (u + 2w)/3 (V.Sl) 

Since -r is v~ry small, the transition with 1..3 is very broad in 

lineshape and is very weak in intensity and thus, cannot be 

observed. Actually, only two pairs of satellites can be 

observed. The transition frequencies t..
1 

and t.. 2 are also in 

agreement with our previous result. The coupling x is the 

averaged value of the intramethyl couplings v and w according to 

their weight. 

In the limit of a completely correlated motion, 1/-r is 

negligibly small and can be dropped out of the secular equation. 

The three roots of the secular equation correspond to the 

transition frequencies. There are seven 4-quantum transitions, 

including the central peak, in all. 
.-
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VI 

SECOND MOMENT OF MULTIPLE QUANTUM SPECTRUM AND STATISTICAL MODEL 

6.1 Introduction 

In our experiments we observed that the overall intensity 

for each order of multiple quantum transitions is dependent on 

the preparation and detection of the coherence. Generally, it 

depends on the time interval of: the preparation and detection 

periods, the phase of the pulses, the frequency offset, and some 

other factors. The behavior of the intensity for each order ~ 

seems to have some correlation with ~. The spectral width of 

the multiple quantum spectra for each order seems also to have a 

correlation with ~. In order to understand these general 

behaviors, and other effects caused by the method of preparation 

and the detection of the multiple quantum coherence should be 

diminished. We should average the spectra over various conditions 

for the external factors. Averaging the spectra over different 

values of the preparation and the detection periods is a frequently 

used method. To understand the correlation among the intensity, 

spectral width, and the order of multiple quantum coherence ~' 

we shall present in this chapter a statistical model. This model 

assumes an equal transition intensity for each pair of states and 

does not consider molecular symmetry. The theoretical predictions 

of the MQ intensity and second moment versus ~ are in good agreement 

with the experimental results. 

. . 
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6.2 Intensity of the multiple quantUm spectra 

In general, the single quantum spectra are usually obtained 

by Fourier transformation of the FID, followed by a single excitation' 

pulse. The FID is actually the correlation function of the 

transverse magnetization in time. In terms of the spin angular 

momentum operator I, we may express the FID S(t) by 

S(t) ~ Tr(I p(t)) 
X 

= Tr(I (0) I (t)) 
X X 

(VI.l) 

By either continuous wave method or pulse method, the intensity 

of the single qu~ntum transition between states Ia> and 18> is 

given by the value of !<ali 18>1 2 or l<aii !8>1 2
• For the case 

X . y 

of continuous wave method, we can easily prove the above statement 

by using the Fermi golden rule. For the latter case, we may prove 

it by Fourier transformation of the FID S(t) into a frequency 

domain. 

As we discussed in Chapter III, the multiple quantum FID can 

be expressed in terms of the correlation function of multiple quantum 

spin operators U(L) and V(-L'). Unlike I or I , which contain 
X y 

single raising and lowering operators I+ and I_, the multiple 

quantum operators U and V may contain all possible orders of the 

raising and lowering operators. In addition, the intensity of 

the multiple quantum transition between states !a> and !8> depends 

on the parameters Land L', because of the intensity is given by 

ua8(L) v
8
a(-L'). Accordingly, the intensity of the multiple quantum 
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spectra depends on the method of the preparation, and the detection 

of the multiple quantum coherence. Because of the implicit dependence 

of the pulse sequence, some transitions may accidentally be low in 

intensity. To avoid this situation, we can take the average of 

the spectra of various T and T'. In most cases the spectra were 

obtained by setting T be equal toT'. 

The overall intensity for each order of the T-averaging multiple 

quantum spectra (of partially oriented benzene) is shown in Figure 

1 
VI.l. 

The dependence of the intensity on Am follows a gaussian curve. 

It indicates that the intensity of multiple quantum spectra behaves 

statistically. 

6.3 Statistical model for intensity of the MQ spectra 

Let us consider a system of isolated molecules of N spin-1/2 

particles, for example, benzene molecules in liquid crystal. 

Because of the translational diffusion, the dipolar interaction 

among different molecules is decoupled. The number of states with 

n spins down is given by the binomial coefficient C(N,n) and 

N! C ( N , n) = -:------::'-:-~ 
(N-n) !n! 

(VI. 2) 

In terms of magnetic quantum number m, we can express the number 

of states by 

C(N,n) 
N! 

= CN(m) = ~---~-~--1 1 { 2(N-2m) } ! { 2CN+2m) } ! 
(VI.3) 
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Figure VI.l The integrated intensity of multiple quantum spectra 

versus the number of quanta. The experimental data follow a gaussian 

curve. 



Using Stirling's approximation for factorial, 

R.n nl 
. 1 1 

=. (x+ 2) R.n x - x + 2 R.n 2'1T , 

we will obtain an approximated form for ~(m) if m << N, 

~(m) 
2N+l 2 

= -- exp(-2 m /N) 
{2'1TN 

150 

(VI.4) 

(VI.5) 

The approximation is pretty good even for N • 6 as shown in Table 

VI.l. The gaussian forms of CN(m) for several N are shown in 

Figures VI.2 and VI.3. 

In this statistical model, we shall assume that the transition 

between each pair of states has an equal intensity. In additio~ 

we do not inc~ude a symmetry consideration. Specifically, no 

selection rule caused by molecular symmetry is assumed. 

The intensity of the transition between the manifold with a 

magnetic quantum number m and m - ~ is then given by the product 

of the number of the associated states, namely, CN(m) CN(m~~). The 

overall intensity of a particular order of multiple quantum 

transition is then given by 

I (£liD) a: L eN (m) eN (m-lml) 
m 

N e 

2 
c:r exp ( -~ /N) 

As we expected, the intensity decreases as 6m increases; it is 

characterized by a gaussian as is shown in Figures VI.4 and VI.5. 
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N=6 

:Hagnetic 

TABLE VI.1 

quantum number Number of 

3 1 

2 6 

1 15 

0 20 

-1 15 

-2 6 

-3 1 

states 
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CN(m) 

1.04 

5.42 

15.01 

20.85 

15.01 

5.42 

1.04 
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Number of States 
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Figure VI.2 The number of states of N spin-1/2 particles in each 

m-quantum manifold using Stirling's approximation. The curves 

have a gaussian form. 

•. 

.. 

. . 
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Number of States 
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Figure VI.3 Number of states of ten spin-1/2 particles in each 

m-manifold. The exact value of the binomial coefficient is 

indicated by a circle. The gaussian curve is obtained by using 

Stirling's approximation. 
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Normalized In~ensi~y of MQ Spec~ra 
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Figure VI.4 Normalized overall intensity of the multiple quantum 

spectra for each order m based on the statistical model (N=6). 

The curve has a gaussian form. 

. ., 
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Figure VI.5 Normalized overall intensity of multiple quantum 

spectra for each order m based on the statistical model (N = 

4, 7 and 10). 
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Our prediction of the statistical model is in good agreement 

1 with the experimental results, 

6.4 Second moment of MQ spectra 

6.4.1 Introduction 

The NMR spectrum in solids is generally very broad and almost 

structureless. A study of lineshape and spectral width, however, 

provides some information about the system. For example, second 

moment measurements can provide some information about molecular 
. . 2 

structure and motions in the solid state. One of the nice things 

about moments study is that their values can be calculated from 

the first principles, without having to find the eigenstates of 

the Hamiltonian. The second moment of an ordinary single quantum 

spectrum can be calculated by using the Van Vleck formula and 

can be related to the molecular structure. 

We generalized the expression of the second moment for usual 

single quantum spectrum to the case for the multiple quantum 

spectrum. 

Let us consider a system of dipole-coupled spin-1/2 particles. 

The Hamiltonian consists of two parts, the Zeeman Hamiltonian H z 

and the truncated dipole-dipole interaction ~ (O), 

, (VI.6) 

where ~w is the frequency-offset and 

(VI.7) 

•. 
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The FID S(t) of multiple quantum transitions is given by 

J(t) = Tr(e-iHt U(T) eiHt V(-T'}) (VI.B) 

We can decompose the multiple quantum operators U and V into 

components of a different order of m, such as, 

and 

U(T) = L um (T) 
m 

V ( -T ') = ! V m (-T '} 
m 

(VI. 9) 

(VI .10) 

By the definition of the tensor operator, the operators U and 
m 

V satisfy the following commutation relations; 
m 

z m m U 
m 

( 

[I , U ] = 

[I , V ] = m V z m m 

As a consequence, we can prove easily that 

i~wt I 
e z u 

m 
e 
-i~wt I z = e~wt U 

m 

We may express S(t) in terms of U by 
m 

-iH (O) t 

S(t) t" i.m.flwt --n 
= l.. e Tr(e Um 

i~ (O)t 

e V ) 
-m 

m 

(VI.ll) 

(VI.l2) 

(VI.l3) 

S . H (O) h . b 1 . h. ~nee -~ conserves t e magnet~c quantum num er, t1e non-van~s ~ng 

component in V(-T') is the one with a magnetic quantum number -m, 

·-··! 

. -~~ 
. -~-= 
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V (-T'). We can further reduce the FID S(~) to a simple form; 
-m 

-iEL (O)t ~. (O)t . 
S(t) = ~ e~wt Tr(e -~ U e-~ V ) 

'- m ...m 
m 

m 

where 

s (t) 
m 

-il1, (O) t il1> (O) t 
= Tr(e U e V ) 

m -m 
(VI.l4) 

The spectral function of the. m-quantum transitons G (w) is the 
.m 

Fourier transformation of S (t): 
m 

We define the normalized spectral function g(w) by 

g (w) = I2TI Gm (w) I J G(w) dw 

= /2-IT G (w)/S (0) 
m m 

this can be expressed explicitly by 

where 

g (w) = 
m 

(VI.l5) 

(VI.l6) 

(VI.l7) 
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= Tr~[~ {0) ,[~ {0) t••;, [~ (0) ,Um] ••• ]]V_m) 

"" n times 

Using an inverse Fourier transformation, we will obtain 

iwt e dw 
27T = 

1 -i~ (0) t 

Tr(U V ) Tr(e 

i~ (O) t 
U e V ) 

m -m m -m 

(VI.l8) 

By expanding the expressions on both sides into Taylor's series 

of t and by comparing the terms of same power of t, we can obtain 

this useful result for the n-th moment: 

Jgm(w) wn dw = (-l)n Tr(n) ([IL (.O) U (T)]V (-T')]) 
27T Tr (U V ) -1) ' m -m 

m -m 

- H (m) 
n 

where H (m) is the n-th moment of the m-quantum spectrum. 
n 

(VI.l9) 

Since U and V depend on T and T', however, the value of 
m -m 

the n-th moment is not a constant. Its average value, however, 

can be obtained by measuring the n-th moment of the T-averaging 

multiple quantum spectra. 

Particularly, we are interested in the behavior of the second 

moment of the m-quantum spectrum. Based on the statistical model, 

we are able to explain qualitatively the general behavior of the 

second moment of the m-quantum spectrum, in terms of simple para-

meters such as the dipole couplings. 

The second moment of m-quantum spectrum is given by 
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Mz(m) 
1 Tr ([11> (0), [11> (0) 'Um] JV -m) = Tr(U V ) m -m 

1 Tr([l1> (O) ,um][~ (O) ,v ... m]) = Tr(U V ) 
m -m 

1 r. E2 <alu IB><Siv Ia> . (VI.20) = Tr(U V ) 
a,S aS m -m m -m 

As a special case in the ordinary single quantum NMR method, 

operators U and V are the spin angular momentum operators Ix 

and I , and are constant in time. The corresponding second 
y 

moment was first calculated by Van Vleck and is expressed by3 

M = z 

. 
= 41 y4h2 t" d2 

'- "k k J 

where 

' 
(VI.21) 

In the case of the multiple quantum NMR method, the single quantum 

operator is not simply I or I . We should not expect the value 
X y 

of M2 to be same as in the previous case. Because of the complexity 

of the multiple quantum operators U and V, we cannot calculate the 

second moment in a simple way. In the spirit of the statistical 

model, however, we can assume that the transition matrix elements, 

<alu IB> and <BIV Ia>, are equal for each transition. Accordingly, m -m 

the selection rule due to molecular symmetry is not considered. 

.J . 
~ 

.,; 
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We shall make another approximation on the trans.ition 

frequency Eas· We assume that the distribution of the energy 

levels for a particular manifold of a magnetic quantum n can be 

described by the distribution function gGw). This function is 

also known as the density of state • 

Let us consider two particular manifolds with distribution 

functions, g1 (w) and g2(w) as we have shown in Figure VI.6. 

The spectrum of the transitions between two manifolds is 

given by the convolution of their distribution functions, and 

is expressed by 

f (n) = J g
1 

(w) g
2 

(s-2-w) dw (VI. 22) 

Consequently, we can make an approximation on eq. (VI.l9) for 

second momentum by 

(VI. 23) 

We shall now prove a theorem for the second moment of the 

spectral functions that will be useful. 

Theorem: The second moment of a spectral function is the additive 

sum of the second moments of the distribution functions. 

Proof: Assuming that the distribution functions g1 (w) and g2(w) 

are normalized, their second moments are given by 

J - 2 
(w-wl) g

1 
(w) dw (VI.24) 

and 
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Frequency = w
1

- w2 
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1
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1
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2
(w

2
) 

Dipolar 

Splitting 
XBL 813-8353 

Figure VI.6 Schematic diagram for the transition between two 

m-manifolds. The function g(w) describes the distribution of 

states. The spectrum of the transitions between the two 

manifolds is given by the convolution of their distribution 

functions. 
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, (VI.25) 

where w is the average value of w, and is defined by 

w = jwg(w)dw (VI.26) 

Since 

= J g
1 

(w) dw j (x+'-J) dx g2 (x) 

(VI.27) 

we can prove that 

(VI. 28) 

The second moment of the spectrum is given by 

cr2 = ~ (n2-n2) ·f(n)dn 

= J g1 (w)dw j<n
2-<w1+W2)

2
Jg2 (n-w)dn 

Q.E.D. (VI.29) 

As a special case, if the density of states is a gaussian, the 
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spectral distribution is again a gaussian, but with a larger 

width. 

Using the above theorem, we can relate the second moment of 

the spectrum to the distribution of the associated states by 

evaluating the second moment of the density of states. The 

spreading of the erteTgy levels in the same manifold is caused 

by dipole-dipole coupling. The second moment of the density 

states is given by 

' (VI.30) 

wheTe ~ (O) is the Hamiltonian of a dipole-dipole interaction 

and < > is the averaged value. More explicitly, <11> (O)> is the_ 

trace of the_Hamiltonian 11> (O) and is divided by the total number 

of states in a particular manifold. Since the trace by any 

operator does not depend on a paTticular choice of a basis set, 

we can calculate its value without kno,ving the eigenfunctions. 

6.4.2 Calculation of <~ 

The tTuncated Hamiltonian 11> (O) of the dipole-dipole interaction 

consists of two parts: 

1 
D .. [2 IiI. --2 (I.+I. +I. I.+)) 

l.J z J z J. J- J.- J 
(VI.31) 

To more easily evaluate the trace of ~ (O), we may use some special 

properties of the trace. As stated before, the trace of an 

opeTator does not depend on the way of choosing the basis set. 

We may choose the direct product of states for each spin, for 
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example, laaa ••• a>, ISaa ••• a>, and so on. Since the second part 

of the dipolar Hamiltonian contains fli-flop operators Ii+Ij- and 

Ii-Ij+' their matrix representation using this particular set of 

basis is off-diagonal and traceless. As a consequence, we can 

completely omit this part of Hamiltonian when evaluating the 

trace of the dipolar Hamiltonian. In short hand, we can write 

the dipolar Hamiltonian as 

1L (O) .. t" 2 D I I 
-n L. ij iz jz (VI.32) 

We will derive an analytic form for the trace of ~ (O) for each 

manifold of magnetic quantum number m. For illustration purposes, 

we shall first discuss several simple cases: 

(1) Case of all spins up: 

co> I ' Tr(~ ) = <aa ••• a L. 

1 
=2 

(2) Case of one spin down: 

1 
- 2 [' 

i,j 

(VI.33) 

Let lk> describes the state with the k-th spin down, namely, 

lk> = laa •• aBa •• a> 
t 

k-th spin 

kl (0) lk ~' 1 D 1 \, 1 \, 
< ~ > .,. L 2 ij - Z 7 Dik - 2 1 Djk 

i,j;k 

(VI.34) 
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Tr(Bz> (0)) ' 1 1 • 1 ' - ·r 2 Dij -- r. Dik.- 2 L ·nkj 2 
i,j ,k i,k j ,k 

' 1 t 

. - r 2 Dij '6nik 
i,j ,k 

r.' 1 ' • (N-2) 2 Dij - ) Dij 
i,j ~j 

1 • 2 (N-4) (VI.35) 

The subscript "," above the summation notation indicates that 

the sum is taken for all indice i,j (or k), except i ~ j (; k). 

(3) Case of two spins down: 

Let lkl> describes the state with k-th and 1-th spin down, 

namely, 

lkl> • laa ••• s ... s ... a> 
t t 

k-th 1-th spin 

Tr(~ (O)) = 1 ' l: 2 [ Dij -
{k,.t} i,j 

= 
N(N-1) 

2 r.' 1 
2 Dij 

E [ (Dik+Di.t) 
. {k,.t} i 

_ [H(N-1) _ (N-2)(N-3) 
2 - 1] 2 L. 

I 

i,j i,j 

• ! (N2 - 9N + 16) 
4 

(4) Case of three spins down: 

Similar to the previous case, 

r.' 
i,j 

D •• 
J.J 

(VI.36) 

D .. 
J.J 
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Tr(~ (O)) r 1 ' = r Dij - L. r. (Dik+Dit+Dim) 2 
{k,i,m} i,j {k,JZ.,m} i 

1 [' - [C(N,j)-C(N-2,3)-(N-2)] r.' = C(N,3) 2 Dij 
i,j ~,j 

1 2 = 12 (N-2)[ (N-6) -N] 
,, 
L. Dij 
i,j 

(VI.37) 

where C(N,3), etc., are the binomial coefficients. 

Generally, for the manifold with n spins down, the trace of 

~ (O) can be shown as: 

Tr(~ (O) = t C(N,n) [' 
i,j 

-r: Dij [C(N,n)-C(N-2,n)-C(N-2,n-2)J 
l.,J 

= C(N,n) [ (N-2n)2-N] 
2N(N-l) I:' 

. • DiJ' l.,J 
(VI.38) 

Since the magnetic quantum number m is related to the number of 

1 
spins down n by m = 2 N-n, we c~n express the trace in terms of 

m: 

Tr (H (O)) 
m D 

CN(m) 2 
= 2N(N-l) [4 m - N] [' 

i,j 
D •• 

l.J 
(VI.39) 

The average value of the dipolar splitting <~ (O)> is given by 

the value of the trace, divided by the number of states that 

equals C(N,n). Finally, we obtain an analytic expression for 

the averaged dipolar splitting as follows: 

D .. 
l.J 



1 2 . 
2N(N-l) [(N-2n) - N] 

1 [ 2 . 
= 2N(N-l) 4 m - N] 

1 2 = 4 [4 m - N]<D> 

~' 
L Dij 
i,j 

168 

(VI.40) 

' where <D> is the average dipolar couplings and <D> = L. Dij /C(N,2). 
i,J 

The value of the magnetic quantum number m is an integer or 

a half-integer if N is an even or an odd number. The value varies 

from -N/2 to N/2. 

If the distribution function of the states has a gaussian 

form, the distribution center is shifted away from the Zeeman 

level by the amount of <~ (O)>. 

Since~ (O) is a traceless operator, the sum of Trm(~ (O)) 

is zero, namely, 

Accordingly, we can easily show that 

Tr (H (O)) 
m D 

= Tr (H (O)) 
-m D 

(VI.41) 

(VI.42) 

We shall give some illustrations for the equation of the 

trace of ~ that we have just proved. Let us consider a 

dipole-coupled system of N spins with N = 2, 3, ••. 6. 
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~ = 11, {0) 

{1) N = 2 

{2) 

{3) 

(4) 

(5) 

m = 1 

m = 0 

N = 3 

3 m=-
2 
1 

m=-
2 

N = 4 

m = 2 

m = 1 

m = 0 

N = 5 

5 m=-
2 
3 m=-
2 
1 m=-
2 

N = 6 

m = 3 

m = 2 

m = 1 

m = 0 

T ,.,,. ) - 1 ~' D 
r\JI.D - 2 ~... ij 

Tr(.1cD) = - 2:'. Dij 

Tr (.1cD) = i r' D •• 
~J 

Tr (.1cD) 
1 

Dij = -- 2:' 2 

Tr (JCD) 
1 

=- E' Dij 2 

Tr(JCD) = 0 

Tr(JCD) = -r' D .• 
~J 

Tr(XD) =lr' D •• 2 ~J 

Tr(JCD) =lr' D .. 2 ~J 

Tr(JCD) = -E' D •• 
~J 

Tr(JCD) =.!. r, D .. 2 ~J 

Tr{J{D) = l: t D •. 
~J 

Tr (JCD) = - lr' D .. 2 ~J 

Tr(XD) = -2 l:' Dij 

4s a special case, we can compare the results for the methyl 

group or benzene molecule systems with the above equations. We 
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show that they are identical. 

_6_._4_._3_C_a_l_c_u_l_a_t~i_o_n_· _o_f_<JC-,;0,....2_>_. _an_d_d_i_;s_c_u_s_s_io_n_ 

To estimate the second moment of the density of states, we 

2 need to calculate the trace of XD , where 

(VI.43) 

We can omit the off-diagonal elements that do not contribute to 

the trace. Those elements are IizJjzik+I 

so on. Consequently, we can show 

, Ii J. Ik I+' and 
Z JZ -

+ l ~' D D (I I I I + I I I I 
4 1.. ij ld i+ j- k+ .£.- i+ j- k- .£.+ 

(VI.44) 

We can make further simplifications by noticing that the trace 

of Ii+Ij-Ik+I£- is non-zero only if i = .£. and j = k. Finally, 

lV"e have 

+ l 2 
2 1:' D .. (I.+Ii I. I.++ Ii I.+Ij+I. ) 

l.J l. - J - J - l. J -
(VI.45) 

The calculation of the trace of the second part is rather 

easy. We can show that the matrix element for the second part 

is non-zero for those states where spins i and j are anti-parallel. 
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Consequently, we will obtain 

Tr(~ r' D~j (Ii+Ii-Ij-Ij+ + Ii-Ii+Ij+Ij_)] 

= ~ r' D~j [C(N-n)-c(N-2,n)-C(N-2,n-2)] 

= N(i-l) r' D~j C(N,n)(N,n)n 

1 2 
= 2 C(N,n) (N-n)n <D > (VI.46) 

The trace calculation of the first part is rather complicated. 

We shall first discuss a special case and assume that all the 

coupling constants are equal, that is, Dij =D. 

In this case, we find 

Tr(r' 2 D .. I. I. )(r' 2 D,_nik In ) 
~J ~z JZ ~ Z J~.Z 

= 4 D
2 

Tr(r' IiI. )(r' Ik In ) 
Z JZ Z J~.Z 

2 
The average values of ~D and ~D are given by 

<:Jf> 
D 

Tr(~D2)- D2 D2 2 2 
= C(N,n) - 2: (N-n)n + lG [(N-2n) -N] 

D 2 = 4 [ (N-2n) - N] 

The second moment of the density of states is defined by 

<'JC 2>-<Jf >2 = D22 (N-n)n 
D D 

Since n is related to m by 

(VI.47) 

(VI.48) 

(VI.49) 

(VI. 50) 



m= 

we find 

w 
m 

N 
2 

n 

- <J( > = ~ 4m
2

-N] 
D m 4 

where w is the averaged frequency shift in the manifold with 
m 

the magnetic quantum number m. 
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(VI. 51) 

(VI. 52) 

2 rne second moment of the density of states w is a monotonically 
m 

decreasing function of m. Nevertheless, the averaged frequency 

shift increases monotonically with m. 

Assuming a gaussian form for the distribution of the states, 

the density of states is given by 

g (w) 
m 

1 2 2 = CN(m) -- exp[ -(w-w ) l2cr ] 
~ m m 

m 

N 2 2 2 
-

___;;2;;.._ -2m IN - ( w-w ) I 2cr 
~ e e m m (VI. 53) 

where CN(m) is the total number of states in the manifold of m. 

The spectral function of the m-quantum transition is given by 

(VI. 54) 

= L: 
nl,n2 

ln1-n2 1=m 
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where 

(VI. 55) 

and 

(VI .56) 

The second moment of any particular m-quantum transitions 

associated vnth the manifolds of magnetic quantum number n
1 

and 

n2 , is given by 

co 

n2 1 Q2 dQ 1 2 a2 ] = exp [ -(Q-w ) /2 
nl,n2 

I2TI a 
2 nl,n2 nl,n2 

_co 

nl,n2 
2 +w 2 = a 
nl;n2 nl,n2 

(VI.57) 

where m = n1-n2 • 

All transactions between any pair of manifolds of n
1 

and 

n2 with m = n1-n2 contribute to the m-quantum spectrum. The 

second moments of the m-quantum spectrum is given by 

=A + B 
m m 

(VI. 58) 
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and 

A m 
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(VI.59) 

(VI.60) 

Two sources contribute to the second moment of the spectrum. 

Firstly, the A term comes from the second moment of the density 
m 

of states. Secondly, the B term results from the averaged 
m 

frequency shift of each manifold. 

Generally speaking, the A is a monotonically decreasing 
m 

function with m, whereas B is a monotonically increasing function 
m 

for small m and a decreasing function for large m. To illustrate 

the systems of 6, 10, and 20 spins having equal couplings, the 

normalized values of <rt> , A 
l!l m 

VI.7-VI.9. The dependence of 

Figure VI.lO. 

and B are plotted in Figures 
m 

<n2> for various N is shown in 
m 

The summations in eqs. (VI.S8), (VI. 59), and (VI.60) are 

By suitable rearrangement of the indices, we can obtain a 

symmetric form for the summation. Let n2 = n,n
1 

= n+m and x = 
m n + 2; we can rewrite eq. (VI.59) and (VI.60) as 
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5.0 

[ N=6 

4.0 

I 
3.0 

2.0 

1.0 

0.0 

e 2 3 4 5 

Number of Ouan~a 

Figure IV.7 This illustration demonstrates the normalized 

dependence of the second moment of the number of quanta 

2 
assuming equal coupling constants (circle: <n >m; square: Am; 

triangle: B). 
m 

~-· ·, 

6 

XBL 813-8351 
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u1.e 

a.e 
N • 10 

e.e 

7.9 

e.e 

s.e 

... a 

3.9 

2.0 

t.e 

e.e 
e 2 3 s 6 7 8 g 10 

Numbel" of Cuonlo XBL 813-8350 

Figure VI.8 This figure is similar to Figure VI.7, except that 

2 N = 10 (circle: <Q > ; square: A; triangle: B). m m m 
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Number of Ouonto 

Figure VI.9 This graph is similar to Figure VI.7, except that 

2 
N = 20 (circle: <Q > ; square: A; triangle: B). 

m m m 

XBL 813-8349 
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Second Momenl(m)/Second Momenl(0) 

20.0 
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18.0 

1<4.0 

12.0 

10.0 
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2.0 

0.0 

0 2 3 4 5 6 7 8 g I 0 I I I 2 t 3 I 4 I 5 I 6 I 7 I 8 I g 20 

Numb•~ of Ouon~a m XBL 813-8348 

Figure VI.lO Normalized dependence of <0
2
> on m for N = 5, 
m 

10, 15, and 20. 



·. 

2 N.,..:m _!!L 4 2 
D2 2 2 . .E N 2 .,.. N X 

x2] A = 7; [N -:m -4 .z r e 
:m 

m ·N-m 
x=- --2 

2 
N-m m 4 2 -~ 2 

4 n2 2 E 
N --x 

2 
B [ N = m e X m z 

m N-m 
x=- --z-

where Z is the partition function and is given by 
m 

N-m 
2 

·Zm = L 
N-m 

x=- --
2 

4 2 --x 
N e 
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(VI.61) 

. ; (VI. 62} 

(VI.63) 

The sumation in the above expressions can be approximated by 

using integration to avoid the complicated calculation. Using 

the definition of error function as 

'·· ., 



erf(x) 1 =-
liT 

we can show that 

and 

z 
m = 

N-m 
-2-

N-m+l 
2 

1 
N-m+l 

2 

4 

X 2 J d-t dt 

-x 

e 

4 2 --x 
N 

N-nrl-1 
2 2 

L 2 - N X J X ·e ::: 

N-m N-m+l x=---
2 2 

' 

4 2 --x 2 . N 
e X dx 

(N-m+l) 2 

= N [INTI erf(N-m+l) - (N-m+l) e 
8 2 IN 

N ] 

180 

(Vi.64) 

(VI. 65) 

• (VI. 66) 

The approximated value for A and B can be obtained:· 
m m 

2 
2 n-m+l ( (N-m+l) ) 

D 22 1 IN exp- N 
Am= -

4
- {N -m -N [-

2
- -~-----,;;..;,__--]} , 

liT erf(N-m+l) 
(VI.67) 

IN 

2 
N-m+l ( (n-m+l) ) 
IN exp - N ] 

ITI erf(N-m+l) 
(VI.68) 

IN 

The value of the error function can be found in most books 

of mathematical tables. 4 In the special case of small m and 

larger N, the value of the error function in the above expression 

is approximately equal to unity. 
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Using an integration approximation, the calculated value of 

<n2> (= A + B ) is very close to its exact value, except for m m m 

large m.. The comparison is illustrated for the cases N = 6 and 

10 and is shown in figures (VI.ll) and (VI.l2). 

We shall_proceed with the discussion on the general case 

without assuming that the coupling constants are all equal. 

The complex calculation for the general case comes from 

finding the square trace of the diagonal dipolar Hamiltonians, 

' ' Tr[( [ 2 D •• 1 iz 1jz) ( [ 2 Dkt 1kz 1tz)] ~J 

i,j k,t 

(1 ' 2 = [ [ Dij .. [ Dik) 2 
(VI.69) . · 

{A,B} i,j i,k 
i,jEAUB 

The first summation is carried out over all possible sets, with 

subset A containing N-n spins up and subset B containing n spins 

down. The notation AUB represents the union set of subsets A 

and B. 

The trace calculation is straightforward, yet tedious. The 

computer program needed to perform the trace calculation for each 

manifold and for the second moment of the multiple quantum spectra, 

based on the statistical model, is shown in the appendix A. 

The second moment of the density of states in the manifold having 

magnetic quantum number n is defined by 

(VI.70) 
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Second Momenl(m)/Second Momenl(0) 
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Nun~ber of CNan~a 111 

XBL 813-8354 

Figure VI.ll Here we observe the normalized dependence of the 

second moment on the number of quanta if we assume they have equal 

coupling constants. The value obtained by the integration 

approximation (square) is very close to the value based on the 

statistical model (circle), except for large m (N = 6). 
.· 
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Second Moment(m)/Second Mo~ent(0) 

10.0 

9.0 

e.0 

7.9 

e.0 

s.0 

-4.9 

3.0 

2.0 

1.9 

0.0 

0 2 3 s 7 8 9 10 

Nu..ber of Ouant.o 111 XBL 813-8355 

Figure VI.l2 This graph is similar to Figure VI.ll, except that 

N = 10. 
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It has a complicated dependence on the distribution of the 

dipole couplings and can be caluclated by using the computer 

program shown in the appendix. 

Yet, the averaged frequency shift wn in the manifold with a 

magnetic quantum number m has a simple relation, and is given by 

, (VI. 71) 

where <D> is the averaged dipole coupling constant. 

The second moments of the m-quantum spectrum is given by 

= 

where o2 = o2 + o2 and w = w -w 
nl,n2 nl n2 

of <n2> from the averaged 
m 

case with <n2>- <D> 2 , and 

nl,n2 nl n2 
2 dipolar shift w is 
nl,n2 

has a simple form 

2 
L w CN(n1) CN(n2) 

nl,n2 
B = ----=----------------m 

' 
(VI. 72) 

The contribution 

large for the 

(VI.73) 

The complicated calculation of A , which comes from a2 , is m n
1

,n2 
carried out by a computer program in the appendix. 

For example, the second moments of six spin systems, that 

have various sets of dipole couplings, are illustrated in Figure 

.• 



·. 

VI.l3. The top curve refers to the system with all the dipole 

couplings equal. This particular system has a very large B 
m 
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component. The bottom curve refers to the system with coupling 

constants of equal magnitude, but that alternate in sign. Its B 
m 

component is zero. The second moments decrease monotonically with 

m. The central curve is for the benzene molecule. Its coupling 

constants are not all equal, but have same sign. 

Another example is illustrated in Figure VI.l4. The curve A 

is a monotonically decreasing function of m, since the dipole 

couplings between the two methyl protons alternate in sign and 

have a small <D>. 

The curve of second moments has a strong dependence on the 

2 2 ratio of y (= <D> /<D >}--as we illustrated in the comparison 

between the benzene molecule and dimethylmaleic anhydride molecule. 

This is also shown in Figure VI.l4. In the case A, all couplings 

are equal to one and y = 1. As more couplings have negative sign 

as in the cases B, C, and D, the value of y decreases. For all 

2 the above cases, <D > is the same and equals one, however, <D> 

becomes smaller in the sequence from A to D. 

Even the distribution of dipole couplings has the same value 

of y, although some small variation of the second moments' 

dependence of m still exists. A few examples are shown in Figures 

VI.l5 and VI.l6. In each figure, the value of y is equal. It 

appears that the second moments are large if several spins with 

an opposite sign in coupling are in common. For example, the 

system A in Figure VI.l5 has two negative coupling constants 

D(l,2) and D(l,3). They have a Common spin index 1. 
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Second Moment(m)/Seeond Moment(0) 
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Figure VI.l3 Here we see the norcalized dependence of the second 

moment on the number of quanta (circle: equal coupling constants; 

square: benzene, triangle: couplings equal in magnitude, but 

alternating in sign). 
.. 
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Second Moment(m)/Second Moment(0) 
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Figure VI.14 Normalized dependence of the second moment on the 

number of quanta for N = 6 (A: dimethyl maleic anhydrice which 

has couplings alternating in sign; B: benzene which has couplings 

of the same sign) • 
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Figure VI.l5 Normalized dependence of the second moment on the 

number of quanta for N = 6 (A: all D(i,j) = 1 except two couplings 

D(l,2) and D(l,3); B: D(i,j) = 1 except D(1,2) and D(3,4)). In 

case A the couplings having a negative sign share a common particle 

1. 

e 

.· 



. ,. 

189 
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Figure VI.l6 Normalized dependence of the second moment on the 

number of quanta for N = 6 with all D(i,j) = 1, except for three 

coupling constants shown in cases A through E . 
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Although there is a small variation in the functionof 

second moments, their overall behavior is largely determined 

by the value of y (Figure VI.l7). The qualitative dependence 

of the second moments of the multiple quantum spectra on the 

2 2 value of <D >, <D> , and y predicts different behavior of the 

second moments for molecules of benzene and dimethylmaleic 

anhydride. The experimental spectra in Figures II.9 and V.8 

show a good agreement with the statistical model for the second 

moments. 

.· 
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Second Moment(m)/Second MomentC0) 
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Figure VI.l7 Normalized dependence of the second moment on the 

number of quanta for N = 6 (A: all coupling constants equal to 

unity; B: D(i,j) = 1 except that D(l,2) = -1; C: D(i,j) = 1 

except that D(l,2) = D(3,4) = -1, and so on). 
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VII 

SPIN-LATTICE RELAXATION OF METHYL GROLTS IN SOLIDS 

7.1 Spin~lattice relaxation 

As discussed earlier in chapter IV~ the time-dependent 

Hamiltonian H1(t) describes the fluctuation of the interaction 

between spins and lattice. This fluctuation is responsible for 

the relaxation of the spin system toward thermal equilibrium. 

The spin-lattice relaxation time characterizes the recovery of 

the non-equilibrium diagonal elements of the density matrix. The 

diagonal part of the density matrix describes the population of 

states. 

In general, the spin-lattice interaction can be written as 

i d f f k
,l 

a nner pro uct o two tensors o ran J: 

H1(t) = E (-l)m v(m) 
. (j )).J 

[f(m) 
(j )).J 

(t) ]+ Clml $ j) ,(VII.l) 

1J ,m 

with 

[I ' z 
v(m) ] 

(j )).J 
=m v(m) 

(j)lJ 

[I±' 
v(m) ] 

(j) ]J = lj (j+l) -m(m±l) v<m±l) 
(j) ]J 

and 

[V(m) ]+ (-l)m (-m) = v (j )ii (j )]J 

There are several common forms for the tensor operator 

V
(m) 2 
(j ) 1J • 



(1) V is linear with respect to the spin operators, for 
ll 

example, ·the interaction of spins with the random fluctuation 

fields. 
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(2) Vll is bilinear with respect to the spin operators of 

single nuclei, such as the quadrupole interaction of nuclei with 

spin I ~ 1 with the fluctuating electric field gradient. 

(3) Vll is bilinear with respect to the spin operators of two 

different nuclei, such as the fluctuating spin-spin interaction. 

In case (1) j = 1, and j = 2 in cases (2) and (3). The subscript 

j will be dropped out in a later discussion. 

The correlation functions G(m)(T) are assumed to have an 
lJ 

exponential decay form characterized by a single correlation time 

T ' c 

= o o G,~m)(O) exp(-T/T ). (VII.2) 
mn lJV "" c 

Using the above explicit expressions for the time-dependent 

Hamiltonian H
1

(t) and correlation function, the master equation 

of motion in equation (IV.ll) is expres~ed: 

dp 
-= 
dt -i[H ,p] -

0 

and becomes 

dp = -i[H ,p] 
dt 0 

1 
2 

-iH T 
[e o 

iH T 
0 

\ J (m w ) [V(m) [V+(m) p-p ] ] 
'- lJ 0 ll ' lJ , 0 

lJ,m 

where the spectral density J (m w ) is defined by the Fourier 
lJ 0 

(VII.3) 

.· 



transform of G (m) (T) as -
ll 

2 T 
J (;m w ) = G (;m) (0) c 
ll o ll 1 + m2 w 2 T 2 

0 c 

7.2 Spin· thermodynamics ·in ·solids 

It is generally assumed that after any disturbance the 

density matrix of a dipole-coupled spin system in solids .takes 

the form: 3 

due to a complete spin diffusion. The time-dependent Lagrange 

195 

(VII.4) 

(VII.5) 

multipliers az and ~ are the inverse temperatures of the subsystems 

of the Zeeman reservoir and dipolar reservoir. As a result, the 

Zeeman as well as the dipolar relaxation, is characterized by a 

single exponential decay; they are not coupled. 

The above traditional model, however, is not adequate for 

describing dipolar solids that contain reorienting or tunneling 

symmetrical groups, such as CH3 , CF3 , and NH4 • They have a 

4-6 general feature of non-exponential relaxation. · 

Without losing generality, we can assume that the spin system 

has no subsystems. As far as the spin-lattice relaxation is 

concerned, only the diagonal part of the density matrix is 

relevant. The Zeeman subsystem is characterized by the 

operator I ; each subsystem is associated with an operator. 
z 

It is convenient to define a set of n orthonormal, traceless 

d 1 0 I 7 iagona matrices k s, 



and 

Tr 0 - 0 k • 

Using high temperature approximation, we can assume that 

' 

where~ • Tr(Ok p). 

Using the following relations, 

and 

Tr(O [V(m) [V+(m) 0 ]]) = Tr([O V(m)][V+(m) 0 ]) 
k lJ ' lJ ' j k' lJ lJ , j 

, 

we can express the master equation for the density matrix in 

terms of these orthonormal operators, 

where 

SkJ ... .!. \ J (m w ) Tr([O V(m)] [V+(m) ·o ]) 
2 1:., lJ 0 k' lJ lJ f j 

lJ_.Jil 

1 .. -
2 
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(VII. 6) 

(VII. 7) 

(VII. 8) 

(VII. 9) 

.· 

(VII.lO) 
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The off-diagonal elements of the relaxation rate matrix S 

describes the cross-relaxation between the two associated 

subsystems. 

The transition rate matrix W is related to the matrix S 

by 

where WaB is the transition rate between states Ia> and IB>, 

and 

CX> 

1 
=;;z Jf dl <aiH1 (t)IB><BIH1 (t-L) Ia> 

-ex> 

Both matrices S and W are symmetric, namely, 

197 

(VII.ll) 

(VII.l2) 

(VII.13) 

The lifetime t of state I a> is related to the elements of lol by 
a 

the equations (IV.25) expressed as 

(VII.l4) 

,.., 
Defining a new matrix W by 

H - o '\' W 
aB aB l., ay 

y 
(VII .15) 



we can show that 

=- E 
a,B 

' 

.... 
ok o. B w B ,a J, a 
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(YII.l6) 

(VII.l7) 

(VII.l8) 

" The Pauli equation for the population change is related to WaS 

by 

=- (VII.l9) 

where Pa is the population at state Ia>. The above equation is 

completely equivalent to the equation (VII.9). Yet, by choosing 

an appropriate set of the operators Oi's, we may obtain a better 

physical picture about the relaxation mechanism. 7 

7.3 Relaxation of protonated methyl groups in solids 

The cross-correlation in the fluctuation of the dipole-dipole 

interaction in solids has strong impact on the behavior of 

relaxation. Generally this leads to an non-exponential spin-lattice 

1 . 4 re axat1.on. 

The methyl groups in solids undergo hindered rotation about 

their three-fold symmetry axes. The first random reorientation 

modulates the dipole-dipole interaction among methyl protons. 
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The spin state of methyl protons consists of eight levels as 

8 a b 
shown in Figure VII.l. The E and E states are shifted upward 

in energy with respect to A states that result from rotor-lattice 

interactions. The energy splitting is ~wt. At high temperature, 

where semiclassical description is valid, the tunneling frequency 

wt is approximately equal to zero. 

Because of the conservation of total population, the distribution 

of population among eight levels can be described by seven 

independent occupation operators Ok. It is convenient to choose 

them according to physical properties. Two of them, 0
1 

and 05 , 

correspond to the Zeeman and dipolar system. Another two, o4 

and 06 , correspond to the rotational polarization, being defined 

as the excess in population of Ea over Eb states, 0
6 

to the 

tunneling system, being defined as the excess in population of A 

E . . 8 over sp1n spec1es. The eigenvalues of these operators are 

given in Table (VII.l). 

Using the above set of occupation openators, the relaxation 

rate matrix can be evaluated if we assume a three-fold random 

reorientation of the methyl groups. Their values are listed 

elsewhere. 8 

Up to now, the effects caused by the interaction among methyl 

groups has not been taken into account, this leads to a spin 

diffusion process at a rate much faster than the spin-lattice 

relaxation. 

The traditional spin temperature model, assuming a complete 

a b 
spin diffusion which mixes up the A, E , and E spin states, shows 

that the Zeeman and dipolar systems are the only quasi-constants 
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Fig. VII.l This figure illustrates the energy levels of the three 

protons of a methyl group considering the Zeeman, intramethyl dipolar, 

and tunneling interactions. The appearance of a tunneling energy in 

the spin Hamiltonian is a consequence of the Pauli exclusion principle 

that couples spin and rotor symmetries .. 

.· 
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Table VII.l 

a b c Eigenvalues of the Occupation Operators ' 

16 01 3/2 1/2 -1/2 -3/2 

12 02 1/2 -1/2 1/2 -1/2 

13 03 0 1 - 1 0 

04 0 0 0 0 

05 1/2 -1/2 -1/2 1/2 

12 06 1/2 1/2 1/2 1/2 

07 0 0 0 0 

1/2 -1/2 

-1/2 1/2 

-1/2 1/2 

1/2 1/2 

0 0 

-1/2 -1/2 

1/2 -1/2 

1/2 

-1/2 

-1/2 

-1/2 

0 

-1/2 

-1/2 
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b 
E-1/2 

-1/2 

1/2 

1/2 

-1/2 

0 

-1/2 

1/2 

a The eigenvalues are for the spin eigenstates of the Zeeman and 

secular dipolar Hamiltonians. At quasi-equilibrium, all of the 

number operators are diagonal. 

bThe identity operator which, may be taken as the eighth occupation 

operator, is not needed since the total population of the spin 

states is constant. 

cThis table is taken from reference 8 . 
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of the motion. 2 The density matrix at quasi-equilibrium is of 

the form 

The spin-lattice relaxation of a 1 and a 5 are independent at a 

high temperature when wt = 0. They relax exponentially at rates 

511 and 555 • At low temperature when wt ~ 0, the cross-relaxation 

rate 515 is not zero, and the Zeeman and dipolar systems are 

7 
coupled. The spin-lattice relaxation is characterized by two 

exponentials. 

The prediction of the above model does not agree with the 

experimental facts of the non-exponential spin-lattice relaxation. 

Because of the rapid reorientation, the flip-flop terms of the 

inter-methyl dipolar interaction conserve the symmetry of spin 

states. The protons of the same methyl group experience the same 

averaged local dipolar field than protons in neighbor methyl 

groups. This is the basic assumption of symmetry-restricted spin 

diffusion (5RSD). 8 ' 9 In this case, four degrees of freedom are 

8 expected. Instead of equation(VII.S), the quasiequilibrium 

density matrix takes the form: 

2 2 
Hhen (wt + n w

0
) Tc << 1, i.e., wt = 0 or wt >> w

0
, the 

Zeeman system is only coupled to the rotational polarization, and 

the dipolar system is coupled to the tunneling system, as shown 

in Figure (VII.2). These predictions have been verified 

10-12 
experimentally by discoveries of the Haupt effect and 

.· 
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Zeeman 
Rotational 
Polarization Dipolar Tunneling 

LATTICE LATTICE 

XBL 803-866: 

Figure VII.2 At high temperatur~ when wt = 0, the Zeeman system 

is only coupled to the rotational polarization, and the dipolar 

system is coupled to the tunneling system. This leads to non-

exponential spin-lattice relaxation and the Haupt effect. 
·. 
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and non-exponential spin-lattice relaxation. For an arbitrary 

value of wt-w
0

, the relaxation of a1 , a 4 , a 5 , and. a 6 are mutually 

coupled as is shown in Figure (VII.3). 

7.4 Relaxation of deuterated methyl groups in solids. 23 

7.4.1 Introduction 

The relaxation mechanism of reorienting or tunneling methyl 

. 4-20 groups in solids has been under intensive invest~gation. 

4-6 8 17 The non-exponential nature of spin lattice relaxation ' ' and 

10-12 the Haupt effect of thermally induced dipolar polarization 

can be explained as being a result of the dynamical couplings 

among Zeeman, dipolar, tunneling, and the rotational polarization 

systems. At high temperatures, the non-zero couplings exist only 

between the Zeeman and rotational polarization systems and 

between the dipolar and tunneling systems. 

In this section, we shall study the system of deuterated 

methyl (CD
3

) groups in solids. Some interesting new features 

arise because of the deuterium quadrupole coupling. In a manner 

7 analogous to the CH3 case, let us assume that the relevant 

quasi-constants of the motion are the Zeeman, quadrupole, 

tunneling, and rotational polarization systems. The dipolar 

reservoir is negligibly small in the cn3 case, In particular, 

we assume, that the fluctuation of quadrupole coupling of the 

deuterons, by random reorientation or tunneling of the methyl 

group, is the dominant relaxation mechanism. We shall derive 

the relaxation equations for the above subsystems and see which 

subsystems are mutually coupled by relaxation. The full 

calculation is given in Section 7.4.2. Here we shall mention 

.· 
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Fig. VII.3 In general, the lattice, Zeeman, rotational polarization, 

dipolar, and tunneling systems are all coupled together. The cross-

relaxation rates s
15

, s
16

, s
45

, and s46 vanish when wt = 0 or u; >> w 
t 0 
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the main findings. For random reorientation at high temperatures 

(i.e., ~ 77°K) Zeeman, quadrupole, tunneling, and the rotation 

polarization systems are predicted to be uncoupled. This is a 

contrast to the CH3 case. As a result, the Zeeman spin lattice 

relaxation is expected to be exponential. For tunneling cn
3 

groups 

at low temperatures (<< 77°K) the Zeeman and tunneling systems 

are coupled, and consequently, the Zeeman spin lattice relaxation 

is predicted to become non-exponential. The experiments that 

we have done to test the calculations consist of measuring the 

Zeeman spin lattice relaxation of dilute toluene, with the methyl 

group having been deuterated, at liquid nitrogen and liquid helium 

temperatures. The experimental results are discussed in Section 

7.4.3. We mention here that the relaxation is exponential at 

liquid nitrogen temperature and becomes non-exponential at liquid 

helium temperature, thus verifying the unique expectations for cn3 

relaxation. 

7.4.2 Theory 

Consider a cn
3 

group with geometrical parameters shown in 

Figure VII.4. Unlike the system of methyl protons, the dominant 

relaxation mechanism of deuterated methyl groups is caused by the 

fluctuation of quadrupole coupling through random rotation of the 

reorienting or tunneling methyl groups. The much less efficient 

relaxation process due to fluctuating dipolar interactions may be 

neglected. The Hamiltonian of the rotating methyl deuterons in 

a high field consists of a Zeeman term (H2), tunneling term (Ht), 

the time-averaged truncated quadrupole interaction (HQ), and its 

fluctuating nonsecular part (H1 (t)) responsible for relaxation: 

.. 

.· 
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Figure VII.4 This figure shows the geometry of a methyl group. 

e is the angle between the c3 ax~s and C-D bond, and B is the 

angle between the c
3 

axis and the magnetic field. 
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The energy level diagram with the classification of irreducible 

representations of the c3 group is shown in Figure VII.5. The 

truncated quadrupole interaction HQ, averaged over the random 

rotation, is reduced by a factor of P2 (cos8) 

where T~m) is the component of the symmetry-adapted tensor 

1 a b operator of the second rank and ~ = A, E , E are the irreducible 

representations of the c3 group, 
21 

= T (m) +AT (m) + A*T (m) 
1 2 3 ' with ~ a b = A, E or E 

for A= 1, E orE*, E = exp(i2TI/3) and T (O) = 3 I~ - I(I+l), 
i ~z 

i = 1, 2, 3. Here the tensor components T(±l) and T(±2) are 

generated from T(O) by commutation relation1 
~ 

T(m±l) 
~ 

As shown in Figure VII.4 B is the angle between the c3 axis 

and the magnetic field; 8 is the angle between the c3 axis and 

the principle axis of the electric field gradient tensor. 

The fluctuating term H
1

(t) can be expressed as being a 

product of the symmetry-adapted tensor operators and spatial 

functions, 

2 

I 
m=-2 

.. 
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Fig, YII.S This figure illustrates the energy level scheme with a 

a b classification according to A, E , and E states. wt is the tunneling 

splitting between the A and E states . 
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where 

(±1) 
=- 1 ie2i<P sin2e sinS (±l+cos8) + 1 eicp sin28 (cos2S+cos8) , 

and 

(±2) 

F b (m) 
E 

The angle cp fluctuates randomly by a fast rotation of the 

methyl group about the c3 axis. 

The correla~ion functions G(m)(t) are assumed to decay 
l.J 

exponentially and to be characterized by a single correlation 

time T , 
c 

o 
1 

G(m)(O) exp(-t/T) 
mm l.J c 

They are evaluated as tabulated in Table VII.2. 

For spin-lattice relaxation only the evolution of the 

diagonal part p
0 

of the density matrix is relevant. 
22 

Based 

the Symmetry Restricted 
8 Spin Diffusion (SRSD) model, we can 

on 

assume that there are four degrees of freedom that characterize 

the quasi-equilibrium during the relaxation process. In the high 

spin temperature assumption, we can decompose p0 into a set 

of four traceless and mutually orthonormal operators, and the 

unit operator with their corresponding Lagrange multipliers ak, 

''@. 
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Table VII.2 

The Symmetry-Adapted Correlation Functions G~m} (0) 

G (_0) 
Ea (0) 

2 
(O) -l . 4 4 2 2 = G b (0) - 64 Sl.n 8 sin 8 (1+16 cos 8 cos 8) 

E 

2 

GE
8 

(l)(O) = G~bl)(O) = ~~ [sin4e sin2S (l+cosS) 2 

G (-1 ) (0) 
Ea 

G (-2)(0) 
Ea 

+ sin228 {cos26-cosS) 2] 

(1) wQ2 4 2 2 = G (0) = - [sin 8 sin B (1-cosS) 
Eb 96 

(2) wQ2 1 4 4 
= G (0) = - (- sin 8 (1-cosS) 

Eb 96 4 



0
1

, 02 , 0
3 

and o4 defined below, correspond to the Zeeman, 

tunneling, quadrupole, and rotational polarization systems 

respectively, namely, 

0 = _1_ T (0) 
3 312 A 

' 

' 

where IA><AI, IEa><Eal and others are projection operators. 
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The equation governing the relaxation of the system toward an 

equilibrium with the lattice can be expressed as7
'
8 

• eq a= -s•(a-a ) 

where a is a column-vector with components ak. The symmetric 

7 8 relaxation matrix S have the components ' 

2 co 

-ITI/t 
sk.R. 

1 l: [ G (Jn) (0) J dT e c Tr([Ok,e-iHTT~m) =-2 lJ 
lJ=Ea,Eb m=-2 -co 

2T 
[ [ G (m) (0) c Tr(P[O T(m)][T+(m) 0 ]) = 

lJ + )2 2 k' lJ lJ ' .R, 
lJ m l+(tDwo wt Tc 

iHT e :• 

.· 
> 
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7 
where wt is the observable tunneling frequency and the projection 

operator p = IA><AI • 

The non-zero relaxation rates Ski were evaluated, yielding: 

sll = L 
m-1,2 

812 = [ 
m=l,2 

822 = L 
rn=O,±l,±2 

La b 
l.l=E ,E 

G(m)(O) 2 
_ __. ____ 2 • {~21 T 

l+( +w )2T 2} c 
mwo t c 

833 
L .. [ c<lr(O) ci

1
l<ol J = l.l 81 a b l.l + 

l.J=E ,E l+(w +w )2T 2 l+(-wo+wt)2Tc2 
. 0 t c 

[ [ G(m) (0) J 
844 = La b l.l 2 2 162 T 

m=O,±l,±2 l.J=E ,E l+(mw +w ) T c 
0 t c 

T 
c 

2 
3m T 

c 

' 

The quadrupole system and the rotational polarization system 

are characterized by a single relaxation rate s 33 and s 44 • The 

Zeeman system and the tunneling system, however, are coupled 

through s12 , which is non-zero for wt :I 0. The spin lattice 

relaxation is non-exponential, in fact, a sum of two exponentials. 

At high temperatures, when wt = 0, the Zeeman system and the 

tunneling system become decoupled, since sl2 = o. 
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7.4.3 Experimental results and discussion 

The spin-lattice relaxation of toluene, when the methyl 

groups is deuterated and diluted in a normal protonated toluene 

matrix (~ 10% by mole), was measured at liquid nitrogen and liquid 

helium temperatures in a field of 42.5 kG •. The corresponding 

resonance frequency of the deuteron NMR is 28.4 MHz. A three-

pulse sequence 180X-T-90x-T'-90y is used to measure the spin­

lattice relaxation. The first TI pulse is used to reverse the 

magnetization. The second and third n/2 pulses are used to 

generate a quadrupole echo for improving the S/N ratio and for 

achieving easier detection. 

The spin-lattice relaxation time was measured on the recovery 

of the sharp singularity in the powder spectrum. The recovery 

of intensity at liquid nitrogen and liquid helium temperatures 

are plotted on a semi-logarithmic scale as we have shown in 

Figure VII.6. We found the relaxation to be exponential with a 

T1 of 1.1 ± 0.1 sec at liquid nitrogen temperature. At liquid 

helium temperature, the spin-lattice relaxation is characterized ) 

-1 
by two exponents with relaxation rates Al and A2 ; Al = 0.9 ± 

0.1 sec and A;l = 26 ± 3 sec. Al and A2 are related to Sk~ by 

= 

= 

s
11

, the initial slope of curve in Figure VII.6b, is measured 

-1 
with s11 = 12 ± 1 sec. 

-0.23 ± 0.02 sec-l and 

sl2 and s22 are calcualted to be sl2 = 
-1 

s 22 = 0.9 ± 0.1 sec . The non-exponentiality 
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Figure VII.6 The recovery of the intensity of the spectrum is 

plotted on a semi-logarithmic scale. (a) The spin-lattice 

relaxation at liquid nitrogen temperature is exponential with 

T
1 

= 1.1 ± 0.1 sec. (b) The spin-lattice relaxation at liquid 

helium temperature is the sum of two exponentials • ... 
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of spin-lattice provides us with evidence of the coupling 

between the Zeeman and tunneling systems. The inter-system 

coupling s
12 

is non-zero at low temperature when the tunneling 

is in communication with the Zeeman system, i.e., w ~ w or 
t 0 

~ 2w --such that both systems may exchange energy through phonons 
0 

(Figure VII.7). 

Finally, we briefly compared the relaxation processes between 

the methyl protons and the methyl deuteron systems. In the first 

case, the protons are coupled to the lattice by a dipolar inter-

action. This is a two-body interaction between protons. The 

existence of cross-correlations among the intramolecular dipolar 

interactions results in coupled, namely, non-exponential spin-

lattice relaxations. In the cn3 case, however, the deuterons 

are coupled to the lattice by quadrupole interactions that are 

single particle interactions. We expect that each deuteron should 

be relaxed by its own interaction with the lattice and that the 

relaxation should be exponential. Then it is not surprising to 

find that the relaxation of three identical.deuterons is 

exponential, as in the case of high temperatures. At low temperature, 

however, we apparently cannot consider each deuteron independently 

from the others. We are forced by the Bose-Einstein statistics 

to consider the three deuterons as a collective system and to 

classify the eigenstates in an appropriate manner. We then find 

coupled relaxation becuase of the statistics and because when 

wt # 0, the A states are lower in energy than the E states. 

The above illustrates that the relaxation coupling is not 

5 caused by cross-correlation effects, but rather, by what we call 
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Zeeman 

Mz(t) = C e-Xt 

LATTICE 

Zeeman Tunneling 

wt .... w0 or 2w · 0 

LATTICE 

XBL 803-8661 

Figure VII.7 The top figure shows that the spin-lattice relaxation 

at high temperature is characterized by a single exponential decay. 

The bottom figure shows that at low temperature, when w ~ w or 
t 0 

2 w , the tunneling system is in communication with the Zeeman 
0 

system. The spin-lattice relaxation is a hi-exponential decay • 
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a statistical interference. Some of the couplings in the CH
3 

7 8 case ' that vanish when wt becomes zero, are of the same nature. 
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VIII 

ANISOTROPIC SPIN-LATTICE RELAXATION OF DEUTERATED HEXAMETHYLBENZENE 

8.1 Introduction 

Some molecules in solids may exhibit reorientating motion 

other than thermal vibration. The motional group does not 

rotate freely, but rather, jumps (or reorients) among all possible 

equivalent positions. In most cases, only part of the molecule 

is able to reorient, for example, the methyl group. Yet, there 

are a few cases where the whole molecule may undergo reorienting 

motion; some examples are benzene, hexamethylbenzene and adamantane. 

Because the motional group or molecule does not tumble 

isotropically, but rather, reorients about some special directi~n, 

the spin-lattice relaxation is generally not isotropic. In 

general, the special direction of reorientation is along the 

symmetry axis of the motional group. For example, the methyl 

group jumps about its three-fold axis; the benzene reorients about 

its six-fold axis. Although the spin-lattice relaxation of 

individual motional group is anisotropic, the spin-diffusion 

among each different molecule may diminish or completely wash 

out the anisotropy. 

Some single crystals may greatly facilitate the anisotropy 

study of spin-lattice relaxation if all the motional groups 

reorient about the same direction. The single crystal of silver­

trifluoroacetate (CF3COOAg) has been studied by 19F NMR. 1 The 

CF3 groups in the crystal all point to the same direction. The 

orientation of the methyl group is determined by the measurement 

of the anisotropic chemical shift of 19F. 
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The three-fold reorientation of the cr3 groups creates a 

fluctuating local field through the dipole-dipole interaction. 

The cross-correlated fluctuation of the local field caused by 

the reorientation produces an additional pathway for the relaxation. 

As a consequence, the spin-lattice relaxation of the methyl groups 

1-3 (CH3 or CF3), is generally anisotropic and non-exponential. 

Nevertheless, in the case of the deuterated methyl group 

(CD3), the relaxation is characterized by a single exponential. 

Unlike the dipolar interaction, the quadrupole interaction for 

the spin 1 nucleus is associated with a single particle. Even 

in the presence of correlated reorientation, the cross-correlated 

fluctuation between two nucleus is zero and does not contribute 

to the spin-lattice relaxation. 

The deuterated hexamethylbenzene (HMB-d18) molecule in the 

solid state undergoes a reorienting motion about its hexad axis 

(c6 motion) over a wide range of temperature--as shown by 

4-6 second moment, T1 , and Tlp studies of the protonated material . 

As a result of this anisotropic c6 reorientation, the nuclear 

spin-lattice relaxation exhibits a strong dependence on the 

orientation of the molecular hexad axis with respect to the 

applied magnetic field (Figure VIII.l). The T1 anisotropy of a 

single crystal of deuterated hexamethylbenzene was measured on 

7 both sides of the T1 minimum. We shall present a model that 

uses only the single-particle relaxation to explain the temperature 

dependence of this anisotropy. In addition, from the measured 

temperature dependence of T1 over the range -85 to 70°C, the 

activation energy and correlation time for the c6 motion is 
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Fig. VIII.! This figure shows a hexamethylbenzene-d
18 

molecule 

oriented in a magnetic field with field direction along the z-axis. 

>. 
'• 
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7 determined and compared with the values previously reported for 

the protonated compound. 

8.2 Theory 

There are two motions associated with the hexamethylbenzene 

molecule. In addition to the aforementioned c
6 

motion of the 

entire molecule, each of the six methyl groups undergoes rapid 

reorientation about its c
3 

axis. The c3 and c6 reorientations 

cause fluctuations in the deuterium quadrupole interaction; 

these quadrupole fluctuations are responsible for the deuterium 

spin-lattice relaxation. The spin-lattice relaxation is most 

efficient (T1 minimum) when the rate of fluctuation is near the 

Larmor frequency or near the second harmonic of the Larmor 

frequency. In tpe temperature range of our measurements, the 

rate of the methyl group c3 motion is much larger than the rate 

of the molecular c
6 

motion, and is far away from the Larmor 

frequency. Consequently, it is a very good approximation to 

neglect the contribution by the fast c3 motion to the spin­

lattice relaxation. Since the deuterium dipole-dipole coupling 

is much smaller than the quadrupole interaction, 'tve can legitimately 

neglect the contribution (estimated to be less than 1%) of the 

fluctuating dipolar interaction that it makes to the relaxation. 

Unlike the dipolar interaction, the quadrupole interaction 

is associated with a single nucleus. With this in mind, and by 

ignoring fluctuations due to the fast c3 motion, the system of 

18 deuterons can be simplified down to the treatment of a single 

deuteron having reduced quadrupole strength and having a principal 

·axis along the methyl group c3 axis. Because of the fast 

,,• 
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reorientation of the methyl groups, the principal axis of 

quantization for the quadrupole interaction is along the c3 

axis. Since the rate of the three-fold reorientation is much 

faster than the Larmor frequency in the temperature range of our 

experiments, the c3 motion does not contribute significantly to 

the spin-lattice relaxation. As a consequence, the non-secular 

time-dependent part of the Hamiltonian can be neglected. The 

quadrupole Hamiltonian of a methyl deuteron, with c
3 

axis 

parallel to the field direction, can be expressed by 

(VIII .1) 

where T(O) = 3 Iz2 ·_ I(I+l), and wQ is the reduced quadrupole 

frequency by' c3 motion. 

To include the six-fold reorientation of the whole molecule, 

we can apply two consecutive transformations, exp(i I Ix) and 

exp(i ¢I ), to the previous Hamiltonian. The new Hamiltonian, z 

with a c
6 

axis along the z-direction, is given by 

• TI I 
~-2 X e 

-i¢I z 
e (VIII.2) 

The quadrupole Hamiltonian for a general orientation of the 

molecule (Figure VIII.l) can be obtained by an additional 

transformation exp(-i ¢ Ix)' 



-i6I i9I 
X t X 

HQ = e HQ e 

+ i T(-l) . 6 (l+ 6) + 1
2 

T(_2) (.l-cose} 2 s1.n cos 

+ i T(l) sinS (l+cose) +! T(-Z)(l-cose) 2 
2 

+ l T(Z) (l+cos6) 2] exp(-2i¢) 
2 
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(VIII. 3) 

where the e is the angle between the molecular c6 axis and the 

magn~~ic field (Figure VIII.l). 

The . . d d t -. --T(l)- -T(~l) -T(Z) --- d··-T(~Z) - --- - - - -· 
tLroe-l.n epen en terms l.n , , , an 

that do not contain a fluctuating angle ¢(t) can be neglected 

because they do not contribute to the relaxation, but rather, 

only have a negligible second-order effect on the quadrupole 

shift. 

The static quadrupole Hamiltonian is then given by 
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(VIII.4) 

The fluctuating quadrupole Hamiltonian can be expressed 

explicitly as being a sum of the products of tensor operators 

T(m) and the time-dependent spatial function F(~)(t): 

where 

. 16 2~ . 28 16 . 2~ . 8 = -1 8 cos ~ s1n - 4 s1n ~ s1n 

16 2 16 8 cos2¢ (l+cos 8) + i 4 sin2¢ cos8 

(VIII.S) 

and F(-m) = (-l)m (F(m))*. F(O) is included for completeness, 

although it does not contribute to the T
1 

relaxation. 

The time-dependence of F(m) is contained in the randomly 

fluctuating angle ¢. This angle ¢ describes reorientation of 

the molecule about its c6 axis with a correlation time Tc. Since 

all of the time-dependence enter into H
1 

(t) as 2¢, only one 

correlation time is necessary to describe the relaxation. With 

one correlation time it is impossible to distinguish sixfold 

reorientation from rotational diffusion. 8 

Nevertheless, x-ray analysis shows that the hexamethylbenzene 

molecules do have a specific sixfold equilibrium orientation. 9 

Thus, T can be viewed as an inverse jumping rate. c 

In general, the relaxation of a multi-spin system m~st be 

described by a relaxation matrix S(O). Since our treatment involves 
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only a single particle relaxation, the spin-lattice relaxation 

rate, (that is, l/T
1

) is given by the single matrix element s11 , 

previously evaluated to be: 

(VIII.6) 

where J(l) and J(2) are the special densities: 

WQ 2 3 2 4 T = (--) -- (1 + 6 cos e + cos e) c 
3 64 l+4w2T 2 

c 

-1 . 
The dependence of T

1 
(s

11
) upon the angle 8 is evident from the 

spectral densiti~s. T1 has a minimum for the c6 axis parallel to 

the magnetic field, and increases monotonically as e increases 

up to goo (Figure VIII.2). The anisotropy of T
1 

depends on the 

temperature because T is temperature-dependent (Figure VIII.3). c 

The spectral density J(l) vanishes when the c
6 

axis is parallel 

to the applied magnetic field, meaning that only J(
2), or the 

dou Re quantum transition contributes to the relaxation at this 

orientation. 

8.3 Experiment and discussion 

All experiments were performed using a single crystal of 

HMB-d
18

. This greatly facilitates the study of the anisotropic 

spin-lattice relaxation because all molecular c
6 

axes are parallel 

g 
in the single crystal. T

1 
was measured using a saturation-recovery 

pulse sequence, that is, (gQ 0 -T 1 )n -T- goo, T2 << T1 << T1 in a 

field of 25.8 KG that had a corresponding deuterium resonance 

... 
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-1 
Here we see the dependence of the relaxation rate s11 on 

the orientation of the c
6 

axis and the parameter £ defined as £ = 

(l+w2
T 

2)/(1+4w2 
T 

2). 
c c 
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Fig. VIII.3 The angular dependence of the spin-lattice relaxation rate 

0 0 at two temperatures (-36 C and 70 C) is shown along with the theoretical 

fit (solid line) for three different values of the parameter £ defined 

in the figure. £ = 0.25 corresponds to the low temperature limit (i.e. 

w
2

T
2>> 1) and £ = 1.00 corresponds to the high temperature limit (i.e. c 

2 2 
W T « 1). 

c 
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frequency of 16.8 MHz, 

The angular dependence of the spin-lattice relaxation rate s
11 

was measured at two temperatures -36°C and 70°C. The results 

are shown in Figure VIII.3. With the single crystal oriented 

so that all of the molecular c6 axes are parallel to the field, 

(that is, 6 = 0), the temperature dependence of s11 was measured 

over the range -85°C to 70°C. The observed temperature dependence 

is shown in Figure VIII.4. 

For the single orientation of the c6 axes parallel to the 

field, only the second term 0(2) term) in equation (VIII.6), is 

expected to contribute to the relaxation: 

T 

sll = A c 
1+4w

2
T 

2 
c 

Assuming an Arrhenius form for the correlation time: 

T = T exp(E /RT); 
c c a 

0 

(VIII. 7) 

(VIII.8) 

the data are best fitted to the above expression for s11 with 

the following values: 

A = (6.1 ± 0.1) x 1010 sec-l 

T = (1.8 ± 
c 

0.3) X 10-15 sec 
0 

E = 7.8 ± 0.1 kcal/mole a 

where E is the energy of activation needed for the molecule to 
a 

reorient about its c
6 

axis. The theoretical fit of the data is 

shown in Figure VIII.4. The deviation of the theoretical fit from 
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Figure VIII.4 The temperature dependence of the spin-lattice 

- -relaxati_on_r~~e for the _l!!_m_-d 18_~ingle crystal oriented with 
------------ ----------. 

all molecular c
6 

axes parallel to the magnetic field. The solid 

curve is the best fit of equation VIII.7 to the data. 
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the data at a low temperature can result from our neglect of the 

methyl group rotation (c3 motion). This rotation becomes 

increasingly important at a low temperature. 

Our measured activation energy for HMB-d18 is substantially 

higher than the reported value (b.7 ± 0.1 kcal/mole} for the fully 

protonated ~m. If we view the molecule as a torsional oscillator 

that sits in a sixfold well, the activation energy for reorientation 

can be expected to decrease upon deuteration. Deuteration increases 

the moment of molecule inertia, thus, the torsional energy levels 

are shifted down and the spacing between zero point energy and 

barrier top is increased. 

From the value of A given above, the effective quadrupole 

strength is found to be: v = 39.1 ± 0.3 kHz. Q,eff This agrees 

quite well with our measurement of the powder pattern at -170°C, 

where the c6 motion is essentially frozen, v,Q,-l70oc = 38.2 ± 0.4 kHz. 

This agreement indicates that it is valid to consider only the 

methyl-group-averaged quadrupole strength as a contributing 

factor to the relaxation. 

There is a problem, however, in comparing the effective 

quadrupole strength with the powder pattern value for ~m-d18 at 

room temperature. At room temperature, where the c
6 

motion is 

rapid, the powder pattern value is expected to be exactly one-half 

of the effective quadrupole strength. In fact, the measured value 

is: vQ, 2SoC = 16.6 ± 0.2 kHz. This is about 15% smaller than 

expected. One explanation for this reduced value is that 

besides the in-plane reorientation of the molecule, some 

additional motion exists. One explanation for this is that the 
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molecule is not constrained to lie in a plane, but rather, its c
6 

axis rocks about in a cone. Such an out-of-plane motion seems 

13 
unlikely, however, since measurements of the C chemical shielding 

anisotropy in HMB do not indicate any significant change in cr33 over 

11 
the temperature range -186°C to 23°C. cr33 is the element of the 

chemical shielding tensor that corresponds to a principal axis that 

is perpendicular to the molecular plane. Additionally, Tlp 

measurements that are sensitive to slow motion, have not indicated 

the existence of any motion besides the c6 motion. 

Also, we can explain that the principal axis of the quadrupole 

interaction of a cn3 group is not perpendicular to the molecular 

c6 axis. This is possible if the three deuterons of the cn3 group 

experience different local electric field gradients, so that when 

they are averaged over the c3 motion, the effective quadrupole axis 

lies outside the molecular plane. For a free c3 rotor, the average 

could never be out of plane, but in HMB, where there are many methyl-

methyl steric interactions, the methyl groups can be staggered in 

such a way that some groups give above-plane averages, whereas 

others give below-plane averages. 

~· 

r: 



235 

8.4 References 

1. M. Me~ing and H. Raber, J. Chein. Phys • ,22_, 1116 (1973). 

2. R. L. Hill and P. s. Hubbard, Phys. Rev • ~' A392 (1964). 
. ·- 3. M. F. Baud and P. s. Hubbard, Phys. Rev. 170, 384 (1968). 

4. E. R. Andrew, J. Chem. Phys • 18, 607 (1950). 

5. P. s. Allen and A. Cowking, J. Chem. Phys. 47, 4286 (1967). 

6. H. w. Bernard, J. E. Tanner, and J. G. Aston, J. Chem. Phys. 

50, 5016 (1969). 

7. J. Tang, L. Sterna, and A. Pines, J. Magn. Reson. 41, 389 (1980). 

8. D. E. Woessner, J. Chem. Phys. 36, 1 (1962). 

9. L. 0. Brockway and J. M. Robertson, J. Chern. Soc., 1324 (1939). 

10. S. Emid, R. J. Baarda, J. Smidt, and R. A. Wind, Physica B93, 

327 (1978). 

11. A. Pines, M. G. Gibby, and J. W. Waugh, Chern. Phys. Lett. 15, 

373 (1972). 



236 

IX 

THE SPECTROMETERS 

All the experiments on multiple quantum NMR and the experiments 

of deuterated methyl groups at low temperatures were done on the 

S-spectrometer. Only the experiments on the deuterated hexamethyl-

benzene were carried out on the a-spectrometer. 

9.1 The S spectrometer 

9 .1.1 Magnet 

The S spectrometer has a superconducting magnet with a 3.5 

inch bore from Bruker. It is operated at 42.5 KGauss and has a 

proton resonance frequency at 185.0 MHz and a deuterium resonance 

frequency at 28.4 MHz. The magnet has both superconducting and 

room temperature shims. The field can be shimmed to less than 

3 1 ppm over a 1 em region. The field is very stable and no other 

field or frequency locking is necessary. 

9.1.2 Pulse generation 

The proton RF is generated by mixing the 30 MHz IF from a 

General Radio 1061 frequancy synthesizer with 155 MHz from the 

same synthesizer. Only the upper sideband is kept. The 30 }lliz 

If j_§ _g~neia_t~d~_E}' _Er_ip~~~-t~~ ~!2'"thesizer 's 10 MHz reference 
~------ - -- ---- -- ----

signal. The low frequency for deuteron is generated directly by 

a Hewlett-Packard 3320A. The RF is passed through the commercial 

quadrature hybrids and switches to produce four phases (x, x, y 

andy). The x ~nd x channels are fed into a Iaico 100D0898 phase 

shifter. This produces a phase shift in any multiple of 2TI/256. 

.· 
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The output goes to the ~igh power transmitter (a class C cavity­

tuned transmitter or AR model 100/model 200} and provides a pulse 

of up to 200 watts. 

The timing of the pulses and the data acquisition is 

controlled by a 16-step pulse programmer that is interfaced with 

a NOVA 820 computer. 

9.1~3 Receivers 

The signal from the probe is first amplified by a commercial 

wideband low noise (noise figure ~ 2.5 dB) preamplifier (Avantek 

UT0-511, u~0-512) with about 35 dB of gain. The output is mixed 

and filtered to ~ MHz, amplified with a variable gain IF strip up 

to 70 dB (P~G EVT 3010), and then mixed with 30 }lliz down to audio 

frequencies with two phases (0° and 90°). 

9~1~4 Digitiiers 

The audio signals in two channels are digitized by a pair of 

analog-digital converters (Datel SHM2 S/H in series with 10 bit 

Datel ADCElOB A/D). The digitized signal is transferred to a 

NOVA 320 computer at a maximum rate of 3 lJSec per point. 

9.1.5 Probe 

The double resonance probe used has a single coil, double-tuned 

configuration, with a Q of ~ 150 for protons. The solenoid coil 

contains eight turns of 18- gauge uninsulated copper wire (8 mm x 

15 mm). 

The probe head is covered by a glass dewar to provide thermal 

isolation. Temperature control is achieved by regulating the flow 

of heated air (or cooled N2 gas for low temperatures) into the dewar 
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trough vacuum jacketed tube. The gas is heated.by a resistive 

heater at the end of the tube. The temperature is constantly 

sensored by a copper I constantan thermocouple and c.ompared to a 

reference setting. A differential voltage between the two is used 

to drive the current source (up to 3 amps) for the constantan 

heating coil. The temperature may be regulated to within ±0.2°C 

over the range -175°C to 150°C. 

9~2· The a. spectrometer 

The spectrometer has a Westinghouse superconducting magnet of 

25.8 KGauss with 2.5 inch bore. The corresponding resonance 

frequency for deuterium is 16.8 MHz. The deuteriumrRF is generated 

directly from a General Radio 1164-A frequency synthesizer that 

provides IF at 30 }ffiz. 

The audio ·signal is digitize? by an 8 bit Biomation transient 

recorder model 802 at an maximum rate of 0.5 ~sec per point. All 

other aspects of the a spectrometer are very similar to the B 

spectrometer. 

.· 
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APPENDIX (COMPUTER PROGRAMS) 



c 
e 
c 
c 
c 
e 

239a 

progre"' erd set 1 
This oro~rew ealeuletea the anisotropic a"in•lattiee relaxation rete for 
h~x~wethvlter7ene•ot8 

theta: engle het~een the Co-axis of the molecule end the magnetic field 
eosilo: ~eraweter d~fined ~Y th~ ratio between spectral densities 

.J(~) eno JC2~> 
s: s~in•lettiee relaxation rate 
dimensior a(cn,tol 
ooen(unit=Ol,na"'e='~nisott.val',tyoe='ne~') 
do ton ~=t,l51 
theta:(k•1.>•3.141SQ2c5/100. 
xt=eos(theta>••? 
xZ=cos(theta)••'J 
dn bO i=t,b 
eosilo:Ci•l.l•O.l5+~.25 
a:b.*eosilo/(t.+~nsila) 

b=C I .-ec:::s i 1 e) 1 C l.+eosi I ol 
s(k,i):t.+a•xt-~••2 

on cnntinuE 
anale:theta•tR0./3.1415~2~5 
~rite(1,7~)arale,(sfk,i),;:t,e) 

70 f~rlllet(1x,fP.3,b(Zx,f9.U)) 

100 continue 
elose(u,.it=Ol) 
stoo 
ene1 

.· 



2 

2'5 

27 

Prograll' ch3exc 
CI')IIIPlex c(3), fC3) 
wrheC6,2) 
forlllat(JOx,'enter the value of T2 (in aecl: ' 1 !) 
reat1Co;,ll)t2 
forlllat(fJO.O) 
writeCbr2'5) 
forlllat<lOx,•enter the valu~ of •ax. OMega (fn ~1>: •,s) 
reacH'5, 27) XII' ex 
tor111atCftn.o> 
open(unft=C1,ne~e='ch3exc.oat~·,type:'old',reaconly) 

do 30 i:J,3 
..... ~(1,2~)cfi} 
f,.,rwat(f13.b,~x,f13.6) 
C('>ntinue 
close(unit:nt) 
ooen(unit:OJ,na,.e='ch3e•c.val',tvoe='new') 
dO 100 klr:1 1 P00 

Ollleqa:(kk•llO}.)/QOO.••~~'~ll 

d" tiO ;:},3 
f(il:cm~lx(0.,•1.)/(cwplx(o"'eqa,•l.lt2)•cfil) 

40 continue 
aum=cabs(f(1)+f(2)+f(3)) 
write(l,t.O)o,.eca,su~ 

bn f('>rlllatC3x,f1C.3,Sx,tl3.b) 
100 continu~ 

closf'fur-H::(;J) 
'stof' 
end 

240 



1 

2 

3 

e 

IO 

11 

lOS 

I Oo 

107 

108 
1 I 0 

1? 

Ill 

p; 

17 

I P 

IQ 

20 

2? 

211 .. 
26 
30 

·. 
31 

3? 

33 

3tJ 

.,,.o!)ra"' ch3Hd 
comolex aCtl,l') 
oimP."~ior ta~(3),iph(~).anole(3l,phasef3),sx(100),sy(l00) 
ooe"(u"it=Ot,"s"'e='ch~fid.oata',type:'old',,.eaon"ly) 
.,;=3.t~t~ncs 
reariCt,l)cx 
for"'at(ftO.O) 
w,.iteCo,;:> 
f"""'at(!Ox,'The value of dipole coupling (~hz): •,s) 
write(o,3)ox 
for ... et(1x,f10.11) 
OMeoeo:cx•IOOO.n 
r~arl(t,P.)nculse 

f(\l'lll&t(i() 
..,,.he(c., tr~) 
for,..at(l,lOx,•The nu111ber of the pulses: •,,) 
write(b, 11 )n~ulse 
fnr..,at(lx,i') 
oo 110 ":t,n~ulse 
l'f' ad ( 1, 1 (' ~) i c h C n) 
for,..atlicl 
rea~(t,tO~)angle(n) 

fnrlllat(ftn.o) 
rea~(1,107)~hase(n) 

fnr,.et(flv.O) 
if(n.P.o.ro~l&P.)qo to 11~ 
reart(I,IOP)tau(n) 
for,..at(ftn.n) 
c.,ntinuto 
dn 10 n=l,rc~lse 
..,,.;teCbrli'l 
for"'at(I,IO~,·tne phase • anole of the pulses: ') 
write for IJ)n 
format(l~x,'Fulse no.',il,Sx,'pha~e 0 or l(x or y): •,s) 
write(crl~)i~h(n) 

fnr"'at(lw,i?) 
write(t,17) 
for,.at(t~~,·encle of flip (in oegree): •,s) 
writeCo,IQ)~rolf'(n) 

for,..at(lx,f!C.II) 
wrHe(t,IG) 
fnr,..at(15x,'the,esnift of the pulse (i" de9ree): •,,) 
write(b,(O)chase(n) 
form at ( t., fIr .111 
if Cn.ec."culse) go te 30 
writl!(6r22) 
fol'mat(I,IOx,•tne evolution tiwe tau (lllicrosecc"o): ') 
writeCo,?'l)n 
formet<ISv,'tau('ri2,'): ·,~) 
write(b,?e)tau(n) 
forlllat(lx,ftO.IIl 
conti"ue 
l'eac!CI,31hi 
fnr"'at(h,fiO.Ol 
write(6,32> 
format(I,!Ox,•Tne ti111e i"cre"'e"t Cmicroseco"d): •,s) 
writeCo,33)t i 
forMat(l~trfiC.II) 
l'f!&rl(1,311)"f;o 
for,..at(ill) 
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•riteC6,3S) 
3~ f~r~at(/,tOx,'The total no. of riD: ',S) 

write(b,Jo)nt;c 
3b for~et(t~,ill) 

ree1Ct,37)narg 
37 for~atCi3) 

""iteCo, 38) 
3~ for~at(/,10x,'The no. of angles betveen 0 & qo: ',S) 

WI'He(o,Jq)nan~ 

3q fnr~at(tx,i3) 
cloae(urit:Ol) 
rana=na,.,~. 

c The folle~i,.,~s are the initial density ~atrix ele~ents of Iz 
nangt=nar-~+1 
do liO nf:J,rfic 
ax(nf):ll. 
ay(nf):(l. 

liO continue 
dn bO i~=t,ran~t 
oo lie nJ:t,ll 
do liZ ni'=t,ll 
aCnt,n2):cwclx(O.,o.> 

lie cnntinue 
~ct,tl=cwrlx(t.s,o.) 
e(Z,?l=ewnlx(n.~,ll.) 

ac3,3l=ewplx(•~.~.o.l 
e(li,ll):ewolxC•1.~.o.) 

e(S,Sl=cwclxCO.s,o.) 
eCb,b):cwclw(•~.s.o.> 
e(7,7):cwclx(O.~,n.) 

ate,e>=c"olx(•n.s,o.) 
lil ran~le:n.s•~i*(ia-1.)/rana 

c?coa=t.~•cosCrenqle)*•c-o.s 
d:o'"e9ac•o2ccs 
d~ ~0 k=l,nr~lse 
ir:"I'I8SP:ir::h(k) 
theta=a~cleCk)•oi/1~0. 

tr=tau(k)•t.Ce•6 
pni:ohase(rl 
call unirot(a,icnaae,theta,oni) 
iflk.eo.r-r-ulse) ao to ~u 
call ti"'f!vol(a,torrll 

sn continue 
c The followin~ CAlculate~ the tree~ Jx & lv of flO 

t=ti•t.oe-o 

55 
60 

70 
en 
qo 

do 5~ nf:t,rdic 
call tiwevol(a,t,d) 
call tracexy(a,trl,tr2) 
axCnfl=trl+sx(r-f) 
av(nf}:tr2+~v(rf) 

continue 
continue 
do 110 nf:t,nf;e 
writeCb,70)aw(nf),av(nf) 
for,.,at(/,tSx,'traieCA•l•>= ',flO.li,JOx,'traee(A•lvl= ',fl0.4) 
continue 
call 1Qolot(ax,nfio,25) 
call 1oplot(ay,nfid,25) 
StOP 
el"'d 
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2 

Q 

5 

7 

A 

q 

11 

12 

13 

1 II 

11) 

1b 

17 

~~ 

1Q 

zo 

22 

211 

2b 

27 
30 

31 

32 

33 

. 3Q 

3c; 

3b 

313 

Proora"' ch3h• 
di111ensicn ta~(3),ioh(3),an~1e(3),pheae(3) 
o~en(unit=Ot,ne.,e='chlfid.deta',type:'new') 
wrhe(b,2) 
for~et(lOx,'ent~r the value of dipole couplinQ (~hz): •,s) 
rea:HS,Q)ox 
for~~tat(fJO.O) 
wrhe(1,5)cilt 
forlllet(Jx,ftO.O) 
"'"iteC&,7> 
forlllat(l/,lOx,'enter the nu111ber of the oulaes: ',J) 
,.ead(S,!'lnculs• 
for.,.et<ic) 
write(l,~)np~ls~ 
for111et ( tx, i 2) 
wrheftl,tt) 

243 

f~r~~tat(l/,1~•,'enter the ohase, engle, phas~shift of the pulses: ') 
do 30 n:1,np~lse 
write(6rl?ln 
fnrlllatC1,15x,'Pulse no.',i2,Sx,'ohase 0 or l(x or y): ·',S) 
,.-.ed('5,13)ip"(n) 
formatCi2) 
write(l,lQ)i~"(nl 
forwAtCh,;?) 
write(o,lC::) 
formatC1:•,'anc1e of flio (in cegree): ',S) 
read(c;,lt)en~lefn) 

for~at(flo.o~ 
write(1,17),.role(n) 
tor~~tet(1x,ttc.r.l 

write(brl~) 

forlll&t(15x,'ehase5hift of the pulse: ',!) 
r~ed(~,IGl~hase(n) 
f!'lr111et ( fln.o) 
writefl,?O)c"ase(n) 
for,..at(tx,ftO.Cl 
if fn.ec.nculse) Qo tc \0 
write(o,c~) 

formet(lt,lnx,'enter the evolution ti111e tau (~ricrosecond): ') 
write(o,24)n 
for.,at(I,ISx,'tau(',;?,'l= ',$) 
reel'i("i,2t)t!H;(r) 
fCirmat(fl'l.r.) 
write(1,27)tau(n) 
format(h 1 f10.0l 
continue 
•riteCo,31) 
formet(ll,tOx,'enter the ti111e incre111ent (lllicrosecond): •,s) 
read('5,:!c)t i 
f~rmatCfiO.O) 
write(1,33lti 
forlllat(lx,flO.O) 
write(b,31J) 
forlllat(lt,lnx,'enter the total no. of FlO: •,,) 
,.ead("il~5lnfid 
formet(illl 
wrhe(l,!o)nfic 
format ( lx, HI) 
write(b,3") 
formet(I1,10x,•enter t"e no. of anQles bet•ee~ 0 l qo: •,s) 



rea1C'5,"3q)"arg 
3q for~at(;3) 

.,,. fte ( 1, ao) "e"~: 
QO fnr~at(1•,;3) 

eloseCurdt:Ol) 
stor> 
end 
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c 
c 
c 

245 

aub~outire urirot(e,f~~aserthete,phi) 
This p~oQ~aw calculates the transfo~Metion of the initial density 
•at~i• e hy ~ulae wit~ Phase w or y (iphase= 0 or 1), angle theta 
and phaseshift ohi. The output is written over a. 
CoMpl-.• a(8,@),v(8),ab(6,~) 
co~olew ~rod,sum 
di•ensior u(@,@) 
call phaaeahft(e,phi) 
z:theta/2. 
uCl,tl=cos(z)••3 
u(J,Z>=·cosCll**2*sinCz>•3.••~.s 
u(1,3):ccsCz>•sin<z>••2•3.••o.s 
u(1,4):•ain(z)**3 
u(2,l):•uCJ,2) 
u{2,2>=Z.•coaCl)*C1.~•cosCz>••2•1.> 
u(2,3>=2.•si~(z)•CI.S•sin(z)••2-t.> 
uC2,11):u(J,3) 
u(3,1):u(1,:3) 
u(3,2l=•u(2,3) 
uC3,3l=uC2,2J 
u(3,'1):u(J,2) 
u ('I, 1) =- u ( 1 , ") 
u(ll,c):uCI,~) 

u('l,3):•uCl,c) 
u('l,ll):u(t,t) 
uCS,SJ=ccs(z) 
ucs,c>=•sir(z) 
uco,s>=-"cs,t:> 
u(o,cl:u(~,~) 

u(7,7):ucc;,~) 

u(7,t):u('5,6) 
uCR,7):u(c,c;) 
u(8,f):u(brb) 
do 80 i = 1, P 
do 7'5 I= 1, f.l 
su..,:cmr>l•Co.,o.> 
do c;o "':1,e 
do 45 n:t,l' 
p~od:u(w,i>•eCw,n)•u(n,j) 

sum=suw+c:~oc 

lit; continue 
50 continue 

75 
8(1 

JOO 
J I 0 

ah(i,j):suw 
continue 
continue 
do 110 i:J,~ 
do tOO j:t,P 
aCi,Jl:at:Ci,j) 
continue 
continue 
if(iphese.eo.J) ao to 300 
;:0.5••0.'5 
v(t):cmr.lw(·~,-q) 

vCZ>=c"'~lw(g,•Q) 
v.(l):clllc:lw CQra) 
v(4):cmolw(•g,~) 

vCSl:v(c) 
vCo>=vC3> 
y(7):y(2) 

v(8):v<3) 



do "?05 i:t .~ 
do 200 J:1,ll 
aCi,Jl=eo"j~(vCill•ab(i,j)*vCJ) 

ZOO continue 
205 c~nti,UP 
300 ea11 phases~ft(a,•phi) 

return 
end 

aub~outi"e ehases~ft(a,ohi) 
complex aC8,el,a1(~,8),w(~) 
z 1 =cos C 1. c;*rtd > 
z2=sinC 1 .S•r.td) 
z3=eosCO.«l*t'l'li) 
zll=sin(O.S*pr.;) 
~ct>=e~r.1x(zl,z2> 
~rz>=e~c1xCz3,zll) 
w(3):eo"Jg(w(2)) 
wClll:co"jc(w(l)) 
w(5):w(2) 
~(C,):wO) 

~c7l=wC2> 
wC8l:w(~) 

d~ ton ;:t,'~ 

do 10, j:t,fl 
al(i,J):eonj~(~Ci))•a(,,jl*w(j) 

100 eontil")ue 
do 150 i:t,fl 
do 151) ):t,P 
a(i,j):,.t(i,j) 

150 continue 

100 

return 
end 

aubroutire ti~Pvol(a,t,d) 
eomnlex a(8,f),w(R),al(~,R) 
zt=cos<c•t> 
z2=sin(c•t) 
~(J):cmclx(zl,-72l 

~{2)=e~t'lx(zl,z?> 
w<3):w{?) 
w(ll):w(l) 
w{5)=e~plx{t.,O.) 

w(ol=e~clxCt.,O.> 
wC7):emclxCt.,o.> 
w(8l=e•rlxC1.,0.) 
do 1 0 1'1 i = 1, P 
do 100 J:t,l:l 
at(i,J>=eonJ~CwCi))*a(i,J)*w(J) 
continue 
do 15 n ; = 1 , ,. 
do 1'50 J:t,fl 
a(i,Jl=al(i," 

ISO continue 
r~turn 

end 
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subroutire trecext(e,tr1,tr2) 
complex ere,e),yi(8,8) 
dimersicr xi(A,~) 
xi(1,2>=3.*•0.512. 
xf(2,1):.;(1,2) 
Jci(2,3):t. 
li<J,?):l. 
xi (3,11):,.; (1 ,2) 
xi (11,3)=•i (1 ,2) 
,; cc;,6):o.s 
xi (6,t;):O.S 
xi(7,1'):o.s 
xi(!.1,'7):0.5 
vilt,2>=c~r.1•l0.,•3.••0.512.> 
vi(2,1):cori~Cvi!1,2)) 
yil2r3l=c~~1a(C.,•l.) 

vi(3r2):cwr.1x(~.,1.) 
y;O,Q):yi(t,?) 
yi (l~.~):yi (2, 1) 
viC~,t.>=c~~'•CO.,-o.Sl 
yi(h,~):c~~l•fO.,O.~l 
yi (7,11):y; ('),b) 
yi (A,7):yi (6,~) 
sumt:o. 
su.,z=o. 
do ton "'=1•" 
dt:~ 1011 n:l,P 
sumt:Au~l+e(w,rl•xi(n,m) 

su.,.:?=su~c+e(or,rl•vi Cn,,.l 
100 continue 

trl=surrl 
tr2=surr2 
r~turf'l 

e ... d 

247 



'I 

e 
c 
c 
c 

tn 
20 

aubrouti~e oia~niChru~,n~) 
aubrouti~e fer co~clex •atrix diagonizatton 
h: ~atrix ele~ent arrays 
nm: cimersior of the watrix 
un: u~itary transform watri• which diagonizea the given matrix h 
co~clex h(~w,nw),un(nw,nm),ull,ulm,uml,umm,th,tu 

nmm:nm•t 
an:nll' 
ranQe=1.0to•Q 
do 20 i:t,nw 
do 1 0 J = 1 , nrr 
ur..Ci,j):O. 
un ( i , i ) : 1 • 
anorw:(l. 
ao 30 i:t,~.,., 

ii=i+l 
do '30 j:J,r.,. 

30 anor~=ancrrr+reel(h(i,j)*conjq(h(i,j))) 

iflanor~.le.ranoel return 
anorw=scrtC?.•anor~) 

anor••=a~orw•ranae/on 

ino=O 
thr:anorrr 

~0 t~r=thr/cn 

sn d~ ~0 l:J,nrrrr 
11=1+1 

70 
eo 

100 

do ~0 t~~:lt,nrr 

if Ccabs(h(1,~)).1t.thr) oo to ~0 
;.,o:t 
oiff:real(h(w,rr)-~(1,1)) 

if(dtft.ec.n.l nift=1.0e•1S 
er:O.'S•atei"C•?.•reel (h( I ''"))/aiff) 
e;:n.'5•atenC•2.•aimag(h(l,'"))/diff) 
aini=sinCai' 
cosi=cosCai) 
ain,.=sirCar) 
Cl'sr=cos(al") 
utl=c~cl•Ccosr•cosi,ain~•sini) 

ulm:cmcl•Cairr•cosi,cosr•sini) 
u~l=crrplxC•sinr•cosi,cos,.•sini) 
u~m=crrplx(cl'sr•cosi,-~;nr•sini) 

OC\ bO j:J,n,.. 
th=ull*h(l, i)+ulm*h(m,jJ 
h(m,j):urrl*h(l,jJ+u~m•h(m,j) 

h(l,jl:H 
continue 
do 70 i:t,~,.. 

th=conj~(ull)•hCirl)+conjoCul~)•h(i,m) 

h(i,"''=ccnjg(uwl)*h(i,ll+conja(umm)•h(i,m) 
h(;,l):th 
tu=co,.,jcCull)•un(i,l)+conio(ulw.l•un(i,m) 
un(i,rr)=corj;(umll•un(;,l)+conjo(umm)•un(i,m) 
un(t,l>=tu 
continue 
continue 
if(ind.ec.Ol ac to ton 
ind:O 
go to 50 
if(thr.ot.ancl"wx) ao to 40 
return 
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end 



Pr'OQr'8111 Oill'f!th 
c This Pr'Ocr'a~ calculates the inter'•p,.oton dista~eea, scaling factor' 
c S •atr'ix el~wents for ur vr anc w couplinqs for the single er'ystal 
c of l,R•ciwethylnaPhthalene 

Oi~~'f!nsior xC2,3,3),vectC3,3,3,3},di~t(3,3,3},a(3,3),univ(3,3,3,3) 
dimensier sC!,S),suCS>,svfSl,sw(S} 
xClr1r1l=3.&22 
xC1r1r2>=-t.e51 
•<1.1,3>=&.308 
xC1r2r1h2.?2S 
xC1r2r2l=•2.'5bt 
X (1,2,3>=t-.21S 
x(1,3,1l=2.au~ 

x(1,3,2}:·J.70&1 
x(1,3,3):7.a~t 

xr.?,J,l):ll.?~o; 

x(2,J,?}:·2.CR! 
xC2.t,3):11.1173 
x(2,2.tl=2.eH' 
x(2,2,2>=·2.P7': 
x(2,?,3):a.?c;c; 
xc.?,3,1):3.6'!~ 

x(2,3,2>=·2.11117 
x(2,3,3l:3.CS~ 

write(c,':) 
'5 fo,."'at('l',c;x,'list of th~ coorcinates of •ethyl proton',S) 

.,,.ite(o,l:l 
b for~at(2x,'xt;, l,k), i:t,2, j:a,o,c, k=x,y,z',/1) 

ao c;c i:1,2 
ao 110 i=l,3 
0(' 3ll lr:1,3 
w,.ite(c,l")f,j,k,x(i,j,k) 

10 for~at(Sx,'x(',ilr',',il,',',;t,'): ',f7.3,~) 
30 continue 

write(c,~t) 

31 for'mat(1x,/) 
ll() 

so 

&0 
eo 
ec; 
qo 

qc; 

!flO 
1 ns 
110 

contin1..e 
cnntinue 
an qo Jt=t,3 
dr,~ 115 i2=t·' 
dn ~0 k:t,3 
if<JI.ce.i?l octo cO 
vect(1,jl,j?,lrl:x(l,jl,lr)•x(l,j2,k) 
vect(2,jl,j2,1rl=xC2,jl,k)•x(c,j2,k) 
v~ct(J,jl,j?,k):x(l,jl,lr)••f2,j2,k) 

continue 
continue 
Col'ltinue 
on 110 i=1,3 
do 10'5 Jt:t,! 
do t 0 0 J 2 = 1 , 3 
aum=o. 
dC\ qs ~r:t,3 

au~=su"'+vect(i,jt,j2,1r)••? 

COI'Itinue 
dist(i,Jl,J2>=aum**O.S 
continue 
col'ltil'lue 
continue 
wroite(crlll) 
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,., 

. 

111 formet(1x,/l/) 
wrfte(6,112) 

112 forMet(•1',5x,•1tat of the vectors & dfatance tetNeen') 
wrfte(o,lt3) 

113 for~atCea,'proton vect(i,jt,j2,~), t=t•1r2•2rl•2',S) 
write(o, tlll) 

1111 format(2x,'J1 1 }2:a,~,c, k:x,y,z',/1) 
do 150 f:t,3 
do 1115 Jt:t,3 
do 140 J2:t,3 
do 130 k&t,3 
1f(i.ec.3) ge t~ 115 
if(J1.ge.J2) gc t~ 1110 

115 write(o,tto)i,Jt,j2,k,vect(i,jt,j2,k) 
116 for~at(Sx,'v(•,J(it,','),i1,•): ·~t7.3,f) 

J'\0 continue 
write(b,t3Sli,jJ,j2,dist(i,J1,j2) 

1~5 format(10x,•cistance(•,;1,•,•,;t,•,•,;1,•): •,f7.~,1) 

tao continue 
105 continue 
150 , cont i nul! 

writeCo,t51> 
1~1 for~atc•1•,11,5x,•1ist of the oirectional eoaire of•,s) 

write(6,JS2) 
152 formatC2x,•vector in the molecular fra~e civen',S) 

write(or153) 
153 formatl?x,·h~ unit veetcr a(i,k).,//) 

act,t>:n.a27 

JbO 

1110 

170 
185 

1116 
1CIO 
1<15 
200 

201 

202 

aC1r2>=·0.t!t-l 
8(1,3):0.?77 
a(?,J):·0.2Cic; 
ac2,2>=c.tc;7 
a(2,3):n.Cit~l 
e(3, 1 ):ll.PSll 
a(3,2):0.LJPc; 
at3,3):n.tc;o 
do ?oo i:t,3 
do !CIS )1:1,3 
do Jqn j2:t,:! 
do tP.c; ~=!,~ 

ifli.ec.3> cc to lo~ 
if(JJ.ce.J2> cC to ICIO 
t r:O. 
do lt!O w:t,3 
tr:tr+vect(i,jl,j2,m)*a(k,m)/dist(i,JI,j2) 
continue 
univ(i,jt,j2 1 k):tr 
writeC6r170)i,Jt,J2,~,univ(i,j1,j2,k) 
format(Px,•univc•,](iJ,•,•),iJ,•): •,f7.3,S) 
continue 
wrHeCt>.186) 
for•at(h,l) 
continue 
continue 
continue 
writeCcr201) 
formatC't·,~x,'1fst of 5 S••atrix e1e•ents s(w,n)',S) 
write(t>,?02l 
fnrmat(2x,·~=1•1,2•2,1•2, n:1,5•,//) 
do ?5'5 f:J,, 
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su111t:('t. 
su•2=0. 
SU113:0. 
sum4=0. 
sum5:o. 
do 2511 Jt:t,3 
do 240. j2=1,3 
if(i.ea.3) oo to 205 
if(Jl.oe.J2) go to 240 

20~ ddd=oiat(i,Jl,J2>••3 
se=3.•univ(i,jt,J2,t>••2•1. 
sumt=suwt+aaldcd 
se=univ(i,Jt,j2,2l••2•univ(i,J1,j2,3)••2 
aulll2=suw2+sa/dcd 
aa=uriv(i,jt,J2,t)•univ(i,Jt,J2,2)•2. 
aufll3=su"'3+aa/dcd 
aa=univCi,jt,j2,1l•univ(i,jt,J2,3)•2. 
aumQ::suwQ+sa/dco 
aa=urivCi,Jt,J2,2l•univCi,jt,j2,3l•?. 
aum~=suwS+saldr.d 

240 continue 
?SO continue 

if(i.eo.3) rw:q. 
if(i.1t.3) rlf=3. 
aCirtl:siJif'llrm 
aCircD=su~r.2/r,. 
a(;,3)::suw3/r"' 
sCi,ll\::su,..Q/r"' 
a(i,5):su'!'~/rm 

255 Cl')ntinue 
write(b,?';o) 

2~o format(lw,/) 
do 300 w::t,3 
do 270 n:t,t:; 
write(~,2~0)1f,r,sl~,n) 

2~>0 for~"at(cw,'s!',il,',',;t,'):: ',fc.4,S) 
270 continue 

,.,.;te(o,275l 
275 for,..at(la,l) 
300 continue 

write(b,301) 
3nt for,.at('l',ll,!a,'list of the S•II'Btriw elell'ents',S) 

•rite(t;,30?) 
302 for,.at(2a,'of IJ,v, .. couPlinos',//) 

SUIIIt:O. 
aum?:n. 
sulll3:o. 
au1110:0. 
aumC):O. 
do "35 0 i = 1, 3 
ddd=ciat(,,J,j>••3 
•~=3.•uriv(3,j,j,1)••2•1. 
aumt:suwt+sr/dcd 
ab=uriv(3,j,j,2)••2•univ(3,j,j,3)**2 
aum2=suw2+sr/dc~ 
•~=univ(3,j,j,l)•univ(3,J,j,?)•2. 
aum3:suw3+s~/dcd 
•~=univf3 1 j,J,tl•univ(3,j,J,3l•2. 
aum4:sulfll+s~/rlc~ 

ah=univ(3,J,j,2)•univ(3,J,j,3)•2. 
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su~~=suw5+sb/dcd 
3'5C enntinue 

sv(t):suJr113. 
sv(2):sv~r2"· 
sv (3):au~r3/3. 
sv(a):su~rtl/3. 

svC'5):su~rt;/3. 

d~:~ 3qo n:t,"i 
au(n):(a(1,n)+s<2rnl)l?. 
lw(n):(s(3,n)*~.-sv(n)•3.)16. 
write(~,3~0)r,su(n),n,sv(nJ 

360 fnrmet('x,/,~x,'su(',ilr'l: ',fP.a,l~x,'sv(',;t,•): ' 1 f8.4 1 S) 
writefb,!tl)r,sw(n) 

3bl for~at(1rx,'sw(',;l,'): ',fP.U) 
3q0 c~:~ntinue 

stoo 
end 
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10 

12 

15 
'j(l 

di~e"sior d(7,7) 
ooe"(u"it:Ot,ne~e='ver•ein.neta',tyoe='new') 

"'"iteCo,c> 
for~atCJx,'erte,. th~ "umber of soins:',S) 
r .. a~(S,Q)nstdn 
fnr,at(ie) 
"',.it .. ( I I e) n ·~;,. 
ft~rmatCtx,i2) 

do ISO i=t,nscir 
do SO j:J,nscir 
if(j.le.il QC to 50 
write(o,tll)i,j 
formet(JCx,'enter t~e value of d(',;2,',',;2,'):',S) 
f'een('5, ICldCi, j) 
fe~r,.at(flO.')) 

wP"iteCt,tS)~t;, J) 
fo,...,at(lx,f1C.3l 
C:O"tinue 
closeCurdt:tit) 
StOI" 

end 

254 

• .. -



• ·- t 0 

1'5 

Pf'Ogra"' gauss 
wrHeC6r 10) 
forlllatCtOx,'enter the nu111ber of spina: ',1) 
reerl('5, 1S)r., 
for111atU2> 
rn=n 
write(or20) 

20 formatCIOx,'enter the wax ~f display: ',S) 
read(5, 25 h111111 

25 forllletCftO.O) 

c Calculation cf ~~ intensitY • for each order 
openCunit=01,na•e='9auss1.val',type:'new') 
nt=n+l 
do '50 ~c:t,nt 

•=k•t. 
v=••xlrn 
f•=exo(•y) 
wrHPClr3C'I)w,h 

30 formatCIOx,fl0.4,10x,ft3.6) 
'50 continue 

c1osf'(u,.,it:01) 

c Caley1etior cf ~Q intensity • oaussien curve 
ooen(unit:C'11,name='~auss.va1',tvpe:'new') 
do tOO lr:1,ll01 
x:(lr•1.)/liOO.•xlllax 
y:x+w/rn 
fx=exp(•y) 
wrhe(l,t;O)w,h 

bO for~at(5•,fl3.t,JOx,f13.b) 
11'10 col"'tinue 

close(unit:Ot) 

255 

c 
c 

Calculation cf the ap~roxi111~te num~er of states for each 111enifolo 
bv Stirling's for~u1a 
oof'n(unit=CI,neme:'gauss2.val',tvoe=•new') 
do 20C'I lr:J,?•n+J,2 
,.,.:(k•1.•n)li?. 
cx=2.••Crn+l.)/sortC2.•3.1llto•rn)*ewpf•2.•rlll•r~/rn) 
write(l,t?O)rlllrC• 

120 fnrlllat(5x,f13.t,l0x,f13.b) 
zno continu• 

220 
300 

closeCunit:!)J) 

ooen(unit:OJ,nallle:•paues3.val',type:'new') 
do 300 lt:l,liOO 
r:(k•201.)/200.•w~a•l2. 
cx=2.••Crntl.)/aortC2.•3.t~to•rn)•exp(•2.•r•rlrn) 
write(l,220)r,cx 
forlllet('5x,f13.o,t0x,fl3.b) 
continue 
closefunit=Ot l 
I tOP 
end 
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c 
c 
c 
c 
c 
e 
c 

3 

s 
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Proara~r. t>f!iaen 
This Pro~ra~r. calculates the eigenvalues of the 3x3 Matrix for the 
4•Quantuw trenaftiona of t~o ~ethyl oroups fn ~artially correlated 
aotion. Out~ut storeo in file eh3exe.data 

dipole ccuj;ilinca u, ,, w in Hz 

co~p1ex h(3,3lrunC3t3),Q 
u:ttq6. 
v=·?~A'I. 
~=-llqll. 

wdte(b,:!) 
f~r~et<tc~,'enter tne correlation ti~e tau: •,,) 
refllr.I(S,'5Jteu 
for,.at<fn.n> 
o:c~~tc:lx(O.,J.Itaul 

h(1,J):J.'5•v•v•?.*w 
h(l 1 2l:t.73?•<~·w)/6. 
hC1~3):(v+i.•wJ/aort(~.> 
h(?,2>=3.•ul2.+vi3.•S.•wl3.+3.•~ 
hC2r3l=1.4Ja•Cv•w)13. 
hC3r:!l=:!.•u+2.•vl3.+4.•wl3. 
h(2,J):h(1,?) 
h(3,Jl:tdh3) 
1'1(3,C?):h(?,'t) 
~rite(6,40)c: 

fnr~et(/l/,5x 1 'o= ',fa.l,'+ i ' 1 fl0.3,1) 
call r.Hacri(h,ul"r~l 
ooen(urit=vt,neme='el'l3exc.oata',type:'new') 
do bt• i = 1, 3 
write(b,Sn);,h(i,i) 
for~atCICx,'ei~f!nvalue (',;?,'): ',ftn.3,~~.·• 
writf!(!,S~}h(i,i) 

format(lx,fl:!.t,Sa,fl~.b) 

continuto 
clo!'leru,..it:nl) 
stor> 
enrj 

subroutire ciacni(h,un,nw) 
co~Pie• ~(nw 1 nw),un(nw 1 nm) 1 u11,ulm 1 um1 1 umm,th,tu 
nmm:n,.•l 
on=nll' 
r~nae=l.Ce•2 

do ?0 i=l•""' 
00 10 j:t,,,. 

',fl0.3) 

to un(I,J):O. 
20 u~(i,i):1. 

30 

anorw=o. 
oe> '\0 ;::t,n"w 
; i=i+1 
dn 3 0 J:: i ; , '"' 
eno~w=a~crll'+r~al(h(;,J)•eonjg(hfi,j))) 

if(anorw.le.ra"ge) return 
eno~w=scrt(2.•anor~l 

enorw•=arorw•ranae/on 
;nd=O 

. ... 



40 
50 

ttlr~enorlf 

t.,r=thrlcl'l 
do eo l=l,nll'lf 
11=1+1 
ao "0 111=11,"" 
tf Ceabs(h(l,m)).lt.thr) go to 80 
ino:t 
diff:ree1Ch(w,w)•h(1,1)) 
if(diff.eo.O.) dtff:J.Oe•tS 
er=O.S•atal'l(·~.•rea1(h(1,m))/diff) 
ei=O.S•atan(•?.•aiii'&Q{h(l,lll))/diff) 
stni=sil'l(ai) 
cosi:eos(ai) 
sinr:sir(arl 
cosr=ccslar) 
u11=cll'pl•Ccesr•cosir&il'lr*sil'li) 
ullll=c~~~~lx(sir.r•cosi,ccsr•sil'li) 

u~l=cii'Pl•C•sinr•cnsi,cosr•sini) 
umlll:cmpl•Ccosr•eost,•sinr•sini) 
do bO j:J,n~r 

th:u11•~(1,j)+u1m*h(l!',j) 
h(m,j):u~r1*h(1 1 J)+umm*~("',j) 
hll,j):th 

60 continue 
do 70 i=lrnll' 
th:conJo(u11)•h(i,1)+conjg(u1m)*h(i,.,.) 
h(i,m):ccl'llgCu~rl)*h(irl>+conjg(um~)*h(i,m) 
h(i,l):tt­
tu=col'ljc(ull)•un(i,l)+coniqfulll')*un(i,ll') 
un(f,.,.):conj~(uii'IJ•un(i,l)+conialumm)*un(i,~) 
un(i,l):tu 

70 conti~"~ue 

en continue 
if(il'lo.ec.Ol cc to JOO 
ina=o 
Ql'l tc ~0 

100 if(thr.~t.al'lcr~r•) co to 40 
return 
el'ld 
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J (I 

aubroutf"@ frvwexCa) 
co~olex aC3,!),b(3,3) 
cot~~clex cet 
det=aCt,t)•aC2,2>•aC3r3l+aC1,2)•aC2,3)•a(3,1) 
det=oet+aCt,3)•a(2,1)*a(3,2J•a(t,3)•aC2,2)*a(3,t) 
d@t=o@t•aC1,l)•aC2,3)•a(3,2J•aCt,))•aC2,1)*a(J,3) 
brt,t>=aC2,2>•aC3,3l•aC2,3J•aC3,2) 
b(l,2l=•aC2,J)•a(3,3)+a(2,3)*a(3,1J 
b(1,3):a(2,J)•aC3,2l•a(2,2)*aC3,1) 
bC2,l)=•aCt,2)•a(3,3)+aC3,2)*aCJ,3) 
bC2r2>=art,t)•a(3,3)•a(1,3)•aC3,1) 
bC?,3>=•aCl,l)*a(3,2JtaC3,tl•a(l,2) 
b(3,Jl:a(l,2)•aCZ,3>•a(1,3>•aC2,2> 
bC3,2>=•aC1,1)•aC2,~)+a(1,3l•aC2rl) 
bf3,3):a(l,t)•aC2,2)•a(t,2)•aC2,1) 
do 1 0 i = J , 3 
d" 1(1 i=t.3 
er;,j):t(i,j)/cet 
continue 
r@turn 
e,..d 
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10 

• 

aubrouti~e irvwax(a) 
co~Piex aC2,e),b(2,2) 
cn~olex eet 
det=aC1,1)*a(2,2)•a(l,2l•a<2,t) 
b(l,1l=a<2,2) 
b<l,2>=•aC2,1) 
b(2, 1 >=-ar 1 ,2> 
bC2r2l=aClrl) 
do I 0 i z I, 2 
dt~ 10 j:1,2 
a(i,j):b(i,j)/cet 
continu~ 
rt-turn 
end 
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c 
c 

10 

12 

au~~cuti~e lescft(n,ncata,xl 
di~ensic~ aC2~,20),bC20,20),xC7,20,3) 
di~e~sicr. aee~c~C8),au•~C3,4),e~rC8) 
This sub~rcgraw calculates the least aouare fit fo~ a 
ai~ulta~eous linear ecuations 
~o~riteCc,tll) 

fo~mat(l/,10x,•The least souare fit for second ~o•ent' 1 S) 
"'~iteC6t12) 
fo~~at(2x,'x(1):aave••2, x(2)=dsQ~ve' 1 /) 
nn:2 
111111:1 

d('l 200 lr:t,~ 

do uc i=l,nr. 
do 45 j:t,nl'l+t 
au~=o. 
do ?0 kw:t,~c~ta , 
aum:suw+x(k 1 km 1 i)*xfk,~m,j)/xCk,~~.3)*•2 

20 continue 
aumm(i,j):sull' 
nnt=n~+t 
if (j.ec.l'lrt) ~0 tour 
aCi,j):sumwCi,j) 
Qo to us 

40 b(i,t):sumw(i 1 3) 
4~ COI'Itil'lu~ 

46 contil'lu~ 
call matinv(e,nn~b,~m,oet) 
k1:k•1 
•'"'=Cl. 
do 70 kw=t,rcata 
aa:n. 
do 60 i=l,r.n 
aa=sa•bCi,t)•w(k,k~,;)/x{krkll',l) 

60 continue 
•~=s~+(se·l.l••? 

70 Col'ltinue 
n-1a=rcl'lte•1 
err(k):(s~/~ca>••n~5 
do P.O i:t,,.,,., 
writeCc,7'5)kl,i,b(i,l) 

7~ format(~x,'h(',;z,•,•,;z,•>= ',fln.u,~) 

eo continue 
writPfc,eS)kl,err(kl 

ec; format(10x,'error(',;2,'>= ·.~10.3,1) 

200 COI'Itinue 
opel'l(unit:ot,,.,ame='var.val',type:'new') 
ao ~~0 kll':l,raeta 
sc:f"i. 
do 350 i:t,nr 
sc=se+b(i,t)•xCt,km,i) 

350 C('lntinue 
a., liSO k:t,,.,+t 
a 8 :n. 
ao 42~ i:t,nr 
•~=sa+b(i,l)•wCk,km,~l/se 

420 conti,.,ue 
kl=lr-1 
if(kt.ec.n) sa=O. 
if(kt.eo.,.,) y2=Cl. 
y?:x(k,k•,3)/xlt,km,3) 
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• 

( 

430 
4'50 
500 

write(l,430)kt,~2•Sa 
for~etC1x,i2,Sx,f13.o,Sx,f13.b) 
continue 
continue 
close(unh:Ol) 
return 
end 
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1 0 

au~~cuti~e l'~lot<data,ndata,ivscal) 
dime~sio~ oataCtOO),i~osCton,~Ol 
data ista~,itlank,i~y~he/'•',' •,•••/ 
~~iteCb,Sl(i~y~~e, ~=l,JOO) 

fo~~at(1C•,100~1) 

d"'a•=oateCt) 
011d "=date ( 1) 
do tO lr:2,noata 
if(data(k).gt.CM81C) dwax:data(k) 
if(~ata(k).1t.emin) owin=data(kl 
conti.,uf! 
if1Cowir/owa•).oe.0.9Q) oo to 120 
t1n 20 i:t,~r.ete 
data(i):(cate(i)·~minl•ivseal/(omax•d"'in) 

20 Cof'\tinue 
oo 2!l i:t,nnate 
do i?S j:t,iyscal 
inosCi,j):itla~k 

2S cnnti.,ue 
do 4 0 i = 1, ~oat a 
itest:iyscal+l 

3n itest:itest-1 

en 
c;o 

JIIC 
1?0 

if((itest•cAta(i)l.ge.O.~) ~c to 30 
inos(i,itest):i~ta~ 

cr~ntinuf' 
do Ao i:t,ivscal 
i=ivscal+l•i 
~~ite(o,~n)(iocs(k,j),k:t,n~ata) 

fnrmat(1C•,1COtt) 
~rite(6,1110)(i~vo~e,k=1,Jnol 

fr~~watCt~.,toeAt> 
~~turn 

end 
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57 

17 

23 
q 

73 

12 

33 

2 
109 

20'5 

06 
52 
3117 

21 

HI 
oil 
135 
222 

lub~outire •etinv(a,nn,b,~~,oetl 
di~~nsicr e(20,20),h(20,2~),;pvot(20),;ndex(20,2),pivot(20) 
co•~on i~vot,index 1 oivot 
eauivalence (irow,jrow),(icol,jcol) 
a~t=t. 

do 17 J:t,nl" 
ipvotC)l:n 
do 135 ;:1,nr 
t:O. 
do q J:t,nn 
if(i~vot(j).eQ.1) go to 9 
do 23 tr:1,nn 
if(i~vot(k)•l) 113r23,Pl 
if(abe(t).pe.ats(a(j,tr))) Qo t~ 23 
i~ow=J 
icol:k 
t:afj,tr) 
continue 
continue 
iovotCice1):ipvotCico1)tl 
if(iro •• ec.ico1l ao to toq 
aet=•oet 
do 12 1=1•"" 
t:e(iro .. ,1) 
a{irow,1):a(icc1,1) 
e(ieo1,1):t 
if(~w.1e.n) ~o to JOQ 
On?. 1:1,.,.rr 
t:o(i~o .. ,1) 
b (;~ow, 1) =r: (; ec 1, 1) 
b(ieo1,1):t 
index{i,1l=iro .. 
;,.df!'x(i,cl=ieo1 
pivot(i):a(ico1,ieo1J 
det=net•civt"t(i) 
e< ico1, icel l=t. 
On 20'5 1:1,,.,. 
a(ico1,1):a(ice1,1)/pivot(i) 
if(mrr.1e.n) ~n to 3117 
ao '52 1 = 1 , "'" 
bCico1,1):b(iee1,1)/oivotfi) 
o.., 13~ 11:1,rn 
if(11.ee.ieoll qo to 135 
t:~tflt,;col) 
e( 11, iccl l:c. 
do 119 1 = 1, nn 
eC11,1):e(1J,l)•afico1,1)•t 
if(mw.le.O) 'o to 13'5 
do 68 1=1•"'" 
bf11,1):t(11,1)•b(ico1,1)•t 
contil'lue 
dn 3 i:t,nn 
1:nn•i+1 
iflinaexllr1l.ea.index(1,2J) go to 3 
J~ow=incex(l,t) 
ieo1=inoex(1,2> 
do ljQQ lr:t,nr 
t=aCk,j~c"') 
e(k,jrow):e(k,jcol) 
aCk,Jeol):t 
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54q cont;nue 
3 cont;nue 
81 return 

end 
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oro~ra111 I'CII'ert 
c 
c 

the oro~ra~~" to calculate the second •ow.ent of wultiple Quantu• spectra 
of ~ cou~lee spin•t/2 oarticles assumi~q ecual couplino constants based 
on statistical 111odel 

2 

" 1 1 

di~e~sior z(~O), b(SO),a(50),ollleQa(~O),scrome(~0) 1 reto•eC50) 
dimersio~ ratscrCSOl 
"'r; t e ·c f), 21 
for•at(tO.,'enter the nu111ber of soins: •,s) 
readCS,Q)n 
formetCi3) 
d~ 101' lt:1,n•1 
.. :k-1 
·=-<~-111)/2. 
zs:n. 
t\s=(l. 

20 zs=zs+ex~c-a.•x••2/n) 

bs=hs+ex~c-a.••••2/n)*x*•2. 
•=•+1. 
if <•-<~-~)12.) 20,20,30 

!tl ,.,..:m 
,.,..:,.. 
Z(k):zs•exc(•rii'**Z.Iri'IJ 
bCkl:a.•ts*~~"**elzs 
eCkl=Cn••?•~~"**2•a.•bslz~)la. 
omeoa(k):~(~)+r(k) 

soroll'e(k):c~eceCkl••O.S 
ratoll'e(k):c~~"eoa(k)/omepa(1J 

ratscr(~):sorone(k)/scrome(l) 

too cconti~ue 
.,,.n .. U:.t 1 n> 

110 f~r~at(/1,2x,•rull'oer of spins n",3x,'m•ouRntull' "''rb•r'e(m)',S) 
wrhe (c,1tc;) 

115 format(11xr't(n)",JO•,'ollleqa(m)',4x,'soro"'e(m)',s) 
wrHe (1:,11bl 

ltb formetCc;x,'oll'eca(~)/owe;a(Ol',ax,•sorome(lll)/scroll'e(O)') 

120 
130 

tc;s 
160 

Oo 131"1 lt:t,n•l 
m:lr•l 
wr;ttt(b,t<?O)r,w,a(k),b(k),omeqe(k),sorome(lr),retome(k),ratsor(k) 
forlllat(ll'•,i3,11•,i~,a.,acux,e10.4),2(Sx,e10.4)) 

continue 
onen(unit=01,na,..e=·~o~~"ent.val",type:'ne.,') 
oo ten 1r:1,,., .. , 
k!=k-1 
ratioe:a(lr)/cmeoa(ll 
retiob:t(k)/cmeqaCl) 
write(1,155)k1,rato~~'e(lrl,rat;oe,ratio~ 
fnr~et(tx,;~,3(5xrfl0.5)) 

continue 
close(u~H:O\) 

210 ston 
end 



s 

au~rout;re plotCdate,noata,scele) 
d;~ens;or dateCtOO) 
d~te ster,blenk/'*'•' 'I 
wrHeCt~,~) 
for,.at<tt-1) 
d"'a•=oat~Ct) 
d••d n:dat e C 1) 
an to lt:C:,naete 
;f(date(k).9t.o"'ax) d~e•=date(kl 
tf(data(k).lt.c"'tn) o~tn=date(kl 

11\ ce>ntinue 
tf(~w;n/c~a•.le.O.qQ) QO to 25 
t:lc- 20 k:t,noete 

20 oat~(k):(aate(k)•1minl•100.I(d"'e•-n"';n) 
Ql" t 0 3 0 

2~ lenot~=~~ 

3~ d~ an k:t,ncete 
1en9th=ceta(kl•scale 

an wr;te(b,SO)k,(tlank,,.:l,length•l),star 
~o for~atC~.,;,,a.,tooat) 

266 
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ltl 

2'5 

30 

40 

eo 
QO 

Or'09ram c:lotl 
dimenaior oata(1QO),icoa(t00,~0) 
data iatarritlankl'••,• •1 
ndate=lO 
do o; k:1,,.cata 
dllta(k):k 
dllla•=data(l) 
omin=oataC1) 
oo tO lc:.i!,ndat·a 
if(data(k).gt.cma•) d~a•=dateCkl 
if(~ata(k).lt.omin) owin:date(k) 
Cl"ntinue 
do 20 i=lrndeta 
oata(i):CoataCi)•dlllinl•SO.I(dlllaw•dmin) 
continue 
d(l 25 i=lrndata 
etc:- 2~ j:J,Sil 
i cos ( i, i): it 1 ark 
cnntinue 
do 40 i:l,l"date 
itest=51 
itest=itest•l 
if((itest•cat,.(ill.9e.O.Sl go to 30 
i~osCi,itest):istar 
continu~ 
an RO i:J,SII 
j:SI•i 
wr'ite(6,~,)(ines(k,j),k:t,n~ata) 

fo,."'atC10w,1COatJ 
a tor> 
en a 
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20 
1no 

ooen(unlt=Ol,na~e='~el.val',type:'new') 
Clo 1 0 0 i = 1 , 1 0 t 
x:Ci•l.)/tOn. 
ft=(24.+1B.•x)/(t8.+7.•xl 
f2=C21.+JS.*x)/(18.+7.•x) 
f3=C1~.+te.•x)l(q.+7.•x> 
fQ:(13.+12.•x)/(Q.t7.•xl 
f~:cqo.+72.•xl1Co3.+2e.•xl 
f6=C76.+S7.•x)/(b3.+28.*x) 
w~lteC1,20)x,fl,f2,f3,fQ,f5,f6 
fo~~at(lx,f8.~,6(Sx,f1C.5)) 

continue 
cloaeCunit:l'll) 
atop 
end 
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c 
c 
c 
c 
c 
c 
c 

2 

4 

10 

1 ?. 

1'5 

16 

20 

2? 

2'5 

27 

progra"' siteex 
This pro,raw calculates the 1ineshape of ordinary single auantum 
aoectruw for the excha~ginQ avste111 of J·c~uplec AB spins 
rJ: J couplinp constant 
t2: transverse relaxation ti111e 
tau: invers@ of the exehano@ rate 
delta: ciff@r~nce in the resonanc~ freauencv ~etween A and B spins 
xmax: max. value of the freauenev display 
comPlex a(2,2>,a1Phal,a1pha? 
•rHe(o,c) 
format(tOx,'enter the value of 12 (in sec): ',S) 
r~adC'5,D)t2 
format.(ftn.n) 
write(tJ,tO) 
formatCIOw,'enter the value of tau (in see): ',1) 
read(c;, te>ta1.. 
for,..at(ftn.C) 
wr;te(c,tc:.) 
for~at(1Cx,'enter the value of chemical shift frea. :',$) 
read(S, 1t:)celta 
for111at ( flO.Cl) 
wrHeCc,cn) 
formatCtnx,'ent~r the value of J coupling (in ~z): ',!) 
read(C,,22)rj 
for,..atlfJI').Il) 
wrHe(c,2c;) 
fnr~atCtOw,'enter the value of ,.. ••• o,..eqa lin ~z>: ',S) 
read(c;,?7hwax 
fc-r"'atCftn.n) 
onen(unit:Ot,na~~=·siteex.val',type:'new') 

c=sort(eelta••2+ri**2)1?. 
st:0.'5•rj/c 
cl:O.'i•r:,.lta/c 
oo ton kk:t,e~c 
omeQa:(kk-401.)/~uO.•xwax 

sum=n. 
oo 60 n.: I, c 
if(,...eo.tl 0 c to )0 
if(,...eo.2l oc to ~0 

30 ••=riiZ.•c•oweca 

40 

xn=rilc.+c-oweca 
qo to SO 
xa:rj/2.•c+owe~a 

xn=rJ/2.+e+oweca 
alphat=cwclx(l.lt2+C1.-st)/tau,xa) 
alpha2=cw~lx(l.lt2+C1.+Sl)/tau,xb) 
a(l,t):alr.hal 
a(2,2>=alchac 
act,2>=cwr.lxC-el/tau,O.> 
a(2,1):a(l,2) 
call invwax(a) 
sum= suw + fa ( I , I ) +a C 2, 1 ) ) " ( 1 • + s I ) + (a C 1 , i?l +a ( 2, 2) ) '* ( 1 • - sl ) 

cO continue 
•rite(l,70)owe~~.sum 

70 for"'at(3x,2CSx,f13.71) 
100 continue 

close(unit=Ol) 
atop 
end 
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1 

2 

3 

ProQre"' apec:cn 
1.rHeC6,1) 
for,etC~x,'erter 0 or J for correlated 111otion cr',S) 
.,,.iteC6,c;) 
formet(Jx,' vncorreleted 1110tion1 ',!) 
reed('5,Z>lo~ic 
for,et(ic) 
ifCloaic.ec.l) qo to 3 
alaroe=3.504*12.013e3 
8SIIIall:O.Q5J•lc.Ol3e3 
rnOP"Ifl=2.13. 
P"nortr2=t.l3. 
on to 11 
e1a,.Qe=1.7q~•t2.013e3 

8SIIIA11:J.7q~aJ2.0J3e3 
rnortrt:O.!' 
rnorrr?:r.c; 
write(o,tn) 

60 for~at(J~x,'enter the lfax fre~uenc:v: '•'' 
reed(S,6~)errax 

65 for,.etCfJO.a) 
4 writeCo,S)eleroe,as~all 

5 formet(tx,l,~x,'alaroe= ',f~.2,5x,'aa"'a11= ',fe.2,S) 
write(6,t)rncrtrt,rnorw2 

6 forlllat(S,,',.,.orrrl= ',fc.2,Sx,'rno,.,.?: ' 1 f6.2,///) 
ooenCunit=Ot,na,e='sprcrln.val',tyne='new') 
on '50 i:t,SI'C 
y:(i•251.)/2~0.•amav/alar~e 

•=v•alarcE' 
z:x/aslf.all 
on:funct(7,asmall)a,.ner"'l+functCy,a1arge)*rnor"2 
• rite C 1 , fll ) x, ar 

et formatCSx,fl~.6,JOx 1 fl3.o) 
~0 continur 

closeCunit:r.t) 

c f~;nct follows. 
functior funct(y,A) 
ynlus=O.S+a~sCvl 

YMinus=~.5-atsCv) 
if(abs(y)•l.OOC) 5,~,3 

3 funct=o.onh 
~o to 50 

5 if(Abs(y)•O.SOCl 10,30,20 
10 funct=Ct.lscrt(v,inus)+l.lsa,.t(yplus))/a 

go to so 
20 funct=l./Ca••art(yplus)) 

go to 50 
30 funct=l.ICe•tortC0.0005)) 
50 return 

end 
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20 

program trclet 
This oro,re~ ~lots the data in file 'trplot.data• 
oimensior oeta(t20),ipoa(120,SO) 
data iater,itlankrihyphe/'*'•' •,•.•t 
dll'tl'l hseel/~0/ 
o~en(unit:Ot,na~e='trclot.data•,type:'old',reaeonly) 
read(t,1)ncata,yma•,ywin 
format(f3,2e13.6) 
dn 2 lr:t,ncete 
reacH 1, J)ceta (II> 
fl'lr"'at(el3.6J 
close(ul"\it:nt) 
writetb,P)(i~v~~e. w:t,12n) 
formetC1C•,120At) 
do ?0 i:1,rc-ete 
date(i):(cateCil·v~in)•ivscel/(yma••vmin) 

continue 
do 2'5 i=l,roate 
dn 2'5 j = 1 , ; y s c 11 1 
i~osCi,j):iblar-lr 

2~ continue 
do QO i=l,ndata 
Hest:1ySCI!lt1 

30 itest:itest•l 
if(Citest•ratl'l(i)l.9e.O.Sl oo to 30 
iposCi,itest>=ist~r-

qn continue 
co AQ ;:t,ivscal 
j:ivscal+l•i 

en writeCb,G~)(ioos(w,j),k:t,n~ata) 

qo for..,atCtCx,lcOAt) 
write(~,tnnl(ihyp~e,k=lrl20) 

1tlO formet(1Cx.t20~1) 

120 StOCl 

end 
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Program ver 
dimenaior d(7,7),hdave(8),hofsav{8),hdaavC8),aigmaC8),bn(8) 
dimensior hdisav(~),aec~om(8),x(7,20,4) 

272 

c 
c 

This cro~raw calculates the second moment of the multiple auantu~ 
•~eetra for each order m. lh~ number of s~ins: 3 to 7. 
o~en(unit=01,name='ver.date',type:'old',rea~orly) 

2 

5 

13 
15 
16 

20 

2? 
zc; 
30 
3'5 

so 

read(t,2)noata 
for111atct2> 
do 10~ kr:t,rdata 
read(t,S)n 
f~rmat(ic) 

do 16 i = 1, n 
d~ tS j:1,n 
if(i.~e.j) Qc t~ 15 
r~art( 1,13 )c (;, i) 
format(ft0.3} 
continue 
conti"uf' 
Qo to ~s 
wrHe(brZ'lln 
formet(Jx,//1,2'5x,'nuwber of •~ina: ',;2,//) 
do )u ;:J,r 
do 2'5 J = 1, r 
if(i.Qe.j) ce to 2'5 
writf'(6,Z?} ;,j,d(i,j) 
formet(23x,'c(',i2,',',i2,'): ',2x,f10.3) 
continue 
continue 
c~ll su~r1(n,rt,dsu~rdave,daoave,hdave 1 hofsav,celllwa,) 
call autr2lr,~,dsum,hcave,hofsav,hdsavrhdisav,siQ~a,~n) 
gn to 6'5 
writ£(t-,ll0) 
format(//l,f.x,'m',t~x,'hdave(m)',t2x,'hdsav{m)',12x,'sigma(m)') 

do 60 k=l,r+1 
""':0.'5•1"1•1<+1 
"',. i t e f b, ~ n) r" , h d a" e f lr.) , has a v (I< ) , s i ol" a ( k ) 
for"'at(1,3x,fll.1,3(10x 1 flO.~)) 

60 continue 
bCi CAll su~r3(n,br,~1savrhdi~av,hdave,sioma,oamma,secmom) 

do 70 k=l,n 
x(k,klllr1l=cave••2 
x(k,k~,2>=cscave 
x(k,klllr3l=secmc"'(k) 

70 continue 
100 continue 

close{ur;t:nt) 
call lescft(r,rdaterxl 
StOP 
end 
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c 
c 

2 

4 

'5 
c 
c10 
c 
cl2 
c 
ciS 
c 
cl7 

Jq 

2(' 

21 

2?. 

progre111 vercr::l 
dh•f!nsior o(7,7) 
Thia proeraw generate• renau111 diPole couplings for~ coupled 
eoine within dwax end dlllfn 
ooen(unit=Ol,neme='ver~~tein.date',tv~e='new') 
"'"h"Ct,2> 
formatCIO•,'enter the total nuw~er of epins:',S) 
reanCS,II),.spin 
fnrmat(;2) 
writeC1,5)nspi, 
fnrmat(lx,i2) 
wr1te(b,ltl) 
format(ltx,'enter the wax. of oioole coupling:',S) 
rearl("i,tc)o,..ax 
forll'at(fiO.O) 
write(t.,Jr::;) 
fnrll'at(1Cx,'enter the win. of oioole coupling:',i) 
read(<;,J7)ordn 
format(fltl.n) 
"'"he(b,tq) 
fnr~at(IPx,'enter rencom nu~ter k:',S) 
rean(S,t'Olk 
tor"'11t Ct., ie) 
wrhe Ct,c I) 
fl'r~et(1Cx,·e~tPr r11ncom nu~her m:',S) 
reedC5,2ch 
fCir,..et ( Jx, it:) 

do '50 i:t,nsr::ir 
ao r; o ; =I , ,., !I r:: ·;, 
if(j.le.O cc to 50 

2~ x=ran(~,w) 

if(x•0.5l25,;~,2b 
2'5 d(i,j):l. 

go tc c;r 
2o oci,jl=-t. 

on to 50 
50 CCintinue 

do 100 i=l,nspin 
do 10(1 j:1,nsoin 
if(i.le.i) oc to ton 
writeC1,tO)oCi,j) 

bO for'llat<l•,f10.3) 
100 continue 

closeCu,.it:OI) 
stoo 
end 
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10 

12 

n 
15 

16 

1 7 
1 fl 

274 

di~ensier oCS,Sl,~pasu•CS,S),haave(S),hofaav(S),cnCS),hdisav(S) 
di~@nsio~ hcsavCSl,sic~a(S) 
.-,.He Cod> 
format(//,JOx,'enter the nu~ber of SPi~s: ' 1 S) 
rearl(S,CE)n 
for..,atlicl 
write Co, 11)) 

format(l/,tnx,'enter the rlipole couolinaa oCi 1 J): ') 
do 1 S i = 1, ~ 
do 15 j = 1, n 
ifCi.ge.J) ge to 15 
writero,l?>i,J 
for~atCI,tOx,•cc•,lz,•,•,;z,•>= ',S) 
reac1(5, 13)o(i, j) 
for~atCH-.2) 

continue 
wri te(e,lf,)r 
fnr~at(/1,10a,•numrer of soins: •,;z,tt,'list cf dioole cou~linoa') 
dn 1 f! ; : 1, r 
do 1 ~ J =I , n 
H (i."e.j) <:o to 111 
write(c,17)i,j,c(i,j) 
f~r~at(l,t~x,'cf•,;z,•,•,;z,•l: ·•,1x,e10.4) 
cnntinuP. 
Oo ?0 i=t,r 
dfi,i):('. 

20 continue 
an ~0 i:J,n 
110 3 0 j = ' , " 
if(i.le.i> oc to 3U 
d r;, j) =c ( j, i ) 

30 continue 
dsu~=n. 
dsosu.,.:ll. 
dO II(; i:1,r 
oo !ll• ;:j,r 
if(i.oe.j) cc t~ ~0 

dsu,..=ds~o" -+c: ( i, j) 
asosu~=cscs~"+cfi,j)••2 
dr:- A 9 U"' ( i 1 j ) : ( 0 

~I) contirue 
c"'2=n•(r•1)/C.. 
dave:tjsun/crC. 
dsoAve=cscsu"IC"'2 
do c;o lr=1,,+1 
an:lr•l 
hoeve(k):0.2~•cave•((,·2•snl••2•sn) 
hofsav(k):O.~•csodvP.*(n•sn)*s"' 

50 continue 

eo 

cn(t):n 
dtl 60 ~r=c:,, 

cn(lrl=cn(~·t>•Cn•w+t)/lr 

continue 
hrlisav(J):0.2~•dau~••2 

do 70 i=t,r 
do 7 0 J = 1 , r 
do 70 k:J,, 
if Ci.oe.J) co to 70 
doesum(i,j):coasu"'(i,j)+aCi,lr)+d(j,k)•d(i,J)•c(j,i) 



( 

• 

I! I) 

qo 

100 
110 
ll'O 

130 
1110 

150 

160 

bOO 

b10 

t,.sonti:O. 
do 80 i=l,n 
do l'O j:l,n 
if(f.oe.j) gc to 80 
trsqno:trscne+(O.S•osu••doasu•(i,j))**2 
continue 
ndisav(3):trsohd/cn(c) 
traond:O. 
do qo f:t,n 
t,.sohd=trscne+(O.S•dsu••O.S•ooasum(i,J))**2 
continue 
ht1isav(c):trson~/en(l) 
if(n•3lll~r100,ll~ 
hrlisav(4):hois8v(1) 
if(n•4l130,t20,t30 
hdiaav(4):noisavC2) 
hrlisAv(~):hdisav(1) 
if(n-~>tso,tun,ts~ 
hdisev(4):noisev(~) 

hdisev(S):hnisev(2) 
hdisev(6):hdiaav(1) 
do te('l k:t,n+1 
hdsev(kl:hcisav(k)+hofs~v(k) 

aiQ•a(kl:Chcsav(kl·~oave(k)**2)**o.~ 
continue 
~rite(b,~OOleave.nsneve 
fo,.~et(//,tr~,'oave= ', eto.u,to•,'dsoeve: ',elO.Q) 
~riteCb,elO) 
for~at(/1,3x,'w',12~,·noeveC~)',l2x,'hdsav(~)',J2x,'sigmafm)') 
do 651'1 .. :t,n•t 
,.,.:o.S•n·k•t 
write(b,~a01rm,h~~ve(k),hdsav(k),siame(k) 

oliO formet(l,3x,eto.~.3Ct0x,~10.4)} 

ec:;o cnntinue 
ston 
end 
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c 
c 

1 0 

12 

11.1 
15 
~~ 

PI"OQrafll veri, 
This cro,rew e"te~"s the "u111be,. of api"a nand the dipole couplings 
d(i,J) fer th~ celculeteion of progra~ ver. 
difllensier c(7,7) • 
OPe"(u"it=01,~eme='varwain.~ate',type:'ne~') 
write(o,1) 
for~at(lxrl,tOx,'enter the nu~ber of apins(3 tc 7): •,s) 
read (5,S)r 
f01"1118t(i2) 
~rite(l,e)n 
f,r,..at(h,i2) 
~riteCc.t"l 
format(1x,/,10x,'enter the rlicole counlinQt d(i,j): ') 
do 1 b i: 1, r 
do 1 S j = 1, r 
if (i.oe.j) !;O to 15 
write(6.J2)i,j 
f r r~ at ( 1 •, I, 1 n .. , '':1 ( ', i 2, ', ', ; 2, ') = ', S) 
rea-1(5, t:!)c(i, j) 
fnr"'et(fJ(I.O) 
write(l,JU)c(i,j) 
f ('I r111 at ( lx, f I 0. 3) 
contiN.1e 
·cnntinue 
close(urit:(lt) 
stoc 
e,...d 
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c 
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prograll' varll'air 
di~ensior o(717)1hdave(8)1hofaav(8)1hdsavf8)1aig~a(8) 1 bn(8) 
oimensior hdisav(A)Iaecmom(~) 1 x(7 1 2014) 
Tnia pro~rall' calculates the second moment of the multiple auantu• 
aneetra for each orrler m. lh~ number of •~ina: 3 to 7. 
o~en(unit=Ollna~e=•varmain.~ata•ltYPe=•old•lreadonly) 
rf'al'i(t,c;)n 
forlllat(i2) 
do 1 tl ; : 1 1 r 
do 15 j:l1r 
if(i.oe.j) ~c to IS 
r'f'8tH 1 1 1 3) 0 ( i 1 j) 

13 for~at(f!O.~) 
l"i continue 
lb contirue 

elose(urit:Ot) 
oo tc 3'i 
write(l'l 1 2n)r 

20 for~at(1x 1 //1,2~x,•nu"ber of spina: •,;21//) 
do 30 i:t1n 
do ?c; i = 1 , r 
if(i.oe.il gc to 25 
write(o,2?J ;,j,d(i,jl 

2? format<23x,•cc·~;z,•,•,;2,•l: •,zx,fl0.3J 
2~ continue 
30 continue 
3<; c~ll su~rt(r,o,~sum,davf',d&oave,nrlave,hofsav,~a"'"'••> 

CAll su~r2(n,rl,~sum,ncave,nofaav,hrlsav,hdisav,aigma,bn) 
.,.;te(c,lln) 

110 formet(l//,tx,•"•,t~a,•naave(w)•,t2x,•noaav(m)•,t2x,•a;Qma(m)•) 

a, 60 lt=l,r+l 
,..,.:n.o:; .. ,., • .,+l 
.,.ite(6,~0)rw,naave(k),nasav(lt),aiqma(k) 

50 formatC1,3x,fll.t,3(10x,ft0.3)) 
tO contirue 
b"i c~ll subr](n,hr,n1sav,naisav,hdave,siQIII&roamma,aecwom) 

BtOC' 
end 
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subroutire •~hrl(n,d,csu~,dave,dsaave,hdave,hcfsavrga~~•> 
di•ensi~r d(7,7),hdave(8)~hofsav(8) 

c 
c 

The subrcutire calculate the avera~ed values of the trace of the dipole 
hamiltonian anc the scuare of the dipole ha•iltonian for each •anifold 
do ?0 i = 11 n 

10 

20 

do 1 0 J = 1 1 r 
if(j.ce.i) QC to 10 
csct,Jl:e(j,t) 
continue 
d(;,;):O. 
continue 
dsu ... :n. 
dsasu,..:O. 
do c; 0 i = 1 1,.. 
do 40 j:1,r 
dsu~=dsuw+cCi,j)/2. 

dsasu ... :esosuw+cCilj)••212. 
40 c~ntinue 
~n cnntinue 

rn=n 
cn?:rn•Crn•t.ll?. 
d&ve=dsu"lcnc 
dsaave:csesull'/cn2 
Q~mma:(oscave•cave••2l/1saave 

write<o.~n) cave,ds~ave,~am~a 
bO format(//1/,3x,'dave: 'rf10.3,7x,'dsaave= •,tt0.3t7x,'ga•ma: •,flO.]) 

do 70 ~c:J,n+'l 
sn=lr·l. 
hrlllve(k):C.25•cav~•((rn·~.•sn)••2•rn) 
hcfsav(k):O.S•e~aave•<rn•snl•sr 

70 con~inue 

c 
c 

100 

120 

rP.turn 
ent:l 

subreutire s~~r?Cn,n,csu~,~rlave,nofsav,~osev,~risav,sia~••Dn) 
oi~~nsinr c(7,7l,~o~v~(A),hofsav(A),hrlisav(A),tn(~),dpasum(7,7,7) 

dimensier hcsavre>,si~"a(~) . 
Thi.s su~cro~raw c~lculates the variance of the dipole hamiltonian 
for each ~anifclo. si~wa= <~••2>•<H>••2. 
do 1 0 0 i: J 1 n 
do 100 ):1,n 
do ton lr:t,,., 
do as u"' ( i 1 i , k ) = 0. 
do ISO i:t,, 
do 140 ):1,,., 
if(i.gt.j) gc tn 140 
dn 130 lc:t,, 
if(l.gt.k) gc to 130 
dlijlr::O. 
dn 120 1:1,,.. 
d 1 i I k = d 1 ; I k + e c ; , 1 >+" c I , 1 >+ o < k, 1 > 
C~l"'tinue 

doasu~(i,j,k):cnasu~Ci,j,k)-d(i,j)•?.•o(J,k)*2•d(i,lr:)•2+d1ijk 
130 continue 
140 contil"'ue 
150 CCintinu~ 

trsana:O, 
ao 220 i:t,,., 
do 21 0- I = 1 , ,.. 

I~ 



,... 

'"'" • 

zno 
210 
no 

if(l.ge.J) gc to 210 
d~ 200 k:t1n 
tf(J.ae.k) go to 200 
trsohd:trsahc+CO.~•~suw•dpasum(f1Jik))•*2 
continue 
continue 
continue 
rn=n 
bn(l>:t. 
do 250 k:i!1,.+l 
bn(k):bn(k•t)•(rn•k+2.)/(k•1.) 

2'50 continue 
hrllsav(ll):trsahd/hn(U) 

c Calculation cf tnP Averaaed value of the scuare of the diagonal 

279 

c Pert of ciPoler ha~iltonian with 3 spins rlown. The value is Qiven aboue 
c bv hoisav{Ql. 

trsonr1:C. 
do 31 0 i = 1 1 n 
dn "on j:t1n 
if(i.oe.j) oc to 300 
ooe=Copasu"Cili 1 jl+opasum(i 1 j,j)+2•dfi,j))/3. 
trsQhd:trschc+CO.~•~suw•ooal••2 

3110 continue 
310 continue 

hdisav(3):trsonrl/nnC3) 
c The value of hcisavC3) is the averaged value of the scuare of the 
c diaaonal rart cf dinolar he~iltonian with 2 spins down. 

trsaho:O. 

c 
c 

UIO 

U70 

soo 

510 

do II 0 n ; = 1 1 n 
dpas=noasuwCi,i,i)/3. 
trsoho:trschc+CII.5•os~"-doas)••? 
continue 
hdisav(2):trsond/~n(2) 

hrlisavCt):0.2~•1suw••2 

The atove value~ of hoisev(?) ano hrlisev(l) for 1 and 0 SDin down, 
r~sJ.>ectivelv. 
i:n-.? 
oo tocsnc:,lltc,u;u,~so,Q7CJ),i 
hdisav(~l=n~isav(J) 

go to soo 
hrlisavC~):ncisav(l) 

hAisav(5):noisav(2) 
Qn to '!IC(l 
hrlisavC7):hoisav(1} 
hdisav(~):hnisav(2) 

hrlisav(~):hcisav(3) 

go to 500 
h1isav(P):nnisav(1) 
hrlisav(7):hoisav(2) 
hdisav(6):hoisev(3) 
hrlisav(~)=hdisav(q) 
do '510 k:t,n+t 
hrlsav(kl:holsev(kl+hofsav(k) 
sia~ac~l=Chdsav(k}•hrlave(k)••2)**"•5 
continue 
return 
end 



oimensicr bn(R),h~ave(el,hdsav(~),hdisav(A),secmom(S),hofsav(8) 
dimensicr r~tic(8J,sigrra(R),si9mc~l8),piq~orn(e),rb(n),ra(8) 
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c 
c 
c 

CAlculation cf the secono moment of m-ouantum soectra with given second 
moments for eac~ oair of rnanifolos of magnetic ouantum number ml and m2 
so that rr1-.,2=rr. 

c 

do Q() j:l,n+l 
i=J-1 
UpSUif.:O • 

dowsum=O. 
usum=l). 
osum:O. 
kf=n-i+l 
oo 20 lc:l,ld 
ki=k+i 
hki=ndsav(~)+hcsav(ki)-2.*hdavef~)*hd~ve(ki) 
cH=bn(lc)*bnlici) 
slci:siorra(k)**2+sio.,a(ki}**2 
olci=hnisav(lc)+hdisav(lci)-hdave(k)**2-hoavelki)**2 
pki:hlci-h~fsav(lc)-ncfsavlki) 

unsurr=u~~urr+tki*hki 

do•sum=dc~surr+tki 

usum=usu"trki*ski 
osum:osurT+bki*~lci 

20 continue 
secmorrCj)=ursurr/oowsum 
siomorr(j)=usumldowsum 
~iomcm(j):psum/do~sum 

40 continuP 
write(6,50) 

50 forrnatll/,3x,'rr•ouanturr",7x,"secmom(~)',$) 
write(t-,51) 

51 format(~x,'secrromlm)/secmorr(O)',Sx,'siomo"(m)/secmom(O)',$) 

write(b,S2) 
5? fnrmat(bx,'oiorromlrr)/secmom(O)') 

open(unit:OI,name='var.val',type='new') 
dn 70 j:l ,n+l 
rn=i-1 
ratio(j):secrrorr(j)/secmom(l) 
rA(j):sicmc~(j)/sec.,orr(lJ 

rh(j)=~icmo~(j)/sec~orr(l) 

writeCb,cO)rr,secmnrr(j),ratio(j),ra(j),rh(j} 
bl) fnrmat(/,~x.i2,q~,f10.3r8x,fl0.3,13x,f10.3 1 15x,f10.3) 

writeC1,t5)rr,ratio(j) 
b~ format(5x,i2 1 5x,f13.7) 
70 continue 

close(unit=Ol) 
80 return 

enel 
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