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DISCLAIMER 

This document was prepared as an account of work sponsored by the United States 
Government. While this document is believed to contain correct information, neither the 
United States Government nor any agency thereof, nor the Regents of the University of 
California, nor any of their employees, makes any warranty, express or implied, or 
assumes any legal responsibility for the accuracy, completeness, or usefulness of any 
information, apparatus, product, or process disclosed, or represents that its use would not 
infringe privately owned rights. Reference herein to any specific commercial product, 
process, or service by its trade li\ame, trademark, manufacturer, or otherwise, does not 
necessarily constitute or imply its endorsement, recommendation, or favoring by the 
United States Government or any agency thereof, or the Regents of the University of 
California. The views and opinions of authors expressed herein do not necessarily state or 
reflect those of the United States Government or any agency thereof or the Regents of the 
University of California. 
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ABSTRACT 

Exact illlrestricted (instead of the usual restricted) slDTOllations 

for the total multiple scattering transition operat9r and propagator 

are derived in terms of the individual transition operators. A 

corresponding expression for the density of states is also given to

gether with the characteristics of various approximations. 
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1. . Introduction 

The usual fornrulation of the total multiple scattering transition 

operator T is the well known restricted summation (Ziman 1965) 

T =I:t~ + I: I t~ G~t~, + I:" t~G~t~,G~t~" 
t ~ !, t' ~ ~ !, t:t' ~ ~ ~ 

+ •..• ~ 

Each tt is the transition operator for scattering from a single (not 

(1) 

necessarily local) potential energy operator v of the scattering center 
t 

at position ! 

(2) 

The G~ in these two equations is the outgoing free particle propagator 

defined for E>O and E real as 

(3) 

where v2 is the negative of the hamiltonian for a free particle (in 

atomic units h = 1, m = 1/2). The summations denoted by 1:: E ", .... 
are restricted so that consecutive position subscripts are not equal 

to prevent excess counting of multiple scattering from a single 

scattering center. 

Two trivial unrestricted summations are 

T =l:t + E t (1-o 
+ 

t')Gotf 
t! t t' t !, 

' 

+ E t (1-o t') 
+ )G+ G0 tt' (l-ot' t' Ott" 

+ •.•. 

!, t: t' t !, ' 

(4) 

and 
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. + + E v G v ,G v II + •••• 
! !' !'' ! 0 ! 0 ! (5) 

' ' 

In the former the terms involving o are merely an artificial device 

to exclude the unwanted terms. In the latter the useful scattering 

information contained in the transition operators t! is lost in order 

to regain an unrestr1cted summation over the positions !. In the 

following derivation we obtain a non-trivial unrestricted summation 

over the positions ! while retaining the useful transition operators t . 
1 

2. Derivation of the Unrestricted SUIIIJiations 

(6) 

which may be compared with the main formal result of Ziman (1965) given 

in his Eq. (42). An expression equivalent to Eq. (6) is 

(7) 

which is the form immediately useful here. Throughout this derivation 

extravagant use will be made of inverses all of which will be trans

formed away by the end of the derivation. 

The total scattering potential energy operator V is the sum of the 

individual (not necessarily equivalent) potential energy operators v! 

(8) 



The total nrultiple scattering transition operator is defined as 

(Messiah 1958) 

+ T=V+VGT 
0 

and accotmts for all the nrultiple scattering contributions from all 

the scattering centers exactly. Instead of proceeding as Ziman did, 

(9) 

we now apply the procedure converse to Eq. (7) by solving the difining 

Eq. (9) of the total transition operator T for T obtaining 

(10) 

By substituting for the total potential energy operator v in Eq. (10) 

the sum given in Eq. (8) and then replacing each individual potential 

energy operator v therein by using Eq. (7), we obtain the unwieldy 
' 1: 

yet productive expression 

for the total nrultiple scattering transition operator in closed form 

in terms of the individual transition operators. We now proceed to 

remove all the explicit inverses given here while retaining the 

single virtue: the summation over the positions 1: is unrestricted. By 

using the operator identity 

(I) 
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once with each sign in Fq. (11) to transfonn away four of the inverses, we 

obtain the exact result (Shively 1974) 

(12) 

The negat~ve signs in this expression automatically remove all the unwanted 

excess tenns in a natural expansion of these geometric series. The 

remaining inverse prefactor simply cancels the leading factor inside 

the S1..UIIIDa tions . 

By using the equation for the total propagator 

G+ = G + + G + T G + 
0 0 0 

+ we obtain an expression for the total progapator G containing none 

of the explicit inverses in Eq. (11) 

This expression may be used to derive an equation for the density of 

states 

as 

p(E) 1 =--ImTr 
1T 

p(E) = -
1 
-Im Tr G+ 
1T 

(13) 

(14) 

(15) 

(16). 
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3. Approximations 

Three qualitatively different approximations by truncation can be 

distinguished. First, a truncation of the sUIIIIilation over ! will yield 

exact scattering results for one, two, three, etc. centers. Secondly, 

· a truncation of the summation over m will remove correction terms required 

to prevent .excess counting from multiple intracenter sca.ttering. Thirdly, 

a truncation of the summation over n will reduce the order of the 

multiple intercenter scattering. Thus, these three summations are of 

different·character. 
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4. Conclusion 

The three equations (12), (14) and (16) express the total nrultiple 

scattering transition operator T, the total propagator G+, and the 

density of states p (E), respectively, as unrestricted multiple scatter-

ing summations in terms of the individual transition operators. 

\ 
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