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It is shown that, under reasonable assumptions about in-

elasticity and asymptotic behavior, the usual diffraction picture 

combined with the NID approach to n-n scattering leads to a 

singular integral equation. The authors' formalism is then used 

to show that, in conformity with the nearby singularities philosophy, 

a constant left-hand discontinuity is by itself incapable of 

producing resonances in the GeV region. Next, a model for the 

* This work was done under the auspices of the U. S" Atomic Energy 

Commission. 

t Postal address: Laboratoire de Physique Thtorique et Hautes 

Energies, Facult~ des Sciences, Bgt. 211, 91 - ORSAY - France. 
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cr·eation of vector resonances, which combines a long-range force 

(defined by exchange of a cutoff vector meson) plus a short-range 

force (compatible with diffraction requirements), ~~ introduced. 

'!he effect of the short-range force on the self-consistent 

(bootstrap) solutions is investigated in an approximate scheme. 

For a self-consistent solution with the correct p-meson mass, 

which is found to exist, inclusion of the short-range force is 

shown to decrease (by a factor of 2) the self-consistent width 

(which is nevertheless still greater than the experimental value). 
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I. INTRODUCTION 

Most of the low-energy calculations on strongly interacting 

systems are based on the assumption that the scattering in the 

dev region is determined by low-energy singularities and that the 

effects of the high-energy region are completely unimportant. This 

assumption is fully justified in pion-nucleon scattering, notably 

below 500 MeV, where detailed quantitative agreement between dis

persion calculations and experiment has been found. l It is also 

justified in nucleon-nucleon scattering, where reasonable models 

account for all the important experimental features. 2 

No similar agreement can be claimed for pion-pion scattering--

in particular for a self-consistent determination of the parameters 

of the p meson. For this system, it is quite possible that the 

effects of the high-energy region are less unimportant. 3-4 Further-

more, in a determination of the parameters of the p, the mass 

of which is rather high, the features of the amplitude in a region 

which starts at 2 or 3 GeV are, perhaps, of some importance. 

The purpose of this work is to give a hint concerning 

the effect of the high-energy region on the features of the vector 

meson resonances. For this, the experimentally well-established 

picture of diffraction scattering is combined with the usual .N/D 

approach employed in self-consistent calculations of pion-pion 

scattering. This leads to a marginally singular integral equation5 
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which can be solved by an application of methods developed by 

6 the authors elsewhere. 

In Section 2 it is shown that, under certain,assumptions, 

both Regge behavior and the conventional diffraction picture (with 

non shrinking forward peak) lead to marginally singular N/D 

equations. In Sec. 3 the possibility that the distant singularities 

(short-range forces) produce resonances in the low-energy region is 

studied separately. For this the basic integral equation formulated 

in Sec. 2 is applied to a model which consists of a constant left-

hand discontinuity (and constant inelasticity). This model is 

compatible with the requirements of unitarity and of the diffraction 

picture, but completely neglects the structure of the nearby 

singularities; as a result it is known to be incapable of generating 

resonances in the GeV region. Section 4 contains the formulation 

of a more realistic model whose left-hand discontinuity combines a 

long-range part determined by vector exchange with a short-range 

part compatible with the requirements of diffraction scattering. 

Finally, in Sec. 5, the results of an approximate numerical 

calculation involving the model of Sec. 4 are presented and compared 

with the solutions of the conventional vector-meson bootstrap 

(without short-range part). The conclusion is that the short-range 

part tends to decrease significantly the coupling necessary to 

produce a resonance, affecting its width to a lesser extent; to 

reduce the self-consistent mass; and, for low cutoffs, to change 
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the self-consistent width in the correct direction. In particular, 

the width of the self-consistent solution which corresponds to 

2 m ~ 
p 

30 m 2 
1'( 

is reduced by a factor of 2. 

In Appendix A the model of Sec. 3 is reconsidered in the 

approximation of contracting to zero the gap between left- and 

right-hand cuts; this approximation has the advantage of pro-

viding explicit and relatively simple solutions. Again, it is 

concluded that. a featureless left-hand discontinuity and in-

elasticity are incapable of producing acceptable resonances. 

Finally, the contracted-gap case, certain features of the solutions, 

and in particular the positions of the zeros of the denominator 

function, are studied in Appendix B. 
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II. FORMULATION OF THE BASIC EQUATIONS 

Consider the elastic scattering of two pseudoscalarparticles 

·of mass unity, and assume that the partial P...;wave amplitude Al(v) 

admits the usual decomposition, 

~(v) N(v)/D(v) (2.1) 

v is the· square of the center-of-mass momentum. It is convenient 

to consider once subtracted representation for N and D, with the 

subtraction point at v = O. Due to the usual threshold properties, 

N(O) = 0, so the equations are 

N(v) j
-cD

L v . 
= ;- dv' 

-00 

D(v) 1 - dv' 

o( -v' ) D ( v') 
v'(v' - v) , 

p(v') Rl(v') N(v') 

v'(v' -v) 

Here o(-v) is the discontinuity along the left-hand cut 
1 

(2.2) 

- 00 < v~ - ~ , p(v) = [v/v + lJ2 is the usual phase-space factor, 

and Rl(v) is the inelasticity of the P wave;7 thus t~e unitarity 

condition reads 

(2.4) 
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To derive the basic integral equation of the· problem, one 

can substitute (2.2) into (2.3). Then the definitions 

give 

where 

v = -ill -D(v)/v 

= ! + ! 100 

dw' K(w,w') cr(W') few') , 
ill n: 

wL . 

K(w,w' ) =;100 
p(x) Rl(x) 

dx ~--~~----~ 
(x + w) (x + w') 

. 0 

(2.6) 

Next, assume that, for v - + 00, Al(v) becomes purely 

imaginary. Equation (2.4) implies 

(2.8) 

According to the Phragmen-Lindelof theorem,8 if 
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CXo CX
l 

CX
2

' CX 

~(v) '" v (log v) (log log v) ... (log log"'log v) n 

for v ~ 00 , 

and 

.. ~ (v) 
, CX

O
' CX ' 

Ivl (loglvl) 1 
CX ' CX ' 

(log loglvl) 2 "'(log log"'loglvl) n 

for v ~ -00 , 

and if 

const J 

for all complex v and E > 0 , then CXo = CX " o 
t ••• 

CXl ' , 

CX = ex' and n n 

Lest it be felt that these conditions are too restrictive, one may 

prefer simply to assert (2.9). Any N/D system for which 

1m Al(v) had different limits for v ~ ± 00 would constitute a 

pathology lying outside the scope of this paper. 

It will be shown now that all the important models of high-

energy elastic scattering imply an 1m Al(v) , and hence a a(v) , 

such that the kernel of (2.6) has an unbounded norm, so that (2.6) 

is a singular integral equation. For energies above a few GeV J 

'1 

and momentum transfers It 1'2 ::: 1 GeV/c , a good parameterization of 



.. 

the observed t~dep€ndence of the scattering amplitude is4 

e tb(v) 

It will be assumed that, as v ~ 00 ,A(v,t) becomes purely 

imaginary. Then projection onto the P wave gives9 

UCRL-17364 

= f;; r 
J-4v 

dt A(v,t) i b-l(v) (Jtot(v) 

(2.10) 

(Jtot(v) is the total cross-section, which is taken to be 

asymptotically constant. As for b(v) , the width of the 

diffraction peak, two cases are of interest: 

(i) b(v)''''' log v, in accord with the hypothesis of asymptotic 

dominance by a Pomeranchuk Regge trajectory of non zero 

slope [C),r(t = 0) 10J. 

(ii) b(v) "" const, corresponding to the conventional diffraction 

picture, or to a flat Pomeranchuk trajectory.lO 

Consider first the case (i) ,when for v ~ +00 

(2.11) 

The behavior of K(w,w') for large w,w' is controlled by the 
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large values of the integrand in (2.7). Thus 

.. K' d.x log x J
oo 

(w,w ) "-' ex + w) (x + w') (2.12) 

With the lower limit of integration taken at x = 0 this givesll 

K(W,w') 1 (log w,)2 - (log w)2 
"-' '2 w' - w (2.13) 

In view of (2.9), -1 a( w) 'Y (log w) 

kernel of (2.6) reduces to-

Thus for large w, w' the 

(1)' 
log -(1) r;:. + log (1)) . 

\:. log (1)' (2.14) 

The norm of this diverges (logarithmically) for large (1),(1)' , 

so that (2.6) is a marginally singular integral equation. 12 

Consider now the case (ii). The above considerations 

can be easily generalized to include the asymptotic behavior 

Re ~(v) "-' const together with 1m Al(v) ~ const (for v ~ 00). 

In view of (2.4); (2.7) can be split as follows: 

K«(1),m' ) 
1 1m Al(oo) 

1T 1~(00)12 

ill' log -
~~(1),- + ! 
(1)' - ill rr 

p(x) R,(X) - 1m Al(oo) IAl (oo)I-2 

(x + (1)) (x + (1)' ) 
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Then use of (2.9) reduces (2.6) to the form 

J
oo mI. 
. - log-

f(m) = ! + h... dm' m f(m') m 2m I - m 
:rr 

. mL . 

where· 

UCRL-17364 

dm t . ~(m,mt) r(mt) 

(2.16) 

~(m,mt) of (2.16) contains the integral of (2.15) and the difference 

cr(m) - 1m Al(oo). Thus, with suitable assumptions about the way 

Rl(v) and 1m Al(v) approach their asyn~totic limits, the norm of 

~ ~(m,ml) is finite. Then (2.16) is a standard form solved and 

studied in Ref. 6. 13 

Furthermore, the definition (2.17) i~lies 

(2.18) 

Then it is known that solutions free of unwanted poles on the 

physical sheet of v (ghost-free solutions) can be constructed 

by the N/n approach6,14-16 (see also Appendix B). 

The rest of this work is restricted to models of the type (ii), 

for which the methods developed in Ref. 6 are directly applicable. , 
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III. INABILITY OF SHORT-RANGE FORCE TO GENERATE 'RESONANCES 

As a first application of the foregoing formalism, consider 

a model with a constant left-hand discontinuity 

and constant inelasticity 

also, the approximation p(v) = 1 will be made. Then, it is asked 

whether resonances can be produced in the GeV region. This example, 

which neglects Qasic features of the low-energy part of the amplitude, 

and of the long-range part of the potential, cannot be realistic for 

low-energy calculations. Nevertheless, it can give some idea of the 

relative importance of the distant singularities in the generation 

of the strong-interaction resonances. 

Before the consideration of the main problem it will be shown 

that a ghost-free amplitude can be constructed by direct application 

of the N/D equations. Substitution of (2.3) in (2.2) gives 



. N(v) = B(v) +y 
:n: 

where 

B(v) = ;J~ 
-00 

or, due to (3.1): 

-11-

~ (00) [ dv' 
.. B( v) - B( v' ) 

v - v' 

dv' cr{ -v t 2 
Vl(V l - v) 

B(v) 
1m ~(oo) 

log(l + v/~) = :n: 

In view of (3.2) 

. UCRL-17364 

N( VI) 

VI 

then Ref. 6 concludes that an iteration solution of (3.3) (Neumann-

Liouville series expansion) exists. On the other h~nd, it is easy 

to see from (3.5). thai; for any v,v' > 0, 

( ) B(v) - B(v'). 
B v ~O ,. I ~ 0. 

V - V ' 

Hence, all the terms in this iteration solution will be positive 

and 

N(v) > 0, v > ° . 
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Then (2.3) implies that -D(v) is a Herglotz function, i.e., 

ImD(v)<0 
I 

1m v > 0 ~. . 

and that 

D( v) > 0 v < 0 • 

Thus D(v) has no zeros on the first sheet of the complex v plane. 

It is concluded that the solution of Eqs .. (2.2) and (2.3) which 

admits a Neumann-Liouville expansion will be free of ghost poles. 

With (3.1), (3.2), and the approximation p(v) = 1, 

~(w,w') of (2.16) vanishes; then, with the simplification ~ 1 

(no loss of generality), Eq. (2.16) can be written 

foo 
. 1 

= ;:; + ~2 
rr 1 

am' 

, 
log !::!L 

(l) 

w' - w 
r(w' ) 

~ is given by (2.17). A solution of this equation is 

1 = - + 
w 

1 am' R(w,w' ~~) " 
w 

where R(w,w' ;~) is a resolvent of (3.10). Reference 6 shows that 

there exists a unique resolvent with a branch point only at ~ = 1: 
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R(ru,ru' ;:A.) ==! r ds s tanh(n s ) p . (rL - 1) P (1"),,,, 1) 
2 j 2 -l+is ow ~is ow -. cosh (ns) -:A. 2. -2 

-00. (3.12) 

Thus, the extra requirement of analyticity at :A. == 0 (and thus 

the existence of a Neumann-Liouville expansion) leads to the 

unique choice (3.12); in the next section this choice is further 

supported by certain continuity arguments. 

Substitution of (3.12) into (3.11) and use of the identity17 

P 1+. 2 ~s 
(z) cosh 

n 

gives the solution 

DC -0)) 

dx 
x + z 

s tanh(ns) 
2 

cosh (ns) - :A. 

(x) (z > - 1) 

P 1+. (ao - 1) 
-;? ~s 

cosh(ns) 

The foregoing conclusions on the absence of ghost zeros 

of this solution can be checked directly, at least for v real 

and negative (according to Appendix B this is a particularly relevant 

region). 'Figure 1 presents plots of (3.14) in the interval 

1 <ru < 700 for various values of the parameter :A., subject to the 
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condition (2.18); no ghost zeros of D(-ill) are indicated. 

An analytic continuation of (3.14) to ill < ° will be 

. necessary in order to look for resonances. This is' ·best accomplished 

by means of the identity17 

(± according as 
2 . 

1m z ~ 0), which gives 

AvI ds 

s tanh(ns) 

s tanh(ns) 
2 cosh (nS) - A. 

(2v + 1) 

To simplify the first integrand, use has been made of the symmetry 

property15 

p 1+' (z) 
2 1.S 

For v > 0, because of (3.16), the contribution of the second 

term of (3.15) is purely imaginary. Hence the condition for a 

resonance at v = v
R 

is 
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;V 

The functions Re D( v), for '" = 0.25, 0·50, 0.75, 0·95 and 1, 

are plotted in Fig. 2. For 0 <v < 50 there are no zeros of 

Re D( v); with the beginning of the left-hand cut defined by 

two-pion exchange (~ = m1( 
2 = 1) this region ~xtends up to 2 GeV. 

Moreover, the WE=ak dependence of Re D( v) on v at large v 

indicates that, probably, there are no zeros at all. 

For '" close to unity ('" 4 i-) the majorizations of 

R(ro,ro' ;"') given in Ref. 6 and the asymptotic properties of the 

Legendre functions for large argument indicate that, apart from 

logarithmic factors, 

. '" 
1m D(v) 

1 
v2 , for v 4 00 • 

Since a once-subtracted representation for n(v) is used, this 

behavior is in agreement with the conclusions of Olesen and Squires. 18 

The conclusion of this section is that a constant left-hand 

discontinuity along with a constant inelasticity is incapable of 

generating strong-interaction resonances: the real part of the 

corresponding denominator function does not vanish at all, at least 

in the GeV region. This conclusion is further strengthened by the 

explicit solution of Appendix A (approximation ~ = 0) . 
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In this model, a constant left-hand discontinuity and 

inelasticity can be considered as an abstraction representing 

the effects of the high-energy region. In this sense it can be 

said that for the generation of the known resonances the high

energy effects are not primarily responsible; the resonances are 

generated by the long-range forces. This conclusion is, of course, 

hardly surprising. However, the model shows also that an 

asymptotically constant left-hand discontinuity, which is 

compatible with the present experimental information in the 

diffraction region, in no way contradicts the basic principles 

of dominance by nearby singularities. 

On the other hand, although not primarily responsible, the 

short-range force may have a significant effect on certain features 

of the resonances. This question is taken up in the next two 

sections. 
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IV. A MODEL COMBINING LONG- AND SHORT-RANGE FORCES 

The next application of the formalism of Sec. 2 is a more 

realistic model with a left-hand discontinuity of w~ich the nearby 

part is given by the exchange of an elementary vector meson of 

mass m (long-range forces), and the distant part is constant 

(short-range force). Thus, for 
- 2 19 

-~ < v < -~ = - m /4, 

2 
( m2) 0"1 -v, e(-v - ~) e(~ + v) , 

(4.1) 

where y is proportional to the nnp coupling (the width 

r ::: 120 MeV corresponds to y -:: '3.8); and for <-p ~ nn v -wI' 

A e(-v - ~) ,with 0 < A < 1 . (4.2) -

For simplicity, elastic unitarity [Rl(v) = lJ will be asslli~ed, 

the generalization to any asymptotically constant inelasticity 

being straightforward. 

One way to combine (4.1) and (4.2) is indicated in Fig. 3: 

( m2) 0"1 -v, rises on the left until it reaches the value A. 

Correspondingly, ~ is the larger zero of the equation 

-2 2 

y'i - m a: ~ (1 - ~) = A. 
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Unfortunately, in this model, which has the advantage of not 

introducing additional parameters, calculations with 

0< A < 1 and 1 ~ y~ 50 gave no indication of zeros of 

ReD(v) for energies up to v = 50. It can be said that the 
i 

attractive part of the potential (~ positive part of left-hand 

discontinuity) is not sufficiently strong to produce physical 

resonances. Notice that increas·e of y strengthens the 

repulsion rather than the attraction. 20 

Thus one is led to a combination of (4.1), (4.2) according 

to Fig. 4, where a sharp cutoff, A, is imposed on the vector 

meson contribution, so that 

= (4.4) 

It can be shown again that for all A, 0 < A < 1 , a ghost-

free amplitude exists, because an iteration solution of (3.3) 

can be constructed; and B(v) , as defined in (3.4), has been 

2 found to satisfy (3.6), at least for 4 < m < 50 , and A ~ 10 . 

The defect of this model is that it contains two free 

parameters, A and A. In view of the smallness of the real part 

of the forward amplitudes observed in high-energy p-p and n-p 

scattering,4 it is perhaps reasonable to assume that A is close 

to unity, say 0.9 < A < 1. However, A remains in principle 
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undetermined. Still, important information may be obtained by 

. comparing the resulting solutions with those from a model with 

the same (i.e., the same A) but with A = O. By 

keeping the same long-range part one may expect to get some 

information about the effect of the short-range force on various 

features of the amplitude. 

This program will be pursued in an approximate scheme 

defined as follows: With the left-hand discontinuity of Fig. 4, 

suppose that Eq. (2.16) is written in operator form, 

where 
. , 

log ~ 
ill 

stands for 1 
ill ' 

for the singular kernel 

1 
2 

1{ 

--,----- ,etc. When the last part (K-·r) is neglected, the 
ill - ill -!" 

solution of (4.5) is given in Sec. 3 and can be written 

R represents the resolvent (3.12). The approximate solution that 

will be used is 
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To compare this with the exact soiution, note that (4.5) 

can be written 

f = (1 + AR) fO + (1 + AR)·~·f . (4.8) 

Reference 6 has shown that for 0 < A < 1 , and with the resolvent 

(3.12), Eq. (4.8) is Fredholm; hence, for sufficiently small A, 

an iteration solution exists. The first iteration gives 

Use of the well-known identity20 

1\ AIIR·~II/II~II shows that fl differs from f to terms of order 

Equations (2.15 ) and (2.16) show that, for A - 0 , ~ 
tends to a finite limit, say ~ (0), so that (4.5) becomes 

(a Fredholm equation). On the other hand, since R is the 

resolvent analytic at A = 0, lim AR = 0 , and (4.8) reduces 
A-O 

again to the form (4.9). 
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Suppose, however,.that the calculation is carried out, 

not with R, but with another resolvent R(l) , which contains a 

multiple of the homogeneous solution corresponding to 

f·= fO + AKS·f. It can be seen [Eq. (2.11) of ref. 18J that 

in the limit ~ - 0, ~ f fO and XR(l) f 0; hence in this case 

(4.9) is not reproduced. Clearly, on grounds of continuity, it is 

desirable that the limit ~ - 0 reproduce the situation that 

corresponds to simple exchange of a cutoff vector meson [Eq. (4.9)] . 
.-.J 

Note that in the limit ~ - 0, with f - fO' the approximate 

solution of (4.7) tends to f - fO + ~(o) f O. Clearly: this is 

the first iteration of (4.9), usually called the Itdeterminantallt 

solution;21 most of the numerical results of bootstrap calculations 

have been obtained with this type of solution. 

In terms of the solution D(-m) of (3.14), Eq. (4.7) can be 

written 

1\ 
D( -m) = l+~ 

rr 

2 
dm' K(m,m') cr(m', m) DC-m'), 

m' 

where cr(m~m2) is given by (4.1), (4.2) (or Fig. 4), and 

(4.10) 
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Again, to determine the resonances (v> 0) an analytic 

continuation to w < 0 is needed. For this, let 

and, for w < 0 , 

. 1 1 1 

sinhy = (-W)2, i.e., y log[(-w)2 + (-w + 1)2J 

Hence 

~ ':' i) log[(JJ + (en - l)!] 0 G" + 0 tanh y 

o (~" + log [( een)! + (-en + l)!] jG :"'en;) ! 

With this, one has 

. Ren(-ill) 

(4.12) 

:-~ 
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, (4.13) 

and 

where 

. 1m K(ru,J} ) == 1 ~ -ru ~ ~ 
ru - ru

f ~ - ru / • 
(4.15) 

The condition, then, for a (narrow) resonance at 

J\ 
v == -ru == v

R 
isRe D(v

R
) == 0, and this results in an equation 

of the form 

. 2 
r == r(vR, m ) . (1) 

(1) determines the coupling necessary to produce a resonance at 

v == vR (input coupling). The self-consistent (bootstrap) solutions 

are defined by the condition 
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2 m = 4(vR + 1) (I ') 

and by the relation of the width of the produced resonance (output 

width) to the coupling of the exchanged vector-meson, which is 

r = 6:rr (1,+ v)1/2Gm S(v) 0 
3/2 d 1\ . 

V . dv Re D(v) 
v = vR 

(II) 
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V. NUMERICAL RESULTS AND DISCUSSION 

Numerical calculations of the program of Sec. 4 have been 

carried out for several cutoff values in the range '..5 ~ A ~ 80. 

For each A, two cases were compared: 

(a) 

(b) 

~ = 0 (i.e., without short-range force). 

~ 0.95 (i.e., with short-range force). 

In Fig. 5, four curves are shown between y, the coupling, and 

VR/m~ , the resonance position, for the cutoff A = 10. Curve (Ia) 

is a plot of Eq. (I), subject to Eq. (I'), that is to say, the re-

lation between the input, or cross-channel coupling, y, and the 

mass of the produced resonance, this latter being constrained to 

be the same as the mass of the input resonance. Curve (Ib) is a 

similar plot, but this time with the short-range force added. 

Curve (IIa) is a plot of Eq. (II), so that y is now the (reduced) 

2 
width of the output resonance, vR/m

n 
being, as before, the self-

consistent resonance position. Curve (lIb) repeats this with the 

short-range force added. Finally, Fig. 6 is a similar graph for 

the cutoff A = 40; for other values of A the results remain 

qualitatively unchanged. 

Several observations can be made within this approximate 

model, on the basis of Figs. 5 and 6: 

(iii) In general, bootstrap solutions exist both without the 

short-range force (intersection of curves Ia and IIa) and 
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with the short-range force (intersection of Ib and IIb). 

For each case (a), (b), the self-consistent mass and width 

as a function of A is presented in Fig. 7. For all A the 

addition of the short-range force decreases the self-consistent 

mass. For large A, the differences Yea) - Y(b) and 

2 
- (mp/mrr)(b) are small, as they should be (most of 

the left-hand discontinuity being given by the p-exchange); but 

as A decreases, these differences increase. 

It is of particular interest that a bootstrap solution with 

the correct p-meson mass 2 
(m = 30) does exist. Here the 

p 

short-range attraction decreases the self-consistent width by a 

factor of 2 (from Yea) ~ 48 to Y(b) ~ 22). 

However, even with a short-range force, this width remains 

about six times as large as the experimental value. Thus, the 

conclusion is that the addition of the short-range attraction acts 

in the correct direction, but is not sufficient to explain the 

whole magnitude of the discrepancy. 

(i) For a given resonance position vR/m
rr

2
, the addition of 

the short-range force decreases significantly the necessary 

input coupling Y (cf. curves Ia and Ib). This.is true 

for each cutoff, and is an eminently reasonable state of 

affairs: if a short-range attraction is present, the 

long-range force needed to produce a resonance.at a given 
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position is reduced. Similarly, for a given y, the 

resonance mass is decreased by the addition of the long-

range force. 

(ii) For a given vR' the short-range force increases the 

width of the output resonance, however (cf. curves IIa 

and IIb). This is not surprising, for it is known 

that what is required to narrow the output resonance, 

for a given mass, is the addition of a long-range 

repulsion,22 rather than a short-range attraction. 

Of course, in this calculation many important contributions 

to the binding force have been omitted. For example, the exchange 

of two pions in relative S state could be significant, either if 

its contribution is strongly repulsive, 22 or if it is strongly 

attractive, with perhaps a resonance. 23 It is even possible that 

multi-particle exchange is important. Moreover, this simple model 

has neglected inelasticity. It is possible that a one-channel 

calculation would require a CDD pole, even if the correct in

elasticity were used,24 and that a dynamical calculation could only 

be done with good accuracy in a many-channel scheme. An SU(3) 

model in which the KK channel was also incorporated suggested 

that this channel might not be too important;25 but an su(6) 

model, in which the nw channel also occurs, would, if it is 

to be believed, require a one-channel CDD pole, or equivalently 
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a.many-channel ND-l . 26 . 
system. In this connection, it is 

- 27 
interesting that a calculation by Fulco, Shaw, and Wong of 

the p meson in the three-channel system (1111, ri, 11W) with 

a cutoff, and no short-range force, gives, as usual, a resonance 

width that is too large, although the ri and 11W channels 

do assist in reducing the p-width. It can be expected that the 

direction and order of magnitude of the effect of a short-range 

force will be the same in a more sophisticated model of this 

kind as it was in the work presented here. That is, we may ex-

pect a singular tail to assist materially in the narrowing of the 

1111 P-wave resonance. 

From the mathematical point of view the fact that the 

numerical calculations were done in an approximate scheme may be 

considered as unsatisfactory. It would certainly be of interest 

to repeat the ."hole program with the exact solution of (2.16) 

[or (4.5)); and in view of the presented formalism and of the 

methods developed in Ref. 6, which reduce the singular to a 

Fredholm equation, this can be done in a straightforward manner. 
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APPENDIX A 

In this Appendix Eq. (3.10) is solved under the assumptions 

(3.1), (3.2), plus the additional approximation involved in 

eliminating the gap between the left- and right-hand cuts (w
L 

= 0). 

This simplification, along with (3.1) and (3.2), can be 

characterized as a high-energy approximation. Such a situation 

is even more unrealistic than that of Sec. 3; however, insofar as 

one is concerned with the effects of the distant parts of the 

discontinuities on the resonance region, and because of the possibility 

of obtaining explicit and relatively simple solutions, its study is, 

perhaps, of some interest. 

A disadvantage of this treatment is that, by replacing 

WL = 1 by w
L 

= 0, the mass scale has been lost. Thus, it is 

necessary to subtract the Nand D equations at some point 

v = Vo = -wo (not the normal threshold), at which D(v) can be 

normalized to unity; the value of Wo reintroduces a mass-scale. 

With 

Rl (00) N( -wO) a , (A.l) 

the integral equation becomes 

log(w/wO) roo 
log(w'LU.lL 

few) 
1 

+ 
a 

+ f... i dw' few') = 
11:

2 Jo 
w' w - W 11: W - W - W 

0 0 
(A.2) 
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In operator notation this can be written 

f' 

where 

a a -""'--2---;:;:>" 1t 

Then; defining f l , f2 by 

one has 

f. = 
1. 

f 

w - w o 

for i 

, UCRL-17364 

(A·3) 

K--=::,...".log(w' /w) 
~ Wi - W 

1, 2, (A.4) 

(A·5) 

The functions f. are solutions of (A.4), which can be expressed 
1., 

in the iOrm 

f. = a. + ARa. , 
1. 1. 1. 

(A.6) 

where R is a resolvent of the kernel 1 :2 K, satisfying 
1t 

R !-. K + ~ K·R = 2 2 
1t 1t 
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It was 'shown in Ref. 6 that R exists but is not unique; it has 

a two -parameter manifold. HOvlever, if the solution is required 

to have no singularity at 'f.... = 0, and thus to admit a.perturbation 

expansion in powers of 'f...., a unique resolvent is singled out, 

which has a branch point only at 'f.... = 1 (see also Appendix B). 

This resolvent is 

R(w,w' ;'f....) == 
1 sinh [SO log(w'/w)] 

, (A.8) 
w' - w 

where 

with 0 < So < ~ for 0 < 'f.... < 1 • 

One might solve the two equations (A.4) by using the resolvent 

(A.8). Tofind flew) it is necessary to evaluate (A.6) for i = 1 

by performing the integral explicitly. The result is 

fl (w) 
1 cosh[SO log(w/wO)] = 

w - Wo 

The equation for f 2(w) is trivial, since 

(A~lO) 



'. 
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so that by comparing (A.4) for i = 2 with (A.7) one has immediately 

Finally; by (A.5), one has the solution 

where 

B -
, 1 

[A.(l -A.) 12" 
a 

Substi tuting w = - v, one has, for v real and positive ( 

region), the folloviing real and imaginary parts: 

(A.Il) 

(A.12) 

physical 

Re D(v) = cos(rrSO) [COSh(SO log w~ ) + ~ sinh(SO log w~)J , 

1m D(v) = sin(rrSO) [sinh(SO' log -Y ) + lB cosh(SO log -Y)] . , Wo Wo 

Now, the condition for a resonance at v 

Re D(vR) = 0 , i.e., 

V is 
R 

(A.13) 

(A.14) 



UCRL-17364 

As V
R 

changes from zero to infinity the left-hand side progresses 

monotonically from -1 to +1. Accordingly, if I B I < 1 there 

is one, and only one solution of (A.14), while if IBI > 1 there 

are no solutions. In the former case the coupling (or, equivalently, 

the width) of the resonance is 

2 
.L [ Im D{vl J f:; '" - Vo d~ Re D(v) 

v = v 
0 

1 

-2 tan (rcSo ) = (1 .~ ~)2 :Lrc (A.15) = 
So 

r . 
arc sin ,,2 

( V
voo + l)~ In the first equality of (A.15) the phase-space factor has 

been replaced by unity. Notice that the subtraction point, wo' and 

the subtraction constant, N(-WO)' (or equivalently B) have 

disappeared, and (A.15) is a simple equation involving only " and 

'2 
the width g /4 rc • 

Hence, in the approximation wL = 0, and provided that IBI < 1, 

a constant l.h. discontinuity is capable of producing a resonance 

. at some point v = vR satisfying (A.14). However, one can see 

from (A.15) that for all", 0 < " < 1, the corresponding width 

is exceedingly large (g2/4rc > 3rc; compare, for example, with-the ex-

perimental vaiue for the width of p -+ 2rc: 
2 

g /4rc '" 0 . 6) . prcrc -
Such a 

wide resonance can hardly produce any of the usual effects on the 

cross-section of the corresponding process (and hardly justifies 
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the use of formulas like (A.15), which are meaningful only for 

narrow resonances). Thus it cannot be considered acceptable. 

To find solutions of the equation 

corresponding to 
2 

g /4:rc ~ lone needs 8
0 

outside the interval 

o < 8
0 
<~. As the first Riemann sheet of the A-plane corresponds 

to _l < 8 < l this means that one has to go to higher A-sheets. 
20 2 

On the higher sheets branch points exist at both A = 0 and A = 1 

(see Appendix B); moreover, the continuation of a solution onto a 

higher sheet is not necessarily a solution of the original equation, 

because the integral in (A.2) will no longer converge. The continued 

solution correspon'ds to a higher CDD 14 class. Thus, in fine, there 

is no resonance with acceptable width generated by a featureless, 

constant left-hand discontinuity. 
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APPENDIX B 

The purpose of this Appendix is twofold: First, to present 

the sheet structure in A of the resolvent of Appendix A [Eq. (A.8)]; 

second, to study in certain simple examples (corresponding to 

the zeros of the denominator function. As the approximation 

W
L 

= 0) 

W = ° L 

leads to relatively simple explicit solutions having a number of 

-i'eaturesin common with the exact ones, the conclusions are expected 

to provide useful insight. 

To find the structure of (A.8) it is convenient to map the 

infinity of Riemann sheets in f... onto the complex plane of another 

appropriate variable w defined by 

. A. = 2 cos (rrw). (B.l) 

Under this mapping, 

R(w,w';f...) 
2 sinh [C! - w) 

W'] 
log W (B.2) 

rr(w - WI) .sin(2 rrw) 

This is a meromorphic function of w; its poles correspond to branch 

points in f... and appear at 

w m , m 0, ±!,±l, 



UCRL-17364 

-37--

Thus, the various sheets of' ~ are mapped onto parallel strips 

of the w-plane (Fig. 8). 

The point ~ = 0 corresponds to + 1 
m = - 2' 

+ .1 
- 2 ' 

particular w = ! does not lead to a singularity of (B.2); and 

as the first sheet of ~ corresponds·to O<Re w < 1 it is con-

In 

eluded that (B.2) has no singularity at ~ == 0 on the first sheet. 

However, on higher sheets ~ = 0 is a branch point. 

Sheet II is defined to be the sheet connected to sheet I 

across the cut 1 ~ ~ < 00 and maps onto the strip 1 < Re w < .1 
2 

Here there are branch points at both ~ = 0 (cut - 00 < ~ < 0) 

and ~ = 1 (cut 1 < ~ < 00) , and this is true for all higher 

sheets. It follows that a double circuit around ~ = 1 which 

does not enclose ~ o (e
l 

of Fig. 8) brings one back onto 

sheet I; however, circuits enclosing ~ = 0 and ~ = 1 (C2 of Fig. 

lead into higher sheets. Notice the similarities with the sheet-

structure of the exact resolvent (for w
L 

1 0 ) :15 as in that case, 

the branch points may be said to behave individually like square 

roots but together like a logarithm. 

Consider now the zeros of D(v) corresponding to the 

8) 

resolvent (B.2), and take (for simplicity) N(-W
O

) = O. Then Eq. (A.12) 

'reduces to 

D( -w) COSh(SO' log W ) . 
Wo 

(B.4) 
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Clearly, the- physical sheet of w is 

-n < arg w < n 

and corresponds to 0 < arg v < 2n • 

Suppose now that A varies over real values. At first 

w = Wo exp[n + !) ~J n = 0, ± 1, ± 2, .... (B.6) 

This gives two sets,each of an infinite number of zero~ lying on the 

positive real w-axis; for 0 < v < 00 , the one set, which corresponds 

to n = -1, -2, -3, ... , accumulates at w = 0, and the other set 

(n = 0, I, 2, .•. ) accumulates at w = 00. In view of (B.5) these 

zeros lie on the physical sheet of the complex v-plane (along the 

negative real v-axis). 

Next, suppose that A varies on its first sheet along 

o < A < 1. From Fig. 8 this corresponds to w = real, 0 < w < 1. 

Now, the zeros of (B.4) appear at 

w Wo exp f(2n + 1) "J r 2w - 1 
n 0, ±l, ±2,··· 
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For all n, and w in 0 < w < 1, .. 

larg wi > re 

Hence, none of these zeros lies on the physical sheet of w (or v). 

Finally, let ~ > 1. This correspond~ to w = k + iv, 

k = 0, ±l, ±2,···,and 0 < v < co (or - co < V < 0). Hence 

~ = cosh2(rev) and the zeros of (B.4) appear at 

w = n = 0, ±l, ±2,···. 

For all v, 0 < v < co, this relation gives at least one pair of 

complex zeros on the physical sheet of w. Note that the zeros of 

each pair do £ot appear at complex conjugate positions; in this case 

the Riemann-Schwartz reflection symmetry is violated. 

The conclusion is that for ~ < 0 and ~ >1 the denominator 

function has zeros on the physical sheet of the complex v-plane 

which correspond to unwanted poles of the amplitude (ghosts). 

However, for 0 < ~ < 1 these zeros disappear from the physical 

sheet. 

This conclusion can be further strengthened by similar analysis 

of a different resolvent. E.g., 

1 
I 

2re (~(~ - 1))2 

. . w' 
sin (qo log w-) 

w' - w 

w' + w 
I' 

(W'W)2 
, 
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where 

1 1 1 

10g[f-.2 + (f-. - 1)2J == 

is one of the resolvents of (A.2) having a branch point at f-. 

Here ,for - 00 < f-. < 0, D(v) .has at least one complex pair of zeros 

on the first sheet of v (violating the Riemann-Schwarz symmetry); 

and for f-. > 1 it has a double infinity of zeros along - 00 < v < o. 

However, again for 0 < f-. < 1, no zeros appear on the physical sheet 

of v. 

In view of these examples and of more general theorems on the 

. t f h t f 1 t· ·f t· 1 di . 1 t· 16 eXlS ence 0 g os - ree so u Ions 0 par la -wave sperslon re a Ions, 

one presumes that only the case 0 < f-. < 1 (considered in Secs. 2-5) 

can possibly lead to solutions of physical interest. 
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FIGURE CAPTIONS 

Fig. 1. The function n(v), given by Eq. (3.14), for real negative 

v. 

Fig. 2. The function Re n(v), given by Eq. (3.17), for real \ 

positive v. 

Fig. 3. One possible way to combine long- and short-range forces; 

however, the attraction is insufficient to generate resonances 

at v ~ 50. 

Fig. 4. Left-hand discontinuity in a realistic model combining 

long- and short-range forces. 

Fig. 5. Bootstrap solutions in the model of Fig. 4 for a cutoff 

A = 10. The curves I represent Eq. (I) of Sec. 4 subject 

to the condition (I'); the curves II represent Eq. (II). 

The case (a) corresponds to absence of short-range force; 

the case (b) to presence of short-range force. 

Fig. 6. The same as in Fig. 5 for A = 40. 

Fig .. 7 ~ The self-consistent mass-ratio m 1m and coupling r as 
p :n: 

functions of the cut-off A. As always, the case (a) 

corresponds to absence of short-range force and the case (b) 

to presence of short-range force. Experimental values: 

2 
(m jm) = 30, r = 3.8. 

p :n: 

Fig. 8. Appropriate mapping (defined by (B.l)) of the resolvent 

. of Eq. (A.8), which determines its structure in A,. 
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