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Abstract. In this paper, we study the numbers D,, ; which are defined as the number of permu-
tations ¢ of the symmetric group S, such that 6 has no cycles of length j for j < k. In the case
k=1, Dy, 1 is simply the number of derangements of an n-element set. As such, we shall call
the numbers D, ; generalized derangement numbers. Garsia and Remmel [4] defined some nat-
ural g-analogues of D,, 1, denoted by D,, 1 (g), which give rise to natural g-analogues of the two
classical recursions of the number of derangements. The method of Garsia and Remmel can be
easily extended to give natural p, g-analogues D,, 1 (p, g) which satisfy natural p, g-analogues
of the two classical recursions for the number of derangements. In [4], Garsia and Remmel also
suggested an approach to define g-analogues of the numbers D,, ;. In this paper, we show that
their ideas can be extended to give a p, g-analogue of the generalized derangements numbers.
Again there are two classical recursions for generalized derangement numbers. However, the
P, g-analogues of the two classical recursions are not as straightforward when k > 2.

Keywords: permutations, derangements, p, g-analogues

1. Introduction

In this paper, we study the numbers D, ; which are defined as the number of permu-
tations ¢ of the symmetric group S, such that ¢ has no cycles of length j for j < k.
In the case k =1, D), 1 is simply the number of derangements of an n-element set. As
such, we shall call the numbers D, x generalized derangement numbers. There are
two classical recursions for the number of derangements. In particular, it is easy to
see that D11 = 0 and D, 1 = 1, so that forn > 2,

Dn+1,l:nDn,l+nDn71,l7 (1.1)

* Partially supported by NSF grant DMS 0400507.



2 K. Briggs and J. Remmel

and forn > 1,
Dyi11 = (n+1)Dy 1+ (—1)" (1.2)

Garsia and Remmel [4] defined a natural g-analogue of D,, 1, denoted by D, ; (9),
which satisfy two natural g-analogues of (1.1) and (1.2). That is, let D, ; denote
the set of permutations ¢ € S, such that ¢ has no cycles of length j for j < k.
Then given a 6 € D, 1, Garsia and Remmel arranged the cycles of ¢ so that the
second smallest element in each cycle is on the right and the cycles are ordered
from left to right by increasing second smallest elements. We shall refer to such
an arrangement of cycles of 6 € D, | as the 1-standard order of 6. For example,
6=(3,1,11,2)(10,4,5)(9,8, 12,6, 13,7) is in 1-standard order. Having written ¢
in 1-standard order, Garsia and Remmel then set G to be the permutation in one line
notation that results from the 1-standard order of G by erasing the parentheses and
commas. Thusinourcase,6=31112104598126137.

Garsia and Remmel defined their g-analogue of the derangement numbers by set-

ting _
Dui(g)=Y, g™, (1.3)

GEDII, 1

where for any 6 = 6} ---G, € S, inv(0) = Hl <i<j<nl|oi> (5j}| denotes the
number of inversions of 6. With D; (g) =0 and D5 ;(g) = 1 following immediately
from this definition, Garsia and Remmel then proved the following g-analogues of
(1.1) and (1.2):

Dys1,1(9) = 4[n]gDn,1(q) + [n]gDn-1.1(q), forn=>2 (1.4)
and

Dyi1.1(g) = [n+1]yDu1(g) + (1), forn>1, (1.5)
where [n], = 1 +¢+---+¢"" = 1=2 is the usual g-analogue of n.

In the same paper, Garsia and Remmel defined a second g-analogue of the de-
rangement numbers by setting

Dn,l(CI) _ Z qcoinv(G)’ (1.6)

GE@,’T]

where for 6 = G} --- G, € S, coinv(0) equals the number of pairs 1 <i < j <n such
that 6; < 6;. Again, with D1 {(¢) = 0 and D 1(g) = g following immediately from
(1.6), Garsia and Remmel showed that for n > 2,

Dy 1,1(q) = [n]¢Dn,1(q) +q"[n]4Dn-1.1(q), (1.7)
and forn > 1, 1
Dyi1,1(q) = [n+1]gDu1(q) + (—1)+1g ("), (1.8)

Generalizing Garsia and Remmel’s definition in (1.3), one can define an obvious
P, g-analogue of the derangement numbers by setting

Dui(p.g)= Y, ¢™pm. (1.9)

GE@,’T]
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From this definition, it is easy to see that Dy 1(p, ¢) =0 and D> i(p, ¢) = p. Fur-
thermore, with the usual p, g-analogue of n given by [n], ; = Pl gpt T+

" Pp+qt = = =2 e claim that the Dy 1(p, q) given in (1.9) satisfy the follow-
ing p, g-analogue of (1 1)

Dyi1,1(p, q) = q[n)p,qDn,1(p. @) + p" 1] p,gDPn-1,1(p, q). (1.10)

for n > 2. In order to prove (1.10), we classify the elements of D, 1 according
to whether n+ 1 lies in a cycle of length j for j > 3 or n+ 1 lies in a cycle of
length 2. If 6 € D, 1,1 is such that n+ 1 lies in a j-cycle where j > 3, then we
can remove n+ 1 from its cycle to get a permutation ¢’ € D, ;. For example, if
6 =(3,1,11,2)(10,4,5)(9,8,12,6,13,7) € D3,; is written in 1-standard order,
theno’ = (3,1, 11,2)(10,4,5)(9,8, 12,6, 7) € Di2 ;. In such asituation, since n+ 1
is not the second smallest element in its cycle, the result of removing n+ 1 from
the cycle structure of ¢ will leave a permutation 6 whose cycle structure is still
in 1-standard order. Moreover, it is easy to see that for each such ¢’, there are n
permutations T € D, 1,1 which yield 6" upon removing n+ 1 from 7. That is, each
such T is the result of inserting n + 1 directly in front of some element of ¢’ in its
cycle structure.

It is easy to see that if 7; is the result of inserting n + 1 directly in front of the
i-th element of ¢’ reading from left to right in the 1-standard order of ¢’, then 7; is in
1-standard order and

inv(t;) =n—i+1+inv(c’) and coinv(t;) =i— 1+ coinv(d').
Therefore, it easily follows that

inv(t) _coinv(t)
Y qg™"p

TEDnJrl«, 1
n+1 isina j-cycle for j > 3

_ (qn+q P+ +(/121711 2+q17 Z qmv cmnv c)

oD,

:‘1[”]17.,an.,1(17» q)-

On the other hand, if 6 € D, 41,1 is such that n + 1 is in a 2-cycle, then there must be
somei € {1,...,n} such that (i, n+ 1) is a 2-cycle in 6. Moreover, in the 1-standard
order of o, the last cycle of G is precisely (i, n+ 1) since n+ 1 is the second smallest
element of the cycle (i, n+ 1) and the cycles are ordered from left to right by increas-
ing second smallest elements. Given such a 6, we can obtain an element of 6" €
Dy,—1,1 by removing the cycle (i, n+ 1) and replacing the numbers i+ 1,i+2,...,n
in the rest of cycle structure by i,i+1,...,n — 1 respectively. For example, if 6 =
(3,1,6,11,2)(10,4,5)(9, 12,7)(8,13), then” = (3, 1, 6, 10,2)(9, 4, 5)(8, 11, 7).
Moreover, if we are given 6" € D,—1,1, then there are n permutations T € D, 1,1 such
that n+ 1 is in a 2-cycle and 7 = 6” depending on which numberi € {1,..., n} isin
the 2-cycle with n+ 1. Moreover, it is easy to see that if (i, n+ 1) is a 2-cycle of T
and " = ¢”, then

inv(r)pcoinv() n—i i—1 n mv(G”) coinv(G”)

q 9 P P4 p )
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so that

Z qinv(‘c) pcoinv(‘r)

€Dpiq,1
n+1 isina 2-cycle

_ pn (qn—l +qn—2p+ . +qpn—2+pn—1) Z qinv(ﬁ)pcoinv(c)
GEDy—1,1
= p"[n]p,¢Dn-1,1(p, q).

Thus (1.10) holds as claimed.
Next, we claim that for n > 1, D, 1(p, q) satisfy the following p, g-analogue of
(1.2):

n+l1
2

D1 1(p,q) = [+ 1p.gDur(p, g) + (= 1)1 p('2). (1.11)

We will prove (1.11) by induction on n. First, one can easily verify that (1.11) holds
when n = 1 and assuming that (1.11) holds for n < r, then

Dyi1,1(p, 9) = q[rlp,qDr1 (P, @) + P [r]p,gDr—1,1(P, q)

= alrpaDer(p. @)+ 2 (Dra(p.a) = (—1)p )

— (" +qlp.a) Drr(p, ) + (—1) 1 p(5)

= [ gD (py @) + (= 1) (2,

For the generalized derangement numbers, D), , we note that when k > 1, there
are again two natural recursions. First, one can easily derive the recursion

Dyy1,k =nDy i+ (n) L Dy ks (1.12)

where (n) [y=n(n—1)---(n—k+1), by classifying the elements of D, x according
to whether n+ 1 is in a j-cycle for j > k+ 1 or whether n+ 1 is in a (k+ 1)-cycle.
The second recursion on D,, ; can easily be obtained from the following application
of the theory of exponential structures:

Ll n 1\ 141
y Duid” _ ¥ ™ (1.13)
n!
n=0
From (1.13), we obtain
= Dy, " m In(1/(1 2 * e”e”z2 ---e’llf
y Pkl Ysii 'ty — 1/ )= (it ) SRS T P/At
n=0 n! 11

Multiplying both sides of (1.14) by 1 —¢ and expanding the exponential functions
gives
= Dy " -

k
(1-1)) fe_’e_122~~~e_lk =11

|
—o

(1.15)
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Then, taking the coefficient of ! on both sides of (1.15) and multiplying by (n+1)!
yields

+1)!
Dyits—(nt1)Dy i = ! (n .
n+1,k (Yl+ ) n,k Z ( ) (1“la1!)(2“2a2!)"'(k“kak!)

ay,...,ap=0
ay+2ax+--+kap=n+1
(1.16)
Solving for D1 in (1.16) gives

Dpy1k = (n+1)Dy

a1+ tay n+1 k .
+ Z (—1) - ka jI;IIFact(aj, 7,

ap,....ap=>0 ap, 2612,..
aj+2ay+-+kap=n+1

(1.17)
where
o Ga)r . o
Fact(aj, j) = —- = H(s1+l)(s1+2)~~~(s1+]—1). (1.18)
J J(aJ') s=0

The main goal of this paper is to define a p, g-analogue of the generalized de-
rangement numbers D), ; which yields natural p, g-analogues of recursions (1.12) and
(1.17). The outline of this paper is as follows. In Section 2, we follow a suggestion
of Garsia and Remmel [4] and define a p, g-analogue of the generalized derange-
ment numbers, which we denote by D,, (p, ¢), so that the following p, g-analogue of
(1.12) holds:

Dyi1,k(ps q) = qlnlp,gDn.i(p, @) + P[] p.q Lk Dun—k.i(ps q)

where [n]p 4 [k= [n]p,gln —1]p.q---[n —k+1], 4. However, we shall see that a p, ¢-
analogue of (1.17) is not as straightforward. In Section 3, we will consider the special
case when k = 2 in which (1.17) becomes

1
Dyi12=(n+1)D, 2+ Z (—1)”1“2( " )Fact(az, 2)

afan20 ay, 2a;

a1+2ay=n+1

LtD)/2) |
=(n+1)Dya+ (-1} (—1)/(”;], )1-3---(2]'—1).
j=0

One might hope that the p, g-analogue of (1.17) would be of the form

Dn+l,2(p7 Q) = qanpb” [I’l + l]p,an,Z(pv CI)

L(n+1)/2]

FEHY (< gpth
=0
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+1 .
5 e Blpi-tle a9
J dpyq

for appropriate choices of ay, by, ¢, j, and d, ;. However, we will show in Sec-
tion 3 that this is not possible. Instead, we will show that the p,g-analogue of
Z]L(:"Jl)/zJ(—l)f(";jl)l +3.--(2j — 1) arises by p,g-counting a certain set of words
counted by Z}(:"Jl)/zJ (—1)/ (";rjl) 1-3---(2j—1). Finally, in Section 4, we shall show
how the arguments of Section 2 can be generalized to give p, g-analogues of recur-
sions (1.12) and (1.17) for an arbitrary integer k > 1.

2. p, g-Analogues of D,, ;

In this section, we describe our p, g-analogues of the generalized derangement num-
bers. For a fixed k > 1, arrange the cycles of each 6 € D, ; so that

(1) each cycle of G is arranged with the (k+ 1)-th smallest element on the right and
(2) the cycles are ordered from left to right by increasing (k+ 1)-th smallest elements.

We will refer to such an arrangement of ¢ as the k-standard order of 6. For example,
suppose k = 3 and

c=(1,4,14,11)(2,6,5,3,15)(7,13,8,12,9, 10) € D5 3.
Then, the 3-standard order of the G is given by
(5,3,15,2,6)(7,13,8,12,9,10)(11, 1, 4, 14).

Next, for each 6 € D, &, we let o) denote the permutation that results by starting
with the k-standard order of ¢ and erasing the parentheses and commas. In our ex-
ample,
0¥ =5315267138129101114 14.
Definition 2.1. For each natural number n and k, we define the p, g-analogue of D, i
by
Doilp.g)= Y, g™ pem (@), @1

(OIS @)L.k

Our first theorem shows that our definition of D, (p, ¢q) satisfies a natural p, g-
analogue of (1.12).

Theorem 2.2. Ifk > 1, then

(1) Dui(p,q) =0, for1 <n<k
2) Dii1,k(p, @) = Pk p,q!s and
(3) Dn+l,k(p7 q) = q[n]P,quk(p, q) +p"["]p,qlk Dn—kyk(p, q)7

where [n], g Lk=[n]p,gln—1]pq - [n—k+ 1] gand [k|p 4! = [K|p,q k-
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Proof. (1) is trivial since D, i is empty for n < k.

For (2), note that the only elements of D  are the permutations ¢ € S consist-
ing of a single (k+ 1)-cycle. Under our k-standard ordering of cycles, the (k+ 1)-th
smallest element in each cycle must be on the right. That is, for each 6 € Dy 4,
6 has the form 6 = 6;---6; (k+ 1), for some G;---G; € S;. Moreover, for
each 6 € Dy i, it is easy to see that qinv("(k)) pC"i”"(G(k)) = pkg(@) peoinv(0) ywhere
O = O1---Cf € Sg. Thus, (2) follows immediately from MacMahon’s result that
ZGGS,I qinv(c)pcoinv((i) _ [n}p,q!-

For (3), we classify the elements of D, ; according to whether n+ 1 lies in a cycle
of length j for j > k+2 or n+1 lies in a cycle of length k+ 1. If 6 € D)1 1 is such
that n+ 1 lies in a j-cycle where j > k+ 2, then we can remove n+ 1 from G to get a
permutation ¢’ € D, .

We note that in such a situation, n+ 1 is not the (k + 1)-th smallest element in
its cycle. So, removing n+ 1 from the cycle structure of ¢ will leave a permutation
6’ € D, ; whose cycle structure is still in (k4 1)-standard order. As in the k = 1
case, it is easy to see that each ¢’ arises from n different T; € D, x by removing
n+ 1 from 7;. In particular, for 1 < i < n, 7; is the permutation obtained from ¢’ by
inserting n+ 1 directly in front of the i-th element of ¢’ reading from left to right in
the k-standard order of ¢’. We note that for each 1 <i < n, 1; will still be in k-standard
order and

inv (T§k>> =n—i+1+inv ((G/)(k)> o coim (Tgk)) Lt coim ((G/)(k)> |
It easily follows that

Z qinv(‘r(k) ) pcoinv(t(k))

T€Dpi1,k
n+1 isina j-cycle for j > k+2

_ (qn_i_qnflp_’_ . __+q2pn72+qpnfl) Z qinv(c(k))pcoinv(c(k))

GG@,L](
=q[n]p,¢Dunk(P, q)-

On the other hand, if 6 € D, & is such that n+ 1 is in a (k+ 1)-cycle, then there
must be some sequence i, ..., i of elements in {1,..., n} such that (i1,..., i, n+1)
is a (k+ 1)-cycle in 6. Moreover, in the (k + 1)-standard order of o, the last cycle
of ¢ is precisely (iy,..., ix, n+ 1) since n+ 1 is the (k+ 1)-th smallest element of its
cycle and we are ordering the cycles from left to right by increasing (k+ 1)-th small-
est elements. Given such a ¢, we can obtain an element 6" € D,k by removing
the cycle (i1, ..., ix, n+ 1) and replacing the remaining elements {j; < -+ < j,—¢} =
{1,...,n} —{i1,..., ix} respectively by 1,..., n —k in the rest of the cycle structure.
For example, if 6 = (3, 1, 2, 15, 6)(10,4, 5, 11)(9, 12,7, 16)(14, 8,13, 17) is an ele-
ment of D7 3, whose cycles are written in 3-standard order, then o"=(3,1,2,12,6)
(9,4,5,10)(8, 11,7, 13). Moreover, for each 6" € D,_j , there are n|; permuta-
tions T € Dy ¢ such that n+ lisina (k+1)-cycle and 77 = ¢” depending on which
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sequences of numbers i1, ..., iy € {1,..., n} are in the (k+ 1)-cycle (i1,..., ik, n+ 1)
withn+ 1.

Now suppose that we are given ¢ € D,_  whose cycles are written in k-standard
order. We would like to compute

S = Zqinv(‘l’,(k))pcoinv(‘l?(k))7 (22)
T

where the sum runs over all T € D, x such thatn+1isina (k+1)-cycleand " =oG.
Suppose that T contains the cycle (ij,..., ik, n+ 1). Then since T’ equals G, we can
see that by p, g-enumerating the elements in the cycles preceding (i1, ..., ik, n+1) by

inversions and coinversions we obtain a factor of qi’“’((’(k)) pCOi”"(G<k)) to S. Moreover,
n+ 1 contributes no inversions and n coinversions to t*) and thus contributes a factor
of p" to S. The remaining contribution to S comes from our choices of iy,..., i
from {1,...,n}. Note that i, contributes n — iy inversions and i — 1 coinversions to
the elements preceding it in T, and hence, the choice of i gives a contribution of
"+ pg" 44 gp" 2+ p" ! = [n],, to S. Fixing our choice of ix, we can
repeat the same argument to show that if we count the number of inversions and
coinversions with all the elements preceding i;_; in %) over all choices of i_j, then
we get a contribution ¢" 2+ pg" 3+ -+ qp" 3+ p"? = [n—1],, 4 to S. Continuing
in this way, we see that

S — qinv(c(k))pcoinv(c(k))pn [n]p,q[n B 1][’76] . [n —k+ 1]p,q~ (2.3)
Therefore, it follows that

inv(t®) inv(t(k) i (k) i (k)
Z qmv(‘t )pcomv(‘t ) — pn [n]p,qlk Z qmv(c )pcoznv(c )
€D,k €Dk k
}’l+1 isinak+1-cycle

=p"[nlp,qlk Du—ik(p, q)-

Thus, Dyy1,k(p, q) = q[nlp,qDn.k (P @) + P"[1] p, gLk Du—k.k(p, q) as claimed. L

3. A Second Recursion for D, »(p, q)

Our p, g-analogue of the recursion in (1.17) will be given in the next section. In this
section, we would like to motivate that recursion by considering the case when k = 2.
From (1.17), it follows that the generalized derangement numbers D,, 5 satisfy the
following recursion forn > 1,

. [(n+1)/2] j(n+1 .
Dyi12=m~+1)Dy 2+ (—1) ;) (=1 ( 2 )Fact(],2)7 3.1

where Fact(0,2) =1 and Fact(n,2)=1-3---(2n—1) if n > 1. One might hope that
our Dy, 2(p, q)’s would satisfy a recursion like

Dys1,2(p, ) = ¢ p"" [+ 1] 4Du2(p, q)
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L(n+1)/2]

e [t
+ (1) —1)igniphni|” Fact(j,2 3.2
(=1) ];) (=D%g ™, | Juc (s 2)p.gr (32)

for some ay, by, cx, j, and d, j where Fact(0,2), 4 =1 and Fact(n,2), 4 = [1]p.4-
[Blp.g---[2n—1]p 4 if n > 1. However, we can show that even in the case p = 1, this
is not possible. That is, suppose we define

Dui(g) =Dui(l,9)= ¥ ¢™").

(IS Q)ntk
Then, we will show that there are no a, and c,, ; for which

ol
Duiaae) =g+ 1Daaa) + (1Y g |" o Fan( ),
q

j=0
3.3)
where Fact(0,2), = 1 and Fact(n,2), = [1]4-[3]4---[2n—1]4 if n > 1. One can
easily see that Dy » = Dy = 0 since Dy » = D, » = 0. Furthermore, there are
2 elements of Dz, (1,2,3) and (2, 1,3), written in 2-standard order. As such,
D3>(q) = g™ (123) 4 gim(213) — 1 4 g = [2]4. We can compute D4 »(q) and Ds 2(q)
using the following recursion for D,, (g) obtained from Theorem 2.2 by setting p = 1:

Dnt1,4(9) = q[n)¢Dn k(q) + ([n]g) Lk Dn—r.4(q)-

That is,
Da2(q) = q[3]4D3,2(q) + [3]¢[2]4D1.2 = q[3]4[2]q
and
Ds 2(q) = q[4]4D4.2(q) + [4143]4D2.2 = ¢°[414[3]4 (24
In the case n+ 1 =15, (3.3) becomes

Ds.2(e) = 4" [S),Ds2() + (- 1)° (‘f_qm w (] mz)- G4
q q

Since [3], =[5l (1+4%). [3], = [8lg Da.2(q) = aB4[2]y = (a+ 247 +24° +¢*),
and Ds»(q) = ¢*[4]4[3]412ly = (> +34> +5¢* +64° +5¢°+ 34" +¢®), we can
rewrite (3.4) as

9“0 +q* 43¢’ + 54" +64° +5¢° + 3¢+ ¢°

=[5l (4" (4+24°+2¢° +¢*) +¢*' (1 +¢%) —¢*2 (1 +q+4%)). (3.5

By setting £ = (¢* +3¢” + 5¢* + 6¢° + 5¢° + 3¢" + ¢°) and F = (q* (q+2¢* + 2¢°
+q*) + g1 (14 ¢%) — g2 (1 +q+¢?)). we can rewrite (3.5) as g0 + E = [5],F.

Now suppose c4,0 > 11. Then we must have that E | ,; = ([S]qF)‘qj for j < 10
where for any g-series f(q) = ¥,>0 fnq", we let f|,; = f;. By setting E =¥~ Eiq'
and F' =} ;~( Fiq', it must follow that

Ey=Fy =0,
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E\=F+F =0,
Ex=Fh+FR+Fh=1,
Es=F+F+FR+F;=3,
Es=F+FR+FR+F+F=5,
Es=F+Fkh+FB+F+F5=6,
Es=F+F+F+F+F=>5,
E;=F+F+F+F+F =3,
Es=F+F+F+F+FR=1,
Eg=Fs+F+F+FR+F=0,

Ejg=Fs+ F+ Fs+ Fy+ Fio = 0.

The unique solution to this system of equations is given by Fp = 0,F; =0, F, =
1,.»3=2F,=2Fs=1,Fg=—1,FF=—1,Fs=0,Fp=1,Fo=1.
It is easy to see that there is no choice au, ca 1, and c4 2 which satisfy

P2 42 4 — -+ +q°
= (¢“ (g +2¢*+2¢° +¢*) + g (1+¢*) —¢*> (1 +q+4%)).

As such, we must conclude that c4 o < 10. However, one can use any computer
algebra package to see that if we set G; = ¢' +E for 0 < i < 10, then G; is not divisible
by [5],. Thus, (3.5) has no solution.

Since we’ve shown that our obvious guess in (3.2) does not even work when
p =1, we must wonder “What is a p, g-analogue of recursion (3.1)?” To answer
this question, we first develop a p, g-analogue of (”;jl)Fact( J,2). To this end, let’s
consider the set R (0""'72/,12,..., j*) of all rearrangements of (n+ 1 —2j) 0,
two 1s, two 2’s,..., two j’s. Given r=ry---ryr1 € R (07717212, j2), we let
Fin(r)={i: r;>0&ri ¢ {riz1---rpp1}}. Thatis, Fin(r) is the set of indices of the
last occurrences of 1,..., j in r. For example, if n = 10, j = 3, and

r=01302003012,
then Fin(r)={8, 10, I1}. Nowifr=ry---ry,41 € K(O"“_zj, 1%,..., jz) and Fin(r)
= {i1 <--- <ij}, then we let fin(r) = ry,ri,---ri, and note that fin(r) will always

be a permutation in S;. In our example, fin(r) =312.
Next, we define

To1,j={re R (0"""2, 12, /%) : fin(r) =12 j}. (3.6)

Our next result will show that the cardinality of 7,4, is (";rjl)Fact( J,2).
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Theorem 3.1. Forn>1and j€{0,..., |[(n+1)/2]},
n+1 .
Tuerj=|Tot1j] = ( 2 )chl(],Z). (3.7)

Proof. First, we note that (3.7) follows when j = 0 since 7,110 = Q{(O"“) and
("gl)Fact(O, 2) = 1. Similarly if j = 1, then 41,1 = R (0"~', 1?). In this case,
we can construct an element r = ry--- 41 € Typpp.1 in (";1) ways by choosing the

positions of the two 1’s in r. Therefore, T, 11,1 = (";1) = (";I)Fact(l, 2).

Now suppose that j > 2. We can construct an element r = rq -+ 7,11 € Tpy1,j as
follows. First choose the positions 1 < py < pp < -+ < p2; <n+ 1 of the nonzero
elements of r in (";;1) ways. Since fin(r) = 12---j, it must follow that r,,. = j,
leaving 2 j — 1 positions for the leftmost occurrence of j in r. Having fixed the position
of the leftmost occurrence of j in r, we know that the rightmost unassigned value in
r must be j — 1 leaving 2j — 3 positions for the leftmost occurrence of j —1 in r.

Continuing in this way, we see that
n+1 . ) n+1 .
Thp1,j= ( 2 )(2]— 1)(2j—3)---3-1= ( 2 )Fact(], 2),
as desired. |
Given (3.7), we can now rewrite the recursion in (3.1) as

. [(n+1)/2] )
Dpi12=(n+1)Dya+ (1" Y (1) Ty . (3.8)
j=0
In order to obtain a g- and p, g-analogue of (3.8), we must define a g-analogue
and p, g-analogue of 7,1 ;. To this end, let’s define for each r € 7,41 ; and 1 <i < j,

(i, 0)r =rjg1-- 11,

where j < k and rj = ry = i. We then let (i, i), <; be the number of elements r, in
the sequence (i, i), such that r, < i. Thatis, (i, i), is the interval between the two
occurrences of i in r and (i, i), <; is the number of elements of r which are less than i
and fall between the two occurrences of i in r. Finally, we define for each r € 7,41 ;,

0(r) =

Mx..

(i, 0)r,<i- (3.9)
1

This given, we define our g-analogue of 7,1 ; for 0 < j < [(n+1)/2] to be

Tu+1,j(q) = Z 7",

r€Zyt1,

and our p, g-analogue of 7,11 j for 0 < j < [(n+1)/2] to be

o1 i(p,q) = P VTt s(a/p).

By making the convention that 7, ; = T,, j(q) = Ty, j(p, q) = 0 if j < 0, we find that
the 7,11, ;(¢q)’s and T,11,;(p, q)’s satisfy simple recursions given in the following
theorem.
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Theorem 3.2. Foralln>2and0< j<|(n+1)/2],

Tui1,j(q) = T, j(q) + [n]gTu-1,j-1(q) (3.10)

and
To1,j(p,q) = P"Th j(p, @) + P" [ p,gTu1,j-1(P, 9)- (3.11)

Proof. Note that when j =0, Z,11,0 = {0""'} for all n > 0. So by our definition,
Ty+1,0(g) = 1 for all n > 0 and, hence,

Toiro(p, ) = pU3 Vi1 0(a/p) = p("2) = P"Too(ps @) +[0]p,qT1,-1(p, )

as desired.

Now assume that j > 1. In this case, we will only prove (3.10) as (3.11) is a simple
consequence of (3.10). To prove (3.10), we observe that if r = ry---ry41 € Tug1,
then either 7,1 =0 or r,41 = j. Clearly, when r, 1 =0, 0(r1 - 1) =0(r1 -+ 1)
which implies that ¥',cq, ., ; . =0 ¢ = T, i(q). On the other hand, if 41 = j, let
Tht1,j,5,n+1 be the set of all ¥ = ry -+~ rpy1 € Tyq1,j such that rg = 1,1 = j. Clearly
if we remove 7, and r,,,| from such an r, we will get an element ' € 7, 1 j—1 for
which

0(r)=n—s+06("),

since all the elements in the interval (j, j), are less than j. It easily follows that

Z qe(r) — Z Z qe(r)

r€Ti 1, jy ne1=J s=1reTyiy j st

_ i g Z qe(r’)
s=1

Thus, (3.10) holds. |

Our next result shows that our D, 2(p, g)’s satisfy a p, g-analogue of (3.8). That
is,

Theorem 3.3. Foralln>1,

L(nt1)/2]

Dui12(p,q) = [0+ 1p Dua(p, )+ (=1 Y (=1)/Tsr(p,q). (3.12)
j=0

Proof. First, we establish (3.12) when n =1 and n = 2. Clearly D22(p, q) =

Di 2(p, q) =0 since D, » = Dy » = 0. The two elements of D; » in 2-standard order

are (1,2, 3) and (2, 1, 3). Therefore, it follows that D3 »(p, ) = p* + p*q¢ = p* 2.4
To prove (3.12) when n = 1, we must show that

1

D2(p, q) = [2]p,qD1,2(P; 4 Z )T, i(p, q)
J=
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=D,0(p,q) — T2.1(p, q)

(3.13)
However, 75 o = {00} and 75 | = {11} so that 1> o(p,q) = T>.1(p, q) = p@ =p.
Thus (3.13) holds. Likewise, to prove (3.12) when n = 2, we must show that
1
D3 2(p, q) = Blp.gD22(p, 9) + (=1)° Y (=1)T3 j(p, q)

j=0
=T3,1(p, 9) — T3,0(P, q) (3.14)
But, 73,0 = {000} and 73 ; = {110, 101,011}, so that T3,0(p, q) = () = p3 and
3
Ts1(p, q) = PO (14 (¢/p) +1) = 2p* + gp*. Thus (3.14) holds.

Now assume that n > 3 and (3.12) holds for all m < n. Using (3.11) and the fact
that 7,, —1(p, g) = 0 for all m > 1, it follows that for n > 3,

Lo ,
[+ 1p.gDu2(p, @)+ (1) Y (=1 T, i(p.q)
=0
= q[n]p,¢Dn,2(p, q) +p"Du2(p, q)

L(n+1)/2]

+ (=1 ;) P (=1 (T (P, @) + [nlp.gTu1.j-1(p, 4)

Ln+1)/2]
= q[n]p,qDn2(p, )+ p" | Du2(p,q) — (=1)"

Y (=1Tp. q))
j=0
| [(n+1)/2] )
+(D)" " g Y, (1Tt j-1(pyq) (3.15)

j=1
By induction, we can assume that

[(n+1)/2] .

Dua(p,q)—(=1)" Y., (=1)T(p,q) = [n]p.g¢Dn-12(p, q) (3.16)
j=0
Using (3.16) in (3.15), we see that

1L("+1)/2J )
4 1]p.gDn2(p, @)+ (=1)" Y (=1) Topr, (s q)
=0
= Q[”]p,an,z(Pa C]) +Pn[n]p,an71,2(P> C])
+(*1)n+1 n

[(n+1)/2] )
P'llpg Y., (=1)/T1j-1(p.q)
=

= q[n]p,4Dn,2(P, q)



14

K. Briggs and J. Remmel

- /2J
+p”[n]p,q(Dn_l,z(p,q)—(—l)”_l Z

1)/ T, i(p, 61)) - BT
Again by induction, we can assume that
Dy-12(p, q)— (—1)"_1 Z

]Tn 1, ](pv q) - [n_ 1]P»‘1D”—2-,2(p’ Q) (3 18)
Thus using (3.18) in (3.17), we find

i)
[n+l]p,an,z(p,qH(—l)”“ g

=q(n]p

]Tn+1 ](pa Q)
.qPn2(P: q) +p"[n]

nlp.qln—1]p.¢Dn—22(p, q)
= Dy+1,2(P, 9),

where for the last step we have used the fact that Theorem 2.2 holds
4. The General Case

Suppose that a; +2a + - - - + kay = n and set

An,ar,az....

Let By a0,

{(3.]? ): 1§l§k71§]§alal<a<l}
Anay,a..

a, denote the set of all permutations of the letters in the set
Then, foreachi > 2 and r = r;

€ fpn,al,az,_._ﬂk, we define
. . r -
Fin(r,i)=qs

= (i, j,a)forsome 1 < j<g;and 1 <a<i, and
If Fin(r, i)

- . @D
no letter of the form (i, j, —) occurs in rgyq -7y }
= {Sl < §2 < ve

< 54}, then set

Definition 4.1. Let 7T, 4, 4,

.o rsa[ .

() (1,1,1), (1,2, 1)

yooey (1, a1, 1) is a subsequence of r
(2) forall2 <i<r, fin(r i)

= (i, L, i)(i> 2, i)'

ax — |{Z;lyal«,a2«,-~-7dk|

4.2)
a denote the set of all v € By 4, as.....q, Such that
and set T, 4, .a,

o (lv ai, l)’

Lemma 4.2. For any natural numbers n and k

k
n
T, = | |Fact aij,j).
n,ap,az,...,dg (d172a27...,kak) j=2 ( J -]>
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Proof. To construct a word in T, 4, a,, .az» first note that we can select the ay, 2as,
..., kay positions of the letters of the form (1, —, —), (2, —, —),..., (k, —, —) in
( .2 az" & ak) ways. Then, by condition (1) in Definition 4.1, there is only one way

to place the letters (1, 1,1), (1,2, 1),..., (1, ai, 1) in the selected positions. More-
over, for each 2 < j <k, condition (2) in Definition 4.1 forces the letter (j, a;, j) to be
placed in the last position among those selected for letters of the form (j, —, —). Once
(j,aj, j) has been placed, there remain ja; — 1 positions to place (j, aj, j—1), ja;—
2 positions to place (j, aj, j—2),..., j(aj—1)+1 positions to place (j, a;, 1). Next,
among the remaining j(a;— 1) positions, (j, a;—1, j) must be placed in the last avail-
able position. Once (j, aj—1, j) has been placed, there remain j(a;— 1) — 1 positions
toplace (j,aj—1, j—1), j(a;— 1) —2 positions to place (j,a;j—1, j—2),..., j(aj—
2)+ 1 positions to place (j, a;— 1, 1). Continuing in this way, we find that there are a
total of (ja; —1)---(j(a; = 1)+1)(j(aj—=1)=1)---(j(a; =2)+1)(j(a; =2)—1)
- (j+1)(j—1)---1=Fact(aj, j) ways to place the letters of the form (j, —, —) in
the ja; selected positions, for each 2 < j < k. |

We are now in a position to define a statistic ® on words in the set 7 4, a5,..., 4
qeeey k‘

Definition 4.3. Let r € Ty, 4, ay,....a, and i > 2. Then for each 1 < j < a;, define ©; (r)
as follows:

(1) Consider the position s of (i, j, i) inr.

(2) LetT; j(r) be the word that arises from ry - - - ry by eliminating all letters (a, b, ¢)
such that a letter of the form (a, b, —) occurs in reyy - rp. (By our convention,
we note that each of the letters (i, j, 1),..., (i, j, i) must occur in T'; j(r) and the
last letter of T; j(r) is (i, j, i).)

(3) Foreach 1 <a<i—1,letc jq(Li;(r)) be the number of letters that follow
(i, j, a) inT; j(r) that are not of the form (i, j, b) with b > a.

(4) Set

i—1
©;j(r) =Y exijay (Tij(r)) -
a=1

k a;
We then define ©(r) = Z Z ®; j(r) and let

i=2j=1
Toaaya(@)= Y,  q°. (4.3)
r€Tn,ay,ay 0
Finally, we define
Tnaranar (P @) = PO Ty (a/p) = Y q®pB)00 (44

rerz;z‘ul,az,...‘uk

Given Definition 4.3, we now prove a g-analogue of Lemma 4.2.
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Theorem 4.4. For all natural numbers n and k,

Tn+1,a1,a2,...,ak (CI) = Tn,al—l,az,...,ak (q)

k
—i—Z[n]q[n—l] [”_l+2} n—i+l,ay,...,a;_y,a;— 1“i+17---7ak(q)'

i=2
4.5)

Proof. We first note that the contribution to Ty41,4;,a,,....q, (¢) of all words in Z,1 4,
az,..a; (q) whichend in (1, ay, 1) is T 4, -1,as,....4, ()

Next note that for each 2 <i <k, the term [n]4[n—1],--- [n—i+2]gX Th—is1,q,,...,
ai_1.ai—1,a+1,....a, (q) accounts for those words in 7, 41,4y, ay,...,q, Whichend in (i, a;, i).
To see this, let r € Ty i1 1,ay,....a;_y,ai—1,ai11,....ar- We Can constructany r € Ty 1,a;, a5,
..,a, from r with r, = (i, a;, i) by first placing (i, a;, i) at the end of r and then inserting
(i, a;, 1) at any of the n — i + 2 positions before (i, a;, i) labelled by O, 1,...,n—i+1
as follows:

071172y =g Py (0 s ).

For each 0 < j <n—i+1,if (i, a;, 1) is inserted in the j-th position, then ¢ (; 4, 1)
(Ti 4;(r)) =n—i+1— j which yields a factor of [n — i+ 2], when summed over all
J- Since (i, a;, 1) would contribute to ¢ (; 4, 2)(Li.4;(r)), it follows similarly that the
insertion of (i, a;, 2) yields a factor of [n — i+ 3],. Continuing in this way, we find
that the insertion of (i, a;, a) yields a factor of [n —i+ 1+ a], foreach 1 <a <i—1,
proving the claim. i

Corollary 4.5. For all natural numbers n and k,

Tn+l.a1,a2,...,ak(p7 Q) :pnTn ar—1,as,..., ak(p7 Q)

k
+ an[n]P,q J»(i—l) T’l*l”rl,a],---,ai—l,afflaaH-l,---,ak(pv q)'

i=2
4.6)
Proof. This corollary follows immediately from (4.4) and (4.5). Namely,

Tn+l.a1,a2,...,ak(p7 q)

n+1
:p( 2 )Tn+l,a1,a2,...,ak (Z)
(n-H) q k q
=p 2 T, ,ai—1,ay,...,a; (p) + Z[n]gl(i—l) TnfiJrl,a],....a;_],a,‘fl,a,'_,_l,...,ak (p)
i=2
:p”l (p(z)Tn,alfl.az,...,ak (Z)

k —2 1 n—i+1
+ Z H ( i ] (P( 2 )TnfiJrl,a],....a;_],aifl.a;_,_],....ak (Z))
=2 j=0
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We now give a p, g-analogue of (1.17).

Theorem 4.6. For all natural numbers n and k,
Dn+1,k(P’ Q) = [l’l + 1]p,an,k(pa Q)

DY (et N (P g).

ay,...ap>0
4.7

Proof. We will prove (4.7) by induction on k and then on n. First if k = 1, we note
that for any n > 1,

{Z;l+1,n+1,0,...,0 = {(17 1; 1)(13 27 1) (1a n+ 17 1)}5
0 that Ty 1,041,0....0(p, ) = pm™ 1214 = p("3"), Therefore, by (1.11)

Dui1,1(p. @) = [n+1]p.gDu (P, @) + (= 1)" ' Tt ni1,0....0(p, @)

Next, assume that (4.7) holds for some k— 1 > 1 and all n € N. We will show that
(4.7) holds for k by induction on n. We proceed by establishing k base cases. That
is, we will show that (4.7) holds for each 1 < n < k. Since D, (p, g) = 0 for all
1 <n < kand Diy1 k(p, ) = p*[K] .4, it suffices to prove that when 1 < n < k,

Z (71)a2+2a3+"'+(k7l)aan+1,a17.-.,ak (P, q) =0, (4.8)

ap,..., ak20
aj+2ay+--+kap=n+1

and forn =k,

Z (—1)a2+2a3+m+(k71)akTk+1,a1,...,ak (p,g) = (‘Ukﬂpk[k]p:qL
A1 yeees a,>0
a1+2a21+~-~41(k>ak:k+1
4.9)
To prove (4.8) for 1 < n < k, we first apply the recursion in Corollary 4.5 to

Thi1,ay,...,a, tO get

k i .
y (~DE=U"VT 0w (PLg)
ap,...,ap=0
ay+2ax+--~+kag=n+1
o Xk, (—1)e;
=p Z (—1) =2 !
ap,...,ap=0

ay+2ax+-+kag=n+1

k
(Tn7ll117tl27~-7ak (p7 61) + Z[n]lhq l(ifl) T’l*i+1-,1117~~-7ai*1-,~--111k (p7 q))
i=2
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k . .
:pn Z (_1)):'i:2(j l)a'/Tn,al—l,az,...,ak (P, 6])

ay>l,ay,..., ak20
aj+2ax+--+kag=n+1

¢ (j—1a;
X glen L CDET L e a(pe)
=2 a,-Zl,aj20 for j#i
aj+2ay+--+kag=n+1
n h o, (i=1)a; . i-1
=p Z (_1) =2 '/Tn,al,...,ak(pa @"‘Z[”]p,ql(ifl) (_1) X
ap,...ap>0 =2
a+2ay+---+kag=n
K (i as
Z (—1)2_,':2(] l)aJTn—i+1,a1,...,ak (pv C]) . (4.10)

ap,... a>0
ay+2ay+--+kag=n—i+1

Since n < k, it must be the case that a; = 0 in both summations on the right hand side
of (4.10). Furthermore, it follows by Definition 4.1 and (4.4) that

Tn,al,...,ak_],O(pa CI) = Tn,al,...,ak_l (P, CI) 4.11)

for all natural numbers n and k. As such, the right hand side of (4.10) can be rewritten
as

k

k=17 1y, . .
" y (—DE=2U0GT e (@) + Y (1) g L) X
ay,...a_120 =2
ay+-+(k=1ag_1=n
k=17 1y, .
y (052U (0ha) | (4.12)

al....,ak_]ZO
ay+-+(k—1)ag_1=n—i+1

which by induction equals
k -
p”((—l)”(Dn,kl(pv q) = [1]p.gDn-1.k-1(p, ) + Y, (= 1) nlp.g Li-1) x
i=2

(1) (Dn—i+1,k—l(p7 q)—[n—i+ 1], Dpii-1(p, t]))) . (4.13)

Since 1 < n < k, Theorem 2.2 implies that D, x—i(p,q) = Dy—11-1(p,q) =
Dy_iv14-1(p,q) =Dy—ik—1(p,q) =0 for each i = 2,..., k. Therefore, the expres-
sion in (4.13) equals 0, proving (4.8).
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Next, to prove (4.9), we note that
Z (_1)a2+2a3+“‘+(k71)aka+1,al,...,ak(p; C])

ap,....ap=0
ay+-+kap=k+1

= (—1)(k71)Tk+1,1,0,...,0,1(17, q)

+ Z (_1)a2+203+-“+(k*2)11k71Tk+17a1’m7ak71’0(p7 C])7 (414)

ay,...ap_1>0,a=0
ay+-+(k—1)ag_1=k+1

which by (4.11) equals
(D Vi 10.01(,q)

+ Z (71)a2+2a3+'“+<k72)ak71Tk+l,al,...,ak,1 ([7, Q)- (4.15)

ALy 20
ay+-+(k—1)ay_1=k+1

Clearly, Aii1.10,..01={(1,1,1), (k, 1,1), (k,1,2),..., (k, 1,k)}. So, for any r €
Ti41,1,0,...,0,1, either ripp = (1,1, 1) and rg = (k, 1, k) or rir = (k, 1, k). In either
case, we can build up a word by first placing the letter (k, 1, 1), then placing the letter
(k, 1, 2), etc. Note that for any j, the placement of letters (k, 1, j+1),..., (k, 1, k—
1) does not effect the statistic ¢~ 1, j)) (Ty, ;(r)) so that we can easily compute the
contribution to the placement of a letter (k, 1, j) to Ti11,1,0,...,0,1(¢). In the case where
rie1 = (1, 1,1) and r, = (k, 1, k), we have only one choice where to put (k, 1, 1)
which contributes a factor of 1 = [1], to Tjt1,1,0...0,1(¢). Having placed (k, 1, 1),
we then have 2 choices where to place (k, 1,2) and it can easily be seen that the
placement of (k, 1,2) contributes a factor of 1+ ¢ = 2], to Ti41.1,0,...0,1(¢). In
general, having placed (k, 1, 1),..., (k, 1, j— 1), we then have j choices where to
place (k, 1, j) and it can easily be seen that the placement of (k, 1, j) contributes a
factor of [ ], to Tit1.1,0,....0,1(¢). It follows that the contribution of all words r where
rer1 = (1,1,1) and rp = (k, 1, k) is [k— 1],!. Now if riy = (k, 1, k), then we can
start with the word (1, 1, 1) (k, 1, k) and then build up a word by first placing the letter
(k, 1, 1), then placing the letter (k, 1, 2), etc. In this case, we have two choices where
to put (k, 1, 1) which contributes a factor of 1+ ¢ = [2], to Tit1,1,0,....0,1(¢). Having
placed (k, 1, 1), we then have 3 choices where to place (k, 1,2) and it can easily
be seen that the placement of (k, 1,2) contributes a factor of 1+ ¢+ ¢> = [3], to
Ti+1,1,0.....0,1(q). In general, having placed (k, 1, 1),..., (k, 1, j— 1), we then have
J+ 1 choices where to place (k, 1, j) and it can easily be seen that the placement
of (k, 1, j) contributes a factor of [j+ 1], to Tit1,1.0,...0,1(¢). It follows that the
contribution of all words r where ri1 = (k, 1,k) is [kly!. Thus Tiy1.1.0,...0,1(¢) =
[k—1]4!+ [k]4! and so

(D)% V10 01(p,q) = (D! (PZkfl[k— 1p.q4! +Pk[k]p,q!) . (4.16)
Next, by induction (on k) and Theorem 2.2, it follows that
(71)k+1 Z (71)a2+2a3+m+(k72)ak71Tk+l,al,...,ak,1 ([7, q)

ay+-+(k—1)ay_1=k+1
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= Di1.k-1(P> q) — [k+ 1] ¢Di k-1(P, q)
= gk p.qDr.k-1(p, ) + P Kl p.g L1 D1k—1(p, q) — [k + 1 p,¢Dik-1(p, 9)
= (qlklp,g — [k + 11 p.q) Dk—1(ps @) + Pkl p.g L1 D1 k1 (P q)

= —p* N k—1],,. 4.17)

Combining (4.15) and (4.17) proves (4.9).

Now assume that n > k+ 1 and (4.7) holds for all m < n. Using (4.6), the right
hand side of (4.7) can be written as

4[] p.qDn.i (P, 4) + P"Dui(p, @) + (—1)""" Y (=1t 2asttlkelac

ay,...,ap=0
aj+2ax+--+kay=n+1

k
(pnTn,all,az,....ak (P7 Q) + an[n]p,q l(i—l) TnfiJrl,a],...,a,-fl,---yak (p7 q))
i=2

=q[n]p,¢Dnx(P, q)

k . .
+P" Dn,k(p7 Q)_(_l)n Z (_I)ijz(f l)a'/Tn,alfl.az,...,ak(pyq)

ay=>1,ay,...,ap >0
ay+2ax+--+kag=n+1

k
—(=1)" Y P"[nlp.g L)
=2
k(o as
Z (—1)Zj:2(J D jTn—i+1,a1,...,a,'—l,...,ak(pv q)

aj20 for j#i,a;>1
ay+2ax+--+kag=n+1

=q[nlp,¢Dni(p. q)+p" (Dn,k(p, q)

k(- Da:
—(=1)" ) (—=D)E=0AT, oo (P, q))

apy,.., a;=>0
aj+2ax+---+kag=n

k .
—(=1)" Zi(—l)lflpn[”]p,ql(m)
k i—1a:
Y BRI a(ph ) (4.18)
apye., a=>0

ay+-+kag=n+1-i
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By induction, we can assume that

n K (i—1)a;
Dyi(p,q)—(—1) Y o (—pElhar o (pq) = [1]p.gDa1k(ps @)

ap s a=0
ay+2ay+--+kap=n
(4.19)

Therefore, using (4.19) in (4.18) yields

Kk (i—1a:
4 1]p,gDoi(py @)+ (— 1) Yy (~)E=UDNT o a(pea)

al....takz()
ay+2ax+---+kap=n+1

= q[n]p,qDn.k(P; ) + P"[n]p,¢Dn—1.(P; q)
—(=1)" Z(*l)i’lp”[n]p,q Li-n)

K i Das
Z (_I)ZjZZ(J 1) JTn7i+l.,ll1.,....,llk(p7 q)

Ay ap=0
ay+-+kag=n+1-i

= Q[n]p,an,k(pa Q) +pn[n]P,q (Dnl,k(pa Q)

ISNTIRIE
_(_1)1171 Z (_l)zjzz(J Daj nfl,al.,....,ak(p> q))

ap s a=0
ay+-+kag=n—1

—(=1)" Z(_l)iilpn[n]p,q i(ifl)

Z (71)Zl;:z(jil)aanfiH,al,...,ak(P, q), (4.20)

al....takz()
ay+-+kap=n+1-i

which again, by induction, equals

q[nlp,gDnk(p: q) + p"[1lp,g[n — 1] p gDu—2,k(P; q)

k . k i—1a;
— )Y DT g by Y (CDERYTVT (P g).

=3 alA,A“.akz()
ay+-+kag=n+1-i

Continuing in this way, we find that & total uses of induction (on n) yields

K (G Das
[n+1]p,an,k(p> Q)-f'(—l)n“ Z (_1)):]':2(1 b an+l,a1,...7ak(p> q)

ap s ap=0
ay+2ax+---+kap=n+1

= q[np,qDn.k (P, @) + P" 1] p.q Lk Du-ik.k (P, q)
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DnJrl,k(pa q)’

proving the theorem.

To demonstrate the recursion given in Theorem 4.6, we now return to our ex-
ample from Section 2. Namely, we will compute Ds »(p, ¢) given that D4 2(p, q)

qp* Blp.al2]p.q:

(_1)a2T5.a1,a2 (pa q)

)y

ay,ap>0
ayj+2ay

[S}p,qDét,Z(pa C]) + <_1)5

Ds»(p, q)

=5

= 1505.42P° 31p.q[2)p.a — (T5.5,0(P, @) — T5,3,1(P. @) + T5,1,2(p. q)) -

4.21)

{(1L 1L, 11,2, 1)(1,3, 1)(1,4,1)(1,5,1)}, so

plo. Next, we see that 75 3 | consists of the words labelled

One can easily check that Ts 5 ¢

2 =

(
p
in the following table by their p, g-weight.

that 75 5 o(p, q)

(2,1, DA, 1L, D[, 2, 11,3 1)2,1,2)

P7C]3:

P’ +2p8¢% +3p°q +4p'°. Finally, 75, 1,2 consists of the

words labelled in the following table by their p, g-weight.

That is, T53,1(p, q)

(2,2,1)(2,1,H(1,1,1)(2,1,2)(2,2,2)

p6q4:




A p, g-Analogue of the Generalized Derangement Numbers 23

That is, T5.1.2(p, q) = p®q* +3p"¢* + 4p8q*> +4p°q + 3p'°. Plugging these values
into the right hand side of (4.21) gives

Ds»(p,q) = [5]p7q‘1P2 3]p.q12lp.a — (pm - (p7q3 +2p°¢ +3p%q+ 4]’10)
+ 0% +3p"¢ +4p* > +4p°q +3p"0)
24 3p3 4 5p g+ 6p° G+ 5p5gt 43P+ P
=P’ [4]p.q!- (4.22)

One can easily use Theorem 2.2 to verify that in fact Ds »(p, q) = p*q*[4],.4!-

5. Conclusions and Perspectives

In the previous sections, we proved that our generalized p, g-derangement numbers,
Dy, k(p, q), defined in (2.1), satisfy the following p, g-analogues of (1.12) and (1.17):

Dyi1,1(py @) = a0 p.gDu (5 @) + "] p.g Lk Dn—rk(P5 9),

where Dy, «(p, q) =0 for 1 <n <k, and

Dy i1,1(p, q) = [n+1]p.¢Dnk (P, q)

+ (_1)n+1 Z (_1)a2+2a3+m+(k7l)aanH,al,..,ak(pa C])-

ap s ap=0
ay+2ay+--+kag=n+1

While our definition of D, x(p,q) was motivated by Garsia and Remmel’s
g-enumeration of derangements in S, by the inversion statistic, we also note that
g-derangements have also been defined in literature (see [3,7]) using the major in-
dex statistic. In particular, Wachs defined a g-analogue of the derangements 9, | in
the symmetric group S, by g-enumerating the derangements according to their major
index. That is, Wachs defined

Duilg):= Y, ",

ce Q)n‘ 1

where for any permutation 6 = 61-+-0, € Sy, maj(6) = Y. g,;>c,,, I» and proved
combinatorially that

Ty (5.1)

which is a natural g-analogue of the classical formula D, | = n! Y{_,(—1)¥/k!. Tt is
not difficult to see that the D, (g) also satisfy the following recursion:

Dus1,1(q) = [n+1]gDa (@) + (—1)1g("2), (5.2)
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with initial conditions Dy 1(¢) = 1 and D, 1(gq) = q. Comparing (5.2) with (1.8),
we see that Dy, 1(p) = Dy 1(p, 1). Moreover, it is easy to see that D, 1(p, q) =

q(g)Dn’ 1(p/q, 1), so that

Dui(pyq) =4¥D,1(p/g, 1)

=q®)DB, 1 (p/q)

=40 Y (p/q)"

GE@,,_’]

_ Z (p)muj(O')qcomaj(O')7

GE@n‘ 1

where for any permutation 6 = 61 -+ 6, € Sy, comaj(6) = ¥;. 5,<,,, i- Thus, we
have two different combinatorial interpretations for D,, 1 (p, ¢) in this case.

It is natural to ask whether D, x(q) := Yem, L ¢"4(°) is also a specialization of
D,..x(p, q). However, this is not the case. To see this, note there are six permutations
in Dy 5. The table below gives the statistics maj(c), inv(c), and coinv () for which
it is easy to see that no specialization of D4 »(p, ¢) will yield D4 2(q).

G in cyclic notation | o in one line notation | maj(c) | inv(c) | coinv(c)
(1,2.3.4) 2341 3 0 6
(1,3,2,4) 3421 5 1 5
2,1,3,4) 3142 4 1 5
(2,3,1,4) 4312 3 2 4
3,1,2,4) 2413 2 2 4
3,2,1,4) 4123 1 3 3

We note that Chow [3] later extended Wachs’ result by defining a g-analogue
of the derangements d? in the hyperoctahedral group B, by g-enumerating the de-
rangements according to their flag-major index (see [1, 2] for definition). That is, he
defined

di(q)="Y, ¢,

ccDB

where D8 = {6 € B,,: (i) # i for all i € [n]}, and proved the following analogue of
(5.1):

(=120

dy(q) = [2],1[4],1---[271],12 (5.3)

There are many natural questions that arise from these developments, which we
will pursue in subsequent work. In particular,

(1) How does Chow’s model extend to C,,, 2 S,,?
(2) Can we extend our model of generalized derangements to B,,?

(3) Can we extend our model of generalized derangements to Cy,,1.S,,?
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