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Abstract
An Algorithm for Exploring Crystallographic Configuration Space
by
David James Mrdjenovich
Doctor of Philosophy in Engineering - Materials Science and Engineering
University of California, Berkeley

Professor Kristin Persson, Chair

Structure-property relationships comprise the foundation of the field of Materials Science.
When characterizing the structure of a crystalline solid, traditional approaches have focused
on using three generating vectors to define a lattice. These vectors, when combined with
offsets defining normalized positions of atoms within each identical unit cell, form the com-
plete specification of a crystal. This intuitive definition forms the current standard for the
field of materials science. However, this choice of definition is highly-redundant and obscures
relationships between different crystal structures. For instance, there exists an infinite num-
ber unit cells and atomic offsets that can define the same crystal structure. Further, it is
computationally and mathematically difficult to determine the perturbations necessary to
transform one crystal structure into another.

Here, outlined in this thesis, I propose a new scheme for specifying crystal structure based off
the complementary ideas of a lattice-normal-form and a basis-normal-form. Together, these
provide a unique fingerprint for each crystal structure that is a function only of physical
geometry. Further, I develop a traversal algorithm that connects together every possible
crystal structure via a series of neighbors, each of which represents a small perturbation to
the original crystal geometry: either via a small strain or a small phonon mode amplitude.

Building on this framework, I outline a new algorithm for exploring crystallographic phase
space to find saddle points, and I re-derive known low-energy transformation pathways in
the Zirconium crystal system. Together, this study and this framework show the power of
a crystallographic map: a means to systematically explore crystallographic phase space. In
this application we use the map to find saddle points; however, it is my hope that this new
tool will lead to the elucidation and prediction of many more crystal phenomena.
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Chapter 1

Introduction

A General Perspective

Mankind’s ability to manipulate materials has defined fundamental engineering and societal
limitations throughout the most recent geological period. In fact, historians often denote
distinct windows of human development by the materials that were used at the time: stone
age, bronze age, iron age, atomic age, and silicon age respectively[1][2]. As science and in-
dustry have advanced, improved understanding of the connection between atomic structure
and materials properties has spurred the invention of countless technologies that enable our
modern lifestyle of relative abundance. And meeting the challenges of tomorrow will un-
doubtedly require even more materials innovation.

A canonical example of materials-based invention is the development of the incandescent
lightbulb. Many decades of painstaking work were required before a commercial product
was realized, the main bottleneck being the filament [3]. This tiny wire, glowing due to
resistive heating, would vaporize from the heat, preventing the bulb from working for any
reasonable length of time. To solve the issue, painstaking trial and error was required, until,
eventually, it was discovered that Tungsten could best resist the high temperatures. This
vignette serves as a metaphor for the historical approach to materials engineering: long
periods of expensive experimentation. While many solutions have been found to a large
number of engineering problems, many others remain unanswered, waiting on the discovery
of a more-performant or less-costly material.

To streamline and improve this process, we need a way to predict materials properties with-
out needing to physically test possibly many thousands of candidate materials. And, with
the advent of modern supercomputing resources, it has been possible to use quantum me-
chanics to predict an ever-increasing number of materials properties, just from knowing the
atomic composition and geometry of the material. By simulating properties on a computer,
one may test millions of materials in a short period of time and then recommend a handful
candidates for confirmational laboratory testing. This not only accelerates materials inno-
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vation but also saves material resources [4].

While promising, this approach of using computational simulations to predict materials
properties is itself limited. The input to the simulation is often a perfect, periodic crystal
and the output is a corresponding energy. Real materials always contain defects, which alter
the energy and properties. Engineering applications often involve the interaction between
different materials, such as at an interface. Further, the precision and accuracy of the energy
may be lower than expected due to the physical approximations used in the calculation. An
increasing number of these complications can be addressed, but even so, there remain chal-
lenges in the interpretation of the results.

Fundamentally, simulations give the energy as a function of crystal geometry, and materials
properties need to be inferred from this variation, termed here the “energy landscape”. It is
well known, based on the principal of thermodynamic energy minimization, that local min-
ima in this landscape are the only possible observable crystal structures for a fixed collection
of atoms [5]. By measuring the local curvature of this minima, the change in energy as the
material is deformed, it is possible to gauge materials strength, thermal expansion, and more.

However, there remain many other non-local properties that can be inferred from the land-
scape, and, of particular importance, are allotropic phase transformations and finite-temperature
properties. In order to study these, one must understand the full variation of energy as a
function of crystal geometry to know the location of saddle points in the landscape or the
overall shape and dimensions of the local minimum energy well. While this is potentially
calculable using today’s techniques, it is an effort ultimately stymied by the complexities

of crystal geometry. As such, this thesis will address these complexities, providing a “crys-
tallographic map”, an algorithm to systematically and completely explore the geometric
configuration space of all crystal structures in a deterministic, discretized, and straightfor-
ward fashion.

In the subfield of computational materials science I hope this algorithm may assist in various
distinct areas:

1. Increasing the community’s understanding of the underlying geometry and mathemat-
ics of crystallography.

2. The coding of crystallographic search algorithms: e.g. what are all the different ways
that a crystal can distort to transform from one structure to another? Possibly sorted-
by a certain value metric or subject to certain constraints.

3. The unambiguous geometric numeric representation of a crystal structure for purposes
of materials structure databases and possible machine learning applications.



CHAPTER 1. INTRODUCTION 3

4. The construction of accurate, interpolatable energetic landscape databases as a func-
tion of geometry.

5. The discovery of candidate activation energy barriers separating different crystal struc-
tures.

6. Insight into finite temperature properties based on a Monte-Carlo sampling of this
energetic landscape.

Relationship to the Field

Exploring atomic mechanisms of allotropic phase changes, including ferroelectric and piezo-
electric transformations, has long been an important avenue for designing precision elec-
tronics and assessing materials stability. While it is possible to simulate any crystalline
configuration of atoms, there is no guarantee that such a configuration is physically realiz-
able in a laboratory. This serves as a fundamental limitation for translating computational
results into real-world outcomes.

However, a great step forward would be finding some way to pre-identify which materi-
als certainly cannot be made. If two phases of different energies are separated by a small
or zero activation energy barrier then it can be thermodynamically guaranteed that the
higher-energy phase will transform into the lower-energy phase; thus, the higher-energy
phase cannot exist. These activation energy barriers appear as distant saddle points in the
energy landscape, hence, the importance of exploring the larger landscape more completely.

In the past, various approaches have been employed by the materials science community
to find saddle points within the larger phase space. These include the minimal-atomic-
motion ansatz [6], symmetry group-subgroup relationships [7], and the generalized solid-state
nudged-elastic-band algorithm [8]. However these all have a common limitation: they explore
a small line or narrow family of one-dimensional lines through this crystallographic phase
space. Ultimately, there is no guarantee that any of the techniques will explore the region of
phase space that contains the actual lowest activation energy barrier. Hence, a technique that
surveys the entire landscape is a significant improvement relative to past approaches as it
is conceptually guaranteed to identify the minimum-energy saddle point between two phases.

In general, much work has been done calculating various strain and phonon pathways con-
necting two crystal structures. There exist, for example, techniques calculating strains [9]
connecting two lattices or total atomic displacements connecting two crystallographic mo-
tifs. However, this once again only captures a small region of the total crystallographic phase
space, generally a one or two dimensional cross section. With a full parameterization of the
lattice and crystal motif degrees of freedom, one can explore any combination of phonon
modes and micro-strains in any order, building them up incrementally to connect any two
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crystal structures. This provides for a much richer picture and potential understanding of
the atomic mechanism underlying allotropic phase changes.

As computational materials science has burgeoned, so have databases of materials properties,
storing crystal structures and their associated properties. However, the unique representa-
tion of a crystal structure is itself a challenging problem due to arbitrary orientation and
origin, arbitrary choice of unit cell geometry, arbitrary choice of periodicity, arbitrary or-
dering of identical atoms, and floating point round-off errors. The approach outlined in this
thesis, will be useful for solving all of these ambiguities with the added bonus of a numeri-
cally stable discretization that connects all crystals via a series of small strains and phonon
mode amplitudes. Ultimately this thesis defines the vector space of all crystal structures and
defines an asymmetric unit within this space, a region sufficient to parameterize all crystal
structures with a given chemical formula unit. I anticipate this may prove useful for machine
learning and energy prediction in the future as well.

Zirconium Crystal System

Transformation pathways between various transition metal phases have been well-studied in
the literature, principally due to the fact that an analysis of the high symmetry and simple
crystal motif reveals many straightforward strains and atomic displacements. Zirconium is
no exception to this trend. As such, many canonical transformation pathways can be con-
structed to study the relative phase stability of each phase.

In this thesis, Zr will serve as an example system, for assessing relative phase stability with
a new approach of exhaustively and methodically searching crystallographic phase space. To
perform validation later on in this thesis, canonical transformation pathways will be illus-
trated and enumerated below as a reference. We begin with an overview of the phases, unit
cells, and coordinate systems to be used then enumerate pathways, progressing from simple
to complex.

The crystal structures can be represented by three lattice generators arranged as carte-
sian column vectors, first in the canonical Bravais lattice setting and then in the primitive
unit cell defined by 3 Voronoi vectors. They are related via multiplication of a sublattice
generating matrix alongside a unimodular matrix. The relaxed volume of the unit cell is
given for Zr. The crystallographic motifs are listed below first for the Bravais setting then
for the primitive setting where applicable.
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The known low-energy transformation pathways connecting BCC to the other phases, when
represented in cartesian coordinates as a strain followed by rotation, involve two distinct
types of strains: tetragonal and trigonal strains. The tetragonal (4) strain involves principal
strains oriented along the z, y, and z axes (all 4-fold symmetry axes), one of which is an
elongation and two of which are an equal contraction. The trigonal (3) strain involves princi-
pal strains oriented along the < 1,1,1 > axis (a 3-fold symmetry axis) and two of which are
an equal contraction in the orthogonal plane. A general form of these matrices is presented
below with the corresponding matrix diagonalization to showcase the principal axes.

-1

B, 0 0 100\ /B, 0 0\ /100
a=(0 B, 0l=(o10]l0 B 0]l0 10
0 0 o 001/ \0 0 as/ \O0 01
a3 +2B; as—fBs s — B 11 1 as 0 0\ /1 1 1\°"
3= az—0 az+28 az—F | =1 -1 1 0 B3 0 1 -1 1
s az— P az—f3 az+20; 1 0 =2 0 0 pBs 1 0 =2

For these general strains e¢; and €3, the parameters, a4, 84, a3, and B3 can be tuned to
yield pure-strain transformation pathways between specific BCC and FCC crystal structures.

Starting with the tetragonal strain, we note that the canonical BCC crystal structure is
already in a body-centered tetragonal setting, and the FCC crystal structure can be put into
a body-centered tetragonal setting via multiplication below, first a 45° rotation clockwise
about the 2 axis acting on the primitive unit cell multiplied by a sub-lattice generating ma-
trix and an accompanying unimodular matrix:

a 10 0 1110 a 1 1 -1 1 00 0 —1 1
Cfo1 0 ]=—[-110]xEE[-11 0]|0o10]|1 0 1
V2 \o0 va) V2Z\o 01 o0 1/\0o02/\0 0 1

In this setting, then, the tetragonal strain is computed as follows:

4 10 0 a 10 0

(1+e)apcel = 25500 1 0 G=—"% (o1 0| -1

\/§ 0 0 \/§ CLBCC\/§ 0 0 \/§
Thus,

By arcc 1 = arcc 1
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Then for the trigonal strain, we put both the BCC and FCC crystal structures in an obverse
rhombohedral setting. This can be accomplished by multiplying the primitive unit cells by
the following matrices:

. 2 0 1 . -1 1 1 322\ /-1 0 -1
3200 —2 2 1= 32(;0 1 -1 1 010 1 -1 1
0 -2 1 1 1 -1/ \0oo01 0 1 1
. 1 0 2 . 1 1 =1\ /1 0 0\ /1 —1 1
F;C—112=F;C—110 03 0|0 0 1
0 —1 2 0 0 1 001/ \0o —1 2
In these settings, then, the trigonal strain is computed as follows:
. 2 0 1 . 1 0 2 . 1 1/2 1/2
(14e)2C -2 2 1| = F;C -1 1 2 e=—|1/2 1 1/2|-1
0 -2 1 0 —1 2 “BeC \1/2 1/2 1
Thus,
arcc 1 QCLFCC 1
By = -2 asz = -3
6apcco 3 3apcc 3

Note that for the obverse rhombohedral setting, both BCC and FCC crystal structures have
the following basis:

Bacc.rhom = Broo.rhom = {0, < 1/3,2/3,1/3 >, < 2/3,1/3,2/3 >}

Finally, the BCC phase can transform into the HCP phase, via a combined strain 4+ phonon
path involving a quasi-tetragonal strain along = and a transverse phonon mode with wave
vector /;, with coordinates shown in the reciprocal primitive lattice of BCC, cartesian coor-
dinates, and the modified BCC lattice setting:

-, -,

Fliyee =< 1/2,0,0>  kox<0,1,1> [k, x<0,0,1>

Here, the transformation A is broken down into a rotation matrix times a stretch matrix.
Modified BCC lattice and basis settings are shown to demonstrate strain connection. Finally
the strain is diagonalized to gain insight into its essential action.

—0.500 0.612 —0.612 0.905 0 0
A= 0866 0.354 —0.354 | x 0 1.07  —0.041
0 —-0.707 —-0.707 0 —0.041 1.07
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P -1 1 1 2 00 0 0 -1 P -1 2 0
1 010
0 01
3.1
0
0

Locol = =5 ~1 1 -1 = 1 0 —2

bee =10,<0,1/2,1/2 >} Bpep = {0,<2/3,1/3,1/2 >}

-1

0 0 1\ /003 0 0 0 0 1
e=[v2/2 Vv2/2 0 0 011 0 V2/2  V2/2 0
V2/2 —v/2/2 0 0 0 -010/ \V2/2 —v/2/2 0

Choosing the perpendicular direction v =< 0,1, —1 > for the polarization of the phonon
mode, the bases can be transformed into one another: [ty =< 2,1,0 >. When scaled by
1/6 and subtracted from basis vector < 0,1/2,1/2 >, the HCP basis results.

The transformation from FCC to HCP can also be modeled here as a combination of two
pathways. First performing the tetragonal BCC to FCC transformation in reverse and then
performing the BCC to HCP transformation. Note that this hypothetical pathway is not
mentioned in the literature, particularly since the FCC phase is not observed; however, it
will be shown later in Study 2 that this pathway has a minimum activation energy barrier.

In all of these cases, the strain matrix and phonon mode amplitudes can be scaled by a
factor A € [0, 1] to linearly interpolate the transformation pathway. By sampling the energy
for different values of )\, it is possible to derive the activation energy barrier for the path
along the corresponding degrees of freedom. Because relative coordinate displacements com-
mute with the action of strains, all intermediate values of partial strain and partial phonon
mode action are well-defined.

Experimentally, the HCP phase of Zirconium is observed at standard temperature and pres-
sure. Upon heating to 1135K at standard pressure, Zirconium undergoes a phase transfor-
mation to BCC. The FCC phase is not observed as a stable structure under a wide variety
of pressure and temperature differences. [10].



Chapter 2

Methods

Mathematical Background
Group and Representation Theories

In this section we briefly review the salient mathematical results pertinent to the techniques
used in this thesis. For a full treatment, please refer to [11].

We begin with the definition of a group. A group G is a set of elements with an associative
bijection o : G X G — G. G must contain an identity element e : eog=goe =g Vg € G.
For every element g € G there must exist a corresponding inverse element, denoted ¢!, such
that: gog ! =g log=c.

A group may be abelian, meaning that its products are commutative: giogs = ga0g1 Vg1, go €

G.

Given two groups, G; and Gs, a direct-product group can be derived: G := G; x Gy with
associated natural bijection: o : (a1, as) o (by,b2) = (a3 0 by, as 0 by).

The elements in G each have a corresponding order. For element g, its order corresponds
to the minimum number of times it must be multiplied by itself until the identity element

e is reached. This can be written as ¢" = e, n = |g|, for some minimal value of n. For
a direct-product group, the order of element (g1,¢2) is equal to lem(|gi|,|g2|), where lem
stands for least-common-multiple. If e is never reached |g| := oo.

A group G can have a subgroup H, meaning that H is a subset of G, and o, G’s mapping
function, maps all elements in H onto other elements in H, o : HHxH — H. When this occurs,
cosets can be defined as either H, := {hog|h € H}, g € G or H := {goh|h € H},g € G. The
distinct cosets of H naturally form a partition on G’s elements with equally-sized equivalence
classes. In this case equivalence corresponds to coset membership: a ~ b — a,b € H, for
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some g € G.

A subgroup H of G can be termed normal if Vg € G,h € H,gohogt =K : h' € H.
This is often denoted as H <O G. The cosets of a normal subgroup themselves form a group,
known as a factor group, here denoted as G/H. The products of this factor group can be
calculated as follows: H, o Hy, = H o4, If a subgroup H < G, contains exactly half of G’s
elements, then H is automatically a normal subgroup, and H’s cosets automatically form a
factor group. If G is abelian, H is automatically normal.

Two groups G; and Gy can be connected via a homomorphism f : G; — Go, f(x oy) =
f(z) o f(y). Thus, the homomorphism, in some sense, preserves the multiplication action of
the groups. In general, one may examine the image of f: imgf := {f(¢g)|g € G1}, which is a
subgroup of G,. One may also examine the kernel of f: kerf := {g € G;|f(9) = e}, which
is a normal subgroup of G;. When the image of f equals Gs then f is surjective. When the
kernel of f is trivial, then f is injective. When f is bijective it is called an isomorphism, and
when G; = Gg, an isomorphism is called an automorphism.

A group G may “act” on an arbitrary set {2 through a defined group action f: G xQ — Q:
flg10g9,w) = f(g1, f(g2,w)) Yw € Q, 91,92 € G. In this sense, the objects of Q2 get inter-
changed by elements of G in a manner that is reflective of the underlying group structure of
G. In general, one may examine the orbit of an element w € 2, defined as {f(g,w)|g € G}.
This corresponds to all elements of {2 to which f maps w. This orbit establishes an equiva-
lence relationship and natural equivalence classes on () corresponding to orbit membership.
One may also examine the stabilizer of an element w € €, defined as {g € G|f(g,w) = w}.
The stabilizer of an element forms a subgroup of G. A coset 4stab(w) corresponds to all
elements g € G : g(w) = g(w).

Given a group G and a vector space V, a representation can be defined as a homomor-
phism G — A(V), where A is a group of linear (matrix) operators defined on V. For each
g € G, we define A, to be the corresponding operator in A(V) In general, one may always
define an appropriate inner product on V so that the corresponding matrix representation of
the linear operators is unitary. Alternatively, for a given inner product, the matrices of the
representation can all be conjugated by a particular matrix B, effectively choosing a unitary
representation.

One may view the collective action of the matrix group as dividing the vector space V
into a collection of invariant subspaces. In general, a representation is termed reducible if
there exists a non-zero subspace V < V such that V& € V, AU € V Vg € G. The action
of any representation can be analyzed on increasingly small subspaces of V until no such
non-zero invariant subspace can be found. These minimal subspaces and the action of the
matrices on these spaces are termed irreducible representations.
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Irreducible representations have a number of useful properties. Of premier importance in this
thesis is the orthogonality relationship among irreducible representation matrix elements (i,
j) of non-equivalent irreducible representations (« and ). This can be summarized as follows:

< (AD);, (AD)y > = Z (AL (AP = 6101164, (2.1)

g
ge(G

It can be shown that for abelian groups, the resulting irreducible representations are one-
dimensional. In this case, matrices reduce down to trivial scaling action on these one-
dimensional subspaces. This will be used several times in the following derivation of the
Voronoi representation of lattices.

Lattice Theory

The backbone of this thesis, the numerical representation of the space of 3D lattices, rests
on the original work of Conway and Sloane [12]. While an infinite number of generating sets
exist for a lattice, each lattice can be represented uniquely by a Wigner-Seitz unit cell and,
as will be shown, an obtuse superbasis. This construction is an essential component to any
3D lattice’s unambiguous representation. I believe that it is of great pedagogical value to
outline the main findings of this work alongside my own extensions in one cogent presen-
tation below. As such, I will distinguish provided theorems and proofs from Conway and
Sloane with an explicit citation and leave my own theorems and proofs without any markings.

We begin with the definition of a Wigner-Seitz cell of a lattice. The Wigner-Seitz cell
V(1) of a given lattice point [ in lattice L is defined as the set of points in R" that are closer
to or equally-close to [ as compared to all other lattice points. We can define this set as

follows:
V (lj = {f e R":

Building off this definition, we can then define a Voronoi vector of the lattice. Consider a
vector ¥ of the lattice .. We can construct a perpendicular plane to this vector that bisects
v. If this plane intersects with the origin-centered Wigner-Seitz cell at any point, then v is
a Voronoi vector. We can define the set of Voronoi vectors as follows:

{UG}L:(V(ﬁ)ﬂ{feR?’:f-U:%ﬁ-ﬁ})%@} (2.3)

Note that that, in contrast to the crystallographic convention, using this definition leads to
neighboring Wigner-Seitz cells sharing points on the boundary. We can subdivide Voronoi
vectors into two distinct camps: relevant and irrelevant Voronoi vectors. In the relevant case,
the perpendicular bisector of the Voronoi vector and the origin-centered Wigner-Seitz cell

f—quf—ﬁyvmm} (2.2)
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share a common “face” (3D). In the case of n dimensions, a “face” is a locus of points that
must be defined by a linear combination of n — 1 linearly-independent vectors. Otherwise
the Voronoi vector is irrelevant.

To analyze the Voronoi vectors of a lattice . we need to define a related construction,
L’s double lattice 2IL, the collection of all vectors of L scaled by a factor of two:

oL = {27 7 € L} (2.4)

By this definition, 2IL < LL: 2L is a normal subgroup of L. This implies that there exists a
factor group IL/2IL with natural equivalence classes within L.

Proof. We note that 2L is a subset of L by construction; thus, if it is a valid subgroup then
it must also be abelian, as L is itself abelian.

Consider v € 2L — 3w/ € L|v = 2w
Then d—w el —3d—2w € 2L, 2w = —v € 2LL

Consider v7, 03 € 2L — Jwy, wy € L : 0] = 2w}, U5 = 2Ws
Then Jw) + why € L — 32(w + wh) € 2L — Fog + v € 2L O

From these preliminaries, we prove two theorems about Voronoi vectors building to an im-
portant conclusion.

Theorem 2.0.1. A non-zero vector v in lattice I is a Voronoi vector if and only if U is a
shortest vector in its 2L equivalence class [12]

Proof. [12] Assume there exists a non-zero Voronoi vector ¥ in lattice I and there exists
another vector @ € L : W] < |0], % € (2L);

By definition of the coset, ¥ — w € 2L, ¥ — W + 2w = v + w € 2L

—

We then define vectors: @ := 3 (0 —u) €L, t:=1(0+w) €L

N |+

Because v is a Voronoi vector, we can define a vector p that is both within the origin-
centered Wigner-Seitz cell and in ¥’s perpendicular bisector: dp'e R"™ : p-v' = %17 U, pe V(0)
p—0

Notice that 7 € V(0) by definition means that: <

7— ﬂ vieL.
Then by some algebra: p - < %f I VieL.

Applying the above conclusions, we can state the following:
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70,0 <Y d pa < a i, p =

N =

N[ =
N |+

§ii=
; S S SRl

Now, using algebra, we can compute the quantity: p-u + p-t = 50 V.

We can also use the inequalities above to show: - @+ p-t < 411 (V- T+ 0 - ).

Together these imply: ¢+ ¥ < w0 - W, a contradiction to the original premise. m

Proof. [12] Assume that ¥/ is a shortest vector in the coset (2L) but that ¥ is not a Voronoi
vector.

Applying the definitions above, this implies that for some [ e L,

(f—ﬁ

1
> ]f—jv{fe R": 70 = 517-17}
Re-arranging the inequality, ' - [> %f .

—

v,

=

vl > 1.

D=

If we consider the special case where ¥ = % %

If we consider then another vector in the (2LL), coset, ¥ — 2lj we can compute its length:

—

(7 —20) - (7 —21)

— —

Using the inequality above and some algebra, (v — 2[) - (0 — 2l) < ¥ - U, a contradiction
to the original premise. O]

Theorem 2.0.2. A non-zero vector v in lattice IL is a relevant Voronoi vector if and only if
U and —U are the ONLY shortest vectors in the coset (2L). [12]

Proof. Assume there exists a relevant Voronoi vector v with an additional shortest vector
W # —0 in its (2IL) equivalence class.

We define vectors: @ := % (¢ — @) € L, t :=

N[ =

We define a set of vectors, ¥ € R" : ¥ - u <
Now we can compute the quantity: -4+ Z-{ =2 -0

Using the inequalities and definitions above: - ¢ < 1 (¢ 0+ @ @) = 30 -0 = 10 -

noting that both ¢ and « have the same length, both being shortest vectors in (2IL)

ST TS

Analyzing the results above, we see that all points Z are automatically inside the the bisector
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of ¥ simply by being inside the bisectors of both @ and ¢. In fact, as shown by the inequalities,
the intersection of the bisectors of @ and ¢ coincides with the bisector of ¥. This means that
v cannot be a relevant Voronoi vector, a contradiction to the original premise. O]

Proof. Assume that £ are the only shortest vectors in the coset (2L), but that ¢ is not a
relevant Voronoi vector.

This implies that %17 lies on or outside another Voronoi vector’s bisecting plane. We’'ll

define this other Voronoi vector as .

U-wW > 5w W

N

This condition implies:

N |+

We then compute the dot product: (v — 2w) - (0 —2w) < ¢ - ¢, a contradiction to the
original premise. O

Combining these theorems together, the conclusion is striking. Noting that for an n-
dimensional lattice |L/2L| = 2", there are then at most 2" — 1 relevant Voronoi vectors
for any lattice. This can be shown by constructing a binary string of n digits and comput-
ing the number of distinct possibly binary strings. Each distinct string represents a sum
of distinct generators of I that won’t be included in 2L and is in a distinct coset. For the
3-dimensional application, this means that 7 vectors and their negatives are at most are re-
quired to define any Wigner-Seitz cell of any lattice, and, often, this number will be reduced
when the lattice has a non-trivial holohedry.

To gain more insight into the Voronoi vectors of a lattice, it is necessary to introduce another
related construction. Any lattice of n dimensions is defined by n linearly-independent gen-
erating vectors, forming a generating set: {v1,...,v,}. To this set we append an additional
vector: vy := — Y. v;. Together these n + 1 vectors form a “superbasis” for the lattice.
Just as a lattice has an infinite number of generating sets, it also has an infinite number of
superbases.

A superbasis has a number of nice properties worth mentioning. By construction, a per-
mutational symmetry exists: any of the original generating vectors and the augmentation
vector vy can be interchanged to form another valid generating set for the lattice and another
valid superbasis. Further, the lengths and angles of the superbasis are related, a relationship
that can be shown algebraically. The specific relationship for 3D space is shown below:

Proof. Consider the transposition of vy with any other generating set vector v;.

Formatting the generating set of I as an n X n matrix, this transposition is accomplished
via a right matrix multiplication, a matrix A that is the identity matrix with one column
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replaced by all —1 entries.

A is a unimodular matrix, as all entries are integers and the determinant is necessarily
+1; thus, the set is still a generating set after the transposition. O]

Proof. Consider the transposition of vy with any other generating set vector v;.
Re-calculating the quantity: — " v, = v;; thus, the set is still a valid superbasis. O

Proof. Consider the quantities below:

Vg - Vo = Vg - (—V1 — V3 — V3) = — - U] — Vg - Vg — V) - U3

07 - 0] = 01 - (—0) — V3 — U3) = =V - V] — V1 - V3 — V] - U3

i - U = V3 - (=) — U] —V3) = —Vg - V3 — U] - V3 — V3 - U3

3 U3 = U3 - (=) — U] — V3) = —U) - U3 — V1 - U3 — V3 - U3
(09 + 1) - (v +v1) = (Vo + 1) - (=03 —V3) = =g - V3 — Vg - U3 — V1 - U3 — V] - U3
(00 +v3) - (Vo + v3) = (V) + 03) - (=01 — V3) = =V - V] — Vg - V3 — V] - V3 — V3 - V3

These can be summarized in the following matrix equation:

-1 -1 -1 0 0 0 00 vg

-1 0 0 -1 -1 0 U - U3 v}

0 -1 0 -1 0 —1|]w-u|_ V2

0 0 -1 0 -1 —1]||e-a|~ V2 (2.5)
0 -1 -1 -1 =1 0 0 - U5 (06 + v1)°

-1 0 -1 -1 0 -1/ \5-o (U6 + 03)

With these preliminaries, we now show an important connection between a non-strictly-
obtuse superbasis of a lattice and its Voronoi vectors. A non-strictly-obtuse superbasis is
one in which all dot products between the vectors are less than or equal to zero. And
this special construction directly reveals the Voronoi vectors of the lattice. In particular,
each vector of the non-strictly-obtuse superbasis is a Voronoi vector, alongside all non-zero
sub-sums of these vectors.
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Theorem 2.0.3. Given lattice L with a non-strictly-obtuse superbasis B := {v; : i € ZN[0,n]},
certain sums of these vectors correspond to Voronoi vectors. Specifically, the set
{v;:5CH{0,...,n},|s| € (0,n),0; := 3., 0;} gives the 2(2" — 1) Voronoi vectors of L, a
superset of its relevant Voronoi vectors [12]

Proof. [12] Consider ¥ = ). m;0;,m; € Z.

We compute the length of ¥ and rearrange the result:
V0= mmt;- 05 =Y miv;- G+ Y mamyv; - U
i i i#j
Replacing the self-dot-product:

= E E m@-mj@m}—m???i-@

i jF#L

<y

U-

Re-indexing the summation:
- o - 25 o 25 o
U-U = E 2m;m;v; - U; — Miv; - U; — MS0; - U;
i<j

Combining terms:
— — — — 2
v-v:Z—vi-vj(m,-—mj)
i<j
Analyzing this expression, we note that because B is non-strictly-obtuse, each @; - v; < 0.

Consider shifting any combination of m; coefficients by even integers (2z;):

U7 = Z —0; - 05 ((my — my)? 4 (22 — 225)” + 2(my; — my) (22 — 2z;))
i<j

Without loss of generality, assume that each m; coefficient is either 0 or 1. Then the terms
in the above expression are as follows:

V0= —0;-0; ({0,1} + A% +2{=1,0,1}A), A € 2N,

i<j

When presented in this form, the sum is clearly minimized when A is 0 or possibly 2 (equally-
minimized). All other values of A increase the length of v.

Because every vector in 2L must have even coordinates m;, shifting m; values by all multiples
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of 2 will orbit through all members of the (2L), coset.

Thus, when A is 0, ¥ is a shortest vector in (2LL); and therefore a Voronoi vector.
When A is 0, then each m; is 0 or 1, with ¢ corresponding to a subsum as described in the
theorem.

Consider changing subset S for its compliment S¢. In this case every m; equal to 0 changes
to 1, and every m; equal to 1 changes to 0. Noting that > 0; = 0, this change transforms ¢/
to —v, but the length is unchanged. Thus, vsc = —g, and they are part of the same 2IL coset.

Consider 57 # Ss,55 and the corresponding coordinates m,; for U, and ¥s,. These coor-
dinates will be unequal and no possible modification of m; + 2 can get the coordinates to
coincide; thus, vg, and vg, are in different 2IL cosets. O

We can comment further on the properties of an obtuse superbasis of a lattice by noticing
whether the dot products are strictly non-zero. In general, at most three dot products of a
superbasis can be zero in 3D space, otherwise some lengths of the superbasis would have to
be zero. This is revealed via the matrix equation [eq. 2.5], relating the lengths and angles
of a superbasis in 3D space.

Theorem 2.0.4. Given a lattice I with an obtuse superbasis IEB, the Voronoi vectors in each
coset are relevant if and only if v; - v; <0 Vi,5 [12]

Proof. [12] Referencing the above proof, the length of a vector vg is given by the following:
Vg - UG = Z —0; - U; ((ml — mj)2 + (22; — sz)Q +2(m; —m;) (22 — 2zj))
i<j
If all v; - v; < 0, there exist 2 minimizing solutions: z; = 0 and z; — z; = —(m; — m;), this

corresponds to Us and —vg respectively.

All other values for z; are not minimal; thus, vg must be a relevant Voronoi vector. O

Now that the relationship between a non-strictly-obtuse superbasis and the Voronoi vectors
of a lattice has been established, it’s important to know how to construct an obtuse super-
basis starting from any generating set of the lattice. The Selling algorithm can be used to
accomplish this, and, in so doing, proves that every 3D lattice possesses a non-strictly-obtuse
superbasis.

Theorem 2.0.5. Any 3D lattice possesses a non-strictly-obtuse superbasis [12]
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Proof. [12] Assume lattice L has a superbasis B := {9, 07, U, U3}

Referencing the proof above, the L /2L factor group can be enumerated as follows, not-
ing that each vg falls into a distinct coset:

L/QL - {(2]1")7)_6 ’ <2L>v_i ’ (21[")172 ’ (21[")173 ) (Q]L)U_()-I—Ui ) (2L>U?)+U_é ’ (2L)v_6+v_é ? (21[")6}

Consider the following change of basis:

i -

VT = —U1
7 - -
Vg = V1 + Vg

—/ —

V3 = U3
7 - -
Vg = Vg + v

This is accomplished by right multiplication of the following unimodular matrix of the gen-
erators [v7, U3, v3], arranged as column vectors of a matrix:

-1 10
0 10
0 01

This transformation leads to the following new coset representatives:

L/2L = {(21[4)170 , (2LL) i (2L) % (2L); » (2L)170+171 ) (2L)Uﬂ17u§ ’ (Q]L)ﬂrofafg ) (QL)ﬁ}

o
—v —v V3

We notice that all representatives are simply inverted or the same length, except for the
change: (2IL) = (2L) L — (2L) .

Uo+02 —v1 —v3 U1 —v3

Comparing the coset representative lengths:
(0] + 03)° = v? 4+ 02 + 20} - v}

(*—1)3)2:vf+v§—2v}'v§

[y

The square norm changed by —4v7 - v3. If this dot product were positive, then the trans-
formation preserved the norm of each coset representative, but it reduced the norm of the
coset representative v; + v3, by using the new representative v; — v3.

By swapping labels when necessary and repeating this process, we can continue to find
shorter representatives until all ; - v; < 0 Vi, j. This means that the superbasis will be
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non-strictly obtuse and the coset representatives will be as small as possible, hence, Voronoi
vectors. ]

Now, for the purposes of this thesis, it is necessary to study the possible lengths and angles
of this superbasis further, revealing additional features of a non-strictly-obtuse superbasis.
To begin this study, we define additional terms.

We define a vonorm of a lattice vector, vo(lj,lq € L as the smallest vector length in I’s
2L equivalence class, aka. the coset (2IL); This is denoted as follows:

—

vo(l) :=mun(z -2 : 7 € (2L)z) (2.6)

An n-dimensional lattice will then have up to 2™ distinct vonorms, one of which is zero, in
correspondence with its factor group /2L, which has 2" members.

We define a character, F' as a bounded-norm, 1-dimensional representation of the lattice
group L on the vector space R. This can be denoted as follows:

F:L - {£1},F(i+7) = F (@) x F (7

Given a character, F, there exists a derived character F as a bounded-norm, 1-dimensional
representation of the factor group L/2IL on the vector space R. This can be denoted as
follows:

FLJ2L — {+1}, F((2L),) = F (?)

Proof. Consider v7,v5 € (21[‘,)1;1 — U9 =170 +2 ,fe L

Then,
~ = 2 ~
F(2L)g) = F (@) = F (6 +1+1) = F @) F () = F(51) = F (L))
Consider 07,75 € L:

Then,

F((2L) - (2L),;) = F ((2L)

2
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O

A one-dimensional representation is irreducible trivially; thus, distinct representations Fy
and F, are orthogonal under the inner product:

L L 0 if Fy # F
(Fuf) =3 F1<g>F2<g>={L oLl ke
ST IL/2L] - else

Recalling that there are 2" distinct cosets in the factor group L /2L, there are up to 2"
orthogonal derived characters for the lattice and 2" orthogonal characters.

In analogy to vonorms, the IL/2IL factor group, and derived characters, we now define
conorms, the derived character group, and meta-characters.

We define a conorm of a derived character, F as a specific summation of vonorms. It is
denoted as follows:

co (F) - —2n11 3" F(g)volg) (2.7)

As such, the conorms of the lattice are completely specified by the vonorms of the lattice.

The derived characters of the lattice form a group under functional composition, here termed
the derived character group. This group action can be summarized as:

(£ B2) (L)) = 1 (2L)) 2 (2L),) (2.8)

Proof. By construction, this composition always forms a valid derived character.
The identity element is the derived character: F'(g) =1 Vg e L/2L

For all F, the inverse F~! = F. O

We then define the meta-character Gz representation of the derived character group on R.
This can be written as:

Go: {F} = (1} : G (F) = F((2L),)
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We see that Gz ~ L /2L, as a derived character F has only one value per coset.

Proof.

Noting that the G meta character is one-dimensional, it is irreducible trivially, and distinct
representations will be orthogonal under the following inner product:

(Gt Go) = Y G (F) Gy (F) = > F((zmﬁ)ﬁ(@m):{fwm

Fe{F} Fe{F}
This inner product vanishes if (2IL); # (2IL);,, otherwise it equals [IL/2L|

Theorem 2.0.6. The vonorms are completely specified by the conorms of the lattice: [12]

e -
vo (V) = S Z F((2L),)co (F)
F
Proof. We show this is true by simplifying the right hand side with some algebra:
. 1 . .
w0 () = 5 STF((2L)) Y Flgoly)
o g€L/2L

Changing the order of the summation:
vo(¥) = Y wolg) Y Fg)F ((2L),)

Applying the orthogonality relationship between derived characters:

i 1 n i
vo (V) = on Z vo(g) x 2"0g o1y, = vo (7)
g€eL/2L

m
Putting these conceptual pieces together, it’s clear that the vonorms and the conorms of

the lattice fundamentally encode the same information: each can be derived from the other.
The cosets, IL/2IL, and the derived characters of the lattice also exist analogously, and a
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non-strictly-obtuse superbasis of the lattice can be used to enumerate both sets. This is
shown in a similar theorem below.

Theorem 2.0.7. Given a lattice I with a non-strictly-obtuse superbasis: B := {vg, ..., U},
The set:
. -1 ief§
Fs((2L).) = sCHO,....,n}:ls] % 2=0
5 ((2L);) {+1 fgs  SS{0mils %

is the set of all possible derived characters on 1L [12]

Proof. Consider a vector ¢ := Y m,;v; and the fact that > v; = 0. Then,

7= (m;—1)%;

Consider now the derived character Fi:

FS ((21[4)2%@7) = HFS ((QL)@-)W = 1Is ((QL)Z(W—UU;) = HFS ((QIL,)@-)mﬁl
Thus,

HFS ((21[")1)7) =1

Then, Fg must have an even number of negative values and S must have an even number of
elements.

Assume S; # Sy then 37 : Fy, ((2L),) # Fs, ((2L),) and Fs, # F,.
There are 2" even subsets of {0, ...,n}, each of which enumerates the characters.

Verifying that F is a valid representation:

n _r _ 1 \ymitn;
Iy <(2L)(Zmi@+zni@)> = Is <(2L)(Zi€5(mi+m)@+zi¢5 (mz'Jrni)@')) o H( 1>

€S

Fs <(2L)(me7)> Fs ((QL)(ZW)> ~T[v™ T (-v™

i€S €S

]

Now as a final yet salient proof, we establish the geometric interpretation of the conorms of
the lattice, binding together the previous concepts.



CHAPTER 2. METHODS 23

Theorem 2.0.8. Given lattice I with a non-strictly-obtuse superbasis B := {00, ..., Un }, the
non-identity conorms of . can be written as follows: [12]

co <FS> = {_Ui'vj S =10} S CH{0,...,n}, |S| €2Z

0 else

Proof. For this sub-proof, we define a normal subgroup, Hj;, of L/2L and show that it’s
valid. Further we define a derived orthogonality relationship between the members of H,;

Hij o= {(2L)y, 4,5 ¢ S} QL/2L,  0%:= ) o

€S
Consider h € H,j, by definition, h - h = (21[4)2173 = (2L); = e; thus, h=h"' h™' € H.

Consider hy, hy € H;;. Both hy and hy individually can be expressed as <2L>Zmz@ where
m; = mj = 0. The composition A, - hy can then be expressed analogously as (QL)me; , and
m; =m; = 0. ThUS, hl : hg S H”

Consider g1, g2 ¢ H;;. We can find some element w such that g = g1 - w — w = g; L. go.

By definition of H;;, g1 and go, when expressed as (2]L)me@ must have either m; = 1
or m; = 1, though not both.

Consider: if m; = m; = 0 then g must be in H;;. If m; = m; = 1 then we can add
— > 7; = 0 to g, preserving the vector, but changing m; = m; = 0, meaning g € H;.

Thus, when ¢, and g» are added, the result w must have m; = m; = 1, or it must have
m; = 2 and m; = 0, or m; = 0 and m; = 2. In the latter two cases we can subtract 2v;
or 2v;, preserving the L /2L coset. The result will have m; = 0 and m; = 0, meaning that
w € H;;. In the first case, we can once more add — ) v; = 0 to w. The result will have
m; = 0 and m; = 0, meaning that w € H,;.

Because w € Hj;, it follows that the group L/2L must contain 2 cosets of H,;. H; is
therefore halving group and therefore a normal subgroup of L/2L. Because H;; is a sub-
group of IL/2IL, all derived characters F have defined values on the elements of H;; and they
form another one-dimensional representation with an analogous orthogonality relationship:

(fui)e ¥ Rmw-{p (R

hEHij ’HU’ lf Fl - FQ
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Proof. Given lattice I with obtuse superbasis B, the non-zero vonorms of each (2LL);, coset
defined by {7s|S C {0,...,n},|S| € (0,n),Ts := Y, 4 Ui} are given by the following:

Tg - U = E G-
i€S,j¢s
We can show this via some algebra, beginning with the definition of ¥g
gS.USZE E A AR E :gi.gmLE E ( ¥ - 7
i€S jes i€s i€S jES,j#i

Using the construction of a superbasis, we can re-express v; as a sum over all other vectors
in the superbasis:

175-17525 E —172--17]-—#5 E U; - U
€S j#i €S jES,ji
Analyzing the bounds of summation, we can re-express the sums again:

s Ts =D~ 7

i€S jese

Proof. Now we apply the constructions above to demonstrate the proof, starting with the
definition of a conorm:

() =5 3 Fslwole) = 5 S0 Fslis) Y i

g€L/2L Sc{o,...,n} i€S,j¢S

We re-order the summations:
~ 1 — — I —
wo(fs) =g mn Y R
i<j 5c{o,...,n}:i€8,j¢S
We can re-express the inner summand using the definition of Hj;:

o (Fs) = g o3 32 s (h 20,

1<J heH; ;

We can take the term Fg ((Q]L) ) out of the inner summand. We note that the identity

v;

conorm Fj is always equal to 1. Thus, multiplying the inner summand by 1 we can add this
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additional term as well.

co <F5> - 2n11 S a0 By ((2L),) Y Fe (h) By ()

1<J heH;;

Recalling the orthogonality relation above, we see that Fs (h) must equal 1 for all h € Hj;,
otherwise it will be orthogonal to F;. This means that if S # {7, 5} then the sum will be
zero. Representing this mathematically:

- 1 ~
co <F5> = 5 D00 05 By ((2L))2" Sata=s

i<j
co (Fg) = v, - Up F’{%b} ((QL)@)
co (Fs> = —Uq - Up Ofa},S
L]

This proof establishes an important connection between conorms and the dot products of
a lattice’s non-strictly-obtuse superbasis. As such, the lengths of the non-strictly-obtuse
superbasis (vonorms), uniquely define the conorms, which uniquely define the dot prod-
ucts of the lattice’s non-strictly-obtuse superbasis. The vonorm lengths and conorm values,
both inherent geometric properties of the lattice, uniquely determine the geometry of the
non-strictly-obtuse superbasis. By extension, then, every non-strictly-obtuse superbasis of a
lattice must have the same geometry and is thus a unique geometric construction for a lattice.

We can now enumerate the cosets / vonorms of the lattice alongside the derived lattice
characters / conorms of a 3D lattice, in a table and in a compact matrix relationship. Vec-
tors v; represent the vectors of the lattice’s non-strictly-obtuse superbasis.

-1 -1 1 1 1 -1 -1 vg 001
-1 1 -1 1 -1 1 -1 V3 00
-1 1 1 -1 -1 -1 1 v3 005
1 -1 -1 1 -1 -1 1 v3 =4 | viws (2.9)
1 -1 1 -1 -1 1 =1||@+wv) T
1 1 -1 -1 1 =1 —1||(@w+wun)? U5
-1 -1 -1 -1 1 1 1 (0 + v3)° 0

As a final note, the ultimate row of the matrix shows the relationship:

— —

US + vf + v% + v§ = (v + 171)2 + (0o + 112)2 + (0o + 173)2 (2.10)
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(2L)5 (2L)z, (2L)5 (2L); (2L)s, CL)grs (L)gis Cl)g.s
Fy 1 1 1 1 1 1 1 1
Fon 1 -1 -1 1 1 1 -1 -1
F{o,z} 1 -1 1 -1 1 -1 1 1
F{o,:s} 1 -1 1 1 -1 -1 1 1
F{1,2} 1 1 -1 -1 1 -1 1 1
Friz 1 1 -1 1 -1 -1 1 -1
Fpa) 1 1 1 -1 -1 1 -1 1
Foi2s | 1 -1 -1 -1 -1 1 1 1

Table 2.1: An enumeration of the 8 distinct derived characters (F') of a 3D lattice (L) with
superbasis ({7;}) and their values on the 8 distinct cosets comprising the double-lattice factor
group (L/2L)

While there are 7 distinct vonorms, this condition establishes a fundamental mathematical
constraint on their values. Thus, a 3D lattice has 6 geometric degrees of freedom, in agree-
ment with the larger corpus of 3D lattice theories.

Here we have developed a description of the space of all 3D lattices, a 6-dimensional surface
embedded within R7, corresponding to the region of space where the canonical invariant:
V2 + 02+ 02402 = (0 4 01)° + (0 4 13)° + (v + 03)° holds true. This surface is not a vector
space, as certain combinations of vector lengths don’t correspond to a valid non-strictly-
obtuse superbasis: it must be explicitly verified that each dot product @; - ¥; is less-than
or equal-to zero. However, the regions corresponding to valid superbasis lengths must lie
within this hyperplane with normal vector < 1,1,1,1, —1,—1, —1 > to be consistent with the
aforementioned canonical constraint. The plane has an orthonormal basis given as follows:
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(/1 1 1 0 0 3
1 1 1 0 0 3
1 _]1‘ 1 _11 1 _11 1 8 1 8 1 g
2l o 2o 2o V6|2 V2] 0| v84]y4
0 0 0 1 1 4
0 0 0 1 1 4

\ 7

Crystallographic Motif Theory

Having developed a mathematical description of the geometry of all 3D lattices, it is useful
to also explicitly mathematically describe all possible motifs for a crystal. For n atoms in
a unit cell, there exist 3n degrees of freedom: each atom can be perturbed in any direction
in 3D space. However, out of the 3n total degrees of freedom, 3 are redundant, as globally
translating all atoms identically and simultaneously does not change the geometry of the
crystal.

Given a basis for R?, the three coordinates of each atom can be varied independently, and
the 3n degrees of freedom can be built up from the tensor product of n degrees of freedom 3
times: once per coordinate. Then, analyzing one coordinate, we have n degrees of freedom,
one per atom, and global translation along that coordinate can be represented as < 1,...,1 >,
a homogeneous vector of 1’s repeated n times. Coming up with n — 1 linearly-independent
vectors will provide a basis for the space of all atomic translations along the chosen coordi-
nate. Further, repeating this for each of the 3 coordinates, provides a basis for all possible
atomic translations within the crystal when the appropriate tensor-product is calculated,
with zeros along the other dimensions.

To calculate n — 1 linearly-independent basis vectors, we will turn to the theory of a discrete
Fourier series. In general the vector < 1,...,1 > can be interpreted as a zero-frequency dis-
crete cosine wave defined on n points. As such, there naturally arise n—1 orthogonal vectors.

To show this, we define the following family of functions within the vector space of all
complex-valued function on a set of n points, alongside a canonical inner product:

n

FotZOLn] 5 C L) =™ < fur fan >= 3 fur () fun ()"

t=1

We mandate that each function f, be orthogonal to the homogeneous translation vector
<1,...,1>. Thus:
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L | . a2m
< fo,1>= et=e“—— =0 - “"=1 5 w=—,a€Z
J ; ( ew —1 ) n
It can clearly be seen that a € Z N [0,n) provides all possible unique orthogonal w values.
Taking a — a + n will shift w — w + 27, and f, and f,,2, are identically-valued. Where
a = 0, f, is the homogeneous translation vector. We can show that each of the n distinct
values for a correspond to orthogonal f,, functions, forming an orthogonal basis for C". Con-
sider:

ei2r(a1—az) _ 1) B {O if aq 7é a2

)
el la—az) _ 1 n else

n
2 : ;2T s _
< fa127r y fa227r >= 627(0417(12) - el n (al a2)
n n 1

Of course, our field of interest is the set of real numbers R; thus, we can consider real com-
binations of the functions f,, in the form of sine and cosine waves. These combinations will
be real-valued and orthogonal under the action of the previously-defined inner product:

cos(wt) = 5 (fut f)  sin(wt) = o (fo— /)

1
< COS(wlt),COS(WQt) >= Z (< fwufwz >4+ < fw17f—w2 >4+ < f—wpfwz >+ < f—wpf—wg >)

n
N ((5w1 ;w2 + 5w1+w2,27rm + (Lwrwz,%m + 5w1 ,wz)

< cos(wyt), cos(wat) >= 1

. ) 1
< sm(wﬁ),sm(wﬂ) >= 4_1 << fw17fw2 > —< fwlvf—um > —< f—w17fw2 >+ < f—WIJf—WQ >)

. . n
< Sln(wlt)a Sln((.dzt) >= Z (50.11,0.12 - 5w1+w2,27rm - 5—w1—w2,27rm + 5w1,w2)

1
< COS<W1t)7Sin(w2t) >= _E (< fwlvfwg > —< fwmffwz >+ < ffwnwa > —< ffwuffwz >)

< cos(wit), sin(wqt) >= —%
i

(5w1,w2 - 5w1+w2,27rm + 5—w1—w2,27rm - 5w1,w2) =0

With this information we can define the following functions to serve as a basis for all atomic
translations along a chosen coordinate, omitting the redundant < 1,...,1 > homogeneous
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translation vector:

n odd

n even

w=2q {
a€ZN[l,n/2) {
w=12g {
a€ZN[l,n/2) {

{

29

Each individual coordinate of each atom has this basis. With the appropriate tensor prod-
ucts, then, a basis for the 3(n — 1) degrees of freedom is defined.

Take for example a 3-atom unit cell. We can define a basis (6 vectors) for the atomic
displacements, listing the coordinates in order as follows: (atoml coordl), (atoml coord2),
(atom1 coord3), (atom2 coordl), (atom2 coord2), (atom2 coord3), (atom3 coordl), (atom3

coord2), (atom3 coord3):

(/—0.408 0.707
0 0
0 0
—0.408 —0.707

B = o |,| o
0 0

0.816 0

0 0

0 0

\

—0.408
0
0
—0.408
0
0
0.816
0

0.707

o O

—0.707

o O OO

0.816

/

We note that this basis is valid for any choice of coordinate system spanning R3, whether
Cartesian (x, y, z) or direct (a, b, ¢).

Crystallographic Representations

In general, the lattice and basis degrees of freedom are independent; however, when direct

coordinates are used, the choice of unit cell is important.

Consider a lattice L with its

generating vectors arranged as column vectors of the matrix [L]. Any generating set of the
lattice can be chosen via right multiplication of a unimodular matrix (u): [L] — [L]u.

We can see this is true considering the following: take lattice I; generated by {d, l;, ¢} and
lattice Ly generated by {Z,, Z}. By definition of a lattice, L; C Ly < [t/]L, € Z3 Vo), € L.
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Then considering a mapping A : A[th|, = [01]L,, A maps every possible set of three integer
coordinates to another set of integer coordinates. This means that A must act as a matrix
with all integer coordinates: A € GL3(7Z). If we consider the special case where LL; = Lo, it
follows that Ly C IL;. We can analyze the inverse mapping A~ : A~ t}]L, = [01]L,, drawing
the same conclusion: A™' € GL3(Z). Calculating the determinant of each, |Al,|A™!| € Z,
as each is a matrix composed solely of integers. We note that |[A| = |A7!~! € Z; thus,
|A| = £1, as only these integers are equal to their multiplicative inverses. With this addi-
tional constraint, A € SL3(Z), a unimodular matrix.

Given a vector ¥ in lattice I, we can say that: ¥ = [L][¢]. Here [¢]L € Z3, a coordinate
vector of the lattice. We take a unimodular matrix A as defined before. Then, multiplying
by unity, ¥ = [L]AA™[#]L. We can interpret this equation as a set of new lattice generators
[L]A and a new integer coordinate string A~ [d]y, € Z3.

Applying this to the relative coordinates of the crystallographic motif, when a new unit
cell is chosen given by generators [L]u, the cartesian coordinates of the motif remain un-
changed, yet the relative coordinates change. In an exact analogy to the previous equation
b= [L][b]r = [L]ppt[b]e. Thus, where a unimodular matrix changes the choice of unit cell,
the coordinates of the motif in that new unit cell are related by a left multiplication of the
inverse of that particular unimodular matrix.

In general, every crystal structure has an underlying fundamental periodicity, represented by
the primitive unit cell of its underlying lattice. There is only one primitive lattice for a given
crystal. However, in the mathematical specification of the crystal’s geometry, it is possible
to choose larger unit cells, defining a sublattice of this fundamental lattice. With this choice
of sublattice, it is possible to expand the crystallographic motif to include additional atoms
and recreate the same original crystal structure, in terms of a set of displacements from the
origin. In these cases, there are often many distinct ways to define possible sublattices and
their associated bases so that the original crystal structure is preserved.

Here, using a series of proofs and results from representation theory, we will delineate an
approach for deriving geometrically-unique sublattices of index N for a given crystal.

Consider a vector k € R™ and a lattice L. Then we can define a k-derived sublattice
Lz := {17 cLl:e? = 1} < L. From this definition, a couple of facts also follow: Ly =L _¢,
LE < LzE’ z €.

Proof. Take vy, 7, € Ly,

Consider:
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iR (T1+T2) _ ik Ty ik T2 _ q SOt Uy € Ly
Consider:
o &\ —1
e M = (e“““) =1 ooo—u € Ly
Consider:
I L vel p Viely . Uelp Voel;
Consider:
. P, L\ R
Felp  Fo (EY L1 L pery
]
It can also be shown that E, lies in the reciprocal lattice of Lz, denoted here IL,}’%.
Proof. Consider:
{ei}z'g:UGLE}:{l} o k-T=2mn,ne’ Vo € Ly
Thus, ke L]’g, k is, by definition, a reciprocal lattice vector of Ly O]

Now we investigate further the connection between k and the nature of the sublattice L;.

Consider the coset decomposition of L in terms of cosets of the subgroup L;. As such,
we express:

L=J(g), @€l

ol

-:E'lzl;:»-ﬁ2+27m,n€Z — E-(fl—:fQ):%m — fl—fQGLE — fge(ﬂ%’)

T
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Take 71,75 € (IL'E)

Z1

LI =T +titel; — ek dn = ik (324E) _ ik 22
Thus, the values {ei’;”j (U E ]L} enumerate the distinct cosets of Lg; further, if the subgroup

LL; is to be an index N subgroup, the aforementioned set must have N distinct values.

If we consider, I having generators {t;,...} and L* having generators {t,...}, we can ex-
pand the dot product k- ¥, v € L in terms of these coordinates:

];172 (ZCJ?) . <Zzlﬂ> :271'201'2@',21‘ € Z

Further we can show that Ly = Lg, ., § € L™

GeL = ¢97=1VgeL  del;o e =1=¢d)7naeL,

Thus, all unique sublattices L; can be generated using k within one primitive unit cell of
IL*. This confines ¢; coordinate values to the interval [0,1). Further, to form an index N
subgroup, we need {¢: |{¢- 2 % 1}| = N}. That is, the integer sum of all components c¢;
must lead to N distinct values in the interval [0, 1). Values outside this interval, alias back
into the interval due to the periodicity of ei’g'ﬁ, hence the % modulus operator.

When explicitly stated in this form, it’s clear that all coordinates ¢; of k must be ratio-
nal numbers otherwise {¢- 2 % 1} would have an infinite number of elements. As such we

can express each:

¢ = m;/n;, m;,n; € 7, m;, n; coprime

We can interpret each coordinate ¢; % 1 as its own cyclic group of order n;. Then, together,
< k > serves as a direct product group of each of its coordinates’ cyclic groups. Referring
to the mathematical preliminaries: | < k > | = lem({n;}). Further, < k >< {Z-Z % 1}, as
k self-addition is equivalent to multiplication by homogeneously-valued Zz.

From these conclusions, we can show that [{¢- 2 % 1}| = lem({n;})

Proof. Any integer sum of ¢; values can be put under a common denominator 7 := lem({n;}),
whose numerator p may or may not be coprime with 7.
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This means that at most {¢- Z % 1} contains at most 7 elements, potentially less.

However, because < k >< {¢- 7 % 1}, we can say that {¢-Z % 1} contains at least
elements, potentially more.

Taken together, these statements imply that {¢- Z % 1} contains exactly 1 elements. O

We can perform the same analysis as before; however, this time analyzing the reciprocal
lattices IL* and ]Lz. Referencing the above math proofs, IL* < ]Lz, as €97 = 1Vv € L;, g€l
As before we can express IL% as a union of cosets of IL*:

=y

—

k;

We can perform the same analysis on these cosets as before.

Take 7 € L, e?F1¥ = gih2?

" kl'U:EQ'U—i‘Q?TTL,TLEZ — <E1—E2>-U:2wn — El—EQE]L* — EZG(L*)El

Take &y, ks € (L*)z,, 7€ L

— - —

ok =k P el o MU= i(F2+T7) T _ ¢

<
~
T
I\
<

Thus, as before, the values {ei’g'ﬁ ke IL;‘%} enumerate the distinct cosets of IL*. Where we
are constructing a sublattice of index N, this set must have N distinct values.

With this in mind, for a given sublattice L, we can show that the set of all possible unique
generators of L is a subset of < k >.

Proof. Each of the N k €< k > falls in a distinct L* coset.

Considering the c¢; coordlnates of k being IL* equivalent corresponds to ¢; % 1 equivalence.
By construction of < k > as a direct product group, each k €< k > must be un-equivalent,
as < k > contains N elements.

From before, given k generates Lz it follows that ke L;%.

Noting that L= = U c .. (L"), it follows that k € (L*);

In conclusion then, k = k; + 7: k; €< k >,7 € 73 O
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Summarizing these findings, IL;; can only be generated by k= /ZZ e<k>+7e 73 Thus,
to enumerate all k& sub-lattices of index N it is sufficient to construct all possible k vectors
with coordinates ¢; = m;/n; € [0,1) satisfying lem({n;}) = N. From this set of k, we can
successively filter out all other k; €< k > so that only one representative from each cyclic
group remains. This final set of k represents all distinct IL;: sublattices of index N.

While the sublattices IL;; can be enumerated in this form, it is useful to also calculate the set
of generating vectors for LL;. For this discussion we will turn to the following theorem:

Theorem 2.0.9. Given L < L, generated by {t;, ..}, L generated by {b;, ...}, then {f;,...}
can be chosen such that {t;,...} = {b;, ..} A, where A is upper triangular [13].

Proof. Define vectors 7; € L: i = zlgl—l—...—i—zigi, z; # 0, |z;| chosen to be as small as possible.

v; is well-defined, as the vector ¥, = N by is guaranteed to fall in L by construction; however,
there may be other combinations of b; that result in a smaller z; value.

Assume 3ce L: ¢ ¢ ispan{7;}, ¢ = £y 4 .+ &by, k€ Z0N [1,n], & #0
Examine the vector @ — s9, € L, s € Z: & — s7, = (& — s2z1) by + ...+ (& — sz) by

We can choose s to minimize the integer |§; — szi|; further, we can show that this min-
imized value is less than |z|:

| 2|

IE_IZI — s) lies in the interval [0,1); thus, we

&k — szi| = |2k

$k ’
— S

It is possible to choose s so that the the term

&

B < 1, for an appropriate choice of s.

can say

From this we see that |§; — szi| < |2

If |& — szx] = 0 then we repeat the above step using ¢ — ¢ — s¥; and thus a smaller
value of k for this next iteration. If this continues until &= 0, then ¢ € ispan{¥;}, otherwise
we will reach the conclusion below.

If |&x — szi| # 0, then 9) could not have been chosen to minimize k, a contradiction.

Thus, it must follow that ¢ € ispan{¥;}.
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This shows that the set {#;} serves as a generating set for the lattice L. Then by construc-
tion, the 74; vectors can be derived from the set {b;,...} via multiplication of the following
upper-triangular matrix by construction:

[’71, ’72, ’73] = [51, 527 53]

oS O e
oo o

d
e
f

Here, matrices [7;] and [b;] contain generators {7;} and {b;} respectively as column vectors.
[

Building off this theorem, we can design an algorithm to find the upper-triangular matrix
Ay, that will derive the generators of L via right multiplication of the generators of L,
arranged as column vectors of a matrix. The algorithm can be summarized as follows:

1. Fill each column of A, one-by-one

2. For column (i), find the smallest integer linear combination of ¢; : j € [1,4) that forms
the largest denominator (keeping the numerator and denominator coprime), store this
sum as ¢g = mg/ng

3. Find the greatest common denominator of n; and ng and divide each to determine the
unique factors in ng and n;. Then multiply both ¢; and ¢, by the others’ unique factors
so that both share a common denominator.

4. Take the new ¢; value and add the new ¢, value repeatedly until an integer results.
5. Keeping track of coefficients, arrange them in the matrix’s ¥ column vector.

Take as an example, the unique k sub-lattices of index 4 for a lattice L. The unique k can
be enumerated as follows (listed in L* relative coordinates):

1/4 0 14\ [1/2\ [3/4\ [1/4 0
0o |, (14, (1/a],{1/a],{1/4]),1/2].] 0
0 0 0 0 0 0 1/4

1/4\  [1/2\ [3/4 0 1/4\  [1/2\ [3/4
o .o |.[ o], (1], [1/4],]1/4], 1/4

1/4) \1/4) \1/4) \1/4) \1/4) \1/4) \1/4
0 1/4\ [1/2\ [3/4 0 1/4\ [1/2

2], 2] 2] (2], [3/4],(3/4],|3/4

1/4) \1/4) \1/4) \1/4) \1/a) \1/4) \1/4
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3/4\ [1/4 0 14\ [1/2\ [3/4\ [1/4
3/al o |, (el {aa), lya), 4], |12
1/4) \1/2) \1/2) \1/2) \1/2) \1/2) \1,2

Then constructing a corresponding matrix Ay for each unique i

400 100\ /4 30\ /210\ /410\ /420 100
010],lo40],lo1o|,{o20],{o1o0],[0o10], (010
001 00 1 001 00 1 001 00 1 00 4
403\ /201 40 1 100\ /4 33\ /210\ /411
010],lo1o|l,loz1o|,{o43),{o1o0],[0o23],[o10
00 1 002/ \oo1 00 1 001 00 1 001
100\ /4 23\ /2 11\ /4 2 1 100\ /4 13\ /210
021),lo1o]l,lo1o|l,{oz1o],{o41],[010],[021
002/ \oo1 002/ \oo1 001 001 001
43 1\ /(4 0 2 100\ /4 32\ /2 10\ /4 1 2\ /4 2 2
010],lo1o0o),lo42|,{o1o0],{0o22],[0o1o0],[010
00 1 00 1 00 1 00 1 001 00 1 001

These sublattices are unique in the sense that they contain unique subsets of lattice points
of L. In the geometric sense, some may be equivalent (aka. being related via an affine
transformation). Given a lattice L has a symmetry operation represented by A, = [L]u[L]™},
where p is a unimodular matrix, and [L] is a matrix with L’s generators arranged as column
vectors, the reciprocal lattice L* will also have the same symmetry operation given by A, =
[L*] ()" [L*] 1. We can see this is true following the algebra below.

Proof. By definition of the reciprocal lattice, [L]*[L*] = 271
Ay = [LpL ™ — AL = (L)' wL)’
AL = (L)) 4 2m) — LAy = plL] ™ (27)
LA, (1) = @ (52) = LT A = L]
AL = [ - (L]
Noting that A; = Ag’l, as affine transformations can be represented by unitary matrices.

Ay = L7 (uf) " L
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Note that to be a lattice isometry, A, must coincide with a unimodular matrix when put in
the coordinate system of the lattice. Here we see that A, does correspond to a unimodular
matrix in both the I and L* coordinate systems.

Thus given k in the coordinate system of L*, multiplying & by (11)™", the unimodular matrix
from above, performs the action of the isometry A,. Because k and AQE are symmetrically
equivalent, they will both generate the same sublattice L. With this knowledge, it is pos-
sible to filter out all geometrically equivalent lattices LLj.

Of course, a crystal is composed of a lattice and a basis. Depending on the geometry of
the basis, even when two L sublattices are geometrically equal, the actual crystals may still
not coincide due to a difference in basis. In general, this must be checked computationally.

When L; is generated, multiplication by Aj; can be used to generate the new unit cell;
however, the basis must also be adjusted to preserve the overall crystal structure. In general
the original basis vectors remain unchanged in terms of Cartesian coordinates; however, for
every non-identity coset in /L, a “missing” translation must be added to form a new basis
vector for each original basis atom. This can be accomplished via the following algorithm
for a given L sublattice:

1. Find the smallest integer linear combination of ¢; that forms the largest denominator
(keeping the numerator and denominator coprime), store this sum as ¢, = mg/ng,
keeping track of the coefficients of the sum.

2. Then, adding ¢, to itself over and over, each new term falls in a distinct L/L; coset.
The coefficients of each sum correspond to integer linear combinations of the generating
set of L that must be added together to form a “missing” translation.

In general, a lattice may have additional sub-lattices that aren’t generated by a particular
k. These can be derived by referencing the previously-proven fact that every sublattice can
be generated by multiplying the appropriate upper triangular matrix, v. For a sub-lattice
of index N, the generating matrix must have a determinant equal to N. This places the
following constraint on 7’s elements:

H%‘i =N

If N has a prime factorization N = [ p;, where p; are primes, then all possible v matrices
involve some distribution of these prime factors along +’s diagonal. Thus, to enumerate all
possible matrices {7}, we must first collect all unique ways to parcel these prime factors
along the diagonal.

Note that for every v matrix, yu : u € SL3(Z), generates the same sub-lattice geomet-
rically. Further, if two v matrices v; and 7, generate the same lattice geometrically then the
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following is true:
Ly =L, Lhe =Ll — 'y=mpe SL(2)

We consider now the following transformations for 3-dimensions:

a b d 1 £1 0 a bta d
0 ¢ e 0 1 0]=10 c e
0 0 f 0 0 1 0 0 f
a b d 1 0 #+1 a b dxta
0 ¢ e 01 0 =10 c e
00 f 0 0 1 00 f
a b d 1 0 O a b d
0 ¢ e 01 £1 ] =10 ¢ ezxc
00 f 00 1 0 0 f

Clearly, the integer upper triangular elements of the gamma matrices can be put in the
interval including zero but excluding the diagonal element of the corresponding row. If the
elements fall outside this range, there always exists a unimodular matrix that will transform

the elements back into the appropriate range and preserve the geometry of the generated
sub-lattice.

Building on the prime factorization above, for each parcelling of prime factors, it is possible
to exhaustively enumerate values of all off-diagonal elements. This collection of matrices
may contain geometric duplicates; however, the products v, v, must be calculated. If any
products produce a unimodular matrix, then the matrices v, and ~, produce geometrically
duplicate sub-lattices.

Revisiting the sublattices of index 4, the following additional matrices are revealed using
the above v matrix generation technique:

o o
oo
— o o
o oW
o N o

1
0
1

S O N
o NN O

0
1
1

S O N
S NN O

1
1
1

S O N
S = O
N O O
S O N

1
1
0

N OO

1
0
0

S NN O
N OO

Together with the previously-listed matrices, these provide a complete enumeration of all
unique index-4 sub-lattices of a given lattice.

For each of these matrices, the “missing” translations can again be found by enumerat-
ing the cosets of the factor group L/IL, where L is a sublattice of L. In general, these coset
representatives will have fractional coordinates in the unit cell setting of L, as [¢]; = v {[V]L.
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Because v is an upper-triangular matrix, it can be shown that its inverse has diagonal ele-
ments: (y71); = % Then, the coset representatives can be enumerated, in coordinates of

[L] with the following algorithm:

1. For non-zero representatives of the form < =L, 0,0 >, there are 7;; — 1 inequivalent

. 711’
representatives.

2. For non-zero representatives of the form < % + %, %, 0 >, there are y11(y22 — 1)
additional inequivalent representatives.

/
: zZ3m
3. For non-zero representatives of the form < 2L 4 22712 203 22 Zamg Z3
Y11 Y11722 V11722733 7 Y22 Y227Y33 7 Y33

there are y11722(733 — 1) additional inequivalent representatives.
4. Together these form the 711720733 — 1 non-zero coset representatives of the factor group.

In summary, a given crystal structure has a unique primitive representation in terms of a
primitive lattice; however, it has a finite number of larger sublattices (N times as large),
and it has an infinite number of possible sublattice sizes N € N;. For each choice of sub-
lattice, we can apply the results in the preceding section, representing the crystal structure
in terms of 7 lattice vonorms and 3(n — 1) basis degrees of freedom. For different choices
of N, the coordinate system changes, resulting in 7 4+ 3(Nn — 1) degrees of freedom. The
increased degrees of freedom conceptually result as a lattice with fewer translations affords
fewer geometric constraints. Physically, the 7 + 3(n — 1) primitive lattice and motif degrees
of freedom correspond to all possible strain and gamma-point phonon perturbations of the
crystal. As N increases, the larger supercells’ degrees of freedom correspond to all possible
strains and additional phonon modes with non-zero wavelengths in coordinates of the prim-
itive reciprocal lattice. In general, given a sublattice of index N, these new phonon modes

—,

will have wave-vectors [k]p« ~< a/N,b/N,c/N > a,b,c € Z.

As a final note, in calculating larger sublattices of index N, the crystal structure will have
several geometrically equivalent crystal structures, each with a different lattice geometry and
corresponding basis. This implies that when represented in the 7 4+ 3(Nn — 1) dimensional
space, the same crystal structure will correspond to many different vectors, all derivable
using the techniques above. This redundancy inherently arises from the fundamental repre-
sentation of a crystal structure in terms of a lattice and a basis.

Strains

Any two 3D lattices can be brought into geometric coincidence by means of an invertible
mapping function f : R® — R3. If we are to consider diffusion-less transformations, we are
forced to consider smooth transformations with no shuffling of lattice points along any linear
trajectory. In this sense we immediately have a restriction on f. Given av, by, such that
lav| > |bv], then it must follow that |f(av)| > |f(bV)| Va,b € R,v € R?. Further, noting
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that a lattice is a linear integer combination of three generating vectors, the function f must
itself be a linear mapping function, otherwise the result of the mapping could not be a lattice.

Any linear transformation can be represented as a 3x3 matrix multiplication on R3. We
note that to avoid inversion through the origin, this transformation must have a positive
determinant. As such, we note that proper rotations and positive definite stretches satisfy
all aforementioned properties of a valid lattice mapping function.

It can be shown that for any invertible matrix, A, of positive determinant, A can be repre-
sented as a product of a unitary and a symmetric matrix: A = RyT; = T5R5. The precise
order is unimportant; though, the matrices will differ depending on the order chosen. Here
Ry, R, are proper rotation matrices, and T, T are stretch matrices. By computing the
quantities A*A and AA?, we immediately see connections between these quantities:

A'A =T} = RLTIR,
AA' = RiT!R, =T
STP=RT{Ry — Ri=Ry, 1 ~Tp

Given that A maps vectors from lattice IL; to lattice Lo, it must follow that there exists
a corresponding matrix [A] that maps all integer coordinates of lattice points in L; onto
other integer coordinates of lattice points in [L,. These two matrices are related intuitively
below with matrices [L] corresponding to a matrix whose column vectors correspond to the
generators of lattice LL:

AV = [LoJ[A][L] 0

As [A] links integer coordinates to other integer coordinates for all possible inputs in Z3,
each of its column vectors must consist of only integers, aka. [A] € GL3(Z). Given that A
is invertible, then [A] must also be invertible. As such:

AT = (L] [A] 7 L]

-1

Following the same logic, it must follow that [A]~! consists only of integers, aka. [A]™! €

GLsy(Z).

Examining the determinant, it follows that |[A]] € Z and |[A]™'| € Z. Further, |[A]7!] =
I[A]|7'. The only integers satisfying this constraint are +1. Where |L;| > 0 and |Ly| > 0,
it follows that the sign of |A| equals the sign of |[A]|. Since we are only interested in linear
transformations with positive determinant, aka. no inversion, this means that [[A]| = 1.
Thus, the only valid possibilities for [A] are matrices of all integers with determinant +1,
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aka. [A] € SL3(Z)+, a positive unimodular matrix.
Summarizing these results in compact set notation:

Ae {ULQ] [A][L,]: [4] € SL;;(Z)+}

By calculating various possible values for A and performing a polar decomposition, the set
of all strains and rotations linking two lattices can be enumerated. Care must be taken as
this is an infinite set; however, the search for small strains connecting two lattices can be
efficient and finitely truncated. Given a maximum strain cutoff defined by the Pythagorean
sum of the strain eigenvalues: pss := Y \/€} + €3 + €3, a finite subset of positive unimodular
matrices can be considered. This finite subset is composed of all unimodular matrices whose
maximum column vector norm is below a certain threshold. The equation below relates this
threshold to the strain cutoff [9]:

|[La]lo

I[A]Icﬁm

(pss+1)

Here we denote the maximum column vector norm of a matrix M to be |M|c and the
minimum singular value of a matrix M to be vy, (M).

DFT Overview

In order to study the variation of crystal energy with respect to crystal geometry, this disser-
tation uses density functional theory (DFT) to estimate the energy. While the postulates of
quantum mechanics and the corresponding Dirac equation are technically sufficient to pre-
dict the behavior and properties of any atomic system, the mathematical complexity proves
to be too much for most practical systems. Particularly, for the field of solid-state-physics,
the non-relativistic Kohn-Sham equations are a useful approximation for the ground-state
energy and electronic structure of the system. This approach is detailed below following the
text [14].

The Kohn-Sham equations and DFT are built up from two main theorems:

1. For any system, the potential energy of a single electron v(7) is uniquely determined by
the ground state electronic density p(7) up to a non-physical constant, and visa-versa
[14]

2. A universal functional E[p, ve.] exists, for fixed vey. The p minimizing E corresponds
to to the exact ground state charge density, with E giving the exact ground state
energy [14]
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This represents an enormous simplification relative to the traditional quantum treatment,
as one no-longer needs to deal with a many-body wavefunction, rather, one may deal solely
with p, a function of 3 dimensions. Further, the conclusions apply quite generally, for any
given externally applied potential v.,; and any set of self-interacting particles. However, the
downside to this approach is that the theorems yield no insight into the form of this energy
functional E|[p, vey], nor any techniques to derive it.

With time, approaches have been developed to approximate this energy functional, which is
usually broken up into the following terms: [14]

Erxohn—sham = T[p] + /vewt(r)p(f")d:ﬂr + 562/%(13“&3@ + Exc
1 — T2

The first term is the kinetic energy of the system. The second term is the energy due to the
imposed external potential. The third term is called the Hartree term, representing electron-
electron self-repulsion. And the final term is the exchange-correlation term, left purposefully
undefined.

Using the exact solution from a homogeneous electron gas, the local-density-approximation
functional was developed for Ex¢ in which the exchange energy depends linearly on the
charge density. This was a useful first step; however, it has several systematic errors, includ-
ing underestimating lattice parameters.

Other solutions have included GGA functionals, which depend on both the charge density
and its gradient. This thesis, in particular, uses the GGA functional developed by Perdew,
Burke, and Ernzerhof (PBE-sol), as it provides a better energy estimate for most solids.

To represent the charge density, a set of basis functions is used, here corresponding to
planewaves, as they are aptly suited to the periodic boundary conditions present in crystal
lattices. These planewaves will include reciprocal lattice vectors, as well as other k values in
between. These k points form a grid that extends outward until a maximum kinetic cutoff
energy is reached for practical calculation purposes. Typically this is a safe approximation as
p is a function with finite curvature and derivatives. By choosing the smallest three vectors
of reciprocal lattice’s obtuse superbasis to define the primitive unit cell, the k values can be
sampled in a nearly-uniform grid with angles between 90 and 120 degrees, leading to reliable
performance.

In general, it is expensive and infeasible to solve the Kohn-Sham equations with all the
electrons included for every atom within the crystal. Firstly, solving the equations for one
unit cell will provide a solution for the entire crystal by lattice symmetry. Further, it is
possible to ignore the behavior of core electrons in most cases, as they remain tightly local-
ized to the nucleus and do not significantly delocalize throughout the crystal. These atoms



CHAPTER 2. METHODS 43

can be treated as fixed and provide a fixed pseudo-potential surrounding the atomic cores.
Then, we can confine our attention to just the valence electrons and solve the Kohn-Sham
equations expeditiously [14].

Practically, the Kohn-Sham equations are solved using a self-consistent approach [14]. An
initial guess of the charge density then generates v.,; and allows for one to solve for a series of
non-interacting pseudo-wavefunctions. These then allow one to re-calculate the charge den-
sity. The process repeats until the ground state energy no longer changes significantly from
iteration to iteration. This process is implemented using the Vienna ab-initio Simulation
Package in this thesis.
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Chapter 3

Study 1: A Crystallographic Map

The fundamental description of any crystal consists of a lattice and an atomic basis. This core
geometry dictates a myriad of materials properties, informing optical, electronic, mechanical,
and chemical functionality. In materials science and solid-state physics, understanding how
the energy varies as a function of its crystallography is crucial to explaining phase trans-
formations and behavior such as piezoelectricity, mechanical stability, ferroelectricity, etc.
However, techniques for exploring this energetic landscape, particularly to find low-energy
transformation pathways, have remained limited.

In this study, we delineate an algorithm for fully exploring crystallographic phase space
in a non-redundant, incremental, and rigorous fashion. Further, the approach is discretized,
robust to numerical precision errors, and proceeds intuitively. Through the algorithm, we
provide new avenues for identifying low-energy transformation pathways, exploring arbitrary
paths through phase space, identifying and generating similar crystal structures, and rep-
resenting crystals numerically. With this work, we aim to simplify the process of exploring
and studying how materials transform and how crystal structures are geometrically related,
a fundamental part of solid-state physics.

Representation of 3D Lattices

Building off the background presented in the previous methodology, we start with the seven
squared vonorms of a lattice and their accompanying dot products. The space of all 3D
lattices can be represented as integers, and geometrically-similar lattices can be easily found
using this representation.

In general, the set of seven squared vonorms and the aforementioned dot products are a
geometric invariant of the lattice: any two lattices related by an affine transformation will
have the same set of square vonorms and dot products. By definition, [eq. 2.5] must be sat-
isfied by all obtuse superbases that exist for a given lattice. However, there may be several
distinct obtuse superbases for the same lattice geometry, either related by affine transforma-
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tions or a re-ordering of the vonorms and dot products.

For the purposes of this and future study, we are concerned only with the effect of crys-
tal geometry on the energy of the system; thus, affine transformations of the crystal can be
considered equal in energy. In the presence of external fields, for example, this would not be
the case, and orientation degrees of freedom would need to be included in a description of
the system.

Studying the re-ordering of distinct superbases, we term the lengths {v2, v}, v2, v3} “primary
squared vonorms” and the lengths { (75 + a1)?, (0 +153)°, (0 + 173)2} “secondary squared
vonorms”. It can be shown by brute force calculation that it is impossible to interchange
primary and secondary squared vonorms while preserving the validity of [eq. 2.9] and the
algebraic structure of a superbasis. However, it is possible to permute the labels of the
primary squared vonorms arbitrarily. These manipulations constitute the S; permutation
group and signify that there can be up to 24 distinct obtuse superbases representing the same
lattice geometry, each superbasis having the same set of lengths and angles in a distinct order.

Calculating the orbit of the squared vonorms under the group-action of S4 yields a collection
of re-ordered primary and secondary squared vonorms. We choose a unique representa-

tive (L) from this orbit by choosing the permutation for which the seven ordered lengths,

— —\2 — —\2 — —\2 . . .
{v3, v}, 03,03, (Ug +01)", (0 + 02)°, (0 + U3)° }, are maximally-ascending. In a precise sense,

we say that for each orbit member (M), there exists an index j such that the first (j - 1)
elements of (L) are < the first (j - 1) elements of (M) AND the jth element of (L) is strictly
less than the jth element of (M). Thus, for any lattice, we can select a unique ordered string
of lengths to represent its geometry unambiguously.

As en example, consider the rhombohedral crystal structure of the element, Antimony, where
the squared vonorms are as follows (units of A%, rounded to the nearest 0.1) [15]:

{vf =19.2, v] =21.3, v = 19.2, vj = 21.3,

(09 +01)° = 40.5, (v + v3)° = 19.2, (4 + v3)* = 21.3}

First we sort the primary square vonorms. This can be accomplished by swapping labels 1
and 2. Notice both secondary square vonorms (v + 01)? and (v + v3)? also swap.

{vf =19.2, v{ =19.2, vj =21.3, vj = 21.3,

(09 +17)° = 19.2, (v + v3)° = 40.5, (4 + v3)* = 21.3}

Seeing that square vonorms v and v} are equal, we can swap indices 0 and 1 without
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changing the order of the primary square vonorms. By swapping 0 and 1, the secondary
square vonorms are re-ordered. The result is maximally-ascending:

{vf =19.2, v} =19.2, v =21.3, v] = 21.3,

(0 +91)? = 19.2, (v +13)° = 21.3, (0 + v3)° = 40.5}

Then the final unambiguous representation of this lattice is the following string:
{19.2,19.2,21.3,21.3,19.2,21.3,40.5}

From this standardized representation, it is easy to calculate similar lattices. Any two
square vonorms out of the seven can be varied by a small amount ££, such that the equation
below remains true.

4 (4 1)° =0 (3.1)

— (vg + v} + 03 +0v3) + (% + 1) + (0 + 13)
This is a necessary invariant of all 3D lattices [12]. Where ¢ is small, the new lengths
correspond to a lattice, one that is related to the original by a small strain. Using this co-
variation technique, a lattice can have up to 42 different neighboring lattices. Each neighbor
will be distinct but geometrically-similar to the original lattice. We can see this in the proof
below:

Theorem 3.0.1. 1: Nearest neighbor lattices are connected by small strains

Proof. Assume there exist 2 lattices, Ly and Lo, with similar square vonorms, differing by a
small amount ~ .

Assume there exists a transformation A such that [Lo] = A[L4], where [L] is a 3x3 ma-
trix with 3 generating vectors of L arranged as column vectors.

Then, it follows: (Av;, Av;) = (v}, 0;) + &;, where v; corresponds to one of the seven Voronoi
vectors, and &; is the difference in the square vonorm value between lattices IL; and Ly for

the i*" square vonorm.

Re-arranging: <U_'Z-,ATA6;> — (03, 0;) = &, using the standard definitions of matrix multi-
plication and conventional cartesian inner product on R".

Re-arranging: & = v? <151-, (ATA —1I ) ﬁi>, using linearity and the distributive property of
the inner product, where ¥; represents a unit vector in the direction of vj.

Assume ATA — I has an orthonormal eigenbasis {b;} with eigenvalues {)\;}, noting that
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AT A — I is real and symmetric, thereby invoking the spectral decomposition theorem.
We can express 0; as a linear combination of eigenbasis vectors: v; = cjgj
Re-arranging: 5—2 =k <cjbj, )\kckbk> =, A

Further, note that: Y, ¢? =1, as 9; and b; are all unit vectors.

Thus, &/v? is a non-negative weighted average of all )\; values. When the set of & /v?
values are near-zero for all 7, it must follow that for many different weightings, the weighted
average of all \; values is small. Thus, each \; value must be near-zero.

Invoking the polar decomposition theorem, A = RT, where R is unitary and 7 is sym-
metric. Physically, R corresponds to a rotoinversion and 7' corresponds to a stretch. Thus,
the quantity, ATA — I = T? — I, and the eigenvalues, \; = s> — 1, correspond to a square
principal stretch value minus 1.

Thus, where \; values are small, it follows that the principal stretch values must be near 1,
meaning a small strain connects the lattices. O

It is possible to use a measuring unit of small size £&. Then, by rounding each vonorm to
the nearest ¢, while preserving [eq. 2.9], we can store each lattice as a series of integer
coordinates. By varying these coordinates +1 it is then possible to calculate the neighbors
as before (explicit enumeration in the appendix). Referencing [eq. 2.9], we observe that,
with the given discretization, each dot product must be an integer multiple of £/4. By
storing the quantities 4v; - v, it is possible to represent the dot products also as integers.
For any non-strictly obtuse superbasis, each dot product must be less-than or equal-to zero.
Thus, out of the 42 total possible lattice neighbors, we keep only those who are distinct with
qualifying non-positive dot products. In floating-point arithmetic, due to limited numerical
precision, it can be difficult to determine whether a dot product is positive [16]. Thus, the
decision to use an integer representation has the added bonus of avoiding any ambiguities in
this determination.

It can be shown that, by a series of lattice neighbors, any integer 3D lattice can be con-
nected to any other integer 3D lattice. Further, by design, if lattice A is a neighbor of lattice
B, it follows that lattice B is a neighbor of lattice A. These proofs are shown below:

Theorem 3.0.2. Every lattice can be connected to every other lattice via a series of nearest
neighbors

Proof. We start by referencing [Theorem 3.0.3|: every lattice neighbor relationship is recip-
rocal. Thus, to show lattices IL; and IL, are connected by a series of neighbors, it suffices to
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show that they are both connected to an intermediate lattice L.

With a bit of algebra, it can be shown that the following matrix equation applies for any
superbasis, whether or not obtuse:

-1 -1 0 0 1 0 v3 00 - U1
-1 0 -1 0 0 1 v} 00 - U3
1fo 1 1 0 -1 -1 v3 I R
211 o 0 1 -1 -1 v2 | 1
0o -1 0 -1 0 1 (v + v7)? U1 - U3
0o 0 -1 -1 1 0 (00 + v3)? 03 - U3

Considering a subset of vonorm modifications {x;}, listed completely in the appendix, we
can calculate the image of each modification when multiplied by the above matrix. Notice
only the first 6 square vonorms are listed: the 7th is uniquely implied by [eq. 2.10].

(

0\ [0\ [0\ [0\ [0\ [0\ [1\ [0\ /1\ [0\ /[1\ /(0
of fof (x| [o] [r] [of [o] [o] [o] [of [o] [
o) fof {o] fof {o] || o] [of [of || [o] |o
= tolal fol ] ol fol ol [t] o] |o] o] |0
vl {t] Lof {o] of {o] of {o] |of {o] |2 [t
L\o/ \o/ \t/ \1) \o/ \o/ \o/ \o/ \t/ \1) \o/ \o/|
([ 1 1\ /-1\ [0\ /-1\ [0\ /-1
~1] | o 1 1 o [-1] [t
oo -] o] |-t] |t 1 0
AT =50 =1lfo || =l o o] o]
o |-1] |o of |-t] [o 0
0 0 o) \-1/ \o/ \~1/ \o
0\ [/-1\ [0 0 0
0 0 o [-1] [0
of |-tf o] |-1]]o
tlfo -1l ]o ]
~1] |1 1 o | -1
-1 \o) \~1) \1 1))

Noting that the matrix above is invertible, it can be seen that if all dot products v; - v; are
zero, then all vonorms must be zero. As such, every 3D lattice must have at least one dot
product strictly less than zero.

Examining the images of {x;} above, every 3D lattice has at least one neighbor that keeps
all dot products non-positive. Further, by combining multiple of these neighbors together
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in a series, the dot products v; - v; can be made arbitrarily negative. Here we call this spe-
cific summation and series of neighbors a canonical obtuse step. Further, when derived in
this order, the neighbors, relative to their full Sy orbit, remain maximally-ascending at each
step. This is because larger vonorms are incremented first, before smaller vonorms are later
incremented by the same amount. Thus, the ordering is always unchanged.

0\ [0\ [0\ [0\ /o\ /1\ /[o\ /[o\ /[1\ [0\ [0\ /1

ol o} (x| (o] Jo] [o] [o] (1] [o] [o] [1] [0
L of Lef, lof, lol, lxl. lol. Jo] [o] [o] [x] o], [o©
Al I R S ol Il PSS I B Il B I B I R IS R (P I e

of lof 1| (o o] {1) o] o] [r] [o] {o] |:

o/ \1/ \o/ \o/ \1/ \o/ \o/ \1/ \o/ \o/ \1/ \o
A +X.) =

_ o O O
oS O O
o
_ o O O
o O O
|
—
_ o O O
—
|
—

0 -1 0 1
1 1 1 -
| 0 N N
o [ T{=1]"] o 1
0 0 0 1
1 0 1 1

With these preliminaries, we begin the proof.

Take two lattices IL; and LL,. Begin by adding first any necessary x; values from above
so that all v; - v; values are at most -3/2. We will then start with these derived neighbors L,
and L, ensuring that the vonorms are in maximally-ascending order. At any time during
the course of the steps below, if any dot products of either lattice become -1 or larger, both
lattices must be modified by a canonical obtuse step to reduce the dot products. This en-
sures that specific neighbors can continue to be derived while keeping the superbasis obtuse.
Applying a canonical obtuse step to both lattices concurrently will not change the difference
between the vonorms of both lattices.

Using x; = (0,0,0,1,0,0,1), we construct consecutive neighbors from the lattice with the
smaller v3 square vonorm until both lattices have equal values for v3.
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Using x; = (0,0,1,0,0,0,1), we construct consecutive neighbors from the lattice with the
smaller v3 square vonorm until both lattices have equal values for v3.

Using x; = (0,1,0,0,0,0,1), we construct consecutive neighbors from the lattice with the
smaller v? square vonorm until both lattices have equal values for v?.

Using x; = (1,0,0,0,0,0,1), we construct consecutive neighbors from the lattice with the
smaller v2 square vonorm until both lattices have equal values for v2.

At this point, both original lattices IL; and L, have been connected via nearest neighbors
to new lattices Iﬁ’l and IE/Q Both of these new lattices have identical primary square vonorm
values. Further, the progression above ensures that the primary square vonorms are always
sorted in ascending order at each intermediate step. Thus, no permutation changing the
order of primary square vonorms occurs.

Using x; = (0,0,0,0,—1,0,1), we construct consecutive neighbors from the lattice with
the smaller (vy + v3)? square vonorm until both lattices have equal values for (vg + v3)2.

Using x; = (0,0,0,0,—1,1,0), we construct consecutive neighbors from the lattice with
the smaller (vy + v3)? square vonorm until both lattices have equal values for (vp + 05)2.

At this point, both original lattices IL; and L, have been connected via nearest neighbors to
new lattices Iﬂ’l’ and IL’Q’ . Both of these lattices have identical primary square vonorm values
and identical values for (vg+v3)% and (vp+03)2. Further, the progression above ensures that
the secondary square vonorms are always sorted in maximally-ascending order at each inter-
mediate step. Thus, no permutation changing the order of secondary square vonorms occurs.

Finally, referring to [eq. 2.10], the value of 6 square vonorms determines the value of the
remaining vonorm. In this case, because both lattices ]I;’l’ and ]i'/zl have the same 6 square
vonorms, they must have the same 7 square vonorms. Thus, both lattices must be equal.
As such, any two lattices IL; and Ly can be connected by a series of neighbors to a common
lattice. Thus, any two lattices can be connected to one another via nearest neighbors. [

Theorem 3.0.3. Lattice neighbor relationships are reciprocal.

Proof. Assume lattice IL 4 has neighbor L. Mathematically this means that when a displace-
ment Y; is added to the vonorms of IL 4 and the vonorms are sorted to be maximally-ascending,
the vonorms of Lp result.

g(voa + Xi) =vop g €S,
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We can re-arrange this equation algebraically:
9~ (V0B — g(Xi)) = Vo4

Referencing the appendix where {x;} are listed, it can be seen that every permutation g € Sy
is a bijection on this set. That is, by construction, the set is closed under this group action.
Further for each x; in the set, its negative is included.

Thus, the action —g maps x; onto another element of the set: xj

—

—9(Xi) = Xj
Thus, it can be said that there exists a displacement such that:
g(vop + Xj) = Vb4 : g € Sy
As such, lattice Lg has neighbor lattice L4 by definition. O

Keeping these properties in mind, this discretization scheme creates a grid over the entire
configuration space of 3D lattices and provides a straightforward means of exploring the
space. In general, neighbors are similar to one another if the discretization parameter is
sufficiently small, and two lattices become less similar the more neighbors that separate
them.

Representation of Crystalline Atomic Bases

In the representation of a crystal’s atomic basis (n atoms), there are many redundancies
in the specification, namely, arbitrary origin, identical atoms, and lattice translations. By
choosing relative coordinates in the interval [0, 1), arbitrary lattice translations are accounted
for. By confining a particular atom to the origin, arbitrary origin is accounted for, and only
n — 1 atomic positions need to be specified. However, where there are identical atoms, there
remains possible ambiguity as to which one of the identical atoms is confined to the ori-
gin. Further, in an ordered listing of the n — 1 basis vectors {01, ..., ¥,,_1 }, swapping identical
non-origin atoms will not change the crystal structure; however, the listing will be re-ordered.

Using the same technique employed with the lattice length strings above, we can calcu-
late the full orbit of strings of basis vectors under their permutation group and then pick
a unique representative that is maximally-ascending. Specifically, we order atoms primarily
by species and secondarily by first, second, and then third relative coordinate, in ascending
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numeric order. This uniquely specifies the representation of the crystal basis in terms of a
string of numbers.

Finally, by dividing the interval [0,1) into § small intervals, it’s possible to round each
basis coordinate to the nearest interval boundary. Then, the basis can be completely speci-
fied as a string of integers.

As an example consider the compound Sn,Oy, a unit cell of the experimentally-observed
tin-oxide rutile phase in the canonical setting [17]. This crystal has the following cell pa-
rameters a = 3.24A b = 4.83A ¢ = 4.83A o = 90° 5 = 90° v = 90°, when rounded to the
nearest hundredth of an angstrom. It also has the following atomic basis, when rounded to
the nearest tenth in relative coordinates:

2 atoms Sn @0, 0, 0 and @0.5, 0.5, 0.5
4 atoms O @0, 0.7, 0.7 and @0, 0.3, 0.3 and @0.5, 0.8, 0.2 and @0.5, 0.2, 0.8

We decide here to divide the interval [0, 1) into 10 small intervals, and we choose atom Sn to
be at the origin. Notice that there are two distinct choices for which atom Sn is at the origin.

With the first choice, as written above, the basis can be represented by the following coor-
dinate string:

9,9,5, 0,3,3, 0,7,7, 5,2,8 5,8,2

The first Sn atom at the origin is omitted. The second Sn atom is listed first, and its
coordinates are discretized. Next, the 4 O atoms are listed. They are sorted by first relative
coordinate, then second relative coordinate, then third relative coordinate.

Choosing the second Sn atom to be at the origin, a distinct coordinate string results, follow-
ing the same ordering protocol:

9,9,5, 0,3,7, 0,7,3, 5,2,2 5,8,8

Now comparing the two possible basis strings, element by element, we find that the first
string is less than the second string. Thus, the standard basis representation is 5,5,5, 0,3,3,
0,7,7, 5,2,8 58,2, the maximally-ascending element of the orbit of equivalent basis atom
coordinates, given the discretization parameter of 10.

To generate similar crystal atomic bases, each integer relative coordinate of each atomic
vector can be individually varied £1. Further, we include the vector £ (1,1, 1) as an addi-
tional allowed variation. Together these generate 8n neighbors for any crystal basis. If ¢ is
sufficiently large, these neighbors are similar geometrically to the original basis.
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Representation of Complete Crystal Structure

By combining the integer specifications of the lattice and the crystal atomic basis, it is
possible to completely specify a crystal using only integers. However, the representation
of the crystal atomic basis, being in relative coordinates, requires a particular unit cell of
the lattice to be defined. Because each lattice is represented by 7 integers that are in an
unambiguous order, the following formulas [eq. 3.2-3.9] will always define 3 unambiguous
generators for the lattice. Further, this mapping of vonorms to generators is injective:
two distinct strings of vonorms leads to two distinct generating sets. Since the crystal’s
orientation is arbitrary in this study, a variable orientation arises naturally when using these
formulae.

_E) = 67)0 <17 07 O> (32)

U_i = 51)1 <£L’, Y, O> (33)

v = ggvozll (3.4)

y=(1-2%)" (3.5)

05 = &g (a, b, ¢) (3.6)

- ;’UOZ (3.7)
_1(dn

b= ; (§201v2 xa) (3.8)

c=(1-ad b2)1/2 (3.9)

We can show this unique connection of vonorms to generators via the following proof:

Theorem 3.0.4. The lattice mapping function IL(v0) is injective.

Proof. For this proof, we reference the following truncated relationship between vector norms
and dot products for any superbasis:

-1 -1 0 0 1 0 v3 0o - 0
-1 0 -1 0 0 1 vl 00 - U3
1fo 1 1 0 -1 -1 v3 R
201 0 0o 1 -1 <1 v? R
0o -1 0 -1 0 1 (0o + v1)? U] - U3
0o 0 -1 -1 1 0 (0o + v3)* U3 - Vs

Assume that L(v0;) = L(v0,). Then, the generating vectors output must be identical from
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the function, and they must have equal lengths and angles.

Noting equal generator lengths, it follows that vZ, v?, and vZ must be equal for both in-
put square vonorm vectors v0; and vo,.

Noting equal angles, the dot products vy - v, Uy - V5, and v7 - v5 must be equal for both
input square vonorm vectors vo; and v0s.

From above, vy - v; = —vZ — v} + (05 + v1)% Because vZ and v? are equal for both v,
and v0y, it must follow that (vy + v7)? is equal for both 10, and v0,.

From above, vy - U3 = —v2 — v3 + (05 + v3)%. Because v2 and v3 are equal for both v0,
and 09, it must follow that (vg + v3)? is equal for both vo; and v0,.

From above, 07 - vy = v2 +v2 — (v + 01)? — (0 + v2)?. Because v3, (v + v1)?, and (v) + 03)?
are equal for both v0; and v0,, it must follow that v§ is equal for both vo; and v0,.

Combining these results with [eq. 2.10], because 6 square vonorms are equal, all 7 square
vonorms must be equal between v0; and vo,. Thus, v0; = vV0,. O

For conciseness, we group these relations together in a function L : Z7 — R3<3. L takes in
the 7 integer vonorms as a vector, ordered as v3, vi, v3, v3, (v5 + v1)%, (Vo + v2)?, (Vo + v3)>.
IL uses these 7 values to calculate the corresponding dot products, using [eq. 2.9]. Finally, L
outputs the three generating vectors as column vectors of a 3x3 matrix ordered as follows:
[09, U7, V3]

Now we recall the symmetry group Sy, which can permute the order of square vonorms but
leaves the geometry of the lattice unchanged. In the context of the function L, each g € Sy
can lead to a distinct unit cell and orientation. In general, L(g(v0)) = AgL(v0)u, ", where A,
is a pure rotation or rotoinversion (unitary), and p, is a unimodular matrix (shown below).
Considering this change in unit cell, the relative basis coordinates must be left-multiplied by
fty to account for the change, whereas, with the affine transformation, A, the relative basis
coordinates do not change (shown below).

Theorem 3.0.5. The group Sy has an action on set of lattice generators L(vo) arranged as
column vectors. This action is as follows: L(g(v0)) = AJL(v0)u," = g € Sy, where Ay is a
unitary rotoinversion and pg 1s a unimodular matriz.

Proof. To show a valid group action, we algebraically note the following, referencing that
unitary and unimodular matrices form groups under composition:

]L(gl ’ gg(v_(’))) = Agl'gzL(U_’O)/‘gil-m - A91A92L<U_b)ﬂg_21ﬂg_1l = ]L(gl (92(?]_5)))
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L(e(vo)) = A L(v0) e = L(v0)

As a justification for this definition of group action, consider the action of S4 on the set of
seven square vonorms. The lengths and angles of the superbasis are preserved at all times,
just re-ordered. The geometry of the lattice is preserved; although, the mapping function
L(v6) may change the orientation of the lattice. This is represented by a left multiplication
by a unitary matrix, which preserves lengths and angles. Again, considering the preservation
of lattice geometry, the unit cell L(v0) must geometrically be a unit cell of the original lat-
tice. Thus, right multiplication by a unimodular matrix represents this geometric constraint.

Further, S, is simply a permutation of the superbasis vectors labels, and it’s the closure
of the following simple transpositions: 0 <> 1,0+ 2,0+ 3,1 < 2,1 < 3, 2 + 3. If any
transposition occurs, the unit cell L(v0), defined geometrically by the generators v, v7, and
U5, must change to reflect the transposition.

In the order, 0 <> 1, 0 <> 2, 0 <> 3, 1 +> 2, 1 «» 3, 2 <> 3, the generating set {vy, 01,03}
gets orbited to the following: {vi, vy, 03}, {03, 01,00}, {—vo — v1 — 03, 01,05}, {vo, 02,01},

{vg, =00 — v1 — 03,05}, {00, V1, —vp — v1 — U3}, noting that vz = — (v + v + 03).

By inspection, these transpositions can be accomplished by the right multiplication of the
following unimodular matrices.

O 1:p,==

0 2:p,==

_ o O o = O
o = O o O
—_
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10 —1
23 :pug=%x(0 1 -1
00 -1

In listing the unimodular matrices, + is included to represent a sign ambiguity, as all lattices
have inversion symmetry in their group structure. Therefore, a unit cell or its inversion will
have the same geometry and order of square vonorms. However, when we consider the pres-
ence of a crystal basis, we need to pick the appropriate sign for which no inversion occurs.
Physically, this ensures that each neighbor involves only a small change in basis. Recall that
inversion is a large discontinuous change in crystal basis in the general case: when the basis
does not also share inversion symmetry.

Re-arranging the definition of the group action:
Ay = L(g(v0))pglL(v0) "
We can take the determinant of both sides:

[Ag| = L(g(00))[|p1g| L(v0) "]

We note that, as defined, L(v6) always outputs a right-handed set of generators and has a
positive determinant.

Thus it follows that:

sign|A,| = sign|ug|

The constraint that no inversion occur signifies that |A4,| > 0, thus, |g,| > 0.

As such, we pick the negative representatives above so that each p, has a positive determi-
nant. The set of unimodular matrices with positive determinant likewise forms a group, so
the conclusions above are unchanged. O

Theorem 3.0.6. A unitary rotoinversion of the crystal does not change the relative coordi-
nates of the crystal basis; however, a unimodular change of unit cell does change the relative
coordinates of the crystal basis.

Proof. Consider a crystal with basis B, represented as a matrix with each basis atom’s carte-
sian coordinates corresponding to a column vector. Assume LL to be a matrix representing
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the 3 generators of a lattice, arranged as column vectors of the matrix. Then we define:
[B]L, := L™'B, where [B]y, is a matrix with each basis atom’s relative coordinates correspond-
ing to a column vector.

When a unitary rotoinversion A of the crystal occurs, L. - AL, B — AB. That is, the
lattice generators and cartesian basis coordinates are all modified correspondingly. However,
calculating the relative basis coordinates, we see they are unchanged:

Bl » L 'A'AB = L"'B = [B],

When a unimodular matrix p, changes the unit cell of the crystal, no geometric change has
occurred; thus, the cartesian basis coordinates remain the same. However, the geometry of
the lattice generators has changed: I. — Ly,. Calculating the relative basis coordinates, we
see they are changed:

Bl — iy 'L™'B = p, '[BlL
O

For completeness, we list a generating set of S4 and their unimodular counterparts ji,. There
is an isomorphism between these groups; thus, any permutation and corresponding matrix
can be constructed by the analogous group multiplication (shown below). We restrict 1, to
have a positive determinant so that only proper rotations are required to connect neighboring
crystal structures [Theorem 3.0.5]. Physically, we base this restriction on the idea that when
connecting points in crystallographic phase space, basis atoms are never allowed to invert
through the origin. Such an inversion is physically prohibited, as atoms would approach
infinitesimally close to one another. Further, inversion of the basis typically represents a
large, abrupt change in crystal structure. Our goal here is to consider small crystallographic
perturbations, composing them together to naturally reconstruct larger structural transfor-
mations.

010

O 1:pg=—[10 0 (3.10)
00 1
00 1

0¢2:p,=—[0 1 0 (3.11)
100

-1 0 0
0-=3:py=—1-110 (3.12)
1 01
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1 00

l<2:u,=—10 0 1 (3.13)
010
1 -1 0

1o 3:=—[0 =1 0 (3.14)
0 —1 1
1 0 -1

263 u,=— (01 —1 (3.15)
00 —1

Theorem 3.0.7. There exists an isomorphism between Sy and the group of unimodular
matrices accomplishing the change of unit cell ji4

Proof. Referencing the group action from [Theorem 3.0.5], the homomorphism from Sy to
{1y} is already defined through the generator relations.

Assume that pu, = I. This implies that g € Sy does not change the order of vy, vi, and
vy. Thus, g can only orbit v3 with itself and must leave the other primary Voronoi vectors
unchanged. Thus, g can only be the identity permutation, and the homomorphism has a
trivial kernel. This means the homomorphism is injective.

We take {y,} to be the set of all products of the generators defined in [Theorem 3.0.5].
As such, for every p, there exists g € Sy that maps to py by the homomorphism. This
means the homomorphism is surjective.

Taken together, this means that the homomorphism is an isomorphism (bijection) between
S, and the set {1} O

Previously, we considered the orbit of vonorms under the action of Sy; however, in the con-
text of a lattice + crystal basis, we need to consider the simultaneous orbit of the atomic
basis relative coordinates as well. Here, we define vo as the maximally-ascending repre-
sentative of the Sy orbit on the string of lattice lengths. Some elements in Sy will leave
vo unchanged. Together these form a subgroup H of S, (orbit-stabilizer theorem). We
can orbit the basis coordinates with all the elements of H, forming the set of all possible
geometrically-equivalent crystal bases for the given unit cell L(v0). For each one of these
geometrically-equivalent bases, we calculate the corresponding maximally-ascending basis
coordinate string. Then, comparing these strings to one another, we choose a representative
that is globally maximally-ascending. Together, the maximally-ascending lattice vonorms
and this maximally-ascending basis string constitute a unique representation of the crystal
as a string of numbers, termed here “crystal normal form”.
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We note that the decision to use integers as a representation removes ambiguity from the cal-
culation of H. If floating-point arithmetic were used, the determination as to which vonorms
are equal in value would be difficult and ultimately would rely on a tolerance. Further,
because integers are used, we can guarantee that high-symmetry lattices, those with many
equal vonorms, will be included and well-represented in the discretization of crystallographic
phase space.

Taken together, the aforementioned sets of 42 vonorm co-variations alongside the 8n crystal
basis variations create a set of geometrically-similar crystals, termed here as crystal neigh-
bors (example in the appendix). By decreasing { and increasing 0 these variations can be
made arbitrarily small. When a neighbor is calculated, the vonorms or basis relative coordi-
nates are varied, then, the neighbor is put into crystal normal form. This ensures that each
crystal is canonically-represented and calculated only one time, eliminating redundancies.
Under this scheme, it can be shown that neighbor relationships between crystal structures

are reciprocal and that any crystal structure can be connected to any other via a series of
neighbor connections, aka. small structural perturbations.

Theorem 3.0.8. The structure of crystal neighbors is reciprocal and complete.

Proof. 1f crystal B is a neighbor of crystal A, one of the following must be true:
a) If B is a lattice neighbor:

vop = g(voa + Xi) Bp = pugB4 g €S,
b) If B is a crystal basis neighbor:

vop =v0s By =p,Ba+0) g€ S,
We can re-arrange the equations as before:
a) If B is a lattice neighbor:

voa =g (v —g(Xi)) Ba=p,'Bp g€

b) If B is a crystal basis neighbor:

V0p = V04 IB%A:ug_l(IB%B—ug(i) g e Sy
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Inspecting both cases:

a) {X;} is closed under S, permutation and negation: —g(x;) = xj.- Thus, if B is a lat-
tice neighbor of A, A will be a lattice neighbor of B.

b) It can be shown that the set {0;} in the appendix is invariant under the action of the

generators of {y,} and negation: —,ug(i- = 5;-. Thus, if B is a crystal basis neighbor of A, A
will be a crystal basis neighbor of B.

Therefore, neighbor relationships are reciprocal.

Continuing the proof, we reference [Theorem 3.0.2] to demonstrate that any crystal lat-
tice can be reached as a series of lattice neighbors from any other crystal lattice. Thus, we
need only show that for a fixed unit cell reference frame (implying a fixed lattice), all sets
of integer basis coordinates can be reached as a series of crystal neighbors. Together this
would imply that any combination of lattice and basis can be reached via a series of neighbors.

To demonstrate this, we take two bases within the same unit cell B; and By,. Due to
the integer specification and the fact that the displacements {5:} span the vector space of
all atomic displacements, there exists a finite series of displacements (aka. basis coordinate
neighbors) connecting the two bases: By = By + ) 5;

Now, throughout the algorithm, as displacements occur, the unit cell may shift (though the
lattice is unchanged) L — L/Lg_l. Putting the coordinates into crystal normal form dictates
these changes. With each shift, the basis coordinates will change: By = By + Z,ug(i-.
Because {5:} is closed with respect to all possible unimodular multiplication, even in the

new cell setting a finite path between the starting and ending bases exists, and the next step
of the path is always accessible.

Eventually the path terminates and the bases coincide. This process can be repeated for
any By of the original unit cell, and, from the perspective of this unit cell, all possible basis
relative coordinates are accessible. This process can be repeated also for any different unit
cell, and the same results hold, regardless of the unit cell chosen. O

Summary

As presented, any crystal structure can be connected to any other crystal structure with the
same formula unit via a series of similar neighbors: small incremental strains and phonon
mode amplitudes. These neighbor relationships are reciprocal, forming a well-defined grid.
Further each crystal structure can be uniquely represented as a series of integers. As such,
the entire 3D crystallographic configuration space, for a fixed number of atoms per unit
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HCP
a) b)

e (] o

-

Figure 3.1: The search for transformation pathways from HCP to BCC is visualized below.
The hexagonal closest-packed planes are highlighted in green for the HCP structure. The
canonical BCC unit cell is highlighted in green for the BCC structure. The unique unit
cells defined by canonical mapping function LL(v0) are shown for HCP (a) and BCC (c).
An intermediate structure connects the two (b) with unit cell strain and atomic shuffling
visualized via red arrows. Some neighbors are omitted for conceptual clarity. The path
highlighted is a shortest path connecting the HCP and BCC crystals. This path closely
corresponds to the well-known C’ strain, TA1(N) phonon-mode transformation pathway
connecting BCC and HCP structures in many metallic systems [18]

cell, can be discretized and explored using the parameters £ and §. These connections, by
design, are insensitive to choice of unit cell, either in the beginning or ending structure, as
the vonorms, conorms, and basis normal form of the crystal are a geometrical invariant of
the crystal.

As an example, we present a canonical transformation pathway from HCP to BCC found
using these techniques in Figure 1. Here two Zirconium atoms per unit cell are searched in
the configuration space. We pick a shortest path connecting the structures, signifying a path
with the smallest number of nearest-neighbor connections.

Employing this approach, we anticipate many possible applications to the field of solid-state



CHAPTER 3. STUDY 1: A CRYSTALLOGRAPHIC MAP 62

physics and materials science. By studying a general collection of crystal structures and eval-
uating their energies using first-principles techniques, we can gain greater insight into the
phase space of materials and assess materials stability, among other functional properties.
The larger energetic landscape reveals activation energy barriers separating distinct phases
of a material and can elucidate general transformation pathways induced by external fields,
such as magnetic, electric and mechanical energy gradients. The curvature around energetic
minima yields second order response functions, such as elastic tensors and various phonon
frequencies. Ultimately, an energy landscape generated using this technique may also enable
a new way to sample phase space using Monte-Carlo approaches to estimate finite temper-
ature properties using ab-initio techniques. While the orientation of the crystal system has
been explicitly discounted in this treatment, with additional effort, the strain and rotation
connecting neighboring crystal structures can be calculated using techniques such as [9].
With these parameters, it is possible to keep track of the overall crystal orientation relative
to an external applied field or similar. In this way, coupled properties, such as structural
variation in response to external fields or changes in spin state as a response to structural
perturbation can be assessed under a consistent global coordinate system.

From a materials engineering perspective, by using this representation in combination with
a dataset of materials energies, we anticipate possible utility in fitting interatomic potentials
and training machine learning algorithms. Using an entire energy landscape as a training
input, would add rich structure-energy information outside of the well-known crystal struc-
tures and their perturbations, likely improving the generality of fitted models. Additionally,
this technique offers another way to assess crystallographic similarity between materials: the
fewer nearest neighbor hops required, the more similar the crystals. This may prove useful
in large databases of crystal structures to quickly screen for duplicates in the database.
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Chapter 4

Study 2: The Zr Crystal System

Having created a means of exploring crystallographic phase space, it is now possible to now
apply these techniques to find activation energy barriers. As a proof of concept, we will fo-
cus on the Zirconium phase space, validating here that this new general approach to finding
transformation pathways re-derives known patterns from the literature.

In order to conduct a generalized search for minimal-activation-energy pathways, the fol-
lowing “water-filling” algorithm is employed and can be summarized as follows:

1.

2.

Start with a stable crystal structure in canonical integer coordinates.

Generate the neighbors of the crystal structure and calculate the energies of those
neighbors.

Keep track of a maximum energy. For every neighbor under this maximum energy,
calculate its neighbors and their associated energies.

Repeat the process until all previously-found neighbors are greater in energy than this
maximum.

Raise the maximum energy and repeat the algorithm until the target crystal structures
are found.

The maximum energy found upon algorithm termination is the activation energy bar-
rier and all neighbors below this energy form a phase space of physical transformation
paths sharing that same activation energy.

For illustrative purposes, a single pathway is chosen for analysis, out of the many possible
pathways all sharing the same activation energy barrier. To make this choice, all shortest
paths connecting the starting and ending structure are considered. Then, of these paths,
the unique shortest path whose energy stays the lowest in the first n steps is considered, for
minimal value of n.
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In order to verify the results of this analysis, we search the phase space of two-atom Zirco-
nium unit cells, starting with the stable HCP phase. We then search for target structures
FCC and BCC phases. These phases have primitive unit cells of one atom per unit cell,
as such, we search for any index 2 supercell of the FCC or BCC structure. There are two
geometrically-unique FCC unit cells of index 2, and there are two geometrically-unique BCC
unit cells of index 2. These are found by applying the aforementioned sublattice-generating
algorithms and filtering out any structures connected by zero-strain and with equivalent
bases. As such, there are four target structures in the search.

We conduct this search using discretization parameters as follows: & = 1.54% and ¢ = 30.
With this choice, the HCP, BCC, and FCC structures have coordinates as presented below:

HCP: 7,7,17,24,7,24, 24,10, 20, 15

BCC: 6,8,17,23,6,23,25,0,15,15
BCC: §,8,8,21,15,15,15,15,15,15

FCC: 6,7,13,25,13,18,20, 15, 15, 15
FCC: 7,7,20,20,7,20,27,0,15, 15

Recall that the first 7 coordinates correspond to square voronoi vector norms and the fi-
nal 3 coordinates correspond to the position of the second atom in the unit cell. The first
atom is fixed at the origin.

For the transformation from HCP to BCC, the minimum energy transformation pathway
proceeds as an interleaved strain + phonon pathway. The BCC crystal structure is higher
in energy than the HCP crystal structure, and the transformation pathway from BCC to
HCP has a zero activation-energy barrier. The cumulative strains and atomic displacements
along the pathway are shown below, starting from the BCC structure, all diagonalized to
highlight the principal axes. The coordinate system is the same as that presented in the
canonical BCC unit cell setting in the introduction. Each strain is shown at 20% transfor-
mation pathway increments:

Start (BCC): 6, 8, 17, 23, 6, 23, 25, 0, 15, 15
E = —9.012m”

atom

20%: 6, 6, 20, 25, 6, 25, 26, 0, 15, 15

—0.057 0.533  0.845 —0.150 0.000 0.000
e=1 0996 —0.027 0.084 0.000  0.040 0.000 | P~*
0.067  0.846 —0.529 0.000  0.000 0.105
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E = —9.023meV

atom

40%: 6, 7, 19, 25, 6, 25, 26, 2, 16, 15

—0.000 —0.707
e= | 1.000 —0.000
—0.000 —-0.707

Sl
I

—0.707
—0.000
0.707

=1

—0.080 0.000 0.000
0.000 0.014 0.000 | P~*
0.000  0.000 0.072

5 =< 2/30,1/30,0 >

E = —9.024meV

atom

60%: 6, 7, 19, 25, 6, 25, 26, 6, 18, 15

—0.000 —0.707
e= [ 1.000 —0.000
—-0.000 —-0.707

—0.707
—0.000
0.707

—0.080 0.000 0.000
0.000 0.014 0.000 | P71
0.000  0.000 0.072

§ =< 6/30,3/30,0 >

E = —9.029meV

atom

80%: 6, 7, 18, 25, 7, 24, 25, 9, 17, 15

—0.180 —0.707
e= | 0.967 0.000
—0.180  0.707

0.684
0.255
0.684

—0.092 0.000 0.000
0.000 0.043 0.000 | P~*
0.000 0.000 0.083

5 =< 9/30,2/30,0 >

E = —9.051 1Y

atom
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100% (HCP): 7, 7, 17, 24, 7, 24, 24, 10, 20, 15

—0.000 0.707 0.707 —0.080 0.000 0.000
e= | 1.000 0.000 0.000 0.000 0.014 0.000 | P!
0.000 —-0.707 0.707 0.000  0.000 0.127

§ =< 10/30,5/30,0 >

E = —9.075meV

atom

We note that in contrast to conventional strain-shuffling transformation pathways, char-
acterized by linear interpolation, this pathway proceeds as a superposition of micro-strains
with distinct principal axes and atomic shuffles in distinct directions. By comparison, it is a
more dynamic pathway.

It is difficult to fully visualize the energetic landscape across all degrees of freedom, as
it is a 10-dimensional space in this study. However, it is possible to create a similar plot to
those above by considering a particular low-energy pathway through the landscape. Along
the z axis, we can measure % progression along the pathway and along the z axis we can
measure the energy. Then for each step along the pathway, we can consider the set of nearest
neighbors not on the path. Taking the 2 nearest neighbors of lowest energy and plotting them
at +1 along the y axis, the plot is then three-dimensional. While not showing the complete
information of the landscape, this representation allows one to see whether the minimum
energy pathway contains points that are low in energy compared to its neighboring phase
space. This plot is shown below for first HCP to BCC and then HCP to FCC later on.
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—9.016eV/atom

—9.081eV/atom

Steps Along Min Energy Path

Figure 4.1: The search for transformation pathways from BCC to HCP is visualized with the
phase space surrounding a path of minimal activation energy barrier highlighted.Along the
x-axis, the number of steps along the transformation pathway are shown. Along the y-axis
two of the lowest energy orthogonal nearest neighbors are shown to the left and right. Along
the z-axis is the energy. This pathway shows the dynamical instability of the BCC structure
at low temperatures.

We contrast this to the calculated energy landscape of the aforementioned canonical BCC -
HCP. Along the x-axis is % transformed in terms of strain. Along the y-axis is % transformed
in terms of phonon mode. Along the z-axis is the energy.
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-9.01
-9.02
-9.03
-9.04
-9.05
-9.06

Energy (meV/atom)

-9.07
-9.08

9.09 |

0.2

0.6

0.7 0.8

04 05 08

Fraction Strained 1 0.1 0.2 0.3
Fraction Shuffled

Figure 4.2: The canonical strain-phonon transformation from BCC to HCP is visualized,
using the calculated minimum-strain, minimal-shuffling pathway. Along the x-axis is %
transformed in terms of strain. Along the y-axis is % transformed in terms of phonon mode.
Along the z-axis is the energy. This pathway also shows the dynamical instability of the
BCC structure at low temperatures.

For the transformation from HCP to FCC, the minimum energy transformation pathway
proceeds as an interleaved series of incremental strains and phonon mode steps. The FCC
crystal structure is higher in energy than the HCP crystal structure, and the transformation
pathway from FCC to HCP has a non-zero activation energy barrier, indicating the metasta-
bility of the FCC structure. The energy at this barrier is —9.015meV /atom, corresponding
to a barrier height of 34meV /atom when transforming from FCC to HCP. The crystal struc-
ture at this barrier is close to BCC in terms of geometry. The cumulative strains and atomic
displacements along the pathway are shown below, starting from the FCC structure. The
coordinate system is the same as that presented in the canonical FCC unit cell setting in
the introduction:

Start (FCC): 7, 7, 20, 20, 7, 20, 27, 0, 15, 15
E = —9.029 2V

atom

20%: 6, 9, 17, 19, 6, 20, 25, 0, 15, 15
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0.144  0.759 —0.635 —0.151  0.000  0.000
e=| 0973 —0.226 —0.050 0.000 —0.026 0.000 | P~*
—-0.182 —-0.611 —-0.771 0.000  0.000 0.166

Sl
Il
(@]

E = —9.019m2¥

atom

40%: 6, 9, 16, 20, 6, 20, 25, 2, 16, 15

0.052  0.705  0.707 —0.190 0.000 0.000
e= 1 0997 —-0.074 —0.000 0.000  0.009 0.000 | P71
—0.052 —0.705 0.707 0.000  0.000 0.164

§ =< 2/30,1/30,0 >

E = —9.019m”

atom
60%: 6, 9, 16, 22, 6, 22, 25, 5, 17, 15
0.032 0.706 —0.707 —0.237 0.000 0.000
e=1 0.999 —-0.045 0.000 0.000 0.081 0.000 | P71
—0.032 —-0.706 —0.707 0.000 0.000 0.164

§ =< 5/30,2/30,0 >

E = —9.0192%

atom

80%: 7,7, 17,23, 7,23, 24, 6, 18, 15
—0.120 0.707 —0.697 —0.143 0.000 0.000

e=| 098 —0.000 —0.169 0.000 0.026 0.000 | P~*
0.120  0.707  0.697 0.000  0.000 0.172

§ =< 6/30,3/30,0 >

E = —9.044meV

atom
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100% (HCP): 7, 7, 17, 24, 7, 24, 24, 10, 20, 15

—0.102 0.707  0.700 —0.164 0.000 0.000
e=| 0102 0.707 —0.700 0.000 0.026 0.000 | P~*
0.990 —0.000 0.144 0.000  0.000 0.202

§ =< 10/30,5/30,0 >

E = —-9.0752L

We note that, once again, in contrast to conventional strain transformation pathways, char-
acterized by linear interpolation, this pathway proceeds as a superposition of strains with
distinct principal axes and atomic shuffles in distinct directions. By comparison, it is a more
dynamic pathway.

We visualize the local energy environment along the calculated FCC - HCP pathway, in
the plot shown below.
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Figure 4.3: The search for transformation pathways from FCC to HCP is visualized with the
phase space surrounding a path of minimal activation energy barrier highlighted. Along the
x-axis, the number of steps along the transformation pathway are shown. Along the y-axis
two of the lowest energy orthogonal nearest neighbors are shown to the left and right. Along
the z-axis is the energy. This pathway shows the metastability of the FCC structure at low
temperatures.

This new identified transformation pathway is comparable to a combined transformation
pathway consisting of the canonical tetragonal strain from FCC to BCC and then the canon-
ical strain-shuffle transformation from BCC to HCP. Notably, the activation energy barriers
are within 4meV (measured in a 2-atom unit cell), which is insignificant relative to room-
temperature thermal vibrations of around 25%. The BCC to HCP canonical transfor-
mation energetics are shown above. Below the FCC to BCC transformation is shown in a
similar plot. Along the x-axis is % transformed in terms of strain. Along the y-axis is the
energy.
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Figure 4.4: The canonical strain transformation from BCC to FCC along the tetragonal
strain path is visualized, using the calculated minimum-strain pathway. Along the x-axis is
% transformed in terms of strain. Along the y-axis is the energy. This pathway also shows
the dynamical instability of the BCC structure at low temperatures.

Taken together, these plots illustrate that this new formalism is capable of finding additional
minimal-energy transformation pathways that differ from known low-energy transformation
pathways observed in the literature. More generally, using the delineated algorithm, many
other pathways can be enumerated as well. However, all the newly-identified pathways and
the previously-known transformation pathways share the same activation energy barriers.
This helps to verify the validity of this formalism for use as a general search algorithm for
finding activation energy barriers.

In conventional approaches to studying martensitic phase transformations, considerable effort
goes into managing multiple crystallographic orientations and choices of unit cell. Further,
in cases where there are many atoms in a unit cell, it is computationally-expensive to find a
minimal-shuffling solution, and there is a separate solution for each unit cell setting. Alter-
natively, this formalism, focused exclusively on crystal geometry, alleviates this significant
overhead and easily generalizes to complicated systems. In terms of finding minimal-strain,
minimal-shuffling pathways, a simple breadth-first-search of the discretized parameter space
will yield such a path. Further, by employing the described “water-filling” algorithm, we get
not only an ensemble of lowest-barrier transformation pathways between two crystal struc-
tures, but also an energy landscape: significantly more useful information. We anticipate
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that a more thorough understanding of the energy as a function of geometry can yield sig-
nificant additional insight into finite-temperature properties.

We can now use these activation energy barriers to gain some insight into the phase stability
of Zr at atmospheric pressure. At high temperatures the BCC phase, having higher specific
entropy, is stabilized relative to the HCP and FCC phases. As the temperature falls, HCP
becomes the only observed stable phase (1135K). These calculations support the idea that
the BCC phase becomes dynamically unstable with falling temperature. Further, noting
that kT ~ 97.8meV/atom at this temperature, the crystal has ample thermal energy to
overcome the calculated activation energy barrier between FCC and HCP, even cooling sig-
nificantly from 1135K. Thus, the FCC is never observed as the crystal can easily transform
to the more-stable HCP phase.

While this search algorithm considered only the energy of the atomic system, for constant-
pressure and/or constant-temperature systems, the corresponding thermodynamic poten-
tials, H (enthalpy), F' (Helmholtz free energy), G (Gibbs free energy) can be estimated.
Using the principal of minimization of free energy, this same algorithm can be employed,
calculating the appropriate free energy to gain insight into relative phase stability at a variety
of environmental conditions.
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Chapter 5
Outlook

Altogether, this thesis has outlined the salient mathematical framework for understanding
crystal geometry and the relationship between different crystal structures in terms of strains
and phonon modes. This allows us to define the space of all crystal geometry in new ways
and explore it in a comprehensive fashion not previously attempted. When applied to the
Zirconium crystal system, this exploration re-derives several known transformation path-
ways, serving as an initial proof-of-concept.

This framework opens up many exciting new approaches to solving difficult problems in com-
putational materials science. From finding low-energy transformation pathways and gauging
relative stability, to relating crystal structures geometrically, filtering out duplicate crystal
structures, even gauging finite-temperature properties. As an analogy, this work fundamen-
tally serves as a crystallographic map: a means to uniquely represent any crystal geometry
as a string of coordinates. While the complexities involved prevent the representation of this
geometry as a vector space, nevertheless, we have been able to create a grid-like structure in
which similar crystals are close together and the grid coarseness can be set arbitrarily. As
such, with appropriate modification, this tool can be used to provide insight into any desired
property as a function of crystal geometry. Simulation tools calculate the property, and this
framework keeps track of the crystal geometry.

Going forward, there remain many exciting avenues for further development. Firstly, the
phase space grows rapidly more complex as the number of atoms per unit cell is increased.
For even 6-atom systems, the aforementioned “water-filling” algorithm becomes impractical
as the configuration space is simply too large to exhaustively explore. Even for the two-
atom Zr calculations, slightly over 50,000 static calculations were required when using a fine
structural search grid coarseness. There certainly is a trade-off between rigorously finding
the lowest activation energy pathway vs. a more-targeted heuristic search algorithm. For
many systems, more-targeted approaches will be necessary.

I believe there is ample room for new and efficient transformation pathway search algo-
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rithms, either engineered or machine-learned, built off of this new formalism. While a given
energy calculation takes on the order of minutes for small systems, geometric calculations
and comparisons can be calculated on the order of milliseconds. As such, this formalism
can enable a wide range of transformation-finding algorithms based on arbitrary geomet-
ric constraints, with reasonable performance for larger systems. Notably, this includes the
canonical paradigm of minimal-atomic-displacement, represented here as minimum number
of hops in the crystallographic parameter space. Further, the ability to set the coarseness
of the discretization parameters, allows one to quickly compute a pathway at a coarse set-
ting and then refine the pathway as needed by progressively increasing the density of the grid.

As a final note, I hope that this tool can serve the larger materials science community, both
in finding new crystal structures and geometrically connecting them together. Structure-
property relationships form the main foundation of the field. I am hopeful these new tech-
niques, combined with ever-growing ab-initio toolkits, will help to accelerate discovery and,
ultimately, positively impact the world.
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