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a b s t r a c t

A novel dynamic micro-tubular solid oxide fuel cell (MT-SOFC) and stack model including an integrated
cooling system is developed using a quasi three-dimensional, spatially resolved, transient thermody-
namic, physical and electrochemical model that accounts for the complex geometrical relations between
the cells and cooling-tubes. The modeling approach includes a simplified tubular geometry and stack
design including an integrated cooling structure, detailed pressure drop and gas property calculations,
the electrical and physical constraints of the stack design that determine the current, as well as control
strategies for the temperature. Moreover, an advanced heat transfer balance with detailed radiative heat
transfer between the cells and the integrated cooling-tubes, convective heat transfer between the gas
flows and the surrounding structures and conductive heat transfer between the solid structures inside of
the stack, is included. The detailed model can be used as a design basis for the novel MT-SOFC stack
assembly including an integrated cooling system, as well as for the development of a dynamic system
control strategy. The evaluated best-case design achieves very high electrical efficiency between around
75 and 55% in the entire power density range between 50 and 550 mW=cm2 due to the novel stack
design comprising an integrated cooling structure.

© 2016 Published by Elsevier B.V.
1. Introduction

In the early 1990s micro-tubular high temperature solid oxide
fuel cells (MT-SOFCs) were first introduced by a research group
under Professor Kevin Kendall [1]. Those cells have, in general, a
diameter of nomore than 10mm and are operated in a temperature
range of 500e1000 �C, which is based on the supporting structure
of the cell and the used materials. MT-SOFCs can be used in a va-
riety of applications, for instance as “auxiliary power units,
automotive power supplies, mobile electricity generators and bat-
tery re-chargers” [1]. MT-SOFCs are able to achieve high electrical
efficiencies [2,3], while showing long term stability [2,4] due to
enhanced thermal cycling performance with rapid start-up and
shut-down capabilities [2,4e6] and high thermal shock resistance
[1,5,6]. Additionally, MT-SOFCs are highly fuel flexible [1,2],
including the capability to be operated in a pure internal reforming
mode [1,3]. MT-SOFCs have low emissions of carbon dioxide and
criteria pollutants [2] and the production processes have the po-
tential to deliver technical solutions at low costs [4,7].

MT-SOFC technology has a wide range of possible applications
and advantages that could solve worldwide energy challenges, like
shortage of conventional energy resources, reduction of the
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greenhouse gases and criteria pollutants, demand for sustainable
and highly efficient electrical supply and improvement of energy
efficiency.

In the current work a novel anode-supported MT-SOFC stack
design with the possibility of an integrated cooling loop [2] is
modeled, evaluated and analyzed. This type of MT-SOFC with in-
tegrated cooling could well be applied to hybrid SOFC-Stirling en-
gine systems [8,9]. In the design, it is possible to internally cool the
stack by thermal radiation and thus reduce the air cooling demand
significantly. Therefore, the exhaust gas losses, as well as the
auxiliary compressing power of the air supply are reduced. As
illustrated in Fig. 1a, inside the stack, the anode of each cell is
connected via a cone shaped metallic interconnect with the cath-
ode of the adjacent cell. Several of the resulting series connections
of micro-tubular cells can be arranged in a stack concept by linking
the cathodes of each layer by ametallic interconnect. Therefore, the
current is collected without the need for additional wiring due to
the cone shaped interconnecting elements. Moreover, it is possible
to integrate a cooling system by replacing a serial connected cell
arrangement with a heat exchanger tube. Therefore, the heat has to
be rejected by a cooling fluid inside of the heat exchanger tubes.
This cooling fluid can be circulated in a closed loop if a heat sink,
such as an external heat engine, is integrated in the total system
setup. This integrated cooling-loop in the form of a heat exchanger
is able to reject the waste heat of the stack and transfer it to an
adjacent heat sink, for instance an external combustion engine, like
a Stirling-engine. Thus, the stack design can be integrated into a
hybrid system. In theory such a hybrid system is identical to the
ideal reversible isothermal fuel cell process [2,10].
Fig. 1. Stack desig
The major beneficial features of the micro-tubular design with
an integrated heat exchanger are summarized below [2]:

� Small micro-tubular cell sizes and short distances to the inter-
connect reduce the thermal stresses

� The cones allow a sealing and an orientation of the tubes in the
assembly

� Different thermal expansions of the tube and the metallic cone
shaped connectors are possible without damage

� Highly flexible stack and interconnect geometries allow a wide
range of applications

� Stability of the stack is increased by the metallic interconnect
plates

� The interconnect plates connect the cascading MT-SOFCs in
series as well as parallel on a single plate

� The cascading of multiple cells allows enhanced voltages
� Easy, compact, light and robust stack design
� High material flexibility of the interconnects and cooling-tubes
� Option for the integration of an internal heat exchanger by
replacing a series of cascading cells with a cooling-tube

� Extracted heat can be used for gas preheating, fuel pre-
reforming or in an external heat sink (heat-engine, combined
heat and power or endothermic chemical process)

In our previous work the MT-SOFC stack model was used to
determine a best-case design based upon a parametric variation
analysis [12]. The focus of this paper is the detailed presentation of
the stack design and modeling basis, and the outline of further
results of the best-case design, including the in depth evaluation of
n and layout.
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temperature, power density and fuel utilization distribution, as
well as the analysis of the stack voltages and efficiency over a wide
range of power densities. Additionally, the novel radiation heat
transfer balance of the design is presented using a function of the
pitch-to-diameter ratio between cells and cooling-tubes, derived
based upon Hottel's cross-string method. Moreover, the dynamic
viscosity and thermal conductivity of helium is approximated as a
temperature dependent sixth-order polynomial curve fit based
upon a data set of atmospheric helium.

2. Modeling approach

The modeling approach includes a simplified tubular geometry
and stack design, detailed pressure drop and gas property calcu-
lations, the electrical and physical constraints of the stack design
that determine the current, as well as control strategies for the
temperature. Moreover, an advanced heat transfer balance with
detailed radiative heat transfer between the cells and the inte-
grated cooling-tubes, convective heat transfer between the gas
flows and the surrounding structures and conductive heat transfer
between the solid structures inside of the stack, is included. In the
stack design, high temperature tubular fuel cells are within the
view of much colder cooling-tubes. Therefore, the details of radi-
ation heat transfer were assumed to be important to predicting the
temperature distributions and resulting electrochemical perfor-
mance characteristics of this type of stack design.

A quasi three-dimensional, spatially resolved, transient ther-
modynamic, physical and electrical micro-tubular solid oxide fuel
cell and stack model including an integrated cooling system is
implemented in theMatLab Simulink environment, as an extension
of the planar SOFC model by McLarty et al. [13e15].

As a modeling basis the previously shown vertical cross section
of the stack is used. Therefore, as illustrated in Fig. 1b, in each stack
layer, modules are simulated only in a straight line, in the direction
of the cross-flow air stream passing over the micro-tubular cells
and cooling-tubes. The number of rows is defined by the number of
modules the air stream has to pass. The governing dynamic equa-
tions are only solved for a single cell of a module, containing 6 cells
and a cooling-tube, since an analogous performance is assumed for
each cell in the bundle of 6 cells. Therefore, by applying these
boundary conditions, the thermal interactions between the cells
and the cooling-tubes can be modeled in every module without the
need of an extension to an entire three-dimensional model.
Moreover, it is assumed that the results of the cross section of cells
are representative of a “stack unit” that is repeated symmetrically
throughout the entire stack. Possible heat losses of the stack to the
environment or other adjacent system components have been
neglected due to the assumption of an ideal stack insulation.

2.1. Geometry

In the modeling approach simplified geometries of the cell,
cooling-tube and stack layer are implemented. Regarding a cell, the
spacing between the PEN-structure and the interconnect layer at
the top and bottom, due to the cone shaped interconnect of the
anode and the cathode, are neglected. Therefore, the effect of
possible turbulence at the edges of the cells, based on the increased
complexity of the air and fuel stream flows, is not considered. The
influence of the interconnect at the anode and cathode is only
considered with regard to the active area. Thus, the interconnect is
considered to be a part of the anode or cathode and only shadowing
of the active surface area is taken into account. The detailed ge-
ometry of a single cell-element is shown in Fig. 1c. Regarding a
cooling-tube, the influence of the spacing elements, which reduce
the thermal stresses between the cooling-tube and the
interconnect, on the flow field and the conduction heat transfer is
neglected. Therefore, the structural effects on the outer and inner
shape of a cell and cooling-tube are neglected. In conclusion, the
inner and outer structure of a cell and cooling-tube are modeled as
perfect cylinders. The total geometry of a module in the simplified
stack arrangement is defined by the length and outer diameter of a
single cell, the spacing between two cells, the thickness of the
anode, cathode, electrolyte and cooling-tube, the height of the
interconnect at the anode and cathode, as well as the height of the
total interconnect layer and the spacer [11].

The diameter, as well as the length of a cooling-tube are defined
in relation to the geometry of a cell to match the requirements and
constraints of the stack arrangement. The length of a cell and a
cooling-tube are considered to be equal. The diameter of a cooling-
tube is determined based upon a relation providing that the dis-
tance between a cell and a cooling-tube is half the distance be-
tween two cells, as shown in Equation (1) and Fig. 1b.

dCT;o ¼ dC;o þ sC (1)

All related footprint or surface areas and volumes of the solid
structures of the cells and cooling-tubes, as well as the volumes of
the channels on the air, fuel and cooling fluid sides are defined
based upon the determined geometrical relations. Moreover, the
areas and volumes of the interconnect layer are resulting from the
assumed perfect hexagonal structure of a module. To define the
distances between two cells either the diameter to spacing or the
pitch to diameter ratio, which are geometrically correlated, is used.
The correlation used is shown in Equation (2).

dP=d ¼ 1þ 1
dd=s

with dd=s ¼
dC;o
sC

(2)
2.2. Stack layer layout and power

The previously introduced modeling approach leads to a certain
number of simulated cells or modules in a straight line regarding
the air stream based on the designated number of rows and col-
umns. To represent an applicable total stack design the straight line
of modeled modules has to be integrated into either a shell or
square stack layer design. As shown for 5 modules in a straight line
in Fig. 1d, the string of modules is arranged in a continuous annular
arrangement in the shell design and in a rectangular square in the
square design, respectively.

The number of modules in a single stack layer in the shell and
square design can be calculated based upon the number of rows, as
illustrated in Equations (3) and (4).

NM;SL;Sh ¼ 1þ 3
4

�
N2
row � 1

�
(3)

NM;SL;Sq ¼ N2
row � Nrow

2
(4)

Based on the designated stack layer layout, the total number of
cells in the entire stack can be computed, as shown in Equation (5),
using the number of modules in the respective design, the number
of cells per module and the number of stack layers or columns.

NC;S ¼ NC;M NM;SL;Sh=Sq Ncolumn (5)

Lastly, the electrical power output of the stack is defined by the
total number of cells, the active surface area of the cells and the
electrical areal power density as follows.
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Pel;S ¼ NC;S AC;ac pA (6)
2.3. Molar flow rates and mole fraction

In the modeling approach only the electrochemical conversion
(ECC) of hydrogen and oxygen, methane steam reforming (SMR)
and water gas shift (WGS) reactions are considered. The respective
chemical reaction mechanisms of the ECC, SMR and WGS are
illustrated in Equations (7)e(9) [10,16].

H2 þ
1
2
O2/H2Og DrH0 ¼ �241825

J
mol

(7)

CH4 þ H2Og#COþ 3 H2 DrH0 ¼ þ205895
J

mol
(8)

COþ H2Og#CO2 þ H2 DrH0 ¼ �41153
J

mol
(9)

The consumed molar flow rate due to the electrochemical
conversion is calculated using the stoichiometric coefficient, cell
current, number of conducting electrons and Faraday constant, as
shown in Equation (10) [10,16]. The subscript n indicates a node,
which represents a single simulated cell.

_nCon;i;n ¼ nIC;n
NeF

(10)

The molar conversion flow rate of the SMR reaction can be
calculated using kinetic rate constants, as shown in Equation (11).
The forward ðkþSMRÞ and backward ðk�SMRÞ rate constant of

1:6$10�7mol m�3Pa�2s�1 and 1:5$10�20mol m�3Pa�4s�1 are used,
respectively [17].

_nRef ;SMR;i;n ¼ Van;ac

�
kþSMRpCH4;npH2O;n � k�SMRpCO;np

3
H2;n

�
(11)

The molar conversion flow rate of the water gas shift reaction
can be calculated using kinetic rate constants, as shown in Equation
(12). The forward ðkþWGSÞ and backward ðk�WGSÞ rate constants of

3:6$10�7 and 4:3$10�7mol m�3Pa�2s�1 are used, respectively
[17e19].

_nRef ;WGS;i;n ¼ Van;ac

�
kþWGSpCO;npH2O;n � k�WGSpCO2;npH2;n

�
(12)

The change of the mole fraction of each individual species in a
single node can be calculated, as shown in Equation (13), using the
consumed molar flow rate due to the electrochemical conversion,
the total molar flow rate at the outlet, the total molar conversion
flow rate of the steam methane reforming and water gas shift re-
action, as well as the resulting change in the mole fraction at the
outlet, as illustrated in Equations (10) and (14)e(16). The consid-
ered species are methane, carbon monoxide, carbon dioxide,
hydrogen and water vapor on the anode side, as well as oxygen and
nitrogen on the cathode side [13,14].

dxi;n
dt

¼ RT
pVCh;an=ca

�
_nRef ;i;n þ _nCon;i;n þ _ninl;nxinl;i;n � _nout;nxout;i;n

�
(13)

_nout;n ¼ _ninl;n þ
X�

_nRef ;i;n þ _nCon;i;n
�

(14)
_nRef ;i;n ¼ _nRef ;SMR;i;n þ _nRef ;WGS;i;n (15)

xout;i;n ¼
Z

dxi;n
dt

(16)
2.4. Gas properties

The enthalpy, entropy and heat capacity of methane, carbon
monoxide, carbon dioxide, hydrogen, water, nitrogen, oxygen,
argon and helium for a given absolute temperature and a fixed
pressure level of 100 kPa are calculated using the equations and
coefficients defined by McBride et al. [20].

The dynamic viscosity of each species is calculated using the
equations and coefficients defined by Todd and Young [21]. How-
ever, helium is considered as a possible cooling fluid, but is not
included in the published set of data by Todd and Young [21].
Therefore, following the method used by Todd and Young [21],
coefficients of helium are approximated based on a sixth-order
polynomial curve fit using the data set of atmospheric helium by
Bich et al. [22]. The sixth-order polynomial curve fit is shown in
Equation (17) and has amaximum error of 0.09% in the temperature
range from 500 to 1500 K. In the illustrated equation the dynamic
viscosity is calculated in 107Pa s and t is equal to T=1000. In
comparison to the dynamic viscosity data of helium published by
Song et al. [23] and Mehl [24] the maximum deviation is 0.40% and
0.41% in the temperature range from 500 to 1500 K, respectively.

mHeðtÞ ¼ 32:73þ 689:97t� 596:98t2 þ 585:71t3 � 339:96t4

þ 103:35t5 � 12:65t6

(17)

The dynamic viscosity of a gas mixture is calculated using the
method of Wilke presented by Poling et al. [25]. The calculation
mechanism and the Wilke coefficient are illustrated in Equations
(18) and (19), where i and j represent the species of the mixture.

mMixture ¼
Xk
i¼1

ximiPk
j¼1xjfij

(18)

fij ¼

�
1þ

ffiffiffiffi
mi
mj

q ffiffiffiffiffi
Mj

Mi

4
q �2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
8
�
1þ Mi

Mj

�r (19)

The thermal conductivity of each species is calculated using the
equations and coefficients defined by Todd and Young [21]. As was
the case for the dynamic viscosity, helium is not included in the
data set. Therefore, coefficients of helium are approximated based
upon a sixth-order polynomial curve fit using the data set of at-
mospheric helium by Bich et al. [22]. The sixth-order polynomial
curve fit is shown in Equation (20) and has a maximum error of
0.10% in the temperature range from 500 to 1500 K. The thermal

conductivity is calculated in 102Wm�1K�1. In comparison to the
thermal conductivity data of helium presented by Song et al. [23]
and Mehl [24] the maximum deviation is 0.42% and 0.45% in the
temperature range from 500 to 1500 K, respectively.

kHeðtÞ ¼ 2:58þ 53:65t� 45:76t2 þ 44:43t3 � 25:61t4

þ 7:75t5 � 095t6 (20)



M. Hering et al. / Journal of Power Sources 342 (2017) 504e514508
The thermal conductivity of a gas mixture is calculated by the
Wassiljewa equation using the Mason and Saxena modification and
the relation of monatomic gases presented by Poling et al. [25].
Assuming a simplified numerical constant of 1, the thermal con-
ductivity of a gas mixture can also be calculated using the Wilke
coefficient, as shown in Equation (21).

kMixture ¼
Xn
i¼1

xikiPn
j¼1xjfij

(21)
Table 1
2.5. Pressure drop

The fuel and cooling-tube are considered as perfect cylindrical
pipes. Therefore, assuming ideal gas behavior to express the mean
velocity, the pressure drop is calculated using the relations pre-
sented by B€oswirth et al. [26], as illustrated in Equation (22).

DpF=CT ¼ 128mF=CF lC=CT _nF=CFRTF=CF�
dC=CT ;in

�4
ppF=CF

(22)

Regarding the air side, the pressure drop in the air channel can
be calculated analogous to the shell side of a shell and tube heat
exchanger. Gaddis and Gnielinski [27] introduced a set of formulas
that define the pressure drop based upon the pressure drop coef-
ficient x and the number of restrictions the flow has to pass, as
illustrated in Equation (23). The pressure drop coefficient is
determined based upon a laminar and turbulent portion, which are
dependent on the distance of the cells inside the arrangement and
the Reynolds number.

DpAir ¼ xNRestrictionsrAir
u2
mean;Air

2
(23)

The number of restrictions is equal to the number of rows of
cells and cooling-tubes the air stream has to pass. For the shell and
square design the number of restrictions is equal and can be
calculated based upon the designated number of rows in the
simulation, as shown in Equation (24).

NRestrictions ¼ 6Nrow � 3 (24)

Assuming ideal gas behavior, the density and mean velocity of
the air flow can be calculated. According to Gaddis and Gnielinski
[27] the mean velocity is dependent upon the equivalence length of
the air channel, which is defined as the length of the longest
imagined string of cells and cooling-tubes orthogonal to the air
stream. Therefore, themaximum number of cells and cooling-tubes
on a single orthogonal row regarding the air stream is defined
based upon the chosen stack layer layout. Referring to this
maximum number and the spacing between the cells and cooling-
tubes, the equivalence length is determined.
Thermal conductivity, heat capacity and density of typical interconnect, cooling-
tube and PEN material [13,19,31].

Material k (W m�1 K�1) c (J kg�1 K�1) r (kg m�3) Reference

Interconnect 25.00 600 2000
[13]

Cooling-tube 50.00 965e1292 3200
[31]

Anode 1.86 450 3310
[19]

Cathode 5.84 470 3030
[19]

Electrolyte 2.16 430 5160
[19]

PEN 2.00 460 3300 e
2.6. Heat transfer

In the modeling approach the heat transfer is simultaneously
solved for every simulated module or node for every time step. For
the purpose of simplification the anode, cathode and electrolyte are
considered as a single positive electrode electrolyte negative elec-
trode (PEN) element.

The conduction heat flow rates between the interconnect layers
of two adjacent modules, PEN-structures of two stack layers and
two adjacent cooling-tube structures are calculated using the for-
mula of conduction heat transfer through a wall with two layers
[28]. The general formula is shown in Equation (25), in which the
area and thicknesses account for the complex stack geometry. The
thermal conductivities of the interconnect, the cooling-tube and
PEN-structure are illustrated in Table 1. The cooling-tube is
considered to be comprised of the ceramic material silicon carbide
and the thermal conductivity is shown for a reference temperature
of 1000 K. For the PEN-structure a value close to anode properties is
chosen since the cells are anode-supported.

_Qcond;12 ¼ ADT
�
th1
k1

þ th2
k2

��1

(25)

The calculation of the convective heat transfer inside the fuel
and cooling fluid channel is based on the assumption of a laminar
flow and a constant temperature of the flow and the surrounding
structure inside the node. Therefore, the set of formulas presented
by von B€ockh [29] can be applied to calculate the convective heat
transfer inside the tubes. The general formula, using the inner tube
surface area and diameter of a cell and cooling-tube, is illustrated in
Equation (26). The Nusselt number is calculated using the Reynolds
and Prandtl numbers, as shown in Equation (27) [28].

_Qconv;12 ¼ A1
Nuk
din

ðT2 � T1Þ (26)

Nu ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
3:663 þ 0:73 þ

 
1:615

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
RePr

din
l

3

r
� 0:7

!3
3

vuut (27)

Regarding the air channel, the previously mentioned analogy to
a shell and tube heat exchanger is used again. A simplified calcu-
lation mechanism of a shell and tube heat exchanger is used to
estimate the convection between the air and a cell or the air and a
cooling-tube [28,29]. The heat flow rate is calculated using the
overflow length and surface area of a cell or cooling-tube, as
illustrated in Equation (28) [29].

_Qconv;1;Air ¼ A1
NuAirkAir
l1;over

ðT1 � TAirÞ (28)

The Nusselt number is dependent upon the arrangement factor,
as well as a laminar and turbulent portion, as shown in Equation
(29). Both portions are related to the Reynolds and Prandtl
numbers, as illustrated in Equations (30) and (31). The Reynolds
number is dependent upon the mean velocity inside the shell side.
The arrangement factor and the mean velocity are both dependent
upon the geometrical relation between the diameter and the dis-
tance of the cells and cooling-tubes inside the arrangement. The
calculation of the arrangement factor is shown in Equation (32).
Themean velocity inside the air channel can be expressed using the
velocity of air at the inlet of the channel and the void fraction to
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account for the constraints inside the channel, as illustrated in
Equations (33)e(35) [28].

NuAir ¼
�
0:3þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Nu2lam þ Nu2turb

q �
fA (29)

Nuturb ¼ 0:037Re0:8J Pr

1þ 2:443Re�0:1
J

� ffiffiffiffiffiffiffi
Pr23

p
� 1
� (30)

Nulam ¼ 0:644
ffiffiffiffiffiffiffiffiffi
ReJ

p ffiffiffiffiffi
Pr3

p
(31)

fA ¼ 1þ 4dC;o
3
�
dC;o þ sC

� (32)

uJ ¼ uAir;inl

J
(33)

J ¼ 1� pdC;o
4
�
dC;o þ sC

� for dC;o þ sC
2dC;o

� 1 (34)

J ¼ 1� p
�
dC;o

�2
2
�
dC;o þ sC

�2 fordC;o þ sC
2dC;o

<1 (35)

The convection heat transfer between the air and the inter-
connect layer is considered as a laminar flow along a flat plate
[28,29].

Regarding the radiation heat transfer between the cells and
cooling-tube in the same and to the adjacent modules, the cells and
cooling-tubes are considered as gray surfaces. By neglecting the
reflections of the surrounding environment and assuming equal
cylindrical surface areas of all cells and cooling-tubes, the heat flow
rate between two cylinders 1 and 2 can be calculated based upon
the emissivities, temperature levels and view factors, as illustrated
in Equation (36) [28,30].

_Qrad;12 ¼ sε1ε2A1f12
1� ð1� ε1Þð1� ε2Þf 212

�
T41 � T42

�
(36)
Fig. 2. Considered view factors.
Based on the assumption that modules in a vertical line on a
single stack layer have an identical performance, the heat transfer
in the north and south direction is neglected. As shown in Fig. 2, the
radiation heat transfer in the stack arrangement can be described
by only 4 different view factors since it is symmetric. Inside a
module there is no radiation heat transfer between the cells since it
is assumed that their temperature is identical. Therefore, only the
interactions between the cells and the cooling-tube inside the same
module and to the cells of the adjacent modules have to be
considered. All other radiation heat transfer between the outer and
central cells, for instance between 2a and 4 or 2a and 6e70, are
neglected.

Cox [30] introduced the calculation of the view factors on an
equilateral triangular pitch and in a hexagonal square, based upon
the pitch to diameter ratio. The analogy of the design can be used to
describe the view factors f12, f23 and f24. View factor f134 is derived
following the methodology introduced by Cox [30], using Hottel's
cross-string method and relating the geometry to the pitch to
diameter ratio. Depending upon the pitch to diameter ratio,
different types of shadowing between two cylinders can occur.
Therefore, as shown in Table 2, the calculation of the view factors
differs for varying pitch to diameter ratios.

According to McLarty [14], the heat generated by the electro-
chemical reaction in each node can be calculated using the heat of
reaction, the change in the sensible enthalpy of the species and the
generated electrical power, as shown in Equation (37).

_Qgenerated;n ¼ �In
2F

�
DrH0

H2þO2/H2O þ DHH2O � DHH2
� DHO2

2

�
� InEn

(37)

In the total heat balance the heat transfer due to the ion trans-
port of oxygen to the anode is considered, while some minor heat
transfer mechanisms, for instance the conduction, convection and
thermal radiation occurring at the anode and cathode interconnect,
are neglected. The resulting total heat transfer balance for a single
module represented by a node is shown for the individual com-
ponents of the stack design and the gas flows in Table 3. The index n
indicates the regarded module or node, while the indices nþ 1 and
n� 1 are used to describe the heat transfer to the adjacent nodes to
the left and right or to the top and bottom.

According to McLarty [14], the change of temperature of the
solid structures, the PEN, cooling-tube and interconnect, is calcu-
lated using the respective heat transfer rate, specific heat capacity,
density and volume, as shown in Equation (38). Analogously, the
temperature of the fluid streams, the fuel, air and cooling fluid flow,
is computed based upon an overall energy balance that considers
the respective heat transfer rate, sensible enthalpy at the inlet and
outlet, molar heat capacity, pressure, volume of the channel, uni-
versal gas constant and temperature, as illustrated in Equation (39).

dTn
dt

¼
_Qn

rcV
(38)

dTn
dt

¼
_Qn þ ð _nHÞinl;n � ð _nHÞout;n

Cp;n
pV
RTn

(39)

The heat capacity and density of typical interconnect, cooling-
tube and PEN materials are shown in Table 1. The heat capacity of
the cooling-tubematerial, silicon carbide, is calculated as a function
of the temperature, as shown in Equation (40). In Table 1 the heat
capacity of silicon carbide is displayed in a temperature range from
500 to 1500 K [31].



Table 2
View factors for radiation heat transfer.
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Table 3
Heat transfer balance.

Element Heat transfer balance

PEN-structure _QPEN;n ¼ ± _QC;Air;conv;n± _QPEN;F;conv;n± _QPEN;cond;nþ1;n�1± _Qrad;n þ _Qgenerated;n± _Qrad;n�1=nþ1

Cooling-tube _QCT;n ¼ ± _QCT;Air;conv;n± _QCT;CF;conv;n± _QCT ;cond;nþ1=n�1± _Qrad;n

Cooling fluid _QCF;n ¼ ± _QCT;CF;conv;n

Fuel _QF;n ¼ ± _QInter;F;conv;n± _QPEN;F;conv;n þ _QIon;transfer;n

Air _QAir;n ¼ ± _QInter;Air;conv;n=n�1± _QC;Air;conv;n± _QCT;Air;conv;n � _QIon;transfer;n

Interconnect _QInter;n ¼ ± _QInter;Air;conv;n=n�1± _QInter;cond;nþ1=n�1± _QPEN;cond;n± _QPEN;cond;n�1± _QInter;F;conv;n
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cSiCðTÞ ¼ 1267þ 0:05 T � 123$106 T�2 þ 205$108 T�3 (40)

2.7. Electrochemical model

The total losses at the cathode due to activation, diffusion and
concentration losses can be calculated using Equation (41) [13,14].

DEca;n ¼ a
RTn
4F

ln

2
4 inpamb

iexpca
�
xO2;n � thcainRTn

4FpcaD

�
3
5 (41)

It is assumed that the magnitude of the cathode overpotentials
is much larger than those in the anode, which can be neglected
since hydrogen has much higher diffusivity and reactivity than
oxygen in typical SOFC material sets. Additionally, the ohmic loss
can be calculated using the area specific resistance, as illustrated in
Equation (42) [13,14].

DEOhmic;n ¼ inthPENTn
B

exp
�
eact
RTn

�
(42)

The characteristic parameters of SOFCs used in the polarization
Equations (41) and (42) are shown in Table 4.

The transfer coefficient used by McLarty et al. [13] is in good
accordance with other values published in literature. Cui et al. [32]
and Zhu and Kee [33] are using a value of 0.5, while Leonide et al.
[34] published a value of 0.65 and García-Camprubí et al. [35] is
varying the parameter between 0.25 and 1.5. The exchange current
density is chosen based upon the values used by Cui et al. [32],
which are in agreement with the values of 2000e2300 Am�2 re-
ported by García-Camprubí et al. [35]. Chung and Chung [36] re-
ported diffusivity constants from 0:56$10�5 to 2:4$10�5 m2 s�1,
which are in good accordance with the value used by McLarty et al.
[13]. The electrolyte constant reported by McLarty [14] is matching
the magnitude of the parameter published by Leonide et al. [34] of
5:8$107 K U �1 m�1. Lastly, the electrolyte activation energy used by
McLarty et al. [13] is also corresponding to the parameters reported
by Zhu and Kee [33], Leonide et al. [34] and García-Camprubí et al.
[35] of 8$104, 9:2$104 and 12$105 J mol�1, respectively.

2.8. Physical constraints and controllers

For applying the physical constraints the current per node is
used as the main variable since the voltage and thus the power can
be described as a function of the current. In total, the current
constraint is dependent upon three individual physical constraints
that are based on a conceptual feedback control of the power
density, the voltage of the cells on a stack layer and the current
through every stack layer. Firstly, the power density constraint is
applied to vary the current to match the average cell power density
to the designated power density. Secondly, in the stack design every
cell on a single stack layer is electrically connected in parallel to
each other cell on the same stack layer. Therefore, every cell on a
specific stack layer is forced to run at an identical voltage to satisfy
the equipotential surface constraint that is made for electrically
connected cells in the quasi 3D-model. Thirdly, in the stack design
each stack layer is electrically connected in series. Therefore, a
constraint is applied to match the current of every layer to the sum
of the currents of the cells on each individual layer. Each individual



Table 4
Characteristic SOFC overpotential parameters [13,14,32].

Parameter Value Reference

Charge transfer coefficient e a 0.7 McLarty et al. [13]
Exchange current density e iex in A m�2 2000 Cui et al. [32]
Effective oxygen diffusivity e D in m2 s�1 2,10�5 McLarty et al. [13]
Electrolyte constant e B in K U �1 m�1 9,107 McLarty [14]
Electrolyte molar activation energy e eact in J mol�1 105 McLarty et al. [13]

Table 5
Operating, geometry and material properties for the evaluated design.

Parameter Value

Power density e pA in mW cm�2 300
Type of cooling fluid Ar
Cooling fluid flow direction Counter-flow
Inlet fuel temperature e TF;inl in K 1123
Inlet air temperature e TAir;inl in K 1048
Inlet cooling fluid temperature e TCF;inl in K 973
Limiting temperature spread e DT in K 70
Air utilization factor 0.3
Fuel utilization factor 0.9
Steam-to-carbon-ratio 1.5
Number of columns e Ncolumn 9
Number of rows e Nrow 9
Stack layer design option Square
Outer diameter of a cell e dC;o in mm 3
Cell diameter to spacing ratio e dd=s 1.5

Thickness of anode in mm 200
Thickness of cathode in mm 50
Thickness of electrolyte in mm 25
Thickness of anode/cathode interconnect in mm 0.2
Length of a single cell e lC in mm 10
Interconnect height at anode and cathode in mm 0.5
Height of interconnect layer e hInter in mm 0.2
Thickness of a cooling-tube in mm 150
Height of the spacer e hSp in mm 0.2
Emissivity of the cell e εC 0.4
Emissivity of the cooling-tube e εCT 0.4
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constraint produces an error between the desired and returned
(simulated measurement) state variable that is minimized simul-
taneously, by the variation of the current in each simulated cell, to
reach a solution for each time step using a variable time-step solver
in the MatLab Simulink environment.

The temperature in the stack is controlled by the cooling fluid
flow rate. Therefore, a proportional integral differential (PID)
controller is developed, tuned and implemented in the MatLab
Simulink simulation environment to manipulate the cooling fluid
flow rate at each time step based upon feedback of cell and stack
temperature differences which must be maintained at a maximum
limiting value. The temperature spread of an individual cell has to
be controlled since the temperature distribution in a system with
integrated radiative cooling can exceed the thermal shock resis-
tance of a single cell. Therefore, the temperature spread of the
entire stack and of the individual cell with the highest spread are
compared and the one closest to the limit is used by the controller
to determine the coolant flow rate manipulation required. The
molar flow rate of fuel and air is determined by the cell current and
the designated fuel and air utilization factors. Therefore, two
additional PID controllers are developed, tuned and implemented
in the MatLab Simulink environment to manipulate the fuel and air
flow rates to match the designated utilization factors. It should be
noted that the air, fuel and cooling fluid are each distributed with
the help of a manifold and an individual single controller is applied
per fluid, respectively.

The implementation of the physical constraints and controllers
results in a stack design, that runs at a designated power density,
with equal voltages of cells on a single stack layer, constant current
through every stack layer, fixed air and fuel utilization factors, as
well as a designated temperature level. Additionally, the applied
control environment allows load following by the variation of the
power density to follow any given demand.
3. Results

The operating, geometry and material properties for the evalu-
ated best-case design, which were determined based upon a
parametric variation analysis, are listed in Table 5 [12,37]. The fuel
side is supplied with humidified methane.

The resulting PEN temperature distribution for a representative
cross section of the stack is shown Fig. 3a. As illustrated the
resulting temperature profile exhibits a cone shape with its tem-
perature maximum in the upper central portion of the stack. At the
fuel inlet most of the internal steam methane reforming is occur-
ring. Therefore, the first column has the lowest temperature. The
air, fuel and cooling fluid are heated up as they flow through the
stack and the cooling effect of the methane steam reforming is
vanishing since methane tends to react completely on the first
columns. This results in the previously mentioned cone shaped
temperature profile since the cooling fluid is streaming in a
counter-flow or cross-flow regarding the fuel or air stream,
respectively. Nevertheless, the occurring temperature spreads of
adjacent single cells are low and therefore the temperature profile
is considered as locally uniform which reduces local thermal
stresses.

In combination with the applied physical constraints, the cone
shaped temperature profile leads to a non uniform current or po-
wer density distribution, as displayed in Fig. 3b. The highest power
densities occur in the front central portion of the stack and result in
a faster depletion of hydrogen. This effect causes the changing
power density distribution in the upper portion of the stack since
the hydrogen content in the first rows is too low to sustain a strong
electrochemical conversion. Therefore, more hydrogen is converted
in the upper middle and end portion of the stack, which is directly
correlated with the higher cell currents. However, the low
hydrogen content in the upper first rows of the stack leads to an
enhanced formation of carbon dioxide since the water gas shift
equilibrium reaction is shifting to the product side. This strong shift
is based on Le Chatelier's principle as water vapor is formed and
hydrogen is depleted to very low mole fractions due to the elec-
trochemical conversion. However, analogous to the temperature
distribution, the individual power density spreads between adja-
cent cells are low and therefore the power density distribution is
also considered as locally uniform preventing hot spots and cell
damage.

The described power density distribution is directly related to
the fuel utilization factor per single cell distribution, as illustrated
in Fig. 3c. As illustrated, the fuel utilization factor distribution has a
non uniform profile with the maximum occurring in the top col-
umn or stack layer of the first row of cells. In the top left region of



Fig. 3. Best-case design results.
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the stacks cross section the fuel utilization factors of individual cells
reach very high values of around 0.6. The higher fuel utilization
factors in the front portion of the stack are a result of the higher
power densities in the front central portion of the stack since fuel is
consumed excessively. It should be noted that the applied
controller guarantees a total fuel utilization factor of the stack of
0.9. However, a single row of 9 cells in series can have a higher total
fuel utilization factor than 0.9, if the other rows have lower total
fuel utilization factors resulting in a fuel utilization factor of the
entire stack of 0.9. Therefore, a fuel utilization factor of around
0.6 at the end of a row of 9 cells in series is a very high value since
the majority of the fuel is already depleted at the higher columns of
the stack. As a result, the high occurring fuel utilization factors can
lead to fuel starvation and irreversible cell damage. Therefore, the
fuel supply needs to be accurately controlled to prevent fuel
starvation and stack damage. Additionally, the desired fuel utili-
zation factor of the stack could be reduced to minimize the risks of
stack and cell damage.

In Fig. 3d the progression of the voltage of each individual stack
layer (SL) or column is shown for power densities between 50 and
550 mW=cm2. As illustrated, all stack layers follow a general trend
with decreasing voltages for increasing power densities based upon
higher losses. However, the voltage decline of stack layer or column
1 is disproportional since the majority of the methane steam
reforming is occurring at the cells of the first column of the stack.
Therefore, an increase of the power density leads to an enhanced
supply of fuel and thus to higher cooling effects due to steam
methane reforming. In sum, the ohmic losses on the first stack layer
are therefore disproportionately higher due to reduced average
temperatures. Therefore, even though the first stack layer has the
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riches fuel supply the voltages are always lower compared to the
second layer based upon increased cooling due to enhanced steam
methane reforming. In Fig. 3e the efficiency of the stack is outlined
for varying power densities. As illustrated, the electrical efficiency
is decreasing for increasing power densities with an intermediate
slope, following the trend of the average voltage. Nevertheless, the
electrical efficiency is still remarkably high even for high power
densities showing values between roughly 55 and 75%. The eval-
uated design, outlined in Table 5 with a power density of 300
mW=cm2, achieves an electrical efficiency of 63% with a power
output of 1.1 kW. Additionally, the very low resulting pressure
drops of the stack design are illustrated in Fig. 3f for the evaluated
power density range. As shown, the pressure drop of the cooling
fluid (CF) and fuel is only slightly influenced by an increasing power
density due to the laminar flow inside the straight pipes, whereas
the pressure drop on the air side rises slightly due to the increased
cooling demand that requires an increase in the air flow rate.
However, even at very high power densities of 550mW=cm2 the air
side pressure drop is still under 1.5 kPa, highlighting the low overall
pressure drop of the design approach.

The evaluation clarifies that the chosenmodeling approach with
the applied physical constraints and controllers allows a detailed
analysis of a micro-tubular stack design with an integrated cooling
structure. The model evaluation accounts for the complex
geometrical relations and achieves explainable and consistent re-
sults for a wide range of parametric variations. The results also
justify the necessity of developing the sophisticated heat transfer
balance to account for all thermal interactions between air, fuel and
cooling-fluid, ultimately yielding the baseline to optimize the
temperature distribution throughout the entire stack. Additionally,
the evaluated design shows high electrical efficiency and voltages,
as well as low pressure drops at the fuel, cooling fluid and air
channels [12,37].
4. Conclusion

A quasi three-dimensional, spatially resolved, transient ther-
modynamic, physical and electrochemical micro-tubular solid ox-
ide fuel cell and stackmodel including an integrated cooling system
was developed. The modeling approach accounts for the complex
geometrical correlations between cells and cooling-tubes that
affect the heat balance and pressure drop calculations. The analogy
of the stack design to a shell and tube heat exchanger was used to
determine the pressure drops and convective heat transfer re-
lations. The calculations are based upon a detailed temperature
based computation of major gas properties like the dynamic vis-
cosity and thermal conductivity of each species. A detailed radiative
heat transfer balance was implemented to account for thermal
interactions between the cells and cooling-tubes. Physical con-
straints provide that the current and voltage are calculated in
accordance with the stack design electrical configuration. The
temperature is controlled by a feedback control of the cooling fluid
flow rate to match the cell and stack temperature spread to a
designated limiting value. The evaluation based upon the chosen
operating, geometry and material properties clarified that the
modeling approach achieves explainable and consistent results.
The evaluated design achieves an electrical efficiency of 63% with a
power output of 1.1 kW running at a power density of 300
mW=cm2. The model can be used to predict stack sizes and per-
formance. Additionally, the model provides the basis for the design
and development of a stack prototype for testing and validation.
Meanwhile, feasible materials have to be chosen and tested to
address the mechanical and sealing challenges of the proposedMT-
SOFC stack design.
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Nomenclature
List of Latin symbols

_n: Molar flow rate in mol s�1

_Q: Heat flow rate in W
DrH0: Standard enthalpy of reaction in J mol�1

A: Area in m2

a: Charge transfer coefficient
B: Electrolyte constant in K U �1 m�1

c: Specific heat capacity of solids in J kg�1 K�1

Cp: Molar heat capacity for constant pressure in J mol�1 K�1

D: Effective oxygen diffusivity in m2 s�1
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d: Diameter in m
E: Voltage in V
e: Electrolyte molar activation energy in J mol�1

F: Faraday constant in C mol�1

f: View factor
fA: Arrangement factor
H: Enthalpy in J mol�1

h: Height
I: Current in A
i: Current density in A m�2

kþSMR: Velocity constant of steam methane reforming reaction (forward) in mol
m�3 Pa-2 s�1

k�SMR: Velocity constant of steam methane reforming reaction (backward) in mol
m�3 Pa�4 s�1

kþWGS: Velocity constant of water gas shift reaction (forward) in mol m�3 Pa�2 s�1

k�WGS: Velocity constant of water gas shift reaction (backward) in mol m�3 Pa�2 s�1

l: Length in m
M: Molar mass in g mol�1

N: Number
Nu: Nusselt number
P: Power in W
p: Pressure in Pa
pA: Areal electrical power density in W m�2

Pr: Prandtl number
R: Universal gas constant in J mol�1 K�1

Re: Reynolds number
s: Spacing in m
T: Thermodynamic temperature in K
t: Time in s
th: Thickness in m
V: Volume in m3

x: Mole fraction in mol mol�1

List of Greek symbols

d: Ratio
k: Thermal conductivity in W m�1 K�1

m: Dynamic viscosity in Pa s
n: Stoichiometric coefficient of a single component
u: Velocity in m s�1

f: Wilke coefficient
p: Pi
J: Void fraction
r: Density in kg m�3

s: Stefan Boltzmann constant in W m�2 K�4

t: Temperature coefficient
D: Change of quantity
ε: Emissivity
x: Pressure drop coefficient

List of subscripts

J: Void fraction
ac: Active
act: Activation
amb: Ambient
an: Anode
C: Cell
ca: Cathode
CF: Cooling fluid
Ch: Channel
CH4: Methane
CO: Carbon monoxide
CO2: Carbon dioxide
Con: Consume
cond: Conduction
conv: Convection
CT: Cooling-tube
d=s: Diameter to spacing
e: Electron
el: Electric
ex: Exchange
F: Fuel
g: Gaseous
H2: Hydrogen
H2O: Water
He: Helium
i: Running index of species
in: Inner
inl: Inlet
Inter: Interconnect
j: Species
lam: Laminar
M: Module
n: Running index of nodes
nþ 1: Adjacent node to the right or on top
n� 1: Adjacent node to the left or below
o: Outer
O2: Oxygen
out: Outlet
over: Overflow
P=d: Pitch to diameter
PEN: Positive electrode electrolyte negative electrode
rad: Radiation
Ref : Reform
S: Stack
Sh: Shell layout
SiC: Silicon carbide
SL: Stack layer
SMR: Steam methane reforming reaction
Sp: Spacer
Sq: Square layout
turb: Turbulent
WGS: Water gas shift reaction

List of abbreviations

CF: Cooling fluid
ECC: Electrochemical conversion
MT: Micro-tubular
PEN: Positive electrode electrolyte negative electrode
PID: Proportional integral differential controller
SL: Stack layer
SMR: Steam methane reforming
SOFC: Solid oxide fuel cell
WGS: Water gas shift
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