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Abstract

A Generalized Riemann Problem is introduced for the equations of reactive
non-viscous compressible flow in one space dimension. Initial data are assumed to
be linearly distributed on both sides of a jump discontinuity. The resolution of the
singularity is studied and the first-order variation (in time) of flow variables is given

in exact form.
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1. Introduction.
Consider the Euler equations that model the time-dependent flow of an inviscid,
compressible, reative gas in one space dimension. Taking a model with no heat

conduction or viscosity, the equations take the form,
U + F(U), = G(U),

(1.1)

P gu 0
pu _ pu’ +p ' _ 0
ple + 1u?) , F(U) = pule + 3u?) + pu  G(U) = 0
pz 2y : —k(pypa z) 4

Here p is the density, u is the velocity, ¢ is the specific internal energy, p is the
pressure and z is the mass fraction of unburnt gas. Thus z = 1 (resp. z = 0)
represents the completelyvunburnt (resp. burnt) gas. In (1.1) we are assuming
also that an equation-of-state of the form p = p(e,p, 2) is given (note that e is
the “total” internal energy, including the contribution of “chemical” energy). The
“reaction rate” function k(p, p, z) is assumed to be non-negative, so that the reaction
process is “irreversible.”

In this paper we provide the analytical tools needed for a numerical high res-
olution scheme for the time-integration of (1.1). To be specific, we address the

Generalized Riemann Problem (GRP) which can be formulated as follows.

Let Uy.(z) be two linear distributions of the ﬂow variables and consider the

initial value problem for {1.1) where,

Ue(z), z>0,
U(z,0) =
(2,0) {U..(z), z <0.
Let U(z,t) be the solution. Find,
aa @ U0 =g U0
2] au . g
(b) -5?(0, 0) = tll.%l+ EEU(O, t).
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Observe that even in the case that Ui(z} are constant states the solution
U(z,t) is not “self-similar” (i.e., depending on z/t only) due to the presence of a
non-vanishing right-hand side in (1.1). Thus, characteristic lines and discontinuity
trajectories are not straight lines and there are no “Riemann invariants” as in the
standard Riemann problem for compressible flows (see [5]). Furthermore, the de-
pendence of e on z implies that the flow is not “adiabatic,” namely, that entropy
is not preserved along streamlines even in smooth regions of the flow (indeed, the .
concept of entropy in this case needs to be discussed. See next section).

The main building block in our solution of the GRP is a careful analysis of the
strucutre of a centered rarefaction wave. This analysis enables us to “propagate”
directional derivatives from the head of the rarefaction fan, where they are deter-
mined by the initial conditions, to the tail of the fan, where they can be translated
into the desired time-derivatives. While the method is applied in the presént work
only to the evaluation of the first order time-derivatives, it can easily- be generalized

to account for the time-derivatives of any order.

In solving the GRP we make essential use of a fact that enables us to

determine limiting values at the singularity by solving first the Associated

Riemann Problem (RP) which is the following.

Given the above initial conditions for the GRP, set

U, ==£1(1)1+ Ue(z), U= lim U_(z),

Z—0~

and let Ugp(z,t) = R(Z) be the solution of

d a3
E?Cﬁgp *'ZEEFTIIRP) =0,
(1.3)
) Ur, $>0,
URP(:L',O) = {

U, z<o.

Our proposition is now.



Proposition [7]. Let U(z:, t) be thevsoiution to the GRP and let R(f) be the soiution

of the assoctated RP. Then, for every fized direction z/t = A,

(1.4) im U(M,t) = R().

t—0+

Furthermore, the wave conﬁgufation for the GRP near the singularity s the same
as that for the assoscated RP.

The last part of the above wopesition implies that if the solution of the asso-
ciated RP yields a shock travelling to the right, then this_is the case also for the
GRP, etc.

In order to put this work in the appropriate perspective of numerical applica-
tioﬁs\,"le;t us recall briefly the so called “Godunov-type” numerical schemes (approx-
imating (1.1)).

Suppose that we use equally spaced grid-points z; = 1Az along the z-axis and
equal time-intervals of size At. By “cell s” we shall refer to the interval extending
between the “cell-boundaries”® z;;1 = (1 3)Az. We let Q7 denote the average
value of a quantity Q over cell 1 at time nA¢. Similarly, we denote by Q:.':f the value
of @ at the cell boundary z,, i, averaged over the time interval (nAt, (n + 1)A¢).
Generally speaking, a “Godunov-type” (or “quasi-cohs_ervative?’) difference scheme

for (1.1) is given by,

At

n+l _ yrn _—
(1.5) U U! A

[FURRY) - FUR )] + at- G(UPH).
"2 F

In this scheme one must still give an appropriate interpretation to the values of
U at time (n + 1)At. A fundamental way of doing it was proposed by Godunov
[6] and may be described as follows. Assume that at time nA¢ the point z,, 3
separates two constant states U*, U.":-u and also that G = 0. Solving the resulting
Riemann problem, one takes U'.":; to be the (constant) solution along z = Tiyd

(observe that even if this line represents a jump discontinuity the flux vector is still
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continuous there). The resulting scheme is of first-order accuracy and ha.s relatively
poor resolution properties. In order to upgrade this scheme (in terms of accuracy
and resolution) we assume now that the values of U are linearly distributed in cells,
with possible jumps at z;, /2, which gives rise to an initial value problem for (1.1).
Indeed, locally at each cell-boundary we have a GRP, and iis solution (as in (1.2))
serves as a linear {in time) approximation to the values U(z;;;/2,t). Thus, using

the obvious analog of the notation in (1.2), one takes,

n+‘L At a
(1.6) Uy =Uky+ 5 [5;V]

n
i+d°

Further details of the numerical scheme along with a numerical example
will be given in Section 7.

To relate this work to previous work on the subject (i.e., finite difference
schemes for (1.1) using “Riemann problem approach” at singularities) we mention
the works of Chorin [3] and Colella-Majda-Roytburd (4]. Both of these wori(s are
aimed at calculating travelling combustion waves. In the limit of “infinite reaction
rate” (i.e., with z jumping from 1 to 0) it is well-known [5] that the fluid-dynamical
model yields a shock across which the total reaction takes place. In contrast to that,
ih the “finite reaction rate” model given by (1.1) the jump in 2z occurs only across a
contact discontinuity. Thus, the “local Riemann problem” solutions differ from the
“global” problem that théy are supposed to approximate. Colella-Majda-Roytburd
use a split scheme, where the fourth equation of (1.1) is handled in a separate step.
On a “local” basis, this amounts to convecting the discontinuities of z only along
streamlines (i.e., contact discontinuities). On the o.ther hand, Chorin (3] uses a
“Riemann solver” for the full system (1.1) where, however, he allows jumps of z
across both shocks and contact discontinuities. The remarkable results that he gets

(see also [4]) have to be contrasted with the obvious fact that his “Riemann solver”
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violates the weak solution requiremént imposed on (1.1). We are not quite
sure that his scheme is yet fully understood.

The plan of the paper is the following. In Section 2 we introduce our
notation, discuss the characteristic relations associated with (1.1) and
switch to a Lagrangian formulation of the problem. In Section 3 we discuss
the resolution of a centered rarefaction wave, which serves as a basis for
the full Lagrangian solution given in Section 4. In Section 5 we provide
the details needed for the completion of the solution in the Eulerian
framework. In Section 6 we speciélize to the case where the equation of
state is given by a y-law relation (see (6.1)) and a simplified Arrhenius
model is used for the reaction equation (see (6.3)). This is the case
treated in the works [3,4] mentioned above. Here we are able to give fully
explicit expressions for the various ingredients of the solution.

In Section 7 we give a few more details related to the numerical scheme
(1.5). 1In particular, we discﬁss two different ways (labeled "explicit"”
and "implicit") of differencing the reaction equation. (the fourth equation
in (1.1)). As an example, we give the results of several computations for
an ozone decomposition C-J detonation. This example is taken from [4].
Using the same mesh sizes in our schemes, we compare our results with thoée
obtained there.

Finally, in a receﬁt preprint, A. Bourgeade [8] has obtained results
closely related to ours. His methods, however, are combletely different.

We conclude by remarking that the present method can easily be extended
in various directions. One that could be of pafticular interest is the
inclusion of "source terms" in the fluid-dynamical part. This (without
reactions) was done in [2] for the case of a variable cross-section and
could be incorporated hcre;to study reactions in, say, cylindrical or

spherical geometries.
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2. Preliminaries and Notation

In what follows we shall address the GRP as presented in (1.2). Recall that
the Riemann Problem in (1.3) was labeled as the Associated RP.

In addition to the basic flow variables appearing in (1.1), we shall also make
extensive use of the speed of sound ¢ and the “Lagrangian” speed of sound g = pe.
The definition of ¢ in our case needs to be clarified. Indeed, for each fized value of

z we define the entropy S(e, p,2) as usual by,

95, 85, 1
(2.1) TdS, = T(ade + Fp—dp) = de + pd(;),
where T = T(e, p, z)v is the temperature. Solving for e we have e = e(p, S,2) and

substituting this in the equation of state we get p = p(S, p,z). We then set,

2_0p .
(2.2) | ¢ ap(S, P 2)

As a rule, we shall always indicate the independent variables when differenti-
ating a thermodynamical function, as has been done in (2.2).
It can easily be checked that the first three equations of (1.1) yield the charac-

teristic relation,

de d(1/p)

dz
(2.3) s + P = 0 along it

Using (2.1) and the fourth equation in (1.1) this can be written as,

a5 9 dz 9 dz
2. 2.2 4z _ _ 8 __ dz _
(2.4) 7 azS(e,P, z) o ke, p, 2) azS(e,p,z) f along ik

We now transform the system (1.1), replacing the coordinate z by the

Lagrangian coordinate & given by,
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Replacing the third equation of {1.1) by (2.4), the system can now be written as,

- (2.6) Vi + (V)¢ = ¥(V),
T -u 0
| u P | _| 0 _1
V = S ,@(V): 0 ,‘I’(V)— “f ,"ﬂ'—p.
z 0o/ -k

In deriving the characteristic relations for (2.6), we express p in terms of S, p, z,

so that the momentum equation becomes,
w + c2pe + ps Se +p; z¢ = 0.
Combining this equation with suitable multiples of the other equations, we obtain,

¢
(2.7) . ue & pc ug £ ;(pg + pepe) = ‘;—i(s, + pcSe)

. Pz 1
— i = m— k o
= pc(Ze pcze) ?pc(ps [+ p2k)

But from (24) we have,

‘ 3 3 3
ps f+pk=k- (5513(5, P, 2) - -a—zs(e,p, z) + -a-;p(S,p,Z)) =

a
= k(e, p, 2) Ez'p(es pr2),

so that (2.7) simplifies to,

(2.8) gdu £ dp = q:]céa;p(e, p,z)dt along j—f— = +g.

" Finally, we introduce some notation for the treatment of the GRP for the
system (2.6). We assume that initially V(£,0) = V() is piecewise linear with
a jump at £ = 0. This is justified by the fact (to be proved later) that the time
derivatives at the singularity depend only on the limiting values (as £ — 0) of
the initial conditions and their slopes. Hence we may replace z-derivatives by &-

m V+(€)) we

derivatives according to (2.5). Letting V; = flir(x)1 V_(¢), V. = eli n

10



denote by R (A; Vi, Ve), A = f, the Lagrangian solution of the associated Riemann
problem. Denoting by V'(¢,t) the solution to the GRP for (2.6), our objective (in
3
=V . i i
Ay (0,2). Clearly, in this
case the line £ = 0 represents the contact discontinuity across which the variables

analogy with (1.2)) is to determine %V(O, 0) = tli%l

p, S,z may be discontinuous, so that we must compute their time-derivatives on
both sides of this line.

We employ the following notation conventions.

Subscripts “r,I” denote limiting values as £ — 0+,0—, regpectively.

An asterisk (*) is used for values at ¢t = 0+ a.loﬁg §=0 (along with “r,{” for
discontinuous quantities).

Further details are given in Table I, where Q stands for any one of the flow
variables (see also Figure 1 in Section 3 below).

Table I -~ Notations for the Lagrangian GRP

~ Symbol Definition

Q- Q | lim Q(€,0) as § — 0+,0~.

(52),, (33), Constant slopes for £ > 0, £ < 0.

V=R (MW, V) Lagrangian solution of the associated RP, A = £/t.
v » = R.(0; Vi, V7).

Q; Qf Right and left values for @ discontinuous

a.crossE—O(eg. Q=porg).

2Qy* : - =
(5%) Jim atQ(s, ) at € =0.
(32)., (22), Right and left values of (32)” for discontinuous Q.
2Q\* ' —
(3%), t_l_{m_ Hm 6§Q(€ )
- ’ (3
a9 = =
(ae)z —tl{%‘_*_ 51_1.%1_ 3¢ (é,t)

11



, 3 s
o a3 — ° ° '
(ﬁ.)r’ (#)l - fl;l‘%l+ EEQ(E’t”t:O’ el_l.rg_ EQ(E’ tht:O'

Remark. Note that if two limiting processes are implied, they must be carried
out.in the indicated order. For example (%—%): means that first the ¢-derivative is
evaluated at { = O+ and its limit is then taken as ¢ — O+. On the other hand,
(%)r is computed by first taking the ¢-derivative at ¢ = 0 and then letting £ — 0+.

Also note the meaning of the various groups of variables.

Q- Qi (%%)r, (%‘})l are the given initial _data..
Q*, Qr, @ Result from the solution of the associated RP.
(%?’) ! (%%)r " are time-derivatives which are evaluated

from the initial data by (2.6).
(%?-)*, (%%)r, (%?): result from the solution of the GRP.

12



3. Resolution of a Centered Rarefaction Wave (CRW) .

It is a well-known fact that a jump discontinuity in the initial data is resolved
in terms of centered rarefaction waves or jump discontinuities. In the context of the
GRP the latter are easily handled in terms of the associated jump conditions, as
we shall show in the next section. However, the centered rarefaction wave (CRW)
requires some further considerations. These considerations are discussed in detail
in this section and, as in the other applications of the GRP scheme, constitute the
basic analytical tool of the method.

The basic idea is to use characteristic coordinates throughout the CRW, so
that the singularity is “blown up” into a “full segment” in the characteristic plane,
where the CRW is now represented by a rectangular zone. The base of this rectangle
corresponds .to the singularity. The flow variables are smooth in the rectangle and
their values at the base are derived from R (); Vi, V,), the solution of the associated
RP. The first derivatives normal to the base correspond to directional derivatives
in the (4,t) plane. It turns out that these derivatives satisfy simple differential
equations along the base. Thus, knowing the derivatives at one endpoint enables us
to determine their values at the other (a “propagation of singularities” argument).

To fix the ideas we shall assume henceforth that the wave configuration is as

displayed in Fig. 1. Recall that our basic
' Fig. 1

assufnption is that the wave pattern is already determined by the associated RP.
In this and the next section we work solely wlith the Lagrangian formulation (2.6).

Let T'* be the characteristic families of (2.6) corresponding to the eigenvalues
+g = +pc. At the singularity, the slopes of the I'™ curves extend from —g; at the

head to —g; at the tail of the rarefaction. We introduce characteristic coordinates

13



(a, B) such that o = const. (resp. § = const.) corresponds to a ['* (resp. ['~)
curve and such that,
8 =Normalized siop'e of '™ at the origin,
f# =1 at the head characteristic.
(3.1)
a =Value of ¢ at point of intersection

of 't with the curve g = 1.

In particular, the definition (3.1) implies that,

(3"2) 6(07 1) = a, g(oaﬂ) = gp.

Thus, the CRW is now projected onto the rectangular region —ag < 2 <0, f* <
B <1, where §* = g; /g1 and a¢ > 0 is a fixed number. Any variable Q defined in
this region (including €,t) is represented as Q(a,8). The values V'(0, 3) are given
in terms of the associated RP (with ¥ = 0 in (2.6)),

(3.3) V(0,8) = R(-aBi Vi, Vr).
In particular we note that,
(3.4) 5(0,8) = Si, 2(0,8) = a.

In the following proposition we give asymptotic expressions for

§(a,B), t(a,B) (near a = 0).
Proposition 3.1. We have

£(a,B) = af'/? + &(a, B) - o2,
t(avﬁ) = —gl—laﬂ—é + "(aiﬁ) ’ a2,

where e(a, B), n(a, f) are smooth functions.

(3.5)

Proof. From the definition (3.1) of a, 8 we get,

¢ ot ¢ ot

(3.6) 30 = 932 a5 = 935"

14



Differentiate the first equation with respect to 3, the second with respect to a and

note that, at a = 0, aﬂ = 0. Solving for g—& we have,

d at(0, 8)

: 3t(0 B)
@7 2900,8) 75 (52— )+(dﬁ (Oﬂ) 5 =0
Also, from (3.2), (3.6) we get,
SO0 =47 9(0,8)=ap.
Equation (3.75 now yields,
Ot 0.8 = —g15-%, %05 = g2
aa(ovﬁ) - gl ﬁ 1 aa(owﬂ) - ﬁ ]
from which (3.5) follows readily. Q.E.D.

Our objective in this section is to compute the derivatives %Q(O, B) of all flow
variables Q(a, ). Note that these derivatives vanish identically for the associated
RP. As a first step, we compute S4(0, 3),24(0, 8), the derivatives of the entropy S
and the mass fraction 2.

Proposition 3.2. Let f,k in the equations (2.6) be ezpressed in terms of the
variables p,S,z. Then the functions S,(0,8) = £ 5(0,8), z2(0,8) = £2(0,5)

satisfy,

(9 i(ﬂ-%sa(o,ﬂ)) = =467 1(p(0.8), 51, ),
(3.8)
() —(ﬁ‘*za(o 8)) = —gr* B=2k((0, B), 51, ),

which, together with the tnitial condilions,

(i) Sa(O,' 1) = (g)l + gl-lf(ph.sh.zl),

(#) 2a(0,1) = (g?)l + 67 k(p1, Sty 21),

determine completely S,(0, 3), 24(0, 8).

(3.9)
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Proof. We prove for S. The proof for z is identical. From the chain rule and

(2.4) we have,
(310)  7S(6,0) 5o(@,8) - f(plarf), S(a, B), (e, B 5z = 5= S(an )

From (3.5) we see that gﬁ-(a,ﬂ) does not vanish near @ = 0 so that (3.10) implies

that the function

(3.11)) S'(6,t) = %S(e,t),

is well-defined and bounded as a function of (a, B). (It; smoothness depends on
of Sec.

the smoothness properties of f. In the simplified modelYf w111 be discontinuous).

Letting @ — 0 in (3.10) and using (3.4), (3.5) we have,
(3.12) Sa (o £) = S'(0,8)- 617 + F(0(0,6), Sy ) - 476+,

‘To evaluate S’(0, ) we differentiate (3.11) with respect to ¢ and use (2.4), (2.6) to
get, |
55(6t) = =32 S(p.5,3) = = fope = fsSe = fuze =
= fpue = fs5' = faze.
Next we view ¢ as a function of (&, ) and multiply the last equation by 5‘?§t(£ ,B).

Witl} ¢, as independent variables we get,

ﬂ §'(¢,8)=fp- 3ﬂu(€ﬁ) (fsS'+fzze) t(E B).

The argument leading to the boundedness of S'(£,t) near the singularity (see the
paragraph following (3.10)) also implies the boundedness of z¢ there. Hence, letting

¢ — 0 and noting that 2 55 — 0 (and (3.4)) we get,

(3.13) 2 51(0,8) = f,(p(0,8), 51, 2) -

dﬁ

16



Going back to (3.12) it follows that,
d

d, _. '
Zﬁ(ﬂ 754(0,0)) = E(S (0,8)) + g1

= fp(p(oyﬁ)’ Sl’ 21)

{07 (600,0), 51, )

ﬂ(ﬁ)

g B (00, 8), 51, 2) - ip(o,ﬁ)
- g7 B2 f(p(0, B), 51,21)

[7540:8)+ 90,07 725(0,8)] - £(5(0,), 51,2

- g7 ' B2 f(p(0,8), 1, 1)
But the expression in square brackets vanishes by the characteristic relation (2.8)
(taken along the degenerate I'*-characteristic at @ = 0, where g—;— = 0). This
proves (3.8). The initiai condition (3.9) is obtained frem (3.12) by notiné that
s'(0,1) = (53),- Q.E.D.
Our next result constitutes the main analytical tool of the method. We use

the characteristic relation in order to derive an expression for u4(0, 8). To simplify

notation, we introduce the function,

d
(3.14) ' A = ke, p, 2)5;?(6,/),2)-

As is the case with the other functions, we refer to A as a function of a, § through-
out the CRW. In fact, we shall need only the limiting values A(0, 8), which are
determined by the associated RP.

Theorem 3.3. Let a(f) = ;—au(O,ﬂ), and let g = pc be represented as g(p, S, z).
Then a(B) satisfies,

d .
(3.15) | d—ﬁ-a(ﬁ) = A(B), B* <P <L,
where
(5.16)  A(9) = ~397*6~} (671 A(0,0)

- _gl IIB— [gS(O).B) : Sa(O)IB) +gZ(01,B) za(O ,3)] dﬂ (OHB)

17



Equation (3.15) ts supplemented by the initial condition

du. )
(3.17) | a(1) = (5%‘), +g,"1(-a—§,),,

which, along with (3.8) - (3.9), determsnes a(f) .completely.
Proof. Write the characteristic relations (2.8) as

du OJp at
(3.18) 95a ~ 3a 3a’
' ou 9 _ 0
Y38 T8 g

To eliminate p we differentiate the first equation in (3.18) with respect to 3, the
second with respect to a, add and evaluate at @ = 0. Noting that -g‘—B =0ata =0,
we obtain,

29(0,£)a’ () +a(B) 75 9(0 B+

(3.19) 01(0. )
+ 94(0,8) - “(0 B) = ﬁf\(O,ﬁ) S vt

Using the chain rule and (3.18) we have,

(3.20) 92(0,0) = dp Pal(O0, B) + 9554(0,8) + g:24(0, B)

= gp{ga(B) - A (0 ﬂ)l+ 9sSa + 9z2a-

Inserting this relation in (3.19) yields

29(0,8)a’(8) + a(m%g(o, )+ p0-254(0, )
(3.21)
+ 95 + 925 = 2y G| ul0,0) = 53(0.0) - T0E,

Observe that all quantities in the above equation are evaluated at (0, ﬁ). In partic-

ular, by (3.4), 9(0,8) = g(p(O,ﬂ),S;_,zg), so that, combined with (3.18),

25900.8) = 4y 757(0.8) = ~4p975u(0, )
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Also, by (3.5), % 0 = —g,"iﬁ_“é. Hence, we can write {3.21j in the form,

20130’ (B) + [95Sx + 922a]  —=u(0, B) — g7 ' A(0,8)8~3/2

dﬁ

l?— 2 E’\(O’ﬁ))

which is exactly (3.15), (3.16).
To establish (3.17) use simply the chain rule and (2.6), (3.5) to get,

du du aé du

—(Oy 1) =

au
( +

(3 3200+ (55200 = (5D + a7 (520

Q.E.D.

The derivatives of fhe other flow variables are now obtained from the character-

istic relation (3.18) and thermodynamic representations. In particular, expressing
P, g in terms of p, S, z we get,

Corollary 3.4. The directional derivatives of p, p,g are given by,

2L(0,8) = miBa(8) + 57674 X(0,),
(332)  52(0,8) = c(0,8) 32 (0, ) + £55a(0,8) + p:2a(0,),

a a
52(0.8) = 5520, 8) + 95 Sa(0, ) + 9:7a(0, B).

19



4. The 'Lagrangian Solution of the GRP

We continue the discussion 'of the previous section, assuming the configuration
of Figure 1. We seek here expressions for time-derivatives along the contact discon-
tinuity & = 0. Since the derivatives of S, z follow directly from (2.6) (see e.g. (4.7)
below), we need only compute g—‘t‘)', (%%)'. As we shall see, these dérivatives
satisfy a pair of linear {algebraic) equations.

We have a shock travelling to the‘right. Using the nota tion introduced in
Section 2 we let V. (resp. V*) be the pre-shock (resp. post-shock) values of V' at
the singularity (obviously, the subscript is suppressed in p*, »*). The (Lagrangian)
shock speed W, (i.e., the initial slope of the shock trajectory in the (§,t) plane) is

given by the well-known jump condition

. W, = .
(4.1) pr—

We may now state the following theorem.
Theorem 4.1. Assume the configuration of Figure 1. The denvatives

(%,2)‘, (%}). are determined by a pair of linear equations,

ER alZy) +n(3) = d

(4.3) ey n () -

where, with §* = g/ /q, a(B) as in Theorem 3.3 and A as defined in (3.14),

(4.4) a=1,b = (éz‘)",dz = —(qugl )7 a(B") — (g7) ™" M(0,8").

As for. a,,b,,d,, they can be determined ezplicitly from the values of
Ve, V., ‘g—‘e’-)r, the Hugoniot (u,p) relation and the reaction rate function.

(Ezplicit ezpressions for a y-law gas are given in Section 6).
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Proof. To establish (4.2) we note that the flow in the region &(a,8*) < € <0
(i.e., between the tail characteristic of the rarefaction fan and the contact disconti--
nuity) is smooth. Applying the chain rule along that characteristic we have,

3p oy _ 9D\« 3t0,5") dp.« 3£(0,8*)

3608 = (3) 5 + GGl =50
From (2.6) we have (g—%): = —(22)". Using the expression (3.22) for 32(0,4*) and
(3.5) for %(O,ﬂ"), aa(O f*) and noting that by (3.2) g = qi8* we obtain (4.4).

Turning now to (4.3), we write the Hugoniot relation at ¢ > 0 in the form,

(4.5) K(u,p, 2, "-'-1;7P+7p+) =0,

e

where u.,p., p+ are the pre-shock values, u, p are the post-shocic values and z is the
value at the shock (observe that for a weak solution of (1.1) z can be discontinuous
only across the contact discontinuity). The shock speed (in &, t) associated with the

values in (4.5) is W, = 222+ 'Differentiating (4.5) in the shock direction we get,

L Jaad ' Y

2 a
)K(u’p731 u+,p+,p+) = 0.

(4.6) 3+ Wege

Consider now the limit of (4.6) as ¢ — 0. Then clearly W, — W, and,

(“spyz) - ( ‘;P‘azr)r (“+yP+:P+) — (“npnpr)r

at (at) ’ at —(5¢)"
and Equation (4.6) reduces to the form (4.3). The details of this reduction procedure
(which are needed also in the next section) are given in the following propositions,
where the basic idea is to replace t-derivatives by £-derivatives ahead of the shock
and £-derivatives by ¢-derivatives behind it. . ’ Q.E.D.

Proposition 4.2. The lsmits of time-dersvatives behind the shock front are given

by,

(4.7) (Z2)7 = —k(er, o2, 20),
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(4. 28y; = e 2[(%{-) +Met, ot )]

where A is the function introduced in (3.14).
Proof. Equation (4.7) is just the fourth equation of (2.6).

To establish (4.8), let us write p in terms of p, S, z, so that, aﬂovg §=coust,

op _ ,0p_ 85 . 0z _
3t P TS Tl =

_ -2 ap k( BS(e,p,z) Pz),

(4.9)

where we have used (2.2) and (2.4). Now, viewing S and p as functions of e,p, z

and differentiating the identity

pP= p(p(e) Ps z)) S(e, P z)s z)
with respect to z, we get,

 3p(e, p, z 8S(e, p, 2
) CYL) N LI CY ) S

(4.10) 8z 77 oz

so that (4.9) becomes,
2/_{ = c—z(g%+ ap(e1p)2)) = -2(—1-A e’p,z)).

Equation (4.8) is now obtained when-we take the limit ¢ — O behind the shock.

Q.E.D.

Proposition 4.3. The limits of time-dertvatives ahead of the shock are given by,

du ap, ,8 du,
(4.11) (35), = ‘(’a'?)r’ (5§)r=_p3(é_€)?,
(4.12) (), = =52(35), = Merspry20)
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Proof. The equations (4.11) follow directly from (2.6). As for (4.12), we repeat
the argument of (4.9). So, expressing p in terms of p, S,z we have,

ap 23p as 9z _
5t C gt TP TPy <

, u 9S{e, p, z)
= —g® = - pulnd St R 6 Tt X
=-¢'3 k(ps > +pz)
du
_ g i= _
- g ae azp(e’p7z)’
which yields (4.12) in the limit ¢ — 0. - Q.E.D.

Finally, we deal with the transformation of spatial derivatives to time deriva-

tives behind the shock.

Proposition 4.4 The limits of spatial derivatives of flow variables behind the

shock are given by,

(4.13) ( )——( =)’

(4.14) (Go): =~ ()" + Mesa i),
(4.15) (Z—Z): = (g%),. +Wr-1 [k(e::P:92r) - k(e,.,p,-,Z.-)],
(4.16) (-g—g): = 3(2—:)‘“’72(#;)2

- By [on W™ + a(en) W
+3(§§),w:’(p:)’

- (5 AL R
+ (5_5)' : (p_:) = Mery 0ry 2 )W, (p7)?

—3A(er, pry2¢) - (c;)—zw:l’

where agasn A s as in (3.14).
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Prooi. Equation (4.13) follows from (2.6) é.nd (4.14) is identical to (4.12) when
pre-shock values are replaced by post-shock values. To obtain (4.15) we use the
continuity of z across the shock which implies also the continuity of (£ + W, 533) z.
Using (2.6) for the time derivatives we get (4.15). Finally, to establish (4.16) we

again differentiate a well-known identity [5] along the shock trajectory to get (com-

pare (4.6)),

a a.. 1
5+ Wa g0 0= p)m = ) - (-] =o0.

Letting ¢ — 0 and replacing post-shock &-derivatives (resp. pre-shock t-derivatives)
by t-derivatives (resp. &-derivatives) in accordance with the previous results we get
(4.16) as the limit of 22. | QED.

Remark. Note that by (4.6) the derivative (g%): is not needed for the La-

grangian solution. However, it will be needed in the Eulerian treatment.
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5. I 'he Eunlerian Soluntion of the GRP

In this section we take up our main goal in this paper, the solution of the GRP
for the Eulerian system (1.1), in the sense of (1.2). ‘

We assume again the setup of Figure 1, with the jurﬁp located initially at z = 0.
As an auxiliary tool in the derivation we shall use the Lagrangian coordinate ¢
defined by (2.5). As was demonstrated in the previous sections the time derivatives
at the singularity depend only on the spatial slopes as £ — 0. Thus we are justified
in assuming that the initial values of flow variables are simultaneously piecewise
linear in z and &, with slopes related by,
(3

1,0 a —1/,9
65.) 3= (52 (5D = (G

for any variable Q.

In addition to the notation introduced in Section 2 we use here the notation
Uo, (3F), for the limiting values of U(0,¢) and its derivative as t — 0+ (see (1.2)).
Reca.ﬁ that Uj is determined already by the associated RP (1.3) so we regard it as
known in the present context, in complete analogy with V* in the Lagrangian case.
Thus, in this section we focus on the evaluation of (%Lt’-) 0

Using the Lagrangian transformation (2.5) va.nd (5.1) we can now use the results
of Theorem 4.1 and Proposition 4.2 in order to determine the time derivatives (32)"
of any flow variable Q along the contact discontinuity (including the discontinuous
ones, for which we have right and left values of the derivative).

Let £ = £(t) be the Lagrangian representation of the line z = 0. It is easily

seen that,

(5.2) = = —o(E(0), 1) u(&(),0), £(0) = 0.

Indeed, (5.2) follows by differentiating the identity z(£(t),t) = 0 and noting (2.5).
Clearly, the value of the right-hand side in (5.2) at ¢t = 0 is determined by Uj.
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Suppose first that the line z = 0 (or, equivalently, & = £{¢)) is not contained

in the rarefaction fan. Then the chain rule and (5.2) imply, for any variabie Q,

(a‘?\ = lim

(5.3) 37 )0 = lin (atQ(é, ouo—-Q(E, t)) along € = &(¢).

Again, all derivatives in the right-hand side are known from U, and the results of
Section 4. Indeed, the £-derivatives are treated in Proposition 4.4 (the expressions
| for (4% 3% [ (g%)' are completely analogous to (4.13), (4.14), and the expression for
( 2); is obtained by using the chain rule 2(0,5*) = ($8), - ££(0,8%) + (%), -
aa 2 (0, 3*) in conjunction with (3.22), (4.8)). |

The fact that £ = 0 is not contained in a rarefaction fan means that there is
no characteristic curve (= “sonic signal”) parallel to it, so that we can formulate
our result as

Theorem 5.1. (Non-sonic Case). In the non-sonic case the Eulerian solution to

the GRP is given by the Lagrangsan solution to the GRP (discussed tn Section 4)
and the chain rule (5.3).

Next we discuss the sonic case. Here the line z = 0 is tangent at the origin
to a curve of the I'"-rarefaction fan.(o'r, equivalently, coincides with a straight I'—-
characteristic for the associated RP). The formula (5.3) is now meaningless since
the involved derivatives blow up as we approach the singularity. We are forced,
therefore, to replace the (&,t) representation by the more refined characteristic
structure (a, §) which was introduced in Section 3.

Let (a(t), 5(t)) be the trajectory z = 0 in the (a, ) plane. Our assumption

that z = 0 is sonic implies that

(5.4) a(0) =0, B(0) = fo,
where
‘ (55) u(oiﬁO) = C(OJ ﬂO)'
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In (5.5) and throughout the rest of this section we are using the characteristic

notation of Section 3.
The relation (5.5) determines 8o uniquely and instead of (5.3) we have the
formula,

(5.6) (52), = 32(0,80) - o'(0) + 5210, ) - #(0).

We may now summarize the sonic case by the following theorem.

Theorem 5.2. (Sonic Case). In the sonic case the Eulerian solution to the GRP

i3 given by (5.6) where [y i3 determined in (5.5), the dertvatives %%—(0 Bo) are
evaluated from the associated RP, the derivatives 3 Be 22.(0,6,) are obtained by (3.8),
(3.15) and (3.22), and the slope (a’(0), ('(0)) is given by,

(5.7) a'(0) = —qiBZ,

(5.) £0) = 268 [22(0, ) - 222

da (O)ﬁO)]

(The derivatives in (5.8) are given in (3.22)).
Proof. To prove (5.7) we differentiate the identity ¢ = #(af(t), B(t)), using (3.5),

and let t — 0.

at at o=k
1= 2-(0,00) - a'(0) + 350 Fo) B'(0) = —g7 By * - 2(0).
The proof of (5.8) is longer. First, we use the expressions (3.5) in %& = —ga%- and

drop all terms which are 0(a?). We obtain,

Py

B3 +2e(0,8) = ~¢(0,8) - {~g7' B7% + 2an(0, /)] + j—j(o,ﬂ') G ATE) e
and since ¢(0,8) = g8 (see (3.2)) we get,

(5.9) (0,8) + aBn(0,8) = 075~ 32(0, ).
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Next, let £ = £(¢) be the Lagrangian representation of (a(t), 3(t)). We have,

¢ , ¢
30" a8

= (8% + 2as(a, ) /(1) + 587 HF'(8) + O(a?).

(5.10) §t) = (&) + 28'(t) =

On the other hand, using (5.2), (5.4) we have,

(511)  €(t) == pu(€(8),t) = ~(pu)(0,6o) — o=(pu)(0, o) - a(t

- a%(pu)(o,ﬂo) (B(2) - Bo) + O(£2).

But -;—B(pu)(O,ﬂo) = 0 by (5.5) and the characteristic relation dp + gdu = c?dp +

pcdy =0 along a = 0. Thus, equating first-order terms in (5.10), (5.11) we have,

o §
2

(512)  @'(0)8'(0)85 * + 54 a"(0) +2(0, 80) - 2'(0)" = ~(0) - 5=(pu)(0, o).

Similarly, in analogy with (5.10) - (5.12), the identity 1 = 2£o'(t) + 2£0'(t)

yields (taking first order terms in ¢),
(5.13) gt (0)8"(0)85 T +2a(0)*n(0, Bo) — g " (0)B5 =

Multiply (5.13) by 9180 and add to {5.12) to obtain,

-3
3

2a'(0)A'(0)A5 * + 22(0)?[£(0, Bo) + q1Bon(0, o)

= ~'(0) 2= (pu)(0, o).

The last equation, in conjunction with (5.7), implies (5.8). Q.E.D.

This conciudes the discussion of the Eulerian solution to the GRP in all cases.
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6. A Special Case: y-Law Gas and a Simplified Arrhenius Model

In this section we specialize to the case that the equation of state is given by

(6.1) p=(v-1)p(e —q02), 7> 1, g0 >0,

where the constant g is the (chemical) energy released when a unit mass of unburnt
gas is totally burnt. We take v > 1 to be a given fixed constant.

Remark. In taking v to be independent of 2 (and,‘in particular, the same for
burnt and unburnt gas) we are following Chorin [3] and Colella-Majda-Roytburd
[4]. For a (presumably) more realistic model where 4 = 4(z) the entropy can still
be taken as in (6.2) below and so is the speed of sound, but for the rest of the
treatment one has to go back to the general discussion of the preceding sections.

It is immediate from our definition of entropy (2.1), combined with (6.1), that

we can take,
(6.2) §=—— & = p=1(e - go2).

In addition to the equation (6.1), and again following [3, 4], we shall take here
a simplified Arrhenius model, where the reaction rate is a step function depending

on temperature, which we take here as %. Thus, we assume,

63) k=KzH(T-T,), K>0T= %
where i
1 0,
H(z) = { , >
0 <0,

and T, is a given { “critical”) temperature. The function f in (2.4) is given now by,

(6.4) f==Kqp' ™ "zH(T-T.), T =

b

© I

and the function A of (3.14) can be conveniently expressed in terms of p,p, z as,

(6.5) Mp,p,2) = —(7 - 1)KqopzH(T - T.).
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In the rest of this section we give the explicit versions of the formulae appearing
in the preceding sections when specialized to the present model. We start with the

solution of the centered rarefaction wave for the associated RP (see Section 3).

Proposition 6.1. Let the coordinate 8 be defined by (3.1). For the v-law case,

the values at the singularity (a = 0) are given by,

(6‘6) P(O,ﬁ) = Plﬂ:’%;P(oyﬂ) = p,ﬂﬁ‘f’ C(O,ﬂ) = clﬂﬁ:
(6.7) u(0, B) = u; + 722‘1(1 - gy,

Proof. The expressions in (6.6) follow from ¢(0,8) = ¢4 and the relations,

—a- (P25 = (2Y7
g=aq (Pl) s D=D (Pl),

which hold identicé.lly along @ = 0, where S and z are constant by (3.4). To obtain
(6.7), write the characteristic relation (2.8) at the singularity (where dt = 0) as
du + :,-%Tdc = 0. Q.E.D.

Next, we give the explicit versions of (3.8). By (6.6) we have,

T(Os ,3) = ;:’((?)’—"ﬁﬁ; =T; 'ﬁ2?’:‘_:-

Corresponding to the “critical” temperature T, we have f§, defined by,
(6.8) T(0,8.) = T,

so that we have from (6.3) - (6.6),

( 9) (") k(P(O’ ﬂ),S{,Z{) = KZIH(ﬂ - ﬂc)s
0.
(#) £((0,8),81, 1) = —Kqozip} ~" B~ 235 H(B - B.).

(6.10) M0,8) = (7 - 1)Kqopz - B+ H(B - Be).
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Equation (3.8) now takes the form,
d _ — o
3587 5a(0,)) = Kaomgi o767 H(B - o),

ﬁ(ﬁ— (Oaﬁ)) = -Kgl—lzlﬂ_zﬂ(ﬁ —',Bc):

which implies,

(6.11)
B%54(0,1), Be>1

5a(0,8) = { 8% - {52(0,1) - EL Kaomg ol ™" (85 - 1) },1> 8 2 4.,
ﬁé'ﬁc—zsa (Oyﬂc)s <P <. ‘

ﬂ"kza(o, 1) Be 2 1,
(6.12) 2a(0,8) = { B7 - {za(0,1) + Kg'z(B~' - 1)}, 1> B > B,
o Bt iz (0,8,  B<B.<,
along with the initial conditions (see (3.9)),
(Zﬁ 3~
24(0,1) ( ),+Kz,g, ‘H(l-ac)

Sa(oxl) quzlg( pl 7H(1_ﬂc)

(6.13)

Remark. Note that by (6.2) we obtain further,

(6.14) (%%), (ae 2)i=7 1'P7"(ag) ~ s (32 3¢ =
=—;ﬂ)71[,<5g.,—c,<5;>,1-

(v
We can now proceed to provide the explicit solution for the CRW, correspond-

ing to the general Theorem 3.3.
Theorem 6.2. For the v-law case, the function A(B) of (3.16) s gsven by,

615) A = -3 e EN0,0) + 157HA0.0)]

] 2 ’
—mﬁ T+ 54(0, 8)-
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Assuming the form (6.3) for the reaction rate function, we obtasn for a(3) the fol-

lowing ezplicit form.

,88 34=1
©16)  aif) =a(l) - (G (BT - 1), B2 1,
-5 - 1—-3
o(6) = a(1) - T 20,1 - (67 )
(6.17)
-1 as 2 o aq=1
- 377 - lgl_lpz [(‘3_2'): + ﬁ.‘h 1,0, 7. /\(0,1)] . (ﬂ2(7+1) - 1)’
| 1> 8 2 B,
 a(B) = a(fesyr %g," (0, 1)pF
(6.18) L

- - -4 39-1 321
- 3y - 1.9‘ Ip;’ﬂc ’Sa(o,ﬂc) : (ﬁ"""” —ﬁcz~ * ,), B <B.<1.

Proof. It follows from {6.2) that,

g=pc=(1p0)t =43 (y-1)"

so that
1 g(oyﬂ) 91/3
0,8) = —— = -2 = 0.
Also, by (6.7) we have ;‘% u(0,8) = —;gf;‘l-ﬂ"?h. Inserting these expressions in

(3.16) we get (6.15). The expressions (6.16) - (6.18) are now obtained by integrating
A(B), noting the expressions (6.10), (6.11) for A(0,3), S«(0, 8), respectively.
| Q.E.D.

Remafk. Note that the assumption §. > 1 means that no reaction takes place
throughout the rarefaction wave, so that (6.16) coincides with the corresponding
formula for the planar non-reactive case [1].

Finally, we discuss the form assumed by (4;6) in the y-law case, thus providing

explicit expressions for a., b., d. in (4.3).
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Theorem 6.3. In the case of a y-law equation of siate, the coefficients a,., b,, d,

in (4.3) are given by, with p* = 171,

1 p*—pr

(6.‘19) | ar =2 - 27+ pip,’
(6.20) by = %;TUT—;IT — (g2)"W, - W,
(6.21) do = Ly- (-‘g-‘é), +1L,- (Z—E),+L,(g§), + I
where
Ly = 5(u" = w)(pr + —;ﬁ—?f—) +EWS W,
2 p* + u?p
L= _%P‘;Pr’
L,= '\'W:l(%zﬁp_ +1) +(g2) " W.A;,

Ar = ’\(erapﬂz")”\r = Aep, pry2¢)-
Proof. As noted already, the Rankine-Hugoniot jump conditions for the system

(1.1) imply that z is continuous across shocks. Thus, for the equation of state (6.1)
the term goz is an additive constant, the same on both sides of the shock (this
is deﬁnitely. different from the way “sharp” detonation and deflagration waves are
treated, as in [5]). Hence, the Hugoniot relation (4.5) has the same form as for the
non-reactive case and is given by the well-known formula ({5]),

1_

6.22 K(u,p,2,u4,p+, =y—u, —(p—- '_......_____’
(6.22) (4.0, 2,844,051 04) +=(p p)p(pﬂ‘p*)l

Differentiating this expression as indicated in (4.6) and using the transformations
between £-derivatives and t-derivatives as in Propositions 4.2 - 4.4 we obtain a linear

relation of the type (4.3), with the coefficients given by (6.19) - (6.21). Q.E.D.
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7. A Numerical Example

In the introduction ((1.5),(1.6)) we have outlined a numerical
scheme based on the analysis presented in this paper. Such a scheme (which
we call a GRP-scheme) is indeed a straightforward implementatién of the
formulas derived here for the time-derivatives of flow variables at cell
boundaries. For the non-reactive case, including "quasi" one-dimensional
flows, the GRP scheme was used successfully in a variety of test probiems
(111.121). |

The point we want to émphasize,here is that the differéncing of the
reaction equation (the fourth equation in (1.1)) seems to be Qrucial in
obtaining a stable "physical"” solution. 1In fact, we shall show that rather
small variations of the difference scheme lead to completely different weak
solutions of the system (i.e., weak detonations followed by shocks as
opposed to a C-J detonation).

We start by discussing the difference scheme (1.5), (1.6) in some mofe
detail. First, using the explicit formulas in Theorem 4.1 and Proposition
4.2, we obtain the time-derivatives (%%):+Z , (%%)?+Z and (%% 2+g

(we are using the notation of (].2)). This enables us to determine the

i +1 n+1
fluxes for the first two equations in (1.1), thus obtaining p? and u, .

i
Turning now to the last two equations of {(1.1), we see that their fluxes
depend on the evolution of the mass-fraction z (recall that e is a function

of z). Let us now specialize to the simplified Arrhenius model, where k is

given by (6.3).
n+l . n

If At = t -t", then KeAt is (roughly) the amount by which z

decreases in one time-step (provided that T > T;). Note that the
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CFL-condition for the system (1.1) does not dépend on K. However, for a
time-step which is of the order of magnitude of K_1 or bigger, a
conceivable "explicit" scheme would yield a detonation moving at a speed of
one cell/time-step. This can be a very high speed,.manifesting itself as a
"weak detonation”, namely, a non-physical solution. Thus, in an attempt to
avoid this situation, we have tried two différent schemes for the solution

of the last two equations of (1.1).

(a) The "explicit scheme". Here (pz)?:z is evaluated explicitly as in '(1.6).

Similafly. using (6.3) we evaluate
(71.1) © (kp)0% - xK[(pZ)?I§_+ (pZ)?fE] * H(T?-T ).

The fourth equation in (1.1) is now differenced as,

2y (o) - (pa)] = - hE[(em) 11 ¢ (pan) 17| - ae o (0)TH

n+1 .
Combined with a similar explicit equation for e; , one determines

e2+1. z?+1 The procedure is then iterated once by modifying (7.1) as
follows:
n+1 . n
n+% n+% n+y Ty +Ti
(7.1)" (kp)i = %K ‘pz)i+z + (pz)i_x . H(—_—E—_— Tc)

and then repeating (7.2).

(b) The "implicit" scheme. Here we are more specific about using the form

(6.3) for k. The fluxes'(pzu)?zz are calculated as before, but instead of

(7.2) we get,
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(1.9 (o) - (p2)} = - E[(pm) 21% — (pru)T

At [ n+l_, n+l1 n_, n
, * Ko l(pz)i H(Ti Tc)+(pz)iH(Ti—Tc)].
Together with the energy equation, we can solve for e?+1, z?+1 (observe that
n+1 n+1 . T . .
pi , and hence Ti , can be expressed by (6.1)) by iterations. In practice,

we iterate only once. Note that essentially (7.3) contains a modification
of the "source term” (7.1), but because it is iterated only once, the two
schemes are quite close to each other (compare the "source terms" in (7.3)

and (7.1)').

- As a test-case we have chosen the case of ozone decomposition C-J
detonation discussed in {4]. The equation of state here is given by

(6.1)-(6.3), where (in CGS units),
Yy = 1.4, Je = .5196¢101'°, K = .5825101%9, Te = .115510%0°,

The initial data was taken as the piecewise constant data defining a
C-J detonation as a single wave (recall that in the Chapman-Jouguet model a
C-J detonation corresponds to a sonic detonation, or, in other words, a
sharp reaction wéve that moves at minimal speed relative to the unburnt

gas. See [5] for more details). The initial state was given by:

{ (pg.p,.0,1), X > 50eAx,
(p,p.u,z) = i
(Pcj:PcJ Uey 0) X < 50e4x,
where: p, = 8.321e105, p, = 1.201¢1073, and pgy = 6.270210¢,

Pcy = 1.94501073,  ucy = 4.16210%.
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Observe that the values pg;j, PoJ, Uy depend only on p,,p, and q, (and not
on K or T,). The speed of the sharp front (in the Chapman-Jouguet theory)
in this case is Dyj = 1.088e1053.

If we take (following [4]) the atmospheric data as:

= 6 ) = -3
Payy = 10135106, Py = 1-2901073,

then our C-J point is given by:
ch = 6.19 Patm’ ch = 1.51 Patm*

We mention that our C-J point is different from the one reported in {4].
This may be attributed to a discrepancy in p,, p, or q,. Thus, a full
comparison is not possible. However, the main numerical phenomena seem to
" be the éaﬁe.

Our calculations were made on an equally spaced mesh of 100 cells. To
follow the moving wave, we keep eliminating mesh-points at the left end and
~adding new mesh points at the right end, so as to keep the front always at
(roughly) the middle point. Obviously, eliminating cells at the left poses
a problem for the qppropriate "in-flux boundary conditions”. We have
simply taken for these conditions the values at the last eliminated cell.
Since this was done a large numbe} of times during the course of one
calculation, it might explain (at least partially) the appearance of
oscillations in the flow profiles displayed below.

We now recall briefly the structure of a detonatioan wave in the Z-N-D
médel for the solution of (1.1) (see [4,5] for more details). The wave
(corresponding to a C-J sharp front in the Chapman-Jouguet theory) consists

of a reaction zone of finite width moving at the C-J speed, across which
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the mass-fraction z varies froﬁ z=1 to z=0. The edge of the reaction zone
facing the unburnt (z=1) gas is a fluid-dynamical shock wave which raises
the pressure and density to values significantly higher than the C-J
values. We refer to this shock as the "Z-N-D spike". Following the spike,
the pressure and density drop monotonically and continuously to their C-J
values at the other edge of the reaction zone.

In our test-case the width of the reaction zone is app;oximately

5

510 ¥ cm and the Z-N-D spike values are approximately,

Pznp = 2:62 Puip: Panp = 2-53 Py

We ran the test-case for the following values of Ax,

6 5 4

Ax = 5010 %, 56107°, s56107%, 561071,

These values correspond, respectively, to Figs. 8(b), 8(c), 8(d) and 8(e)
in [4] and should be compared with them. .

In our results we display profiles of velocity, pressure, density and
the mass fraction z. Recall that we are using a frame of 100 cells,
creating cells at the right and eliminating cells at the left, so as to
capture the reaction zone at the middle.

Fig. 2(a) gives the results for an explicit

calculation with Ax = 5010—6 cm, At = 510 sec., after 2000 cycles.

There are approximately 10 cells in the reaction zone, and the Z-N-D spike
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is clear and at its correct peak. In Fig. (2b) we display the results for

6 cm but At = 10~ sec.,

an implicit calculation again with Ax = 510
after 1000 cycles. Thus, the implicit scheme allows
for a time-step which is twice as big as that needed for the explicit

scheme.

In Figs. 3(a), 3(b) we give the results for the explicit and implicit

calculations, respectively, with Ax = 5010_5 cm. Thus, the reaction zone

is roughly of the same size as one computational cell. To reach the time

level T = 10"7 sec. we needed 2000 cycles for the explicit case

but only 1000 cycles for the implicit case. However, the difference
between the two'results is truly amazing. While the explicit solution
gives the physical C-J detonation, the implicit solution yieldé a weék
detonation followed by a fluid dynamical shock wave-in the burnt gas. This
is exactly the solution obtained in [4]. 1In this casc, one cannot expect

the explicit solution to produce the correct value of the Z-N-D spike since
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the whole reaction zone occupies only one computational cell.
. . . ; -4
Our next calculation was carried out with Ax = 5-10  cm, so that the
reaction zone occupies roughly one tenth of a cell. The explicit scheme

was run with At = lO-l,sec. for 10,000 cycles, and the resulting profiles

Fig. 4(a)

- Fig. 4(b)

are shown in Fig. 4(a). For the implicit scheme, we took At = 10 ~ sec.,
and Fig. 4(b) shows the profiles after 400 cycles (so as to. have the full
structure within the frame). The discussion of Figs. 3(a),(b) is applicable
here too. (Note that the "non-physical" implicit pr&file is much smoother
than the correct explicit profile. We cannot offer a simple explanaﬁion for
that.) ' |
Finally, we took the case Ax = 5-10-l cm. Here the reaction zone is
about 10—4 of one cell. And here is another surprise. Both the explicit
and the implicit caléulations proceeded smoothly and produced the correct
C-J step. We used At = 10-8 sec. for the explicit calculation and At = 10_7

sec. for the implicit calculation. The results after 400 cycles are dis-

played in Figs. 5(a), (b).

Fig. 5(a)

Fig. 5(b)
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