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GLOBAL WELL-POSEDNESS OF THE 3D PRIMITIVE
EQUATIONS WITH ONLY HORIZONTAL VISCOSITY AND
DIFFUSION

CHONGSHENG CAO, JINKAI LI, AND EDRISS S. TITI

ABSTRACT. In this paper, we consider the initial-boundary value problem of the
3D primitive equations for planetary oceanic and atmospheric dynamics with only
horizontal eddy viscosity in the horizontal momentum equations and only horizon-
tal diffusion in the temperature equation. Global well-posedness of strong solution
is established for any H? initial data. An N-dimensional logarithmic Sobolev em-
bedding inequality, which bounds the L° norm in terms of the L? norms up to a
logarithm of the LP-norm, for p > N, of the first order derivatives, and a system
version of the classic Gronwall inequality are exploited to establish the required a
priori H? estimates for the global regularity.

1. INTRODUCTION

The primitive equations are derived from the Boussinisq system of incompressible
flow and they form a fundamental block in models for planetary oceanic and atmo-
spheric dynamics, see, e.g., Lewandowski [16], Majda [20], Pedlosky [21], Vallis [25],
and Washington and Parkinson [26]. Due to their importance, the primitive equa-
tions has been studied analytically by many authors, see, e.g., [17, 18, 20, 22, 24| and
the references therein.

In this paper, we consider the following version primitive equations with only hori-
zontal eddy viscosities and only horizontal diffusion due to strong dominant horizontal
turbulence mixing:

v+ (v-Vy)v+wd,w+ Vgp — Agv+ fok x v =0, (1.1)
d.p+T =0, (1.2)

Vg -v+0.w=0, (1.3)

T +v- VT +wd, T — AT =0, (1.4)

where the horizontal velocity v = (v!,v?), the vertical velocity w, the temperature
T and the pressure p are the unknowns, and fy is the Coriolis parameter. In this
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2 CHONGSHENG CAOQO, JINKAI LI, AND EDRISS S. TITI

paper, we use the notations Vg = (9,,0,) and Ay = 92 +8§ to denote the horizontal
gradient and the horizontal Laplacian, respectively.

For the primitive equations with full viscosities and full diffusion, the mathemati-
cal analysis was initialed in 1990s by Lions, Temam and Wang [17-19], where among
other issues they established the global existence of weak solutions. The unique-
ness of weak solutions for 2D case was later proved by Bresch, Guillén-Gonzalez,
Masmoudi and Rodriguez-Bellido [1]; however, the uniqueness of weak solutions for
the three-dimensional case is still unclear. Local well-posedness of strong solutions
was obtained by Guillén-Gonzalez, Masmoudi and Rodriguez-Bellido [12]. Global
existence of strong solutions for 2D case was established by Bresch, Kazhikhov and
Lemoine in [2] and Temam and Ziane in [24], while the 3D case was established in
[9]. Global strong solutions for 3D case were also obtained by Kobelkov [13] later by
using a different approach, see also the subsequent articles by Kukavica and Ziane
(14, 15].

The systems considered in all the papers [1, 2, 9, 12-15, 17-19, 22, 24] are assumed
to have full dissipation, i.e. with both full viscosities and full diffusion. Both phys-
ically and mathematically, it is also important and interesting to study the system
with partial dissipation, i.e. with only partial viscosities or only partial diffusion. The
first result in this direction for the primitive equations was obtained in [10], where
the authors considered the system with full viscosities but only vertical diffusion, and
proved that such a system has a unique global strong solution, provided the local in
time one exists. As the complement and a generalization of [10], the local and global
well-posedness of strong solutions are recently established in [5], with H? initial data.
As the counterpart of [5], global well-posedness of strong solutions to the primitive
equations with full viscosities but only horizontal diffusion is later obtained in [6],
still for H? initial data. Notably, smooth solutions to the inviscid primitive equation,
with or without coupling to the temperature equation, has been shown [3] to blow
up in finite time (see also Wong [27]).

Note that in all the papers [1, 2, 5, 6, 9, 10, 12-15, 17-19, 22, 24], no matter whether
the systems are considered to have full of partial diffusion in the temperature equa-
tion, they are assumed to have full viscosities in the horizontal momentum equations.
Physically, in the oceanic and atmospheric dynamics, the horizontal scales are much
lager than the vertical one with dominant strong horizontal turbulence mixing that
induces horizontal viscosities, i.e. system (1.1)—(1.4). From the mathematical point
of view, there are two obvious difficulties in studying system (1.1)—(1.4). One is

that the strongest nonlinear term, i.e. ( f_zh V- vd{) d,v, is quadratic in the first

derivatives of the unknowns. This is caused by the lack of the dynamical equation
for the vertical component of the velocity. The other one is that, due to the lack of
the vertical viscosity in the horizontal momentum equations, one can not expect any
smoothing effect in the vertical direction.
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The aim of this paper is to show that strong solutions exist globally for system
(1.1)—(1.4), subject to some initial and boundary conditions, for any H? initial data.
More precisely, we consider the problem in the domain Q) = M x (—h,0), with
M = (0,1) x (0,1), and supplement system (1.1)—(1.4) with the following boundary
and initial conditions:

v,w and T are periodic in x and v, (1.5)
(0.0, w)].=—n0 = (0,0), T|l.=—p=1, Tl|.=0=0, (1.6)
(v, T)|¢=0 = (vo, To)- (1.7)

2

Replacing T and p by T'+ 7 and p — &, respectively, then system (1.1)—(1.4) with

(1.5)—(1.7) is reduced to

o+ (v-Vyg)v+wd,w+ Vgp — Agv+ fok xv =0, (1.8)
O.p+T =0, (1.9)
V- v+ 0dw=0, (1.10)
OT +v-VuT +w (0.T+ 1) — AgT =0, (1.11)
subject to the boundary and initial conditions
v,w, T are periodic in z and vy, (1.12)
(0.0, W)|=—ho =0, T|s=—po=0, (1.13)
(v, T)|t=0 = (vo, To)- (1.14)

Here, for simplicity, we still use Ty to denote the initial temperature in (1.14), though
it is obtained by replacing the Ty in (1.7) by Ty — 7.

Due to the same reasons to those explained in [5, 6], system (1.8)—(1.14) defined
on )y is equivalent to the following system defined on Q := M x (—h,h):

O+ (v-Vy)v+wo,v+ Vygp — Agv+ fok x v =0, (1.15)

d.p+T =0, (1.16)

Vg -v+0w=0, ( )

OT +v- VT +w (8.7 + 1) — AyT =0, (1.18)

subject to the boundary and initial conditions

v,w,p and T are periodic in x,¥, z, (1.19)
v and p are even in z, and w and T are odd in z, (1.20)
(v, T)|e=0 = (vo, Tp). (1.21)

Not that the restriction on the sub-domain y of a solution (v,w,p,T) to system
(1.15)—(1.21) is a solution to the original system (1.8)—(1.14). Because of this,
throughout this paper, we mainly concern on the study of system (1.15)—(1.21) de-
fined on 2, while the well-posedness results for system (1.8)—(1.14) defined on €
follow as a corollary of those for system (1.15)—(1.21).
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One can check that system (1.15)-(1.21) is equivalent to (see [10] for example)
Ov —Agv+ (v-Vg)v — (f_zh V- v(x,y,é’,t)d&) 0,v
Ffok X v+ Vg (ps(x,y,t) — [F T(x, y,g,t)dg) —0, (1.22)
V- f_hhv(x, y,z,t)dz =0, (1.23)
O = ApT +v- VT — (f*, Vir - v(e,y,6,0d¢) (0.7 + 1) =0, (1.24)

subject to the following boundary and initial conditions

v and T are periodic in x,v, z, (1.25)
v and T are even and odd in z, respectively, (1.26)
(v, T)|i=0 = (vo, Tp)- (1.27)

Before stating our main results, let’s introduce some necessary notations and give
the definitions of strong solutions. Throughout this paper, for 1 < g < oo, we use
Li(Q), LI(M) and W™1(Q2), W™?(M) to denote the standard Lebesgue and Sobolev
spaces, respectively. For ¢ = 2, we use H™ instead of W™2. We use WSZ;Q(Q) and
H%. to denote the spaces of periodic functions in W™4(Q2) and H™((2), respectively.
For simplicity, we still use the notations L” and H™ to denote the N product spaces
(LP)N and (H™)N, respectively. We always use |[ul|, to denote the LP norm of wu.
Moreover, for convenience, we often use ||(fi, -, fa)||3 to denote the summation

>y ILill3-
Definition 1.1. Given a positive time T, and let vg € H*(Q) and Ty € H*(Q) be two
periodic functions, such that they are even and odd in z, respectively. A couple (v,T')
is called a strong solution to system (1.22)-(1.27) (or equivalently (1.15)-(1.21)) on
Qx(0,7) if

(1) v and T are periodic in x,y, z, and they are even and odd in z, respectively;

(11) v and T have the regularities

(v,T) € L>(0,T: H*(Q)) N C([0, T); H (),
(Vyv,VyT) e L*0,T; H*(Q)), (0w, 0T) € L*0,T; H'(Q));

(11i) v and T satisfy equations (1.22)-(1.24) a.e. in Q x (0,7T) and the initial
condition (1.27).
Definition 1.2. A couple (v,T) is called a global strong solution to system (1.22)-
(1.27) if it is a strong solution on 2 x (0,T) for any T € (0,00).

The main result of this paper is the following global well-posedness result.
Theorem 1.1. Suppose that the periodic functions vy, Ty € H*(Q) are even and odd
in z, respectively. Then system (1.22)-(1.27) (or equivalently (1.15)-(1.21)) has a

unique global strong solution (v, T), which is continuously depending on the initial
data.
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The key issue of proving Theorem 1.1 is establishing the a priori H? estimates
on the strong solutions. Our analysis shows that once the L? estimate on u = 0,v
is obtained, all the required estimates of the other derivatives can be successfully
achieved. Unfortunately, due to the lack of the vertical viscosity in the horizontal
momentum equations, such L? estimate can not be obtained solely without the con-
tribution of the other derivative of the velocity. We observe that in all the arguments
of existing articles the full viscosities play essential role in obtaining the L? estimate
on u = 0,v, and thus the existing arguments can not be applied in our case. Still
caused by the lack of the vertical viscosity, one will encounter ||v||2, which appears
as the coefficients in the higher order energy inequalities, in other words, the energy
inequalities arrive to are all of the form

d
SF <Ol + e (1.28)

see section 4 for the details. Since we do not know whether ||v||%, is integrable in
time, we can not obtain the required estimate for f directly from such kind of energy
inequalities. Besides, recalling that f will represent quantities involving the H? norm
of v, though ||v]|%, can be bounded by f, by the Sobolev embedding inequality, one
will still be unable to obtain the global in time H? estimate for v by the simple
application of standard embedding inequality. Observe that if ||v||2, and f have the
relationship

lv]|3 < Clog f,

then the previous energy inequality (1.28) implies the global in time estimate for
f. To guarantee this relationship, thanks to the logarithmic Sobolev embedding
inequality (Lemma 2.2, below), it suffices to prove that the L? norms of v grow no
faster than C'/q. By taking advantage of the property that the pressure p depends
essentially only on the horizontal spatial variables, and using the Ladyzhenskaya type
inequalities (Lemma 2.1, below) for a class of integrals in 3D, one can successfully
prove the desired growth of the L? norms of v, and thus obtain the a priori H?
estimates, and hence the global regularity.

It should be pointed out that, due to the anisotropic structure of the momen-
tum equation (1.22) (the advection term (v - Vg)v and the vertical advection term

( f_zh V- vd§> 0.v play different roles), the treatments for different derivatives of the

same order will vary. More precisely, when dealing with the derivatives of the same
order, the treatment of the vertical derivatives precedes that of the horizontal ones,
because the estimates of the horizontal derivatives may depend on those of the verti-
cal ones, see Proposition 4.1 and Proposition 4.2, below, for the details. Accordingly,
a system version of the classic Gronwall inequality, Lemma 2.3 below, is exploited to
derive the a priori bounds from the energy inequalities. We believe that this system
version of the Gronwall inequality is interesting on its own, and in fact it can benefit
us when using the energy approach, see Remark 2.1, below.
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As a corollary of Theorem 1.1, we have the following theorem, which states the
global well-posedness of strong solutions to system (1.8)—(1.14). Strong solutions to
system (1.8)—(1.14) are defined in the similar way as before.

Theorem 1.2. Let vy and Ty be two functions defined on g, such that they are both
periodic in x and y. Denote by v and T§™ the even and odd extensions in z of vy
and Ty, respectively. Suppose that v§™, Tg™ € H),(Q). Then system (1.8)-(1.14) has

a unique local strong solution (v,T).

Theorem 1.2 follows directly by applying Theorem 1.1 with initial data (v§**, T§*")
and restricting the solution on the sub-domain 2.

The rest of this paper is arranged as follows: in the next section, section 2, we
collect some preliminary results which will be used in the subsequent sections; in
section 3, we establish the a priori low order energy estimates, which are independent
of the regularization parameter ¢, for strong solutions to a regularized system, while
the ¢ independent higher order energy inequalities are given in section 4. In section
5, by the aid the a priori estimates and the higher order energy inequalities achieved
in the previous two sections, we first establish the a priori H? estimates for the
strong solutions to the regularized system, and then obtain the global well-posedness
of strong solutions to system (1.22)-(1.27) (or equivalently system (1.15)—(1.21)) by
standard approach. Section 6 is an appendix in which an N-dimensional logarithmic
Sobolev embedding inequality is established.

Throughout this paper, C' denotes a general constant which may be different from
line to line.

2. PRELIMINARIES

In this section we collect some preliminary results which will be used in the rest of
this paper, and we start with the following Ladyzhenskaya type inequality in 3D for
a class of integrals, which will be frequently used throughout the paper.

Lemma 2.1. The following inequalities hold true

/M (/_Z [6(z,y, ZWZ) (/_Z IsO(fc,y,Z)w(x,y,zﬂdz) dzdy

<Cmin {613 (1613 + 190l ) lillalell3 (1003 + 1V avl3)
lolallel3 (Iells + 1V mell3 ) Iell3 (Iell3 + I9ml3 ) }

/ (/_Z|¢(x,y, ,z)\dz) (/_Zho(a:,y,z)VH\I!(x,y, ZW) dudy

<Cmin {1613 (1615 + 1Voll3 ) Il W12 1V5 23,

and
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1 1 1 1 1
lolalels (Iells + 1V aell3) 19121v3 w03 }

for every ¢, p, 1, U such that the right hand sides make sense and are finite. More-
over, if ¢ has the form ¢ = Vyf, for some function f, then by the Poincdre in-
1

equality, the lower order term ||¢||2 in the parentheses can be dropped in the above
inequalities, and the same can also be said for ¢ and .

Proof. Similar inequalities has been established in [8] and [10]. However, for com-
pleteness, we sketch the proofs here, and the ideas used here are the same as in those
papers. By the Holder and Minkowski inequalities, we deduce

/M (/_}; ‘¢($vy>z>fdz> (/_}; lp(z,y, 2)U(z,y, z)\dz) dzdy
< [ ([ etmaras) (| \go<sc,y,z>|2dz>é ([ wievoee) * dady

< min (/M‘/};Wszdxdy);(/M/};gonz

2 )411
dxdy |
(LI ) ()} (1 v )

h T h 3
<C'min {||¢||2 ( / h ||so||i,Mdz) g h ||¢||4,Md2||90||2} ( / h ||¢|ri,Mdz) |

Similarly

h h
f (Tt ) (] et
h 3 h h 2
gc]m{||¢||2 (/h||gp||iMdz> ,/h||¢||4,Mdz||90||2} (/h ||VH\IJIIZ,Mdz) .

It follows from the 2D Ladyzhenskaya and Gagliardo-Nirenberg inequalities that

h h 1 1 1 1 1
[ Wollasdz <€ [ ol alélhn = < Cloll (100 + 1Vao13).

h

h h
/ Wl < € / ol dllannds < Cola(lola + IVl

h h
[ Vatlaadz <€ [ 18l Vlimands < Ol T8
—h —h

The conclusions follow from combining the previous five inequalities. O
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The following logarithmic Sobolev inequality, which bounds the L* norm in terms
of the L? norms up to the logarithm of the norms of the high order derivatives, will
play an important role in establishing the a priori H? estimates later. Some relevant
inequalities can be found in [4, 7, 11], where the two-dimensional case is considered.

Lemma 2.2. Let F € WY(Q), with p > 3, be a periodic function. Then the following
inequality holds true
[ P
| F'| oo < Cpxmax 1,82[2) e log™ (|| Fllwieie) + €),

for any A > 0.

Proof. Extending F periodically to the whole space. Take a function ¢ € C5°(R?),
such that ¢ =1 on ©Q, and 0 < ¢ < 1 on R3. Set f = F¢. By Lemma 6.1 (choose
R =1 there) in the appendix, it holds that

1f Il
[l e ma) < Cpr max {1732123 % log/\<’|fHW1m(R3) +e).

Noticing that
[ Flloo < I flle@sy, I fllr@sy < CUF ey ([ fllwremsy < CllF|lwir@),

we deduce

[RAIPP%ES
1F oo <I|fll sy < Cppmax {1,sup P g (| f llwte sy + )

r>2

Fll,
<C)pmax {1, sup HT—AH} log’\(HFHWLP(Q) +e),
r>2

proving the conclusion. 0
The following lemma is a system version of the classic Gronwall inequality.

Lemma 2.3. Let m(t), K(t), A;(t) and B;(t) be nonnegative functions, such that

A; > e, are absolutely continuous, fori=1,--- n,K € L} ([0,00)), and

m(t) < K(t) logZAxw-

Given a positive time T, and suppose that

C A1) + Bu(t) < m()Au(), (2.)
iAZ(t) + Bz(t> S m(t)AZ(t) + CAiO:l(t)Bi_l(t), 1= 2, e, N, (22)

dt
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for any t € (0,T), where a > 1 and ¢ > 1 are two constants. Then it holds that

ZA +Z/ $)ds < Q) Ve e 0.7,

where Q is a continuous function on [0, 00) which is determined by A;(0),i=1,--- ,n,
and K, given explicitly in equation (2.4) below.

Proof. Multiplying inequality (2.1) by ((« + 1)A{ yields

d
Ctho‘“ + ((a+1)AYB; < ((a+ 1)mAFT.
Summing this with (2.2) for i = 2 leads to
d

dt(A2 + CATT) + CaAY By + By < (a+ 1)m(Ag + CAFH).

Set A1 = Ay, Ay = Ay +C.Af‘+1, B, = By and By = By + Bs, then the above inequality
gives

d
EAZ + BQ S (a + 1)mA2
Multiplying the above inequality by ((a + 1).A9 yields
d
(AT + (a4 DASB, < (ot 1) mAg™

Summing up this inequality with (2.2) for ¢ = 3 implies

d
7 —(As + CAS™) + CaAS By + By < (ar+ 1)°m(A;s + CAS™).

Set A3 = Az + CAY™ and By = Bs + Bs, then we have
d
aAg + 83 < (Oé + 1)2777,./43.
Continuing the previous procedure inductively, we obtain
A A—l-CAZOH_ll, Bi:Bi"i_Bifl; i:2,"',N,
%AZ‘ +B; <(a+1)"'mA;, i=1,2--- N,
in particular, it holds that
d
EAN + By < (a+ 1DV 'mAy. (2.3)
By the assumption on m(t), the above inequality implies
d
aAN(t) < (a+ DN K (#)Ax(t) log An(t).

Therefore p
%logAN( ) < (a+ DV K (t)log Ay,
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from which, we obtain

log Ay < etV o K@ 100 A5 (0) =: go(1),
and
An(t) < e®® = g(t),

for t € [0, 7). Note that ¢; is an increasing function on [0,00). Thanks to this
estimate, it follows from integrating inequality (2.3) with respect to t that

An(t) + /tBN( )ds < (a+ 1N /m JAN(s
<(a+ 1)V /AN s)log An(s)ds

<(a+ V! / K (s)dsa: (Daolt) = Q(t).

for all t € [0,7T), where

t
Q) =@+ [ Kdsabn(). 2:4)
0
From which one obtains the conclusion. O

Remark 2.1. Lemma 2.3 indicates that when doing the energy estimates, step by
step, the quantities appear on the left-hand side in the previous steps can be treated
freely as if they were a priori bounded, provided the coefficient term does not grow too
fast compared to the quantities under consideration (no faster than the logarithm of
the summation of them). This gives us a large room to handle some hard terms in
the current step.

We also need the following Aubin-Lions lemma.

Lemma 2.4. (Aubin-Lions Lemma, See Simon [23] Corollary 4) Assume that X, B
and Y are three Banach spaces, with X <<~ B < Y. Then it holds that

(1) If F is a bounded subset of LP(0,T; X), where 1 < p < 0o, and S- a { \f € F}
is bounded in L*(0,T;Y), then F is relatz'vely compact in LP(0,T; B)

(i) If F is bounded in L(0,T; X) and 25 is bounded in L™(0,T;Y), where r > 1,
then F' is relatively compact in C([O T); B).

t

Finally, we will use the following global existence result for a regularized system.

Proposition 2.1. Suppose that the periodic functions vy, Ty € H?*(2) are even and
odd in z, respectively. Then for any € > 0, there is a unique global strong solution
(v, T) to the following system

O+ (v-Vg)v — (ffh Vi - v(:v,y,ﬁ,t)d{) dv — Agv —ed?v
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fok x v+ Vi (pal,y,8) = [, T(w,y,€ 1)dg) =0, (2:5)
ffh Vi -v(x,y, 2z t)dz =0, (2.6)
OT +v-VyT — (fjh Vi oz, y, €, t)d§> (0.7 + 1) — AT — c02T =0, (2.7)

subject to the boundary and initial conditions (1.25)—(1.27), such that
(v,T) € Lig([0,00); H*()) N C([0, 00); H' () N Li, ([0, 00); H*(2)),

loc loc

(00,0, T) € Li, ([0, 00); H'(R)).

Proof. The proof can be given in the same way as in [5] (see Proposition 2.1 there),
and thus we omit it here. OJ

3. LOW ORDER ENERGY ESTIMATES

In this section, we work on the low order energy estimates on the strong solution
to system (2.5)—(2.7), subject to the boundary and initial conditions (1.25)—(1.27).
In particular, we prove that the growth of the L? norms of v is not faster than C'/q,
for a constant C' independent of q.

Proposition 3.1. Let (v,T) be the global strong solution to system (2.5)-(2.7), sub-
ject to the boundary and initial conditions (1.25)—(1.27). Then for any T € (0, 00),
we have the following:

(i) basic energy estimates

.
sup [|(0, T2 + / (V0. VT 200, /20.T)|[2dt < Ko(T),
0

0<t<T
where Ko(T) = Ce” (|lvol|3 + | Tol|3), for a positive constant C' depending only on h;
(11) L9 estimate on T, with 2 < ¢ < oo
sup [Ty < 175lq,
0<t<T

where T* =T + 7 and Ty =Ty + 7;
(ii1) LY estimate on v, with q € [4,00),

sup_||vfl, < Ky(T)e“MIT (1 + [|ugll) v/a,
0<t<T

where Ky is a continuously increasing function determined by ||vol|2, ||Tol|2, ||vo||sand
1 To[a-

Proof. (i) Multiplying equations (2.5) and (2.7) by v and T, respectively, summing
the resulting equations up, and integrating over €2, then it follows from integrating
by parts and using (2.6) that

1d

- 2 T2
5 Q(|v[ +|T|%)dzdyd=
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+ / (|VH'U\2 + €|0.v)* + |[VuT|* + €|8ZT|2>da;dydz
0

:_/Q K/_Zng) VH-U—%(/_ZVH-vdf) T} dadydz

1
<C|T IVl < IVavlls + CITIS.

Thus

d
MWDz +1(Vav, Vi T, Ved.0, Ve0.T)lls) < C|IT|,

from which, by the Gronwall inequality, one obtains (i).
(ii) Recalling the definition of 7™, using equation (2.7), one can easily check that
T* satisfies

T +v-VuT* — (/ V- U(x,y,g,t)df) 0.T* — AyT* — e0*T* = 0.
—h
Multiplying the above equation by |T*|9"2T™, with 2 < ¢ < oo, integrating over €,
then it follows from integration by parts and using the divergence free condition (2.6)
that

1d
“ZNTHe < o
STl <o,

which implies the conclusion for 2 < ¢ < co. The case that ¢ = co follows by taking
q — oo and using the fact that ||7*]|, = ||T"||~ as ¢ — oo.

(iii) Let 4 < ¢ < oo. The L*(0,7T; L9(f2)) estimate on v is proved in two steps: a
rough estimate and then a more refined estimate. As we shall see below, the latter
is based on the former.

Step 1: the rough L>(0,7; L%(2)) estimate on v. Multiplying equation (2.5)
by |v|7%v, and integrating the resulting equation over €, then it follows from inte-
grating by parts that

1d
2 [ oltdudydzt [ o172 (19l + g = 2|Vl
qat Jo Q

veldu? + (g — 2)eyaz|v|\2)dmydz — L+ L, (31

I = / Vu (/ Tdﬁ) - |v|* 2vdzdydz,
Q —h

[2 = _/ vas(I,y,t) ’ \v|q*2vdxdydz.
Q

where
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Estimate for I; is given as follows. By the Hélder and Young inequalities, and
using (ii), we deduce

L :/ Vu (/ Td§> || 2vdadydz
0 —h

:_/ (/z Tdf) (|v]72V g - v+ (g — 2)[v]* v - Vg |v|)dzdydz
Q \J-h

) Td
S/Q /—h :

< H/_ZngHq lold ™ (||lv# = Vae]| + (@ =2 |l Vall] )

0|7 2(IV gv| + (g — 2)|VH|U| })da:dydz

11 a_
<CITlollold ™ (|lol# o

1
<Z
<

1 i 2 1 2 2 2
<5 ([t 9]+ =2 [t wabl][) + co v izl @2

9y || jlg
@ =2) 1)

027V o|| + (g = 2) ||[ol2 7 Vol

2
)+ calTEley

2
2

where the constant C' is independent of ¢ € [4,00).

Applying the operator - ffh divy(-)dz to equation (2.5), and using (2.6), it follows
from integrating by parts that

1 [t 1 [
—Apps(z,y,t) =divgdivy —/ v@udz | +divy —/ fok x vdz
on ), o ),

(L f )

Note that p,(z, y, t) can be chosen in a unique way by assuming that [, ps(z,y, t)dedy =

0. Set
1 h z z
pg = — (/ Td§ —/ / Tdfdxdy) dz,
2h J_p \J - MJ-n

and decompose p, as ps = p° + p! + p?, with
—App! = divgydivy (ﬁ " we v)dz) , in M,
[y prdxdy =0, pl is periodic,

and

—Aup? = divy (ﬁ " fok % vdz) , in M,
fM pidedy = 0, p? is periodic.
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Then by the elliptic estimates, we have

1P laar < €, (v®vd4‘ < Cy [" 03, 0z, forall g € (1,00), (3.3)
IV ikl < C ||dive (f_hv viz)|, <CIpIVaelle  (34)
Va2l < | [2 b x vz, < Ol (3.5)

Setting

Iy = — / Vi (2, y,t) - ol Podudydz, i =0,1,2,
Q

then it is obvious that Iy = I5g+ Io1 + Is5. We estimate I5;,i = 0, 1, 2, as follows. For
Iy, a similar argument as (3.2) yields

1
]20§§<

with constant C' independent of ¢q. For 55, by the Holder, Minkowski, Ladyzhenskaya
and Young inequalities, we deduce

[o]2 7Vl

q 2
o1V |+ (g —2)

2
)+ catt Tl 3

Iy = — / Vupi(z,y,t) - o] *vdzdydz
Q

h
S/ IV upi(z,y,t)] </ \U\q_ldz) dxdy
M —h
3 h 2 3
M M \J-h

h 1 a(g—2)

h
-1
<NVl | Wl etz < CIVupllns [ IoE ol d:
h 1 4 2(51_12)
2 = a|| "
~CIVaplaar | Mol ], e
<C||V yp? ” 5|9
v O vt T T
I _q=2
) h ) 2(q71) h 4112 2(q—1)
<OVl ([ MolBaz) ™ ([ |t ¢z
—_h —h 2,M

+Hva

AL el

_1 L
<C(2h) 7T | Vapllzalvlls™

s/ ph D
dz] (/ 1dz>
2,M _h
e

+Hva

q2
1)
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2 % q<q12) 4 Z:% q 4_1 3%?

<CUVaplaarlol ™ [lolly*™ + [[lof#| ™ (3 |19l )

1 <12>
<CIVplallolF loll,”

S S
+ OV mpllrllollg ™ |1l (\/ 2 et wv\H) q
q_ 2(g—1) 2(¢g—2) .

1 q

<L2 Vel + IV aplgr ol 0"

a(g— 2)

+ OV ol ol

<T= 2]l alel[ + Catt + [0 + IV aR2 ol

a(q—2)

+CA+ DA+ IVapilsalvle ™
a(a=2)
<C+ ol A+ [Vapls ) (fJHUHZ2 +lvlle™ >
-2 q 2
+ = |t apol| (3.7)

with the constant C' independent of ¢ > 4. Recalling the elliptic estimate (3.5), the
above inequality gives

q_2 4_ 2 2 q_2)
I 5= |0Vl |+ € (14 I1oll) (quvnq >+ [l ) (338)

As for Iy, recalling the elliptic estimate (3.3), and using the Hélder, Lemma 2.1,
Ladyzhenskaya and Young inequalities, we deduce

I = — / P, )V - ([o]"20)dadyds

<C, / ps(z,y,t) </ |V gol|v|T” 2dz> dxdy
=, [ e ([ 19l ) oy

M —h

h 3 h 3

SC‘I/ |p;(.’[’,y7t)| (/ |VHU|2|U|q_2dZ) (/ |U|q_2dZ> dl’dy

M —h —h

£ h 2
<C, (/ |pi(m,y,t)|q+q2dxdy) (/ / |VHU|2|U|Q_2dzdxdy)
M mJ-n
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2q q

h -2 4;(12
L)
M —h
9=2 1
<C. “psH = H|U‘2 1VHU [/ (/ ‘U‘quxdy) dz}
q h 9 2
o4V </_h ||U||gq7Mdz)
1
h . h =) 2
<C, (/_h HvH?sq M ) H]UhflvHUHQ (/_h HMQ 47]; dz)
h . h 2= 3
<, ([ Telslivlmacds) 12| ( [ dz)
—h 2 \.J_p 4,M
1
& 2 a2\ 3
o ([ tolloae ot q¢h) R (/‘HW (h>
—h 4,M
h 1
<C d
<C, ([ 1ol ulol )

h = q=2 %
</ H]v[ﬁ dz>
2 _h 2,M M)

ol
H1

1 1 1 q
<Cyloll3 (Iloll3 + 190113 ) |lof3" Ve,

AT

X H|v|%’1VHU

1 1
all2 all2 all2

X ‘ 2 (Hyvyz 2 )

2 2 2
1 a_ 2
<5 [l Vv + Cullloliel + 192013) + 1ol
1 a_ 2
<5 [l Vae||| + o+ I + 1ol + 7ol el

By the aid of the above estimate, as well as (3.2), (3.6) and (3.8), it follows from
the Young inequality that

L+ 1y =1 + Iy + Io + I

(-2 L+ )

+Ca(1+ | ToliDlvllg™ + Ca(1 + Jvll3)*(1 + [Jvllf)
+ Co(L+ [0l + [0l + VEvlD) vl

0|2V g [v] ElEmvt
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3

q 2
<2 (<q _9) |v|2—1vHvH2)

+ Co(L+ [l + [[vll3 + IV aolls + 1Tl A + [lvl)-
Substituting this into (3.1), one obtains
2
y

<Co(L+ I+ 0] + [Vroll3 + |1 Toll) (1 + [v]12),

from which, using (i), one obtains

T 2 2
wp|wm+:/ (Wvﬁ*vH4L+eWm%*@vm)dz
0

0<t<T

q_1 2
ol Valol| +

d 5(] q 2 q
— q 1 5—1 5—1
dﬂvm+»8(Wm Vi +el|lolt 0.0

<eCa Iy A IDOHIIBHIV BT IS (1 4 gy [2)

SqueQT(TH)(lJrllvoH§+HT0||§+HT0|I§)2(1 + ||U0||Z)7
in particular
4 4 2
sup ||v||4+/ [0IV vl dz < Ki(T), (3.9)
0<t<T 0

where
K{(T) = 7 THDU+HolEHITolE+ITo 1D (1 4 ||y]|4),

for a positive constant C' depending only on h.

Step 2: the refined L>(0,7;L(2)) estimate on v. Noticing that all the
constants C' in the estimates for Iy, Iy and Ioe are independent of ¢ € [4,00), it
suffices to give a refined estimate for I;. Recalling the elliptic estimate (3.4), the
similar argument as (3.7) yields

h
Iy S/ IV upi(z,y,t)] </ Ivlq_le) dxdy
M —h

q_2 q_ 2 _ q(fz_—2)
<Ll ulol]|| + O+ 0B+ IV apt a0 (quHg 2 |l

4—< 2 3-1 ? 2 2 q—2 q(qq:TQ)
<L =iVl + €O+ I0IB)Y A+ N Z el 12) allols + o] ,

where the constant C is independent of ¢ € [4, 00). Combining this with (3.2), (3.6)
and (3.8), one obtains

L+ 1 =11 + sy + Iy + I
<E
2

0 2 1 gy 2
Mmz vaM-+—va Vi
2 4 2

+Cq[l + (|1 Tollg + (L + [ @+ [ll3 + ol Va2 ol
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q7—2)

a(
+ O+ [[oll3) X+ [Jvll3 + oIV aolID) o]l

a(g—2)
<C|IToll5 + (1 + l[I2) (1 + [Jo]l5 + ol Vav][13)] (quHZ2 +lollg™ >

) 2 1 2
# g ], g et v,

which, substituted into (3.1), and using the Young inequality, gives
q—2

d a—1
@+ 1+ llg) <ClTollG + 1+ o)1+ [lollz + ol Vavl[2)] (q +lvllg 1)

<CIToll7 + (1 + IR A + loll3 + o]V avllI2)] (g + 1+ [[oll7) -

Recalling the estimate in (i) and (3.9), and applying the Gronwall inequality, it follows
from the above inequality that

i
(q+1)+ sup [o]]2 <€ IT IR QI3+l ( 4 1 4 [lyp||2)

<2eC I Tl (B HRBHIIVarelIBlae (1 1 |y 2)q

SQGC[HTOH§T+(1+Ko(77)2T+(1+K0(T))K1(T)] (1+ HUOHq)Qq

=K (TN (1 4 [|ug )%,

where
K{l(T) _ 260[(1+K0(7—))27'+(1+K0(7—))K1(T)]

)

for a constant C' depends only on h, where Ky(7) and K'(7) are given as before.
Therefore, one obtains

sup_||vfl, < Ky(T)e“MIT (1 + [|ug]l) v/a,
0<t<T

where K(7) is given by

K(T)=+K{(T), (3.10)

with K7 (7) being given as before, proving (iii). This completes the proof. O

4. HIGH ORDER ENERGY INEQUALITIES

In this section, we establish the energy inequalities for the derivatives up to second
order of the strong solutions to system (2.5)—(2.7), subject to the boundary and
initial conditions (1.25)—(1.27). As we stated in the introduction and will also see
below, the treatment of the different derivatives varies: we always work on the vertical
derivatives first and then on the horizontal ones.

We first deal with energy inequalities for the first order derivatives which are de-
scribed by the following proposition.
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Proposition 4.1. Let (v, T) be the global strong solution of system (2.5)-(2.7), sub-
ject to the boundary and initial conditions (1.25)-(1.27). Then for any T € (0,00),

we have the following:
(1) L>(0,7;L%R2)), q € [2,00), estimate of u := 0,v:

d _
—ullg + / 02 (|V sl + elozul? ) dedydz < Cyflloll2 + 1) (lull§+1) ;
(ii) L>=(0,T; L*(2)) estimate on O.T':
d
SO + (Vd.T, VE0T)
<C (1 + [[0l2) 10:T13 + CI(V v, u, ¥ g1
(iii) L>=(0,T; L*(Q)) estimate on Vgv:
d
Va0l + (Anv, VEV.0) 5
<Cllol2 IVl +C (IVaT3 + lullf) ;
(iv) L=(0,T; L*(Q)) estimate on VT :
d
ZIVaTl; + [(AuT VEVRd.D)];
<C (1407, Ve)|3)” (1 + [(Vrd.T, Agv)[3) ;

where C' is a positive constant depending only one h,T and the initial data (the
constant Cy in (i) depends also on q).

Proof. (i) Differentiating equation (2.5) with respect to z, one can easily check that
u := 0,v satisfies

Ou+ (v-Vg)u — (/z Vg - v(m,y,{,t)df) o,u — Agu
h

(4.1)
—ed*u+ (u-Vi)v— (Vg -v)u+ fok xu—VyT = 0.

Multiplying the above equation by |u|?"2u, and integrating over ), it follows from
integration by parts that

1d
i Udeduyd q—2 2 0, 2
th/ﬂlu\ xdy z—l—/Q\u] (\VHU\ + |0, ul
+(a = 2)|Varlull? + (g — 2)e10-|ul*) dwdyd:
:/((VH ~0)u — (u-Vg)v+ VgT) - |u|" *udrdydz
Q0

SCq/(WHU’ql’vHU\ + | T Ju|72|V gu|)dedydz
Q0



20 CHONGSHENG CAO, JINKAI LI, AND EDRISS S. TITI
g% /Q |72 | Vu2dedyd= + C, /Q(]v|2|u|q TRl dzdydz.
Recalling that supy<;<7 [|T']|oc < C, guaranteed by Proposition 3.1 (ii), we have
Gl [ 1l (19 + elouf) dodyds

<Cy(llol% + IT1Z) (lulld + 1) < Co(llvllZ + 1)(|fulld + 1),

proving (i).

(i) Multiplying equation (2.7) by —d?T, and integrating over €, then it follows
from integrating by parts, and using supy<,;«7 |7« < C guaranteed by Proposition
3.1 (ii) that o

th/ 10.T| dxdydz+/ (|VH82T|2—|—6|83T]2>dxdydz

_ /Q [(U V)T < / V- vd£> <aT+ ]11)} O*T dxdyd=

__ /Q (- VT — (Vg - 0)0.T — b= (V- v)] 0. Tdadydz

— /Q Vi - (wo,T)T —v-Vyg|o,T)* +h (Vg -0)0,T|dxdydz
C/Q(vauHaZTHT\ + [ul[V 50T\ T| + 0] 0|V 50T + |V o] |0. T ddydz

< IVROTIE + CI(V a0, 0.7 V)3 + Clol2 0713

1
< IVud:Tllz + Cll (Vi w, Vav)lls + O+ [II5)[10:T1l3,

from which one obtains (ii).
(iii) Multiplying equation (2.5) by —Agv, and integrating over €2, then it follows
from integrating by parts and the Cauchy inequality that

2dt/ |V gl dxdydz—l—/ <|AHU|2+5|VH@U|2>d$dydz

:/Q {(U-VH)U - (/th-vdg) w—Vg (/Zng)} - Agvdrdydz

<C(lvllooIVrvllol| Amvlla + IV T2l Anvll2)

h h
—i—C’/ (/ |VHv]dz> (/ \uHAH'U\dz) dxdy
M —h —h

1
<z 1An0l5 + ClllEIVavlls + CIV ATl



3D PRIMITIVE EQUATIONS WITH HORIZONTAL VISCOSITIES AND DIFFUSION 21

+0/M (/_zlvgv]dz> (/_z\uHAHv\dz) dzdy. (4.2)

It follows from the Holder, Lemma 2.1, Gagliardo-Nirenberg and Young inequalities

that
h h
C/ </ |VH'U\dz> (/ |uHAHv]dz) dxdy
M —h —h
h h 3 h 3
sc/ (/ |vHv\dz) (/ |u|2dz> (/ |AHU|2dz) ddy
M —h —h —h
h 4 i h 2 i
/ (/ |VHv|dz) da;dy] [/ (/ |u\2dz) d:cdy]
M —h M —h
X (/ |AHU|2d$dydz>
0
h h %
<C (/ HVHUHAL,MCZZ) [/ (/ \u!“dz) dxdy
—h —h \IYM

h h %
=C (/ HVHUH4,MdZ) (/ Hu||iMdz) I Agv]|s
_h _h
h 1 ) s
<C (/h Hvl\é,MHvHvH;Mdz) o]l Aol

1 7 1
<Clvllz [[ullal|Arv|ly < ZHAHvH% + Cllol3llull- (4.3)

<C

1
2

|Amv]l2

Substituting this into (4.2), and recalling that supyc,<s [|v]|3 < C guaranteed by
Proposition 3.1 (i), one obtains

d
TNV ulls +1(Anv, vVeVrd)l; < ClPIISVaols + CUVATIS + [[ul),

proving (iii).
(iv) Multiplying equation (2.7) by —AgT, and integrating over €2, then it follows
from integrating by parts and the Cauchy inequality that

1d
35 |1Vt Pdndyds + [ (IAuTP + V0.7 ) dodydz
t Ja Q

_ / {U VT — ( / v, vd5> (8ZT + 1)1 AnTdrdyd-
Q —h h

<C([ollocl[VaT M AET 2 + Va2l AT 2)
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— / (/ V- Udf) 0, TAgTdxdydz
o \J-n

1
<7IATI5 + ClolSIVaTls + ClIVavl;

_ / (/Z Vy - vdﬁ) 0. TAyTdxdydz. (4.4)
Q

—h

It follows from integrating by parts, Lemma 2.1 and Proposition 3.1 (ii) that

—/ (/ VH~'Ud£) 0, TAyTdxdydz
o \J-h

= / ( / ViV - vdéd. T + / vadgvHazT) -V uTdzdydz
Q —h

—h

h h
<C / ( / !V%vldz) ( / |(9ZTHVHT]dZ> dzdy
M —h —h
h h
+C/ (/ !VHv|dz) (/ !VHazTHVHT]dz> dxdy
M —h —h

<CIViulallo.TI3 (10713 + 1V a5 ) ITISIVETIS
+ CIV o3 IV30ll3 [V 0. Tl &l V3 T3
<ZIVHTIE + ClIT3el + 1071301071 + |V 0. T(3)
IV 0TI + IV o IV 30]3)
<IARTIE +C (14 0.7, Vo) B)? (1+ [(Vud.T, o)),

Substituting this into (4.4) yields

d
ZIVaTls+ (AT, VeVudr)ll;
2 2 2
<C(1+ @1, Vo) I3) (1 + (T rd.T, Av) 3).
proving (iv). O

Now we consider the energy inequalities for the second order derivatives. We have
the following proposition.

Proposition 4.2. Let (v,T) be the global strong solution of system (2.5)—-(2.7) subject
to the boundary and initial conditions (1.25)-(1.27). Then for any T € (0,00), we
have the following:
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(i) L>(0,T; L*(2)) estimate on O,u:
d
l0:ull3 + (V0. /202
<C(1+ ol ) 10:ully + C (el Frull3 + |V ao-T13):
(ii) L>(0,T; L*(Q)) estimate on O*T':
d
02T |3+ (V02T 202D
2 2 2 2 2
<C(1+ o2 ) 102713 + € (1 + (@, 2.T)3)
% (14 (Vi Vi, V. T)3);
(iii) L>=(0,T; L*(2)) estimate on Vgu:
d
IV ull3 + [(Anu, VEV D)3
<ClZ IVl + Cll(u, Vv, 0.0, T T) 3

x |(Vgu, Agv, Vgo,u)||3;
(iv) L>=(0,T; L*(Q)) estimate on V0, T:

SIVROTIE + |(And.T, Vd?T)
<Ol Vu0.TI + C (14 | (Virv, VT, Dt agmg)Q
x (1 (A gv, AT, V gd.u, V 5°T) |\§);
(v) L>(0,T; L*(Q)) estimate on Agv and AyT:

d
%H(AH% AHT)H§ + [[(VuAgv, Vg AuT, Ved, Agv, \/gazAHTM%

gc(1 + Hvugo) 1(Agv, AgT)|? + 0(1 (V. VT, Vgu, 8T,V 50,T)| 2

3
+ulld) (1 + 1(Amv, AT, Agu, Ayd.T)3),

where C' is a positive constant depending only on h, T and the initial data.

23

Proof. (i) Differentiating equation (4.1) with respect to z, one can easily check that

0,u satisfies
0,0, u+ (v-Vy)o,u— (ffh Vi -v(x,y,k, t)df) 0?u

—Ago,u—edu+2(u-Vy)u— (Vg -uw)u+ (Ou- V)
—2(Vy -v)0u+ fok x 0,u — Vo, T =0.
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Multiplying the above equation by d,u, and integrating over €0, then it follows from
integrating by parts and the Cauchy inequality that
1d

— 2 2 212
= /Q O, dedyds + /Q (I 0. + elo2uf) dudya:

= / (Vi -uw)u—2u-Vy)u+2(Vy -v)0,u— (0,u-Vy)v+ Vg, T] - 0,udxdydz
0

=/{[(VH cu)u—2(u- Vy)u+ Vgd.T] - 0.u—2v - Vg|d.ul®
—i—QVH (0,u ® O,u) - vidrdydz

SC’/Q(|u||VHuH8Zu] + [v]|0.u||VEO.u| + |V 0. T||0.u|)drdydz

SCUulVaull2)|0:ullz + [[vllol|O-ull2[VEO:ull2 + [[V 2O T ||2[10:ull2)

S%HVH@M@ + C(|llul Viull3 + [VrO:.TI3) + C(1 + [|v]lZ) [0:ull3,

from which, one obtains (i).
(ii) Differentiating equation (2.7) with respect to z yields

z

0,0, T +v-Vyo,T — </

—h

) (4.5)

Multiplying the above equation by —d2T', integrating over €, and using the facts
h
IVu0:.T(2,y,2,t)| < [, [VrOIT (2,9, t)|d¢,
h

it follows from integrating by parts, Lemma 2.1, Proposition 3.1 and the Young
inequality that

1d
—— / 02T |*dxdydz + / (\vHa§T|2 + s\a§T|2> dadydz
:/ [v - Vg0, T — / Vi - vdé0*T +u-VyT — Vg -v(0.T +h™ )| O2Tdrdydz
Q —h
= — /[2u V0. T — 2V - v0’T + 0.u - VT — Vi - u(0.T + h)]0*Tdrdydz
Q
= / 20, (v - Vg0, T)0,T — 2v - Vy|0*T|* + Vg - (0,ud*T)T
Q

+ (Vi u%azyazTﬁ + b (Vi - 0)@PTdudyd:
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= / [2(0.u - Vi d. T +u-Vgd*T)o. T — 4v - V02T O>T
Q
1
+ (Vg - 0.u0*T + O.u - Vg 0?T)T + F0=u- Vul0.T? + h 'V - ud?T)drdydz

= / 30.u - V0.TO.T + 2u - V3 *TO.T — v - V y92TO"
Q

+ (Vg - Oud*T 4 0.u - Vg 0?T)T + h™ 'V - ud?T)dzdydz

h h
SC’/ (/ |VH8§T|dz) (/ |8Zu||6ZT|dZ> dxdy
M \J-n —h

h h
o f (/ |azu|dz) (/ |azT||vHaiT|dz)da:dy+0<||v||m||03T||2||vHazT||2
M —h —h

+ [V u0.ull2|02T |2 + | 0.ullo|| V5 O2T ||2 + ||V grull2]| 02T ||2)
<C|V 02T ||o||0-ul|3 (|0:ul|3 + |V z0.ul|$)]|0-T|13 (|10.T|3 + ||V #0.T]3)
+ C(||v]|so|O2T 2 V2T |2 + ||V nO.ull2]| 02T
+ |0.ullo[| V5 OIT ||2 + ||V rull2]| 0T ||2)
1
§§HVH83TH§ + Cll|0ul3([|0:ull3 + IV a-ull3) + |10-TI5(10.T||5 + |V 5 0.T||3)]
+ C(lvllz + DNO2T |5 + C(IVarull3 + |V adsul3 + [|0:ull3)
1
§§||VH822T||3 + C(||v]l% + DIOT |5 + C(1 + |0.ull3 + [|0.T)3)
X (14 |Vyull3 + [[Vio.ull; + |[Vuo.T3),

from which one obtains (ii).

(iii) Multiplying equation (4.1) by —Apgu, integrating over €2, and using the fact
that |u(x,y, z,t)| < th |0, u(x,y, &, t)|dE, it follows from integrating by pars, Lemma
2.1 and the Young inequality that

1d
——/ ]VHudedydz—i—/ (]AHu]2+€\VH8zu|2)dxdydz

:/ [(v -Vy)u— / Vi -vdéo,u+ (u-Vyg)v— (Vg -v)u — VHT} - Agudxdydz
) —h
h
g/ [|v||VHu||AHu| + (/ |VHv|dz) 0.l | Al
Q —h

+ |u||V gl |Agu| + \VHTHAHu\] drdydz

h h
<ol Vrallel| Asralls + € / (/ |vHv|dz) (/ |azu||AHu|dz)dxdy
M —h —h
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h h
+ C/ (/ lazu]dz) (/ \VHUHAHu|dz> drdy + |V uT|2||Agulla
M \J-h —h

<Nollocll Vrulloll Anulls + CIVaoll} V50l 18:ul3 (10:ull; + IV adulld) Anul,
+ Clo.ull3 (10:ull3 + IVl DIV oll3 V%013 1 Anulls + [V aT sl Asmulls
<l Auull3 + Ol IVl + CllOulB-ul} + Vsl
Vo2 Apv]2 + 1V T2
<l Anul3 + Ol ul} + O + [Vl
VAT + 0wl + [ Apol3 + |V dull?),
from which, one obtains (iii).

(iv) Multiplying equation (4.5) by —A g0, T, integrating the resulting equation over
2, and using the facts that

h
|U(.’L’, Y, =, t)l S f_h |8ZU(1’, Y, 57 t)|d€a
h
0.1 (2, y, 2, t)] < [, |02 (2, y, €, t)|dE,
it follows from integration by parts, Lemma 2.1 and the Young inequality that

1d

-2 / IV 50, T dedydz + / (\AH@T\?+evaa§T\2)dxdydz

:/ {v - Vg0, T — / Vi - vdé?T +u-VygT — Vi -v(0.T + h_l)} A0, Tdxdydz
Q “h
h
g/ {|v||VH83T| + (/ |VHv|dz)|83T| + |[u||VuT|
Q “h
+ |V uv||0,T| + ‘VHU|:| A0, T|dxdydz

h h
<l V0. TLal 0Tl + [ [(/ |vHv|dz) |62T|+(/ |azu|dz) VuT
Q —h —h

h
Vol (/ |8§T|dz>} (Apd.T|dzdydz + |V olla]| Ad.Tlls
“h
< v]|oo[[VHOT ||2|A5O.T |2 + ||V av|2||A50.T||2

h h
+ / ( / \vHv|dz> ( / |6§THAH52T‘CZZ) dxdy
M —h —h
h h
+/ (/ |azu|dz) (/ |VHT||AH83T|dz) dxdy
M —h —h
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h h
—i—/ (/ \8§T|dz) </ \VHUHAHazT\dz) dxdy
M \J-h —h

<Ol VATl ATl + [V a0l AT,
IVl V50l 1E2T N2 (12T 3 + [V 52T 12| And.Tll,
+ 02 (10-ull? + 1V #d-ul DIV aTIE | VETZ [ Aud. T}

<SIARDTIE + CllIZ IV nd.TIR + Vvl + Vol Al + [V TI3 AT
+ORTI3(IOPTNE + 11V 02T 1) + ol (|0ull} + |V nd.ul)]

<SIARDTIE + CllIZ IV ad.TIE + (0 + Vol + [VaTI + 10213 + 0.0l
< (1+ [ Apol3 + 1ARTIE + |V nd2T|3 + 1V nd.ul3)],

from which one obtains (iv).
(v) Applying the operator Vg to equations (2.5) and (2.7), multiplying the result-
ing equations by —VgApv and =V AgT, respectively, and noticing that

1 h h
’vHU(xawa?tN S ﬁ/ |VHU(x7y7§7t)‘d§+/ |vHu(xay7§7t)|d€7
—h h

it follows from integration by parts

1d
24t |,
Q

:/ Vi <(v -Vy)v— (/Z Vg - Udf) 0,v — Vg (/Z Tdf)) : Ve Agvdxdydz
Q —h —h
+/QVH (v -VyT — (/_h VH-vd§> (@T—i— %)) - VyAygTdxdydz

S/ [|U!(|V%UHVHAHU\ + [VHT|VaAuT]) + Vo[V av|[VaAgo|
Q

(IAgv? + [AxT|?)dzdyd>

h
h

+|VuT||VgAuT]) + (/
h

+ (/ |V%{U|dz) (|u||VaAgv| + (|0, 7|+ )|V AuT|)
“h

h
+ < / |V§1T|dz) |VHAHU|}dwdydz
—h

<ClPlw(IVEVN VARVl + IVET I VEAHT|2)
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HIVEV A VEART |2 + I VET |2V EAmv])2]

+C// |VHU|+\VHU|)dz/ (Vaol Vi Ano| + [VuT||V g AnT|)dzdzdy
h
+C// |VHv]dz/ (IVau||VaAgv| + V0. T||VuAuT|)dzdzdy

+ C’/ / |VHv|dz/ (lu||VaAgv| + 0. T||VeAuT|)dzdzdy. (4.6)
By Lemma 2.1, one has

h h
C/ / (\VHUI+|VHu\)dz/ (IVgv||VeAgv| + |[VeT||VeAgT|)dzdxdy
—h

+C’/ / ]VHv|dz/ (IVuul||VeAgv| + |Vyo.T||VgAgT|)dzdzdy

<C(IVaoll} + IVaull3) (15013 + V%l D)UY a0l + IVaT13) (V5003
+IVETID VAol + |V aART]2) + CIVrol3 13003 (17 srull}
VAT (IV3ull} + V20T (Vi Anvl + |V e AuT]b)

<<V 0l + IV AnTID) + CUTwol + 19T + IVl )| A 0

HIARTIS + 1 Agullz) + CUVavI I Arvlls + (IVaulls + IV 0:TI12)
x (|Agull3 + 1A70:TII3)]

1
<SS UVaALll; + VuAaTl3) + CUVmolls + IVaTllz + [Vaulz + IVa0:T]3)

< (1Agv]l3 + 1ART|3 + [ Amull; + [AR0-T3). (4.7)
Similar argument as that for (4.3) yields

/ / V2 v|dz/ ul]VaBoldedrdy < L[Vatgol + CIVgollulf. (48)
It follows from integration by parts and Proposition 3.1 (ii) that

/ 0, T | dedydz = — / T0.(10.T)?0.T)dxdydz
Q Q
== 3/ T|0.T1* 0 Tdxdydz < 3| T ||02T|2[|0. T < ClOZT 1|0 T13,
Q

and thus
10.T|17 < C||02T||.
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By the aid of this inequality, the same argument as that for (4.3) yields

h h
// |V%Iv|dz/ |0.T||V g AyT|dzdxdy
M J—h —h

1 1
< IVEARTIE + ClIVavlB|0:-T1E < SIVaALTI; + CIVavlBIET]l.  (4.9)
Substituting (4.7)—(4.9) into (4.6), and using the Young inequality, one obtains

%H (Ao, AuT 2 + 1(VirApv, Vi AnT, /20, A v, /Z0. AT
<C(Iv1Z + D(Agvl3 + 1ALT3) + ClIVavll3(lull} + 102T3)]
+ IVl + IVETN3 + IV gulls + IV a0:-T13) ([|Amvll;
+ [[ALTIE + | Agull; + |Ax0:T||3)
<C(IvlZ + D1 Agvll; + 1ALTZ) + CA+ [Vavl; + IVHT3
+ [IVaull3 + [Vao:.TI5 + lulld + 102T13)° (1 + [|Agvll3
+ |AGT|5 + ([ Agul3 + [[Ag.T3),

proving (v). O

5. A PRIORI H? ESTIMATES AND GLOBAL WELL-POSEDNESS

In this section, based on the a priori low order energy estimates established in
section 3 and the high order energy inequalities established in section 4, we can apply
the logarithmic Sobolev embedding inequality (Lemma 2.2) and the system version
of the Gronwall inequality (Lemma 2.3) to obtain the a priori H? estimate for strong
solutions to system (2.5)—(2.7), subject to the boundary and initial conditions (1.25)—
(1.27), and further establish the global well-posedness of strong solutions to system
(1.22)—(1.27), or equivalently to system (1.15)—(1.21).

We first focus on the a priori H? bounds for the strong solutions to the regularized
system (2.5)—(2.7) subject to the boundary and initial conditions (1.25)—(1.27).

Proposition 5.1. Given a positive time T . Let (v, T) be the strong solution of system
(2.5)-(2.7) on Qx(0,T), subject to the boundary and initial conditions (1.25)—(1.27).

Then we have

.
sup [0y + [ (100,00 i
0<t<T 0

(Yo, VT, Ved., \/EGZT)|!12L12(Q)>dt < C(h, T, v, To),

where C(h, T ,vo, Ty) denotes a positive constant depending only on h,T and the
initial data.
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Proof. Define nonnegative functions a; and b;, © = 1,2, --- |9, as follows
ar = |[ull3 + [lull3, b = [(Vau, Ved.u, [ulV gu) |3,
= [18.73, by = [|(Vud.T,Ved?T)|l3,
az = || Vvll3, by = |(Amv, VEVHO)|I3,
as = [[VuT|3, by = [(AuT, VeV rd.T)|3,
as = [|0ull3, bs = [[(Vr0:u, Vedu) |3,
= 02713, b = ||(Vud?T, VeOiT)|3,
a7 = || Viull3, br = [(Amu, VeVrd.u)ll3,
as = || V0. T3, bs = [[(Ag0.T, VeVy:T)|f5,
ag = ||[(Agv, AgT)||3, by = |(VaARv, VAT, Ve0,Axv, VeO,AxT)||3.

By Proposition 4.1 and Proposition 4.2, we have

d
Eal +b <C(1+ ||U||C2>o)a1,

d
2t by <C(1+ |Jv]|2)az + C||Vuv|l3 + Clay + b)),

d
Eag + bg SC“UHiOClg + CHVHTHS + CCL%,

d
%CM -+ b4 <C<1 “+ ag + ag) (1 —+ b2 -+ bg),

d
ECLE) + b5 SC(l + HU||§O)CL5 + C(bl + bg),

d
—ag +bg <C(1+||v||A)as + C(1 4 ag + as)*(1 + by + by + bs),

d
Ea7 + b7 SC”’UHzOGq + C(a1 + a3+ a4 + a5)(61 + b3 + b5),

d
Eag + bg SC”UHang + O(]_ —I— as —f- ay + as + CL6)2
X (1+bg+b4+b5+b6),

%ag + by <C(1+ ||v||2)ag + C(1 4+ a; + az + as + ag + a7 + ag)
X (14 b3 + by + by + bg).
Set A;(t) = a1(t) + e and A;(t) = A;_1(t) + a;(t), i = 2,--- ,n. Then one can easily
check from the above inequalities that
FALt) < m(t) A1),
#A() + Bi(t) < m()Ay(t) + CAL Bioy, i=2,---.9, (5.2)
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where
m(t) = C(1+[|v[l5% () + [|Vavll3() + Ve T[5(t)),
for a positive constant C'.
Recalling the definitions of a;, A;, i = 1,---,9, one can easily check

9 9
Y A=) ai+e>C(Vo, VD)5 +e.
i=1 =1

And thus, by Proposition 3.1 and the Sobolev and Poincaré inequalities, one obtains

9
D A= CI(Vo, V)i + e = Cll(0, T) |2 + e = C([| (v, T) [fro0) + €).
i=1
By the aid of this, it follows from Lemma 2.2 and Proposition 3.1 that
m(t) =C(1+ vl5 + IVrollz + IVaTl3)
<CA+[IVrolz + IVaTl3) (1 + [|v]l2)

[T :
1 1 — ¢ log? 6
+ (max{ ,srgfg) NG 0g2 (||v]|we + €)

<CL+[[Volls + IVaTI3) log([[v]lwe +e)

<C(1+ |Vgol3 + || VaTl3)

<K (t)10g 3" A0, (53)

where K (t) = C(1+||Vgv||3+]|VaT|3). By Proposition 3.1, one has K € Li ([0, o0)).
On account of (5.1)—(5.3), one can apply Lemma 2.3 to conclude that

YA+ / Bi(s)ds < Q(t), (5.4)

for any t € (0,7), where @ is the corresponding continuous function on [0, c0),
specified in (2.4), determined by the initial data. Recalling the definition of A; and
B;, one can easily check that

Y Ai 2 Cl(Vo, VD)5, X Bi = Cl(Vuv, VuT, v/E0:v, EO.T) .
By the aid of the above, it follows from (5.4) and Proposition 3.1 that
T
sup [0 + [ (Vi VT VE0L0, VEOT) e < .
0<t<T 0

for a positive constant C' depending only on h,7T and the initial data, and is inde-
pendent of ¢.

Thanks to the estimates we have just proved, one can use the same argument as in
the last paragraph of the proof of Proposition 3.1 in [5] to obtain the corresponding
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estimates on J;v and 0,1, and thus we omit the details here. This completes the
proof. O

After establishing the a priori H? estimate, as stated in Proposition 5.1, we are now
ready to prove the global well-posedness of strong solutions to system (1.22)—(1.27).

Proof of Theorem 1.1. By Proposition 2.1 and Proposition 5.1, for any ¢ > 0,
there is a unique global strong solution (v, 7%) to system (2.5)—(2.7) subject to the
boundary and initial conditions (1.25)—(1.27), such that for any 7 > 0,

)
sup (0 ey + [ (1000 0 B
0<t< 0

+ ”(VHU67 VHTE-:; \/gazvea ﬁasz>|‘%[2(Q))dt S O<h‘7 7-7 Vo, T0)7

where C' is independent of e.
On account of these estimates, applying Lemma 2.4, there is a subsequence, still
denoted by {(v.,7.)}, and (v, T), such that

(0, T2) = (0, T), in C(0, T]; H'(%),
(VHUE,VHT> (VH'U VHT) in LQ(O,T; HI(Q)),
(v, To)=(v, T),  in L(0, T3 H*(Q)),
(VHUE,VHT) (VH?) VHT) in L2(0,T; HQ(Q)),

(atvavat E) (atv7at )a n LQ(OvT; Hl(Q))>

where — and = are the weak and weak-* convergence, respectively. Thanks to these
convergence, one can easily show that (v,7T) is a strong solution to system (1.22)—
(1.27), or equivalently to system (1.15)—(1.21).

The continuous dependence on the initial data, in particular the uniqueness, are
straightforward corollary of Proposition 2.4 in [6]. This completes the proof. U

6. APPENDIX: A LOGARITHMIC SOBOLEV EMBEDDING INEQUALITY

In this appendix, we establish a logarithmic Sobolev embedding inequality, for any
function f € WLP(RY), with p > N > 2. Similar inequalities have been established
in [4] and [7] for the 2D case. We follow here the ideas of the proof presented in [4].

Lemma 6.1. Let p > N > 2. Then for any F € WY (RY), we have

£ A 1Ep  [VE]p
[Flloe < CN,p,AmaX{Ligg FARN/T log™ e+ RN/p + RN/p-1 )

for any R, A > 0, and for some constant Cnp,x > 0.

Proof. We only give the details of the proof for the case of spatial dimension N > 3,
the case that N = 2 can be given similarly (see, e.g., [4]). Without loss of generality,
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we can suppose that |F(0)| = ||F||«. Denote by B, the ball in RY centered at the
origin. Let ¢ € C§°(By), with ¢ =1 on By, 0 < ¢ < 1on By, and set f = Fo.
Taking o and [ as

2Np 2Np
o= —— 6:—7
p—N 2Np— N —p
then one can easily check that
1 1 1
a>2N, 0<(N—-1)B<N, —4+-+-=1 (6.1)
a B op

Recall that f can be represented in terms of Af by the Newtonian potential. By the
aid of (6.1), for any ¢ > 2, we have

1
/RN Wﬁﬂf\q) dx

/Blv (ﬁ) V([ f17) da

<Cx(V - 2)q [ Ed i\ P

By ‘x’Nil

[F(0)]" =Cn

=Cx

q—1 dx %
<SCn(N = 2)q|l FII{ -0l IV Fllp TP
SCN,pQHth(Iq_jl)aHVfHP

From the above inequality, for any ¢ > 2, noticing that q% < Cand (¢g—1)a > 2, we
deduce

1—

FO)] <CrlIf . IV 11
1l g=1)a
(4— D)

I la=ne 177 ape i
< q
_CN,p,/\ |:<<q _ 1)O[>>\ q vaHp

£ I+

rA

_Cu, [ ] (g — DaP0=D)v s

}qAHVfllz |

<Cyp,ymax {1, sup
r>2

and thus

||f||r . 42\ %
\f<o>|scN,p,Amax{1,sup e Ling (1971, + %)

r>2
One can check that

log([[V fll, +¢*) < max{L, 4} log(|V f |, + ¢)
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and

inf (U911l +e2)7) = (5) 1o IV ], + ¢,

Therefore, we have
0] < chAmax{l oup 11 }bg%nwnwey
This implies
1Pl <1700 < Cxpama{ sup L diog 1971, 4

ch,p,Amax{l ap 171 171 }logwuwupﬂwuwa
I I,

<Ci pmax {1 sup } log* (|| F|lwre + €). (6.2)

For any R > 0, define function Fg as
Fr(z) = F(Rz), for x € RY.
One can easily check that
1FRll, = RNP|Flly,  [IVER], = RNV E,,

for any p € (0,00). By the aid of the above, it follows from (6.2) that
Frllr
1o =1 Pl < g me {150 50 o s 4.

_ 11 A £l IVEL
_CN’p’/\maX{l’iglgrARN/r log 6+RN/p+RN/p—1 ,

proving the conclusion. ([
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