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Enhancing heat transfer in engineering applications utilizing various techniques has been 

a major theme in thermal management over the past few decades due to the escalating 

performance requirements of these applications and equipment. Enhancement techniques 

include, but not limited to, adopting a wide variety of new materials, alloys, fluids, and 

configuration improvements. In internal forced convection heat transfer applications, for 

instance, accelerating fluid and having thinner hydrodynamic and thermal boundary layers 

can boost the heat exchange along the flow field. By means of an effective configuration 

improvement technique, such as manipulating the conduit shape and profile, this goal can 

be achieved despite the rise in pressure drop which is a conjugate constraint. The present 

work aims at utilizing the geometrical improvement concept and the wall profile 

manipulation to introduce and analyze the flow and heat transfer, employing conventional- 
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and nano-fluids, in innovative convergent pipes and double pipe heat exchangers. The 

influences of several parameters such as convergence angle, pipe wall profile, volume 

fraction of nanoparticles, contraction ratio, as well as Reynolds and Prandtl numbers on 

the thermal and hydraulic performance of these configurations were examined. In general, 

the findings show a remarkable increment in heat transfer as the convergence angle, 

Reynolds number, concavity of the convergent pipe wall, volume fraction of nanoparticles, 

and contraction ratio increase. In the second part of this work, the concave and convex wall 

profiles of a convergent pipe show a prominent enhancement in heat transfer and a 

sustainable thermal-hydraulic performance up to 41% and 22.3%, respectively, compared 

to a straight wall profile. Further, it has been observed that the addressed configuration 

improvements play a pivotal role in terms of augmenting heat transfer more than employing 

nanofluids. In the third part of the current work, the convergent double pipe heat exchanger 

(C-DPHE) offers a prominent and sustainable performance with enhancement in heat 

transfer up to 32% and thermal-hydraulic performance up to 20% compared to a 

conventional one. Moreover, another merit of this innovative double pipe heat exchanger 

is that it is efficient at low Reynolds and high Prandtl numbers, which means that it does 

not require high operating pumping power. This part of our work furnishes comprehensive 

information that can be utilized in establishing the optimal operating conditions of the C-

DPHE. 
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CHAPTER ONE 

Introduction 

 

Heat transfer is an inevitable aspect of most engineering applications such as solar 

collectors, thermal energy storage units, electronics, and heat exchangers. Therefore, 

enhancing heat transfer has always been a consistent endeavor of designers to increase the 

performance of heat exchange equipment and/or to reduce their dimensions and 

consequently their material cost. In addition, designing efficient heat exchange equipment 

used in energy production is vital since producing energy is quite costly and has a 

detrimental effect on the environment, which is of great concern nowadays. Further, the 

recent worldwide rapid growth in energy consumption and hence heat transfer demands 

have encouraged researchers to seek various heat transfer enhancement techniques. 

 In general, these enhancement techniques, in internal flows, are associated with 

increasing convective heat transfer coefficient and/or increasing convective surface area. 

One of these appealing techniques is utilizing configuration improvements. In conventional 

conduit flows, for instance, the straight pipe profile has not satisfied the rise in 

cooling/heating performance requirements. As a result, an effective configuration 

improvement technique, such as manipulating the pipe shape, is required. This technique 

is quite attractive for thermal management of internal convective heat transfer and flow 

especially in applications with limited space such as double pipe heat exchangers which 

have been one of the most common heat transfer equipment in many industrial and 
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engineering applications for decades. In other words, the enhanced geometries can result 

in more compact and more efficient systems. However, this enhancement in convective 

heat transfer (favorable effect) is usually accompanied by a rise in pressure drop along the 

flow field (unfavorable effect) and hence increased pumping power requirement. Thus, 

comprehensive assessments of the thermal and hydraulic performance of such techniques 

must be done prior to implementing them in industry. 

 In this study, we have introduced a new technique to enhance heat transfer utilizing 

novel configuration improvements. Namely, we have sought to utilize the convergence 

concept and the wall profile manipulation to analyze the flow and heat transfer 

improvement, employing conventional- and nano-fluids, in innovative convergent pipes 

and double pipe heat exchangers. We have examined the effects of convergence angle, pipe 

wall profile, volume fraction of nanoparticles, contraction ratio, as well as Reynolds and 

Prandtl numbers on the thermal and hydraulic performance of these configurations. 

Moreover, as this enhanced heat transfer technique increases both heat transfer and 

pressure drop, simultaneously, we have computed the performance factor of the enhanced 

geometries to assess and evaluate their performances thermally and hydraulically. 

 In the present chapter of the dissertation (Chapter One), we have introduced the 

research work that has been done and the aims behind it. In the next chapter (Chapter Two), 

the concept of convergence in conventional pipes is introduced and investigated for the 

first time to enhance the internal forced convective heat transfer utilizing a convergent pipe. 

New and significant information in this regard is introduced taking into account the limiting 

constraints. In Chapter Three, an innovative concave/convex isothermal convergent pipe is 
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presented. Manipulating the pipe wall profile is numerically simulated to detect the thermal 

and hydraulic performance of Al2O3-water nanofluid convective heat transfer through a 

converging pipe. The investigation is performed for a wide variety of concavity/convexity 

in the pipe wall profile, volume fraction of nanoparticles, and Reynolds number. In Chapter 

Four, we propose an innovative counterflow convergent double pipe heat exchanger (C-

DPHE). Considering the impact of convergence in the flow field direction and the effect 

of Reynolds and Prandtl numbers on the flow and heat transfer, the thermal and hydraulic 

performance of this new configuration is compared to a conventional double pipe heat 

exchanger (DPHE). In Chapter Five, concluding remarks are established utilizing the 

comprehensive results and information provided in the earlier chapters. 
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CHAPTER TWO 

Heat Transfer Augmentation Through Convergence Angles in a Pipe 

 

Abstract 

Forced convection in a combined entry developing length of a convergent pipe under 

constant wall heat flux boundary condition is performed in this work. Influences of the 

convergence angle, Reynolds and Prandtl numbers on the heat transfer and flow field have 

been investigated. The numerical results are obtained for a wide range of convergence 

angles (0o - 25o), Reynolds numbers (700 - 2100), and Prandtl numbers (0.707, 5.83). 

Compared to a traditional pipe, a substantial increase in heat transfer has been achieved 

with an increase in the pressure drop as the convergence angle increases. In this work, the 

effect of convergence angle, Reynolds number, and Prandtl number on the overall flow and 

thermal performance for the aforementioned configuration is investigated. To the best of 

authors’ knowledge, this investigation has been done for the first time, and it provides new 

and significant information regarding heat transfer enhancement utilizing a convergent 

pipe. 
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Nomenclature 

A area, m2 

𝐶𝑝 specific heat at constant pressure, J/kg K 

D conduit diameter, m 

h convective heat transfer coefficient, W/m2 K 

k thermal conductivity, W/m K 

L conduit length, m 

�̇� mass flow rate, kg/s 

Nu Nusselt number 

P pressure, Pa 

Pr Prandtl number 

p perimeter, m 

q heat flux, W/m2 

Re Reynolds number 

r conduit radius, m 

S slant length, m 

T temperature, K 

U uniform velocity, m/s 

V velocity vector, m/s 

x local x-direction, m 

  

Greek Symbols 

𝛼 thermal diffusivity, m2/s 

𝜃 taper, convergence or divergence angle, in degree 

𝜇 viscosity, Ns/m2 

𝜌 density, kg/m3 
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Subscripts 

i in 

m mean 

o out 

s surface 

x local 

 

2.1 Introduction 

A wide variety of engineering applications such as electronics, solar collectors and internal 

combustion engines produce heat. This heat can be a positive or negative aspect for a 

particular application. There are also many thermal engineering equipment that are used in 

both cooling and heating processes like heat exchangers. The efficiency of these equipment 

is limited due to many inherent factors such as the nature of heat dissipation, operation 

mode, etc. To remove heat and keep the device working under a proper operating 

temperature and/or increase the efficiency, the need for new ideas, techniques or even 

designs has become crucially important in recent decades due to the worldwide rapid 

growth in energy consumption. 

 Over the past decades, convective heat transfer in conduits with variable cross 

sectional areas has been studied by several investigators [1-9]. One of the first studies in 

this area was conducted by Sparrow and Starr [1]. They studied numerically the laminar 

fully developed flow and heat transfer in converging and diverging plane-walled passages 

under prescribed wall heat flux and temperature boundary conditions. In contrast to the 

passages with constant cross section, it is found that the fully developed Nusselt number in 

tapered passages relies on the Reynolds number. Furthermore, it was found that more heat 
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can be extracted in a converging passage and less in a diverging one compared with the 

case of a parallel-plate channel. 

 Yang and Price [2] performed a numerical analysis for the laminar flow and heat 

transfer in the entrance region of a converging plane-walled channel in both angular and 

radial directions under uniform wall temperature condition. Three different taper angles 

were used, and it was apparent that heat transfer increases and pressure drop decreases with 

an increase of this angle due to an increase in the surface area of the channel. 

 Yang and Liao [3] performed an experimental study to investigate pressure 

variation and turbulent heat transfer in the combined developing region of air flow in a 

uniformly heated rectangular converging duct with taper angles (0o, 2.5o, 5o, and 7.5o). 

Their results indicated that the heat transfer coefficient increases when the taper angle or 

the inlet Reynolds number increases. Also, as the flow accelerates toward the exit of the 

duct, the pressure drop intensifies significantly. 

 In subsequent years, this configuration had received more attention. Dey and       

Nath [4] presented the solution of the boundary layer energy equation in a convergent 

channel subject to uniform and non-uniform wall temperatures. Shiina [5] described 

analytically the fully developed convective heat transfer in tapered passages for two 

thermal boundary conditions. As expected, the boundary layer becomes thinner with the 

flow acceleration due to an increase in the Reynolds number with an increase in the taper 

angle. While for a decelerated flow, this behavior is reversed. 

 Su and Lin [6] addressed heat transfer and pressure drop in convergent and 

divergent ducts of rectangular cross section with constant wall temperature. Their 
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numerical results demonstrate that, as expected, increasing the convergence angle leads to 

an increase in the Nusselt number and pressure drop, while increasing the divergence angle 

results in a decrease in the pressure drop and heat dissipation. 

 Huang et al. [7] have investigated air flow and heat transfer experimentally in a 

vertical convergent channel with a convergence angle of 3o. As expected, they found that 

convergence enhances the Nusselt number values downstream of the channel. They also 

found that accelerating flow is more significant for enhancing heat transfer at lower 

Reynolds numbers. 

 Gau et al. [8] conducted an experimental study of secondary laminar air flow and 

mixed convection in horizontal parallel-plate and convergent channels heated from below. 

Their results revealed that the mainstream flow acceleration in a convergent channel can 

reduce the thickness of the bottom heated layer which postpones formation of the 

secondary flow and stabilizes the flow. Furthermore, due to the stabilizing effect of the 

accelerated flow, the heat transfer enhancement in the convergent channel occurs at a later 

stage and is less pronounced than in the parallel plate channel. 

 Liu and Gau [9] studied experimentally the onset and development of the buoyancy 

driven secondary air flow and enhancement of mixed heat transfer in horizontal convergent 

and divergent channels. It was found that, in contrast to the divergent channel, there is a 

local decrease in mixed convection in the convergent channel and the produced plumes are 

smaller and stable. Although this may provide less improvement in heat transfer, the 

average Nusselt numbers can be boosted for both decelerating and accelerating flows, 

especially for high enough Reynolds numbers. 
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 One of the first efforts in implementing conduits with varying cross sections in 

engineering applications was done by Prata and Sparrow [10]. They investigated the fully 

developed flow and heat transfer in a periodic annulus of axially varying cross section as 

an emulation of an actual double-pipe heat exchanger, and the computations were executed 

under conditions of uniform wall temperature and uniform wall heat flux. Their results 

displayed a significant rise in the Nusselt number with a penalty in the pressure drop. Also, 

in contrast to the existence of a constant Nusselt number in the case of uniform cross 

section, the Nusselt number increased with Re and Pr in the studied configuration under 

both cited boundary conditions. 

 Murawski and Vafai [11] studied the effects of varying blade’s axial chord on a 

low-pressure turbine performance. The variation in the loss coefficient, suction-side 

pressure, and boundary layer behavior was investigated. Their experiments were executed 

for high Reynolds numbers, and two-dimensional cascade blades were used with tail 

extenders ranged from 0 to 15% of the chord length. Their results indicated that the 

boundary layer attitude has been improved using the shortest tail extender with no more 

than 6.1% beyond design resulting in a noticeable enhancement in the blade performance. 

 Ekkad et al. [12] explored heat transfer in straight and tapered two-pass channels 

to understand the reduction in thermal loading in typical gas turbine blade internal 

channels. In this experimental study, both the straight and tapered channels were based on 

square cross sections, and the air flow was turbulent, fully developed and preheated. Their 

results revealed that acceleration effect in a tapered channel awards substantially higher 
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heat transfer over the straight channel, and this effect can be more pronounced at higher 

Reynolds numbers. 

 Nilson et al. [13] have presented analytically the evaporative cooling performance 

of converging rectangular microchannels. The channel depth was kept constant which 

surpassed the width that decreases along the channel axis toward the heat source. They 

found that the tapered channels provide significantly better cooling capability over a vast 

range of operating conditions in comparison with the straight channels. 

 Mahjoob and Vafai [14, 15] brought to light the concept and the analytical solutions 

for the forced convection through variable area channels filled with a porous medium. In 

several biological and electronic applications, there is a need to maintain a constant surface 

temperature. To achieve this goal, the idea of producing an isothermal surface subject to a 

constant heat flux was demonstrated [14, 15] using convergent, uniform and/or divergent 

configurations packed with porous materials. They established that using the foregoing 

configurations in thermal management and biological applications is very attractive leading 

up to the desired isothermal surface. 

 To the authors’ best knowledge, there is no research in the open literature on fluid 

flow and heat transfer through convergent circular pipes. In the present work, we are going 

to focus on the effect of the convergence angle, the Reynolds number and Prandtl number 

on flow and heat transfer in these pipes to investigate the improvements which can be 

achieved as well as determining the limiting restrictions. 
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2.2 Approach and Methodology 

The governing equations for the cited configuration can be written as: 

Continuity equation: 

𝛻. �⃑� = 0 (2.1) 

Momentum equation: 

𝜌(�⃑� . 𝛻)�⃑� = −𝛻𝑃 + 𝜇𝛻2�⃑�  (2.2) 

Energy equation: 

�⃑� . 𝛻𝑇 = 𝛼𝛻2𝑇 (2.3) 

where �⃑� , velocity vector; P, pressure; T, temperature; 𝜇, dynamic viscosity; 𝜌, density; and 

𝛼, thermal diffusivity. 

 The conduit space is a convergent pipe, as presented in Figure 2.1a. The simulation 

will be done for the combined entry developing region with a constant surface heat flux 

boundary condition. The fluid properties are constant throughout the domain, and the fluid 

temperature and velocity at the inlet (xi) are Ti and Ui, respectively. The convergence angle 

is 𝜃, and the radius (r) reduces as the flow progresses towards the outlet. 

 In general, higher surface area to volume results in a better heat exchange. Quite 

several research works have dealt with the issue of consecutive variable cross-sectional 

conduits in terms of using a taper angle, and some have addressed the convergence angle 

with respect to fixed outlet dimensions. Increasing the angle leads to an increase in the 

conduit’s dimensions, the surface area, and consequently an increase in its volume and 

mass, which is not desirable [1-9]. In the present work, the inlet diameter and surface area 
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of the conduit are kept constant while its volume is reduced by applying the concept of 

frustum in our configuration. 

 The conical frustum, as shown in Figure 2.1b, has two radii (ri, ro) and length (L). 

The slant length (S), which is always longer than the length, can be presented as: 

𝑆 = √(𝑟𝑖 − 𝑟𝑜)2 + 𝐿2 =
𝐿

cos 𝜃
 (2.4) 

and the surface area of the side wall is: 

𝐴𝑠 =
𝜋

2
(𝐷𝑖 + 𝐷𝑜)𝑆 = 𝜋(𝑟𝑖 + 𝑟𝑜)

𝐿

cos 𝜃
 (2.5) 

 To properly compare the heat transfer through the circular pipe and that in the 

converging pipe, surface areas should be the same. The only change will be in the 

convergence angle and consequently the exit radius. Thus, at any convergence angle (𝜃), 

with constant surface area and inlet radius, the outlet radius is prescribed from           

Equation (2.5) as: 

𝑟𝑜 =
𝐴𝑠 cos 𝜃

𝜋𝐿
− 𝑟𝑖 (2.6) 

Therefore, the local radius at any x is: 

𝑟𝑥 = 𝑟𝑖 + (𝑟𝑜 − 𝑟𝑖)
𝑥

𝐿
 (2.7) 

 The fluid mean temperature and the local convective heat transfer coefficient can 

be represented as: 

𝑇𝑚𝑥
= 𝑇𝑖 +

𝑞𝑝𝑥

�̇�𝐶𝑝
𝑥 (2.8) 
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and, 

ℎ𝑥 =
𝑞

(𝑇𝑠𝑥 − 𝑇𝑚𝑥
)
 (2.9) 

where 𝑇𝑠𝑥 is the local wall surface temperature. 

 Convective heat transfer coefficient is used in this work instead of Nusselt number 

because the radius of the pipe is consecutively reduced in the flow direction. Therefore, 

using a Nusselt number associated with radius would be inaccurate for comparison 

purposes. 

 In the present work, the convergence angle (θ) ranged from 0o to 25o. A wide range 

of Reynolds numbers are considered (Re=700 - 2100) and two fluids are utilized in this 

numerical investigation (air at Pr=0.707 and water at Pr=5.83). A grid independence study 

has been conducted to select the optimal mesh distribution. Four triangular mesh types 

were examined, as seen in Table 2.1, which are from the coarsest to the finest. Ten cases 

are analyzed and presented here; (cases 1-5) for air and (cases 6-10) for water at specified 

Reynolds numbers. As shown in Figure 2.2, the maximum percentage difference for air 

cases (1-5) is less than 1%, and it is almost the same for (mesh 2-mesh 3) and (mesh 3-

mesh 4). As such, mesh 2 was used in our model for the air flow. For water cases (6-10), 

the differences for (mesh 1-mesh 2) and (mesh 2-mesh 3) are higher compared to (mesh 3-

mesh 4) which is less than 2%. Thus, mesh 3 was applied in the case of water. 
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2.3 Validation 

To check the accuracy of our model, our results were compared with available correlations 

in the literature for the case of combined entry laminar flow and heat transfer through a 

plain circular pipe subject to a uniform heat flux. The local and average Nusselt numbers 

in the entrance region of a tube are shown in Figure 2.3 for the present work and compared 

with the correlation that was casted by Churchill and Ozoe [16]. As expected, maximum 

heat transfer occurs at the entrance, and the heat transfer coefficient decreases as the 

boundary layer develops along the pipe. Also, as expected, increasing the Reynolds number 

leads to an increase in the Nusselt number. It can be seen that there exists an excellent 

agreement between our results and that of Churchill and Ozoe [16]. 

 Furthermore, the local pressure along the axial direction for a circular pipe at 

different Reynolds numbers as well as the pressure drop versus Reynolds number for air 

and water were compared with the correlation by Shah and London [17], as shown in   

Figure 2.4. Again, as can be seen, there is an excellent agreement between our results and 

those of Shah and London [17]. As expected, the local pressure decreases as flow 

progresses through the pipe. This happens due to the frictional effects converting the 

mechanical energy to thermal energy resulting in this pressure loss. As expected, the 

pressure drop increases with the Reynolds number. Also, it is understood that the higher 

pressure drop for the water case is due to its higher viscosity, i.e. higher shear stress, 

compared to the air. Overall, there is an excellent agreement between the present results 

and the well-known correlations from the literature, as shown and discussed with respect 

to Figures 2.3 and 2.4. 
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2.4 Results and Discussion 

The first set of results is for the case of air flowing in a convergent pipe. Local surface 

temperature along the entire length of the pipe has been presented in Figure 2.5 for different 

convergence angles (𝜃= 0o - 25o) for different Reynolds numbers (Re=700 - 2100). It is 

noticed that the local surface temperature increases rapidly from the pipe entrance to its 

maximum value at the exit as the boundary layer grows along the flow direction. In 

addition, increasing the convergence angle at any given Reynolds number accelerates the 

flow which leads to a reduction in this temperature. This behavior is confirmed by         

Figure 2.6, which shows the local convective heat transfer coefficient over the entire length 

of the pipe. The heat transfer coefficient starts at its highest value upstream and declines 

along the way downstream as a result of the boundary layer development. The jump in the 

heat transfer coefficient happens when the pipe becomes narrower, i.e. an increase in the 

convergence angle. In other words, accelerating the flow field alters the boundary layer 

evolution and minimizes the time required for heat transfer between the wall and the fluid. 

However, this acceleration increases the pressure drop along the pipe resulting in a penalty 

for this attractive rise in the heat transfer. As expected, the local pressure decreases over 

the entire length of the pipe, as seen in Figure 2.7, and the rate of drop increases as the 

convergence angle builds up. 

 Figure 2.8a shows the variation of the average heat transfer coefficient with both 

the Reynolds number and convergence angle. The minimum value of heat transfer can be 

noticed for the plain pipe (𝜃= 0o), and the maximum value for the highest convergent pipe 

(𝜃= 25o). Clearly, both Reynolds number and convergence angle enhance the average heat 
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transfer due to an increase in the flow velocity and the acceleration. However, the pressure 

drop also increases as shown in Figure 2.8b, where the minimum value of this pressure 

drop is for the plain pipe (𝜃= 0o), and the maximum value for the highest convergent         

pipe (𝜃= 25o). 

 Figure 2.9 represents the heat transfer enhancement and pressure drop increase 

percentages versus the convergence angle at several Reynolds numbers. The heat transfer 

augmentation grows from 0.5% at a convergence angle of (𝜃= 5o) to 22% at (𝜃= 25o) in 

comparison with the circular pipe (𝜃= 0o) for the specified Reynolds numbers. While, the 

pressure drop increases from 2% at a convergence angle of (𝜃= 5o) to 95% at (𝜃= 25o) in 

comparison with that circular pipe (𝜃= 0o) for the same Reynolds numbers. Based on these 

results, it appears at first that the desired enhancement in the heat transfer is less than an 

increase in pressure drop which balances out the benefit from the aforementioned 

configuration. However, this configuration is quite effective and important in internal flow 

and heat transfer applications despite an increase in the pressure drop associated with since 

usually the main concern in designing many thermal management devices is augmenting 

the heat transfer with less space regardless of the other factors. Therefore, the present 

configuration provides an effective heat exchange ability for the same surface area or the 

same amount of heat transferred for a reduced surface area which can translate to smaller 

dimensions. 

 The second set of results is for the case of water flowing in a convergent pipe, as 

seen in Figures 2.10 to 2.14. In general, the results for this set have similar characteristics 

as those for the air. It is observed that the heat transfer enhancement develops                       
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from 0.4% at (𝜃= 5o) to 13.5% at (𝜃= 25o), and the pressure drop increases                           

from 2% at (𝜃= 5o) to 103% at (𝜃= 25o) in comparison with the circular pipe (𝜃= 0o) at the 

corresponding Reynolds numbers. The results for the pressure drop increase are similar to 

that of air. The enhancement in heat transfer for the water case is however less than that 

for the air case. This is due to water being substantially denser than air; thus, accelerating 

the flow in case of air is relatively more pronounced and faster than that in case of water. 

 

2.5 Conclusions 

An investigation of flow and heat transfer for a combined entry developing length for a 

convergent pipe subject to a constant wall heat flux boundary condition is presented in this 

work. Effects of convergence angle, Reynolds and Prandtl numbers have been addressed 

in the present study. To the best of our knowledge, this work covers, for the first time, 

aspects related to the configuration under study. It is found that the heat exchange and 

pressure drop increase as the convergence angle increases. This configuration is quite 

attractive for enhancing the heat dissipation specially in applications with limited space 

and surface area despite an increase in the pressure drop. Furthermore, our work paves the 

way for several thermal management applications including microchannels, heat pipes, 

etc.; as well as, the combination of using this configuration with different types of heat 

transfer catalysts such as nanofluids and porous media. 
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Tables and Figures 

 

 

 

 

 

Table 2.1 Mesh distributions examined in this study. 

Mesh 

type 

Maximum 

element 

size (mm) 

Minimum 

element 

size (mm) 

Maximum 

element 

growth rate 

Curvature 

resolution 

factor 

1 0.418 (0.155) 0.012 (0.00179) 1.3 (1.08) 0.3 (0.25) 

2 0.335 (0.0801) 0.00478 (0.000239) 1.1 (1.05) 0.25 (0.2) 

3 0.155 (0.0801) 0.00179 (0.000239) 1.08 (1.05) 0.25 (0.2) 

4 0.0801 (0.0801) 0.000239 (0.000239) 1.05 (1.05) 0.2 (0.2) 

Numbers in the parentheses indicate the finer mesh utilized near the pipe wall. 
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Figure 2.1 (a) Schematic of the flow conduit considered for our investigation, and (b) schematic 

of a conical frustum.  
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Figure 2.2 The grid independence study results.  
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Figure 2.3 Local Nusselt number vs. dimensionless axial direction in a pipe at different Reynolds 

numbers; (a) air, (b) water, and (c) average Nusselt number vs. Reynolds number for air 

and water.  

(c) 
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Figure 2.4 Local pressure vs. dimensionless axial direction in a pipe at different Reynolds numbers; 

(a) air, (b) water, and (c) pressure drop vs. Reynolds number for air and water.  

(c) 
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Figure 2.5 Local pipe wall temperature vs. dimensionless axial direction at different convergence 

angles for different Reynolds numbers (air case).  
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Figure 2.6 Local convective heat transfer coefficient vs. dimensionless axial direction at different 

convergence angles for different Reynolds numbers (air case).  
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Figure 2.7 Local pressure vs. dimensionless axial direction at different convergence angles for 

different Reynolds numbers (air case).  
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Figure 2.8 (a) Variation of the average convective heat transfer coefficient, and (b) variation of the 

pressure drop with Reynolds number and convergence angle (air case).  

(a) 

(b) 
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Figure 2.9 Heat transfer enhancement and pressure drop increase vs. convergence angles at 

different Reynolds numbers (air case).  



 

30 

 
 

Figure 2.10 Local pipe wall temperature vs. dimensionless axial direction at different convergence 

angles for different Reynolds numbers (water case).  
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Figure 2.11 Local convective heat transfer coefficient vs. dimensionless axial direction at different 

convergence angles for different Reynolds numbers (water case).  
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Figure 2.12 Local pressure vs. dimensionless axial direction at different convergence angles for 

different Reynolds numbers (water case).  
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Figure 2.13 (a) Variation of the average convective heat transfer coefficient, and (b) variation of 

the pressure drop with Reynolds number and convergence angle (water case).  

(a) 

(b) 



 

34 

 
 

Figure 2.14 Heat transfer enhancement and pressure drop increase vs. convergence angles at 

different Reynolds numbers (water case).  
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CHAPTER THREE 

Nanofluids Transport Through a Novel Concave/Convex Convergent Pipe 

 

Abstract 

The thermal and hydraulic performance of Al2O3-water nanofluid forced convective heat 

transfer through a concave/convex convergent pipe has been investigated in this work. The 

investigation is performed for a wide variety of concavity/convexity in the pipe wall 

profile, volume fraction of nanoparticles, and Reynolds number. An excellent agreement 

has been confirmed between the results of our numerical model and the available data from 

the literature. The findings of the current work reveal that as the pipe wall tends toward the 

concavity, the average heat transfer coefficient and the pressure drop along the pipe 

increase. Further, the concave wall profile shows a prominent enhancement in heat transfer 

up to 41%; while, the convex wall profile provides a sustainable and superior performance 

factor up to 1.223 compared to the straight one, respectively. Moreover, at any fixed wall 

profile, a modest rise in heat transfer and pressure drop has been observed when the 

nanoparticles volume fraction increases. According to the information provided in this 

study, the addressed configuration improvements play a crucial role in augmenting heat 

transfer more than employing nanofluids. 
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Nomenclature 

𝐴 area, m2 

𝑎 coefficient in Equation (3.1), m-1 

𝑏 coefficient in Equation (3.1) 

𝑐 coefficient in Equation (3.1), m 

𝑐𝑝 specific heat at constant pressure, J/kg K 

𝐷 diameter, m 

𝑓 Fanning friction factor 

ℎ convective heat transfer coefficient, W/m2 K 

𝑘 thermal conductivity, W/m K 

𝐿 pipe length, m 

𝑚 empirical shape factor in Equation (3.16) 

Nu Nusselt number 

𝑃 pressure, Pa 

PF performance factor 

Pr Prandtl number 

𝑄 heat transfer rate, W 

𝑅 radius ratio 

Re Reynolds number 

𝑟 radius or radial coordinate, m 

𝑇 temperature, K 

∆𝑇lm logarithmic mean temperature difference, K 

𝑈 velocity, m/s 

𝑢 velocity component in the axial direction, m/s 

�̇� volumetric flow rate, m3/s 

�⃑�  velocity vector, m/s 

𝜈 velocity component in the radial direction, m/s 

𝑊𝑃 pumping power, W 
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𝑍 dimensionless axial coordinate, (=
𝑍

𝐿
) 

𝑍⋆ dimensionless axial station, (=
𝑧 𝐷ℎ⁄

Re Pr
) 

𝑧 axial coordinate, m 

  

Greek symbols 

𝛼 thermal diffusivity, m2/s 

𝛽 thermal expansion coefficient, K-1 

Δ dimensionless number in Equation (3.15) 

𝜂 dimensionless number in Equation (3.17) 

𝜅 dimensionless number in Equation (3.17) 

𝜇 dynamic viscosity, Pa s 

𝜌 density, kg/m3 

𝜑 volume fraction of nanoparticles 

  

Subscripts 

𝑓 fluid 

ℎ hydraulic 

𝑖 inlet 

𝑛 nanoparticles 

𝑛𝑓 nanofluid 

𝑜 outlet 

𝑠 surface 

𝑧 local 

∗ at 𝑎 = 0 
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3.1 Introduction 

Removing heat from many electronic components has encouraged many researchers to 

investigate various techniques to improve heat transfer [1, 2]. The conventional straight 

pipe profile and fluids have not satisfied the rising cooling performance requirements. As 

a result, more effective techniques are required such as manipulating the pipe shape and 

suspending nanoparticles within a base fluid which are remarkably promising techniques. 

 Manipulating the conduit cross-section in the flow direction, to promote heat 

transfer, has been an attractive topic over the last decade. Mahjoob and Vafai [3, 4] 

analytically studied utilizing convergent-divergent channels in the presence of porous 

media to obtain isothermal walls which are appealing in many thermal applications. 

Moreover, several scholars [5-7] addressed the effect of using converging passages on the 

heat transfer through microchannel heat sinks. Their results show that increasing the 

convergence angle increases the convective heat transfer and the pressure losses along the 

microchannel. Al-Sammarraie and Vafai [8] have examined forced convective heat transfer 

and fluid flow characteristics via a convergent pipe. They have found a worthy increase in 

heat transfer from this configuration compared to a plain one with a rise in the pressure 

drop. 

 In recent years, the potential use of nanotechnology in different industrial 

applications has attracted many investigators. When nanoparticles of < 100 nm in size are 

suspended in a base fluid, the resulting mixture is called nanofluid [9]. Further, the addition 

of high thermal conductivity nanoparticles into a fluid with low thermal conductivity 

enhances the rate of heat transfer [10]. This merit opens up a wide door to the use of 
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nanofluids in applications within the thermal systems. Another advantage of utilizing 

nanofluids is the low-pressure losses in internal flow compared to the micro-fluids [11]. 

Thus, nanofluids have a promising capability to reduce the size of thermal systems with 

more efficient thermal performance. 

 Hwang et al. [12] explored, experimentally and numerically, the impact of Al2O3 

nanoparticles on the flow and heat transfer characteristics of laminar flow inside a circular 

tube. Their results emphasize that the convective heat transfer coefficient of nanofluid is 

improved by up to 8% compared to that of the base fluid. Kalteh et al. [13] found, in their 

experimental and numerical study of heat transfer in a wide rectangular microchannel heat 

sink using nanofluid, that the increment in the volume fraction of nanoparticles results in 

an improvement in heat transfer. Moreover, their findings illustrate that the smaller the size 

of nanoparticles, the higher the average Nusselt number. Aghanajafi et al. [11] numerically 

analyzed the impact of dispersing nanoparticles, CuO, into distilled water in an equilateral 

triangular channel flow and heat transfer. They observed an increase in heat transfer and 

pressure drop throughout the channel when the nanofluid is used. According to their 

computations, they claim that the size of the nanoparticles has an insignificant effect on 

the characteristics of heat transfer. Further, Ahmed and Akbar [14] have numerically 

simulated the forced convective nanofluid flow in an annulus sector duct by means of 

employing nanoparticles such as Al2O3 and Cu. The successive over-relaxation method 

was adopted in their study, and the governing equations were transformed and discretized 

utilizing the finite volume method. Their results show that the magnitude of temperature 

decreases as the nanoparticles concentration increases due to the reduction in flow.       
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Gupta et al. [15], as well as Khanafer and Vafai [16], have comprehensively compiled and 

reviewed the state-of-the-art studies and applications of nanofluids in the areas of forced 

convection heat transfer and solar thermal systems, respectively. It is worth to mention that 

these review articles provide precious and remarkable information in this regard. 

 Combining both wall profile manipulation, and/or configuration improvements, 

and nanofluids in heat transfer has been numerically investigated by some researchers. 

Manca et al. [17] observed, in their numerical investigation of nanofluid forced convection 

in ribbed channels, that the heat transfer and pumping power increase by means of 

increasing the volume concentration of nanofluid’s particles. Vanaki and Mohammed [18] 

explored the nanofluid forced convection utilizing different types of nanoparticles, Al2O3, 

CuO, SiO2, and ZnO, suspended in water flowing in different shaped ribbed channels. Their 

simulation findings confirm that the performance evaluation criterion is highly influenced 

by the ribs’ geometrical parameters, and the greatest enhancement in heat transfer has been 

achieved using the water-SiO2 nanofluid compared to other tested ones. Furthermore, 

Bellos et al. [19] documented the effectiveness of employing nanofluids and converging-

diverging absorber tube on the thermal performance of a solar parabolic collector. Their 

results indicate that the combined usage of nanofluids and converging-diverging tubes has 

a positive impact on the thermal efficiency of the system, and these improvements are 

suitable for high-temperature applications. Habibi and Salimpour [20] have examined the 

effect of nanofluids on the convective heat transfer in sinusoidal tubes for different 

Reynolds numbers, volume fractions, and wave amplitudes. They have pointed out that 
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increasing the waviness of the tube wall, Reynolds number, and the volume fraction of 

nanofluid augments heat transfer in this configuration. 

 The aim of the present work is to investigate the flow and heat transfer 

characteristics of nanofluid in a concave/convex converging pipe. To the authors’ best 

knowledge, a concave/convex convergent pipe design, as well as the nanofluid convective 

heat transfer through it, has not been addressed in the previous literature. 

 

3.2 Modeling and Formulation 

3.2.1 Geometrical configuration 

Figure 3.1a depicts the studied configuration, which is a concave/convex convergent pipe. 

The invariant inlet and outlet radii are 𝑟𝑖 and 𝑟𝑜, respectively, and a radius ratio of               

𝑅 = 𝑟𝑜 𝑟𝑖⁄ = 0.5 has been adopted. The length of the pipe 𝐿 is fixed; however, the pipe 

cross section changes axially (in the z-direction) in all of the straight, concave, and convex 

wall profile cases. Thus, the radius of the pipe at any 𝑧 location can be defined as: 

𝑟 = 𝑟(𝑧) = 𝑎𝑧2 + 𝑏𝑧 + 𝑐 (3.1) 

where 𝑟 is the radius, 𝑧 is the axial coordinate, 𝑏 = (𝑟𝑜 − 𝑟𝑖 − 𝑎𝐿2) 𝐿⁄ , and 𝑐 = 𝑟𝑖 . As for 

𝑎, its value decides the pipe wall profile. The pipe wall is straight when 𝑎 = 0, convex 

when 𝑎 < 0, and concave when 𝑎 > 0. Moreover, the surface area of the pipe 𝐴𝑠 is 

obtained from the following integration: 

𝐴𝑠 = 2𝜋 ∫ 𝑟√1 + (
𝑑𝑟

𝑑𝑧
)
2𝐿

0

𝑑𝑧 (3.2) 

For the straight wall profile case, 𝑎 = 0, 𝐴𝑠 is calculated from: 
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𝐴𝑠 = 𝜋(𝑟𝑖 + 𝑟𝑜)√(𝑟𝑖 − 𝑟𝑜)2 + 𝐿2 (3.3) 

While for the convex and concave wall profile cases, 𝐴𝑠 can be calculated from: 

𝐴𝑠

=
𝜋

32 𝑎2
{(2 𝑎 𝐿 + 𝑏) √(2 𝑎 𝐿 + 𝑏)2 + 1  [2 (2 𝑎 𝐿 + 𝑏)2 + 16 𝑎 𝑐 − 4 𝑏2 + 1]

+ (16 𝑎 𝑐 − 4 𝑏2 − 1) sinh−1(2 𝑎 𝐿 + 𝑏)}

−
𝜋

32 𝑎2
{𝑏 √1 + 𝑏2  [16 𝑎 𝑐 − 2 𝑏2 + 1] + (16 𝑎 𝑐 − 4 𝑏2 − 1) sinh−1𝑏} 

(3.4) 

 Figure 3.1b highlights the change in surface area of the concave/convex wall profile 

in comparison with a conventional straight one. Saving in surface area increases as the 

convergent pipe becomes more concave, while it decreases as the pipe becomes more 

convex. In other words, the convergent pipe with a concave wall profile (𝑎 ≤ +0.2) 

provides up to 22% saving in surface area compared to a straight one (𝑎 = 0), that is more 

saving in volume and mass. On the other hand, more surface area would be added in case 

of adopting the convex wall profile which means more material and costs. 

 

3.2.2 Governing equations, assumptions, and boundary conditions 

In the present study, nanofluid convective heat transfer in a concave/convex convergent 

pipe has been investigated. The studied nanofluid is a mixture of alumina, as nanoparticles, 

and water, as a base fluid, respectively. Further, a two-dimensional axisymmetric model is 

employed to preserve less computational cost. The current problem is mathematically 

represented by the conservation of mass, momentum, and energy equations, as             

follows [21, 22]: 
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∇. (𝜌𝑛𝑓 �⃑� ) = 0 (3.5) 

∇. (𝜌𝑛𝑓 𝑉 ⃑⃑  ⃑�⃑� ) = −∇𝑃 + ∇. (𝜇𝑛𝑓 ∇ �⃑� ) (3.6) 

   ∇. (𝜌𝑛𝑓 �⃑�   𝑐𝑝𝑛𝑓
 𝑇) = ∇. (𝑘𝑛𝑓 ∇ 𝑇) (3.7) 

where 𝜌𝑛𝑓 is the density of nanofluid, �⃑�  is the velocity vector, 𝑃 is the pressure, 𝜇𝑛𝑓 is the 

dynamic viscosity of nanofluid, 𝑐𝑝𝑛𝑓
   is the specific heat of nanofluid,  𝑇 is the 

temperature, and 𝑘𝑛𝑓 is the thermal conductivity of nanofluid, respectively. 

 The governing equations, Equations [(3.5) – (3.7)], are based on the following 

assumptions: (a) the flow is considered to be incompressible, laminar and steady; (b) the 

nanoparticles are assumed extremely small so that both these particles and water are in a 

thermal equilibrium and flow at the same velocity, that is homogeneous single-phase 

model; (c) the nanofluid properties are temperature-independent; (d) the gravitational force 

is disregarded; (e) the pipe wall thermal resistance is neglected; and (f) the viscous 

dissipation and compression work are neglected in the energy equation. 

 The present numerical problem is solved based on the following boundary 

conditions: 

at the inlet: 0 ≤ 𝑟 ≤ 𝑟𝑖 ,  𝑧 = 0 :         𝑢 = 𝑈𝑖 ,  𝜈 = 0 ,  𝑇 = 𝑇𝑖 

at the outlet: 0 ≤ 𝑟 ≤ 𝑟𝑜 ,  𝑧 = 𝐿 :        𝑃 = 𝑃𝑜 ,  
𝜕𝑇

𝜕𝑧
= 0 

at the wall: 𝑟 = 𝑟(𝑧) ,  0 ≤ 𝑧 ≤ 𝐿 :    𝑢 = 𝜈 = 0 ,  𝑇 = 𝑇𝑠 

at the symmetry axis: 𝑟 = 0 ,  0 ≤ 𝑧 ≤ 𝐿 :         
𝜕𝑢

𝜕𝑟
= 0 ,  𝜈 = 0 ,  

𝜕𝑇

𝜕𝑟
= 0 
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3.2.3 Thermophysical properties of nanofluid 

The investigated nanofluid in the present study is Al2O3-water. The thermophysical 

properties of Al2O3 and water are tabulated in Table 3.1 [23]. The thermophysical 

properties of the nanofluid are defined in terms of the thermophysical properties of the 

fluid and the nanoparticles. The density, 𝜌𝑛𝑓 , and the specific heat, 𝑐𝑝𝑛𝑓
  , can be defined 

as [24]: 

𝜌𝑛𝑓 = (1 − 𝜑)𝜌𝑓 + 𝜑𝜌𝑛 (3.8) 

(𝜌𝑐𝑝)𝑛𝑓
= (1 − 𝜑)(𝜌𝑐𝑝)𝑓

+ 𝜑(𝜌𝑐𝑝)𝑛
 (3.9) 

where 𝑛𝑓 denotes nanofluid, 𝑓 denotes fluid, 𝜑 denotes the volume fraction of the 

nanoparticles, and 𝑛 denotes nanoparticles [25, 26]. 

 According to Khanafer and Vafai [24], using the classical models from the 

literature, to predict the viscosity and thermal conductivity of nanofluids, is quite sufficient 

and satisfactory in the temperature-independent case. As for the dynamic viscosity of 

nanofluid, 𝜇𝑛𝑓, many models were proposed. One of the earliest models is the Brinkman 

model [27]: 

𝜇𝑛𝑓 = [
1

(1 − 𝜑)2.5
] 𝜇𝑓 (3.10) 

Batchelor [28] suggested another model, taking into account the effect of Brownian 

motion: 

𝜇𝑛𝑓 = [1 + 2.5𝜑 + 6.2𝜑2]𝜇𝑓 (3.11) 

Maiga et al. [29] proposed the following model: 
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𝜇𝑛𝑓 = [1 + 7.3𝜑 + 123𝜑2]𝜇𝑓 (3.12) 

Abu-Nada [30] fitted the experimental results of Nguyen et al. [31] with a maximum 

deviation of 5% and obtained: 

𝜇𝑛𝑓

= −0.155 −
19.582

𝑇
+ 0.794𝜑 +

2094.47

𝑇2
− 0.192𝜑2 − 8.11

𝜑

𝑇

−
27463.863

𝑇3
+ 0.0127𝜑3 + 1.6044

𝜑2

𝑇
+ 2.1754

𝜑

𝑇2
 

(3.13) 

 Furthermore, many models were proposed to estimate the thermal conductivity of 

nanofluid, 𝑘𝑛𝑓, such as the Maxwell model [32] which is based on large spherical particles 

and low particles concentration: 

𝑘𝑛𝑓 =
𝑘𝑛 + 2𝑘𝑓 − 2𝜑(𝑘𝑓 − 𝑘𝑛)

𝑘𝑛 + 2𝑘𝑓 + 𝜑(𝑘𝑓 − 𝑘𝑛)
𝑘𝑓 (3.14) 

 Bruggeman model [33, 34] was suggested to predict the thermal conductivity of 

nanofluids with homogeneous spherical particles and no limitation on the particles 

concentration: 

𝑘𝑛𝑓 = {
1

4
[(3𝜑 − 1)

𝑘𝑛

𝑘𝑓
+ (2 − 3𝜑)] +

1

4
√∆}𝑘𝑓 (3.15) 

where ∆= (3𝜑 − 1)2 (
𝑘𝑛

𝑘𝑓
)
2

+ (2 − 3𝜑)2 + 2(2 + 9𝜑 − 9𝜑2) (
𝑘𝑛

𝑘𝑓
) 

For non-spherical particles, Hamilton-Crosser model [35] was proposed: 

𝑘𝑛𝑓 =
𝑘𝑛 + (𝑚 − 1)𝑘𝑓 − (𝑚 − 1)(𝑘𝑓 − 𝑘𝑛)𝜑

𝑘𝑛 + (𝑚 − 1)𝑘𝑓 + (𝑘𝑓 − 𝑘𝑛)𝜑
𝑘𝑓 (3.16) 

where 𝑚 is empirical shape factor, which is 3 for spherical nanoparticles. 
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 Jeffrey model [36] is an extension of Maxwell’s model where the interaction 

between the spherical particles is avoided: 

𝑘𝑛𝑓 = {1 + 3𝜂𝜑 + 𝜑2 [3𝜂2 +
3𝜂3

4
+

9𝜂3

16
(

𝜅 + 2

2𝜅 + 3
) +

3𝜂4

64
+ ⋯ ]}𝑘𝑓 (3.17) 

where 𝜂 =
𝜅−1

𝜅+2
 , and 𝜅 = 𝑘𝑛 𝑘𝑓⁄  

 The root-mean-square error (RMSE) method [37] is used to verify the model that 

predicts the closest calculations to the experimental measurements of the nanofluid 

dynamic viscosity of Nguyen et al. [31], as well as the thermal conductivity of Wen and 

Ding [38]. From Tables 3.2 and 3.3, it can be seen that the Maiga’s and Jeffrey’s models 

are the most adequate models for the dynamic viscosity and thermal conductivity of    

Al2O3-water nanofluid, respectively, and thus they have been adopted in the current work. 

 

3.2.4 Mathematical formulation 

The present simulation takes into account the change in the convergent pipe wall profile, 

volume fraction of nanoparticles, and the inlet Reynolds number. The inlet and surface 

temperature, 𝑇𝑖 and 𝑇𝑠 , are fixed. Based on the inlet Reynolds number, the inlet mean 

velocity 𝑈𝑖 can be calculated from: 

𝑈𝑖 =
Re 𝜇𝑓

𝜌𝑓(2𝑟𝑖)
 (3.18) 

 The main findings of our work are the pressure drop along the convergent pipe, ∆𝑃, 

besides of the average heat transfer coefficient, ℎ , which can be calculated as follows: 
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ℎ =

1
𝐿 ∫ 𝑄𝑧 𝑑𝑧

𝐿

0

𝐴𝑠 ∆𝑇lm
 (3.19) 

where 𝑄𝑧 is the local rate of heat transfer, and ∆𝑇lm is the logarithmic mean temperature 

difference: 

∆𝑇lm =
∆𝑇𝑜 − ∆𝑇𝑖

ln(∆𝑇𝑜 ∆𝑇𝑖⁄ )
 (3.20) 

where ∆𝑇𝑖 = 𝑇𝑠 − 𝑇𝑖 ,  ∆𝑇𝑜 = 𝑇𝑠 − 𝑇𝑜 , and  𝑇𝑜 is the outlet temperature of nanofluid which 

is tacitly given by the model after simulation. 

 Moreover, the pumping power, 𝑊𝑃, of nanofluid in the flow pipe is defined as: 

𝑊𝑃 = ∆𝑃 �̇� (3.21) 

where �̇� is the volumetric flow rate. 

 

3.3 Numerical Analysis and Model Validation 

Finite element approach is implemented to simulate the present problem numerically. The 

governing partial differential equations are fully coupled, discretized, and are described by 

boundary conditions across the computational domain. When the velocity-pressure and 

temperature coupling equations’ accuracies reach 10-4 and 10-5, respectively, the 

convergence is achieved, and the simulation stops. 

 To ensure the accuracy of the numerical solution away from the grid density with 

less computational cost, a grid independence test has been executed. Four grid densities, as 

tabulated in Table 3.4, were tested for pure water, 𝜑 = 0%, flows in a convergent pipe 

with a straight wall profile, 𝑎 = 0, at Re=1000. The grid density was increased until < 0.5% 
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variance in local heat transfer coefficient is achieved, as shown in Figure 3.2. This figure 

reveals that when the grid density is finer than grid 3, any further mesh refinement becomes 

unnecessary. As such, grid 3 has been employed for the numerical calculations. 

 Further, the validity and precision of the present model and the numerical approach 

results are examined. The validation test is carried out for different Reynolds numbers in 

terms of the local Nusselt number along the thermal entrance region of a plain pipe          

(𝑅 = 1) at constant temperature boundary condition, as shown in Figure 3.3, and pressure 

drop versus Reynolds number, as displayed in Figure 3.4, respectively. The local Nusselt 

number values are compared with the traditional formula of Shah and London [39, 40]: 

Nuz =
ℎ𝑧 𝐷ℎ

𝑘
= {

 1.077 𝑍⋆−1 3⁄  − 0.7                                          for  𝑍⋆ ≤ 0.01

 3.657 + 6.874 (103 𝑍⋆)−0.488 𝑒−57.2 𝑍⋆
       for  𝑍⋆ > 0.01

 (3.22) 

where 𝑍⋆ =
𝑧 𝐷ℎ⁄

Re Pr
 

 The pressure drop values are compared with the following analytical solution for 

developed flow [41], as well: 

∆𝑃 = 2𝑓
𝜌𝑈𝑖

2

𝐷ℎ
𝐿 (3.23) 

where 𝑓 is the Fanning friction factor which can be defined as: 

𝑓 =
16

Re
 (3.24) 

 As can be seen from Figures 3.3 and 3.4, both the local Nusselt number and pressure 

drop comparisons, respectively, have shown an excellent agreement. 
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3.4 Results and Discussion 

A comprehensive numerical study of nanofluid flow and heat transfer in a concave/convex 

convergent pipe has been conducted over a wide range of wall profile (−0.2 ≤ 𝑎 ≤ 0.2), 

volume fraction of nanoparticles (𝜑= 0%, 0.01%, 0.1%, 0.5%, 1%, 2%, and 4%), and 

Reynolds number (Re = 250, 500, 750, and 1000). The hydraulic-thermal performance of 

this innovative configuration accompanied by nanofluid in comparison with conventional 

ones has been addressed, as well. 

 Figures 3.5 and 3.6 depict the average heat transfer coefficient and pressure drop, 

respectively, versus the inlet Reynolds number for different wall profiles and particular 

volume fractions. As expected, increasing Reynolds number leads to an increment in both 

heat transfer and pressure losses. It should be pointed out that when the convergent pipe 

wall tends to be more concave (+𝑎), the average heat transfer coefficient and pressure drop 

significantly increase compared to the case of straight wall profile (𝑎 = 0). This behavior 

is a result of the gradual combined reduction in the pipe cross section towards the 

downstream of the pipe where the flow accelerates. On the contrary, the convex wall profile 

(-𝑎) provides less heat transfer and pressure drop compared to the straight one although 

the pipe is already convergent; however, the intensity of alteration in heat transfer and 

pressure drop for the convex wall profile is much less than the case of concave one. This, 

in fact, may be considered as a feature for the convex wall profile rather than a drawback. 

This concept will be discussed in more detail later in this treatise. 

 Moreover, the influence of dispersing nanoparticles into a fluid on the heat transfer 

and pressure drop throughout the studied configuration is revealed in Figures 3.7 and 3.8, 
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respectively. As seen in these figures, increasing the volume fraction of nanoparticles 

endorses heat transfer and escalates pressure drop over the entire flow field. This 

endorsement in heat transfer is anticipated since the thermal conductivity of nanofluid is 

higher than that of the base fluid, as well as the presence of the nanoparticles and their 

random motion contributes to a thinner thermal boundary layer in the flow domain. 

However, this improvement in heat transfer is not very high compared to that stated in the 

open literature. Namely, it is up to 7.2% for the case of nanofluid with 𝜑 = 4% at any fixed 

wall profile in comparison with the case of base fluid, 𝜑 = 0%. The reason behind this 

modest improvement in heat transfer is that since the flow accelerates in our convergent 

configuration, at any wall profile, the impact of advection heat transfer is dominant over 

the effect of diffusion while the nanofluid flows throughout the pipe. On the other hand, 

the rise in pressure drop occurs due to the fact that the nanofluid is more viscous and dense 

compared to the pure fluid. It is observed that, at any examined wall profile, the highest 

pressure drop increment is no more than 26% for 𝜑 = 4% compared to the base                

fluid, 𝜑 = 0%. 

 Figure 3.9 exhibits the heat transfer enhancement and pressure drop increase with 

the wall profile of convergent pipe at particular volume fractions and Reynolds numbers. 

According to the information presented in this figure, the concave wall profile                    

(0 < 𝑎 ≤ +0.2) provides an enhancement in heat transfer up to 41% which is accompanied 

by an increment in pressure drop up to 110% compared to the straight wall profile (𝑎 = 0). 

Inversely, the heat transfer and pressure drop of the convex wall profile (−0.2 ≤ 𝑎 < 0)  

is less by 28% and 22% than the straight one, respectively. In addition, the combined 
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influence of Reynolds number and wall profile on the enhancement of heat transfer along 

with the resulting increase in pressure drop for particular volume fractions has been 

displayed in Figure 3.10. It is explicit that the trend of heat transfer enhancement versus 

pressure drop increase for the concave wall profile (+𝑎) differs from that of the convex 

wall profile (−𝑎). More specifically, increasing Reynolds number promotes heat transfer 

with less increment percentage in pressure drop which adds another advantage for the case 

of concavity; whereas, the convexity of the convergent pipe leads to a higher enhancement 

in heat transfer at low pressure losses and Reynolds numbers, which means more heat 

transfer can be achieved at lower pumping powers. It is noticed that this orientation is 

almost identical for the volume fractions of nanoparticles examined in this work. 

 Furthermore, the concept of performance evaluation criteria [42] and/or the 

performance factor (PF) has been employed to assess the sustainability of the proposed 

configuration. In the current investigation, the PF represents the total rate of heat transfer 

(𝑄) over the required pumping power (𝑊𝑃) for a concave/convex convergent pipe to that 

of the straight convergent one, which can be expressed as: 

PF =
𝑄 𝑊𝑃⁄

𝑄∗ 𝑊𝑃∗
⁄

 (3.25) 

 When this factor is higher than one, the thermal-hydraulic performance is            

better [41]. Figure 3.11 highlights the PF against the wall profile for various inlet Reynolds 

numbers and particular volume fractions. This figure states that as the pipe wall profile 

changes from the convexity (−𝑎) to the concavity (+𝑎), the PF overturns at the middle 

way between them when the profile is straight (𝑎 = 0). In other words, the convex wall 
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profile shows a prominent thermal-hydraulic performance up to 1.223 over the straight one, 

while the concave wall profile has failed in this test. Although the convex wall profile is 

associated with less heat transfer than the straight one of convergent pipe, the pressure drop 

is much less as well, as seen in Figure 3.9. Therefore, the combined resultant impact, which 

is presented in terms of the PF, is high for this configuration. On the other hand, despite 

the fact that the concave wall profile offers low PF due to the high pressure losses 

throughout the flow field, this configuration provides an outstanding enhancement in heat 

transfer up to 41% compared to the straight one, as mentioned earlier. Further, as shown in 

Figure 3.11, the PF has higher values at lower Reynolds numbers when the pipe wall is 

convex; while for the concave profile, it has higher values at higher Reynolds numbers. 

This tendency is consistent with the results addressed in Figure 3.10. Additionally, 

dispersing nanoparticles increases the PF of the convex profile cases, while slightly 

decreases the PF of the concave ones. This stems from the dominance of advection heat 

transfer over the diffusion throughout the convergent pipe, which is also consistent with 

the notion discussed in Figure 3.7. 

 In essence, there is a great desire to enhance heat transfer in many thermal systems 

regardless of other factors such as pressure losses. Therefore, the proposed concave wall 

profile is an effective technique to improve forced convection heat transfer in the 

convergent pipe configuration if the pressure drop is not an issue; otherwise, the convex 

wall profile is the recommended one. 
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3.5 Conclusions 

The performance of a novel concave/convex isothermal convergent pipe has been 

numerically investigated. The impact of Reynolds number, the pipe wall profile, and the 

volume fraction of nanoparticles on the flow and heat transfer throughout the proposed 

configuration were examined. The following can be inferred: 

1. The present numerical model has achieved an excellent agreement in the validation 

test with available data from the literature. 

2. Increasing Reynolds number, the concavity of the pipe wall, and the volume 

fraction of nanoparticles augments the average heat transfer coefficient and 

pressure drop as a result of accelerating the flow field and the rise in viscosity and 

thermal conductivity of the nanofluid. 

3. The concave wall profile provides up to 41% enhancement in heat transfer, which 

is indeed accompanied by an increment in pressure losses, as well as a saving in the 

surface area up to 22% compared to the straight one. 

4. No enhancement in heat transfer is observed for the convex wall profile; however, 

a reduction in pressure drop has been achieved, which means less pumping power 

is required. 

5. The concavity of the studied configuration provides an eminent enhancement in 

heat transfer; whereas, the convexity has an outstanding thermal-hydraulic PF. 

6. Dispersing nanoparticles into the base fluid has enhanced the heat transfer; 

however, manipulating the pipe wall profile has the most significant influence on 

the thermal performance of the studied configuration than utilizing the nanofluid.  
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Tables and Figures 

 

 

 

 

 

 

Table 3.1 Thermophysical properties of water and Al2O3 at 300 K [23]. 

Properties Water Al2O3 

𝜌 (kg/m3) 997.1 3970.0 

𝜇 (Pa.s) 8.5510-4 - 

𝑐𝑝 (J/kg K) 4179.0 765.0 

𝑘 (W/m K) 0.613 40.0 

𝛽 (K-1) 2.76110-4 0.8510-5 

𝛼 (m2/s) 1.47107 1.3210-5 
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Table 3.2 The root-mean-square error (RMSE) between different dynamic viscosity models and 

the experimental measurements of Nguyen et al. [31]. 

Dynamic viscosity models  RMSE 

Brinkman, Equation (3.10) 2.8310-4 

Batchelor, Equation (3.11) 2.8210-4 

Maiga, Equation (3.12) 1.1110-4 

Abu-Nada, Equation (3.13) 5.7110-4 
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Table 3.3 The root-mean-square error (RMSE) between different thermal conductivity models and 

the experimental measurements of Wen and Ding [38]. 

Thermal conductivity models RMSE 

Maxwell, Equation (3.14) 3.1710-2 

Bruggeman, Equation (3.15) 3.1010-2 

Hamilton-Crosser, Equation (3.16) 3.1710-2 

Jeffrey, Equation (3.17) 3.0310-2 
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Table 3.4 Types of grid density examined in the current work. 

Grid 
Min. element 

size, mm 

Max. element 

size, mm 

Max. element 

growth rate 

Curvature 

factor 

1 0.05 (0.0075) 1.75 (0.65) 1.13 (1.08) 0.3 (0.25) 

2 0.02 (0.001) 1.4 (0.335) 1.1 (1.05) 0.25 (0.2) 

3 0.0075 (0.001) 0.65 (0.335) 1.08 (1.05) 0.25 (0.2) 

4 0.001 (0.001) 0.335 (0.335) 1.05 (1.05) 0.2 (0.2) 

Numbers, in the parentheses, indicate the grid characteristics near boundaries. 
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(a) 

 

(b) 

Figure 3.1 (a) Schematic of the configuration considered in the present study with the boundary 

conditions, and (b) comparison of the concave/convex pipe wall profile surface area 

with the straight convergent one.  
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Figure 3.2 The grid independence study results at 𝜑 = 0%, a = 0 and Re = 1000.  
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Figure 3.3 Comparison of the local Nusselt number results along the pipe with the results of Shah 

and London [39, 40] at 𝑅 = 1 and 𝜑 = 0%.  
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Figure 3.4 Comparison of the pressure drop results along the pipe with the analytical solution          

at 𝑅 = 1 and 𝜑 = 0%.  
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(a) 

 
(b) 

 
(c) 

 
Figure 3.5 Average heat transfer coefficient at different inlet Reynolds numbers for various wall 

profiles and particular volume fractions: (a) 𝜑 = 0%, (b) 𝜑 = 1%, and (c) 𝜑 = 4%.  
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(a) 

 
(b) 

 
(c) 

 
Figure 3.6 Pressure drop at different inlet Reynolds numbers for various wall profiles and particular 

volume fractions: (a) 𝜑 = 0%, (b) 𝜑 = 1%, and (c) 𝜑 = 4%.  
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Figure 3.7 Variation of the average heat transfer coefficient with the wall profile for different 

volume fractions at Re=1000.  



 

69 

 

 

 

 

 

 

 

 

Figure 3.8 Variation of the pressure drop with the wall profile for different volume fractions              

at Re=1000.  
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(a) 

 

  
(b) 

 

Figure 3.9 Heat transfer enhancement and pressure drop increase versus the wall profile at Re=250, 

and 1000: (a) 𝜑 = 0%, and (b) 𝜑 = 4%.  
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(a) 

 
(b) 

Figure 3.10 Heat transfer enhancement along with the resulting pressure drop increase for various 

wall profiles at different inlet Reynolds numbers: (a) 𝜑 = 0%, and (b) 𝜑 = 4%.  
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(a) 

 
(b) 

Figure 3.11 Performance factor versus the wall profile at different inlet Reynolds numbers:              

(a) 𝜑 = 0%, and (b) 𝜑 = 4%.  
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CHAPTER FOUR 

Thermal-Hydraulic Performance Analysis of a Convergent Double Pipe Heat 

Exchanger 

 

Abstract 

The present investigation proposes an innovative convergent double pipe heat exchanger 

(C-DPHE). A two-dimensional (2D) axisymmetric heat transfer model with counterflow is 

employed to analyze the thermal and hydraulic performance of this configuration 

numerically. The impact of convergence in the flow direction, using a wide range of 

contraction ratio (Cr), is explored. The effect of Reynolds and Prandtl numbers on the flow 

and heat transfer is addressed, as well. The model results were validated with available data 

from the literature, and an excellent agreement has been confirmed. In general, the findings 

of the present study indicate that increasing the contraction ratio increases heat transfer and 

pressure drop in the C-DPHE. Moreover, this configuration has a prominent and 

sustainable performance, compared to a conventional double pipe heat exchanger (DPHE), 

with an enhancement in heat transfer rate up to 32% and performance factor (PF) higher 

than one. Another appealing merit for the C-DPHE is that it is quite effective and functional 

at low Reynolds and high Prandtl numbers, respectively, since no high-operating pumping 

power is required. Further, the optimal operating conditions can be established utilizing the 

comprehensive information provided in this work. 
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Nomenclature 

𝐴 surface area, m2 

Cr contraction ratio 

𝐷 diameter, m 

𝑓 Fanning friction factor 

ℎ local convective heat transfer coefficient, W/m2 K 

𝑘 thermal conductivity, W/m K 

𝐿 length, m 

Nu Nusselt number 

𝑃 pressure, Pa 

PF performance factor 

Pr Prandtl number 

𝑄 heat-transfer rate, W 

𝑟 radius or radial coordinate, m 

𝑅 radius ratio 

Re Reynolds number 

𝑇 temperature, K 

𝑢 velocity component in the axial direction, m/s 

𝑈 overall heat transfer coefficient, W/m2 K 

𝜈 velocity component in the radial direction, m/s 

𝑉 velocity, m/s 

�̇� volumetric flow rate, m3/s 

𝑊𝑃 total pumping power, W 

𝑧 axial coordinate, m 

𝑍 dimensionless axial coordinate; (𝑧/𝐿) 

𝑍⋆ dimensionless axial station; ((4𝑧/𝐷ℎ) Re Pr⁄ ) 

∆𝑇lm logarithmic mean temperature difference, K 
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Greek Symbols 

𝛼 thermal diffusivity, m2/s 

𝛿 increment or decrement in radius, m 

𝜇 viscosity, Ns/m2 

𝜌 density, kg/m3 

  

Subscripts 

𝑐 convergent 

𝑓 fluid 

ℎ hydraulic 

𝑖 inlet 

𝑜 outlet 

𝑝 plain 

1 Sec. 1 (pipe section) 

2 Sec. 2 (annular section) 

∗ at Cr = 0 

 

4.1 Introduction 

For decades, the double pipe heat exchanger (DPHE) has been one of the most common 

heat transfer equipment in many industrial and engineering applications. Recently, the 

performance requirements for these applications has dramatically increased, which 

demands more effective thermal management techniques [1]. To design an efficient heat 

exchanger, many aspects must be taken into account, for instance; compactness, weight, 

overall size, cost, as well as heat transfer and pressure loss analysis [2]. In general, a 

conventional DPHE includes two concentric pipes with two flow paths in parallel or 
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counterflow arrangements. This is mainly favorable for cooling and heating processes with 

high pressure and low heat transfer area [3]. 

 This configuration has been addressed for many years to maximize heat transfer 

with a rise in pressure as a conjugate constraint. Prata and Sparrow [4] examined the flow 

and heat transfer characteristics in the annular side of periodically varying cross section of 

DPHE. For optimization purposes, this study was extended by Agrawal and Sengupta [5] 

to include some geometric parameters such as the enhancement shape, its height and length, 

the spacing between enhancements, and the annular gap. They noticed a worthy increment 

in heat transfer with an increase in pressure drop for the flow in the laminar regime with 

Reynolds numbers less than 1000. Furthermore, the finned DPHE configuration has been 

investigated extensively in the last ten years [2, 6-13]. The results show that heat transfer 

is subject to some geometric limitations such as the ratio of radii, fin height, and number 

of fins. It is noticed that utilizing extended surfaces and mechanical turbulators in DPHE 

brings a remarkable improvement in the overall thermal performance due to an increase in 

the surface area accompanied by a disturbance in the flow field; however, a high level of 

an increase in pressure drop has been observed in addition to an increase in weight and 

cost. 

 Moreover, using metal foams and porous inserts in DPHE has been adopted by 

several research works [14-17]. The effects of many inherent parameters associated with 

metal foams and porous inserts on the performance of heat exchangers have been 

addressed. The optimal conditions have also been discussed in order to reach maximum 

heat transfer enhancement while attempting to lower the pressure drop penalty. 
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Additionally, despite the drawbacks of nanofluids, such as agglomeration, instability, 

erosive effect, and cost, the superior thermophysical properties of nanofluids have led some 

researchers [18-25] to exploit them as working fluids in DPHE. Their results indicate that 

an enhancement in heat transfer is observed with a higher pumping power required 

compared to the case of base fluid. 

 The concept of convergence in conduits within some engineering applications has 

also been investigated in an attempt to explore the thermal merits behind it.                       

Ekkad et al. [26] carried out an experimental study to probe the turbulent flow acceleration 

effect on augmenting heat transfer from gas turbine blades with tapered two-pass channels. 

Their findings show that the tapered channels boost more heat exchange compared to the 

plain ones due to the acceleration effect. Mahjoob and Vafai [27, 28] investigated 

analytically the adoption of convergent-divergent channels filled with porous media to 

develop isothermal surfaces, which are appealing in many thermal and biological 

applications. In addition, the aforementioned concept has been implemented in designing 

microchannel heat sinks. Nilson et al. [29] conducted an analytical study, which has 

pointed out that maximizing heat transfer can be achieved using convergent rectangular 

conduits in microchannels. Osanloo et al. [30] performed a numerical investigation to 

evaluate the performance of a double-layered microchannel heat sink [31] with tapered 

lower and upper channels for different flow rates of coolant and convergence angles. An 

improvement in microchannel heat sink’s performance has occurred while increasing 

convergence angle of channels, though more pumping power is required. It is also noted 

that the optimum convergence angle for temperature distribution was 4 deg. Similar 
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observations have been presented by Wong and Ang [32] concerning the sustainability of 

this configuration in double-layered microchannels. 

 The cited concept has been recently investigated by Al-Sammarraie and Vafai [1]. 

They have introduced the heat transfer enhancement utilizing a convergent pipe. Their 

results reveal a significant increase in thermal performance of the convergent pipe over a 

conventional one with an accompanying rise in the pressure drop. 

 The present study aims at utilizing the convergence concept to analyze flow and 

heat transfer in a novel double pipe heat exchanger. Augmenting the heat exchange 

between the two fluids translates into an enhancement in the overall heat transfer process 

for this heat exchanger, or instead, a reduction in the overall volume, mass, and cost while 

transferring the same rate of heat. To the best of our knowledge, the present work is 

proposed for the first time, and there is no research in the open literature in this regard. 

 

4.2 Model Description 

4.2.1 Geometrical configuration 

Figure 4.1 illustrates the configuration under consideration, which consists of two 

concentric pipes as an emulation of a convergent double pipe heat exchanger (C-DPHE). 

Section 1 refers to the inner pipe (pipe section), while Sec. 2 refers to the outer pipe 

(annular section). The inner and outer pipes radii are 𝑟1 and 𝑟2 , respectively. The outer 

pipe radius, 𝑟2 , has been kept invariant; however, the inner one is adjustable to construct 

the convergent interface separating the two counter flows in this DPHE. Taking into 

account the optimal distribution of imperfection [33], where imperfection is the resistance 
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to flow in our case [34], the rate of contraction must be the same in both sections. Here, we 

introduce (𝛿), which represents the increment and decrement in radius at the inlet and outlet 

of the inner pipe, respectively; thus, the inlet and outlet radii of the inner pipe are: 

𝑟1𝑖 = 𝑟1 + 𝛿  ,    𝑟1𝑜 = 𝑟1 − 𝛿 (4.1) 

where,  𝛿 < 𝑟1    , 𝑎𝑛𝑑    𝛿 < (𝑟2 − 𝑟1) 

 Moreover, another term is introduced, which is the contraction ratio (Cr): 

Cr =
𝛿

𝑟1
 (4.2) 

where,  0 ≤ Cr < 1 

 The heat transfer process occurs at the interface between the pipe and annular 

sections. The main constraint in our design is to keep the convergent interface surface area 

(𝐴𝑐) constant and equal to that of the plain case (𝐴𝑝), i.e., 

𝐴𝑝 = 𝐴𝑐 (4.3) 

where,  𝐴𝑝 = 2𝜋𝑟1𝐿𝑝  is the surface area of a plain pipe, and 𝐿𝑝 = 1 𝑚  is the length of the 

plain pipe, whereas 𝐴𝑐 = 𝜋(𝑟1𝑖 + 𝑟1𝑜)√(𝑟1𝑖 − 𝑟1𝑜)2 + 𝐿𝑐
2  is the surface area of a 

convergent pipe (frustum) [1], while 𝐿𝑐 is the length of the convergent pipe. 

 Consequently, the length of the convergent pipe, 𝐿𝑐 , is: 

𝐿𝑐 = √𝐿𝑝
2 − 4𝛿2 (4.4) 

where,  𝐿𝑐 ≤ 𝐿𝑝  for  0 ≤ Cr < 1 
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4.2.2 Governing equations, assumptions, and boundary conditions 

Our configuration is symmetric around the z-axis, as such a 2D axisymmetric model has 

been adopted in the present work, as seen in Figure 4.1c. Continuity, momentum, and 

energy equations have been employed to simulate flow and heat transfer throughout the 

domain as follows: 

𝛻. �⃑� = 0 (4.5) 

𝜌(�⃑� . 𝛻)�⃑� = −𝛻𝑃 + 𝜇𝛻2�⃑�  (4.6) 

�⃑� . 𝛻𝑇 = 𝛼𝛻2𝑇 (4.7) 

 It should be noted that the major assumptions are: (a) flow is laminar, single phase, 

incompressible, and steady; (b) the fluids thermophysical properties are constant; (c) the 

gravitational force is neglected; (d) the thermal resistance of the inner pipe wall is 

disregarded; and (e) heat loss from the C-DPHE to the ambient is ignored. 

 The boundary conditions for the present configuration can be specified as: 

(i) The pipe section: 

at the inlet:                      0 ≤ 𝑟 < 𝑟1𝑖 , 𝑧 = 0 ∶    𝑢 = 𝑉𝑓1𝑖,   𝜈 = 0,   𝑇 = 𝑇𝑓1𝑖 

at the exit:                       0 ≤ 𝑟 < 𝑟1𝑜 , 𝑧 = 𝐿 ∶   𝑃 = 𝑃1𝑜 ,   
𝜕𝑇

𝜕𝑧
= 0 

at the symmetry axis:      𝑟 = 0 , 0 < 𝑧 < 𝐿 ∶      
𝜕𝑢

𝜕𝑟
= 0,   𝜈 = 0,   

𝜕𝑇

𝜕𝑟
= 0 

at the interface:               𝑟 = 𝑟1𝑧 , 0 < 𝑧 < 𝐿 ∶    𝑢 = 0,   𝜈 = 0,   𝑘𝑓1
𝜕𝑇

𝜕𝑟
|1 = 𝑘𝑓2

𝜕𝑇

𝜕𝑟
|2 

(ii) The annular section: 

at the inlet:                      𝑟1𝑜 < 𝑟 < 𝑟2 , 𝑧 = 𝐿 ∶   𝑢 = 𝑉𝑓2𝑖,   𝜈 = 0,   𝑇 = 𝑇𝑓2𝑖 

at the exit:                       𝑟1𝑖 < 𝑟 < 𝑟2 , 𝑧 = 0 ∶    𝑃 = 𝑃2𝑜 ,   
𝜕𝑇

𝜕𝑧
= 0 
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at the outer wall:             𝑟 = 𝑟2 , 0 < 𝑧 < 𝐿 ∶      𝑢 = 0,   𝜈 = 0,   
𝜕𝑇

𝜕𝑟
= 0 

 

4.2.3 Mathematical formulation 

The model that has been used in this investigation takes into account the variation in 

contraction ratio (Cr), inlet Reynolds number (Re), and Prandtl number (Pr) where two 

working fluids have been utilized, air and water, while the inlet fluid temperatures are set 

to fixed-specific values, 𝑇𝑓1𝑖 and 𝑇𝑓2𝑖 , respectively. In addition, inlet mean velocity at the 

entrance of each section is calculated as follows: 

𝑉𝑓1𝑖 =
Re ∙ 𝜇𝑓1𝑖

𝜌𝑓1𝑖 ∙ 𝐷1𝑖
   ,   𝑉𝑓2𝑖 =

Re ∙ 𝜇𝑓2𝑖

𝜌𝑓2𝑖 ∙ 𝐷2𝑖
 (4.8) 

where,  𝐷1𝑖 = 2𝑟1𝑖 , and 𝐷2𝑖 = 2(𝑟2 − 𝑟1𝑜) = 2𝑟2𝑖 

 The major outcome of this model includes the outlet fluid temperatures (𝑇𝑓1𝑜, 𝑇𝑓2𝑜), 

the rate of heat exchanged through the interface separating the two counter flows (𝑄), and 

the pressure drop across each section (∆𝑃1, ∆𝑃2), respectively. Further calculations have 

been tacitly executed, such as the logarithmic mean temperature difference (∆𝑇lm), the 

overall heat transfer coefficient (𝑈), and the total pumping power (𝑊𝑃) as follows: 

∆𝑇lm =
∆𝑇2 − ∆𝑇1

ln(∆𝑇2 ∆𝑇1⁄ )
 (4.9) 

where, for the counterflow arrangement: 

∆𝑇1 = 𝑇𝑓1𝑖 − 𝑇𝑓2𝑜 (4.10a) 

∆𝑇2 = 𝑇𝑓1𝑜 − 𝑇𝑓2𝑖 (4.10b) 

and the overall heat transfer coefficient (𝑈) is: 
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𝑈 =
𝑄

𝐴𝑐 ∆𝑇lm
 (4.11) 

and the total pumping power (𝑊𝑃) is: 

𝑊𝑃 = (∆𝑃1𝑉1̇) + (∆𝑃2𝑉2̇) (4.12) 

where  𝑉1̇ and 𝑉2̇ are the volumetric flow rates in Secs. 1 and 2, respectively. 

 

4.3 Numerical Procedure, Grid Independence, and Validation 

In the present work, the model is simulated numerically employing the finite element 

analysis approach. The aforementioned governing partial differential equations are 

discretized, fully coupled, and are also described by the boundary conditions across the 

computational domain boundaries. The convergence in solution takes place when the 

accuracy of the velocity-pressure and temperature coupling equations reaches 10-4              

and 10-5, respectively. 

 A grid independence survey was performed by means of increasing the grid density 

until the variance in local heat transfer coefficient was being less than 0.5%. Table 4.1 

presents five grid distribution types utilized in this work, while Figure 4.2 shows typical 

results for the local heat transfer coefficient (ℎ) along each section of the model at Cr = 0 

and Re = 800 for the air and water cases. As seen in Figures 4.2a and 4.2b, grid 

distributions 3 and 4 provide the required accuracy for the cases of air and water, 

respectively. Based on this information, these two grid distributions have been adopted for 

the remainder of our investigation. 
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 Furthermore, extensive validation has been carried out to evaluate the accuracy of 

our results over the range of Reynolds and Prandtl numbers studied in the current work. 

Figure 4.3 exhibits the local Nusselt number (Nu =
ℎ𝐷ℎ

𝑘𝑓
) results along the thermally 

developing flow in the pipe section compared to the correlation introduced by Shah and 

Bhatti [35] at Cr = 0 for both cases of air and water. On the other hand, heat transfer results 

for the thermal entrance region along the annular section, at a radius ratio                                     

of 𝑅 = 𝑟1 𝑟2⁄ = 0.5, have been tabulated in Tables 4.2 and 4.3 for both air and water cases, 

respectively, and compared against the results of Lundberg et al. [36, 37]. Moreover, the 

pressure drop results along each section of the C-DPHE for both air and water cases at 

Cr = 0 have been displayed in Figure 4.4 with the analytical solution for the pressure drop 

for a developed flow [3]: 

∆𝑃 = 2𝑓
𝜌𝑉𝑓𝑖

2

𝐷ℎ
𝐿 (4.13) 

where,  𝑓 is the Fanning friction factor, which is: 

𝑓 =
16

Re
   (for the pipe section) (4.14) 

𝑓 =
24

Re
   (for the annular section) (4.15) 

 As seen in the foregoing figures and tables, an excellent agreement is observed 

between our results and those existing in the literature. 
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4.4 Results and Discussion 

A comprehensive investigation of the flow and heat transfer within a C-DPHE has been 

conducted, over a wide range of contraction ratio, Cr (0 - 0.35), to explore its hydraulic and 

thermal performance in comparison with a conventional one. To examine the effect of the 

Prandtl number, two traditional fluids have been considered, air and water. In addition, the 

present study covers a wide range of Reynolds numbers. 

 Before proceeding further in the analysis of the present configuration, the influence 

of the dimensionless length (𝐿 𝐷⁄ ) of heat exchanger on the results of flow and heat transfer 

has been addressed with multiple lengths, as illustrated in Figure 4.5. Since the cross 

section keeps converging along the flow field for Cr > 0, it should be mentioned that         

the 𝐷 utilized here represents the inlet diameter as a stationary reference. Figure 4.5 shows 

that, for the same contraction ratio, the overall heat transfer coefficient of the heat 

exchanger starts considerably high at low values of the dimensionless length and decreases 

along the thermally developing region as the heat exchanger length increases. Based on 

Bejan et al. [38], the highest heat transfer rate is achieved in heat exchanger when the 

thermal boundary layer develops over its entire length. Accordingly, our existing 

configuration, with a dimensionless length of 79 and the notion of the continuous reduction 

in flow cross section, lies in this region and prevents the formation of the fully developed 

domain where the lowest heat transfer rates can be observed. In other words, at                     

any Cr > 0, the fluid will be accelerated along the flow field, and the hydrodynamic and 

thermal boundary layers will be thinner and always developing with no chance to the flow 

to get fully developed. 
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 Figures 4.6 and 4.7 display the overall heat transfer coefficient and pressure drop 

in the C-DPHE, respectively, versus the inlet Reynolds number for various contraction 

ratios for both working fluids. As expected, the rise in heat transfer and pressure drop 

occurs when the Reynolds number increases. Also, as expected, the water case has 

substantially higher values for both heat transfer and pressure drop over the air case. On 

the other hand, it is noticed that for all values of contraction ratio in the air flow case, as 

seen in Figure 4.6a, the slope of the overall heat transfer coefficient changes and becomes 

steeper around a Reynolds number of 600. It is mainly due to the fact that the flow velocity 

and acceleration intensify around and above the foregoing value of Reynolds number. 

Hence, this behavior leads to minimize the mean temperature difference of the counterflow 

in the present heat exchanger, and subsequently, raising the overall heat transfer coefficient 

values and making its slopes steeper. This manner has not been observed in the case of 

water flow, Figure 4.6b, since its flow velocity is lower than that of air, and its flow 

acceleration is less pronounced at the same Reynolds number. Further, it is shown that 

increasing the contraction ratio at any given Reynolds number leads to an increase in the 

heat transferred along the inner pipe wall. As mentioned earlier, this stems from 

accelerating the flow on both sections of the heat exchanger. Indeed, this acceleration 

develops a higher pressure drop, as illustrated in Figure 4.7. These characteristics have 

been confirmed in Figures 4.8 and 4.9. 

 The main concern in designing any heat exchanger is about how much heat can be 

transferred and its associated cost. Therefore, Figure 4.8 shows the variation in the total 

rate of heat exchanged in our C-DPHE, whereas Figure 4.9 represents the associated total 
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pumping power versus the contraction ratio for different inlet Reynolds numbers for both 

air and water cases. As expected, the total rate of heat transfer values for water are 

substantially higher than that for the air case; however, the required pumping power values 

for water are less than those of the air case. Despite the higher pressure drop values for 

water, the foregoing characteristic is mainly due to the fact that water is denser than air, 

and its flow velocities are much lower than that for the air at the same Reynolds numbers. 

Further, it can be concluded that increasing the contraction ratio, particularly at high 

Reynolds numbers, results in a considerable increase in heat rate and pumping power. 

However, the spent pumping power is much less than the gained heat rate for both cases, 

as displayed in Figures 4.8 and 4.9. 

 Compared to the regular DPHE, an improvement in heat transfer up to 32% and 

23% in both cases for air and water, respectively, has been achieved by adopting the 

concept of convergence in our current configuration, as shown in Figure 4.10. This 

enhancement is accompanied by an increase in required pumping power percentage; 

however, a relatively low to moderate increase in this percentage has been observed (no 

more than; 50% in air case, and 20% in water case). Furthermore, it is evident that 

increasing the percentage of pumping power, at any contraction ratio, decreases the desired 

enhancement in heat transfer over the case without contraction, as seen in Figure 4.11. In 

other words, spending more power on operating this modified heat exchanger is not 

necessarily needed while more heat can be exchanged or discharged at lower flow 

velocities for the air case, as shown in Figure 4.11a. This tendency intensifies in the case 
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of water, as illustrated in Figure 4.11b. This adds another attractive merit to the C-DPHE 

configuration. 

 The effectiveness and/or sustainability of this configuration is captured by means 

of employing the performance factor (PF). It is defined as the ratio of the total rate of heat 

exchanged over the total pumping power required for C-DPHE to that of the plain one 

(Cr = 0), which can be presented as follows: 

PF =
𝑄 𝑊𝑃⁄

𝑄∗ 𝑊𝑃∗⁄
 (4.16) 

 The heat exchanger performance is better when this factor is higher than one [39]. 

Figure 4.12 highlights the performance factor versus the contraction ratio for different inlet 

Reynolds numbers. Moreover, an optimal value for the performance factor, which depends 

on a certain contraction ratio and the examined Reynolds and Prandtl numbers, has been 

observed. It is apparent that the C-DPHE has an outstanding thermal hydraulic performance 

compared to the traditional one. This improvement in performance is much better at low 

Reynolds numbers, which is consistent with the concept addressed in Figure 4.11, since 

the rate of transferring heat in the C-DPHE is higher compared to the pumping power 

required to operate this heat exchanger which stems from the low flow velocities at those 

Reynolds numbers. On the other hand, it is noticed that after a certain value of contraction 

ratio, the performance becomes worse which is due to the fact that increasing the 

convergence of the flow outlet over a certain value brings more pressure drop to the scene, 

and the enhancement in heat transfer cannot overcome the elevated increment in pumping 

power anymore. Furthermore, it is shown in Figures 4.12a and 4.12b that the variation in 

Prandtl number influences the optimal contraction ratio, where the optimum performance 
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factor exists. In other words, this ratio morphs to a higher value with a higher performance 

factor in the water flow case compared to that of the air case. Again, it is mainly because 

of the reduction in water flow velocity, and hence the reduction in required pumping power 

in comparison with the air flow case at the same Reynolds numbers. As such, the best 

contraction ratio that provides the optimum performance for the C-DPHE can be specified 

for each case. Namely, for the inlet Reynolds numbers of (200, 400, 600, 800, and 1000), 

the best contraction ratios are (0.235, 0.19, 0.15, 0.12, and 0.09) and (0.28, 0.225, 0.2, 0.18, 

and 0.155) for the air and water cases, respectively. Consequently, selecting the right 

contraction ratio plays a crucial role in achieving the optimal performance for the C-DPHE. 

 

4.5 Conclusions 

In the current study, the performance of a novel C-DPHE has been investigated and 

evaluated. The effects of contraction ratio, Reynolds and Prandtl numbers on the flow field 

and heat transfer throughout this configuration were examined. The following concluding 

remarks can be drawn: 

1- An excellent agreement has been exhibited between the validation results of our 

model and the available data from the literature. 

2- The overall heat transfer coefficient and pressure drop increase as the contraction 

ratio, Reynolds and Prandtl numbers increase. 

3- The C-DPHE provides a substantial enhancement in heat exchange up to 32% and 

23% for air and water cases, respectively. 
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4- The proposed heat exchanger does not require high operating pumping power since 

it is efficient at low Reynolds and high Prandtl numbers. 

5- The PF results affirm the superiority of the C-DPHE over the regular double pipe 

heat exchanger configuration. 

6- The optimum performance factor has been established in terms of the specification 

of the optimal contraction ratio, which is a significant aspect in designing this heat 

exchanger.  
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Tables and Figures 

 

 

 

 

 

 

 

Table 4.1 Grid distribution configurations examined in the present work. 

Grid distribution 

configuration 

Min. element 

size, mm 

Max. element 

size, mm 

Max. element 

growth rate 

Curvature 

factor 

1 0.0239 (0.00478) 0.538 (0.335) 1.15 (1.1) 0.3 (0.25) 

2 0.012 (0.00179) 0.418 (0.155) 1.13 (1.08) 0.3 (0.25) 

3 0.00478 (0.000239) 0.335 (0.0801) 1.1 (1.05) 0.25 (0.2) 

4 0.00179 (0.000239) 0.155 (0.0801) 1.08 (1.05) 0.25 (0.2) 

5 0.000239 (0.000239) 0.0801 (0.0801) 1.05 (1.05) 0.2 (0.2) 

Numbers, in the parentheses, indicate the grid characteristics near the boundaries. 
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Table 4.2 Comparison of the local Nusselt number results along the annular section compared with 

the results of Lundberg et al. [36, 37] for the air case at 𝑅 = 0.5, and Cr = 0. 

𝐑𝐞 𝒁⋆ (=
𝟒𝒛/𝑫𝒉

𝐑𝐞𝐏𝐫
) 

𝐍𝐮 

Present Work 

𝐍𝐮 

Lundberg et al. [36, 37] 

Deviation 

(%) 

200 

0.004 16.7097 16.4 1.888 

0.02 10.2588 10.1 1.573 

0.04 8.4899 8.43 0.710 

0.2 6.3608 6.35 0.170 

0.4 6.1938 6.19 0.062 

400 

0.004 16.6979 16.4 1.817 

0.02 10.1754 10.1 0.747 

0.04 8.4549 8.43 0.295 

0.2 6.3549 6.35 0.077 

0.4 6.1901 6.19 0.002 

600 

0.004 16.5731 16.4 1.056 

0.02 10.1559 10.1 0.554 

0.04 8.4487 8.43 0.222 

0.2 6.3551 6.35 0.081 

0.4 6.1904 6.19 0.007 

800 

0.004 16.5241 16.4 0.757 

0.02 10.1503 10.1 0.498 

0.04 8.4485 8.43 0.219 

0.2 6.3556 6.35 0.088 

0.4 6.1907 6.19 0.011 

1000 

0.004 16.4999 16.4 0.609 

0.02 10.1484 10.1 0.479 

0.04 8.4515 8.43 0.256 

0.2 6.3578 6.35 0.122 

0.4 6.1918 6.19 0.030 
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Table 4.3 Comparison of the local Nusselt number results along the annular section compared with 

the results of Lundberg et al. [36, 37] for the water case at 𝑅 = 0.5, and Cr = 0. 

𝐑𝐞 𝒁⋆ (=
𝟒𝒛/𝑫𝒉

𝐑𝐞𝐏𝐫
) 

𝐍𝐮 

Present Work 

𝐍𝐮 

Lundberg et al. [36, 37] 

Deviation 

(%) 

200 

0.004 16.4516 16.4 0.314 

0.02 10.1353 10.1 0.349 

0.04 8.4357 8.43 0.068 

0.2 6.3505 6.35 0.007 

400 

0.004 16.4348 16.4 0.212 

0.02 10.1390 10.1 0.386 

0.04 8.4382 8.43 0.097 

600 

0.004 16.4498 16.4 0.304 

0.02 10.1468 10.1 0.464 

0.04 8.4438 8.43 0.164 

800 

0.004 16.4639 16.4 0.390 

0.02 10.1587 10.1 0.582 

0.04 8.4522 8.43 0.263 

1000 

0.004 16.4919 16.4 0.561 

0.02 10.1725 10.1 0.718 

0.04 8.4622 8.43 0.382 
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(c) 

 

Figure 4.1 Schematic of (a) double-pipe heat exchanger adopted in the current study, (b) 

geometrical considerations, and (c) the two-dimensional (2D) axisymmetric model 

with boundary conditions.  
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(a) 

 
(b) 

Figure 4.2 The grid independence study results at Cr = 0 and Re = 800: (a) air case, and (b) water 

case.  
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(a) 

 
(b) 

Figure 4.3 Comparison of the local Nusselt number results along the pipe section with the results 

of Shah and Bhatti [35] at Cr = 0: (a) air case, and (b) water case.  
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Figure 4.4 Comparison of the pressure drop results along each section of the C-DPHE with the 

analytical solution for both air and water cases at Cr = 0.  
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Figure 4.5 Overall heat transfer coefficient versus the dimensionless length of heat exchanger for 

the air flow case at Re = 1000, Cr = 0.05, and 0.35.  
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(a) 

 
(b) 

Figure 4.6 Overall heat transfer coefficient at different inlet Reynolds numbers for various 

contraction ratios: (a) air case, and (b) water case.  
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(a) 

 
(b) 

Figure 4.7 Pressure drop variation versus the inlet Reynolds number for various contraction ratios: 

(a) air case, and (b) water case.  
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(a) 

 
(b) 

Figure 4.8 The rate of heat exchanged along the C-DPHE at different contraction ratios for different 

inlet Reynolds numbers: (a) air case, and (b) water case.  
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(a) 

 
(b) 

Figure 4.9 Total pumping power versus contraction ratio for different inlet Reynolds numbers:     

(a) air case, and (b) water case.  
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(a) 

  
(b) 

Figure 4.10 Heat transfer enhancement and total pumping power increase over regular DPHE 

versus contraction ratio at Re = 200, and 1000: (a) air case, and (b) water case.  
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(a) 

 
(b) 

Figure 4.11 Heat transfer enhancement along with the resulting total pumping power increase for 

various contraction ratios: (a) air case, and (b) water case.  
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(a) 

 
(b) 

Figure 4.12 PF versus the contraction ratio at different inlet Reynolds numbers: (a) air case,           

and (b) water case.  
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CHAPTER FIVE 

Conclusions 

 

In the current work, the thermal and hydraulic characteristics of a convergent pipe, a 

concave/convex isothermal convergent pipe, and a novel convergent double-pipe heat 

exchanger (C-DPHE) have been investigated and evaluated. The effects of convergence 

angle, pipe wall profile, volume fraction of nanoparticles, contraction ratio, as well as 

Reynolds and Prandtl numbers on the flow field and heat transfer throughout these 

configurations were examined. The following can be inferred: 

1. Increasing convergence angle, Reynolds number, concavity of the convergent pipe 

wall, volume fraction of nanoparticles, and the contraction ratio augments the heat 

transfer. 

2. The concave wall profile of the convergent pipe shows a prominent enhancement 

in heat transfer up to 41%; while, the convex wall profile provides a sustainable 

and superior performance factor up to 22.3% increase compared to a straight wall 

profile. 

3. A modest rise in heat transfer and pressure drop has been observed when the 

nanoparticles volume fraction increases; thus, the addressed configuration 

improvements play a crucial role in augmenting heat transfer more than employing 

nanofluids. 

4. The convergent double pipe heat exchanger (C-DPHE) has a prominent and 

sustainable performance, compared to the conventional double pipe heat exchanger 
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(DPHE), with a 32% enhancement in heat transfer rate and a 20% increase in 

performance factor. 

5. The C-DPHE is quite effective and functional at low Reynolds and high Prandtl 

numbers, respectively, since no high operating pumping power is required. 

6. The optimal operating conditions of the C-DPHE can be established utilizing the 

comprehensive information provided in this work. 

 




