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Achieving Sub-Hz Frequency Symmetry in
Micro-Glassblown Wineglass Resonators

Doruk Senkal, Student Member, IEEE, Mohammed J. Ahamed, Member, IEEE,
Alexander A. Trusov, Member, IEEE, and Andrei M. Shkel, Senior Member, IEEE

Abstract— We demonstrate, for the first time, sub-1 Hz fre-
quency symmetry in micro-glassblown wineglass resonators with
integrated electrode structures. A new fabrication process based
on deep glass dry etching was developed to fabricate micro-
wineglasses with self-aligned stem structures and integrated
electrodes. The wineglass modes were identified by electrostatic
excitation and mapping the velocity of motion along the perimeter
using laser Doppler interferometry. A frequency split (! f ) of 0.15
and 0.2 Hz was demonstrated for n = 2 and n = 3 wineglass
modes, respectively. To verify the repeatability of the results, a
total of five devices were tested, three out of five devices showed
! f < 5 Hz. Frequency split stayed below 1 Hz for dc bias
voltages up to 100 V, confirming that the low frequency split
is attributed to high structural symmetry and not to capacitive
tuning. High structural symmetry (<1 Hz) and atomically smooth
surfaces (0.23 nm Sa) of the resonators may enable new classes
of high performance 3-D MEMS devices, such as rate-integrating
MEMS gyroscopes. [2013-0209]

Index Terms— Micro-glassblowing, wineglass resonator, 3-D
MEMS, degenerate wineglass modes, structural symmetry.

I. INTRODUCTION

MOTIVATED by the proven performance of macro-scale
Hemispherical Resonator Gyroscopes (HRG) [1], there

has been a growing interest in 3-D MEMS wineglass resonator
architectures for use in timing and inertial sensing applications.
Wineglass architectures may enable a new class of high per-
formance dynamic MEMS devices due to potential advantages
in symmetry, minimization of energy losses and immunity to
external vibrations [1].

However, wafer-scale fabrication of smooth, symmetric and
high aspect ratio 3-D structures through micro-machining
processes remains to be a challenge. For example, rate inte-
grating gyroscope performance relies heavily on the stiffness
asymmetry (! f ) and damping asymmetry (!τ ) between the
two degenerate modes [2]. For macro-scale rate integrating
gyroscopes this frequency symmetry is obtained through a
combination of precision machining processes (10−6 relative
tolerance) and post fabrication trimming of the resonators [1].
Whereas conventional micro-machining processes are gener-
ally associated with low relative tolerances (10−2 − 10−4
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relative tolerance) and flat structures. Factors such as mold
non-uniformity, alignment errors or high surface roughness
and granularity of deposited thin films have so far prevented
fabrication of high precision 3-D wineglass structures using
MEMS techniques.

Several examples of MEMS wineglass resonators have been
reported in the literature. In [3] hemispherical shells were
fabricated by thermally growing oxide in isotropically etched
cavities lowest as-fabricated frequency split was measured
at 94 Hz. In [4] diamond hemispherical shells were also
fabricated, using micro-crystalline diamond deposition into
hemispherical molds, a frequency split of ∼770 Hz was
observed at ∼35 kHz center frequency. In [5] a similar process
based on deposition of silicon nitride thin films and isotropic
etching of silicon has also been explored, minimum etch non-
uniformity of 1.4 % was observed inside the molds due to
the crystalline orientation dependent preferential etching in
silicon. This effect may be a contributing factor in frequency
asymmetry observed in [3] and [4]. Alternative fabrication
techniques include thin film deposition onto high-precision
ball bearings [6], blow-molding of bulk metallic glasses [7]
and blow-torch molding of fused silica [8]. Q-factors as
high ∼300.000 were observed on blow-torch molded devices
with relative frequency splits (! fn=2/ fn=2, ratio of frequency
split between the two degenerate modes to central frequency)
varying between 0.24 % and 4.49 % [8]. A ∼2× variation
in central frequency was also observed, which was associated
with variations in molding duration and the consequent thick-
ness variation.

In this paper, we explore an alternative approach under the
hypothesis that surface tension and pressure driven micro-
glassblowing paradigm may serve as an enabling mech-
anism for wafer-scale fabrication of extremely symmetric
(! f < 1 Hz, ! fn=2/ fn=2 < 10 ppm) and atomically smooth
(0.23 nm Sa) 3-D wineglass structures. Micro-glassblowing
process relies on viscous deformation of the device layer under
the influence of surface tension and pressure forces to define
the 3-D shell structure as opposed to conventional deposition,
molding or etching techniques. During the brief duration while
the device layer is still viscous, surface tension forces act
on the 3-D shell structure at an atomic level to minimize
surface roughness and structural imperfections. Our hypothesis
is that this may lead to levels of smoothness and structural
symmetry that is not available through conventional fabrication
techniques.

Micro-glassblowing of borosilicate glass for fabrication of
spherical shell structures has previously been demonstrated
by [9]–[11]. The micro-glassblowing process has also been
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Fig. 1. Packaged and wirebonded micro-wineglass resonator. Diameter
4.4 mm, thickness 50 µm.

demonstrated on low internal-loss materials such as Ultra Low
Expansion Titania Silica Glass (ULE TSG) and fused silica at
temperatures as high as 1700 °C [12], [13]. Characterization
methods to identify wineglass modes were later presented
in [14] by using assembled electrode structures and mechanical
stimuli. Mechanical characterization using the piezo-pinger
setup with optical pick-off showed a frequency split of ∼28 Hz
on n = 2 degenerate wineglass modes [14]. This paper
focuses on improvements in fabrication process to incorporate
in-situ electrode structures, Fig. 1, [15] as well as further
improvement in as-fabricated frequency split, demonstrating
! f < 1 Hz. This demonstration supports our hypothesis
that surface tension and pressure driven micro-glassblowing
process results in highly symmetric micro-wineglass struc-
tures.

In the following sections, we will first present application
of frequency symmetry scaling laws to MEMS wineglass
resonators. This will be followed by effect of surface ten-
sion forces on micro-glassblown resonators in Section II-A
and factors affecting frequency symmetry in Section II-C.
In Section III we will present improvements in fabrication
process to incorporate in-situ electrode structures to the micro-
glassblown resonators as well as further improvement in as-
fabricated frequency split. In Section IV we will present the
frequency symmetry characterization results from 5 wine-
glass resonators. The paper concludes with a discussion of
the results and ! f comparison between multiple micro-
glassblown wineglass resonators, Section V.

II. DESIGN FOR HIGH FREQUENCY SYMMETRY

A. Frequency Symmetry Scaling Laws in Micro-Scale
Hemispherical Resonator Gyroscopes (HRGs)

Compared to macro-scale HRGs [1], MEMS wineglass
resonators have orders of magnitude smaller dimensions, both
in shell thickness and diameter. This act of miniaturization
requires fabrication processes with very demanding absolute
tolerances in order to obtain the required frequency symmetry.
In this section, HRG scaling laws are applied to MEMS sized
wineglass resonators to demonstrate the effect of miniaturiza-
tion.

Fig. 2. Mode shapes and minimal electrode configuration required for n = 2
(a) and n = 3 (b) wineglass modes. (+) and (−) signs denote, in-phase and
anti-phase motion.

The geometric imperfections of wineglass resonators can be
specified using Fourier series representation of the thickness
around the central axis of symmetry, Fig. 3 [16]:

h(ϕ) = h0 +
∞∑

i=1

hi cos i(φ − φi ) , (1)

where h(ϕ) is the thickness of the wineglass resonator along
its perimeter and Eq. 1 is the Fourier series representation
of h(ϕ) with respect to azimuth angle φ such that: h0 is the
average thickness and hi is the i th thickness harmonic. This
thickness variation will create a corresponding mass variation
around the central axis of symmetry of the wineglass resonator
according to [16]:

M(ϕ) = M0 +
∞∑

i=1

Mi cos i(φ − φi ) , (2)

where M0 is the average mass per unit angle and Mi is the
i th harmonic of the thickness variation.

For gyroscope applications the most commonly used res-
onance modes are the first two wineglass modes or the so
called n = 2 and n = 3 wineglass modes, Fig. 2. This is due
to the fact that lower order wineglass modes have higher
angular gain factors and lower resonance frequencies. Each
wineglass mode has two degenerate modes that are spaced
45° and 30° apart for n = 2 and n = 3 modes respectively.
For very low fundamental frequency splits, the degenerate
mode pair becomes indistinguishable. Any coriolis input into
the resonator causes the mode shape to rotate at an angle
proportional to angle of rotation. Rate integrating gyroscopes
operate by directly measuring this angle.

It has been shown in [17] and [18] that a fundamental
frequency split in these degenerate modes will be observed
only if there is a thickness variation on i = 4 or i = 6
harmonics, respectively (only if i = 2 n). This fact makes
the wineglass resonators robust to frequency asymmetries. For
example, any imperfection in the 1st, 2nd or 3rd thickness
harmonics will have no effect on the frequency symmetry of
the n = 2 wineglass mode (see the Appendix).

When the 4th thickness harmonic is not zero, the contribu-
tion to the fundamental frequency splitting of n = 2 wineglass
mode becomes linearly proportional to the 4th harmonic of the
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Fig. 3. Polar plots showing the first 4 thickness harmonics of thickness imperfections. Only the 4th thickness harmonic affects the frequency symmetry (! f )
of n = 2 wineglass modes. (a) 1st harmonic. (b) 2nd harmonic. (c) 3rd harmonic. (d) 4th harmonic. (e) n = 2 wineglass modes.

Fig. 4. Plot showing wineglass thickness vs thickness imperfections in the
4th harmonic and resulting frequency split. Going from precision machined
wineglass resonators to micro-machined devices require 1 to 3 orders of
magnitude improvement in fabrication tolerances due to the reduction in
thickness.

shell mass and consequently the shell thickness [17], [18]:

! f ∼= f
M4

M0

∼= f
h4

h0
. (3)

The equation 3 sets the basis for the scaling laws for
frequency imperfections. Because of the thickness term in
the denominator, the resonator will become more susceptible
to frequency asymmetries as the thickness of the resonator
decreases. This effect is shown in Fig. 4 for a 10 kHz resonator.
The thickness axis is divided in 3 regimes from right to
left: macro-scale devices such as the Hemispherical Resonator
Gyroscopes [1], bulk micro-machined devices which have a
thickness range of 10 µm to 250 µm and surface micro-
machined wineglass resonators which have a thickness range
of 100 nm to 10 µm. As can be seen in Fig. 4 going from
macro-scale devices to MEMS wineglass resonators requires 1
to 3 orders of magnitude improvement in absolute tolerances
to obtain the same frequency symmetry (! f ).

B. Stability of Micro-Glassblown Structures

During micro-glassblowing, surface tension forces become
active for a brief duration. These forces work towards min-
imizing the surface energy of the resonator and as a result
mitigate the effects of imperfections, such as surface roughness
or structural asymmetry. However, if care is not taken, surface
tension forces can work towards unbalancing the resonator
by creating a pressure instability within the micro-glassblown
inverted-wineglass structure.

To analyze this effect we start with the Young–Laplace
equation for surface tension:

!P = 2 γ (
1
R1

+ 1
R2

), (4)

where !P is the pressure, γ is the surface tension coefficient,
R1 and R2 are the principal radii of curvature of an arbitrary
surface. The coefficient 2 on the right hand side comes from
the fact that the micro-glassblown structures have two interface
surfaces (inner and outer surfaces), as opposed to a single
interface surface such as a droplet of water.

The curvature of an inverted-wineglass structure can be
approximated as a hemi-toroid where the principal radius of
curvature becomes the major and the minor radius of the hemi-
toroid (R1 = R and R2 = r respectively). And the minor
radius of the hemi-toroid will depend on the height (l) of the
structure according to the following geometric expression:

r = l2 + r2
0

2l
, (5)

where r0 is the half-width of the trench opening.
Equation 4 and 5 can be combined to solve for surface

tension induced pressure difference with respect to l. Figure 5
shows results of this calculation for inverted-wineglass struc-
tures with R = 1 mm and r0 = 100 µm to 1600 µm.

It can be seen that !P has a local maxima for all designs,
which occur at r0 = l. Interpretation of this result is that the
surface tension forces will progressively increase and work
towards keeping the structure symmetric if the structure is
designed to have l < r0. However, if the shell is glass-blown
beyond l > r0, the surface tension forces will progressively
decrease. As a result any perturbation on the geometric shape
will be amplified by the further reduction in surface tension
induced pressure !P , creating an unstability within the micro-
glassblown structure.
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Fig. 5. Surface tension induced pressure differential depends on geometric
parameters such as cavity radius (r0) and height (l)). l = r0 marks the critical
Stable region for micro-glassblowing of inverted wineglass structures.

To summarize, in order to achieve high structural symmetry
and avoid surface tension induced instability during micro-
glassblowing, inverted-wineglass structures should be designed
to have l < r0.

C. Factors Affecting Frequency Symmetry

Fabrication process was optimized with two design goals
in mind: (1) batch-scale compatible fabrication process,
(2) elimination of process steps that can contribute to fre-
quency asymmetry. For compatibility with batch-scale fabrica-
tion, only standard MEMS processes were used in fabrication
of the micro-wineglass resonators: the process consists of
two lithography steps, three dry etch steps, one electroplating
and one sputtering step. The glassblowing is performed in a
standard rapid thermal annealing system, which can provide
uniform heating and cooling for up to 6′′ diameter wafers
(Heatpulse 610 RTA).

It has been found that edge defects and thermal/mechanical
perturbations during glassblowing are the primary factors
affecting the frequency symmetry of micro-glassblown res-
onators, Table I. These effects were eliminated by using an
improved dry-etch mask [19] and optimizing the glassblowing
conditions to have uniform temperature and gas flow. In order
to minimize the frequency asymmetry further, additional pre-
cautions were taken. Pick-and-place or wafer alignment steps
that can create misalignment and potentially contribute to
frequency asymmetry were eliminated. Contribution of mask
misalignment errors were also minimized by incorporating
only two lithography steps and using a self-aligned stem
structure. Both of the lithography steps were performed before
the micro-glassblowing step, while the device layer is still
two dimensional, Fig. 6(b). This eliminates the need for more
challenging patterning techniques such as 3-D lithography,
shadow masks or laser ablation of the 3-D structure. Finally,
anisotropic dry etching was used to define both the substrate

Fig. 6. Process flow for fabricating micro-glassblown wineglass resonators
with integrated electrodes. (a) Silicon subsrate is etched and glass device layer
is bonded. (b) Glass layer is etched, defining the perimeter and electrodes.
(c) Wafer stack is glassblown creating the 3-D shell structure. (d) Silicon is
etched using XeF2 to release the wineglass structure. (e) A thin metal layer
is blanket coated using sputtering.

cavity and the outer perimeter of the structure, eliminating etch
asymmetries that may occur due to crystalline orientation of
silicon [5].

III. FABRICATION

In order to fabricate the micro-wineglass resonators, first
cylindrical cavities with a central post were etched to 250 µm
depth on a 4′′ silicon substrate wafer using DRIE, Fig. 6(a).
Then, a thin glass layer (100 µm) was anodically bonded onto
the silicon substrate. Anodic bonding was performed using a
DC voltage of 600 V and a load of 100 N at 400 °C. The glass
layer was bonded to the substrate along the perimeter of the
cylindrical cavity and at the central post, hermetically sealing
atmospheric pressure air within the cavities. This was followed
by deep glass dry etching to define the outer perimeter of the
wineglass resonator and central via hole, Fig. 6(b). Capacitive
gaps and individual electrodes as well as the central via hole
were defined at this step. The glass etching was performed
using a magnetic neutral loop discharge plasma oxide etcher
(ULVAC NLD 570 Oxide Etcher) [19]. A ∼5 µm thick
low-stress electroplated Cr/Ni hard-mask was used to etch
the 100 µm deep trenches. This was followed by micro-
glassblowing of the wafer stack at 875 °C inside a RTA system,
where the glass layer becomes viscous and the air inside the
cavity expands, creating the 3-D shell structure, Fig. 6(c).
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TABLE I

SUMMARY OF FABRICATION DEFECTS AND REDUCTION APPROACH

Fig. 7. SEM image of a stand-alone micro-wineglass structure after release.
Diameter 4.4 mm, thickness 50 µm.

Fig. 8. Metallized micro-wineglass structure with integrated electrodes.
Diameter 4.4 mm, thickness 50 µm.

Once the 3-D micro-glassblown structure forms, the wafer was
rapidly cooled to room temperature for solidification. During
the micro-glassblowing step, the perimeter of the wineglass
structure and the planar electrodes do not deform as there is
no etched cavity under these structures, enabling lithographic
definition of the capacitive gaps. The next step was XeF2
etching of the substrate underneath the glass layer in order to
release the wineglass resonator along its perimeter, Fig. 6(d).
XeF2 was chosen because of the extremely high glass to
silicon selectivity (as high as 1:1000 selectivity). Once the
etch was complete a free standing micro-wineglass structure
with a self-aligned stem structure was obtained, Fig 7.

Final step of the fabrication process is blanket metallization
by sputtering, Fig. 8. A 30 nm sputtered Iridium layer was
chosen for the metal layer, because of high conductivity,
corrosion resistance and the ability to apply without utilizing
an adhesion layer (such as Cr or Ti). The metal layer coats
the top surface of the resonator shell, the side walls of the

Fig. 9. Laser Doppler Vibrometer was used to scan along the perimeter of
the wineglass to map the mode shapes associated with X forcer and Y forcer
electrodes.

capacitive gaps as well as inside of the central via hole.
However, directionality of the sputtering process prevents the
metal layer from coating the undercut created by the XeF2
etch, electrically isolating the electrodes and the resonator,
Fig. 6(e). Electrical feed-through to the resonator was obtained
through the central via structure, which connects the resonator
to the substrate.

IV. TESTING AND CHARACTERIZATION

In order to experimentally identify the mode shapes
associated with different resonant frequencies, the wineglass
resonator was excited electrostatically using the integrated
electrode structures. The amplitude of motion at different
points along the outer perimeter was mapped using laser
Doppler vibrometry, creating a representation of the mode-
shapes associated with different resonant frequencies, Fig.
9. This was accomplished by moving the laser spot along
the perimeter while driving the resonator with two different
sets of electrode configurations for each degenerate wineglass
mode, Fig. 10. For n = 2 wineglass mode, 4 electrodes
were used for each degenerate mode with 45° angle between
the two electrode sets. Two of the electrodes were driven
in anti-phase, this electrode configuration excites the n = 2
wineglass mode selectively, while suppressing all other modes.
For n = 3 mode, a single electrode was used for each
degenerate wineglass mode. Excitation using a single electrode
was necessary, as a balanced excitation using 2 or 4 electrodes
inherently suppresses the n = 3 mode. A DC bias voltage
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Fig. 10. Measured velocity amplitude distribution (mm/s) identifying.
(a) n = 2 and (b) n = 3 wineglass modes.

Fig. 11. Experimental frequency sweeps of n = 2 and n = 3 wineglass
modes, showing ! f = 0.16 Hz and ! f = 0.20 Hz, respectively.

of 100 V and an AC drive voltage of 5 V was used in all
experiments (VDC = 100 V and VAC = 5 V). Large drive
voltages used in this experiment were due to large capacitive
gaps of the current prototypes (> 30 µm).

Fig. 12. Frequency split vs DC bias, showing that the frequency split is
within 1 Hz independent of DC bias (DC bias was varied between 20–100 V
with 20 V increments).

Fig. 13. Frequency sweeps of n = 2 mode of 4 additional wineglass
resonators, showing f values in the range of 1.76 Hz to 21.08 Hz.

For device #1, center frequencies of degenerate wineglass
modes were identified at 27389 Hz and 64583 Hz for n = 2
and n = 3 wineglass modes, respectively, Fig. 11. Frequency
splits between the two degenerate modes were measured by
fitting a second order system response onto the frequency
sweep data of each degenerate wineglass mode. For the device
#1 highlighted in these measurements, frequency split (!f) of
0.15 Hz and 0.2 Hz were observed for n = 2 and n = 3
wineglass modes with 95% confidence levels at 0.23 Hz for
n = 2 and 0.3 Hz for n = 3, Fig. 11. In order to estimate the
contribution of electrostatic spring softening effect, DC bias
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TABLE II

TABLE SUMMARIZING FREQUENCY SPLITS AND CENTER FREQUENCY OF

5 DIFFERENT MICRO-WINEGLASS STRUCTURES

voltage was varied between 20 V–100 V, frequency split stayed
below 1 Hz for both modes, attributing the low frequency
split to high structural symmetry and not to capacitive tuning,
Fig. 12.

In order to verify the repeatability of the results, four
other wineglass resonators were characterized using the same
method described above. Three of the five wineglass resonators
had frequency split less than 5 Hz, one less than 10 Hz for
the n = 2 wineglass mode, with one outlier at ! f ≈21 Hz,
Fig. 13.

V. CONCLUSION

Micro-glassblown resonators with integrated electrode
structures were fabricated. Electrostatic excitation of micro-
glassblown resonators using integrated electrode structures
were experimentally demonstrated for the first time. Integrated
electrode structures within the glass device layer eliminate the
need for additional assembly steps and misalignment errors
between the resonator and the electrodes. In addition, by using
the same material for the resonator and the electrodes, thermal
stress effects due to thermal expansion mismatch are reduced.

Identification of the mode shapes using laser Doppler
vibrometry revealed frequency splits as low as < 1 Hz at
∼ 27 kHz center frequency on device #1, giving a relative
frequency split of ! fn=2/ fn=2 < 10 ppm (or 0.001 %). Three
of the five wineglass resonators had frequency split less than
5 Hz, one less than 10 Hz for the n = 2 wineglass mode, with
one outlier at ! f ≈21 Hz, Table II.

The focus of this study was on frequency symmetry of
micro-glassblown resonators, for this reason borosilicate glass
was used as the resonator material. As expected, low Q-factors
(several thousands) were observed due to the high internal
dissipation of borosilicate glass. Also, large capacitive gaps
were used for electrostatic transduction, due to challenges
associated with deep glass dry etching, which required use
of high DC bias voltages for excitation. Future research
directions include high-Q materials such as ULE TSG / fused
silica for the resonator material as well as smaller capacitive
gaps in order to achieve high performance rate-integrating
gyroscope operation. ULE TSG / fused silica glassblowing
process previously demonstrated by the authors [12], [13]
and a high temperature substrate such as tungsten may help
achieve the Q-factors required for rate-integrating gyroscope
operation. Improved dry etching performance of 7:1 aspect
ratio also demonstrated by the authors [19], coupled with a
thinner device layer is expected to provide smaller capacitive
gaps and improved electrostatic transduction.

Fig. 14. Sketch of an ideal wineglass (perfectly spherical), showing θ as the
angle along the central axis of symmetry and, φ as the secondary angle.

These results demonstrate the feasibility of surface tension
driven micro-glassblowing process as a means to fabricate
extremely symmetric and smooth 3-D wineglass resonators.
High structural symmetry (! f < 1 Hz) and atomically smooth
surfaces (0.23 nm Sa) of the resonators may enable new
classes of high performance 3-D MEMS devices, such as rate-
integrating MEMS gyroscopes and mode-matched angular rate
gyroscopes.

APPENDIX

To understand why only the 4th harmonic of the thickness
variation has an effect on fundamental frequency splitting
(! f ), we look at the vibrational kinetic energy of the res-
onator, which is used in Rayleigh-Ritz solution of the reso-
nance frequencies of wineglass geometries [20], [21]:

K0 = 1
2

rρh
∫ π/2

0

∫ 2π

0
(u̇2 + v̇2 + ẇ2) sin φdθdφ, (6)

where u̇, v̇ and ẇ are the velocity terms, which are repre-
sented as:

u = U(φ, t) sin(nθ), (7)

v = V (φ, t) sin(nθ), (8)

w = W (φ, t) sin(nθ), (9)

and r is the radius of an ideal wineglass ρ is the density of
the material, θ is the angle along the central axis of symmetry
and, φ is the secondary angle, Fig. 14.

However, above equations for vibrational kinetic energy
assume a perfectly symmetric geometry with no thickness
variation. If we derive the same equation for an imperfect
wineglass resonator with a thickness variation as in equation 1,
then the kinetic energy equation will become:

K = 1
2

rρ
∫ π/2

0

∫ 2π

0
(u̇2 + v̇2 + ẇ2) h(ϕ) sin φdθdφ. (10)

The difference between kinetic energies of the ideal wine-
glass resonator in equation 6 and the one with thickness
variations in equation 10 can be summarized as:

K = K0 + Kunbalance. (11)

The Kunbalance term, which is the difference in kinetic
energy due to thickness variations becomes:

Kunbalance = 1
2

rρ
∫ π/2

0

∫ 2π

0
A B sin φdθdφ, (12)
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where A is a collection of velocity terms and:

B = hi sin(2nθ) sin(iθ). (13)

Index i is the thickness harmonics under consideration. The
B term is the focus of the analysis, as it will make the whole
integral (and consequently Kunbalance) equal to zero if 2n ̸= i .
In other words, only thickness variations with harmonics at
2n = i can cause changes in the kinetic energy (and frequency)
of the wineglass.
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