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ABSTRACT

The interrelationship of TQ' TQ*, and TR, all of which

"have been used by various authors to describe the relaxation

/

of branch imbalance, is critically reviewed with emphasis on the

tractable case of disequilibrium gene:ated by low voltage

tunnel injection and on the phy51cal ba51s for the dlfferences

among the various times.
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A tunneling current from a normal metal into a super-
conducting film generates a potential difference V between
pairs and quasiparticles in the superconductorl. The guasi-
particle potential can be sensed by a second normal metal
film coupled via a tunnel barrier to the reverse side of the
superconductor{ Sincde the pair chemical potential remains
conétantvtﬁroughout the superconductor, V is conveniently
measured relative to a second probé (normal 6r superconductiﬁg,
tunheling or metalli;)‘coupled to th; superconductor at a

, v 5
point far from the injection region. Tinkham and Clarke (TC)

and Tinkham3 (T) showed that

v = Q*/ZeN(O)gNS ) : (1)

Here, gNS(T) is the measured normalized conductance of the probe

junction in the limit eV << kBT' and N(O) is the density of
-{'.1-, *
states for electrons of one spin. The quantity eQ 1is the net

quasiparticle charge per unit volume, with
©
* ; ' )
Q = Efqu = 2N(O) g(fk>-fk<)dEk ’ (2)
' A

where fk is the occupation number of the state k, k> and k<
2 2.1/2 :
refer to states of energy Ek = (A +€k) ~with k>ﬂkF and

k < kF' respectively, and

_ 2 2 2 2.1/2 -1 ‘ ‘
- - : et —
q e /E = u -V +(E. - A7) /B, = iN_T(E ) (3)
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is the effective charge of a quasiparticle in the state k.
In E (3) u2(E ) = v2(—€ ) = l(1+E /E.) and N (E, ) is
A-220 By ey k' Sk’ T2 k/Fx’’ s 'k
the normalized BCS density of states. {Here; and throughout
the paper, we neglect all rounding of the BCS density of states. ]
* :
Thus, Eq.(l) implies that Q can be consideréd to be a directly
measurable quantity, apart from the usual material parameter N(O) .

T)

*
One wishes to interpret measured values of Q (I, _.,V. .,
. in) inj

in terms of an injection rate and an appropriate relaxation

time. In their original work, TC considered an injection rate

éinj and relaxation time TQ of the quasiparticle number branch
Aimbalancer defined by : , J
- :
Q= E)fk>—]§<fk< = 2N(O)S-Ns(Ek)(fk>-.fk<)dEk - (4)
A

which differs from Q* in that it does not take account of the
fractional effective éharges. Subsequently, Schmid and Sch6n4
(SS), and, later still, Eckern and Sgbéns (ES) calculated
these (and other) effedts‘using a d;;crigﬁlon that ipvolve§V4&
electrons rathef than quasiparticles. in this éicture, the
total injected curreht (without regard to its quasiparticle
co@position) is taken as the source.of the éffect, and the

¢characteristic time T

R is proportional to the ratio of V

. . X 6
"to this total current. More recently, Pethick and Smith (PS)

" introduced an alternative approach using the qﬁasiparticle
. ‘ . ox

description in which they consider the injection rate Qinj

: *
and relaxation time Tq = TQ* of the charge imbalance Q .
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The purpose of this Comment is to make completely explicit

Q

experimentally measureable quantities. This is done by drawing to-

the interrelationship among TQ’ T %, and IR,_and their relation to

gether results from the literature, and discussing in parallel the

physical basis for the different approaches. We conclude, in agree-

ment with PS, that T * is a more_appropriate.time than TQ and should

Q

supersede it, whereas TR refleéts a differen£ conceptual point of
view. For clarity, we confine almost the entire discussion to

the anélytiéally tractable éase of 1ow'voltagg injection, where
evinj<<'kBT° We also comment on .the felétion bgtween the measu;ed

'relaxation times and the quasiparticle lifetime.

The three schemes outlined above can be expressed as

follows:

™%
3

Q = (Iinj/eQ)TR (ss) (5)
* o oF * ' : 6
Q= Q. 5To* (PS) - (6)
* % (4 \

and Q = (Q /Q)QianQ ' (TC) (7)

15
.:1:9,
PR

where  is the volume of the non-eqﬁilibrium region, and'we'“u

l.e.

: *
n of PS with Q .

have identified the 89Q

In Eq.(5), Iinj is the total electric current injected;

(o]
NN : «
Iinj = — NS(E)[f(E-eVinj) -f(E+eVinj)]dE | (5a)
A
> G._.V { (—'E)N (EYAE] = G .V Y (T) (5b)
NN inj dE s ~ NN inj
' A

(ev, . <<k T) .
: inj B

[pe—"



' Here, GNN is the tunnel conductance with both metals in the
normal state. Note that the Yosida7 function ¥Y(T) is the same
as gNS'for the ideal BCS case. We use the notation ¥ to avoid

confusion with the meashred,gNs of the probe junction which

appearsvin Eq.(1).

o % i ’ .
In Eqg.(6), Qi . is the rate of injection of net quasi-

particle charge, shown by Pethick and Smith to be

[<<]
G v :
3 - _NN -1 - -
Qinj = ezﬂ N (E)[f(EV evinj) f(E+eVinj)]dE ‘(6a)
A
G. .V : _ G..V I _ '
NN inj _9f, -1 - _NN inj _ 2 _inj
> =0 [2 ( aE)NS (EYAE] = =y Z(T) 7 =0 (6b)
A | .
) Jlev, << kgT) .

N ‘ 3 j
Note that this 2 (T) is identical with the f(T) of He literatures,
but we prefer a different notation to avoid confusion with the

e IR

Fermi function.

In Eq.(7), éin' is the rate of injection of branch im-

balance, found by Tinkham and Clark_e2 to be

G C . _ :
9, . = I;N g[f(E-eV. ) - £(E +ev, .)]AE (7a)
inj %0 _ v inj inj v
' A
G, .V. ¢ G,V g I o
NN inj ;  of - _NN inj _ 2£(A) “inj
> ——g L2 S (- 5g)aE] = —_g [2£(0)] = =5 o) (7b)
A
(evinj<< kBT),

The reasons for considering the several schemes can be

summarized as follows. Equation (5),haé the advantage of



defining T, in terms of a strictly measurable quantity

R

T = QgNév/Iinj' Equation 16)'deals most straightforwérdly

* ‘ ‘ :
with the central quantity Q@ . Equation (7) is appropriate if
one focuses on the branch imbalancé Q0 rather than the

fractional-charge-weighted imbalance Q*. Historically, Eq.(7)
was the first approach used 1_3, but here we sup?ort the pro-

posa1 of PE that it be superseded by Eq.(6).

We consfdgr in detail only the case of.iow injection
volfage; evinj<< kBT)Qhere the responsévQ*(i.é.‘V) is linea?
in Iinj' and caﬁ be calculated explicitly. Then, tﬁe con-

sistency of Egs.(5), (6) and (7) requ1res the following relations

between the various relaxatlon tlmes and the measured quantity U:

-2z =Q__2f_(_A_)_ t_ efg
T Y‘l‘* g T TQ—I

‘g :
= 2e%N(0) [—'I—N—S—] = 2¢°N(0) L
inj inj

s, (€V, << k_T). (8)
RN 2 B SR
[At higher injection voltages, the factors relating the. times
would have to be replaced by the more genefal:fo:ms from
h. ) . Q* .
w léh they were derived, namely (Z/Y) by (eQQinj/Iinj) and
2£(A) /Y by (eQQ /1 ).] The ratio 2/Y, which determines

inj inj

T /TQ* for this low voltage injection case, is a well-defined
function of T, Wthh reduces to 1 at T and to (k T/A) at low

temperatures (see Appendix). It is plotted in Fig.l.



To find the felation of TQ to TQ* and_TR, oné must obtain

a value for Q*[Q, which depends on the distribution of non- .
equilibrium quasipa:ticlés. For the preéenﬁ case of low-
voltage injéct;on, and espééially near.Tc where TR::TQ*:'H2>>TE’
if seems plausiblé thaf the energy distributions should be
chargcterized by Fermi distributions_with shifte& chemical
potentials. In the original Tinkham~-Clarke work, it was

assumed that the two branches of the quasiparticle spectrum‘
ﬁere described by independent>chemiéa1 potentials, suéh_that
E, was measﬁred~re1ativé to pu> and u<‘for'k>-ké.and’k<<kﬁ;

k

respectively. In that'case,vit follows that
_ of :
§fs - 6f¢ T (- 8_E) Qs> = ue) . . 92

With this form for (6f>*-6f<),:it.is-easy to show that

Q*/qQ = 2£(A)/Y. Thus for eV;n; << kT, ome finds T [T % =

_ B, Q" 'Q
Y(T}Z(T)[[Zf(A)]z, which ranges from 1 'at T = T, to /2 e
at T=0, ﬁowever, in the more recent work of PS, it i?
argued that it is more physically reasonable to Qeasure €x
(rather than Ek),for both k; and k¢ states relativevtp a
siﬁgle sﬁifted chemical botentiallu, so that.E= [Az-i»(e-?ﬁu)z]l/2
where 8§y 1is the change of yu relative to the pai;nche@ical potential,us.

This causes a change in occupation number

3

[a)]
Q

E

- YERE . (-3 E

o

so that

5%, - 8fc = 2(- 95) J—gisu ) (10)



In Eq.(l10), we have replaéed |€-—6p| by lel, since‘éu'is véry
small. A distriﬁution of non-equilibrium electrons similar

to Eq.(10) is also found in the work of Schmid and Schén, and

in the numerical solution to the kinetic‘equation reported by

' Chi and Clarke9 for the case of high voltagé injection, [Note that

§f, of S8 is (e/E)Sf in our notation.] With the form given in Eq.(10),

~one finds Q*/Q==Z(T)j2f(A),vso;that, from Eq.(8), at least in this

limit of low voltage injection,m = T * foralltemperatureslo.

Q” 'q |
In the more general case of eV, . >k, T and A>k T,
; inj ~ B ~ B

there is no simple expression for Q*/Q, although the computer
result of Chi and Clarke suppofts the notion that Z(T)/2£(A)
may be a good approximation quite generally. In view of this
uncertainty, and because the case for using Eq.(10) seems
persuasive, it seems preferable to simply abandon the TQ

scheme in favor of the T % scheme, as was suggested by Pethick

Q

and Smith, and hereafter to concentrate on a comparison of the

TQ* and Té'approaches, where a real difference of viewpoint exists.
We have already seen that near Tc’ where A << kBT, the
. : C % ’
difference between I. ./eQ and Q. . and hence between T, and
“inj . '1in) _ : R

T % is small. At lower temperatufes the factor ezlEz,»which

Q

. . e o . % : ‘

is different ;n Fhe expressions for Qinj [Eq.(6b)]'and Iinj/én
*

[Eq.(5b) ], has Fhe effgct that Qinj falls below Iinj/eQ by .

the factor Z/Y plotted in Fig. 1l . At low temperatures this

ratio becomes::kBT/A (see Appendix). As a result, the

-



inferred value of T will be a factor Z/Y lower than the

R

inferred value of T.*% for the same experimental data. This

Q

difference in definition of t_  and TQ*; stems from the

R
conceptual difference in tﬁe_description.usgd by TC and PS
compared to that used by SS. 1In the»SS.fo£ﬁu1ation, the
entire injection current Iinj appears as a source for a
quasiparticle charge (no factor €2/E2). However, near the

gap edge the charge is very rapidly converted into a super-

current at a rate [Es (28)1]

1 _Me 4% )
T : Ny ~— 2T ' :
conv, 1 £ E :

which diverges at the(gap. [The notation here follows SS and

ES. N, is the density of states and N, describes the quasi- -

1
particle-pair conversion as indicated by this equation. For
further details, the reader should ¢onsult the originalpapersa’s’ll.]

Adding to' this term the "scattering out".rate zllrE; we,fin&

an energy—depeﬁdent‘ra;e (Ezlez)/TE; Thug, while in thé TC-PS
‘pictufé the injection rate is reducéd by a factor ezlEz, in .
~the SS'aépfdach the conQersiOn rate is enhanced over the
electrdn—phonon scattering rate'byba factof Ezlez. The
resulting stationary quasiparticle distribution functions are

the same in‘botﬁ.approaches [Eq.(10)]. The difference seems

to be mainly semantic, at least in the steady-state situation.

In practical experiments at low temperatures, the injection

voltage is normally largecompafedwwith.A[eihxorder that'éuffigient

‘current be injected to give measurable branch imbalance voltages. In



* .
that case, both Iinj and Qinj become non-linear functions of

Vinj as well as of T, and the inferred relation between TR

and TQ* also becomes a function of Vinj as well as T. A
particularly illuminating example is foundiin the work of Chi
and Clarkeg, in which the injected current is provided by an
s' -8 tunnel junctioﬁ. .In that case, there is a step increase

in Iinj when Vinj passes through (A +A')/e but no corresponding

change is observed in the measured probe voltage. Because the
entire increase in injected current occurs at the gap edge,

where the effective charge sk/Ek is éeroy there is no change in

*
Qinj at the step, and hence the experimental result implies that

TQ* also holds constant through the step. By contrast, TR
A ! ’

must decrease abruptly to reflect the constant observed V in
the face of an abrupt increase in Iinj‘ This example shows:

that sdme gain in insight can be obtained by decomposing the
) YA .

. pee i
Schmid~5ch6n TR into two factors as TR = F TQ*

since the first factor is readily calculated and leaves a value

*

lnj/I ’T

(e0Q inj’ 7o

for T *»which is apparently relatively stable with respect to

Q

changes in injection conditions.’

- Having measured TQ* or T one would like to determine a

RI
value for the quasiparticle lifetime, TE(T), due to electron-
phonon collisions. In general, the inverse lifetime for a

quasiparticle of energy E is the sum of the scattering and

recombination rates:

*,
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T (T) = t~YE, ) + rYE,m . ' (12)
s r .

In particular, one is interested in the normal state life-

time at the Fermi energy and at Tc' TE;O(T‘)’ We can also

p
relate TE=O(TC) to the time To of Kaplan et 33.12 (K) by using
K(18) and.noting that, since T_l(O,T\) s T_l(O,T ),
‘ s c r c
-1 -1 -1 '
TE=O(TC)-_ 7C(3)To "8'4T° . o (13)

Very close to Tc' the relation between TQ* or TR and

TE=O(TC) is practically independent.of injection voltage4'6'l3:

1

(¥/z)t, = TQ* = 4k, TT o(Tc)/"Af , (14)

E=

At lower temperatures, the relationtof a measured value of

TQ* or:Ttho TE=A(T) depends on teﬁieréEﬁ%e and injection"
voltage, and, in genetal,»mustnbe determined by a computer
Ealculation. Such a calculation13 indicétes that Eq.{(14) is
accurate to within *15% for eVinj < 3A(T) and A i'kBT, an
accuracy ﬁhat is probably adequaté for most practical purposes.
The qomputations have also been e#tended to lower temperatures,
but we emphaéize that, in géneral,.elastic impurity scattering
in an anisotropic superconductor will make avéubstantial contri-
bution t& T;l or T;; , particularly at low temperatures whére it

eventually dominates. Also, magnetic impurities or an external

magnetic field, if present, can drastically reduce TR' Since



the results given in this paper pertain to,the case of in-
elastic phonon scattering only, they can be used only in the
absence of such magnetic pair~bfeaking perturbations, ?nd at
teﬁperatures high enough that the elastic séattering~anisotropy
mechanism is domiha;ed by the inelastic phonon one, This con~

sideration combined with the need for a reliable quantitative

theory implies that, in most practical situations, one can'obtain

reliable estimates of T (Tc) only from data taken in the limit

E=0
A Tl4

N

kB If one bears in mind these limitations, the absence
of phonon-trapping effects (which can be uncerﬁéinvto a factor
of ~2) gives this type ofvmeasurement a substantial advantage
over meésurements of effective recombination times or enexgy
relaxation times as a means of determining Ty Moreoyer, these
measurements have intrinsic interest as a unique example of a
type of transport phenomeﬁon in whigﬁ*tp?:ineléstic scatteging.

time is dominant, since (apart from gap anisotropy effects)

elastic scattering' is ineffective for relaking-branch imbalance.

N awd b
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APPENDIX

We define two integrals, and give

©

their asymptotic values:

/

Y(r)y = 2 S N_(E) (- -g—-é—)dE (A1)
A
> 1 75(2) (kA%)Z ceie. (A<< kT)
% B '
- -(ZTrA)IIZ_e-A[kBT (8 >>k.T) ;
kgT B
and )
z(1) = 2 SN;I(E)(-\ 2L)aE (a2)
] _
mA o, 7¢(3) , A |2 , '
> 1 - - + ( ) .. (A<<k,T)
Gk T 4m? kgl B
kyT : : |
> Y(T) (A>>kpT) .
where £(3) = 1.202..... . Strictly spéaking, Y and Z are

functions of (A/kT). They become

the BCS form of A(T).

functions of T if one takes
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10.
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FIGURE CAPTIONS

Fig. 1 The ratio Z/Y vs A/kBT. From Eq.(8), 2/Y = TR/TQ*,
for low injection voltages. -The quantities Y and 2

are defined in Egs.(5b) and (6b), and discussed further

in the appendix.
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