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94720, USA

Abstract

A technology for imaging extremely low photon flux is an unmet need, especially in targeted
alpha therapy (TAT) imaging, which requires significantly improved sensitivity to detect as many
photons as possible while retaining a reasonable spatial resolution. In scintigraphy using gamma
cameras, the radionuclide collimator rejects a large number of photons that are both primary
photons and scattered photons, unsuitable for photon-starved imaging scenarios like imaging TAT.
In this paper we develop a min-min weighted robust least squares (WRLS) algorithm to solve a
general reconstruction problem with uncertainties and validate it with the extreme scenario:
collimatorless scintigraphy. Ra-223, a therapeutic alpha emitting radionuclide whose decay chain
includes x-ray and gamma-ray photons, is selected for an exploratory study. Full Monte Carlo
simulations are performed using Geant4 to obtain realistic projection data with collimatorless
scintigraphy geometry. The results show that our proposed min-min WRLS algorithm could
successfully reconstruct point sources and extended sources in the collimatorless scintigraphy with
a resolution close to its system resolution and figures of merit (FOM) better than the collimator-
based scintigraphy for extremely low activity TAT. This approach could be expanded as a 3D
algorithm, which could lead to 3D collimatorless SPECT.
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Fig. S1: Projection profiles along x = 0 in Fig. 4.
Fig. S1: Projection profiles along y = 0 in Fig. 5.



1duosnuen Joyiny 1duosnuey Joyiny 1duosnuen Joyiny

1duosnuep Joyiny

Zheng et al. Page 2

1 Introduction

Targeted alpha therapy (TAT) provides a powerful technique for noninvasively and
selectively killing cancer cells [1]. Because of the high linear energy transfer and short
ranges of alpha particles emitted from radiopharmaceuticals, the advantages of TAT are
treating cancers effectively and locally with minimal damage to neighboring healthy organs
[6]. In order to have a better understanding of the /7 vivo biodistribution and
pharmacokinetics of the radiopharmaceuticals, and to calculate and optimize the internal
dose in tumors and organs at risk, quantitative and noninvasive imaging of TAT is important
[5, 10]. However, the injected activity should be low because of the high cytotoxicity of
alpha particles [5, 6]. Hence, the gamma-ray imaging of TAT represents a challenging
problem.

Scintigraphy using gamma cameras is one of only few feasible modalities for quantitative
and noninvasive imaging of TAT [10]. In a previous study, quantitative imaging of Ra-223
was performed utilizing gamma camera scintigraphy with a spatial resolution of 1.1 cm and
a sensitivity of 69 cps/MBq requiring a long acquisition time [5]. In terms of imaging
extremely low activity TAT, the radionuclide collimator in scintigraphy rejects a large
number of photons that are both primary photons and scattered photons, making it
unsuitable for any routine use in imaging TAT. For this reason, we postulated whether it is
possible to image TAT via scintigraphy with a very high-sensitivity collimator (i.e., large
holes) or even without a collimator. In collimatorless scintigraphy, photons coming from
different directions will overlap on the detector so that the detected photons’ spatial
information is mostly lost compared with collimator-based scintigraphy, resulting in
degraded spatial resolution. Thus it may require a nontraditional reconstruction algorithm.

The reconstruction problem could be formulated as when the system matrix and the
projection data are both uncertain. The uncertainty in the projection measurements could be
resolved by some expectation maximization (EM) algorithms or weighted least squares
(WLS) assuming Poisson or Gaussian statistics [3, 7, 11, 12]. The uncertainty in the system
matrix is intractable and the reconstructed image quality strongly depends on the accuracy of
the system matrix [3, 8, 9]. In previous well-established algorithms, including iterative
reconstruction algorithms, compressed sensing and dictionary learning based reconstruction
algorithms, the system matrix is regarded as a known and accurate priori [2, 3, 8, 9].
Assuming the system matrix subjects to a small variation from its theoretical value, the error
propagation effect was analyzed theoretically [9], and a min-max weighted robust least
squares (WRLS) algorithm was proposed to obtain stable image reconstruction by
minimizing the worst case caused by the uncertainties [8]. However, those algorithms are
suitable for reconstruction with small variations in the system matrix which mainly come
from statistical noises or imperfect collimator performances, but unsuitable for
reconstruction with large variations in the system matrix caused by undetermined or
unknown spatial information. Moreover, the min-max WRLS optimization may not always
guarantee an optimal reconstructed image because we want to optimize the reconstruction
based on the best estimation of system matrix instead of the worst one. Currently no study
has successfully resolved such an image reconstruction problem with a collimatorless
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geometry in scintigraphy. And the main challenge is that the system matrix is ill-conditioned
and has strong uncertainties due to a loss of detected photons’ spatial information, which
could not simply be approximated by the theoretical model under small perturbations.

Aiming at obtaining a robust reconstructed image with large or small uncertainties in the
system matrix and the projection data, in this paper we develop a min-min WRLS algorithm.
The accuracy and stability of the proposed algorithm are validated with the extreme
scenario: collimatorless scintigraphy. It is an approximation imaging modality without any
collimator by putting the detector as close as possible to the phantom for imaging extremely
low activity TAT.

2 Materials and Methods

Full Monte Carlo simulations are performed using Geant4 with and without a collimator in
scintigraphy to obtain realistic projection data containing a small number of photons from a
TAT radionuclide (Ra-223) (see Fig. 1). The detector array consists of 64 by 64 CZT
crystals, each with a size of 1.0 mm x 1.0 mm x 5.0 mm. The parallel-hole collimator has
the same size as the CZT detector and a length of 2.5 cm. The phantom is a water tube with
a diameter of 6.0 cm and a thickness of 3.0 cm, facing towards the detector system with a 1
cm gap. As an exploratory study, a small disk source of Ra-223 is embedded in the center of
the phantom with a diameter of D cm and a thickness of 1.0 mm. The Livermore physics list
is used in Geant4 with close to real physics processes considered (i.e. decay and scattering)
and the detected energy spectrum is blurred with Gaussian noises with o= 3 keV. The
counts under the characteristic x-ray peak of Ra-223 centering at 82 keV with a width of
20% are summed up as the the projection data, which was shown in a previous study to give
the best reconstruction performance [5].

The min-min WRLS algorithm combines WLS and robust optimization, by assuming the
measured projection data y has independent Gaussian noises .# (0, X) and considering
possible variations in the system matrix A from its real value Agq. Instead of optimizing the
worst case with respect to the uncertainty in A (min-max WRLS), the min-min WRLS is
shown in Eq. 1, trying to find the best A that yields the smallest error and the closest
approximation to Ayeq in its uncertain set %.

min min (Ax — »)! 2 (Ax — y) W

x>0Ae%
where x s the image to be reconstructed, 2'= diag()) is the noise covariance matrix, and % is
the convex uncertainty set of A. The shape and size of  is determined by real world
geometries and imaging scenarios. Here % is defined as a weighting box-bounded
uncertainty set as shown in Eq. 2, allowing each element of A to have various uncertainties
Aajibounded by a corresponding positive weighting factor w;;from a weighting matrix W
with the same shape as A.

U={AcF|A=A+AA,

Aaijl SCw[j,i=l...m,j=1__,n} @)
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where & = (A € K} X" | A<mxnA<ymxn1-1"} is the feasible set of Awith A being the
theoretical system matrix assuming an ideal collimator performance and
KE*"={CeR™ " |¢;>0,i=1.m,j=1..n} being a proper cone, A is the mean value of
Ain%,and ¢ € [0, 1] is a hyperparameter which could be tuned to decide how far 4A is
allowed to fluctuate along W.

Unlike the min-max WRLS, the min-min WRLS in Eq. 1 is nonconvex and intractable. It
needs to be transformed to a convex problem to be solvable, which is given in Eq. 3 (see

proof below). The reconstructed image is obtained by optimizing Eq. 3 with the CVXPY
tool [4].

min ~ uTZ" 'y st. u>Ax—y—(Wx
XZO,/AGRn
— ©))
u> —Ax+y—-_{Wx

u=0

Proof.

2

m (T m 2

Eq. 1 © min min Zuz min ZL min (aiTx—yl->
x>0A€eU;i'= i x>0;=1%aeu

_ T . _ T
yi — (@ + Cwy)” x, if yj > (a; + Cw;)” x

. : T
min |ai x —yj|=1,- T ) ~ T
a,-e%' ! y,| (@j — Swy)" x—y;, if yj <(a; — Cw;)” x
0 otherwise

= max{‘ElTx - y,-l - é’wl-Tx, O}

S~ Eqle xmzinOigl y%{max“ﬁiTx - J’i‘ - Cw,'Tx, 0}}2 < Eq.3

In terms of the collimatorless geometry, we deduce A as an approximation of Aqy by
assuming the detected photons are emitted isotropically without any attenuation (see Fig.
2a). The element g;; in A is expected to be proportional to the solid angle from the image
pixel jto the detector pixel / as given by Eq. 4.

r>p pzcoseij _p?

~ 3
(l,'j (¢S dQ,J ~ T = r_ZCOS 9,1 (4)
1y
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where pis the detector pixel size and ris the vertical distance from image to detector. Thus
a;j could be approximated by cos3 j;and to eliminate the dependence of ;; on rin

scintigraphy, a; is calculated as:

max 3n.. 2 2 2

G = "min 98 9,jdr _ 1 {"rznax + 21ij _ Fmin 2lij ®)
& /rmaxdr Fmax — "minl\/rz + [.2. Iy + [.2.
Fmin max ij min ij

However, this A is a weak approximation and Aye may lie in the neighborhood of A with
unknown size (see Fig. 2b). Thus, we hope to plug such A and Winto Eq. 3 that the range

A+A A -A
5 and W = >

A+ w would be closest to Ayeg, Where A =

3 Results and Discussion

To validate the min-min WRLS algorithm, various sources are simulated and reconstructed
in comparison with the collimator-based scintigraphy, including point sources at different
positions and various concentrated disk sources with D =1 cm and D = 2 cm. The projection
data from the collimatorless scintigraphy is smoothed by a 11 x 11 Gaussian filter, denoising
while retaining the same shape of projection. From both simulated projections and
theoretical forward projections using A, the projection profiles of a point source and a disk
source with D = 1 cm are almost the same, indicating that the point source and the disk
source with D <1 cm could not be discriminated with any reconstruction algorithm (see
supplementary materials Fig. S1 and Fig. S2).

To evaluate the reconstruction performance, normalized mean square error (NMSE), peak
signal-to-noise ratio (PSNR) and structural similarity (SSIM) are compared as the figures of
merit (FOMs) with and without a collimator. In the min-min WRLS algorithm, the FOMs as
1
shown to give the best reconstruction performance. In Fig. 3, the FOMs are robust with the
variation of ¢ within the range of 0.5 to 1.0. With ¢ = 0.8 selected which yields the overall
best FOMs with various sources in Fig. 3, the reconstruction results are shown in Fig. 4 to 5
and Table 1. For a single point source, the min-min WRLS could successfully reconstruct its
position in Fig. 4. Two combined point sources could not be discriminated with a distance of
1 cm but become distinguishable with a distance of 2 cm. We also check that the
reconstruction profiles of two point sources are about to be discriminated when they are 1.2
cm apart, giving the system spatial resolution of the collimatorless geometry to be about 1.2
cm. As discussed before, Figure 5 also shows that the disk source with D <1 cm is
indistinguishable from a point source in this collimatorless geometry. For larger disk sources
like D = 2 cm, it is possible to reconstruct its position with a smaller but uniform shape (see
Fig. 5 and supplementary material Fig. S2), and the FOMs in Table 1 are generally better
than the collimator-based scintigraphy even when the activity is extremely low. The
collimator-based scintigraphy fails to reconstruct two combined large disk sources with D =
2 cm, while the reconstruction with min-min WRLS in collimatorless scintigraphy keeps
higher FOMs in Table 1 and successfully resolves the positions and distances of the two

a function of ¢ are shown in Fig. 3 when v = —1=0.00374 and 7= —0.005 are
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sources. In Table 1, the FOMs of the collimatorless scintigraphy outperform those of the
collimator-based scintigraphy when the source activity is lower than 10 nCi/ml, indicating
the potential of imaging extremely low activity TAT with the collimatorless geometry.

The current min-min WRLS algorithm mainly focuses on data fidelity in reconstruction and
it could be further improved by adding prior knowledge, i.e. regularization terms, on both
system matrix and the image itself. Currently A is no longer sparse and we expect it to be
near-sparse when the source is much closer to the detector. By adding prior knowledge and
other information to improve the algorithm, 3D collimatorless SPECT could be possible for
more complex source reconstruction, and experiment will be performed in the future.

4 Conclusion

In this work we derive a min-min WRLS algorithm to solve a general reconstruction
problem with either large or small uncertainties in the system matrix and the projection data.
It is validated with full Monte Carlo simulations in the extreme scenario: collimatorless
scintigraphy, proposed to be used for imaging extremely low activity TAT. The results show
that the min-min WRLS algorithm could successfully reconstruct point sources and
extended sources in the collimatorless scintigraphy with a spatial resolution close to its
system resolution of 1.2 cm. The FOMs of the collimatorless scintigraphy outperform those
of the collimator-based scintigraphy when the source activity is lower than 10 nCi/ml,
indicating the potential of imaging extremely low activity TAT with the collimatorless
geometry.

Supplementary Material

Refer to Web version on PubMed Central for supplementary material.
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(a) Collimatorless (b) Collimator

Fig. 1:

M%nte Carlo simulation setup with Geant4 in (a) collimatorless scintigraphy and (b)
collimator-based scintigraphy. The CZT detector is shown in green and the collimator is
shown in blue. Ra-223 particles are shown as the yellow dots in the center of the water
phantom whose boundaries are in orange color.
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Image 1. 1T
~
- /
T ot :
A i A+vd-4
A
Detector A=n-1T+1-n)(A+v(A-A)
(a) Solid angle model (b) Uncertainty set
Fig. 2:
(a) The solid angle estimation of the system matrix A and (b) the uncertainty set of the
collimatorless geometry. A fixed value of v = — L _1ischosen sothat A + WA - A)is

max(ﬁ —A)

on the boundary of the feasible set # .5 € [%, 1] is tunable and close to zero,
minA —

determining which uncertainty set is closest to Areql-
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(a) NMSE, (b) PSNR and (c) SSIM as a function of ¢ to evaluate the overall performance of

the min-min WRLS algorithm when setting v =

1
max(g —A)

— —1=0.00374 and 7= —0.005.

1e7 decayed Ra-223 particles are initialized as point sources at (0, 0, 0) cm, (0, 1, 0) cm and
(0, 2, 0) cm, and disk sources with D =1 cmand D =2 cm at (0, 0, 0) cm.
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(0,0,0) cm

(0,1,0)cm (0, 2,0) cm (a) + (b) (a) + (c)

Collimatorless Ground Truth
y (cm) y (cm)

WRLS
y (cm)

-3 0 3-3 0 3-3 0 3-3 0 3-3 0 3
x (cm) x (cm) x (cm) x (cm) x (cm)
(a) (b) (c) (d) (e)

Fig. 4:

Ground truth, projections without a collimator, and reconstruction of a single point source at
(a) (0, 0,0) cm, (b) (0, 1, 0) cm, and (c) (0, 2, 0) cm, and two point sources with a distance
of (d) 1 cm and (e) 2 cm when 1e7 decayed Ra-223 particles are simulated.
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D =1 cm, 30 nCi/ml 3 nCi/ml D =2 cm, 7.5 nCi/ml 0.75 nCi/ml 0.75 nCi/ml
=3

Ground Truth
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o

-3

Collimatorless Collimator
y (cm) y (cm)
o o

WRLS
y (cm)
o

Fig. 5:
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r1.0

-0.5

-0.0

r75
50
25

Ground truth, projections with and without a collimator, and reconstruction of disk sources
at (0, 0, 0) cm with (a) D = 1 cm and 30 nCi/ml (1e7 decayed Ra-223), (b)) D=1cmand 3
nCi/ml (1e6 decayed Ra-223), (c) D =2 cm and 7.5 nCi/ml (1e7 decayed Ra-223), (d) and

(e) D=2cmand 0.75 nCi/ml (1e6 and 2e6 decayed Ra-223) with a corresponding
measuring time of 30 min.
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Table 1:

FOMs of the reconstruction in Fig. 5 with and without a collimator.

Collimatorless Callimator

FOMs
@ () (©) d @ @ (O (©) d (@

NMSE 084 08 080 08 093 078 098 088 099 0.99
PSNR 18.64 1855 13.01 1219 878 1930 17.27 1228 1123 823
SSIM 093 093 077 08 062 070 074 038 072 044
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