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Abstract The random vector of frequencies in a generalized urn model can be
viewed as conditionally independent random variables, given their sum. Such a repre-
sentation is exploited here to derive Edgeworth expansions for a “sum of functions of
such frequencies,” which are also called “decomposable statistics.” Applying these
results to urn models such as with- and without-replacement sampling schemes as
well as the multicolor Pélya—Egenberger model, new results are obtained for the chi-
square statistic, for the sample sum in a without-replacement scheme, and for the
so-called Dixon statistic that is useful in comparing two samples.
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1 Introduction

Many combinatorial problems in probability and statistics can be formulated and
indeed better understood by using appropriate urn models, which are also known
as random allocation schemes. Such models naturally arise in statistical mechanics,
clinical trials, cryptography, etc. Properties of several types of urn models have been
extensively studied in both probability and statistics literature; see e.g. the books by
Johnson and Kotz [15], Kolchin et al. [18], and survey papers by Ivanov et al. [12],
Kotz and Balakrishnan [19].

One of the more common urn models is the sampling scheme with replacement
from a finite population which contains N objects, labeled 1 through N; the prob-
ability that the mth object will be selected in each of the sampling steps is equal
to pm >0, p1 +---+ py = 1. If n, stands for the frequency of the mth object
after n independent selections (i.e. in a sample of size n), then the random vec-
tor (henceforth r.v.) (11,...,ny) has a multinomial distribution with parameters
(n, p1, ..., pn). Asis well known, one important and useful property of such a multi-
nomial r.v. is that its distribution can be represented as the joint conditional distribu-
tion of independent random variables (§1, ..., £y) given their sum &1 +---+ &y =n,
where &, is Poisson (vp,,) for an arbitrary positive real v. Such a conditional rep-
resentation is indeed a characteristic property of many urn models, and thus the fol-
lowing definition includes several commonly known urn models as special cases.

Let & = (&1,...,&y) be an r.v. with independent and non-negative integer com-
ponents such that P{&; + --- + &y = n} > 0, for a given integer n > 1. Also let
n=(n1,...,nn) be an r.v. whose distribution is defined by

L, ..oony)=L(Er, ..., 6816+ +En =n), (1.1)

where £(X) here, and in what follows, stands for the distribution of an r.v. X. Note
that (1.1) implies that P{n; + --- 4+ ny =n} = 1. The model defined in (1.1) is what
we will call a “generalized urn model” (GUM): when a sample of size n is drawn
from an urn containing N types of objects and n,, represents the number of mth type
of object appearing in the sample, the distribution of the r.v. £ defines the sample
scheme through (1.1). We are interested in the following general class of statistics:

N
RN = fu,N ), (12)
m=1
where f1 ny(x),..., fy.n(x) are Borel functions defined for non-negative x. The
functions f;, y can also be allowed to be random, in which case we will assume that
the r.v. (f1 Nn(xn), ..., fn.n(xn)) for any collection of real non-negative xi, ..., xy

does not depend on the r.v. §. A statistic of the type (1.2) is called a “decomposable
statistic” (DS) in the literature. For the case when the kernel functions f, y are also
random, the statistic (1.2) is called a “randomized DS” (see for instance [12, 20, 22]).
Although the terminology DS is usually reserved for the special case when f,, y are
not random, we will use it here for either of these cases. The following three special
cases of the GUMs and related DSs are most common in applications.
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A. Sample Scheme with Replacement Let L(&,,) = Poi(up,,) be a Poisson distribu-
tion with expectation vp,,, where v € (0, o) is arbitrary, p,, >0,m=1,..., N and
p1+ -+ py = 1; then the r.v. n has the multinomial distribution M (n, p1, ..., pN)
and we have a sample scheme with replacement. This scheme is associated with the
random allocation of n particles to N cells: the cells are labeled 1 through N, par-
ticles are allocated to cells independently of each other and the probability of a par-
ticle falling into mth cell is p,,, m =1, ..., N. The classical chi-square, likelihood-
ratio statistic, and the empty-cells statistic are examples of the type (1.2) mentioned
above.

B. Sample Scheme Without Replacement Suppose L(&,) = Bi(wy,, v) is a binomial
distribution with parameters w,, > 0 and arbitrary v € (0, 1), m =1, ..., N, then the
r.v. n has the multi-dimensional hypergeometric distribution:

2\ ' (o
P{fl1=k1,---,77N=kN}=<nN> H(km)

m=1

where Qy =w1+---+wn, ki ++--+ky=nand0<k,, <w,,m=1,..., N. This
GUM corresponds to a sampling scheme without replacement from a stratified finite
population of size £2. For instance, the sample sum and the standard sample-based
Estimate of the Population Total, are examples of DSs of the form (1.2).

C. Multicolor Pélya—Egenberger Urn Model Let L(&,) = NB(d,,, v) be negative

binomial distribution with d,,, > 0 and arbitrary v € (0, 1), m =1, ..., N. Then
Dy4+n—1\" 5 (dp+kp — 1
_ _ _ N - m m —
P{m—kl,...,nN—kN}—< . ) ]'[1( k ) (1.3)
m=

where Dy =d; + - - - +dy, is the generalized Pélya—Egenberger distribution; such a
specification of the GUM corresponds to the multicolor P6lya—Egenberger urn model
(see e.g. [19, Chap. 40]). For example, the number of colors that appear in the sam-
ple exactly r times and the number of pairs having the same color, are statistics of
the type (1.2). We note that sum of functions of “spacing-frequencies” under the hy-
pothesis of homogeneity of two samples can be formulated as a DS in this GUM;
see, for instance, [10, 35], for further details and important applications to testing
hypotheses.

There is extensive literature on DSs, much of it related to sampling with and
without replacement from a finite population. We specifically mention a few: Mi-
rakhmedov [26] obtains a bound for the remainder term in CLT and Cramer’s type
large deviation result for a special class of GUM; Mirakhmedov [24] and Ivchenko
and Mirakhmedov [14] consider a 2-term expansion with applications to some spe-
cial cases of DS in a multinomial scheme under somewhat restrictive conditions;
Babu and Bai [1] obtain Edgeworth expansion for mixtures of global and local
distributions—results that can be used when the DS is a linear function of fre-
quencies and a GUM is defined by identically distributed r.v.s &,,. Such results are
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clearly very restrictive on the parameters of the urn model and on the kernel func-
tions fi, N-

The aim of this paper is threefold: First, we present a general approach that allows
one to obtain an Edgeworth asymptotic expansion to any number of terms, for the
distribution of a DS in a GUM. Second, this general approach is used to extend known
results for classes of DS in the three special cases of GUM just mentioned. Third, we
illustrate these results by obtaining general Edgeworth expansions for three special
and interesting cases of DS, viz.:

(i) the chi-square statistic in Case A,
(i) sample-sum in a sample scheme without replacement, i.e. in Case B, and
(iii) the Dixon spacing-frequencies statistic in Case C.

The chi-square statistic is considered for the case when the number of groups in-
creases along with the sample size, a situation that has been considered by some
authors, including [8, 29, 33, 34] and [23]. We obtain here a 3-term asymptotic ex-
pansion under very general conditions on the parameters, generalizing the results in
[23] and [14]. The result in (ii) improves the main results of [5, 21, 36, 37], as well as
parts of Theorem 1 of [11]. Asymptotic expansions for a DS in the multicolor Pélya—
Egenberger urn model and for the Dixon statistic as a special case are obtained here
for the first time.

It should be remarked that although we confine our discussion in this paper to the
above three examples of GUM and related DS for illustrative purposes as well as to
keep the length of the paper reasonable, it should be mentioned that the results derived
in this paper are generally applicable to any DS in other specifications of GUM,
for instance to the context of specified random forests, random cyclic substitutions
(cf. [17, 31]).

The paper is organized as follows. In Sect. 2 we present a systematic proce-
dure for obtaining an asymptotic expansion for the characteristic function of a DS,
to terms of any order. Our general approach is based on the so-called Bartlett’s
type integral formula and provides a simpler and more streamlined way of obtain-
ing higher-order approximations than what previous authors have used. The main
results are presented in Sect. 3. For the sake of completeness and to connect to
Bartlett’s type formula, we also present two theorems on asymptotic normality and
Berry-Esseen type bounds, showing how the current formulation helps simplify-
ing similar results obtained in [25, 26]. Applications to the special DSs (i), (ii),
and (iii) are given in Sect. 4, while the proofs of the main results are postponed to
an Appendix.

It should be mentioned that we are dealing with triangular arrays where all the pa-
rameters of a GUM vary (including the distribution of the r.v.s &,,) when both n and
N tend to infinity, formally through a non-decreasing sequence of positive integers
{n,}, {Ny}, as v — oo; hence it is important to express the remainder terms in our
asymptotic expansions which show their explicit dependence on the n, N, distribu-
tions of the r.v.s &, and the kernel functions f;, v.

In what follows, ¢ and C with or without index are universal positive constants
which may depend on the argument and may be different at different places; all
asymptotic relations and limits are considered as n — 0o, and N = N(n) — oo.
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2 Bartlett’s Type Formula and Asymptotic Expansion of the Characteristic
Function of a DS

We now define the following quantities:

N N
Av=) E&n,  By=Y Var,,  xy=(n—Ay)/By,

m=1

N 1 N
Z EfuEn)s vw =5 D cov(fnlm). &n),
m=1 N m=1
2.1

N
gn(3) = () = EfuGn) =N — E&n), RN =) gm(im),

N N
o} = Var gu(En) = Y Var fu(m) — BY YR

m=1 m=1

Under some mild conditions (see for instance [13]), one can show that as n — oo and
N=N({n)— oo,

2

N
_x2 o
B mX:legm@mxsm E&,)2(1+0(1),

ERy(n) = Ay +xnyBnyy —

Var Ry (1) = o (1 + o(1)).

(These expressions can also be derived by putting formally r =0, j =1 and j =2

in Proposition 2.1 below; see Remark 2.1.) Also, IQN ) =Ry(n) — AN —xNBnyn
and

N N
Y Eg,Em)=0. Y cov(gm(Em). En) =0. 2.2)
m=1 m=1
Let ¢ be a measurable function such that E|¢p(§1,&,...,&x)| <ocoand ¢y =& +

-+ &n. We have E(¢(1,...,6N)I¢n =n) = Ed(n1, ..., nN), because of (1.1).
This, together with

E(¢1, ..., en)e ™) = T Ploy =K E(p 1, EN)IEn = k),
k=0
implies, by Fourier inversion,
1
E¢(i,m,...,nN) = 2 Pley =1l ) E¢(51,§2, . En)explit(ey —n)}dr.

(2.3)
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Set
On(t,x )—L/HBN e TN YN (1, T) dT (2.4)
ARSIV = . AR ’ '
where
N
Wn(t, 1) = [ | Eexplitoy' gmGm) +itBy' G — E£n)}.
m=1

Then (2.3) together with the inversion formula for the local probability P{¢y = n}
gives us the following Bartlett’s type formula (cf. Bartlett [3]):

itoy' Ry (n) _ On(t, xN)
On (0, xy)

which provides the crucial formula of interest. Special formulations of this formula
show up in literature; see e.g. [9, 22-24, 33]. Also, a very special case of (2.5) is the
most commonly used formula of [6] for investigating the sample sum in a without-
replacement scheme (see e.g. [2, 11, 38]). Formula (2.3) is also useful in studying
large deviation problems (see e.g. [26]).

A formal construction of the asymptotic expansion for ¢ (¢, xy) defined in (2.5),
proceeds as follows: The integrand Wy (¢, T)is the characteristic function (ch.f.) of
the sum of N independent two-dimensional r.v.s (g,,, &,). Because of (2.2), this sum
has zero expectation, a unit covariance matrix and uncorrelated components. From
[4, Chap. 2], it is well known that under suitable conditions, this ch.f. ¥y (¢, T) can
be approximated by a power-series in N~/ whose coefficients are polynomials in ¢
and T containing the common factor exp{—(¢> 4 72)/2}. Hence the series can be inte-
grated wrt T over the interval (—oo, 00). As a result of this integration, we get a power
series, say Hy (¢, xy), in N—1/2 Next, we replace Oy (0, xy) by its series approxi-
mation, which is Hy (0, x5 ). Finally, we get the asymptotic expansion of ¢y (¢, xy)
by dividing Hy (¢, xx) by Hy (0, xn).

The above algorithm, although manageable, needs long and complex calculations
as we show below. Assume that E|g,, (§,)]° < oo and E|&,|* < oo for some s > 3.
Let Py n(t,T),m=1,2,..., be the well-known polynomials in ¢ and t from the the-
ory of the asymptotic expansion of the ch.f. of the sum of independent random vectors
(see (7.3), (7.6) of [4], p. 52), in our case for the quantity (g1,&2) + --- + (gn, EN);
the degree of P, n(f,7) is 3m and the minimal degree is m + 2; the coefficients
of P, n(t, ) only involve the cumulants of the r.v.s (g1,&2), ..., (gn,&n) of order
m + 2 and less. Define polynomials (in ) of G n(f, xy) as

onN(t,xy) =: Ee 2.5)

2
Pen, t)exp{—irxN - %}dr, k=0,1,2,....

(2.6)

N2 oo
V2 J-co

Now define Q; y(xy) from the equation

00 s—3 k 00
> o=k (Z NG, N (O, xN)> =Y NP0, n@n).
k=0 v=0 j=0

G nN(t,xn) =

@ Springer
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Then
s—3 1 )
Qinen) =i ] 7 Giln 0. xn), 2.7)
i=17"

where the summation is over all (s — 3)-tuples (ji, j2, ..., js—3) with non-negative
integers j; such that j;1 +2j, +---4+ (s —3)js—3 = j. Let

s—3 m
WYt xn) =Y N2 Gy (1 X8) Qo v (). 2.8)
m=0 v=0

Note that Go v (1, x) = 1, Qo v (xy) = 1 so that W (¢, x) = 1. For example

WO (t, xn) = 1+ —(G1n (1, xx) — G1 n (0, xN))

1
VN
1
+ N(Gz,N(t, xN) — G2, N(0,xN)
— Gin O, xN) (G N (1, x8) — G N (0, xN))). (2.9)

In what follows, we will need the following additional notation:
6 =N"'o%.,  BY=N"'BY.,  &n=2gmEn/bn,

En = (Em — E&n)/ By,

N N
Bin=NTIPY"Elg.lV,  «jn=NTIPYEEV,
m=1 m=1
N
Mpn(T)= inf Z(l — |Eexp{ir§m}|2) ifT <m, else My(T)=o00,

T<|t|<m
m=1

1
Ton = BN + ks N + B CXP{—gMN (0.3(Byisn)71) }

Ty =min(B5 . E' (D).

1 N min(By, v/N)

End) =
(My(03(Byiy,s \)" D12 My (0.3(Byys )71

, 0<é<l.
(2.10)

Throughout the paper we assume that |xy| < ¢, although the method used here allows
us to let xy to increase at a rate of O(y/IogN) (see e.g. [25]). In the above-listed
three examples of GUM the parameter v can be chosen such that xy = 0 (see also
the beginning of Sect. 4). We now have the following result which is proved in the
Appendix:
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Proposition 2.1 Let E|g,(&n)|° < oo, for some s >3, m =1,...,N and
T, N <0.01. There exist constants ¢ and C such that if |t| < cTn, then for j =0, 1,
9/

_i2 _ 2
o7 (en(an) —e TW(t,xn))| < Ce™ T Ty n.

Remark 2.1 1t may be remarked that Proposition 2.1 can be further extended for any
j=0,1,...,s, but at the expense of added complexity in the proof. Such an exten-
sion of Proposition 2.1 can be used to derive asymptotic expansion of the moments
of the statistic Ry (n).

3 Main Results

We use the notation defined in Sect. 2. Theorems 3.1 and 3.2 follow from Theorems 1
and 2 of Mirakhmedov [25] and are presented here for the sake of completeness,
and to connect to Bartlett’s type formula (2.5); also, their application to DS in our
examples of GUM gives weaker conditions for asymptotic normality and improved
Berry-Esseen type bound.

Let I{A} stand for the indicator function of the set A and

N

1 ~ ~
Lin@ =575 D ElénI{lén] <},
m=1
AU
Lon(e) = ng EEXN €| > ¢}, 3.1

N
1 O,
Lon(@) = > Egllam! > e}

m=1

Theorem 3.1 If for arbitrary ¢ > 0

(i) Lan(e) = 0,
(ii) Lon(e) =0,
(iii) My(w(@ByLiNn(e)™!) — oo,
(iv) min(By, v'N) =o(My(w(@4ByL1n(e)™N),

then the statistic Ry (n) has an asymptotic normal distribution with expectation Ay +
xN By yn and variance 01%,, given in (2.1).

Remark 3.1 For all the three examples of GUM we consider, conditions (ii), (iii)
and (iv), being conditions on the parameters of the urn model, are automatically sat-
isfied under very general set-up (see Sect. 4), so that all we need is to check the
Lindeberg’s condition (i) for ensuring the asymptotic normality of the DS.

Let E|gm (&x)]° < 0o, for some s > 3. Define Wgé)(u, xy) so that

oo 2
f M AW (u, xn) = W (1, xy)e™ 7 (3.2)
—00
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The function WS) (u, xy) can be obtained by formally substituting
v

d
1)
==

2 1 u 2
@) =—e"?Hy_1(u)/v2m, where ®(u)= —/ e~ 7 dt,
A/ 27 —00

for (iz‘)"e_tz/2 for each v in the expression for WI(\,S)(I, x/\/)e_’z/2 (see Lemma 7.2 of

[4, p. 53]), where H,(x)is the vth order Hermite—Chebishev polynomial. Note that
W (u, xy) = D). Set

)

A;f})= sup ’P{RN(U)<MGN+AN+XNBNVN}—W%)(M,XN)

—o0o<uU<xX

on(t, xN)

xn(a,b) =a < b} ;

a<|t|<b

dt.

Theorem 3.2 Let 0 < § < 1. Then, there exists a constant C such that AS) <
C(Bos,N +Kats,n +En(D)).

Theorem 3.3 Let E|g,,(§,)]° < o0, for some s >3, m =1,2,..., N. There exist
constants ¢ and C such that AE\X,) <CYs N+ xn(cTn, ,3;11\,).

Theorem 3.4 Let the statistic Ry (n) be a lattice r.v. with span h and a set of possible
values in N. If E|g(&n)|® < oo, for some s >3, m =1,2,..., N, then there exist
constants ¢ and C such that uniformly in z € R

o d _
sup TNP{RN(n) =z} - TWS)(uz,xm <CYyn +in(cTy. Ton/h),
Z

zeN d

where u, = (z — Ay —xyByyNn)/on and

in(a,b) =T{a < b} lon (2, xn)| dt.

a<|t|<b
The following general bounds for xy(a, b) are useful in applications. Write

Y (1, T) = E explitfu, v Em) +iTén},

N
_ 2 3.3
dyaby=1-  sip  NY |y )|, )
aoy' <|t|<boy! m=1
[t|<m
2
Hu(t,7) = E(tf; yEm) +TE0)
_ , 1 Y ot (3.4)
HN (a5 b) = lnf ~7 Hm ~A_A~A_ )
aa;1§|t|§baﬁ] Nm:l 2 2w
[t|<m
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where (a) stands for the distance between real a and integers. Here and in what
follows, for a given r.v. ¢ we define {* = ¢ — ¢/, where ¢’ is an independent copy
of ¢. Then

1
xn(a,b) < CBy 1n(ba,;1)exp{—§1vd,v(a,b)}, (3.5)
1 _
xn(a,b) <CBy 1n(ba;‘)exp{—§NHN(a,b)} (3.6)
and
1 _
xn(a,b) <CoyBy CXP{—ENHN(aab)}~ 3.7

These inequalities (3.5)—(3.7) follow from the following arguments: From formula
(2.3) it follows that for the ch.f. N (¢, xy) in (2.5), one can write the product
]_[n]\;:] Y (2, T)instead of Wy (¢, ). Since Opn (0, xy) > ¢ (cf. (5.7) below), inequal-
ity (3.5) follows by using the fact that x < ¢**=D/2_On the other hand, by Lemma 4
of [30], we have

t t
4Hm<_ L) fl—llﬂm(m)|2fz”2Hm<_ : )

27’ 2w 27’ 2w

This inequality together with (3.5) implies the inequalities (3.6) and (3.7).

Remark 3.2 A DS of the special form

N

2 2

Xy=)_m
m=1

arises in many problems in statistics and in discrete probability (see e.g. Sect. 4,
and [31]). This DS is a lattice r.v. with span equal to 2. Also,

Hu(t,7) =Y (0e1)*PEn = k) P (&), =1), (3.8)
k,l

where vi; = (k —I)((k + 1)t + 7). As in Lemma 2 of [31], one can prove that for all
real ¢ and t such that 7| < 1/4, |t| < 1/2 and any non-negative integer k and /,

max{ (ves)s (Ver ) (vesa)) =

- 7
From this it follows that if
oo X
YN Plew=kj)P{g, =1} =c>0, (3.9)
=0 j=0
then Hy(a, woy/2) > a?/40}, where for each [ =0, 1,2,...,k;; is defined such

that max{{v3;1), (v3j41.1), (V3j42,00} = (vk; .00, J=0,1,2, ...
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4 Applications

In what follows, we will use the notation of the preceding sections, keeping in mind
that the distribution of the r.v. §, is what is relevant for the particular GUM under
consideration. Note that in all our examples of the GUM, the distributions of the r.v.’s
&n depend on an arbitrary parameter v, which can be chosen in a suitably conve-
nient manner. We will thus choose the parameter v such that Ay = n, in which case
xy = 0, and hence the terms of asymptotic expansion, i.e. the function WS) (u, 0) are
considerably simplified. For example, it is known that (see [4, pp. 52 and 55])

Poyn(t,7)=1,

.3 N
1 R ~
Pyt T) = > E(tgm+tEn)’,
m=1

.4 N
i N A R NV
PNt D) =2 > (E(t@m +tén)* = 3(Etgm + tén)*)") + SPEN (D).
m=1

Therefore, from (2.6), (2.9), and (3.2),

2
e W2 ry? 1 1
WS)(M,O) =& (u) — ( a3,0,N — —011,2,N>

V27N 6 ” 2
2 [ uS = 10u3 + 15u
— o
V27N 72 3.0.¥
ud —3u

2
7 (064 ON — Z Wy — 305 | N — 2063,0,N061,2,N)

u
2
+ 3 (3011,2,1\, + 2001, NQ0,3,N — 2022, N

2|4>

N ) N
Z &y, + v > &20m5t02m) ] 4.1

m=1

~ ~i & _ N ~
where Ot,'jm = Eg;né,i,, Ol,"j,N =N 1 Zm:l Ol,'jm.
In what follows, we will restrict ourselves to such a 3-term asymptotic expansion
given above, just to keep our calculations simple.

4.1 Example A

The r.v. n = (11, ..., nn) has the multinomial distribution M (n, p1, ..., pN), Pm >
0,m=1,...,N, pi+---+ pny =1, and we take L(&,,) = Poi(np,,). We assume that
N = N(n) — 00, MaxXi<m<N Pm —> 0 asn — oco. We take A =n/N, A, = np,, and

PzN—p1+ +PN

@ Springer



736 J Theor Probab (2014) 27:725-753

In this classical scheme, since the best conditions for asymptotic normality and
the Berry—Esseen type bound of DS are already given in [26, 28], we concentrate our
attention on the asymptotic expansion results.

Theorem 4.1 Let the statistic Ry (n) be a lattice r.v. with span h and a set of possible
values . If E|g(&n)]° <o0o,m=1,2,..., N and Poy < (10Inn)~", then uniformly
inzef

ON d 5)
—Pi{R =z{——W ,0
h { ~n () Z} du, N (g )‘

1 - To
< C(,BS,N + (P3N +n_2)3/4 +0N\/ﬁexp{—§NHN (CTN, TN> })
where u, = (z — An)/on and Ty is defined as in Sect. 3 with
En(1) =vn=1+Poy(1 +min(1,27"/2)\/1 +nPay).

The particular DS X% := an\;:] nfn for any integer k > 1 is a special case of
Theorem 4.1. We shall focus on the most important application, the chi-square type
statistic X 12\, As stated before, X 12\, is the lattice with span equal to 2; also in this case
gm(Em) = (&g = kmOom + 1)) — (2nPay + 1)(Em — Am). Hence

Ay =n(1+nPay),

2 _ 2 3 2\ _ 2 2 ). a2
oy =2n°Pyy +4n° (P3y — P3y) = N(2nAPoy + 4n°A(P3y — P35y )) := N6y,
QN =246y ' Pay,  azin =46y (Pan + 120(P3y — Ply)),
ason =ni&y> [4Pay + 2n(16P3y — 9P3 ) + 8n* (4Pay — 9PanPay + SP3y )],
a0y = 65 na[8Pay +n(164P3y — 17P3y)

+n?(636P4y — 768P2x Py + 192P3 )
+n®(448Psy — 1120P,yPay + 912P3 P3y — 240P3 )
+48n* (Py — 4PynPsy + 6P3y Pyy — 4P3 P3y + P )],
any = (16%) " A[8nPay + 2n%(19P3y — 14P3y)
+12n% (Pay — 2PayPay + Pay) — 1],
| X
~2 A—4 2
~ > @3, =65 nA[3Pay — 2NP3y + 4N?Pyy

m=1
+ 16N (Psy — 2P4yPoy + Py Poy)

+ 16N*(Pey — 4Py Psy + 6PanP3y — 4P3yP3y + P3y)],
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48, 2& . .
N Z Al + N Zazomaozm

m=1 m=1

— (263) ' [2nAP3n + 2n°A(2Pay — 6P3xPay +3P3y)].

Corollary 4.1 Let ¢y < Np,, < ¢y for some positive c1,co and allm =1,...,N;
then uniformly in b € {n + 2k, k=0,1,...,n(n — 1)/2}, the set of possible values of
the r.v. X,z\,, one has

INp
2

d
2 ®)
{x3 =b} - duwa (ub,O)‘

el R cN
SEAN2 T o2 TP T ek | )

where up = (b — Ay)/on, and the exact formulae for Ay, 01%, and the terms of
WS) (up, 0) are given above.

Corollary 4.2 follows from Corollary 4.1 by using the Euler—Maclaurin summation
formula.
We state just a 2-term asymptotic expansion to keep the expressions simple.

Corollary 4.2 Let c; < Np,, < ca for some positive c1,c2 and all m=1,...,N.
Then
2
e 2T =y APoy
Plx? <uoy+Ani— D) — [ 30N + —%
‘ X } V2Nl 6 6N

w25 Lwow+ an ) <L+ Ly cN 42)
—(uo — + — 4+ nrexpl — |, “.
sy N\ MOV T AN TN =EN T Pl o max(1, )

where S1(x) = x — [x] 4+ 1/2 is a well-known periodic function of period one (see
for instance [4, p. 254]), and comes up here due to the Euler—Maclaurin summation
Sformula.

We may remark here that Corollary 4.2 is already a considerable improvement
over Theorem 5 of [14], which states inequality (4.2) with exp{—N Ale_”}, [ >0,
instead of the exponential term, and makes sense under the additional restriction
A=O0(nN).

Remark 4.1 Application of Theorems 3.3 and 3.4 to the log-likelihood statistic
Ly = Zr]le Nm Inn,,, and to the count-statistics u, = Z;Z:l I{n,, = r}, gives re-
sults similar to Theorems 4 and 6, respectively, of [24], but our results can be used to
obtain additional terms in the expansions they provide.

A DS with kernel functions f;, y = fy forallm =1,2,..., N is called a “sym-

metric DS”; for example, the X 12\,, Wy and Ly are all symmetric DS. It is well-known
(see e.g. [8, 23, 34]) that the chi-square test is asymptotically most powerful (AMP)
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within the class of symmetric tests, i.e. among tests based on symmetric DS, for test-
ing the hypothesis of uniformity against the sequence of alternatives Hy, given by

1 Om
p’”_ﬁ<l+W>’ m=1,2,...,N;

N N
1
> 9u=0 and 0<C1§N§ 92 < Cy < 0.

m=1 m=1

Moreover, the chi-square test is the unique AMP test for A bounded away from zero
and infinity; on the other hand, if A — 0 or A — oo then there exist other AMP sym-
metric tests, for example, the empty cells test when A — 0, and the log-likelihood
test when A — oo. In view of this, Ivchenko and Mirakhmedov [14] introduced and
studied the “second order asymptotic efficiency” (SOAE) of symmetric tests wrt the
chi-square test. Investigation of the SOAE is based on the asymptotic expansion of
the power function of such tests. In the case . — 0 they have shown that SOAE
may arise only if n = O (N>/%); for example, the empty-cells test based on the statis-
tic uo is SOAE for this situation; for the case A — oo they could only note that
when A = O(In N), the SOAE test does not exist, because of the restrictive choice of
A = O(In N) needed in their asymptotic expansions. Therefore, they point out that the
SOAE problem is open when A — co. Corollary 4.2 does resolve this problem show-
ing that the chi-square test is still optimal in the sense of SOAE if n = o(N3/?); it is
also SOAE wrt the log-likelihood test for n > N3/2 (cf. [24], for further discussion).

4.2 Example B

Now we consider the sample scheme without replacement from a stratified popula-
tion of size §2y; the strata are indexed by m =1, ..., N; w, is the size of the mth
stratum, with 2y = w1 + - -+ + wy; and 7y, is the number of elements of the mth
stratum appearing in a sample of size n. In this scheme, £(&,,) = Bi(wy,, v), where
v € (0, 1) is arbitrary. We choose v = p =:n/2y, g =1 — p, so that xy = 0. Set
ON =MaX|<m<N Om, 22N = a)% +---+ a)lz\, We consider the case where the strata
sizes wy, may increase together with N but satisfy the following condition

oy =o((ng)'?). 4.3)

Theorem 4.2 If the Lindeberg’s condition (3.1) is satisfied along with condi-
tion (4.3), then as ng — 0o, Ry(n) has the asymptotic normal distribution with
expectation Ay and variance o,%, as given in (2.1).

Theorem 4.3 For arbitrary § € (0, 1] there exists a constant C such that

- \82 -2
3) wN Wy

A SC(,B2+5,N+ <—) + )
N nq NG

Remark 4.2 The term 5)12\,/. /ng can be replaced by @y max(1 —6pg +3nq .Qz,NSZ;z)
/Jnq. If oy < (ng)1=9/4=9) then the second term on the rhs dominates the third
one.
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Theorem 4.4 Let E|g,,(£,)]° < 0o; then there exist constants ¢ and C such that

3
wWN 2 —
Ag\?) SC(,BS,N-F (E) +XN(CTNa/35,11v)>'

Let now the elements of mth stratum be independent r.v.s X,y 1,..., Xm0,
m=1,...,N. We draw a sample of size n without replacement from the entire
population. Define the indicator r.v.s 7n,,; which are equal to one if an element
Xni of the mth stratum appears in the sample, or else it equals to zero, so that
Nm1 + - + Nmw,, = Nm. Then S,(,m]\), = Z;‘Z’l Xminmi represents the sum of elements
of the mth stratum which appear in the sample, and the sum of all the elements in the
sample, the “sample-sum,” given by S, y = Z,IZ: 1 S}gm]\)/ is a DS.

Assume that the r.v.s X, 1, ..., Xjn,0, have a common distribution, the same as
that of an r.v. Y¥,,,, m = 1,..., N. We also assume that Y7, ..., Yy are independent
r.v.s. Then the r.v. S, y is distributionally equal to a DS with f,,5(0) =0, fi,n(j) =
Xpi+--+Xpj,m=1,...,N:

»C(Sn,N) = ﬁ(

N Nm
> (Z X, jMm > 1})>. (44)
=1

m j=1

Suppose E|Y,,|* < oo for some s > 3. Then the expressions in (2.1) have the follow-
ing form:

Em

SanEn) =) X, jEm = 13, (4.5)
j=1
é:m

gmEn) =Y Héw > 1}(Xmj = ¥N) — 0mp(EYy —yn), m=1,...,N.
j=1
1 N
W= > omEYy, (4.6)

m=1

N
oN=Dp Z Om(E¥un — yn)? = p(EYmn — VN))2)~

m=1

From Theorems 4.3 and 4.4, we immediately have the following corollary.

Corollary 4.3 If (4.3) is satisfied, then for arbitrary § € (0, 1] there exists a constant
C such that

1
sup  |P{Su,n <uoy +nyn}—@w)| <C|Boys.n + —5 ).
(nq)/2

—oco<u<oo
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where

246

N
Brisn =0y P> E|gm(En)|

m=1

22+5p(1 +p1+8) N

< g > O ElYuy — PP %)
o

N m=1

Corollary 4.4 If (4.3) is satisfied, then there exist positive constants ¢ and C such
that

3
S N\ I
AEV) = C(ﬂS,N + <E) +xn(cTw, :35,11\'))’

where Ty = min(ﬁ;,&, Jnq /%), and the terms of the WS) (u,0) in (4.1) have the
following forms:

2
Zm 1wm(a2m 2p0‘1’m)
ajo y =0, a1 N = ,

m 1wm(oz2m Pa%’m)

1—-2q
®0,3,N = .
T Ve
St Om (@2 (1 + (@m — 2)p) — o, (on —2)p(1 = 3q))
o N = - : ’
QNP Y et Om(Q2,m — pay )
N
2 q Zm 1 w Cll m
Z Xlim =
m=1 2N Y=y Om(@2.m — pai )
- S O (@2 = pai,,)
Z A20mA02m =

N 9
N Zmzl Wm (052,m - P(x%,m)

Ot%ozv—zwm a3 m = 3pa w2 m —2p73 )

m=1

N ~32

2/3 2
» (p A3 o faz - pal,m)) ,
m=1
N
o4,0,N = Z m (04, m — 4Pott ma3 m

m=1

+ 3(wm — l)p%m — 6(wm —2)p* 0!1 mO2m

N -2
—3Bwn —2)paf m (ﬁ Z m(@2,m — P“lz,m)) ’

m=1
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where o, = E(Yy, — )/N)i; also
XN(ch, ﬂ;}v) < C\/ﬁln(aﬁlﬂ;}v)
1 &,
xexp{—n(l— sup NZ|E6”Y”’|>},
(conTw) 1 <lt1=(onBs, )~ Y m=1
4.8)

and

XN (CTNv ﬂ;}v)

< Cy/nin(oy' B y)
1 N
x exp{—an(l — sup — Z wmEe'!Ym ) } (4.9)
(conTy) ' =ltl=(onBs, )~ *N =i

When we take w; = --- = wy = 1, our Corollary 4.3 improves a result of [22],
and a recent result of [38] for the case when (nq)’l/ 2 < Ay (in their notation). Note
that

P < 3
Bin =5 D ElYw—pEYu —qynl + 5 Y _|EGm—yw)|,
O’N _ ON .. _
m=1 m=1

which provides a natural expression, showing the exact dependence of the bound on
p =n/N, and moments of the elements of population, instead of the formula for A3

in [38]. This fact is confirmed by the second term in WS)(M, 0) (see (4.1)), and that

a1.2, 8 = 0. Also, in this case the 3-term asymptotic expansion, i.e. Wg) (u, 0), coin-
cides with that given by Mirakhmedov [21]; further, from our Corollary 4.4 follows
the main result of [5, 36], and it extends Theorem 1 of [11] giving an additional term
in their asymptotic expansion for the case when p is bounded away from one; this
case is the most interesting in a sample scheme without replacement.

4.3 Example C

For this case we assume .that L(Sm_) = NB(dy,, p), with p =n/(n + D1y), m =
l,...,N,where Djy =d] +---+dj;thenxy = 0. Putting p = p/(1— p) =n/Din
we get By, = Dinp(14p), kay = (143p(1 4 p) 2+ Day D1y (Dinp(1+p) 7.
Theorem 4.5 Let Doy D1_13 = o(N~1/2). If the Lindeberg’s condition (3.1) is satis-
fied, then the DS Ry (n) has an asymptotic normal distribution with mean Ay and

variance oy, as given in (2.1).

Theorem 4.6 There exists a constant C such that AS) < C(B3n + EN), where

E R <2+D2N>(1+ SN (2+D2N>>
N fr— I I .
Jn(l+ p) Din Din Din Din
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Remark 4.3 Using the fact that D%N < NDjy we have

1 2N
L+ 1+—>
«/n(l-l—p \/— D]N \/ Dy

Theorems 4.5 and 4.6 do improve as well as correct Theorems 13 and 14 of [26].

Theorem 4.7 Let the statistic Ry (n)be a lattice r.v. with span h and a set of possible
values R. IfE|g(é§,,,)|5 <oo,m=1,2,..., N, then uniformly in z € R

d
PRy o0 =2 - 0,0

D D 3/4
sC(ﬂs,N+< T )
Dyy  Diyn(1+p)

1. - TON
+onv Dinp(1+ p)exp _ENHN CTN,T ,

where u; = (z — An) /oy and Ty are defined as in Sect. 3 with Exy(1) = Ey.

Now consider the following practical and important two-sample problem: Let
Xt1,...,Xm—1 and Y7,...,Y, be two samples from continuous distributions F and
G, respectively, defined on the same A C R. The classical two-sample problem is to
test the null hypothesis of homogeneity Hy : F = G. Define the r.v.s

n

Nk = ZI{Y,' €[ Xmb), X(m~k—k)]}a
i=1

where m = 1,...,N, N = [M/k] is the largest integer that does not exceed
M/k, integer k > 1, X(1),..., X(m—1) are the order-statistics of the first sample
Xi,..., Xm—1.Therv. (1 k, ..., nn.x) are called the “spacing-frequencies,” i.e. fre-
quencies of the second sample falling in-between the spacings created by the first
sample. A wide class of test statistics for testing Hy can be expressed in the form (see
[10] and [7])

N
Vn = Z fm,N(nm,k)
m=1
where the f,, y are real valued functions. It is easy to check that under Hp the
V. M1k, .-, 0N k) satisfies (1.1) with £(&,) = NB(, p), p=n/(n + M), i.e. the
statistic Vi is DS defined in the Pélya—Egenberger urn model. Hence, Theorems 4.5
and 4.6 immediately lead to the following Corollaries 4.5 and 4.6, by putting d,, =k,
m=1,...,Nand p=n/M.

Corollary 4.5 Ifthe Lindeberg’s condition (3.1) is satisfied then the statistic Vy has

asymptotic normal distribution with expectation Ay and variance 0]%,.
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Corollary 4.6 There exists a constant C > 0 such that

3 1 b
A zc(pm+ st 5 )

Consider now the so-called Dixon statistic defined by Dy = Zn]\le ?7,2,, &~ For this
statistic we obtain:

An=M(1+ (1 +k)p), yv =14+2(1+k)p,
oy =2M(1 4 2k)p*(1 + p)?,
gm(Em) = En — ko)> —kp(1+ p) — (1 +2p) (& — kp),
wioy = Y2EED
V(1 +2k)
A3O0N

_ 8231+ )3 + k(14 p)2 (194 76p(1 + p)) +2(1 + p)* (15— 13p + 16p* (1 + p))
2V2k(1 42632 p3(1 + )3 '

Although the exact formula for 84 y = a4on 1S manageable, it is quite long and there-
fore we restrict ourselves to its leading term as k — oo, and obtain the following
bounds:

pay < CN I max(1, (ko(1+0) ), (onpan) ™ = clkp+p) 2.

The Dixon statistic satisfies the conditions of Theorem 4.7. In particular by evaluating
the moments of the 1.v. gy (&) = (Em — kp)? —kp(1 + p) — (1 +2p) (& — kp) and
using Corollaries 4.5, 4.6 and Theorem 4.7 along with Remark 3.2, we obtain the
following result (we omit the details).

Corollary 4.7

Q) If VNk?p%(1 + p)* — o0, then the Dixon statistic has an asymptotic normal
distribution with mean M (1 + (1 + k) p) and variance 2M (1 + 2k)p(1 + p)2.
(i) P{Dy <uv2ZMT+20)p(1+ p) +M(1+ (1+k)p)}
1 1
=P (u)+ 0(— + —)
VN NE2p2(1+ p)?
(iii) Let k — oo and k = 0(M1/3); then we have, forany b=0,1,...,n(n —1)/2,

M(1+42k)p*(1 + p)*>P{Dy = n + 2b}

2
e Up/? ui —3uy, (k+ Du :
= 1 + 0 N7 4
Nz ( o/N N ANRG +—2k)) (N7

where up = (n +2b — M1+ (14 k)p)) /~2ZMI + 20)p(1 + p).
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Consider the class of symmetric tests (i.e. based on symmetric DS) for testing the
hypothesis of homogeneity against some of “smooth” sequence of alternatives which
approaches the null at the rate O((nk)~'/4). The asymptotic power of symmetric
tests increases as k grows; the Dixon statistic is an example of a symmetric DS; it
is known to be unique AMP within the class of symmetric tests for any fixed k, the
step of spacings; see [35]. The above stated Corollaries 4.4—4.6 allow us to consider
the situation when k — o0; in this case the AMP test is not unique. Comparison of
the AMP tests based on their second-order asymptotic efficiencies using the asymp-
totic expansion of the power function can be done. For this purpose, the asymptotic
expansion results presented here are central and such comparisons will be the subject
of another investigation.

Acknowledgements We would like to express our gratitude to the referee for a careful reading of the
manuscript and for comments that helped improving the paper.

Appendix: Proofs

Proof of Proposition 2.1 We need the following three lemmas to complete the proof
of this proposition.

Lemma A.1 Set £, y = min(ﬂ;}v/s, KJII\,/S). There exist constants ¢ > 0 and C > 0
such that if max(|¢|, |t]) < cls,n then for k =0and 1,

8" t2+12 s73
S| —em 1+ NPyt 1)
v=1

[2 f2
< CBsn +rs, N1+ 12" +[7]")e” i

Lemma A.1 follows from Theorem 9.11 of [4] because of (2.2) and the fact that
the sum of the r.v.s (g,,, &) has unit correlation matrix. O

Lemma A.2 For any integer [ satisfying 0 <l <3v, wherev=0,1,...,s —2, there
exists a constant c¢(l, v) > 0 such that

l

— Gy N, xN)

- < @)1+ (1t + ) ™) Bosan + ks m)-

Proof Similarly to that of Lemma 9.5 of [4, p. 71], the only difference being that in

(9.12) of [4, p. 72], we use the inequality pj,12/pS v/ < (p, 42/ T2/l in

their notation, to obtain

l

0
7PN, T)

o < c@o)(1+ (1t +171)™ ) Brsay +Ku2.n)

<c, )1+ (e + 1) BT+ G
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Lemma A.2 follows from this and (2.6). O

Lemma A.3 Let max(Bay, k3n) < 0.01. If |t < 0.3B;5 and |t| < 0.3k, then for
k=0and1,

k

0
ﬁq’N(l‘v 7)

ol 757
<expj— .
10

Lemma A.3 follows from Lemma A, Part (2) of [27].
Put Ty(s) = min(B; \*.k; \/*. €y (1)), where s > 3. Note that Ty (s) < Ty,

since ﬂ;]{/x < ,33_11\, Let |t| < c1Ty(s), where c¢; > O is to be chosen sufficiently

small. From (2.4) and (2.6),

k 2,2 s—3
d N 2
o On(t,xy)—e 2 1+ZN_U/ Gy n(t,xN)

v=1

Vy(t) =:

k

2,2 s—3
—(ww, - Y NP, r))
v=1

/1 (
=
[t|<c1ls,N

e drt

ok [ 2y 3 _
+/ W(e ) ZN v/sz,N(t,t) dt
crls, N =Tl v=1
ak
+f (. 7)| dr
c1tsn<lT<0.3c; ) | 97
ak
+ / | SN D[dT =N+ BN (52)
0.3\ <ltl<m By

Applying Lemma A.1, (5.1), and Lemma A.3 to J1, I, and 33, respectively, after
some algebraic manipulations we obtain

2

S = CPBen +rs (1 +1e)e s, 1=1,2,3. (5.3)

Set @m (t,t) = Eexplitgm&n) + i‘l,'ém} and recall that ¥y (¢, T) = HZ:I I&m(t, 7).
We have

[V (6, ) = |9 0, )| + E[ (¢80 — 1) (750 — 1)] + E(/*8n — 1)
< 9w ©. O + Itl17I E| g + 2 Egy
and
[V (6, O = [ (0, )| + Eei 5 (80 — 1) < |91 (0, T[> + 21t | E|g].
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Using these inequalities, and the fact that x < exp{(x> — 1)/2}, and

N
CREANN 3 . .
o [0 <3 | —dm@ o [Tl 0],
m=1 m=1 I#m
Yl
2|5 9m 0| <l +20x),

m=1
we find for k =0, 1 that

Kk N

a o
sz [[ @)

m=1

<Ve(lt|+ Ifl)k exp{min(ltllfl +21%,2]t(B1.N)

1 & R
-3 S (1= [, r)|2)}. (5.4)
m=1

Choosing c; to be sufficiently small, using (5.4) and that B; y < /N, we get for
1] < c1Tn(s),

1
34 <CBL! exp{ —ZMN(0.3(BNK3,N)*‘) + min(By¢| + 21, 2|t|«/N)}
k41 1 1 fz
SCBNJ" exp{—gMN(O.?)(BN/Q,N) )—g} (5.5)

From (5.2), (5.3), and (5.4) it follows that

t2
<Ce TTyn. (5.6)

ak t2+x12V 53
F <@N(t, xy)—e 2 (1 + Zva/va,N(l, XN)))

v=1

In particular (5.6) implies

) s—=3
ONO0.xy) —e 2 Y NG, n(0.x3)| < CTyv. 5.7)
v=0
Put
) r2+x12\, 53
Gyt xn)=e""7 Y NGy (1t xy).

v=0

Then, from (2.5), (5.6) and (5.7) we have

@ Springer



J Theor Probab (2014) 27:725-753 747

ak
o7 (o) — W, xn))

o 1 GS ¢ xn) s
= —k<(Ns)7 - W]V(r,xN))
ot Gy (0, xp)

0,7, 2 1
o 2N <91tk68+07 kg(”(;,xN)), (5.8)
Gy (0. xN) + 60275 N Gy (0, xy) 91

where, as usual, |6;] < 1. Note that the polynomials Q; n(x) in (2.7) are actually
the result of the expansion of (exp{xN/Z}Q(s)(O, xn)) ! noting that Gon(x)=1;
also, it is clear that QZ(\A,)(O, xy) > ¢ for some ¢ > 0. Using these facts and (2.7), (2.8),
Lemma A.2 in (5.8) after some algebra, we complete the proof of Proposition 2.1 for
[t] < c1Tn (s).

Letnow c1Tn(s) < |t] <c1Tn. Then, using Lemma A.2 it is easy to see that

24x2 2

ak
VN (D) < | S (Ontan) —e ) +Ce 5 Ty.

Apply the outlined above technique for the first term in the rhs of this inequality
using (2.4), Lemma A.l with s = 3, Lemma A.3 and the fact that |¢| > ¢; Ty (s), to
complete the proof of Proposition 2.1; the details are omitted.

Proof of Theorem 3.1 In addition to the notations of Sect. 3, define
| X
Lin@) = 5375 D ElgnPH1an| <&},

m=1

Since |xy| < cg, Theorem 1 of [26] gives: for arbitrary ¢ > O there exists a constant
C > 0 such that

AS) < C(Ll,N(S) + Lon(e) + L1.n(e) + Lan(e) + By L1 n(e)

1 -
X exp{—gMN(”(“BNﬁl,N(S)) l)}

+mmc(\/MN(n(4BN£1N(e» 1), min(By, VN )))
My(m(4By Ly n(e)h)

Since L y(e) <&, L1 n(e) <& and & > 0 is arbitrarily small, Theorem 3.1 fol-
lows. Il
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Proof of Theorem 3.2 Putting X,y = fin, N (§n) and Yy n = &, in Theorem 2 of [25],
it can be shown that

3 1/8
Aﬁv) = C<:32+6,N + K245 N + B[Z\IKz_/;,_g,N

1 _
X exp{—gMN(n(4BNK21_/~_‘;’N) 1)} ~|—€N(8)>,

since Py (u) = P(g1(51) + -+ gn(En) <uon|tny =n). If MN(7T(4BNK2+5) h<
c¢By for some ¢ > 0 then Theorem 3.2 is true with C = c. If My (7'[(4BNK2+6 N DES

1/5 1/5
cBy then BIZVKZJ/FS’N exp{—MN(71(4BNK2+(s N 1y/8) < cllch/ﬂs N = C1k245,N, since
é € (0, 1], and Theorem 3.2 follows. Il

Proof of Theorem 3.3 By the well-known Esseen’s smoothing inequality we have

2
on(t, xn) — e TWE (1, xn)

A(S><i/ dr + 24/3N
A t Vor'

2
t
t

l /
71’ [t|<cTy

/ -1
C7N_<|t|_</3x,1v
\/ 1
C7N_<|t|_</3x,1v

2
e TWE (1, xw)
N

dt + a B
s,N -
V21 !

oN(t,xN)
t

Also,

) 9 )
|§0N(t xnN) —e” 2 Wy (@, XN)| < Itl‘Hllalx‘ o —(on(u, xy) — e 2 Wy’ @, xn))|.

On the other hand, from the definition of Wj(\f ) (t,xn), Lemma A.2, and the inequality
B3N < ﬁ; /1\(1372), we observe that
_2 ()
/ e" 2 Wy (t, xn)
cTN=It=B; y ?

dt < Ce 7T N <cYs.N-

Therefore

AD < 1 —2 () J
lon (. xn) —e™ 2 W' (1, xw) | dt
1<|t|<cTy

+ max
l71=1

d _
8—(¢N(t xN)—e T W(S)(t xN))H + ¢y n + xn(cTw, ﬂs,}v)-
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Applying Proposition 2.1 here completes the proof of Theorem 3.3. U

Proof of Theorem 3.4 The proof follows by standard methods outlined, as for in-
stance in [32, pp. 204-207], which uses the inversion formula and Propositions 2.1
the details are omitted. d

Proof of Theorem 4.1 To find the central moments of order k of the Poi(A) r.v. which
is a polynomial in A of order |k/2], foreven j, «jn < c(P(j—2)2 N + n*(jfz)/z); for
odd j, one can use the well-known inequality «; y < KS()I;Z)/ (‘Y_z), 3 <] <s.Simi-
larly, from inequality (53) of [26] we have My (0.3(Byk3n) ™) = 0.2n(14+nPay)~".
Theorem 4.1 follows from these facts and the inequality (3.7). |

Proof of Corollary 4.1 To obtain the set of equalities given before Corollary 4.1,

write g (§m) = (Em — )Lm)z +20m (Em — Am) — Am + 2nPon + 1)(Em — Am); next, to
find higher order central moments of Poi(A) r.v. £, we use the following recurrence
formula of [16]:

~ d
EE - =udE@E — )" + A E(E - Y.

Considering an r.v. which equals p,l”_1 with the probability p,, m =1,..., N,
and using well-known inequalities between moments, one can check Pf N = Pi;i N
[ =2,3,...; with equality iff p,, = N m=1,..., N. Write Pm = N_l(l +&m),
with ¢, = Np,, — 1, and put 2 = N’l(e% +-+ 812V). It is easy to observe that
O’I%] =2nA(l 4+ c(1 + A)E]%,), also augny < cn?(1 + A4212\,)/0]‘\‘,. Considering sepa-
rately the cases when A — 0, L. — o0, and A is bounded away from zero and infinity,
one can show that B4y = N lagony < c((nA)~' + N7, (,6’41\/61%,)’1 >c(1+12)7!
and Ty > c(\/Xmax(l, «/X))_l; the details are omitted; here ¢ > 0 is a constant and
it is different in different places. It is evident that the condition (3.9) is fulfilled.
Corollary 4.1 follows from Theorem 4.1 and Remark 3.2. g

Proof of Theorems 4.2—4.4 We recall that in this case &, is Bi(w,,, p) r.v. with
p =n/82y. To find the central moments of the r.v. §,, we use the following formula:
for integer k > 2,

_ k_ d _ k—1 _ _ k=2
E(&n —omp)” = pq dpE(Sm oy p)' "+ (k= Dow EEn — omp) . (59

‘We have: BIZV =ngq,

1-6 28\
K2+8,N SK%VQ = ( nqpq +3 o2 )
N

<

1 —6pqg +3wnpgq 5/2< Taon \*?
nq ~ \4ng
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3/2
@ = -
K5,N SK;/;:; <3\/§(;(1> , Byian <+/1—6pq +3anpg <+/Taw.

Now using the inequalities

]Eexp{itém}]2 < exp{—4wy pq sin® 7/2},

.2 T 72 w1—e 10
sin” = > —, [t] =, l—e™= u, 0=u=c,
2 c
we get
15 N1 (1—eng (1—eng
MN(”(4BNK2-/§—8 N) )= = ) ’
' 4oy (1 —6pq +3nqs2r NS2\7) 4oy

since §2o v = w% + -+ wlzv. Finally £ n(e) < s’llcg,N < ¢ ' \/on/ng. Theo-
rems 4.2—4.4 follow from Theorems 3.1-3.3, respectively, and the relations given
above. 0

Proof of Corollaries 4.3 and 4.4 Use inequality (a; + --- + ap)® < ns_l(a‘{ +
c4ay), am > 0,5 > 1,to get (4.7). Applying (5.9) we obtain the formulas for a;; y.
Recall that v, (z, 7) = Eexplitfin(&n) + i€} and the fact that &, is a sum of
wpindependent Bi(1, p) r.v.s. From (4.5) we have

W W
Ym0 = | > P =k EW®| <37 P(g, = k)| Ee'tIn|*
k=0 k=0

< PEn=0)+|Ee" | PEy=k) = P&, =0)
k=1

+|Ee"m|(1 — P&y =0)).

Hence
LN
dyz 5 Y (1= =p))(1- sup |Een])
m=1 (onTy) "' <lt|<on By N
1 N
> p(l - sup — Y |En )
-1 —1 N

(onTN) T =ltI<onBgy ~ m=1

since P (&, =0) = (1 — p)®. Inequality (4.8) follows from this and (3.5). On the
other hand

(1, 7) = EeTHNES M _ (E6iTS (Bt Tm) )™ — (1 4 p(Ee/ T+ — 1)),
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with £(¢) =Bi(l, p). Hence

N N
[Tl1¥mt. 0 = [T|1 + p(E T+ — 1)

m=1 m=1

N
< exp{—qu Z wm(1 — E cos(t +tYm))}

m=1

N
Z Om Eelr—i—ttYm

1
< exp{—Z.QNpq (1 T o
m=1

)

Inequality (4.9) follows. g
Proof of Theorems 4.5 and 4.6 Recall in this case that E(Em) = NB(d,, p), with
p=n/(n+Diy),m=1,...,N, where Djy =d{ +---+dy, and p=p/(1 — p).
We use that Ee'™ém = (1 — p)@ (1 — pe'T)~9n to find the moments of the r.v. &, and
that B3, = Diyp(1 + p),

Bikay =1+3p*(1+ p)*(2+ Dan Diy).

| Eeifsm

_dl}l
2:(1—i—4,<)(l+/o)sin2§> .
Therefore, using the inequalities (5.10) we get

_ 3(1—e 3 Divp(l + p) i
MN(O.3(BNK3N) 1) = NP p_l :3(1 —e 1/3)K41\}’
(1+3p(14p)2+ DanyDiy))

since dp,p(1+p)(14+3p(14+p)2+ DZNDD\I,))_l < 1/3. Therefore, Theorems 4.5,
4.6 and 4.7 follow from Theorems 3.1, 3.2 and 3.4, respectively, and the inequality
(3.7) by putting § = 1, and some simple algebra. O

References

1. Babu, G.J., Bai, Z.D.: Mixtures of global and local Edgeworth expansion and their applications.
J. Multivar. Anal. 59, 282-307 (1996)

2. Babu, G.J,, Singh, E.: Edgeworth expansions for sampling without replacement from finite popula-
tions. J. Multivar. Anal. 17, 261-278 (1985)

3. Bartlett, M.S.: The characteristic function of a conditional statistic. J. Lond. Math. 13, 62-67 (1938)

4. Bhattacharya, R.N., Ranga Rao, R.: Normal Approximation and Asymptotic Expansions. Wiley, New
York (1976)

5. Bloznelis, M.: One and two term Edgeworth expansion for finite population sample mean. Exact
results. I. Lith. Math. J. 40(3), 213-227 (2000)

@ Springer



752 J Theor Probab (2014) 27:725-753

6. Erdds, P, Renyi, A.: On the central limit theorem for samples from a finite population. Publ. Math.
Inst. Hung. Acad. Sci. 4, 49-61 (1959)
7. Gatto, R., Jammalamadaka, S.R.: Small sample approximations for spacings statistics. J. Stat. Plan.
Inference 69, 245-261 (1998)
8. Holst, L.: Asymptotic normality and efficiency for certain goodness-of-fit tests. Biometrika 59, 137—
145 (1972)
9. Holst, L.: A unified approach to limit theorems for urn models. J. Appl. Probab. 16(1), 154-162
(1979)
10. Holst, L., Rao, J.S.: Asymptotic theory for families of two-sample nonparametric statistics. Sankhya
42(Ser. A), 19-52 (1980)
11. Hu, Z., Robinson, J., Wang, Q.: Edgeworth expansion for a sample sum from a finite set of independent
random variables. Electron. J. Probab. 12, 1402-1417 (2007)
12. Ivanov, V.A., Ivchenko, G.I., Medvedev Yu, I.: Discrete problems of the probability theory (a survey).
J. Sov. Math. 31(2), 3-60 (1985)
13. Ivchenko, G.I.: Moments of separable statistics in a generalized distribution scheme. Math. Notes 39,
154-159 (1986)
14. Ivchenko, G.I., Mirakhmedov, Sh.A.: On limit theorems for decomposable statistics and efficiency of
the corresponding statistical tests. Discrete Math. Appl. 2, 547-562 (1992)
15. Johnson, N.L., Kotz, S.: Urn Models and Their Applications. Wiley, New York (1977)
16. Kenney, J.F,, Keeping, E.S.: Mathematics of Statistics, Part 2. Van Nostrand, Princeton (1953)
17. Kolchin, V.E.: In: Balakrishnan, A.V. (ed.) Random Mappings, Translations Series in Mathematics
and Engg. Optimization Software Inc., New York (1985)
18. Kolchin, V.F, Sevast’yanov, B.A., Chistyakov, V.P.. Random Allocations. Winston, Washington
(1978)
19. Kotz, S., Balakrishnan, N.: Advances in urn models during the past two decades. In: Advances in
Combinatorial Methods and Appl. to Probab. and Statist, pp. 203—-257. Birkhauser, Boston (1997)
20. Mikhaylov, A.: Polynomial and polynomial like allocation: recent developments. In: Kolchin, V.F,, et
al. (eds.) Probab. Methods in Discrete Math., Proc., pp. 40-59. TVP/VSP, Utrecht/Moscow (1993)
21. Mirakhmedov, Sh.A.: An asymptotic expansion for a sample sum from a finite population. Theory
Probab. Appl. 28, 492-502 (1983)
22. Mirakhmedov, Sh.A.: Estimates of proximity to the normal distribution in sampling without replace-
ment. Theory Probab. Appl. 30, 451-464 (1985)
23. Mirakhmedov, Sh.A.: Approximation of the distribution of multidimensional randomized divisible
statistics by normal distribution (multinomial scheme). Theory Probab. Appl. 32, 696-707 (1987)
24. Mirakhmedov, Sh.A.: Randomized decomposable statistics in the scheme of independent allocating
particles into boxes. Discrete Math. Appl. 2, 91-108 (1992)
25. Mirakhmedov, Sh.A.: Limit theorems for conditional distributions. Discrete Math. Appl. 4, 519-542
(1994)
26. Mirakhmedov, Sh.A.: Limit theorems on decomposable statistics in a generalized allocation schemes.
Discrete Math. Appl. 6, 379-404 (1996)
27. Mirakhmedov, Sh.A.: Lower estimation of the remainder term in the CLT for a sum of the functions
of k-spacings. Stat. Probab. Lett. 73, 411-424 (2005)
28. Mirakhmedov, Sh.M.1: Asymptotic normality associated with generalized occupancy problem. Stat.
Probab. Lett. 77, 1549-1558 (2007)
29. Morris, C.: Central limit theorems for multinomial sums. Ann. Stat. 3, 165-188 (1975)
30. Mukhin, A.B.: Local limit theorems for lattice random variables. Theory Probab. Appl. 36, 660-674
(1991)
31. Pavlov, Yu.L., Cherepanova, E.V.: Limit distribution of a number of pairs in the generalized allocation
scheme. Discret. Mat. 14, 149-159 (2002) (Russian)
32. Petrov, V.V.: Sums of Independent Random Variables. Springer, New York (1995)
33. Quine, M.P,, Robinson, J.: Normal approximations to sums of scores based on occupancy numbers.
Ann. Probab. 13, 794-804 (1984)
34. Quine, M.P.,, Robinson, J.: Efficiencies of chi-square and likelihood ratio goodness-of-fit tests. Ann.
Stat. 13, 727-742 (1985)

I'Mirakhmedov Sh.M. was formerly Mirakhmedov Sh.A.

@ Springer



J Theor Probab (2014) 27:725-753 753

35. Rao, J.S., Schweitzer, R.L.: On tests for the two-sample problem based on higher order spacing-
frequencies. In: Matusita, K. (ed.) Statistical Theory and Data Analysis, pp. 583—618. Nort-Holland,
Amsterdam (1985)

36. Robinson, J.: An asymptotic expansion for samples from a finite population. Ann. Stat. 6, 1004—1011
(1978)

37. Wilks, S.S.: Mathematical Statistics. Wiley, New York (1963)

38. Zhao, L.C., Wu, C.Q., Wang, Q.: Berry—Esseen bound for a sample sum from a finite set of indepen-
dent random variables. J. Theor. Probab. 17, 557-572 (2004)

@ Springer



	On Edgeworth Expansions in Generalized Urn Models
	Abstract
	Introduction
	A. Sample Scheme with Replacement
	B. Sample Scheme Without Replacement
	C. Multicolor Pólya-Egenberger Urn Model

	Bartlett's Type Formula and Asymptotic Expansion of the Characteristic Function of a DS
	Main Results
	Applications
	Example A
	Example B
	Example C

	Acknowledgements
	Appendix: Proofs
	References




