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ABSTRACT OF THE DISSERTATION

A map in Sharifi’s conjecture for general non-exceptional characters and tame level

by

Frederick Vu
Doctor of Philosophy in Mathematics
University of California, Los Angeles, 2023
Professor Romyar Thomas Sharifi, Chair

This dissertation details the construction of the map Y of Sharifi’s conjecture for a general
tame level N and odd prime p satisfying Np > 3 and for general non-exceptional characters
of (Z/NpZ)*. We then show that, conditioned upon a certain Zariski density result of Hida,

the constructed map T is in fact surjective and is an isomorphism modulo p-torsion.
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CHAPTER 1

Introduction

Given the data of an odd prime p, a positive integer N prime to p, and a character 6 of
(Z/NpZ)*, subject to some conditions, the map Y of Sharifi’s conjecture is a morphism of
Iwasawa modules from a component of the unramified Iwasawa module X, of the cyclotomic
field Q(pnyp) to the quotient 7 /Iy of an inverse limit 7 of étale cohomology groups of modular
curves X1(Np") by the action of the Eisenstein ideal Iy. The morphism is induced by the
restriction of a cocycle appearing in the representation of the absolute Galois group Gg on
T /1p. A similar cocycle was considered already by M. Ohta in [Oh99, Oh00, Oh03], where
he adapted a method of constructing unramified abelian extensions of number fields due
to Kurihara in [Ku93| and Harder-Pink in [HP92| to an Iwasawa-theoretic setting in order
to give a simpler proof of the main conjecture of Iwasawa theory for the cyclotomic Z,
extension of (a finite abelian extension of) Q. The thread of ideas going into Ohta’s proof,
and Sharifi’s conjecture, passes through many seminal papers in the field of Iwasawa theory.
The main conjecture was proved originally by Mazur-Wiles in [MW84], and its proof was
greatly simplified and generalized by Wiles in [Wi90] using the language of Hida theory, then
recently developed in [Hi86a, Hi86b|. In both of these works, the main conjecture was proved
by demonstrating the existence of appropriate abelian unramified extensions via a study of
Galois representations arising from the geometry of modular curves and the arithmetic of
modular forms, a method whose key ideas arose from Ribet’s insight in [Ri76] and Mazur’s
influential work on modular curves and the Eisenstein ideal in [Ma77|. Sharifi’s conjecture
can be seen as a refinement of the Iwasawa main conjecture, which is only concerned with the

structure of X, up to pseudo-isomorphism, and in fact only its characteristic ideal (and which
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has no obvious ties to the geometry of modular curves). Let us introduce some temporary
notation in order to speak more precisely about Sharifi’s conjecture.

Let F' be an abelian number field and S a set of places of F' containing those dividing p
and any real places. Let H{, ¢(Fu/F,Zp(i)) denote the i-th S-ramified Iwasawa cohomology
group of the cyclotomic Z,-extension F,/F with coefficients in Z, (7). When i = 1, we have
a canonical identification of this group with the group of norm-compatible systems of S-units
of the intermediate fields F,. of F,/F, and the cup product in Galois cohomology gives us
a map to the Iwasawa cohomology group with i = 2. With F' = Q(uy,) and S = Sy, the

set of places containing those dividing Np and any real places, Sharifi constructed a map

relating the geometry of modular curves to the arithmetic of cyclotomic fields
o HY = i (X (VD)™ G )t — HE g (Faof FZ,(2)),

defined on the complex-conjugation-fixed part of the inverse limit of singular cohomology
groups of the complex analytic curves X;(Np")*" relative to their cusps and which sends
a compatible system of Manin symbols, which are roughly homology classes of geodesics
between cusps, to a compatible system of cup products of cyclotomic units. This map needs
no reference to f-eigenspaces with respect to the action of Gal(#/Q) and needs no conditions
on N and p in order to be defined, aside from p > 2. We are concerned with a map T
defined in the direction opposite to that of w, but not quite between the two objects given
above. The map w was conjectured by Sharifi and shown by Fukaya and Kato in [FK12] to
factor through the quotient by the (equivariant) Eisenstein ideal I of the universal p-ordinary
cuspidal adjoint Hecke algebra h* of Hida by showing that w arises as the composite of a
map which sends a system of Manin symbols to a system of cup products of Siegel units
in the second étale cohomology groups of modular curves with the specialization map at
the oo cusp which takes these cohomology groups to the second Iwasawa cohomology group
above. Additionally, Fukaya and Kato showed that the restriction of w to the inverse limit

of Hz (X1(Np")™;Z,)" has image contained in the S,-ramified Iwasawa cohomology group

HE, 5, (Foo/ B, Z(2)) C H g, (Foo/ F, Zy(2)).
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Consider the unramified Iwasawa module X, of F,, i.e., the Galois group of the maximal
abelian pro-p everywhere unramified extension H,, of F,,, which naturally carries the
conjugation action of I' ;= Gal(F4/Q) and makes X, into a (continuous) A := Z,[[I']]-
module. There is a natural map from X (1) to Hy, ¢(Fuo/F, Zp(2)) which factors through
the Tate twist of the S-split Iwasawa module Yy of F,., the quotient of X, corresponding
to the maximal subextension of M., /F, in which all places of F, lying above those in
S split completely. This map is neither injective nor surjective in general, but for certain
p-adic characters y of the torsion subgroup A of the abelian group I' & A x I, we have an
isomorphism between the y-quotients X (1), and H12W7SP(FOO/F, Zp(2))y. When F' = Q(pnyp)
so that A = (Z/NpZ)*, these isomorphisms are had for x such that yw™! is nontrivial on
the subgroup (Z/pZ)* x (p), where (p) C (Z/NZ)* is the subgroup generated by p and w is

1

the Teichmiiller character. For such y, we call ™ non-exceptional.

Consider next Ohta’s p-ordinary Eichler-Shimura cohomology group
T — Jim A (X1 (N9 ) Z(1))
which sits in a short exact sequence of h*[Gg,]-modules
0= Town = T — Tquo — 0,

where 7o is defined to be the maximal unramified quotient of 7. For p > 5, it was shown by
Ohta in [Oh95] that Tg, is isomorphic to h* and Tque is isomorphic to Homj (h*, ]\), where A
is viewed as the subalgebra of adjoint diamond operators of h*. It was also shown by Ohta
in [Oh99,0h00] when p { (), where ¢ denotes Euler’s totient function, and for 6 # w2
a primitive, non-exceptional, even character of (Z/NpZ)* that this sequence splits after
localization at the maximal ideal of the Hecke algebra associated with the Eisenstein series
associated with 6, and that modulo the corresponding Eisenstein ideal Iy, one obtains a

Galois representation

—_
(el

—~
R)

G@BO'P—)

(@]

Q)
—~

S
S~—



where one uses an ordered basis corresponding to (Tquo, Tsub). The cocycle b of G restricts
to a homomorphism on G which, under certain technical conditions, factors through X...
Fukaya and Kato presented this representation as coming from a short exact sequence of
b*/Iy|Ggl-modules in the reverse direction, which is split as a sequence of h*[Gg,]-modules
from Ohta’s work,

0 — Tquo/lo = T /1y = Tsun/1g — 0.

The target of b can be canonically identified with H* /I, and one obtains the morphism of
A-modules

T ="To: Xeo(1)g1 = Hpy, g(Foo/ F, Zp(2))g—1 — HT /I

which is conjecturally inverse to the #-eigenspace of w. In fact, it was shown recently in
[Oh20] that, for certain €, the map T is surjective via a study of multiplicative type subgroup
schemes of the Jacobians of modular curves, following the strategy of Vatsal in [Va05|. The
proof of this final result relies on an analog of Washington’s result on the boundedness of
the growth of p-parts of class groups up a cyclotomic Z;-extension in the setting of the
anticyclotomic Z;-extension of an abelian extension L of an imaginary quadratic field K in
which p splits as pp, and the proof of this analog result relies on a non-vanishing mod p result
of Hida on special values p-adic L-function associated with Hecke characters of K along with
an affirmative answer to the p-ramified main conjectures of the fields along the anticyclotomic

Z;-tower of an abelian extension of K.

In this dissertation, we seek to relax some of the conditions imposed by Sharifi and Ohta
in the construction of the map Y. Specifically, by using results in [Lal5b| of Lafferty and
following the ideas of [FK12] and [Oh03], we define a map T = Ty on the 6 !-eigenspace
of H, ¢(Fw/F,Zy(2)) which is induced from a cocycle as in the above account which is
conjecturally inverse to the f-eigenspace of o (modulo the Eisenstein ideal) allowing for 6 to
be imprimitive and for p | ¢(V), though with the latter condition we are often forced to invert
p. We cannot hope to allow for arbitrary characters  as for exceptional characters, we do not

have an isomorphism between X g1 and Hy, g (Fuo/F, Zp(1))g-1, and so the construction
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of T as the restriction of a cocycle in such a case cannot be inverse to the #-eigenspace of w.
We additionally address the case p = 3, which was omitted by Ohta due to the lack of citable
references of standard results in Hida theory at the time of writing of [Oh95, Oh99, Oh00],
and explain how Ohta’s proof that T is conditionally a surjection carries through to these

new cases.

Theorem 1.0.1. Let p be an odd prime, N be a positive integer prime to p such that Np > 3,
and 0 be an even Dirichlet character of modulus Np. Consider 6 as a Galois character via
the canonical isomorphism Gal(Q(uny)/Q) = (Z/NpZ)*. Let A, < Gal(Q(uny)/Q) be the
decomposition subgroup at p and let A, < A, be the prime-to-p subgroup of A,. Let (o)
be a primitive No(N)-th root of unity, and set O = Zp[Cnp(n))-

If wo is nontrivial on A}, then there is a morphism of Ao = O[[Gal(Q(pnye~ ) /Q)]]-modules
T: Xeo(1)g-1 @2, O = (Tquo.0/Io)"

where the Ao-module structure on (Taw,o0/lg)" is induced by the bhg-module structure on
Tsub,0/ 1o and the Z,-algebra map /~\O — b, which sends a group element [o] to the diamond

operator (kny,(0)), where Ky, is the cyclotomic character valued in Z) y .

If wh is nontrivial on A,, then there is a morphism of Ao-modules
T : Xoo(1)g-1 ®z, O[1/p] = (Tauo,0/16)"[1/p]-

In either case, if in addition the restriction 0|z /pzy« has nontrivial kernel and if the claims
of [Hi04, Propositions 2.7, 2.8] are true as stated, then the map Y is surjective. Conditioned
upon this surjectivity, the map Y is an isomorphism if p{ o(N) and is an isomorphism up to

p-torsion in general.

1.1 Overview

In Chapter 2, we review the definitions of the unramified, S-split, and S-ramified Iwasawa

modules associated with a Z,-extension of a number field and the definition of the anticyclo-
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tomic Z;-extension of an imaginary quadratic field K. We also define Iwasawa cohomology
groups and relate these Iwasawa modules to certain Iwasawa cohomology groups. We addi-
tionally state the p-ramified main conjecture of an abelian extension of K for rational primes
p which split as pp in K, to be used in the proof of the surjectivity of T in Chapter 4. In
Chapter 3, we review the algebraic definitions of modular curves and classical modular forms
and Hecke algebras and their A-adic variants. In Chapter 4, we recall the statement of Ohta’s
p-adic Eichler-Shimura isomorphism theorem. We then use the results of [Lal5b| and a
twisted A-adic Poincaré duality pairing to construct a short exact sequence of h*[Gg|-modules
from which we obtain a cocycle on Gg which we denote b. We then study this cocycle in

order to define Y. Finally, we show that T is surjective following the argument of [Oh20].



CHAPTER 2

Iwasawa theory

In this chapter, we first establish standard notation to be used throughout the dissertation.
We then define the classical unramified, S-split, and S-ramified Iwasawa modules, X, Y,
and Xg, associated to a Z,-extension Fy,/F' of a number field F', review known results of their
[wasawa A\- and p-invariants in certain cases, and relate them to Iwasawa cohomology groups.
We additionally review the definition of the anticyclotomic Z;-extension of an imaginary
quadratic field K and state the proven p-ramified main conjecture of an abelian extension of

K for an odd prime p which splits as pp in K.

2.1 Iwasawa algebras

Let p be an odd prime. We fix choices of algebraic closures @p /Q, and Q/Q, embeddings of
Q into C and into C, := @p, and an isomorphism C = C,, compatible with these embeddings.
All algebraic extensions of Q and of Q, considered will be contained in C,. For any field K,
we set G := Gal(K/K) and for an algebraic extension K of Q or Q,, we denote by Ok
its ring of integers. For a general commutative ring R, we denote by Q(R) its total ring of
fractions which is defined as the localization of R at the multiplicative set of non-zero-divisors.

Let N be a positive integer prime to p. Set Z, v = T&nr Z/Np"Z. The unit group Z, y

canonically decomposes as a product
ZXy = (ZINT)* x L) = (Z/NT)* x (Z/pZ)* x (1 + pL,).
Define A := (Z/NpZ)* and U, := 1+ p"Z, for 1 < r. Fix the topological generator

7



v =1+ p € U; and define the logarithm homomorphism ¢ : Uy — Z, by 7@ = . We
denote by A’ the prime-to-p subgroup of A and by A® the p-Sylow subgroup of A. For any
Z,-algebra O, we denote by Ao and Ay the completed group rings

Ao = O[[Z, \]] = lim O[(Z/Np"Z)*],

Ao = O[[Uh]] = @O[Ul/Ur]-

If O =Z,, we often denote Azp and Az, simply by A and A, respectively.

For a general group ring R[G]| and g € G, we denote by [g] the corresponding element of
R|G]. We may identify A with the power series ring in one variable Z,[[T]] via [y] — 1+ T
Thus, A is a complete regular local ring of Krull dimension 2, and so in particular it is a
UFD. For any group GG, we denote by G the group of finite order characters of G valued in
C,. We have that A is a complete semi-local ring which decomposes as a direct product of

reduced local rings of Krull dimension 2
A= Tz A%
(0]

where the product ranges over Gg,-conjugacy classes of characters 6 € A’ Moreover, the
irreducible components of Spec([\) correspond bijectively to Galois-conjugacy classes of
characters on A. Note that when A® is nontrivial, the rings Z,[A®)] and Z,[AP][[U;]] are
not integral domains. For a general integral Z,-algebra R in place of Z,, the decomposition
as above still holds, but one considers instead G(r)-conjugacy classes of characters, though

the local rings are no longer necessarily so nice. E.g., the power series ring Oc, [[T]] has

infinite Krull dimension [Ar73|.
There is the well-known structure theorem for finitely generated modules over such rings

due to Serre [NSW13, 5.1.10].

Proposition 2.1.1. Let R be a reqular local ring of Krull dimension 2, and let M be a

finitely generated R-module. There exist an integer r, a finite index set I, height one primes
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p; C R and positive integers m; for i € I, and a morphism of R-modules

M — R & P R/p}™
il
with finite kernel and cokernel. Moreover, the r and p; are uniquely determined with r =

dimgr) (M ®@r Q(R)) and the p; are those height one primes occurring in the support of M.

We now define the standard invariants attached to finitely generated modules over such
rings R. For O a complete DVR with uniformizer 7w, we first recall that the Weierstrass
preparation theorem states that any power series f € O[[T]] may be written uniquely as
f(T) = ur™fo(T) where u € O* and fo(T) is a polynomial which is distinguished in the

sense that it is monic and all non-leading coefficients are divisible by 7.

Definition 2.1.2. In the notation of Proposition 2.1.1, define the characteristic ideal of M

to be the ideal in R given by
char(M) == [ [ pi"

If R = O[[T]] for a complete DVR O with uniformizer w, then by the Weierstrass
preparation theorem, we may specify generators p; = (f;) for fi a distinguished polynomial in
R or f; = m. In this case, we refine the notation of the structure theorem

M — R e @R/ &P R/(f*)

jeJ keK

and define the characteristic polynomial of M to be w2=ies ™ [liex [iF- We call p = Zjej m;
the p-invariant of M and X =Y, ;- deg(fi)ny, the A-invariant of M.

Note that the p-invariant of a finitely generated, torsion Ap-module M is zero if and only

if M is finitely generated as an O-module.

2.2 Iwasawa modules

We fix the p-power compatible system of primitive Np"th roots of unity {Cy,r 1= *™/NP"} o4

in Q C C and define pnpr C Q as the set of Np"th roots of unity in Q for 0 < r < oo and
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pnpoe as (J,wq tinpr. We set (pr = Cﬁpr so that {(,r},>0 forms a p-power compatible system

of primitive roots of unity. We define the cyclotomic characters
Knp : GQ — Z; N
Kp : GQ — Z;

by o({npr) = Cp Vo) for all r, and similarly for x, with (,» in place of (x,r. These characters

then induce isomorphisms Gal(Q(np~)/Q) = Z,, y and Gal(Q(p=)/Q) = Z

We recall that there is a unique Galois extension Q,, of Q such that Gal(Q./Q) = Z
This extension is called the cyclotomic Z,-extension of Q and may be formed by taking the
fixed field of Q(fpye) under the action of the torsion subgroup of Gal(Q(y~)/Q). For a
general number field E, we may then form the cyclotomic Z,-extension F'- Q. of F' which

will necessarily be Galois with Gal(Fi/F) = Z

For any extension of number fields F'/E with corresponding cyclotomic Z,-extensions Fi,
and E, we take the convention of identifying the groups Gal(F,,/F) and Gal(E,/E) via
restriction and denote this group by I' without reference to the base field in the notation. Via
the cyclotomic character, we then identify I' = U, in the decomposition Gal(Q(unp=)/Q) =
Z; Ny = A x I, viewing I' both as a quotient and a subgroup of the Galois group, and we

similarly identify Gal(Q(un,)/Q) = A

We now define some of the basic Iwasawa modules of interest.

Definition 2.2.1. Let F/F be a Z,-extension of a number field F with intermediate

extensions F,./F of degree p". Define the p-parts of the class group of F,
Ar = AFT = CIFT [poo}

For1 <r <oo, let H. = Hp. be the mazimal abelian pro-p everywhere unramified extension
of F,.. Define the unramified Twasawa module of Fy/F to be Xoo = Xp oo = Gal(Ho/Fi).
The maximality of Hg, gives us that Hg_ /F is Galois [Wa97, proof of Theorem 13.13], and

class field theory tells us that A, is canonically isomorphic to the Gal(Hg./F,) compatibly
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with the natural actions of Gal(F,./F') on both objects. Restriction gives a map X, — A, for
each r, and it can be shown also via class field theory that X, = T&lr A,, where the transition
maps A, 1 — A, are induced by the field norm, or by restriction under the identification
with Gal(Hp,/F,). This gives X, the structure of a Z,[[Gal(F/F)]]-module, and it was
first shown by Iwasawa that X is finitely generated and torsion as a Z,[[Gal(F/F)]]-
module [Iw73, Theorem 5|. If F//K is an abelian extension of number fields and F,,/F is
the cyclotomic Z,-extension, then Fi, /K is abelian and Xz is also a A[Gal(F/K)]-module.
We will later be interested in the case of the cyclotomic Z,-extension of a subextension F' of
Q(unp)/Q.

Remark 2.2.2. The notation is a bit imprecise and inaccurate as the group Xr . depends
on F., and the Z,[[Gal(F/F)]]-module structure of course depends on F.,/F. We accept
these shortcomings, as it should be clear from the context what Z,-extension of F’ one is

considering.
For a general abelian group G, Z,[G]-module M, and character y € CA?, we define
MX =M ®Zp[G] Zp[X]
where the map Z,[G| — Z,[x] is induced by [a] — x(a). We refer to M, as the x-eigenspace
of M (we always consider quotients and not submodules unless explicitly stated otherwise).
For any algebraic extension E of Q and set of places Sg of E, we say that an algebraic
extension F/E is Sg-split if it is completely split at all places in Sg.

Definition 2.2.3. Let the notation be as in the previous definition, and let S be a set of
places of F' including those over p. Define the S-class group Clg, g of F, to be the quotient
of Clg, by the subgroup generated by the classes of primes of F,. corresponding to places over
those in S. Set

A5 = Clg, s[p™].

For1 <r < oo, let L, = Lg. be the mazimal abelian pro-p S-split extension of F,., and define
the S-split Twasawa module to be Yg = Yp g := Gal(Loo/Fw).

11



As before, we have that L.,/F is Galois by maximality giving Ys the structure of a
Z,|Gal(Fy/F)]-module. This action is moreover continuous, e.g. as Yg = Im A, g by class
field theory, so that in fact Ys is a Z,[[Gal(F/F)]]-module. We may view Yg as a quotient of
X by the subgroup generated by the decomposition subgroups of places of F, above those
in S. When F,,/F is the cyclotomic Z,-extension, then in fact the decompsition subgroups
of X at places of F, not dividing p are trivial so that Yy is the quotient of X, by the
subgroup generated by decomposition subgroups at places over p, and for any set of places
S’ O S of F containing those that divide p, we have that Yp g = Yi ¢ via restriction. This
can be seen by considering a place w of F, lying over a place v € S not lying over p and
noting that the completion Fi ,, is the maximal abelian pro-p unramified extension of Fj,, so

that w must split in any abelian pro-p unramified extension of F..

Finally, we define the S-ramified Iwasawa module. For any algebraic extension E of Q
and set of places Sg of E, we say that an algebraic extension F/E is Sg-ramified if it is
unramified at all places not in Sg. When S consists of a single prime p, we often opt to call

the extension p-ramified rather than S-ramified.

Definition 2.2.4. Let the notation be as in the previous definitions, and let S be a set of
places of F'. For 1 <r < o0, let M, = Mg, be the maximal abelian pro-p S-ramified extension
of F,. Define Xg, = Gal(M,/F,) for r < oo, and define the S-ramified Iwasawa module to
be Xg = Xps = Gal(Mw/F).

As before, M, is Galois over F' by maximality, and Xg = @r Xgs, giving Xg the
structure of a Z,[[Gal(F/F)]]-module. We have that X, is the quotient of Xg by the

subgroup generated by the inertia subgroups at places lying over those in S.

We have the following lemma comparing Iwasawa modules associated with fields [’ and
E with F'/E abelian of degree prime to p.
Lemma 2.2.5. Let K D F be finite abelian extensions of a number field E with p{ K : F).
Set G = Gal(K/F). Let Ex/E be a Zy-extension and set Koo = K - Eo and Foo = F - E.

12



Let S be a finite set of places of E and view the Iwasawa modules defined above for K./ K

and Fy | F as Z,[|Gal(Ew/ E)||[G]-modules. Then the norm maps induce isomorphisms

Ara = Ap
Xksc = Xrs
XK,oo,G = XF,oo

Yrksa = Yrs,
where (—)g denotes G-coinvariants and where in the last case we assume that S 2 S,.

Proof. We give the proof for the S-ramified and S-split [wasawa modules following the proof
of [Oh20, Lemma 2.2.1|, where an analogous claim is proved for isotypic components of class
groups. Taking S to be empty then gives the claim for the unramified Iwasawa modules as

X5 = Xo. We start with the S-split case.

Let L’ denote the maximal abelian subextension of Lx_ /F., and let L’ () correspond to the
maximal pro-p quotient of Gal(L'/F,). As pt[K : F], we have Gal(K/F) = Gal(K«/Fx)
and so p1 [K : F]. Therefore, as L'/ K, is S-split, any prime of F, lying over a prime of
S can only have ramification index and inertia degree prime to p in L’. We then have that
L'® /F., is S-split, and therefore we have L'® = L and L' = K - Lg_. In terms of Galois
groups, this says that the image of Y s in the abelianization Gal(Lx_ /Fu)™ = G X Yp g is

the factor Ypg.

13



Yi,s /@)

K Yr,s

Consider next the short exact sequence of groups
0— Yrs — Gal(Lg, /Fy) = Gal(Ky/Fx) — 0.

As p 1 [Ky : FJ, this sequence splits as groups by a profinite version of the Schur-
Zassenhaus theorem [RZ10, 2.3.15]. We view Yy g as a module over Gal(K/F') and write gz
for g € Gal(K/F) and z € Y s to mean gxg !, where g € Gal(Lg_ /F.) is any choice of lift
of g. As the sequence above is split and as Yx ¢ and Gal(K«/Fx) are abelian, we find that
the commutator subgroup of Gal(Lk_ /Fx) lies in Y g and is generated by the elements
(9 — 1)z for g € Gal(K/F) and x € Ygg. Let D denote the closure of the commutator
subgroup of Gal(Lk_ /Fx). Then Yk ¢/D is the module of G-coinvariants of Y g. On the
other hand, by the previous paragraph, we have that Yy s/D = Yr g, proving the claim of

the lemma.

For the case of the S-ramified modules, we may argue similarly with My__ and Mp_ in place
of Lg. and L. Letting M’ denote the maximal abelian subextension of M.__/F,, and M'®)
its maximal pro-p subextension, we find that M'®)/F., is S-ramified as any place of F,, not
lying over a place of S has ramification index prime-to-pin M as p{ [K : Fix]. Thus, we have

M'®?) = Mp_ and M' = K- Mp,_, and so the image of Xksin Gal(My_ /Foo)™ 2 GxXp, 5
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is the factor Xp_ g. We have the split short exact sequence of groups
0— Xgs— Gal(Mg /Fyx) — Gal(Kw/Fsx) — 0,

and as before we may conclude that the module of G-coinvariants of Xk g is isomorphic to
}:EX‘ ]
Corollary 2.2.6. In the setting of the lemma above, for any character x € Gal/(F7E) C

—

Gal(K/E), we have isomorphisms

AK,X = AF,X

Xksx = Xrsy

XK,oo,x = XF,oo,x

YK,S,X = YF7S»X'

A similar argument may also be used to demonstrate control of p-class groups up a

Z,-tower in which there is a unique ramified prime above p which is moreover totally ramified.

Lemma 2.2.7 (|Se60, §4|). Let Fo/F denote a Z,-extension which is ramified at exactly
one prime, and suppose that it totally ramifies. For n > 0, let F,,/F denote the inter-
mediate extension of degree p™ and let I, = Gal(Fw/F,). Then the norm map induces

1somorphisms r. = Ar between the I, -coinvariants of the unramified Iwasawa module
h Xoor, = Ap, bet the I, t th d I dul

Xoo = Gal(Hy/Fy) and the p-class group of F,.

Proof. Let L, denote the maximal abelian subextension of H,,/F,. The subextensions H,
and Fy, of L, /F, are linearly disjoint over F,, as the former is unramified while the latter is
totally ramified, and the choice of an inertia subgroup in Gal(L, /F},) of a totally ramified
prime in F,,/F, gives a splitting of Gal(L,/F,) — I';,. As there is only one such prime by
assumption, the fixed field corresponding to the image of the inertia subgroup under the

splitting must be H,,, and so we have L, = Fi, - H, and an identification Gal(L,,/F) = Ap,.
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This says that the image of X, in the abelianization Gal(H,/F,)* = T, x A, is the factor
Ap,

o

He
Ly,

AN

H,

Fy
Q
n Fn

On the other hand, the exact sequence of groups

A,

n

0 — Gal(Hw/Fx) = Gal(Hw/F,) = Gal(Fy/F,) — 0

is split as the choice of an inertia subgroup in Gal(H,/F,) of a totally ramified prime in
F../F, gives a splitting (this again does not require there to be a unique totally ramified
prime). As in the proof of the previous lemma, this splitting implies that the image of
Gal(Hy/Fy) in Gal(Hy/F,)® is isomorphic to the module of T',-coinvariants of X, and

by the previous paragraph, this image is also isomorphic to Gal(L,,/F..). ]

2.2.1 The Iwasawa main conjecture

As Sharifi’s conjecture can be viewed as a refinement of the Iwasawa main conjecture, it

would be strange not to include a statement of the latter in the dissertation.

Recall that for any Dirichlet character x of modulus M, there exists the complex analytic
Dirichlet L-function in the complex variable s which has a series representation for the real

part of s greater than 1

Lix,s) = Z X(CL)

n
n>1
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from which one may analytically continue to the whole complex plane, except in the case
that y is trivial where one then has a simple pole at the point s = 1. The values of this
L-function at nonpositive integers may be written in terms of the generalized Bernoulli

numbers By, € Q associated with y

B

for £ > 1, where the Bernoulli numbers are algebraic numbers which may be defined in terms

of the Taylor expansion

Y (a)te e B "
N1 = 2 By
a=1 n=0

One may construct a function L,(, s) on Z, which takes on the values

Ly(x,1 = k) = (1 = (™) @)p" " LOxw™ 1~ k)

for integers k > 1, where w denotes the Teichmiiller character and where for a general Dirichlet
character 0 we denote by 0 its associated primitive Dirichlet character. In this sense, the
function L, (, s) p-adically interpolates the values of complex analytic L-functions associated
to twists of the character y at the nonpositive integers. Below, in Section 3.3.1, we give a
detailed construction of these p-adic L-functions as elements of Az [ = Z,[x][[T]] following

Iwasawa [Iw69]. Write f,(T") for the power series satisfying

fX(’YS - 1) = LP(X_l(")?S)’

where we remind the reader that [y] = [1 + p| € Az, is sent to 1 + T € Z,[[T]] under the
isomorphism Az, = Z,[[T]].

We can now state the Iwasawa main conjecture for the cyclotomic Z,-extension of an
abelian number field over Q. Let y be an odd Dirichlet character of modulus M where p* ¥ M,
and view y as a character of Gal(Q(ua)/Q) = (Z/MZ)*. Set F = Q(uuar) "™ and continue
to denote by x the character of Gal(F'/Q) induced by .
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Theorem 2.2.8 ([MW84, p. 214|). The characteristic ideal of Xp oy in Az, [y is generated
by fy(T).

Remark 2.2.9. Recall that for even characters 6, the p-adic L-function L, (6~ 'w, s) is identically

0, and the component X g is conjectured to be finite by Greenberg [Gr71].

As mentioned in the introduction, the main conjecture was originally proved in 1984
by Mazur and Wiles [MW84| through a careful study of the geometry of certain abelian
variety quotients with good reduction at p of the Jacobians J;(Np") of the modular curves
X1 (Np") for r > 1. Their proof can be viewed to be in a similar line of thought as that
of Ribet’s proof in [Ri76] of the converse to Herbrand’s theorem in that Mazur and Wiles
constructed unramified abelian extensions of the fields Q(pn,r) as the splitting fields of Galois
representations, from which a Fitting ideal argument led to the conclusion that f,(7") divides
char((X«)y). These divisibilities for all such x together with the analytic class number
formula, and Ferrero and Washington’s result on the vanishing of the p-invariant of X,
[FWT79], imply equality of ideals. However, rather than directly studying congruences between
Eisenstein series and cusp forms as Ribet did, Mazur and Wiles studied the cuspidal divisor
class subgroups of the Jacobians J;(Np"), which lie inside the part of the aforementioned
quotient abelian varieties killed by the Eisenstein ideals of the cuspidal Hecke algebras of

each level I'; (Np").

In [Wi86], Wiles revisited the ideas of Ribet and streamlined the proof of the main
conjecture over (Q while additionally generalizing the results to cover the analogous main
conjecture for totally real fields of odd degree over Q. The argument eschewed the analysis
of the cuspidal group and proceeded instead by establishing congruences between sequences
of (Hilbert) cusp forms and (Hilbert) Eisenstein series with coefficients in the group rings
Zp|(Z/Np"Z)*] for r > 1 and then showing the existence of lattices with prescribed properties
inside the representation spaces of the Galois representations associated with the cusp forms
coming from the cohomology of (Hilbert) modular varieties (cf. [Wi86, §3] or [Wi90, §5]). The

splitting field of the representations on the lattices modulo the Eisenstein ideal then produce
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unramified extensions of Q (=) in the appropriate components of X, and again a Fitting
ideal argument gives divisibility of the characteristic polynomial by the p-adic L-function.
The restriction on the degree of the totally real field over Q was due to the lack of knowledge
at the time of the existence of representations associated with Hilbert cusp forms in general
— the odd degree case being due to work of Hida and of Carayol building off the work of
Shimura. These obstacles were overcome in [Wi88| and [MW86|, now using the language of
the recently developed Hida theory, and led to a proof of the cyclotomic main conjecture
for all totally real fields in [Wi90] up to p-invariants, following the same strategy as that in
[Wi86|.

One shortcoming of Wiles” arguments in [Wi90] in the case of Q is that the lattices that
he used are inexplicit — he showed that starting with any Galois stable lattice inside the
representation associated with a cusp form, one can find a stable sublattice such that its
reduction modulo the Eisenstein ideal has the desired optimality property in the sense that it
is “type 1 deprived” in the terminology of [Wi90, Proposition 5.2] and the discussion following.
Any optimal lattice can then be used to prove the main conjecture via the process described
above. In the case of QQ, there is of course a natural lattice that one is led to consider in the
representation space: that given by the integral étale cohomology of the modular curve. In
short, the part of Sharifi’s conjecture with which we concern ourselves in this dissertation is
the claim that this canonical lattice is optimal; the map T comes from a cocycle associated
with the extension class of the Galois representation associated with this lattice, and its

surjectivity is equivalent to this claim of optimality.

2.3 Iwasawa Cohomology

In this section, we define Iwasawa cohomology groups as inverse limits of continuous Galois
cohomology groups along a tower of fields in a Z,-extension of a number field. We then relate

the Iwasawa modules defined in the previous section to these cohomology groups and describe
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their compatibilities along extensions of number fields.

Let E be an algebraic extension of Q and let Si be a set of places E. Set Ggg, =
Gal(Es,/E) the Galois group of the maximal Sg-ramified extension Eg, of E. We will often
write Sg simply as S when it is clear with which field it is that we are concerned. We also
often take the convention that when considering an extension of fields L/K and a set of
places Sk of K, the notation S;, will denote the set of places of L that lie over those in
Sk, and in some instances, we will use S to denote either of Si or Sy when it is clear from
context which is meant. For any set of places S, we denote by Sy its subset of finite places,
and for an extension of fields E/F, we indicate that the extension is finite by the use of the

notation £ Dy F.

Definition 2.3.1. Let p be an odd prime and R the ring of integers of a finite extension of
Qp. Let F be a number field, S a set of places of F' containing those over p and any real
places, and Fo/F a Z,-extension. For a finitely generated, continuous R[|G g s]]-module T,
define the ith S-ramified Twasawa cohomology group of T' to be
His(Fo/F,T) = lm  H'(Gps,T),
FsoDEDfF

where we take the convention that all group cohomology groups considered will be of continuous

group cohomology, and where the limit is with respect to the corestriction maps running over

all finite subextensions of Foo/F. If F/K is a Galois extension, then Hy, ¢(Fuo/F,T) is
naturally an R[[Gal(F/K)||-module induced from the usual action on conjugation on group

cohomology.

Set Qn, = Q(unyr) for 1 < r < oco. Recall from the introduction that the group
waszp (Qn../Qn,, Z,y(2)) is the target of the morphism w in Sharifi’s conjecture and that
its image is contained in the submodule of S)-ramified Iwasawa cohomology. As T is meant
to be the inverse to w, we review in this section some general properties of this group for use

in Chapter 4.
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Note that if £/F is an S-ramified extension, then Fs = Eg so that Gg g is a subgroup of
Grs. We then have an identification of Iwasawa cohomology groups of £ and of F' when

E/F is in addition finite and Galois.

Lemma 2.3.2. Let the notation be as in the definition above, and let E/F be an Sg-ramified
Galotis extension of number fields. Set Fo, = E - F, and let Sg denote the corresponding set

of places of E. Then the inverse limit of corestriction maps induces an isomorphism
cor : Hiy 5, (Eso/ B, T)Gare/r) - Hi, 5, (Foo/F,T).
Proof. By [NSW13, 3.3.11], corestriction gives an isomorphism at finite level for each r
cor, : H*(Gp, sp,, T)cae/r) — H(Gr, sy, T)

as G'g, s, 1is an open normal subgroup of G, s, and both have p-cohomological dimension

2 [NSW13, 10.11.3). 0

For any algebraic extension E/Q and set of places S of E, we let Op g, denote the ring
of Sg-integers of E, i.e., those elements of ¥ which have non-negative valuation at finite
places not in Sg. We have the following lemma relating the S-split Iwasawa module Yg and

Iwasawa cohomology groups.

Lemma 2.3.3. Let F.,/F be the cyclotomic Z,-extension of a number field F', and let F/K
be an abelian extension of number fields. Let S be a set of places of F' containing those

dividing p and any real places. Then there is an exact sequence of A[Gal(F'/K)]-modules.

0= Yis = H, s(Fu/FZ,(1) » @ 2,52, -0 (2.3.1)

WESF, . f

where the A|Gal(F/K)]|-module structure on the direct sum is induced by the natural action

of Gal(F/K) permuting the places of Fy,.
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Proof. We give a sketch of the proof and refer the reader to [NSW13, §8.3| for more details
on Galois cohomology with restricted ramification. For a finite intermediate extension E of

F/F, the Kummer sequence

)"
0 — ppn — Op_ g o, Op.s— 0

gives rise to the exact sequence
0— AE,S/pnAE,S — HI(GEﬁ,pjpn) — HQ(GEﬁ, 02375)[]9”] — 0, (232)

where Ap g is the p-part of the S-class group of . We can then consider the long exact

sequence associated with the short exact sequence
0= 05— 1s—Cs—0

where Ig = ligK Ik s is the filtered colimit of the S-idéles Ix g = HweSK K5 of finite
intermediate extensions K of Fg/FE and Cy is the filtered colimit along the same indexing
set of S-idéle class groups. By [NSW13, 8.3.11, 8.3.8|, we have isomorphisms of Gal(E/F)-
modules
H*(Grs, Is)p"] = @) H*(Gal((Es)a/E.), (Es)))P"] = @ Z/p"Z
vESE vESE ¢
where w|v is any place of Fg lying over v and where the action of Gal(E/F') on the direct

sum is given by permutation of the summands corresponding to the natural conjugation

action on decomposition groups D,, and a short exact sequence of Gal(E/F')-modules,

0— H*(Gps, 05, s)l0"l = @ Z/p'Z 2y H(Gps, Cs)p"] 2 Z/p"Z — 0. (2.3.3)
UESE,f
We see that

H*(Gal((Es)a/Ev), (Es)3)lp"] = H*(Gal((Es)a/Eo), tpr)

by considering the long exact sequence associated with

n

0= pyr — (Bs)s 25 (Be)X -0
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and using Hilbert’s Theorem 90. Splicing the two short exact sequences 2.3.2 and 2.3.3 into
a four-term exact sequence and taking an inverse limit over n gives
0= Ans = H(Grs,Z,(1) > €D Zp = 2, >0,
UESEf
Taking an inverse limit over finite intermediate extensions F, O E D F' gives the exact

sequence of the lemma. O

It may be useful to think of the third term of sequence 2.3.1 in the following manner. For
the remainder of this chapter, we use the notation T' = Gal(F,,/K) and for each v € Sg,
we pick a place w | v of F, and let T, be the corresponding decomposition subgroup. We

may then define a bijection of Z,[[I']]-modules
D z= D zl/Ll
weSFoo,f vESp,f

where a coset oT', corresponds to the place o(w). The direct sum on the right is of Z,[[T]-
modules, and the action of [o] € Z,[[[']] for & € T on each summand is given by multiplication
by [a].

Recall from the discussion after Definition 2.2.3 that the canonical quotient map of
Iwasawa modules Yy g — Yr g is an isomorphism for any subset S” C S containing the places
over p when F,/F' is the cyclotomic Z,-extension. This quotient map fits into a diagram of

exact sequences

0 — Yrs(1) — Hi, o (Foo/F.Zy(2) — @g Lpl[L/T1]J(1) — Zy(1) — 0

l [ | H (2.3.4)

0 — Yrs(1) — Hiy s(Fuo/F.Zy(2)) — @5 Z[[T/Tl](1) — Zy(1) — 0

where the map “inf” is an inverse limit of inflation maps and the third vertical morphism
corresponds to the inclusion S’ C S. Note that the horizontal sequences are Tate twists of

sequence!2.3.1 as in general one has
Hi,, s(Foo/ F.Z,)(i) & Hi,, s(Fu | F, Z,(0)).
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This can be seen by first reducing to the case that p, C F as in general F'(p,)/F is S-ramified,
and we may apply Lemma 2.3.2. Then, by viewing the Iwasawa cohomology group as a
“diagonal” inverse limit

Hi, 5(Foo F, Z,(i)) = i H (G, 5, 1),

n

we see we may pull the twists out of the cohomology groups in the inverse limit as p,» C F,.

To conclude this section, we point out that while the injectivity of the “inf” map of
diagram 2.3.4 follows from a diagram chase, granting that the inflation maps on the adelic
Brauer groups do indeed correspond to the inclusion of direct summands, we opt to give a
second explanation of this injectivity via a more geometric route as it also gives us a chance
to introduce the Gysin sequence in étale cohomology, which will be brought up again in

Chapter 4. In fact, we will end up proving a stronger statement.

We recall that for a number field K and a set of places S of K including all real places, there
is a natural isomorphism between the Galois cohomology of K with S-restricted ramification
of a continuous profinite G g s-module M whose finite quotients have order invertible in Ok g

and the étale cohomology of Spec(Ok s)
H'(Ggs, M) = H, (Spec(Ok.s), Far)

for i > 0, where F); is the inverse system of sheaves on the étale site (Spec(Ok,s))s associated
with M. This follows from the degeneration of the Hochschild-Serre spectral sequence as in

[Mi06, Prop. 11.2.9].

For a general closed immersion of schemes i: Z — X with corresponding open complement
7: U — X and any sheaf of abelian groups F on X, we have a short exact sequence of

sheaves on X [SP, Tag 095L]
0— " F = F = i,"F = 0.

Taking F to be the constant sheaf Z, and taking the long exact sequence associated with
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the short exact sequence of the functor Hom(—, G), we obtain
T Hét,Z(Xa g) - Hgt(Xa g) - Hét(Uﬂg’U> - Hétfé(Xa g) -

where Hét,Z(X, G) is the ith étale cohomology group with support in Z, i.e., the ith right
derived functor of global sections with support in Z functor - see e.g. the introduction of [SP,
Tag 09XP]|. In the sequence above, the morphism between the middle two cohomology groups
corresponds to the inclusion j, and in the situation that X = Spec(Og s/) and U = Spec(Ok.s)
for a subset of places S" C S (with finite complement S\S’), the corresponding map on Galois
cohomology is the inflation morphism corresponding to the natural quotient G ¢ — Gk s.
The purity theorem due to Thomason and Gabber relates cohomology with support in Z to

cohomology on Z.

Lemma 2.3.4. Leti: Z — X be a closed immersion of reqular schemes of pure codimension
c. For any locally constant sheaf of Z/nZ-modules G on Xg with n invertible on X, there is
a natural isomorphism

Hi, 7(X,G) = H7*(Z,G(—0)).

The result was conjectured originally in [SGA5, Exposé I 3.1.4] at the level of generality
stated here, though in the case that dim(X) = 1, it was proved in [SGA5, Exposé I 5.1].

Applying this to the case G = /Lffif for © € Z, we obtain the exact sequence

0— Helt(Spec(OK 51)s ) — Helt(Spec(OK s), [ ) —

B H (Spec(k(v)), i) — Hz (Spec(Ok s1), ) — Hz, (Spec(Ok.s), i)
veES\S’

— P Hi(Spec(s(v)), uii™) =0
veS\ S’

where k(v) is the residue field of a prime v of Ok . Taking an inverse limit along n gives

im B (Spec(s(v)). 1) =0
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when i # 1, so that the inflation map on H?(Gg s/, Z,(i)) is injective when i # 1.! Taking
an inverse limit along finite subextensions Fl,, D K Dy F' gives injectivity of inf on Iwasawa

cohomology.? Note also that the Gysin sequence shows that Yrg = Vi .

2.4 Iwasawa theory of imaginary quadratic fields

In this section, we provide some background on the Iwasawa theory of imaginary quadratic
fields for use in Chapter 4. We first review the definition and basic properties of the
anticyclotomic Z;-extension of a finite abelian extension of an imaginary quadratic K/Q for
a rational prime [. Additionally, for a rational prime p split in K, we state the single variable
p-ramified main conjecture for an abelian extension of K. Our choice of notation for the

primes used here reflects our intended application of the statements of this section.

2.4.1 Ring class fields and the anticyclotomic Z;-extension

Recall that an order R of an algebraic number field F' of degree n over QQ is a subring of O
which is finite over Z of rank n. For any order R of I, we define the conductor fr of R to be
the annihilator in R of the R-module quotient Or/R, which necessarily is also an ideal of

Op. This may also be viewed as the colon-quotient ideal
(R:Op)={z € F|20r C R},

or alternatively the module Homg(Op, R)(C F'). When F is a quadratic extension of Q, then
in fact the conductor as an ideal of OF is generated by a positive integer, which we also call
the conductor of R, and this integer then agrees with the index [Op : R]. For any positive

integer n, there is a unique order O,, := Z + nOk in Ok of conductor n [Col3, Lemma 7.2].

!Note that on Iwasawa cohomology groups for a cyclotomic Z,-extension, the map “inf” is injective
regardless of the twist of the coefficients, as the twists may be pulled out of the cohomology groups.

2For general S’ C S, we may cofilter by S’ C §” C S for cofinite S” C S.
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For an integral domain R with fraction field F', we define a fractional ideal of R to be a
nonzero finitely generated R-submodule of F. There is a clear structure of a monoid on the
set of fractional ideals of R, and we may consider the unit group of invertible fractional ideals
I(R) of this monoid along with the subgroup of principal fractional ideals P(R) = F*/R*,
i.e., those which are free of rank 1 as R-modules. The quotient group of invertible fractional
ideals modulo principal fractional ideals is called the class group of R. We remark that often
in the literature, invertible fractional ideals of O,, (that is, in the quadratic case) are referred
to as proper fractional ideals. Proper fractional ideals are defined generally for an order R of

a number field F' as those fractional ideals a satisfying
(a:a)=R.

Every invertible fractional ideal is proper, and for quadratic fields, the converse is also true
[Co13, Proposition 7.4]. We may also consider the set of isomorphism classes of R-modules
with a monoid structure given by tensor product over R. The unit group of isomorphism
classes of invertible R-modules of this monoid is called the Picard group Pic(R) of R. We
have that an invertible R-module M is always isomorphic as an R-module to an invertible
fractional ideal of R, as M — M ®p F' = F so that in fact the class group and Picard group
of R coincide.

Remark 2.4.1. Tt is perhaps worth pointing out that the class group considered here is precisely
the group of Cartier divisors of R up to linear equivalence. One may also consider the group
of Weil divisors, viewed either as the group of formal (finite) linear combinations over Z of
height 1 primes of R or equivalently as the group of formal linear combinations over Z of
codimension 1 integral subschemes of Spec(R). Its subgroup of principal divisors is defined

to be the subgroup generated by those linear combinations of the form

> L(R/(f)p
p

for some f € F*, where [, is the length of the R,-module R,/(f). One may then define

the Weil divisor class group as the group of Weil divisors modulo the subgroup of principal
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divisors. There is a canonical map from the group of Cartier divisors to the group of Weil
divisors which then induces a map of class groups which is neither injective nor surjective in
general. When R is Noetherian and normal, then the map of class groups is injective [SP, Tag
OBES|, and if R is additionally factorial, meaning its local rings are all UFDs, then the map
is surjective [SP, 0BE9|. For instance, when R is the ring of integers of a number field, the
isomorphism of Cartier and Weil divisor class groups is reflected in the unique factorization
of fractional ideals of R into a product of prime ideals. In the context of subrings of number
fields, the Picard group is the more arithmetically interesting group to consider, and though
focusing only on the Weil divisors of Spec(R) is too crude to deduce properties of the Picard
group when R is an order (so not necessarily normal), we do have that the group of invertible
fractional ideals of an order R is isomorphic to the direct sum over all nonzero prime ideals

of R of the groups of principal fractional ideals of the local rings [Ne99, Proposition 12.6]
I(R) = P P(Ry).
p#(0)
This fact features in the proof of the following formula for the order of Pic(R) in terms of

Lemma 2.4.2. Let R be an order of a number field F. The order of Pic(R) is given by

- _ |Pic(OF)| (OF/fr)*
P for w Ry

In particular, if K is an imaginary quadratic field with O = {£1} and [ is an odd prime,

then forr > 1,
.

[Pic(Og)|I""Y(1 — 1) ifl is split in K,

[Pic(Or)| = € [Pic(O)|I" 1+ 1)  ifl is inert in K,

|Pic(Ox)|I" if 1 is ramified in K.
Proof. By the isomorphism of the above remark, we have that

Pic(R) = (€D P(R,))/P(R) and Pic(Or) = (D P(Orp))/P(Or).
p#(0) F7£(0)
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For a nonzero prime ideal p of R, we have that Op,, is a PID so that P(Ory) = @sgpec(0p)z5p L (OF5)-

Therefore, we may write

Pic(Op) = B POr) | /POF).
Spec(R)2p##(0)

The inclusion R C O induces a morphism of short exact sequences

0 —— F*/R* —— @, I /R — Pic(R) —— 0

! | |

0 —— F*/OF; —— @, F*/OF, — Pic(Or) — 0.

The first two vertical arrows are quotient maps, so that the third vertical arrow is also

surjective. We obtain then the exact sequence

0— O} /R* — € 05, /Ry — Pic(R) — Pic(Op) — 0.
p#(0)

We have that Or,/ By = (Or/fr)*/(R/fr)*, giving the general formula in the

p#(0)
statement of the lemma.

For the specific case of F' = K an imaginary quadratic field and R = O;-, we have that
fr = 1"Ox C R so that Oy /(I"O) = Z/I"Z has unit group of order (I —1)I"~*. If [ is split in
K, the unit group of O /(I¥) 2 (Z/1"Z)? has order ((I—1)I""1)2. If [ is inert or ramified in K,
then we may use the standard decomposition of (O /(I"))* into (O /(1))* x (1+10k)/I"Ok
to find that |(Ox/(I"))*] is (I* — 1)I*~2if [ is inert and (I — 1)/*~1 if [ is ramified. The
formula for the order of Pic(O;r) in the statement of the lemma then follows as [O) : O] =1

by assumption.

One may show that Pic(O,,) is isomorphic to the idelic group

K*\Lis/O;
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where @n is the profinite completion of O, and Ik s is the group of finite ideles of K
[Co13, 15.35]. The corresponding abelian extension of K coming from class field theory is
called the ring class field L, of O, or of conductor n. When n = 1, the ring class field is
the Hilbert class field of K, and for each n > 1, the ring class field L,, contains the Hilbert
class field of K and is contained in the ray class field of modulus nOf. Naturality of Artin
reciprocity, in the sense that the reciprocity map is compatible with isomorphisms of fields,
and stability of O, under complex conjugation shows that L, /Q is Galois and that the
nontrivial element of Gal(K/Q) acts on Gal(L,/K) by inversion [Col3, Lemma 9.3]. Such
extensions are called generalized dihedral extensions of Q, and in fact all generalized dihedral
finite extensions of Q which are abelian over K are contained in some ring class field of K

[Col13, Theorem 19.18].

We now consider Z;-extensions of K for [ an odd prime. Recall from class field theory
that the Z;-rank of K is 2, i.e., that the Galois group of the maximal pro-/ abelian extension
of K has rank 2 as a Z;-module. The cyclotomic Z;-extension Ky arises as the fixed field of
K (fye) under the action of the torsion subgroup of Gal(K (fy~)/K). Note that K.y is Galois
and abelian over Q so that the nontrivial element of Gal(K/Q) acts trivially on Gal(Kcy./K).

On the other hand, we have the complementary so-called anticyclotomic Z;-extension of K.

Definition 2.4.3. The anticyclotomic Z;-extension K,. of K is the unique Z;-extension
contained in the union Ho, = J, Lin of ring class fields of K of l-power conductor. That is,
it is the fized field of Hy, under the action of the torsion part of Gal(Hu/K).

We see that K.y and K, are the only two Z;-extensions of K which are Galois over Q
using the classifications of generalized dihedral extensions and of abelian extensions over
Q. Note also that consideration of the effects of the action of Gal(K/Q) on their respective

Galois groups shows that K.y and K, are linearly disjoint over K.

In section 4.3, we will consider the growth of p-parts of class groups up the tower K,.F'/F

for F//K a finite abelian extension satisfying certain ramification conditions and an odd prime
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p # | which is split in K.

2.4.2 The p-ramified main conjecture for K

Let p be an odd prime which splits into distinct primes (p) = pp in K, where p corresponds

to our chosen embedding Q — C,. In addition to the cyclotomic and anticyclotomic Z,,-
wn

extensions of K, we may consider the union of ray class fields K (p™) and K(p") to obtain

the following Z,-extensions of K.

Definition 2.4.4. The p-ramified Z,-extension K? of K is the unique Z,-extension of K
which is unramified outside of p. Similarly, the p-ramified Z,-extension K? of K is the unique

L-extension of K unramified outside of p.

Note that in general, the intersection of K? with the Hilbert class field Hy of K is not
necessarily equal to K. That is, p is not necessarily totally ramified in K*/K (but of course

it is eventually totally ramified). Similarly, K* may be not linearly disjoint from K? over K.

Definition 2.4.5. Let F//K be a finite abelian extension of number fields, and set F,, = F-KP.
The p-ramified Twasawa module X, = X,(F) of F is the Galois group of the mazimal abelian

pro-p extension of Fu, unramified outside of the places dividing p.

Let F,/K? be a finite extension which is abelian over K. Choose a decomposition
Gal(F/K)= H x G

where G 2 Z, and H is a finite abelian group, and define F,, = FS¢" where G, is the subgroup
of G corresponding to p"Z,.
Let X, be the p-ramified Iwasawa module of F/Fj, and let X be the unramified

Iwasawa module of Fi,/Fy.

For n > 0, let



be the p-completion of the global units of F},, and let
H OF w ®z L
SFn Svlp
be the product of the principal units of F,,, at places v | p, which we call the semi-local
principal units of F,, at p. We define the subgroup of elliptic units Cr, of g, as in [Ru9l, §1],
which are roughly special values of certain theta functions at torsion points on an elliptic
curve with CM by O, and set £, = l'&ln Ep,, Uso = @n Ur,, and Cy, = l&ln Cr, where the
inverse limits are along norm maps. Class field theory then gives us the well-known sequence

of finitely generated Z,[[Gal(F/Fp)]] = A-modules
0= Ex/Coo = Us/Coo = X = Xoo — 0.

Exactness except at the term £, /Co is true generally, and that Leopoldt’s conjecture holds
for abelian extensions of imaginary quadratic fields, proved by Brumer [Br67, Theorem 2’|,
gives us exactness of the full sequence. Greenberg has shown that Leopoldt’s conjecture tells
us that X, is a torsion A-module [Gr78, §4|, while A-torsionness of £ /Co and of Uy, /Coo,
which are equivalent, was shown by Rubin in [Ru91| under the hypothesis that p { [Fy : K]
and Fy contains the Hilbert class field of K, by de Shalit in [dS87, III.1.5] for the case that
Fy = K(J) is a ray class field of modulus f, and by Viguié in general in [Vil6, §3]. We now

state the p-ramified main conjecture at the level of generality that we will later need.

Theorem 2.4.6 ([Vil6], [OV16]). Let y € H. Then we have an equality of characteristic
ideals in Zy[x][[T]]

char(X ) = char((€x/Coo)y) and char(X, ) = char((Uso/Coo)y)-

The theorem was proved for p > 3 in [Vil6], and the vanishing of the p-invariant of X, in
the case p = 3 proved in [OV16] gives the claim for p = 3 as well, as we explain below. We
first provide some history of the proof of the theorem. The first steps toward the proof of

the main conjecture were made independently by Gillard [Gi85, Théoréme 3.4] and Schneps
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[Sc85, Theorem IV] in their proofs of the vanishing of the p-invariant of X, for p > 5. The
main conjecture was first proved under the condition that Fj contains the Hilbert class field
Hy of K and p { [Fy : K] by Rubin in [Ru91|, where he utilized the machinery of Euler

systems to obtain the divisibility for each character y
char(Xo ) | pPchar((Ex/Coo)y ), (2.4.1)
for some k > 0 [Ru91, Theorem 8.3] and used the vanishing of the p-invariant to conclude
char(X ) | char((Ex/Coo)y)-

Equality of these divisibilities was then made by appealing to an analytic class number
formula proved by Gillard as stated in [Ru91, Theorem 1.3|, which made use of the hypothesis
that p 1 [Fp @ K.

Various authors then chipped away at the technical hypotheses made by Rubin by
modifying the proofs at the technical core of the Euler system machinery. The first advance
was made by Rubin himself in [Ru94|, where the condition that Fy O Hy was removed. In
another direction, Bley in [Bl05], following Greither’s treatment of the cyclotomic case over Q,
gave a proof of the main conjecture for p > 3 with Fy = K(f) a ray class field and assuming
that p 1 |Pic(Ok)|, but without the assumption that p { [Fy : K]. In addition to modifying
the Euler system machinery, Bley used a result of de Shalit as an alternative to Gillard’s class
number formula. Precisely, for Fy = K(f), de Shalit showed that the sums of the Iwasawa
invariants of eigenspaces of X, and Us/Cs coincide [dS87, II1.2.1] by using the vanishing of
the p-invariant as proved by Gillard and Schneps [dS87, I11.2.12]:

ZNC{PX Z,U Uss /Cos)
D> A Xpy) = Z)\ Uso/Coo)

Finally, Viguié in [Vil6] combined the adaptatlons of [Ru94| and [Bl05| in the general Euler

(2.4.2)

system argument to obtain the divisibility as in equation 2.4.1
char(Xo.,) | pPchar((Ex/Coo)y)
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for all primes p with k£ > 0 [Vil6, eq. 7.10] and from there used the vanishing of p-invariants
of the Galois-theoretic Iwasawa modules to deduce the main conjecture for primes p > 3. For
p = 3, the vanishing of p-invariants was later proved by Viguié and Oukhaba in [OV16], and

so the main conjecture in that case follows as well.

Remark 2.4.7. There are a few instances in the literature where it seems some authors have
invoked Gillard’s and Schneps’s result on the vanishing of the p-invariant of X, for p > 5 but
yet do not exclude the case p = 3 from their discussions. De Shalit’s result on the equality
of sums of Iwasawa invariants for instance uses this vanishing result in the last step of his
argument, yet [dS87, Chapter II| works with p > 2 throughout with no further restrictions.
This impacts Bley’s proof of the main conjecture as well, and in addition Bley cites the

vanishing of the p-invariant [Bl05, Page 78| despite working throughout with p > 2.

Rubin also uses Gillard’s and Schneps’s result in [Ru91, Corollary 9.1] while working
generally with p > 2, he only needs the result for irreducible Z,-representations x which are
of “type II" in the sense of [Ru91, §8], which means that p, C Fy and y = ¥ ® w where w is
the Teichmiiller character on Gal(Fy/K) and X is the contragredient representation of y. The
Euler system argument for such representations produces a divisibility as in equation 2.4.1
with & > 0, and one relies on the vanishing of p-invariants to achieve the divisibility desired
for the proof of the main conjecture. Additionally, in [Ru94|, in modifying the statement and
proof of Theorem 8.3 of [Ru91|, Rubin classifies also w as a type II representation. In both
cases, it is not clear how to conclude the main theorem without the knowing the vanishing of

the p-invariant for p = 3. These issues are of course all resolved by the result of [OV16].

To end this section, we recall the result of de Shalit identifying the characteristic ideal of
(Uso/Coo)y with the ideal generated by a p-adic Hecke L-function, the analog of a theorem of

Iwasawa for the cyclotomic case over Q.

We continue to work with an odd prime p which splits in an imaginary quadratic K.

Recall that a Hecke character of K is a continuous homomorphism 7 of the idele class group

34



of K
n: KX\]IK — C*.
The infinity type (k,l) of n is the pair of integers such that for elements r € KX = C*

kZ~! where the bar indicates complex

of the archimedean component, one has n(x) = =~
conjugation, and the conductor cond(n) of 7 is the smallest modulus of K for which 7 factors
through the associated ray class group. Note that any character of a ray class group may
be viewed as a Hecke character of infinity type (0,0). One may translate from this idelic
definition of a Hecke character to an ideal-theoretic definition to obtain a character n'¢ on
the group of fractional ideals of O prime to cond(n). Extending 7'¢ to be 0 on all ideals

not prime to cond(n), we may define the series in the complex variable s whose real part is
greater than 1
L(n,s) =Y n'(a)/N(a)*,

where the sum ranges over all nonzero integ?ral ideals of O and N denotes the ideal norm,
and via analytic continuation obtain the Hecke L-function associated with n. We write
L®(n, s) when we wish to remove Euler factors at primes dividing an integral ideal g of Of-.
Additionally, when cond(n) divides fp™ for an integral ideal § of Ok which is prime to p,
we denote by n? : Gal(K (fp>)/K) — @: the character satisfying 7" (Frob,) = 1'(q) for any

integral ideal q prime to cond(n)p.

Theorem 2.4.8 ([dS87, 11.4.12], [Oh20, 1.1.5]). Let f be a nontrivial integral ideal of Ok
prime to p. Then there exist periods 2 € C* and Q, € C5 and a unique p-adic Oc,-valued
measure u(f) on Gal(K (fp™)/K) such that for any Hecke character n of infinity type (k,0)

for some k > 1 and of conductor dividing fp>, we have

—k P (o ‘o) = -k _Uid(P) . 5 (,—1
Q, /Gal(K(fpm)/K)n( )du(f; o) = Q7"G(n) (1 N(p))(k LD (571, 0),

where G(n) is the “like Gauss sum” defined in [dS87, I1.2.11].

The measure p(f) is in fact valued in the completion Z;r of the integer ring of the maximal

unramified extension Q" of Q,. We now fix a nontrivial integral ideal f prime to p and relate
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the above measure to the p-ramified main conjecture. We fix a decomposition
G(f) == Gal(K(fp>)/K) = H(f) x G (2.4.3)

where as before, G = Z,, via a fixed choice of topological generator vy € G. Let R denote the
finite extension of izr given by adjoining the |H(f)|th roots of unity. For a Hecke character
X € 7;(\f), let f, € R[[T]] be the power series corresponding to the image of the measure p(f)
along the projection R[[G(f)]] — R[|G]] = R|[T]], where the isomorphism is via the usual

correspondence [y — 1 <> T. As in [dS87, 11.4.17], we have:

Corollary 2.4.9 (|Oh20, Corollary 1.1.7]). For a Hecke character n as in Theorem 2.4.8

such that n° = x X i according to the decomposition 2.4.3, we have

0~ 1) = 2460 (1= 5 (- 120G, 0),

Writing F,, = K(fp"), we let U(F,,) be the semi-local principal units of F,, at p and C(F,)
the subgroup of elliptic units, and we set U(Fs) = lim U(F,) and C(F) = lim C(F,).

Theorem 2.4.10 ([dS87, I11.1.10]). Let x € H be a character with conductor g or gp with g

prime to p and nontrivial. Then we have an equality of ideals in R[[T]]

char (U (F)/C(Fro)) @z, R)y) = (fi)-

Recall our set-up F. /K in the discussion of the p-ramified main conjecture, and suppose
that Fy C K(fp), i.e., that the conductor of Fy/K divides fp. For a character y € H viewed
also as a character of Gal(K (fp)/K) by inflation, we have a map induced by the norm map

from K (fp) to Fy

(U(Foo)/[C(F)) @z, R)x = (Uso/Coo) @z, R)x

which is a pseudo-isomorphism as we know the p-invariants of both items vanish. The

following corollary follows from the above theorem and Theorem 2.4.6.

Corollary 2.4.11. Let x € H be a character with conductor g or gp with g prime to p and
nontrivial. Then the characteristic ideal in R[[T]] of (X, ®z, R) is generated by f,.
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CHAPTER 3

Modular curves and modular and A-adic forms

In this chapter, we first define the modular curves X;(M) and X' (M) as schemes representing
moduli problems on the category of (generalized) elliptic curves. We go into more detail than
is truly needed for our intended applications, but as conventions seem to vary from paper to
paper in the literature surrounding Sharifi’s conjecture, we opt to be fastidious for our own
sake and for posterity. We also give a short description of Thara’s twist of the modular curve
X(M )qu and state [hara’s theorem characterizing the family of such twists for varying M
and a fixed prime ¢, which is Theorem 3.1.5 below. This theorem is used to prove surjectivity

of T in Chapter 4.

We then define modular forms as sections of certain invertible sheaves on these modular
curves and define Hecke operators and algebras via algebraic correspondences on these
modular curves. Finally, we define A-adic forms as certain power series that specialize to
classical modular forms and relate spaces of A-adic forms to inverse limits of spaces of classical

forms, following [Oh95].

3.1 Modular curves

In this section, we define modular curves as representing objects for certain moduli problems
of generalized elliptic curves with level structure. The theory has been thoroughly developed
in the standard references [DR73|, [KM85], and [Co07|, and we summarize the needed results

and references here while making an attempt to follow their notation and terminology for
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ease of reference. However, while [DR73] and [Co07] freely use the language of stacks, we will

avoid doing so here, though it is arguably the more natural setting in which to work.

3.1.1 Moduli problems

The classical theory of moduli spaces of elliptic curves typically starts with the consideration
of quotients of the upper half complex plane H by the action of a congruence subgroup of
SLy(Z) by fractional linear transformations to produce a non-compact Riemann surface which
admits an analytic compactification, and proceeds by demonstrating that the moduli space
of elliptic curves with level M level structure for large enough M can in fact be represented
by a smooth affine scheme over Q, or even over Z[1/M]. From here, there are two directions
for improvement in the algebraic story: one is to “compactify” the affine moduli scheme
over Z[1/M] to a proper moduli scheme (i.e., a proper scheme with a moduli theoretic
interpretation of its points) which recovers the compact Riemann surface upon analytification,
and the other is to extend the moduli scheme to one over Z. The three texts above each

make progress in realizing these goals.

The book [DR73] introduced the notion of Néron polygons and generalized elliptic curves,
which can be viewed as certain “stable” degenerations (or “semistable” in modern terminology)
of genuine elliptic curves, and showed that there exist proper moduli schemes over Z[1/M]
extending the affine schemes from the paragraph above. Additionally, they showed these
schemes admit finite flat maps to the localization away from M of the moduli stack M, ; over
7, of genus 1 curves with a marked point, and so by normalization produced proper schemes
over Z, but with no modular interpretation in bad characteristics. In the other direction,
the book [KM85]| developed the notion of Drinfeld level structures on elliptic curves, which
was originally considered by Serre, which essentially tracks the data of the Cartier divisor
associated with a subgroup scheme rather than the subgroup scheme itself, and showed that
one could produce normal affine moduli schemes over Z. These schemes also admit finite flat

morphisms to the j-line Al and so by normalization of P}, one obtains proper flat schemes
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over Z, but with no modular interpretation of the cusps. Finally, Conrad in [Co07| combined
the two approaches and considered Drinfeld level structures on generalized elliptic curves
and produced proper flat moduli schemes over Z and showed that for large enough M, they
agreed with the proper Z-schemes of [DR73| and [KM85|. Below, we introduce some of the
moduli problems and modular curves that will be used in this dissertation combining the
terminology and notation of each of the three standard references, though we do not attempt
to be completely thorough; this section is meant to record basic facts that are scattered

throughout the literature.

Recall that an elliptic curve over a scheme S is the data of a smooth, proper scheme
E — S of pure relative dimension 1 whose geometric fibers are connected genus 1 curves,
together with a section 0 € E(S). There is then a unique commutative group scheme structure

on E/S in which 0 is the identity element [KM85, Ch. 2.

A Néron n-gon C, s over S for a positive integer n is the quotient of n copies of Pk
indexed by i € Z/nZ, which we may denote P} x Z/_nZS, given by identifying the 0 section
of the ith copy of Py with the oo section of the (i 4 1)th copy. The smooth locus C5% is
then isomorphic to G,, s x Z/_nZS, which we give its usual S-group scheme structure +.
Consider S = Spec(Z), and write C,, for C,, spec(z)- The functor Aut(C,, +) of +-preserving
automorphisms of C,, which sends a scheme S to the group Aut(C, s,+) can be identified
with the Z-group scheme Z/2Z, x pi, 7 where the involution 1 € Z/2Z sends (z,i) € C77%(5)
to (7!, —i) and an element ¢ € pu, 7z(S) sends (z,1) to (¢*x,4) [DR73, 11.1.10], [Cel7, 2.1.6].

A generalized elliptic curve over S is the data of a flat, proper, finitely presented scheme
E — S whose smooth geometric fibers are elliptic curves and whose non-smooth geometric

fibers are Néron polygons, together with a section 0 € E(S) and an S-morphism
+: " xgF— FE

that restricts to give a commutative S-group scheme structure on the smooth locus E¥" such

that on any non-smooth geometric fiber Cs of E, for any given rational point x € CE™(53),
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the translation action on C£™(3) given by y — y + x induced by + induces a rotation on the
irreducible components of C£™. See [DR73, II.1] for a thorough discussion on generalized

elliptic curves.

We begin with a definition of certain “Drinfeldian” level structures on generalized elliptic

curves, following [Co07].

Definition 3.1.1. Let E — S be a generalized elliptic curve, and let M be a positive integer.

(i) A T'(M)-structure on E is a homomorphism
¢ (Z/MZ)* — E™[M]
which induces an equality of relative effective Cartier divisors of E¥™ /S

EnM]= Y [é(a,b)

(a,b)E(Z/MT)?
such that the divisor intersects each irreducible component of each geometric fiber

nontrivially.
(i) A T'1(M)-structure on E is a homomorphism
¢ : Z/MZ — E™[M]

such that the relative effective Cartier divisor of E¥™/S it generates

Y [6(a)

a€Z/MZ
is a subgroup scheme of ES™[M]| such that the divisor intersects each irreducible compo-

nent of each geometric fiber nontrivially.
(111) A T (M)-structure on E is a closed immersion of S-group schemes
¢ pars — B [M]
which intersects every irreducible component of each geometric fiber nontrivially.
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If S is a Z[1/M]-scheme, then a I'(M)-structure on E is the same as an isomorphism
of S-group schemes (Z/M Z)ZS = E*[M], and a T';(M)-structure is closed immersion of
S-group schemes Z/ﬂs — E™[M] [KM85, 1.5.3|. Additionally, if F is a genuine elliptic
curve, then the condition of intersecting each irreducible component of each geometric fiber
is automatically satisfied, and these definitions then agree with those of [KM85, Ch.3| and
[KM85, 4.9].

Let (GEIl) be the category whose objects are generalized elliptic curves E' — S and whose

morphisms are Cartesian squares
EF —— F

]

S — S
which induce isomorphisms of generalized elliptic curves E' = E xg S" over S, and let (Ell)
be the full subcategory whose objects are elliptic curves £ — S. For any scheme T, let
(GEIl/T) denote the full subcategory of (GEIll) whose objects are E//S where S is a T-scheme.
If R is a commutative ring, we write (GEll/R) in place of (GEIll/Spec(R)). We define (Ell/T")
and (Ell/R) similarly.

Definition 3.1.2. Let M be a positive integer. Let [[2(M)] : (GEI) — Set denote the moduli
problem which assigns to each generalized elliptic curve E — S the set of I'>(M)-structures
of E/S, where “x" is either empty or 1, and “?” is empty if * is empty, and is empty or u

otherwise.

Let Sch denote the category of schemes (we do not worry about set-theoretic issues).
We may alternatively consider the moduli problem X?(M) (resp. Y,(M)) which assigns
to S € Sch the set of S-isomorphism classes of pairs (F,¢) where E/S is a generalized
elliptic curve (resp. elliptic curve) and ¢ is a ' (M)-level structure on E/S. If [['2(M)] is
represented by £/M, then M represents the corresponding moduli problem on Sch and vice
versa if [['2(M)] is rigid, i.e., if there are no nontrivial S-automorphisms of (E, ¢) for E/S

a generalized elliptic curve (resp. elliptic curve) and ¢ a I'’(M)-level structure for all such
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(E,¢) and S [KMS85, 4.4, A.4.1.2)].

We have the following representability results, where in what follows we take a curve over

a base scheme to mean an integral scheme which is flat, separated, and finitely presented of

pure relative dimension 1 over the base.

Theorem 3.1.3 ([DR73,KM85, Co07,CelT]).

(i)

(i)

(iii)

Ifd| M and d > 3, then [['(M)] on (GEI/Z[1/d]) and its restriction to (ENl/Z[1/d])

are represented respectively by
E(M)zpa/X(M)znq  and — E(M)zpa/Y (M)z/q

where X (M)zp1,q) is a projective, reqular curve over Z[1/d] which is smooth over Z[1/M]
and Y (M)zp/q is an affine, regular curve over Z[1/d] which is an open subscheme of
X(M)zp a- In particular, if M is not of the form p* or 2p® for some prime p and

s € ZLsq, then X(M) exists as a projective, reqular curve over Z.

If d| M, then [I'y(M)] on (GEN/Z[1/d]) for d > 5 and its restriction to (ENl/Z[1/d])

for d > 4 are represented respectively by

Ev(M)zpa/X1(M)zppg  and — Ev(M)zpa/ Y2 (M)zpa,

where X1(M)z1,q) 5 a proper, reqular curve over Z[1/d] which is smooth over Z[1/M],
and Y1(M)zp a) is an affine, reqular curve over Z[1/d], which is an open subscheme of
Xi(M)zpya- In particular, if M is not of the form p®, 2p®, or 3p® for p a prime and
s € Z>q, then Y1(M) exists as a affine, reqular curve over Z, and if additionally M is

not of the form 4p*, then X1(M) exists as a proper, reqular curve over Z.

The moduli problem [T (M)] on (GENW) for M > 5 and its restriction to (Ell) for M > 4
is represented by B (M) /X" (M) and E!'(M)/Y{(M), where X!'(M) is a smooth curve
over 7 with geometrically irreducible fibers which is moreover proper over Z[1/M], and

Y/ (M) is a smooth curve over Z which is an affine open subscheme of X' (M).
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Proof. We of course only indicate where to locate these statements in the standard references.

(i) The claim of regularity of X (M )z /q is [Cel7, Theorems 4.3.5, 4.5.1] or [Co07, Theorem

4.1.1]. The claim of smoothness away from M is [Co07, Theorem 3.2.7| or [Cel7,
Proposition 4.3.2, Theorem 4.5.1]. The representability and projectivity claims are in
[Co07, Theorem 4.2.1] and |Cel7, Proposition 4.3.6], though the statement in the latter
has a typo as it fails to exclude the exponent s = 0. We remark that for the moduli
problem on (GEll/Z[1/M]), representability, smoothness, and projectivity is given in
[DR73, IV.2.9].

We additionally indicate how the proof of representability goes for the moduli problem
on (Ell), as it follows from results in the more classical reference [KM85|. First, on the
elliptic curve locus, the moduli problem factors into corresponding moduli problems
for the prime factors of M |[KM85, 3.5.1] (this is not true for the full problem on
(GEll) [Cel7, Example 4.5.3|). For a general M, the problem [I'(M)] on (Ell/Z[1/M])
is relatively representable, finite, and étale [KM85, 5.1.1|, and if M > 3, then it is rigid
by |[KM85, 2.7.2] (using that Drinfeldian level structures reduce to the classical level
structures of [KM85, 2.7] if M is invertible). Thus, by [KM85, 4.7.0], it is representable,
and by [KM85, 4.7.1], Y (M)zp/a has the claimed properties (the proof there works
with (Ell/Z[1/M]) in place of (Ell)). Finally, looking at prime factorizations and using
that the product of a representable moduli problem with a relatively representable
moduli problem is representable [KM85, 4.3.4| gives the claim of the theorem. In the
cases M = p® and M = 2p°, for a supersingular elliptic curve E over F,, one has the

nontrivial automorphism —1 of (F, ¢).

The representability claim follows from [Co07, 4.2.1], and the result for Y1 (M) can be
deduced from [KM85, 5.1.1, 2.7.4, 4.7.0, 4.7.1, 4.3.4, 3.5.1] just as above. Regularity and
smoothness away from M are again [Co07, 3.2.7, 4.1.1], and projectivity follows from

[Cel7, 4.1.3, 4.5.1|. Additionally, that [I';(4)] is not representable over Z[1/2] is due
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to [Co07, 2.2.5] and the fact that the data (Cyzju, 12, @) of a Néron 2-gon Cs z(,,,,1/9]

with any 'y (4)-structure ¢ admits a nontrivial involution.

(iii) The affine case follows from [KM85, 4.9, 4.10, 2.7.4]. The moduli problem on (GEIl)
has trivial automorphism groups for M > 5 by [KM85, 2.7.4] and [Cel7, 2.1.6], but
there seems to be no prominent reference in the literature which gives details on the
geometric properties of X' (M), though Z-smoothness and Z[1/M]-properness is claimed
in [DI95, 9.3.7|, which cites [Ka76, 11.2.5|, where such properties are only claimed for
the affine curve Y{'(M).

O

For the case of problematic M, one can still form so-called coarse moduli schemes as the
moduli problems above are relatively representable and affine: in [KM85, 8.1|, it is explained
that any relatively representable affine moduli problem has an associated coarse moduli
scheme; in [DR73, 1.8, Ch §], it is explained that any algebraic stack (with quasicompact and
separated diagonal) that is separated and finite type over a Noetherian base admits a coarse
moduli algebraic space, and that if the stack is Deligne-Mumford, then the coarse algebraic
space is a scheme (see [Co05] for a proof and removal of the Noetherian hypothesis). Both
the “fine” moduli schemes representing the moduli problems in the above theorem and the

coarse moduli schemes will be referred to as modular curves.

The modular curves of primary interest for us are the curves X; (M), where ? is either
empty or u, and where we have dropped the subscript indicating the base ring of definition.
For the purposes of Sharifi’s conjecture, the differences between the two curves are essentially
cosmetic - there are only slight differences in the description of the Hecke actions and Galois
actions on the étale cohomology groups of these modular curves. We explain now the two

ways in which these curves are isomorphic after a possible extension of scalars.

Suppose M is such that the fine moduli scheme X (M) exists, and let R = Z[1/M, (pr]. As

M is invertible in R, we then interpret the moduli problem [I'y(M)] on Sch as parametrizing
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pairs (E/S, 8) where (8 is the morphism of group schemes associated with the data (E/S, ¢)
as in the discussion after Definition 3.1.2. We have an isomorphism f : ppy g — Z/M ZR over
R given by sending (s to 1, and so we obtain an isomorphism vy, : X{'(M)g — X1 (M)g

induced by the map of moduli problems described by
(E/S,B: ps = E™[M]) — (E/S,Bo fs).

If we instead work over R = Z[1/M|, we have the Atkin-Lehner isomorphism wy, : X{'(M)g —

X1(M)g defined via the morphism of moduli problems on the elliptic curve locus
(E/S,a: pps — E) = (E = E/im(a), : Z/MZS — E)

where [ is the unique inclusion such that, over any ring containing a primitive Mth root
of unity, #(1) and «(() pair to ¢ under the Weil pairing for all Mth roots of unity ¢. A
description of this scheme-theoretic Weil pairing is given in [KM85, 2.8] and [KM85, IV.3.21].
We then have that v, o wy, and wy, o vy} are involutions over Z[juys, 1/M], which we will

refer to as Atkin-Lehner involutions.

Remark 3.1.4. There is a mistake in [FK12, 1.4.2| as they claim w), defines an isomorphism
over Z; this is impossible as X(M) is smooth over Z, while if M = p* M’ for p an odd prime,
k>1, M >5, and p f M’ then the fibers over p of Y1(M)z,, are known to be singular
[KMS5, 13.5].

It will also be useful to relate these isomorphisms to the analytic theory of modular curves.
Recall that H denotes the complex upper half plane, and let H* :=H U ]P’(l@ be the extended
upper half plane. Let M > 5, let I';(M) denote the subgroup of SLs(Z) of matrices that are
unipotent modulo M, and consider the compact Riemann surface I'; (M )\'H*. Recall that a
model of I'y (M)\H* in the sense of [Sh59, 16.7| is the data (V, ¢) of a smooth projective curve
V' over a number field, together with an isomorphism ¢ : I'y(M)\H* — V(C)** where (—)**
denotes the analytification functor of Serre’s GAGA. For the curves X;(M)g and X' (M)q,
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we have the two models of I'y(M)\H* induced by

o TI(MN\H 3 2= (H)(Z + 2Z),Cy = 1/M).

The isomorphism vy, then induces an isomorphism of models over Q((ys), while wy; does not
induce an isomorphism of models but instead corresponds to the involution z > ]\j[—lz of H*.
This may be seen from calculating that for the elliptic curve H/(Z + zZ), the M-torsion point
1/M pairs with the point z/M of H/(<-Z + 2Z) to €*™/™ under the Weil pairing and using
that %Z + 27 is homothetic to Z + A}—lzZ, where the minus sign is introduced so that 1\_4_12 is in
H. The points 00,0 € Pg, give rise to distinct points in X{'(M)g and in X;(M)g, which are
respectively referred to as the co and 0 cusps, and which are swapped by the map wjy;. We
have that in the X;(M) model, the oo cusp has residue field Q(pups)*, while in the X' (M)
model, the oo cusp has residue field QQ; these claims follow from Proposition 3.2.10 below.
After introducing Hecke and diamond operators in the next section, we will explain how these

isomorphisms interact with the Galois and Hecke actions on the cohomology groups of the

two models of modular curves.

3.1.2 Thara’s model of X(M)qu

We describe a particular twist X (M )]IF};?& of the curve X (M) ,, where ¢ is a prime not dividing
M and F 2 is the finite field of order ¢*. For a fixed ¢, the family of curves {X (M )i‘};zra} M
was studied in the paper [Ih75] of Thara in which he used the congruence subgroup property
of PSLy(Z4)) to describe the ramification and splitting behavior of this family of coverings.
Though this paper is well-known for being the source of what is now called Thara’s Lemma,
which was named by Ribet is his study of level-raising congruences of modular forms, we will

only need to use the following formulation of the main theorem of the paper.

Theorem 3.1.5 ([Ih75, MT 2|). There is no nontrivial finite abelian covering Y — X (M )ihara

q2

by a geometrically irreducible, smooth, proper curve Y over Fp in which all supersingular
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points of X(M)F= are completely split.
q

Here, we say that a point z of X (M )IIF};‘” is completely split if the fiber of x along the
covering map Y — X (M )IIF};“ is a disjoint union of copies of the residue field of z.! We
also point out that for a smooth curve, connectedness is equivalent to irreducibility; this
assumption is to rule out uninteresting covers which on the function field side correspond to

extensions K (Y)/K(X (M )%Flz";ra) such that [F 2 is not algebraically closed in K(Y').

The curves X (M )g:;“ra are essentially constructed by forcing the ¢g>-power Frobenius to
act rationally as £p on the universal elliptic curve so that the corresponding supersingular

elliptic points are defined over F,2. We do this as follows.

The curve X (M )Z[l /v admits a map via the Weil pairing to the scheme of primitive
M-roots of unity M?\?}%/M} = Spec(Z[1/M][X]/(®n(X))) C Spec(Z[1/M][X]/(XM — 1)) =
par,zii v where ®@,(X) is the Mth cyclotomic polynomial, over which the curve X (M)zp
is fiberwise geometrically connected. There is a natural left action of PGLy(Z/MZ) on
X(M)zp a over Z[1/M] which on points (E, P, Q) corresponds to left matrix multiplication
on (§). The action of a v € PGLy(Z/MZ) on X (M )z1/m) commutes with the action of

det(v) € (Z/MZ)* = AUt(N?\;zu/M]) on uﬁ/r[izl[l/M]:

X M)z —— X M)z

| |

rim det(7) rim
/LIX/[,Z[I/M] ”RLZ[I/M} :

Fixing a choice (3; of a primitive Mth root of unity, we have an isomorphism

Spec(Z[1/M, Cu]) = MI])\?;EI/M]

along which we pull back X (M)z1/a to obtain the curve X (M )(ZC{I{/’/)]\MM]. We fix a choice of

!The terminology Ihara uses is “decomposed completely”, not to be confused with the notion of “completely
decomposed” as used by Nisnevich in a different but similar sense.
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prime of Z[1/M, (y] lying over ¢ and consider the reduction

X (M)$" — Spec(F,s) = Spec(F,(Cur))

q

where the integer f is the smallest positive integer such that M | ¢/ — 1. The subgroup of

matrices G < PGL2(Z/MZ) with determinant a power of ¢ mod N then act on X(M)]%Q:f)
“

over F,. Let 0,2 denote the arithmetic ¢*>-power Frobenius of Fer and let g = (8 2) e G.

Then g x Spec(og?) acts on X(M)](FQ;’) X Spec(F, 1) Spec(IF 27 ) over Spec(Fg2) with order f.

Definition 3.1.6. Define Ihara’s curve of level M over Fp to be the quotient

X(M)PE™ = (X (M) Xspecte, ) Spec(Fr)) /(9. Spec(ae))-

One important feature of the curves is that the supersingular points of X (M ){thm (i.e.,

(Cnr

those that are in the image of the supersingular points of X (M) ) under the defining

o2f
quotient map) are all defined over Fp2 [Ih75, 1.3.1]. We will use both this property and

Theorem 3.1.5 with ¢ = £1 (mod M), so that X (M) = X(M)I(Fcf), in our analysis of the
map T to be defined in the next chapter.

3.1.3 Degeneracy morphisms

For future use, we also define degeneracy maps 7y : X1(M) — X;(M') for each divisor d | M
such that dM’ | M which on Y;(M) are given by

74 (B[S a1 Z/MZ — E[M)) ~ (E',a : Z/M'Z — E'[M/d))

where E' := E/a(27/MZ) and o is the composition

a mod a(%Z/MZ)

o i=Z/M'Z, — L)(M/d)Z_ y E'[M/d).

We may also define 7} : X{'(M) — X} (M') which on Y{*(M) is given by
mq o (E/S, B+ pags = E[M]) = (E":= E/B(pas), B : pars — E'[M'])
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where

B = pars <= fajas S mod Blia), E'IM".

Over the appropriate extension of scalars, we then have that m4 0 wy = wpp o 7, SN and if
we define vy; and vy as above using a primitive Mth root of unity (»; and set (yy 1= ]\]\j/ M/,

_ 1 fo o, —1 _ -1 I
then we have mgovy = vy om),. Combining these, we have 7 ov,; owys = Vppr OWN O -

3.2 Algebraic theory of Hecke algebras and modular forms

In this section, we set up the algebraic theory of Hecke operators and modular forms due
to Igusa and Deligne, following roughly the presentations of [De69] and [Co07|. We start
with defining Hecke correspondences, which will enable us to describe Hecke operators as
associated endomorphisms of cohomology groups of certain sheaves on modular curves. We
then define modular forms as global sections of certain line bundles on modular curves and
compare this definition with another algebraic definition of modular forms due to Katz in
[Ka72| and the analytic theory of modular forms. We will see that there are some subtleties
in the algebraic theory over Z that arise from the difference in properties of the two models
X1(M) and X} (M). We assume throughout that the level M is large enough so that we

work with moduli problems representable by schemes.

We start with a definition.

Definition 3.2.1. For a regular proper curve X over an affine scheme S = Spec(R), a
correspondence T := (71, m2) on X is a pair of finite morphisms w1, 7 : Y = X from a regqular

proper curve Y over S. The dual correspondence of T is the correspondence T* := (mwg, ).

To define our Hecke correspondences, we first need the modular curve X;(M, 1) defined
via another moduli problem on (GEIl). Due to the number of technical details needed to
define the moduli problem, we only summarize the most pertinent parts of the definition and

refer to [Co07, 2.4.3] and [Cel7, 4.6] for more precise definitions.
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For M a positive integer and [ any prime, let [['y(M,[)] be the moduli problem on
(GEIl) which assigns to E/S the set of data (E/S,a : Z/MZ — E*"[M],C) where « is in
[Ty (M)](E/S) and C is a finite, locally free rank [ cyclic S-subgroup scheme of E[l] such
that when [ | M, there is an equality of closed subschemes

> (a(aM/l) + C) = E™[I]

a€Z/IZ

in E. By [Co07, 4.2.1], we have criteria on M for representability of [I'y(M, )] which agree
with that for [I'y(M)] in Theorem 3.1.3. In such cases, we denote the corresponding proper
modular curve by X;(M,[)/Z, which is smooth over Z[1/MI] by [Co07, 3.2.7|.

Let M > 1 be such that X;(M) exists as a fine moduli scheme over Z, and let [ be any
prime. Let W%l), 7Tél) : X1(M, 1) = X;(M) be the morphisms induced by the maps of moduli

problems

m: (B/S,a: Z/MZ — E[M],C) ~ (E/S,a : Z/MZ — E[M))

w): (B/S,a: L/MZ — E[M),C) (E := (E/C)/S,a mod C : Z/MZ_ — E[M)).

By [Cel7, 4.7.1], the morphisms are finite and flat.

Definition 3.2.2. Define the lth Hecke correspondence on X1(M) to be the correspondence
(7" 7). We often denote this by Ty if 1+ M and by U, if 1| M.

We can also analogously define a moduli problem [T} (M, )], yielding a curve X{'(M, 1) over
Z which is smooth over Z[1/l], proper over Z[1/MI], and which admits finite flat morphisms
ng)’“ to X{(M) and Atkin-Lehner isomorphisms vy, wyy,; defined over Z[1/M, py] and
Z[1/M)], respectively. We have then that wy, o 7\ = 7% 0wy, and vy o 7 = ng)’” © Uppy-

Thus, the correspondences T; and U, correspond to the similarly defined 77", U/"" under wy,.

3.2.1 Sheaves of differentials and modular forms

We introduce the sheaves which will be used to algebraically define spaces of modular forms

following [DI95, §12|. Recall that a morphism of schemes f: X — S is called Cohen-Macaulay
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(respectively syntomic) if it is flat, locally of finite presentation, and has Cohen-Macaulay

(resp. local complete intersection) fibers.

Definitions 3.2.3. Let f: E — S be a Cohen-Macaulay morphism of schemes of pure relative

dimension d.

(i) Let Qps be the relative dualizing sheaf over E of f of [DR73, 1.2].
(i) Let Q}z/s be the sheaf over E of relative Kahler differentials of [SP, Tag 01UM].

(11i) Suppose that f is a generalized elliptic curve with identity section e : S — E. Then f

15 syntomic, and we let

WE/s = e*QE/S-

We remark that in [DR73], the notation wx/g is used for our /g and they refer to the
sheaf as the sheaf of regular differentials. The first two items in the above definition are
related by a canonical map

CE/S : QCEIJ/S — QE’/S

which is an isomorphism over the smooth locus of f [Li02, 6.4.13|, where Q‘é/s = (O

E‘/S)®d‘

As the identity section e has image in the smooth locus, we see then that wg/g is canonically

isomorphic to e*Q}, /5" We record some useful results.

Lemma 3.2.4.
(i) Let
x4, x
b
s 258

be a commutative diagram of schemes. Then there is a canonical map of sheaves

g Q% /51 Qﬁ(/s which is an isomorphism if the diagram is Cartesian.

(ii) The construction wy/s is stable under base change of S, i.e., g*wx s = wx /g
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(iii) The sheaves Qg/s and wgs are line bundles.

(iv) There is a canonical isomorphism wgys — f.Qg/s

Proof. The first claim is [SP, Tag 01UV]|, while the second claim follows from the first claim.
The last two claims are [DR73, 11.1.6]. O

In the analytic setting, the sheaf w = wgw 5/ xu(ay) can be described rather concretely.
We give a summary of the exposition in [DI95, 12.3] here. We first start with a concrete
description of the universal analytic family of elliptic curves E;(M)* over Y;(M)** as the

quotient of the trivial bundle H x C over H by the right action of I';(M) on Z x Z given by
(2,¢) - (m,n) = (2, +mz + n).

This produces a family of elliptic curves over the upper half plane £ — H with a canonical
family of points of order M described by the section z — (z,1/M). We may define on the
left an action of SLy(Z) given by v = (2Y) € SLy(Z) acting as

[(z. O = [(7(2), (e + d)~¢)).

The quotient of the universal family of elliptic curves by the action of I'y (M) < SLy(Z) then
gives the universal elliptic curve over the modular curve of level I';(M). The analytic sheaf

w can then be identified with the sheaf of sections of the line bundle
[y (M)\(H x Cot(C)),

where Cot(C) is the 1-dimensional cotangent space of C at the origin. This line bundle can
be identified with the bundle
I (M)\(H x C)

over Y;(M)* where the action is given by v - (z,£) = (7(2), (cz + d)&), with the identification
given by
(2,8) ¢ (2, 2migdq).
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The analytic description can also be extended to the universal generalized elliptic curve over
the projective modular curve X}'(N) as in [DR73, VIL.4]. In this way, we have an identification
of the classical space of modular forms My (N; C)s with the space HO(X!'(M)*®, w®kan)
where a modular form f(z) produces a global section f(z)(d()®* of the tensor power of
the pushforward of the relative cotangent bundle invariant under pullback by elements of
['y(M). This suggests that we should algebraically define the space of modular forms as
H O(Xl(“ )(M),w®F), where the superscript (;1) indicates we are considering both the regular

and the p-variant of the modular curve.

Definition 3.2.5. Write w for w—_ . Let D = X"(M) = Y™ (M) be the cuspidal

Y (M) X" (M)
divisor. For an arbitrary ring A for which [Fg”)(M)] is representable, define a modular form

over A on Xl(“)(M) and weight k > 2 to be an element of
HOXT (M), (0) ),
and a cusp form over A to be an element of the subspace
HOX (M), (w(=D)).a).

We write MIE“)(M; A) for the space of such modular forms, and we write S,i”)(M; A) for the

subspace of such cusp forms.

We see that M,g“ )(M ; A) and S,Ef‘ )(M ; A) are finitely generated and torsion-free as A-
modules, being spaces of global sections of torsion-free sheaves on integral schemes flat
over Spec(A). Recall the degeneracy maps 70" : XWW(M) — X (M) for a positive
integer d such that dM' | M of section 3.1.3. These induce injective degeneracy operators
z’fj‘) : M,E“)(M’;A) — M,E“)(M;A), induced by the counit id — mg 7 of the adjunction
(% 4 74,) evaluated at (w®) 4, that take SV (M'; A) into S (M; A). To see that these
maps are injective, note that the sheaves w are locally free, being invertible sheaves, that

(1)

injectivity may be checked on an affine cover of X f“ )(M '), that 7" are surjective, and that

X 1(“ ) (M) are integral schemes.
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Remark 3.2.6. In the above definition, the assumption that the moduli problem is representable
may be removed if we allow discussion of relative dualizing sheaves on algebraic stacks as in

[Co07].
Lemma 3.2.7. For any flat R-algebra S, we have canonical isomorphisms
MM (N;R)®r S = M (N;S), SY(N;R)@r S = SP(N;8S).

Proof. This follows as cohomology of quasicoherent sheaves commutes with flat base change

for relatively quasicompact and separated schemes [SP, Tag 02KH]. O

When A = C, we recover the classical space of homolorphic modular forms of weight &

and level I'; (M) via the analytification map of Serre’s GAGA
HOX (M), wg®) = HOXP (M, (@)) = My(Dy(M), C)

as wr, (m),c is a coherent sheaf and X f“ )(M )c is smooth and proper over C. We in particular
have a canonical Z-structure on the space of classical modular forms using the model X}'(M),
along with a Z-structure coming from using the model X;(M). The former Z-structure agrees
with that coming from g-expansions at infinity, while the latter in general does not, as we will
indicate below. Over any Z[1/M, uys|-algebra, we may identify the two spaces of algebraic
modular forms associated with the two models using the isomorphism v,; of modular curves,
and as this isomorphism induces the identity map on the analytic curves, it also induces
the identity map on the corresponding spaces of analytic forms. The two integral theories
generally differ, however, and we maintain the distinction in notation through the next few

sections as we set up the Hecke theory.

We now relate this to the notion of so-called geometric modular forms due to Katz
[Ka72], which is used in the first part of [Oh20]. This presentation of ideas also allows one to
define modular forms without worrying about issues of representability of moduli functors

[Ka76, 11.2.5]. Recall that for a morphism of schemes g : X — Y and a quasicoherent
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sheaf G on Y, there is a natural morphism of global sections I'(Y,G) — I'(X, ¢*G), where

g°G = g7'G ®,-10, Oy, inducing a map on cohomology
H'(Y.G) = H'(X,g"G).

Taking ¢ : Eg“)(]\/[) — Xl(“)(]\/[) to be the structure morphism and ¢ = w® = wg’;X,

we then see that a modular form f € M ,5“ )(M : A) gives for any generalized elliptic curve
with level structure (E/S, ) corresponding to a morphism ¢ : S — X )(M ) an element
fess € HO(S, w%}“s) and that this assignment is compatible with composition/base change.
As any scheme is determined by its morphisms from affine schemes, we find that a modular
form f on X 1(“ ) is equivalent to a “rule” which assigns to every triple (£ /Spec(R), a, &), where
(E/Spec(R), a) is a generalized elliptic curve with level structure and & is a nowhere vanishing

global section of w%ljspec(R) (so that we have an isomorphism H°(Spec(R),w}, Jspec(R)) =

R), an element f(E/Spec(R),a,§&) € R which depends only on the isomorphism class of
(E/Spec(R), a, &), which commutes with arbitrary base change, and which satisfies for any
A € R* that f(E/R,a, ) = \"Ff(E/R, a,€).

3.2.2 Cusps and algebraic ¢-expansions

We may apply the geometric viewpoint on modular forms above to Tate curves over Z[[g]] in
order to obtain g-expansions of modular forms. The construction of Tate curves is carried
out in [DR73, Ch. VII] and [Co07, §2.5] following Raynaud’s construction via formal schemes

and algebraization. We summarize the results below in the notation of [Co07].

Definition 3.2.8.

(i) For all n > 1, there exist generalized elliptic curves Tate, — Spec(Z[[¢/"]]) whose
fibers over ¢*/™ = 0 are standard Néron n-gons and whose restriction to Z((q*/™)) are

elliptic curves.

(i) There is a canonical element weayn of H®(Spec(Zy|[q]]), wrate,) given by the differential
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dql/n
ql/n

on Tate,.

Lemma 3.2.9. (i) Tate, admits a free action by the group Z/nZ which lifts the standard

rotation action on the standard n-gon over Spec(Z).

(ii) For m | n, there is a finite étale map Tate, — Tate,, over Spec(Z[[¢*/™]]) of degree

n/m given by the quotient of the action of mZ/nZ C Z/nZ.

(iii) The curves Tate, are the unique generalized elliptic curves up to unique isomorphism
over Z[[q*/™]] which have standard n-gon fibers and which have fiber over Z((q'/™))

isomorphic to Tate, ®z1q Z((¢™)).

(iv) There is a unique isomorphism of group schemes over Z[[q'/"]]
Tatel" [n] = p, X Z/nZ
lifting the canonical isomorphism on the standard n-gon fiber over ¢'/™ = 0.

As generalized elliptic curves over algebraically closed fields are all isomorphic to standard
n-gons C,,, the study of the residue fields of the cusps of X 1(“ )(M ) amounts to the study of
[Fg“ )(M )] structures on C,, for n > 1. Tate curves are then universal deformations of n-gons
and can be used to identify the universal deformation rings at the cusps of the modular
curves X 1(“ )(M). The identification of the cusps of X;(M) is carried out in [Co07, Theorem
4.3.4]; however, the theorem statement there contains errors. We give a description of the

cusps of X} (M) in the following proposition.

Proposition 3.2.10. Let M > 5. For d > 0, let C(M)4 be the locus of points on X' (M)
corresponding to T (M)-structures on generalized elliptic curves with d-gon geometric fibers.
For d | M,d < M/2, we have that C(M )qzpn ) 5 a disjoint union of ¢(M/d)/2 copies of
Spec(Z[pq, 1/M]) corresponding to elements of (Z/4Z)* /%, while if d = M or M/2, then
C(M)azp /) = Spec(Zlpa, 1/M]*).
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Proof. As in the proof of [Co07, Theorem 4.3.4], we study the cusps of the generic fiber
X} (M)g. Note first that as we require I'} (M)-structures on a generalized elliptic curve to
contact each irreducible component of each geometric fiber, any such structure can only exist
on a d-gon for d | M. To find the residue fields of points of C(M),,q, we pass to Q and consider
Galois orbits of isomorphism classes of the data of the standard d-gon C; equipped with a
I (M)-structure over Q. These are all of the form (Cy, Car — ((4y, b)) where b € (Z/dZ)*, so
that the Z-span of ((},, b) intersects each irreducible component of Cy, and where r € Z/MZ
maps to a unit in Z/%Z, so that ((},,b) has order M.

We now consider one such pair (¢}, b) describing an isomorphism class of I} (M )-structures

on Cy. Recall that Aut(Cy, +) = Z/2Z X j1g, where ¢ = (337 € 114(Q) acts by sending ((%,, b)
to ( ;beM/ ? b) and where the nontrivial element of Z/27 acts by inversion. Thus, we may
assume that 0 < r < M/d. The Galois action by a 0 € Gg mapping to a € (Z/MZ)* via the
cyclotomic character sends (yr — (C}y, b) to (§; — (C§7,b), which is equivalent to the level

structure Cyr — (¢, a'b), where we view a € (Z/dZ)*.

Suppose that we are in the case d = M or M /2. As M/d is then 1 or 2, the automorphisms
of the previous paragraph produce isomorphisms of level structures between (y; — ((ar, b),
Cv = (G, —b), and Cpp — (Cur, —b), where the first isomorphism comes from the inversion
automorphism and the second isomorphism comes from the py part of Aut(Cy, +). Thus,
we have an equality of isomorphism classes [(Cq, (e = (Car, 0))] = [(Ca, Cr = (Car, —0))],
and we see that Gg acts transitively on all isomorphism classes of I'f' (M )-structures. Thus,
the Galois stabilizer for the class is Ggc,,)+, which gives the residue field Q({y/)* of the

corresponding point of X}'(M).

In the remaining case that d < M /2, we have that r and —r are distinct modulo M/d,
and so we get ¢(M/d)/2 distinct Galois orbits, each with corresponding stabilizer Ggy,,) and
residue field Q(puq).

To obtain the integral results as in the proposition statement, we appeal to the regularity

and properness of X}{'(M )z ) as in the proof of [Co07, 4.3.4]. O
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We now point out the error in the statement of [Co07, Theorem 4.3.4]. There it is claimed
that the d-gon cusps of X;(M), assuming that the moduli problem is representable over Z,
when d > 2 form a disjoint union of copies of Spec(Z[us/q]) indexed by pairs (b,r) where
be (Z/dZ)* and r is a positive divisor of d that reduces to a unit in (Z/(M/d)Z)*. This
cannot be true, as the number of cusps of X;(M)g is known to be 1/23 7, ¢(d)p(M/d)

[DS05, pg. 102], and Conrad’s description yields an overcount.

Describing the cusps of X!(M) over Z involves considering closed immersions of group
schemes pipz — Gz X MZ which are surjective upon composing with the projection
to the constant group scheme factor. As there are no nontrivial maps from the local group
scheme p,x p to an étale group scheme over I, we see that some of the cusps over Z[1/M]
described above will not extend over Z. In the case d = 1, we always have the T'{(M)-
structures Spec(Z) — X' (M) coming from the usual inclusions sz — C5™ = G, z. We are
particularly interested in the cusp corresponding to the canonical inclusion as it corresponds
to the infinity cusp from the analytic theory, as we now explain.

Recall that we have an identification of curves X;(M)* = X} (M)*" via the algebraic
isomorphism vy;. Viewing X" (M)* as T'y(M)\(# UP(Q)), we have an identification of
cusps I't(M)\P'(Q) = I'ty(M)\PSLy(Z)/({%) where v € SLy(Z) corresponds to v - co =
a/c € P(Q). We may also set

Py = {(c,d) € (Z/MZ)? | (c,d) = Z/MZ}

and identify the set of cusps of Xf”)(M)an with P/~ where (¢,d) ~ (¢/,d') if ¢ = e and
d = ed mod ¢(Z/MZ) where ¢ = +1. A cusp a/c € P1(Q) corresponds to (¢,d) € Py/~

when (2%) € SLy(Z), and in terms of the algebraic description of cusps, (¢,d) € Py/~
corresponds to the level structure 1 +— (¢4, M) (or ¢y — (¢, m)), where we use

notation as in the proof of Proposition 3.2.10.

For later use, we would like to record the action of Gg on the cusps, which depends on

which algebraic model of the modular curve one uses. In [FK12|, they opt for the presentation
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Pyy/~ for the curve X;(M), while in [Oh03] and [Oh99, §4.3], the cusps a/c € P}(Q) of

X1 (M) are represented as [¢] € Ap/~ where
Ay = {[¢] € (Z/MZ)* | (a,c) = Z/MZ}

and [¢] ~ [%] if ¢ = ¢ and a = ea’ mod ¢(Z/MZ) where e = £1. We remark that we may
use either of the presentations, Py;/~ or Ay;/~, when discussing the cusps of either model

of the modular curve, and we will later do so when referring to results in the literature.

Lemma 3.2.11. For o € Gg, let a € (Z/MZ)* be such that o(Cp) = - Then

as a cusp of X{'(M), and

as a cusp of X;(M).

Proof. The cusp (c,d) of X;(M) corresponds to the level structure (¢, , and so the

gcd(i,M) )
action of Gg on (¢, d) is apparent. The cusp [¢] corresponds to (¢, d), and so as a cusp of
X1(M), an element o € G corresponding to o maps the cusp to [’fcla]. Via the equality

ogovy = vy 0 (knp(0)) oo as morphisms X{' (M) — X, (M), we see that o sends [¢] to [,“1,]

as a cusp of X{'(M). O

We have two particular cusps of interest. The cusp (1,0) € Py, is called the 0-cusp and
corresponds an M-gon cusp of X 1(“ )(M )g- The cusp (0,1) is the so-called infinity cusp and
corresponds to a 1-gon cusp of X (M ), and which in the case of X{'(M) is defined over Z

as indicated above.

For the model X{'(M), the canonical inclusion iy 7 < C} lifts to an embedding pipsz <

Tate, corresponding to a morphism

oo : Spec(Z[[q]]) = X7'(M).
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The 1-gon cusp of X;(M) over Z admits a twisted Tate curve as a universal deformation
over Z[uy)t, which is denoted by Tate] in [Co07, 4.3.7]. For our purposes, this is not quite
the curve we wish to use in order to define algebraic ¢-expansions. Instead, we pass up to
X1(M)zj,,) and use the Tate curve Tate; 7107, With I't(M)-structure corresponding to

Cur, which will correspond in the analytic theory to the infinity cusp, and which corresponds

to a map

Spec(Z{[g]] ® Zlpml]) = X2 (M)zjp)-

Definition 3.2.12. For any modular form f on X} (M) of weight k over a commutative ring

R, we define the q-expansion of f at infinity to be the image under the pullback morphism
HY(X{(M)g,wr) — H(Spec(R ® Z[[q]]), o0"wr) = R ® Z[[q]],

where the last isomorphism comes from the canonical element wrae. For any Z|u|-algebra
R and any modular form f on X1(M)g, we similarly define the q-expansion of f to be the
pullback along the morphism induced by Tate; pezyy composed with the isomorphism with

R® Z[[q]]

The above construction agrees with the Fourier expansion at infinity of the associated
analytic modular form for R = C for either model X;(M) or X{'(M), and as such we may

refer to the g-expansion (at infinity) of a form simply as its Fourier expansion.

We now state the g-expansion principle, which allows us to identify modular forms with

formal power series.

Proposition 3.2.13 (Katz).

(i) For any commutative ring A the map
M/ (M; A) = Az Z[lq]] — Allq]]
18 1njective.
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(i1) If A is a subring of B, then the commutative diagram

M (M; A) —— Az Z][q)]

| |

M}(M; B) —— B ®z Z[[q]]

1s Cartesian.

The analogous statement for cusp forms, and the corresponding statements using the model

X1 (M) in place of X{'(M) if restricting to Z[1/M, j]-algebras, hold as well.?

The formulation above is as in [DI95, 12.3.4, 12.3.5|, though they work over Z[1/M, p/]-
algebras for the model X;(M). The original result is [Ka72, 1.6.1], where it is stated only for
the curve X (M) over Z[1/M]. The point of commonality in each of these references is that
the modular curves considered are smooth over the given base ring and that the g-expansions
and spaces of modular forms are considered over the same ring. For non-smooth curves,
one generally needs to consider g-expansions at a collection of cusps which intersects each
irreducible component of each fiber in order to obtain a g-expansion principle, i.e., to obtain
statements analogous to the two in the proposition above. As X!(M) has geometrically
irreducible fibers, one could formulate a principle for each cusp for algebras over the base
ring of the cusp, whereas in [Co07, 4.4.2], it is said that the space My(M;Z) of weight k
forms on X;(M) over Z are precisely those which have integral ¢g-expansions at each of the

N-gon cusps.

We see then that using the model X{'(M) is the more natural option in defining algebraic
g-expansions at oo as over Z it agrees with the analytic description of modular forms which
have Fourier expansion at infinity with coefficients in Z. The issue with using X; (M) instead
is that the fibers in characteristics dividing the level are not geometrically irreducible and

smooth, and so one does not have a simply stated g-expansion principle as above.

2Though the Tate curves over X1(M) were defined over Z, one requires geometric irreducibility of the
fibers in order to state a q-expansion principle using only a single q-expansion. Geometric irreducibility holds
only away from M for the model X1(M).
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3.2.3 Hecke operators

We now give an algebraic description of Hecke operators on the spaces of modular forms
defined above and other cohomology groups of modular curves. For simplicity, we stick to the
model X, (M), though everything should hold for X} (M) in place of X;(M) as well, with
only minor changes in notation. In order to define the (non-dual) Hecke operators 7; and Uy,

we consider the sheaf w = wg/x and the following commutative diagram of schemes

EL(M,1) s E\(M,1)/C
/ \ )% ™~ -
X1(M,1 Ey
X (

where E1(M, 1) is the universal generalized elliptic curve over X;(M, 1), C is the universal

Ei(M M) (3.2.1)

M)

cyclic subgroup scheme of rank [ of Fy(M,1)*™, ¢ is the corresponding isogeny in the sense
of [Cel7, §2.2|, f is the structure morphism, and the two squares are Cartesian. Our goal
is to describe an endomorphism of H°(X;(M),w), as this will induce an endomorphism on
HO (X (M), w®*).

We first consider the unit of the adjunction (ﬂ'él)* | ’/Tél*)) at w to get a map

1) (1)« !
w — Wé*)ﬂé) W= 7Té*)W(El(M,l))/())/Xl(M,l)-

Write e; and e; for the canonical sections of g; and go. We have an equality e; = poe; and a

1 BREE - *.
natural map ¢ Q (B2 (M.1)/C)/ X1 (00) QEl(M /X2 (M) yielding a map we denote simply by ¢*:
rPerQl = rlerp QL
2)€5 B (M)/C)/xa () — T2« C1P 2E, (a0 /0) /X (M)

l) *)1
> 3 50 LML)/ X1 (M)

l l 1)*
= Wé*)WEl(M,l)/Xl(M,z) = 75*)7?5) w.
Taking global sections, we thus far have a map

HO(X1(M),w) = H (X, (M), w5)m{"w) = HO(Xy(M), 707" w),
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where the equality follows from the definition of sections of a pushforward sheaf and the
fact that wi” and Wél) have the common domain X;(M,!). Finally, as ng) is finite and flat,
there is a trace map which we denote ng*), which coincides with the counit of the adjunction
(wgl*) - ﬁ”‘), from W%?ﬂl)*w back to w.

The dual Hecke operators come from instead pulling back along ng), pulling back along

the dual isogeny ¢V, and then pushing forward along ﬂél).

Definition 3.2.14. Suppose that [I'y(M)] is representable over a subring R of C. We define
the Hecke operators T;, writing T; in place of Uy when I | M for simplicity, on My(M;R) by

the formula

17 = 70 0 0% o 1)

which recovers the classical operator IT; under analytification, and the dual Hecke operators
T and U} by

Ty =m0 9" om".

The factor of [ in the above formulas is due to our use of the particular sheaf w®*. Below,
we explain how the use of a related sheaf produces formulas without this extra factor. In the
meantime, we remark that in order for the definition of 7; above to make sense, one needs to
know that the endomorphism ng*) op*o Wél)* has image in [My(M; R). We do not prove this
here, but instead indicate that this may be shown using calculations with g-expansions as in

[Ka72, 1.11], and alternatively Conrad has proven this conceptually over Z by considering

the morphism fiberwise in [Co07, 4.5.1].

Remark 3.2.15. In the above definition of 7T}, we are considering the pullback under the
degeneracy morphism 7T§l) which on points corresponds to (E,«,C) — (E/C,@). On the
other hand, the usual description of the effect of the Hecke operator 7T} on points of the

modular curve, given by

(B,a)— Y (E/C.@)
CCE
Cnim(a)=1
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where the sum is over order [ subgroup schemes of F which intersect the image of « trivially,
suggests that the Hecke operator should be described as pulling back along ng) followed
by pushing forward along Wél). This discrepancy arises because the convention for defining
morphisms of the Jacobian of a curve induced by algebraic correspondences in arithmetic

contexts is to view the Jacobian as the Albanese variety, which is an object covariantly

associated with the curve.

We explain this standard convention. If R is a field and T is a correspondence on X over
R, then T and its dual T* induce endomorphisms on the Jacobian of X, Jx := Pic% /R» Which
we denote by the same symbols, by T := Alb(my) o Pic’(7;) and T* := Alb(7;) o Pic’(m).
Here, for any finite morphism of smooth, proper curves over of a field 7 : ¥ — X, one
has morphisms Alb(n) : Jy — Jy and Pic%(w) : Jx — Jy which arise from viewing the
Jacobian of a curve either as the Albanese variety or the identity component of the relative
Picard scheme of the curve, respectively. The morphism 7" on Jx is often referred to in
the literature as the Albanese or covariant action of the correspondence 7' on X (e.g. as
in [Gr90, §3|, [Ri90, §3|, [Oh03, §1.2], and [Oh20, §8§5, 6]), while 7™ is referred to as the
Picard or contravariant action of T" — this is due to the convention that for a finite morphism
X — Y, one associates with it the correspondence (id, f) which then induces the map

T = Alb(f) : Jac(X) — Jac(Y) in the same direction as f.

This covariant/contravariant terminology has been carried over to general settings where
one has Hecke actions. For instance, when discussing the action of Hecke correspondences
on cohomology groups, it is standard to refer to the morphism 7; defined above as the
contravariant action of the correspondence denoted by 7;; see for example the introduction of
[OhO00]. This in particular means that the standard isomorphism between étale cohomology
of a curve with Z,(1)-coefficients, whose Hecke action we review below, and the p-adic Tate
module of its Jacobian

Hélt(X@v Zp(l)) = Tp(JX)
interchanges the dual and non-dual Hecke operators under the standard conventions on actions
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of Hecke operators on the two sides. On the other hand, this means that the identification
Hgt(X@v Z,) = Hom(T,(Jx), Zy)
under Poincaré duality is Hecke-equivariant; see for example the top of page 410 of [Oh20)].

We now describe an action of (Z/M7Z)* on modular curves. For simplicity, we only write
out the action for the case of X;(M), with the action on X} (M) defined similarly. An
element a € (Z/M7Z)* acts on the constant group Z/MZ by multiplication, inducing maps
{a): X1(M) — X1(M) and {a)p : E,(M) — E1(M) fitting into a Cartesian diagram

These automorphisms induce actions on My (M; A) which are compatible with the classically
defined diamond operators on classical modular forms. We again have the relation that v, is
compatible with (a) defined on both models, while wy; interchanges (a) with (a~!). Note
that (—1) is the identity on X; (M), while (—1) is the inversion automorphism, inducing an
action of (—1)F on M (M; A).

We now consider other cohomology groups on which we may define Hecke and diamond
operators and explain how the corresponding Hecke algebras can be identified. We start with
considering constant sheaves Sy, (1) on the analytic universal elliptic curve Fy(M)*" over
Y1 (M) for any commutative ring S, and we form the kth symmetric power Sym*R' f, S By (M)
for k£ > 0 of the first derived pushforward along the structure morphism of E which we
also denote by f. Note, we are taking symmetric tensors over S, so that when k£ = 0, we
have the constant sheaf S. By considering the analog of the commutative diagram 3.2.1 for
Ey (M) /Yo(M)?®, noting that we have base change isomorphism for proper morphisms, we
may define Hecke operators on H*(Y1(M)™, Sym*R' f,S iy (ayan)- Similarly, if we let S denote

a finite commutative ring and Sp, ;) the constant étale sheaf on Ey(M), then we obtain
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Hecke operators on H (Y1(N)g, Sym*R'f.S pi(ary)- The étale comparison theorem then gives

us canonical Hecke equivariant isomorphisms

H (Vy(M)™, Sym* R 1.2,

o) = Ha(Vi(M)g, Sym* R .2,

By (M ))

which follows from [SGA4.3, Exp. XI 4.4] by noting that Y1(M)g and Y;(M)c have equivalent
étale sites. The analogous claims for the closed modular curve in place of Y; (M) holds as
well, and the claim for compactly supported cohomology in place of standard cohomology is
also valid by [SGA4.3, XVII 5.3.5]. In order to compare the above Hecke action with that on
the space of modular forms, we first need to give an alternative cohomological definition of

the space of modular forms.

Proposition 3.2.16. Let D be the divisor X' (M)\Y{(M). There is an isomorphism of

sheaves on Y{'(M) called the Kodaira-Spencer map

2 1 — Ol
WL () v ) T QYf(M)('_ QYl“(f\/f)/SPeC(Z))

which extends to an isomorphism of Oxuypy-modules

2 1
W anyxeon — xeon (D)

A similar result holds for the model X, (M) over Z[1/N].

Proof. The map is constructed in [Ka72, A.1.3.17| for a general elliptic curve E over a
scheme S that is smooth over a base scheme T as the dual to the tangent mapping of the
classifying morphism from S to the classifying stack M of elliptic curves. There it is
explained that this morphism must be étale in order for the Kodaira-Spencer map to be
an isomorphism. As the classifying stack is smooth over Z, this in particular implies that
the modular curve Yl(“ )(M )/R must be smooth over R in order for the Kodaira-Spencer
map to be an isomorphism. The converse is also true [KM85, 10.13.10], hence the need to
restrict to Z[1/M] for the case of X;(M). The extension of the Kodaira-Spencer map to

sheaves on the closed modular curves is done by explicit computation with Tate curves as in

[Ka72, A.1.3.18]. 0
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Thus, we get a canonical isomorphism

0 o Rk 0 1% Rk—2 1
HAXY (M), Wy xaany) = BT D, @y xeann @0xpan Extan (D)),

allowing us to alternatively define the space of modular and cusp forms on X} of weight
k and level T'; (M) using the right-hand side cohomology group (cf. Definition 3.2.5), and
similarly for forms on X;(M). However, the isomorphism is not Hecke equivariant. Indeed,

in [De69, 3.18|, the composition of morphisms defined as above as

ng*) op*o Wél)*

produces the usual Hecke operator 7; on the right-hand side cohomology. Though the cited

result uses cohomology of the analytic sheaves Sym*R' 1:Q we have the following

EI(M)an Y

Eichler-Shimura isomorphism which compares spaces of modular forms with cohomology of

the symmetric power local systems.

Proposition 3.2.17. Suppose that k > 2 and M > 4. Let j : Y1(M) — X1(M) be the
natural inclusion and f: Ey (M) — Y1 (M) be the structure morphism of the universal elliptic

curve over Z[1/M]. We have maps from My(N;C) and Sg(N;C)
HOX1(),2 © O, 3 (D) © € = HY(Y3(M)™, Sym 2R £.2)

and
H(X, (M), 0" @ QX 0y © C = H' (X, (M)™, j,Sym"*R' f,Z) ® C
inducing ismorphisms compatible with Hecke operators on both sides
M (N;C) @ S(N;C) = H' (Yo (M)™, Sym"*R' f,Z) © C
Sp(N;C) @ Si(N;C) = H (X, (M)™, j,Sym"2R' f,Z) ® C.
The formulation above is that given in [FK12, 1.5.6]. The original statements for the

cuspidal case in [Ei57] for weight k£ = 2 and in [Sh59] for general weight used parabolic group
cohomology H&(I'y(M), Vi) in place of sheaf cohomology H'(X,(M)*",j,Sym*2R!f,Z),

67



where Vj is the symmetric power Sym*~2(Z?) of the standard I';(M)-module Z2. Under the
identification 7 (Y;(M)**) = I',(M), the module Vj, is precisely I'(Yy(M)™, Sym* 2R f,Z),
and H*(Y;(M)*, Sym*2R! f,Z) can be identified with usual group cohomology H*(T';(M), V4)
(under the assumption that M > 4 as in the statement of Proposition 3.2.17). The group
HY (X, (M), j,Sym* 2R' f,Z) can then be naturally identified with the subgroup of parabolic
cohomology H%(T'1(M),V;.) € HY(I'1(M), V},). For the non-cuspidal case, one may compare
dimensions as in [DI95, 12.2.2].

We now relate the Galois actions on the étale cohomology groups of the two models of
modular curves via the isomorphisms v,; and wy, of the last section. We start by reminding
the reader of the natural actions of G on étale cohomology and on rational points. For

o € G, one has induced isomorphisms over Spec(Q)

1 X Spec(Q) Spec(a) : Xl(M)@ — Xl(M)@

1 X Spec(Q) Spec(o) : Xf(M)@ — Xf(M)@

which define right actions of Gg on X;(M)g and on X{'(M)g over Q. These right actions
give rise to the standard left actions on étale cohomology via pullback. On the other hand,
the Q@ points of X" )(M )g and X1(M)g over Q acquire right actions via the morphisms
1 X gpec(@) Spec(o) which agree with the natural left actions of o' on points by precomposition
with Spec(o™!). From now on, we follow usual convention and denote 1 Xgpec(q) Spec(o)
simply by o.

The map vy, gives an isomorphism defined over Q(pps), so one has o o vy = vy o o for

0 € GQuu)-

Lemma 3.2.18. For o € Gal(Q(unr)/Q) corresponding to a € (Z/MZ)*, we have vy 0 0 =

(a) o 0 o vy as morphisms X' (M )gun) — X1(M)g(uu)-

68



Proof. On Q-points, the left-hand side acts as

(B.Cu = P € BIM)@) = (E°, Gt = 07 /(P))
— (E",Cy = P)

— (E7,1— P)
while the right-hand side is the composition

(E,(u— P € E[M)(Q)) = (E,1+ P)
= (E7, 1+ a 'P)

— (E7,1— P).
[l

Remark 3.2.19. In |[FK12, 1.4.5.(1)], it is claimed that vy 0 0 = (a)o o vy as morphisms
on cohomology. This is a typo, as they prove the formula holds as morphisms of schemes,
and so on cohomology one would have o o vy = vy 0 0(a), where we abuse notation, as
they do, and use the same symbols to denote pullbacks on cohomology. This latter equality
can be rearranged to read v,; o ¢ = (a)o o vy}, which is needed to obtain the relation in
[FK12, 1.6.4.(3)], although there it should also read [o]~! in place of (o)~ (the latter symbol
does not make sense in A). One may compare this also with the discussion after [Sh11, 4.4|

and with [Oh95, 2.4.8].

We also take the time to point out that our Hecke operators and diamond operators agree
with those of [FK12| and Ohta’s. Their diamond operators are given as morphisms of schemes
in 1.2.2 and 1.1.4 in agreement with our definition and coincide with the operators T'(q, q)
of [Oh95,0h99, Oh03] for weight & = 2. Next, note that our curve Y;(M, 1), which we used
to describe our Hecke correspondences, corresponds to their curve Yi((1), M) in 1.2.3. The
isomorphism Y;((1), M) — Yi(1, M(1)) given in [Ka04, 2.8] composed with their map denoted

7 is our 7r§l), and the inverse of the isomorphism composed with our Wél) is their ¢). Therefore,
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their Hecke operators in 1.2.3 denoted T'(I) and T*(l) (on Betti and étale cohomology) agree
with our 7; and 7} and those denoted 7'(1) and 7*(I) in [Oh95].

3.2.4 Hecke algebras

As the Hecke operators defined on modular forms and on analytic and étale cohomologies of
symmetric powers of local systems are compatible under the Eichler-Shimura isomorphism,

the Hecke algebras we define on either of these spaces are naturally isomorphic.

Definition 3.2.20. For M > 5 and a general commutative ring A, we define the Hecke

algebra and dual Hecke algebra of level M over A
Dr(M; A),  HL(M; A)

to be the A-subalgebras of the endomorphism rings Enda(M]'(M; A)) generated by the Hecke
operators T} and U/', respectively T/ and U}, and the diamond operators {(a) for a €

(Z/MZ)*. We similarly define the cuspidal Hecke algebras
br(M; A),  b(M;A)
as subrings of End4(Sy (M; A)).

Note that for S/R a flat extension of rings, we have that $;(M;S) = H,(M; R) ®g S by
Lemma 3.2.7 and standard flat base change results [SP, 02KH], and similarly for the other
Hecke algebras. In general this is not true, for instance when one wishes to consider mod p
modular forms and Hecke operators for p | M (see also [DI95, Theorem 12.3.2]), but we will
use less suggestive notation whenever we wish to consider a non-flat extension of rings. It is
well-known that these Hecke algebras are commutative, and being subquotients of the finitely
generated A-module End (Mg (M; A)), that they are themselves finitely generated over A.
In the case A = Z, we see that the endomorphism rings are themselves free Z-modules, and
so the Hecke algebras are as well. This implies that the Hecke algebras are flat over any

characterstic zero base ring.
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We make a final remark concerning the choice of model of modular curves. The model
X1(M) could have also been used in defining the Hecke algebras, but as the model X1'(M) is
one which recovers the integral theory of g-expansions at infinity, we opted to use the latter.
Over a suitably large base ring, the alternatively defined Hecke algebras can be seen to be
isomorphic to those defined above by again using v,;, though the integral theories may differ.
As it should cause no confusion, and for simplicity of notation, we now drop the superscript

1 on our Hecke operators and spaces of modular forms.
We similarly have an isomorphism between Hecke algebras and dual Hecke algebras via

T, + T, U + Uf, and (a) + (a™!'). However, we will need to distinguish between the two

Hecke operators, and so we do not drop the superscript *.

We now describe a pairing between Hecke algebras and spaces of modular forms due
originally to Hida. For a modular form f in My (M;Z), we let a,(f) denote the coefficient of
¢" in the power series expansion of f. For A an integral domain containing Z (i.e., a domain

which is a flat Z-algebra), we define a subspace of modular forms
my,(M; A) == {f € My(M;Q(A)) | an(f) € A Vn > 1}.
Consider the A-bilinear Hecke-equivariant pairing on My (M; A) x $;.(M; A) given by
(f,T) = ar(Tf) € A

For any positive integer e and prime [, we define the Hecke operator Tjc € $(M; A) for
k > 0 recursively by Tje := TjTje-1 — I*"Y([)Tje-2 for e > 2 where T is definined to be the
identity element of $;(M; A), where here for simplicity we also take T, = U, for [ | M. For
any positive integer n = [[p;* with p; # p; for i # j, we define further the Hecke operator
T, =] Tpe. We may similarly define analogous dual Hecke operators (additionally using

(I)~! in place of (I)). By studying the action of Hecke operators on g-expansions, one finds

that
al(Tnf) = an(f)

for any form f. Note that this is not the case with the dual Hecke operators.
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Proposition 3.2.21 (Hida). For k > 0, the pairing above is perfect and restricts to a perfect
pairing on Si(M; A) x hp(M; A).

The cuspidal case is given in [Hi00, 3.17]. The proof easily generalizes to the non-cuspidal
case, and we sketch it below. Note that the restriction £ > 0 is not explicitly mentioned in
loc. cit. as it is unnecessary in the cuspidal case, and Hida’s definition of modular forms
for an arbitrary ring A is defined simply by My(M;Z) ® A, which does not agree with our

convention for non-flat Z-algebras (cf. again Definition 3.2.5 and Lemma 3.2.7).

Proof. We treat only the non-cuspidal case, as the cuspidal case follows by the same argument.
We have non-degeneracy of the pairing on the right, for if T € §) is such that a (7' f) = 0 for

all f, then for any given f we have
an(Tf) =ar(T-T,f) =0

as T, f is also a modular form. Thus, we conclude that T f is constant, but as k > 0, this
implies T'f = 0. We also have non-degeneracy on the left, for if f is such that a;(7f) = 0 for
all T, then we can consider T' = T, for all n and as before conclude that f = 0. Thus, the

induced morphisms
i(M; A) — Homy (my(M; A), A), me(M;A) — Homa(Hr(M; A), A)

and their cuspidal variants are injective. We wish to verify surjectivity. If A is a field, then
surjectivity follows from finite-dimensionality of the spaces of modular forms. Consider the
second of the displayed maps above. For any ¢ € Homa($,(M; A), A), we may linearly
extend ¢ to an element of Hom4($x(M;Q(A)), Q(A)) and obtain a form f € my(M;Q(A))
such that a;(Tf) = ¢(T) for all T' € H(M; Q(A)). We find that f actually lies in my(M; A)
as

an(f) = a1(Tof) = (T}, € A.

For surjectivity of the first map $;(M; A) — Homa(my(M; A), A), apply Homa(—, A) to

the second map, and note that $;(M; A) is a finitely generated, free A-module, as A is flat
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over Z, and so it is canonically isomorphic to its double dual. The composition
9e(M; A) = Homa (Homu (55,(M; A), A), A) = Homa(my(M; A), A)
agrees with the map induced by the pairing. O]

We now work towards defining Hida’s universal Hecke algebras and spaces of A-adic
forms. Recall that for any positive d, M’ M such that dM’ | M, we have degeneracy
maps iq : Mi(M'; A) — Mi(M;A), and so by restriction we have natural surjections
DL(M;A) — HR(M';A). Let p | M be a prime divisor and consider the p-adic Hecke
algebras hfj)(M ; L) and 53,(:)(]\/[ : Z,), which are semi-local rings, being finitely generated as
Z,-modules. We consider the maximal quotient rings in which the operator U, (respectively
U,) act invertibly, and we denote by ey and e}, the idempotents of $5(M; Z,,) and $;(M; Zy)
giving the projections onto these direct factors. We use the same symbols to denote the
analogous idempotents in the cuspidal Hecke algebras b;(M;Z,) and b} (M;Z,), which will

be the images of ey, and e}, under the natural surjections coming from restriction.

We now fix an odd prime p and an integer N prime to p such that Np > 4 as well as a

k > 2. We form the inverse limits
N (N)z, = lim 67 (N3 Z,),
b (N)z, == lm by (Np' Z,),

and for any Z,-algebra A, we set Jr');c(*)(N)A = ﬁ;(*)(N)Zp@)ZPA and f);g(*)(N)A = b;(*)(N)Zp(/X\JZpA.
We denote by e and e* the idempotents given by the projective system of idempotents (enypr ),

and (e}, )r-

Definition 3.2.22. Let K be a complete subfield of C,, and denote by O its ring of integers.
Let Ao be the completed group ring O[[I']], and define the universal p-ordinary (adjoint) Hecke

algebra of tame level N by
555\*39 = e(*).‘f")g*)(N)Oa
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and let

b = "B (Mo
denote the universal p-ordinary cuspidal (adjoint) Hecke algebra of tame level N with coeffi-
cients in O. When K = Q,, we often write h™®) in place of [)E\*Z)p.

We denote the elements of the universal Hecke algebras corresponding to the projective
systems, (Tl(*))r, (Ul(*))r, and ({(a)), by the same symbols Tl(*), Ul(*), and (a) that are used at

finite level.

Note that in the definition above, our notation for the universal ordinary Hecke algebras
does not include mention of the weight k of the finite level Hecke algebras. This is because in
fact the algebras defined for various k are all canonically isomorphic: for the cuspidal Hecke
algebras, this is [Hi86a, 1.1] for p > 3, and |[Hi88b, 3.2] for general p; for the non-cuspidal
algebra, only the case p > 3 is stated in [Oh99, 1.5.7], however the proof is an immediate
corollary of a control theorem which is only proved in loc. cit. for p > 3, but a more general
control theorem covering all primes is given in [AS95, 5.1]. We also drop N from the notation
as N will be fixed for most of the dissertation, and we refer to the universal Hecke algebra

often.

The usual and dual universal Hecke algebras are canonically A-algebras. We have a
morphism of Z,-algebras A — $* induced by [0] — (rn,(c7")), and we further compose with
the natural quotient to h* to obtain a A—algebra structure on the dual cuspidal Hecke algebra
as well. For both algebras, the image of A is isomorphic to the quotient A/ ([-1] — 1), where
[—1] is the group element in Z[[Z] \]] = A. The A-structures on the non-adjoint Hecke
algebras are obtained by using instead the non-inverted diamond operators, and we see that
the isomorphism $ = §* described above is one of A-algebras.> We now state the control

theorem for the ordinary universal Hecke algebras.

3Note that we may have defined these A—algebra structures before taking ordinary parts. However, those
algebras are not isomorphic to one another, and in particular the operator (—1) acts as (—1)* in the weight k
Hecke algebras. That Ohta wished to work more generally is one of the reasons why in [Oh95], the A-algebra
structure is defined so that [d] acts as T (d, d) = d*—2(d).
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Proposition 3.2.23 (|Hi88b, 3.4], [Oh99, 1.5.7]). Let w, =" —1 € Ap. The canonical maps
bt} /e = €0 (N )

and

DY fw, — eI (Np"; 0)

are isomorphisms.

The cuspidal case is treated fully in [Hi88b|, and the non-cuspidal case is treated in [Oh99]
for p > 3. The argument of the latter reference compares the Ap-rank of the universal Hecke
algebra with the O-rank of the finite level Hecke algebra. This rank is given in [Hi86a, Lemma
5.3| by counting the number of linearly independent p-ordinary Eisenstein series, and the
proof there still works with p = 3 (assuming N > 2). We will give further properties of these

Hecke algebras in the section below, after introducing spaces of A-adic forms.

3.3 A-adic forms

In this section, we define A-adic forms following [FK12| and [Oh95] as certain power series
specializing to g-expansions of classical modular forms and relate them to inverse limits of

spaces of modular forms.

We start off with bringing to attention the choice of normalization made in [Oh95, 2.1.1]
and [Oh99, 1.5.1] for the weight k slash operator of a rational matrix 6 = (¢%) € GL; (Q)

with positive determinant on a modular form f € My (M;C)

az+b
cz+d

(f1x0)(2) = det(0)(cz + d) ™" f( )-

The normalizing term det(d) differs from that used in standard references such as [Se72, 3.1.a]
and [Sh59, §3.4], which use det(8)*/2, and [Hi93, 5.1] and [DS05, pg. 165|, which use det(5)*".

The algebraic Atkin-Lehner involution v]\}l o wys acting on the space of modular forms
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HO(X1(M)a,w5") agrees with the analytically defined involution given by [( % ') when the
action is defined without a factor of det(d), as we now explain.

The analytified algebraic v, 0wy on the universal family of elliptic curves with an

M-torsion point introduced in 3.2.1 sends (C/(Z + 7Z), i-) to (C/(Z + 7Z), ), which
via homothety is isomorphic to (C/(Z + M7Z),7). Further acting by (? ') gives an
isomorphism with (C/(Z + 5FZ), 2;). Thus, we see that vy, 0wy acts on f(2)(d¢)®* by
pulling it back to (Mz)~*f(—1/Mz)(d¢)®*. We may also consider the action of v;; 0wy,
on HO(X{ (M), (w2 ® QQI(M)(D))A), where we find f(z) is sent to M (Mz)"*f(—1/Mz).
For simplicity, we write wj; in place of v;/‘,l o wyy for the remainder of this section.

Remark 3.3.1. In [Lalbb, §2|, Lafferty takes Ohta’s convention in defining the weight k
operator, but does not adjust the normalization of the double coset operators. This leads to
the operator denoted Ty 4 in loc. cit. for d € (Z/MZ)* to operate on My (M;C) as d>~*{d).
This leads to some incorrect formulas in the paper. E.g., the formula on page 744 of [Lal5b]
which describes the effect of Hecke operators on Fourier coefficients is off by a factor of d*~!.
On the other hand, in Lafferty’s dissertation [Lalba, 2.1], he takes the normalization with
the factor det(d)*~1, but does not mention Ohta’s convention when citing some of Ohta’s
results. In [FK12, 1.5.9], they take Ohta’s convention, but introduce a sign factor of (—1)F.

This sign is needed for a pairing that they define in [FK12, 1.6].

We now take Fukaya and Kato’s convention in defining the Atkin-Lehner operator w),
acting on My(M; A) and define spaces of modular forms whose Atkin-Lehner duals have

integral Fourier coefficients

My (M;Z) = {f € M(M;Q) | an(wn(f)) € Z[[g]] for n = 0},
my(M;Z) = {f € Mp(M;Q) | an(wrr(f)) € Z[[g]] for n = 1},
Sp(M;Z) = {f € S, (M;Q) | an(wr(f)) € Z[[g]] for n > 1}.

We set M (M; A) = M (M;7Z)® A, and similarly for mj(M; A) and S} (M; A), for any ring A.

For p an odd prime and N a positive integer coprime to p such that Np > 4, by direct compu-
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tation as in [Oh95, 2.3|, one can show that the trace maps my, : Mp(Np™; Q) — Myp(Np™; Q)
take M} (Np™™':Z) into M} (Np";Z) for r > 1, and similarly for mj (M; A) and S;(M; A).
Additionally, these trace maps are compatible with the actions of ﬁZ(NpT(+1);Z) and
hi(Np"*Y; Z), which then can be seen to stabilize M; (Np"; Z), mi(Np"; Z), and S;(Np"; Z).

Definition 3.3.2. Let K be a complete subfield of C,, and denote by O its ring of integers.
Let Ao be the completed group ring O[[I']], and fix an integer k > 2. Define

M (N)a = lim M (Np'; 0),
W (N)ap 1= fmmi (Ny'; 0),

&/ (N)ao = lim S;(Np'; ),
and further set
M po = €M (N) o,
My = €M (N)ag,
Sine = €S (Nso.
Recall our notation U, = 1 + p"Z, < U;. Define for any finite order character € ﬁl

factoring through U; /U, and any ring A containing the values of ¢, the subspace
M (Np",e; A) ={f € Mp(Np"; A) | {(a)f = e(a)fVa € Uy},
and define Si(Np", €; A) analogously.

For K and O as above, we now define spaces of Ap-adic modular forms as power series
that specialize to classical modular forms. We will often suppress the coefficient ring O in

the terminology and refer to them simply as A-adic forms.

Definition 3.3.3. A Ap-adic modular form (resp. cusp form) of level N and weight k > 2

1S G power series

F =Y an(F)q" € Aollq]]
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in q with a,(F) € Ao such that for all but finitely many characters € € (71, the power series

o

Fer = _a(n; F)(e(y)y"* = 1)g"

n=0

is the q-expansion of a modular form in My(Np", €; Ole]) (resp. cusp form in Sp(Np", €; Ole))
where ker(e) = U,. We denote the space of all Ao-adic modular forms (resp. cusp forms) of
level N and weight k by M (N;Ao) (resp. S;.(N;Ap)). We further take the ordinary parts

and drop N from the notation in setting

Mino = eMy(N; Ao)

Sko = €5:(N; o).

We define mgp, = (Mg, @rp Q(A0)) N (Q(Ao) + qAo[[q]]), and by abuse of terminology

we call it also the space of No-adic forms.

Proposition 3.3.4 (Hida, Wiles, Ohta). The Ap-modules My x,, Miny, and Sga, are

finitely generated and free.

For the cuspidal case, under the conditions that p > 5 and O is finite over Z,, Hida in
[Hi86b, 2.2, 3.1] proves finiteness and freeness over Ay of the full and cuspidal universal
ordinary Hecke algebras as well as the duality of the Hecke algebras with spaces of Ap-adic
forms. However, there the theory of A-adic forms is not presented using power series rings

over A as above.

The presentation of A-adic forms in [Hi93, 7.3] is close to what we have above, the
difference being that following Ohta, we have fixed a choice of weight k. Nevertheless, a proof
of the claim for My A, and S, for all primes p when N =1 and O is finite over Z, can be
obtained from [Hi93, 7.3 Theorem 1|, where it is attributed to Wiles. The proof works just
the same without the condition that N = 1, and the condition that O is finite over Z, can

also be removed, as we now explain.

In the proof of the theorem, the finiteness condition is used to deduce compactness of Ay,

and this compactness is used to deduce that O-finite, freeness of the reduction of Mj s, by
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the ideal (P) C Ap, implies Ap-finite, freeness of My, 5., where P, =T — (7% — 1). However,

one may simply use instead Nakayama’s lemma for this last claim.

As we work with a fixed weight &, we must also modify slightly the proof to consider instead
of Py some other element of Ap to deduce freeness. This is what is done in [Oh99, Lemma
2.4.6] (under the ambient but inessential assumption that p > 5), though the proof does not
explicitly address the needed workaround of the compactness step of Hida’s argument. The
claim for my A, is [Oh99, Remark 2.5.5] and can be proved in the same manner as it was for
My p,. We additionally remark that the proof of Ap-freeness in [Lalba, Proposition 2.2.2] is

incomplete, as it assumes O is a PID, which is only the case if O is finitely ramified over Z,.

Proposition 3.3.5 (|Oh95, 2.3.6], [Oh99, 2.2.3|). For k > 2, we have isomorphisms of
Ao-modules

Mk,Ao = ml:,/\o)

mkvAO = mZ,A()?

*
Sk7AO = 6](?,/\@ ?

where Ao acts on the left-hand spaces by scalar multiplication and on the right-hand spaces

via their $} ,-structures. The maps are explicitly given by F — (fr)r, where

1 o .
fr = Z wN;)’”Up F<€(7>7k 2 - 1) )
EZUl/Ur—)@X

with inverse (g,), — G, where G is the unique element satisfying

G =1 = > ea)a) ' Ujwnygr

anl/Ur
for all e : Uy JU, — Q" , where we view Uy /U, < (Z/Np'Z)* in order to define (a).
Though Ohta only made the claim for p > 5 for the cases of My s, and Si ., the proof
works just as well when p = 3 and for my s,. The proposition allows us to import the
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G O—module structure of the right-hand terms to the left-hand terms. The effects of the
adjoint Hecke operators 7} on the coefficients of A-adic forms specialize to the usual effects

of the standard Hecke operators T; on Fourier coefficients of classical modular forms.

Remark 3.3.6. Various authors make different conventions in defining and notating a Hecke-
module structure on the space of A-adic forms. We give a summary here for the primary

references used in this dissertation.

In [Oh95], the h*-module structure on the projective limit of spaces of classical modular
forms is imported to the space of A-adic forms as was done above. However, via the
isomorphism h* = b, the space of A-adic forms is considered throughout as an h-module. The

papers [Oh99, Oh00,0h03,0h20| and |[Lal5b| adopt this convention as well.

In [FK12|, only the inverse limit of spaces of classical forms with a dual Hecke structure is
considered. They embed this space into a power series ring over A. However, the A-module
structure on its image via its Hecke-module structure is actually the inverse of the A action

afforded by scalar multiplication under the involution [a] — [a] =" for a € Z .

We write Ap for Ol[Z, y]| = Ao[A]. Following [FK12, 1.5.11], we may embed Sk, and
M., into Ap[[g]] and my s, into Q(Ao) + ¢Ao[[q]] by
(frlr=lim [ > (@ YT (p) wy(f) - [a]
r a€(Z/NprZ)*

We denote their images by S 3., My 5,,, and my 3. For uniformity, we may also write E)E\*()D
for [jf\*()g The following duality result lifts the finite level dualities between spaces of modular

forms and Hecke algebras.

Proposition 3.3.7 (Hida, Ohta). There is a perfect Ao -bilinear pairing of Ao-modules
My Ry X ﬁ*]\o — Ao given by

(£, T) = ai(Tf)
which furthermore restricts to a perfect pairing Sy i, X h;t\o — Ao. The analogous claim for

Ao in place of Ao also holds.
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The proof that the natural map myz, — Homa, (9} 4,,, Ao) is an isomorphism works
just as it did in the finite level case in Proposition 3.2.21. That $} , — Homy, (my a4, Ao)
is an isomorphism requires a bit more work, as we do not yet know that $3  is finitely
generated and free as a Ap-module. In [Oh99, 1.5.7] it is directly proved that it is finite and
free in the case that p > 5. In [Hi93, 7.5 Theorem 5|, the duality is proved directly when
O is a DVR, i.e., when it is finitely ramified over Z,, which then implies it in general. To
obtain a Ap-adic perfect pairing from a Ap-adic one, one can use Lemma 4.1.6 below. The

same argument applies for the cuspidal pairing.
This duality result allows us to deduce properties of the Hecke algebras from the spaces

of A-adic forms and vice versa.

Corollary 3.3.8. The Hecke algebras 535{2 and f)g\*()o are finitely generated and free as Ap-
modules, and the spaces of Ao-adic forms My ipr My iy, and Sy, inside Q(Aol[q]]) are

independent of k. Denoting w, = [7*" '] — 1 € Ao, the natural maps
Skre/WrSkay — €755 (Np”™; O)

and

Mk,AO/wTM’ﬁAO — B*M;(Npr; O)

are isomorphisms for all k > 2.

We have the following commutative algebra lemma.

Lemma 3.3.9. Let R be an integral domain, and let S be an R-finite, R-torsion-free R-

algebra. Then we have an isomorphism S @r Q(R) = Q(S) of S-algebras. In particular, for
any S-finite S-module M, the S-torsion and R-torsion of M coincide.

Proof. We have a well-defined injection S @ Q(R) — Q(S) of S-algebras as S is R-torsion-
free. We wish to see that any non-zero-divisor s of S is already invertible in the left-hand

side. The endomorphism of S given by multiplication by s is injective and extends to an
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injection on the finite-dimensional Q(R)-vector space S ®r Q(R) as Q(R) is R-flat, being a

localization of R, and so must be an isomorphism.

For the final claim, recall that the S-torsion elements of M are given by the kernel of the
map M — M ®¢ Q(S), and note that M ®s Q(S) =M ®s S®rQ(R) =M ®r Q(R). O

The lemma then gives us the isomorphisms Q(h) = h @, Q(A) = h ®; Q(A) as both b
and A are finite, free A-modules, and the analogous statements hold for the non-cuspidal and

dual Hecke algebras as well.

By Corollary 3.3.8, we may and do drop the weight £ from the notation for our spaces of
modular forms, denoting them by Mjz_,S;, C Q([\@)[[q]}.

3.3.1 p-adic L-functions, A-adic Eisenstein series, and the Eisenstein ideal

Below we define particular A-adic modular forms which interpolate classical Eisenstein series,
following [Lalbb, §3.2] and |[Oh03, §1.4]. Before doing so, we first detail the construction
of an element ¢ € A = Z,[A][[U1]] 2 Z,[A][[T]] which specializes along the quotient maps
A — Ay = Z,[0][[T]] induced by even characters # of A to power series corresponding to
Kubota-Leopoldt p-adic L-functions as in [FK12, §4.1]. The reason for doing so is that these

power series are the constant terms of the A-adic Eisenstein series.

We follow the exposition of [Wa97, §7.2], where it is assumed that the characters 6 are
primitive. The reader may also wish to compare this with the original construction of Iwasawa
in [Iw69]. We fix an odd prime p and positive integer N such that p t N for this section
(there is no need to assume that Np > 3 in this section — allowing p = 2 is also possible if
one modifies some of the arguments; cf. Washington).

We write A, = (Z/Np"Z)* for brevity. For any = € Z y we denote the corresponding
group-like element in Z,[A,] by [z]a,, and we write [z]a, = []a[z]y, corresponding to the
decomposition of x in A, = A x (1 + pZ)/p"Z. By slight abuse of notation, we write [1 + p]
for the group-like element corresponding to 1 +p € (Z/p"Z)* < A,. We define for each
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integer r > 1

Np"
1
6= -5z D alals, €QEZIA).
(a.Np)=1

and
n® = (1= (1+p)1+p)E?.
For a given r and any 1 < a < Np" coprime to Np, we associate to a the unique ay,as € Z

such that 0 < a; < Np" satisfying
a=a; + angT.

We may then rewrite

1
L Y (a1t aNp)aila,

and see that 7)7(»0) is in fact integral.

Lemma 3.3.10. The specializations of 550) and 777(»0) at odd characters 0 of A are compatible
under the natural quotient maps Q(Zy[Ar11])o = Q(Zy[Ar])e.

Proof. Denote the projection map Q(Z,[A,+1]) = Q(Z,[A,]) by ¢,. We have

Npr+1

1
o) = g D alola,

a=1
(a,Np)=1

1 Np p—1
=~ > ) (a+iNp)ala,
=0

a=1
(a,Np)=1




We have that [a]y, = [—aly,, and so for odd 6, the specialization at 6 of the final sum can be
seen to vanish by pairing the summands corresponding to the indices a and —a. The claim

for 7)7(00) follows from that for &(00). O

Recall that A’ < A denotes the prime-to-p part of A. The element —1 € A in fact lives in
A’ as p is odd, and so it makes sense to describe characters of A’ as either odd or even, and
as AZP decomposes into a direct product of local rings indexed by Galois-conjugacy classes
of characters of A’, we may describe a local direct factor as odd or even in the case that it

corresponds to a class of odd or even characters of A'.

Definition 3.3.11. We define n© € A and £© € Q(A) to be the sums of the odd components
of the inverse limits of the 777(«0) and fﬁo) along the natural quotient maps. For any integer

t >0, we further define the twists
nt) = TWt(n(O))7 €W = th(g(o))
where Tw, : Q(A) = Q(A) is induced by [(a,b)] — a'[(a,b)] for (a,b) € Ly x (L/NZ)*.

Note that the twisting map Tw; sends the idempotent associated with the Galois conjugacy

t

class of a character @ to that of fw=*, and so n® and £€® are only nontrivial on components

whose parities agree with that of ¢t + 1.
Writing A = I'Lnr Z./p"Z[A,], we may represent n® by the inverse system

n = (1= 1+p)L+p) D aala,

a=1
(ava):l

modulo p” on parity-of-(t + 1) components. Alternatively, we may also represent n* by the

inverse system
Np”
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on parity-of-(t + 1) components, though note that while the a; are level-compatible, the as
are not. For any character 6 of A, we let né(,t) denote the image of n) under the quotient map
A — Ay

Let gét)(T), hO(T) € Z,[0)[[T)] be the power series corresponding to n(gt) and (1 — (1 +

p)*[1 + p]) under the usual correspondence [1 + p| <> 1 + T, so that §ét) corresponds to

gét) = gff) /h®). We have the following interpolation property for gét).

Proposition 3.3.12. For any integer m > 1 and finite order character ¢ of Uy, we have

3 (WL +p)(L+p)m Tt~ 1)

B ss ot
= —hD (YL +p)(L+p)™ " —1)(1 - wal‘m(p)pm“‘l)%

where Byt gpoi-m s the (m + t)th generalized Bernoulli number associated with 6w~

Proof. We have

Np"
BT = > aalf(a)(1+TY (mod (1+T) 1),
(a,?\/:p%zl
Therefore, for r sufficiently large, we have

Np”

3 W+ D+ =1 = 37 anaifan) (1 +p)(1+p)"

a=1
(a,Np)=1

Np"
Z a0 ™ (ay)a" "t (mod p"). (3.3.1)

a=1
(a,Np)=1

The congruence

(a1 + aeNp" )" = aP™ + (m + t)aaNp" a1 (mod p*"),
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implies that for r large enough so that cond(6v) divides Np”, we have

Np™
wakm(l—i—p)(l +pm+t Z ewwl m( ) m+t

(aNp)
Np”
Z Orpw' ™ (a1)a ™ 4 (m + t)Np" Z azfpw' ™ (ay)a™ "t (mod p*").
(a, Np) 1 (a,?\fj}%:l

The left-hand sum and the first right-hand sum are equivalent mod p?", and the last sum
is the one in which we're interested. Solving for the third sum and substituting it into the

congruence of 3.3.1, we find

W@ +p)A+p)mt—1)

—m m ]' m m
= (O™ (1 + p)(1 + p)™ T — 1) lim Np Z O™ +

(a, Np)

We claim that

Z ewwl m am™tt — (1 _ ewwlfm(p)pm+t71)Bm+t’€wwl_m'

a=1

(a,Np)=

r—00 Np

For this, recall the definition of the Bernoulli polynomials
B.(X)=Y ("> B;X"
; 1
=0
where B; is the ith Bernoulli number (with B; = 3!), and recall that for any Dirichlet

character y of modulus dividing a positive integer F', one has that

F
1 N )
Buix =5 ;X(J)F Bi(+



We have

m r\m ]
Bm+t Opwl—m — N - Zewwl ( )(Np ) +th+t (Npr>

m m m+tm - T T—
_29¢W1 ( +t Tj +t 1Np) (mod p 1)

_ Zewwl m m+t (mod pr—l)‘

Therefore,
Bt pyr-m = Tlggo W Z 0w " (5) ™,
and
(1-— wal—m(p)pert—l)BmH,ew lim Np Z Orpw'™ (),
1
(JJij)zl

The equality in the proposition statement then follows from observing that
PO (14 p)(1+p)"™ " = 1) = 0w’ (1 4 p)(1 +p)" ™ — 1,
as 0(1+p) = w(l +p) =1 (recall that in our notation we write 1 +p € (Z/p"Z)* < A,). O

We indicate to which p-adic L-function the power series gét) of the above proposition

corresponds. Recall that
B
k

for k a positive integer, where L(x, s) is the Dirichlet L-function associated with a Dirichlet

Lix,1—k)=—

character y. The above proposition then says that

g (WL +p)(1+p)™ = 1) = (1 — G ™ (p)p™ ) L(OYw' ™, 1 — (m + 1))

= L,(6ypw'", 1 — (m+1)),
so that for s € Z,

9 (WL +p)(L+p)* — 1) = Ly(0pw'™", —s — t). (3.3.2)
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We may also consider the images of £® and n® under the involution of A induced by
[c] = [c]7!. For characters 6 of parity equal to that of ¢ + 1, the #-eigenspaces of these

elements then correspond to power series fe(t) (T') and fe(t) (T') with
[T = J)/(0 = (4 )™ 1+ 1),
and one has that for any finite order character 1 of I,
1@+ )1 +p) = 1) = Ly~ w! s — 1), (3:3:3)

It will be useful later to note that gél)((l +p)tA14+T) ' —1)= fg(g)(T) and that fio,)l (T)
is a unit [Wa97, Lemma 7.12|, so that fio,)l (T') has a simple pole at 7' = p and gi}l,)z(T) has a
simple pole at (1+p) (1 +T) ' —1=p, or equivalently at T = (1 +p)~2 — 1.
Remark 3.3.13. Taking m = 1, we see that £¢®) agrees with the element ~'¢* of [FK12, §4.1]
and fe(t) corresponds to their ~*¢. Additionally, gél)(T ) agrees with G(T', 0w?) of [Oh03, 1.4.5]
and [Lal5b, §3.2], and ff;)(_o; (X) agrees with F(T,6w?) of [Oh03, A.1.10] and [Lal5b, §1].

For any Dirichlet character y, we let x (o) denote the associated primitive character of .

We now set & = £,

Definition 3.3.14. Define the equivariant Eisenstein series to be the element

5:%§+Z > dld] | ¢
n=1 | 0<d|n

ptd

in Q(M)[[q] which specializes for each character @ of A to the Ag-adic Eisenstein series

1 o0
E1=0E) =&+ | Y doddlr | ¢"
n=1 \ 0<d|n
pld
where & = 0(€) € Q(Ag) (and is in Ag if 0 # 1), and [d]r is defined by the factorization

(2] = [z]alz]r for any x € Z .
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These Eisenstein series & may be seen to specialize to classical Eisenstein series, and by

our convention they are eigenforms for the adjoint Hecke operators.

Lemma 3.3.15 (JOh03, 1.4.8],|[Lal5b, Proposition 5|). For @ an even character, denoting by

v = 14 p the topological generator of 1 4 pZ,, we have

(i) (a)7'E = 0(a) (v V)1 for a € Z y,
(i5) T;yEp = (1 + 0D D)"1Ey for 11 Np,
(ZZZ) Ul*gg = Sg fO?”l | Np

Definition 3.3.16. We define the Eisenstein ideal I C $)} , to be the ideal generated by the
elements T — (1 4+ I{l)™") for 11 Np and U — 1 for 1| Np. We also denote by I its image in

the cuspidal Hecke algebra b} and refer to it as the Eisenstein ideal as well.

We let 93, p and b p denote the products of the localizations at the (finitely many)
maximal ideals containing the Fisenstein ideal and refer to them as the Fisenstein components
of 9}, and b}, respectively. For any $} -module M, we let Mg denote the corresponding

localized module over )} g

For a character 6 of A, we denote by Iy the ideal generated by T; — (1 4 10(1)(*V)~1)

and Ul — 1 in )}, or its image in b} . We define mg = (m, (v)™' = 1) + Iy the mazimal

.
(or unit) ideal of b}, containing Iy, where © € O is a uniformizer.

Note in particular that for § # 1, Iy is the annihilator in Do of & (and not &-1) as
(a)~' = 0(a) € I for a € (Z/pNZ)* C Z . For § = 1, the analogous claim in QD) 18

true.
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CHAPTER 4

Cohomology of modular curves

In this chapter, we define the p-adic Eichler-Shimura cohomology groups of Ohta and use
results of Lafferty to extend the construction of T to cases where 6 is non-exceptional but
possibly imprimitive and for general tame level N such that Np > 3. In the second part of
the chapter, we show that T is surjective by extending the arguments of Ohta in [Oh20]| to

these new cases.

4.1 Eichler-Shimura cohomology groups

For the remainder of the chapter, we fix an odd prime p and a positive integer N such
that p f N and Np > 3. We introduce our principal object of study, the ordinary p-adic
Eichler-Shimura cohomology group of [Oh95]|. Let

ES, = Hé1t<X1(Npr)@> Zp(1))
denote the first étale cohomology group of the curve X,(Np")g for r > 1, and let
ES = @ ES,

be the p-adic Eichler-Shimura cohomology group of level N of Ohta, where the inverse limit
is along the trace maps ., where 7 : X;(Np™™) — X;(Np") are the degeneracy maps of

section 3.1.3. Similarly, let
GES, = Hy(Yi(Np)g, Zy(1)),
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and let
GES = @GEST

be the so-called generalized p-adic Eichler-Shimura cohomology groups of level N, and let

GES, . and GES, denote the compactly supported variants.

Definition 4.1.1. Set

T =eES.,, T:= l&n'ﬁ =e"ES,
T = e;GES,, T :=lmT, =¢'GES,

Tre = ;GES,, To:=lim T, = ¢GES,.

We refer to the right-hand groups as the ordinary, resp. ordinary generalized, resp. ordinary
compactly supported generalized, p-adic Eichler-Shimura cohomology groups of level N. The
groups are modules over $*, and so are modules over A via action of group elements by

wmverse diamond operators.

For a Z,-algebra O, we denote by Ta, the scalar extension T@Zp(’), and we define the

modules Ta,, Tenos Tr0, Tro, and Trco similarly.

We have the following result due to Ohta [Oh00, 1.3.6, 1.3.8, 2.1.11] in the case p > 3,
though see [FK12, §1.7| for statements closer to the formulation given here, and see the

discussion below for the case p = 3.

Theorem 4.1.2 (JOh95,0h00], [FK12, §1.7]). There are short evact sequences of H*[Gq,]-

modules, finitely generated and free over Z,,

0— Trswo — Tr — Trquo — 0
and

0 — Trsup — Tr — Trquo — 0,
characterized by the following properties:
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(i) The actions of Gg, on Trquo and Trquo are unramified.

(11) For an element o € I, in the inertia group of G, the actions of o on Ty su, and Tr.gub

are given by multiplication by k,(c)(knp(0)) ™ .

Moreover, the canonical maps T, )sup — ﬁr,)sub are 1somorphisms, and the inverse limit of
the exact sequences yield short exvact sequences of $*[Gg,]-modules, finitely generated and free
over A,

0— To — T — Tquo — 0 (4.1.1)

and
0 — Towr — T — Tquo — 0,

which satisfy the properties analogous to the two listed above. Additionally, there are isomor-

phisms of $H*-modules Tquo = S, 7~;uo >~ My, and Tgu = b*.

This result is a p-adic étale version of the classical Eichler-Shimura result of Proposi-
tion 3.2.17 in the sense that we have a comparison between spaces of modular forms and
cohomology of modular curves. In the classical setting, one has a Hodge filtration on the
Betti cohomology of modular curves with C-coefficients which splits and whose associated
graded pieces canonically give spaces of modular or cuspidal forms. In the p-adic setting, the
local action at p produces a similar filtration which gives rise to the short exact sequences
above, which may be assembled into a A-adic family. When working with C,-coefficients (or
coefficients in a complete subfield of C, containing all roots of unity), the quotient modules
of the sequences may be canonically identified with spaces of p-adic or A-adic forms. In
[FK12, §1.7], it is explained that these canonical identifications over C, noncanonically,
but functorially in a sense, descend to isomorphisms over Z,. As we have no need for our

isomorphisms to be canonical, we give the statement above only with Z,-coefficients.

Remark 4.1.3. Ohta’s result was an improvement over results of Mazur-Wiles and Tilouine in

which they obtained non-canonical isomorphisms of the form 7g,, = Sx under some additional
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assumptions: in [MWS86]| the tame level N is assumed to be trivial and the trivial eigenspace
of (Z/pZ)* is excluded, and in [Ti87] the trivial and w™'-eigenspaces of (Z/pZ)* are excluded.
There are two reasons for the exclusion of these eigenspaces: the abelian variety quotients
considered in their papers have bad reduction at the trivial eigenspace, and in order to obtain
a Hecke-equivariant splitting of the short exact sequence associated with 7 in Theorem 4.1.2,
one asks that the Galois actions on the submodule and the quotient module are distinct.
These eigenspaces were also excluded in [Oh95| for the same reasons and only added back
in |[OhO00], though in the latter Ohta does not pursue the splitting of the sequence for the

problematic eigenspaces.

We now take the time to point out how to handle the case p = 3 in Theorem 4.1.2,
which was excluded in [Oh95, Oh00, MW86, Ti87, FK12], etc., due to a chain of dependencies
originating in the works [Hi86a| and [Hi86b|, where the assumption p > 5 was made “for a
technical reason”, namely, the fact that the congruence subgroups I'y (M) have nontrivial
torsion elements when M < 4. This torsion prevents one from immediately comparing group
cohomology of the congruence subgroup, the setting in which Hida originally developed his
theory, with sheaf cohomology on the corresponding modular curve. Taking Np > 3 should
resolve all problems, but to be careful, we now trek through [Oh00| and summarize the

arguments therein.!

4.1.1 The case p = 3 for A-adic Eichler-Shimura

Throughout, Ohta works with the model X} (M) instead of X; (M), but we will suppress
any notation indicating that we are working with the p-model for simplicity. Section 1 of
[Oh00] is largely algebro-geometric and arrives at the finite level short exact sequences of

Theorem 4.1.2 (up to a twist of coefficients and choice of model) by taking the Poincaré dual

Tt is worth mentioning that Hida theory has been developed even in the presence of torsion in the
congruence subgroup in the book [Hi93|, which predates the papers of Ohta to which we refer in this
dissertation, but the precise statements that Ohta needed were not present in the book.
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of a short exact sequence of p-adic Tate modules of certain p-divisible groups defined over
Z,|Cyr]. The Galois action on the sequence can be computed on the geometric objects via
well-known techniques as in [MW84, MW86| and can then be translated into an action on

cohomology, as Poincaré duality is Galois-equivariant. We detail this process below.

We start off in [Oh00, §1.1] with the construction of the quotient abelian varieties A, of
the Jacobian J, := Ji(Np"),g and Q, of the generalized Jacobian GJ, := GJ,(Np") g for
r > 1. Here, it is sufficient to assume that Np > 3 so that we have representable moduli
problems [I'y(Np)] on (Ell/Q) in the notation of Section 3.1. This assumption is also used
in the identification in [Oh00, Proposition 1.1.5] of the cotangent spaces of A, and Q, with

certain spaces of classical modular forms of level Np”.

We remark that Mazur and Wiles in [MW84, Chapter 3| construct similar abelian varieties
and compare their cotangent spaces to spaces of modular forms without assuming Np > 3;
this is explained for example in [DI95, §12|. See also [Cal8, §2.2] for constructions of and
comparisons between the abelian variety quotients considered by Mazur-Wiles and by Ohta

in [Oh99], though note that the constructions of the latter differ from those in [Oh00] slightly.
We next identify the U,-ordinary parts of the p-divisible groups of J, and A, and of G J,

and Q, using |[Hi85, Lemma 3.2|, which has no restriction on p. For n > 0, we form the “fixed

part” (or rather, finite part)
(AE,Zp[gpr] [p"] )f

of the quasi-finite separated group scheme given by the p"-torsion of the connected component
of the Néron model Ar,zp[gpr} of Ar,Qp(Cpr)» and we take the ordinary part of the associated

p-divisible group over Z,[(,|

which may be shown to be an ordinary p-divisible group just as in [Oh00, Proposition 1.2.4],

which appeals to the works of Mazur-Wiles and Hida cited above. Here, an ordinary p-divisible
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group is one whose connected component ¢° has étale Cartier dual, i.e., is multiplicative.?

We then have a short exact sequence of h[Gg,]-modules
0—Tp(g°) = e -T,(J,) = E, — 0 (4.1.2)

where ¢? is the connected component of g,, T, denotes the p-adic Tate module, and E, is
defined by exactness of the sequence. With respect to a twisted Weil pairing, the proof of
[Oh00, Proposition 1.2.8] shows that T,(g) is isotropic and pairs perfectly against F,, and
the action of an element o € I, of inertia is given by multiplication by x,(c) on T,(g%) and

by (knp(c))™ on E,.

We next consider the Atkin-Lehner twisted abelian variety quotients Ay of J. and Q} of
GJ, over Q as in section 1.3 of [Oh00], and we set N* = ker(Q* — A¥). It is these quotients
that we ultimately care about — that Ohta considers A, and Q, separately seems to be a
matter of preference, as the analysis of both types of quotients may essentially be done in

parallel, as it was done in [Cal8, §2.2]|.
We associate with these abelian varieties their connected components of Néron models to
obtain a short exact sequence of commutative group schemes
0= Nz,iq1 = D) = Azl = 0
which gives rise to a short exact sequence of ordinary p-divisible groups
O—)H,ﬂ—>’gvr—>gr—>0

where H, = e* - N izl (p)f, G, =e*- :,Ozp[cg](mf? and G, = e* - A:,Ozp[cg](p)f- Ordinariness

7Ly
of these p-divisible groups follows from ordinariness of g, and from the isomorphism g, = G,
over Zy|pnpr]-

As before, we form the exact sequence

0— T,(GY) — e* - T,(J,) = EX =0

2This is different from being of u-type, a notion which is used below and in [Oh20], which asks for constant
Cartier dual.
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where E7 is defined by exactness of the sequence. Taking the Z,-linear dual of this sequence,

we obtain via Poincaré duality the short exact sequence of free Z,-modules
0 — e*Hi (X1 (Np')g, Zp)"» — " Hi (X1 (Np")g, Zp) — B — 0 (4.1.3)

where o € I, acts on B, by multiplication by s, " (0)(knp(0)).

We similarly have a sequence with the generalized Jacobian in place of the Jacobian
0= T,(G%) = e* - T,(GJ,) = E* =0,

where the cokernel is able to be identified with E} because H, is also the kernel of the
quotient 52 — @Y. Taking Z,-duals and using Poincaré duality gives the exact sequence of

free Z,-modules
0 — e HA(Yi(Np)gs L) — e Hy (Yi(ND' )5, Z,) — B2 — 0 (4.1.4)

where o € I, acts on 9B, by multiplication by Ky () (Enp(0)).
Denoting 2 := e* H} (X1 (Np")g, Zp)" = e*H (Y1(Np")g, Zp)™ and taking inverse limits,

we obtain the final short exact sequences of section 1

0— AL, — e"ES,(N)z, — B, — 0, (4.1.5)

0= AL, — e*GES,(N)z, — B -0, (4.1.6)
where e*GES,(N)z, = Hm_ ¢ Hy,(Yi(Np")g, Zy), e ESy(N)z, = Hm ¢ Hiy (X1(Np")g, Zy)
are the Eichler-Shimura cohomology groups in Ohta’s notation.

In section 2 of [Oh00|, the cokernels B, and B, are identified with spaces of modular
forms, and Hida-theoretic perfect control of the terms of the above sequences is proved. The
latter proceeds via group cohomological methods and makes use of the assumption that

Np > 3.

Control of e*GES,(N)z, is proved as in [Oh99, Theorem 1.3.5] as follows. For integers
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s1 > S9 > r > 1, we have the diagram in group cohomology

e*HY (T (Np*),Z,) —= e*H'(T'\(Np™),Z,) —Z> e*H (T (Np"),Z,) — 0

lCOT‘ lCOT' ’ ‘

e*HY (T (Np*),Z,) —— e*H*(T'\(Np*),Z,) —"> e*H (1 (Np"),Z,) — 0

where w, = (1 +T)”"" —1 € Ay, and “cor” denotes corestriction. Exactness of the horizontal

sequences would give under inverse limits
e*'GES,(N)z, /w, = G*Hélt (Y1 (Npr>@a ZLyp)

as e*Hy (Yi(Np")g, Zy) = e*H'(I'y(Np"),Zy) under our assumption Np > 3. Exactness
follows from the computation of a double coset decomposition as in [Oh99, Lemmas 1.2.10,
1.2.12] and may also be found in the recently published book of Hida [Hi22, Lemma 4.2.14].

Considering parabolic cohomology instead in the above also proves control of e*ES,(N)z,.

By the above control results, we have a commutative diagram with exact rows

A% Jw, ——— e*GESy(N)g, Jw, —— B, Jw, — 0

l | |

0 > A » e HL(Y1(Np')g, Z,) > B > 0.

This gives us morphisms B} @z, Oc, — @T(%j ®z, Oc,) and %’;O ®z, Oc, — l&nr(%i Rz,
Oc,) which may be proved to be injective just as in [Oh00, Lemma 2.1.6].

We have injections B} ®@z, C, — Sa(Np";C,)(—1) and B ®z, Cp, = My(Np";C,)(—1)

which compile to give injections into spaces of A-adic forms
B ®z, Oc, — 62,/\@@? (—1)
%Zo ®Zp O(Cp — mZ’AOCP (—1).

The main result [Oh00, Theorem 2.1.11] says that these injections are isomorphisms. By
Nakayama’s lemma, it is equivalent to prove surjectivity after modding out by w; = T". By con-

trol of the space of A-adic forms 3.3.8 and the identifications B} ®z, O¢, = e*Cot(A:f)OCp)(—l)
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and ‘%: ®z, Oc, = e*Cot( :,(]Ocp)(_l)’ this is equivalent to proving that the inclusions

T

e*Cot(Joyocp) — €"S3(Np; Oc,)

e*Cot(GJ,?OCP) — e"ma(Np; Oc,)

are surjections. This can be proved over Z, [y,

The key now is that regular differentials on the modular curve X(Np)z, [y, for Np >3
correspond to weight 2 modular forms that have integral Fourier expansion at both the zero
and infinity cusps [Gr90, Prop. 8.4]. One must then show that the ordinary forms which are

integral at either the oo or the 0 cusp are in fact integral at both.

The argument breaks into two cases, depending on whether the diamond operator action
of (Z/pZ)* is trivial or not. In the case of nontrivial eigenspaces, the cuspidal case is handled
in [Oh95, §3.4] following Mazur and Wiles’ study of Hecke operators on the special fiber in
[MW&4|, and in the non-cuspidal case in [Oh99, §§4.4-4.5|, where Ohta computes residues of
ordinary modular forms to verify integrality at all cusps. The proof may easily be verified to
work in the case p = 3. In fact, Ohta shows integrality for all eigenspaces in [Oh99, 4.4.22|,
so the only case left is the case of cusp forms with trivial action [Oh00, 2.2.4|, which relies
on a description by Gross [Gr90, Prop. 8.18] of the U, operator on the trivial eigenspace of
the space of regular differentials of the special fiber of X;(Np)z,[uy,)- As Gross’ work holds
without restriction on p so long as Np > 3 (see [Gr90, §10]), this completes the verification

of the validity of Ohta’s p-adic Eichler-Shimura isomorphism theorem in the case p = 3.

Remark 4.1.4. There are minor mistakes in [FK12, 1.7.9, 1.7.11, 1.7.12, 1.7.13| concerning
p-adic and A-adic Eichler-Shimura isomorphisms as in Theorem 4.1.2. In their notation,
My(M )Zp and M, are spaces of modular forms whose constant terms are not necessarily
integral [FK12, §1.5|. The isomorphisms proved by Ohta, however, concern modular forms
whose constant terms are integral. The mistakes in this section can largely be fixed by taking

the integral spaces instead. However, the claim that 7q,, is a dualizing module for $* is

not true, though it does not seem to be used in their paper. Additionally, the integral and
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non-integral spaces often coincide on Eisenstein local components, see [Oh03, Proposition

3.3.1], whose argument also works for p | ¢(N) and imprimitive 6.

4.1.2 The A-adic pairing

We return to our discussion of the sequences of Theorem 4.1.2. The module T plays the
role of the canonical lattice in the discussion of Wiles’ proof of the Iwasawa main conjecture
following the statement of Theorem 2.2.8. The goal in the remainder of this chapter is to
define and study a short exact sequence of h/I[Ggl-modules in order to define Y as the
restrction of a cocycle associated with the extension class of the sequence. For this, we will

have to work component-wise with respect to characters of (Z/NpZ)*.

Theorem 4.1.5. Let 0 be an even character of (Z/NpZ)* such that either 0|z« # w™*
or 0|z nzy<(p) # 1, and set O = Zy|pinpp(ny] where ¢ is the Euler totient function. There is

a canonical surjection of b [Gol-modules
(€010)5(c0)s =)i * Tao /Lo — (03, /10)’(1)
given by pairing x € Tro /1o with &, s(co) € Ta, on the left.

We define below the twisted Poincaré duality pairing (—, —); as well as the element

860, 5(co) arising from results of Lafferty. We start with the pairing.

We detail the construction of a A-valued pairing defined on 7 x 7. The reader only

interested in the statement of the properties of the pairing may skip to Proposition 4.1.7.

Recall that there is a graded-commutative, perfect Poincaré duality pairing on the étale

cohomology of a smooth variety (integral, separated scheme of finite type) X over a separably

closed field & of dimension d

(1) : Hy(X. Z,(d) x H2LH(X,2,(d) » HX(X,Z,(2)) 2 Z,(d) ~ (4.L.7)

ét,c
for any prime p # char(k) satisfying (ox, oy) = o(x,y) for o € Gal(k/k). Note that if X is a
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smooth, projective curve, then the Poincaré duality pairing agrees with the Weil pairing on

the Tate module T),(Jac(X)) = H}, (X, Z,(1)).

For any finite, flat morphism f : X — Y of smooth varieties of equal dimension and any

sheaf G of abelian groups on the étale site Yg of Y, we have morphisms
f* : Hét(,c) (X, fﬁlg) — Héit(,c) <Y7 g)

and
f He o (Y,G) — Hét(,c) (X, f9),

and Poincaré duality satisfies the adjunction relations

(fez,y) = (=, ffy), (fz,y) = (2, foy).

In particular, this implies that the operators 7, U;, and (a) are adjoint to the dual Hecke
operators T}, Uf, and (a)™', respectively, on ES, and GES,. Denote the Poincaré duality
pairings on £S, and GES, () by (=, —)pp,. To obtain perfect, *- and $-self-adjoint pairings,

we then consider the twisted pairings
(,).:ES, x ES, > (z,y) — (m,v&;TwNpry)pDr € Z,(1)
and
(, )1 : GES, X GES,. 3 (x,y) = (2, 0y wnpy)pp, € Zy(1)

where here we write vy, wy; for the pullbacks on cohomology of the corresponding maps of

schemes introduced in section 3.1.

These pairings are still skew-symmetric, as one has that Poincaré duality is invariant

under the action of the Atkin-Lehner involution (cf. the discussion above Remark 3.1.4):

(z,y)pp, = ('UR[;T'LUNpr'T, 'UX/;)T'U]Npryh)DT .

However, they are no longer Galois-equivariant — we will consider the Galois action later once

we have arrived at our final pairings.
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We have the following general result which allows us to augment a perfect pairing with
the action of a finite abelian group, though abelianness is not necessary if one keeps track of

left versus right actions.

We first introduce some terminology. Let R be a commutative ring, G a finite abelian
group, and M a finitely generated R|[G]-module. Let (—)* : R[G] — R|[G] denote the R-linear
involution of rings induced by the involution homomorphism (=)™ : G — G. We say that
amap f: M — N of R-modules between two R[G|-modules is R[G]-antilinear if for all
r € R[G],m € M one has f(rm) =r*f(m).

Lemma 4.1.6. Let R be a commutative ring, G a finite abelian group, and M and N finitely
generated R|G]-modules. Denote the R|G|-module of all R[G]-antilinear maps from M to N

by Homp (M, N). Then there is an R[G]-linear isomorphism, defined in the proof below,
Hompz(M, R) = Hompe (M, R[G))
which upon postcomposing with (—)* gives an R[G]-linear isomorphism
Hompg(M, R) = Hompg (M, R[G]).
Proof. The usual adjunction isomorphism
Hompg (M, R) = Homg(M ®prig R[G], R) = Hompg (M, Homg(R[G], R))

gives an isomorphism R[G]-modules where the G-action on each Hom-module is given by
precomposition with the given G-action. The map

> aglgl > aglg™,

geG geq
where [g]" : R[G] — R is the R-linear projection to the coefficient of the [g] term, gives an
R[G]-linear bijection

Homg(R[G], R) — R|[G].
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Composing with (—)* gives the map
Z agg]” Z aglgl,
geG geqG

which is an R[G]-antilinear bijection
Homg(R[G], R) — R[G].
The first bijection gives an R[G]-linear isomorphism
Homp(M, R) 2 Homje (M, RIG]).

explcitly given by
fdme D> flg-m)g™h,

geG

and
{m = [e]"(p(m))} < ¢.

The second bijection gives an R[G]-linear isomorphism
Homp(M, R) = Hompg (M, R[G])

which may similarly be described. O

/
T

Denote (Z/Np"Z)* by A, for brevity. By applying the above lemma to the pairings (, )

we obtain perfect, Hecke-self-adjoint, equivariant Z,[A,]-bilinear pairings for each r

ES, x ES, 3 (x,y) = Y _ (2, (a) "oy, wnpry)ep, [a] € Zy[A](1)

(ZGAT

GES, x GES,. > (z,y) = Y _ (z,(a) vy, wwpy)ep,a] € Zy[A](1).

CLGAT‘
However, these pairings are not compatible along trace maps 7, on ES, and GES, . and

the natural quotient maps Z,[A,](1) — Z,[A,](1).

102



We instead define the finite level pairings
(= =), : BS, x ES, — Zy[A](1), (=, —);, : GES, x GES, . — Zy[A,](1),

(z,y) — Z (z, (@) " vy wnp Uy y)ep, [a].
a€EA,

(4.1.8)

For each r, the restriction of (, )5 to a subspace on which U} is invertible is then a perfect
A,-bilinear pairing.

We explain why the pairings are level-compatible. One must have for each a € (Z/Np"+1Z)*
that

I
—

p

1

(Tpy1, (@)™ (1+ ijr>’U;[;T+1wNpr+l U;(T“)y,,ﬂ)PDNrl = (z,, <a>’1v;,jlorwNprU;Tyr)pDr,

<.
I
o

where @ is the image of a in (Z/Np"Z)*. Writing x,, = 1,211, Yr = T1+Yr41 and using the

adjunction properties of (,)pp,, the right-hand side is equivalent to

(@1, 71 ((@) " 0N wWNpr Uy T1alr 1) )PD, 41 -

As m o {a) = (@) om and 71, commutes with U)", we are reduced to showing that

p—1

. r\—1_.—1 *r+1 o x, =1 *7
E :<1 +]Np > UNpr+1wNpT+1Up Yr+1 = ﬂ—lvaTwNpTﬂ—l*Up Yrt1-
j=0

This calculation is carried out in terms of group cohomology in the proof of [Oh95, 4.1.13],

which works just as well for p = 3.

We may now assemble the pairings into A-adic pairings

(= =) BSx ES = A1), (=, -)5 : GES x GES. — A1), (4.1.9)

((‘TT?yT))rZI = ((xT?gT)]\r)'rZI :

We next look at the action of Gg. For o € (g, we have the relation U]_V;T o0 =

(knp(o))o o v;,zlg,« on cohomology from Lemma 3.2.18. The Galois-equivariance of wy,~ and

of Poincaré duality and the commutativity of the Hecke and Galois actions then gives

(0(z),0(W))s, = rp(0) (@, (Enp(0)) " Y)x, = ip(@) [np(@)](2, y)3, -

103



where here we abuse notation slightly and view ry,(0) as an element of (Z/Np"Z)*. In order
to obtain a Galois-equivariant pairing, we therefore indicate the target of the pairings by A% (1)
and Z,[A,]’(1), where we use a superscript b on a A-module to denote the same underlying

A-module equipped with a Galois-module structure where o € Gg acts by multiplication by

[knp(o)] € A.

We summarize these properties below, abusing notation wherever necessary.

Proposition 4.1.7 (Ohta). There are bilinear, skew-symmetric, Galois-equivariant pairings

(==&, Tox To = Zy[AT(1)

__~'~ T b
(>M,ﬁXﬁ¢%@MA®, (4.1.10)
(= )a:TxT = N(Q),

gien explicitly by

which satisfy

(1) (Tx,y);\m = (x, Ty);\m for all T € $*,
@) (@ 9)s,, = (0 @i, = )@ )5, for alla € Tk (resp. a € A),
(3) (02,09)5,, = o), (o)) Wi, = ) g ()]0 )5, for all @ € G

Remark 4.1.8. Instead of a A-adic pairing, we may also view A as a A-module direct summand

of A and compose with the projection A — A to obtain A-bilinear, Galois-equivariant pairings

(=, —)a:ESx ES - AN°(1), (—,—)a:GES x GES. — N(1),
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where we use the superscript b in a slight abuse of notation, as we have

(0(x),0(y))a = kp(o)(x, (Enp(0))y)a,

but the action of A; through the diamond operators cannot be pulled out (compare with

[Oh95, 4.2.8]).

Proof. Though the pairing (—, =)y on 7 X T is introduced in [Oh95, §4], it is not explicitly
claimed to be perfect. However, the same argument as in the proof of [Oh95, Theorem 4.3.1]

or [Oh00, Theorem 2.3.5| gives perfectness, as we explain.

The induced map
T — Homy (T, A’(1))

may be checked to be an isomorphism upon reducing modulo 7" € A, as T is finitely generated

and free over A, whereupon one obtains the map
Ti — Homg, (Th, Zy(1))
which is an isomorphism as it is induced by Poincaré duality on 7;. The same argument also

gives perfectness of the finite level Z,[U; /U, ]’ (1)-valued pairings.

To extend these perfectness results to the A’(1)- and Z,[A,]’(1)-valued pairings, one may
argue similarly to the proof of Lemma 4.1.6 above. For example if we use Hom} (7, A) in

place of Homg(M, R) with G' = (Z/NpZ)*, we obtain an isomorphism of A-modules
T = Homy (T, A) = Homj; (T, A)
which coincides with the natural induced map 7 — Homjz (7, A). O

Remark 4.1.9. In the case that p f p(N), one has that 7 and 7 are finitely generated
projective A-modules. This follows from the fact that they are finite free as A-modules, that
in this case A is isomorphic to a product of power series rings over unramified extensions of
Z,, and |SP, Tag 00MP] (where we use the aforementioned unramifiedness to satisfy condition

(3)). One may also then verify perfectness of (, ); after localizing at maximal ideals.
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4.1.3 Homology of modular curves and the Drinfeld-Manin splitting

In preparation for describing the element &g, s(cp) € Th,, in this section we review the relation

between homology and cohomology of modular curves and the Drinfeld-Manin splitting.

For each r > 1, let C.(N) = X;(Np") — Y1(Np") be the cuspidal divisor and con-
sider the long exact sequence in relative homology of $3(Np";Z,)-modules of the pair

(X2 (Np")™, G (N)™)
0 = Hy(Xy(Np")™ Zy) — Hi(X1(Np")™, Cr(N)™; Zy) = Ho(Cr(N)™; Zy)
— Ho(Xy(Np")™; Zp) — Ho(X2(Np")™, CH(N)™; Zy) = 0.
Via identification of this sequence with the localization sequence in Borel-Moore homology,

Poincaré duality gives a level-compatible isomorphism of the sequence with the localization

sequence in cohomology
0 — H' (X1 (Np")™ Zp) — H' (Yi(Np")™ Z,) — H*(Co(N)™ Zy)
— H*(X,(Np")™; Z,) — H*(Yi(Np" )™ Z,) =0

which intertwines the usual Hecke operators on homology with adjoint Hecke operators on
cohomology. The comparison isomorphism between Betti and étale cohomology [SGA4.3, XVI
4.1] then gives a Hecke-equivariant, level-compatible identification of this sequence with the

Gysin sequence

0— Hé}t<Xl(Npr)@§ Zy(1)) — Hé}t(Yl(Npr)@S Zy(1)) — Hgt(CT(N)@; ZLy)

- Hé%;(Xl(Npr)@; Zp(l)) — 0,

and through which the terms of the preceding two sequences acquire a Galois action. There

are unique Hecke-equivariant splittings s, of the inclusions

Hy (X1 (Np")*™, Qp) <= Hi(X1(Np")™, Cr(N); Qp)
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called the Manin-Drinfeld splittings [La87b, Ch.IV §2]. The terminology is due to their
existence being equivalent to the result of Manin and Drinfeld giving that the cuspidal

subgroup of a modular Jacobian is finite [E190].

Via these identifications, we may view the ordinary generalized Eichler-Shimura cohomol-

ogy group as the space of ordinary level-compatible families of modular symbols
T = e lim HL (N9 )g Z,(1)) 2 € im Hy (X3 (V)™ (V)™ 2,).

Moreover, Ohta has shown [Oh99, 3.4.12] that by taking inverse limits of ordinary parts of

the above sequences, one obtains the short exact sequence of $*|Ggl-modules
0=T—=T—=Cy—0

where C) = 6*(@1» H,(Cy(N)g; Zp)). The Manin-Drinfeld splittings then induce a splitting
[FK12, 1.9.3]
s: T @ Q(A) = T @1 Q(A)

which we will also call the Manin-Drinfeld splitting.

4.1.4 The map (59(0)8(09), —)Ao

We now fix a character 6 of A = (Z/NpZ)*, and we let 6o denote its associated primitive
character and 6’ its restriction to the prime-to-p subgroup A’ of A. We write Ay = Az g =
Z,[0][[T]], and let géz) (T') € Ay be the power series such that géiz) (v* = 1) = L,(0oyw?, —1 —
s) associated with 6 gy, so that by comparing interpolation properties of L,(6w?,s) and
L,(00yw?, s) (recall Proposition 3.3.12 and the discussion afterwards; see also the proof of

[Lal5b, Proposition 4]), we have

g (1) = g (T) - [T (1 = 6y (Di(1 + T)D).

1IN
If Oy # w2, then we let €0, € A correspond to gé?j)(T). When 0 = w™?, we let
86, € Ao correspond to ((1 + p)TA+T) - (1+ p))géz), and in this case we also modify
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the definition of the Ay-adic Eisenstein series & by multiplying through by the factor
(1+p) "1+ T)~' — (1 +p) so that & € Ay[[q]]. To streamline the discussion, we will write

€0, 1n place of the corresponding power series below.

As in the statement of Theorem 4.1.5, we let O denote the extension of Z, obtained by
adjoining all Npp(N)th roots of unity. We describe how to use the results of [Lal5b]| to
obtain an element of Ty, yielding a map Ta,/Ip — Ao/ (&) via the pairing introduced
in section 4.1.2, generalizing the construction in [FK12, 6.3.8]. Let K C C, be a complete
subfield containing all roots of unity, and let Ay, = Okl[Z) x]], Ao = Ok|[1 + pZ,]] be
the corresponding Iwasawa algebras. In [Oh99, Oh00|, Ohta has constructed the following

commutative diagram of $*[Gg,]-modules

b - (4.1.11)

with exact rows and columns, where Res is the A-adic residue map, constructed as the
projective limit of finite level residue maps as in [Oh03, §2.4|. Lafferty has computed
[Lal5b, Theorem 3|

Res(&p) = oo %0

for an explicit element ¢y € Cy, C Cy__.

Remark 4.1.10. Lafferty computed residues of more general Eisenstein series &, in [Lal5b,

Theorem 3|, though it is stated that, in his notation, the element ey, lives in C),, which
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may not be the case if the coefficient ring O does not contain the ratio of Gauss sums

g((¥x )/ 9(xg))

which appears in the definition of €90y, 1();¢ 11 equation (27) of op. cit., where 0 = yw'
with p not dividing the modulus of x. If O contains all Npth roots of unity, then one has

€9t € CAO[O, 'l for all valid 6, . This is the reason for our definition of O above.

Our Eisenstein series & corresponds to the Eisenstein series &y ; of Lafferty, and so we

indeed have ¢g € Ch,.

By Lafferty’s computation and the remark, the map Res restricts to a map My, — Ca,

which is necessarily surjective, as Cy, @, Moo = Cry My, @np Moo = My, and Ay is

faithfully flat over Ap [Oh95, 2.1.1]. Therefore, we may replace A, everywhere with Ay in
diagram 4.1.11 without sacrificing exactness. The diagram over Ap can then be obtained as

the inverse limit of diagrams at finite level

0 0
7;,O,sub ; 7;,(9 sub
0 ——— Tro > Tro » Cro —— 0 (4.1.12)

where Cro = e*H{(C(N)g, Zy) @z, O. Note that all objects in diagram 4.1.11, resp.

diagram 4.1.12, are finitely generated and free over A, resp O[U;/U,].

As & is a Hecke eigenform by Lemma 3.3.15 and Res is a map of H*-modules, we have that

Apey C Ch,, is an h*-submodule.? Denote by ¢y, the image of ¢y in C,.o. Then O[U; /U, ey,

30ne can also see that Apey is H*-stable from the explicit formula for ¢y in equation (27) of [Lal5b|. Note
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is a Hecke-submodule of C ». We may then pull back diagram 4.1.12 along the inclusion

O[U,/U,Jeg,r — Cio to obtain the commutative diagram of $*[Gg,]-modules

0 0
Tromts —= Ty
0 C Too , 7;3 » O[U/U,Jeg, — 0 (4.1.13)
| H
0 —— e*Si(Np"; 0) ) 15(;,T R s Ol Uyeg, — 0
0 0

in which all rows and columns are exact, where Py, 7}:“, and 7}97T75ub are defined by pullback.
We may similarly consider diagram 4.1.11 with Ap in place of A, and pull back along the

inclusion Apeg — Cy,,, and obtain

77\o,sub ;> %@,sub

0 > Tho > Tp, > Npeg —— 0 (4.1.14)
0 > Sho s Py —2% 5 Apeg —— 0
0 0

which may be identified with the inverse limit of the diagrams 4.1.13 for r > 1, as inverse

limits commute with pullbacks.

mgAC mgA°€
however that in the formula, the term (1 + X)S(ﬁ) can be simplified to (1 + X)eif as the sum is meant
to range over cusps represented by pairs (a, ¢) satisfying ¢ = w(c) (mod p)”, among other conditions. See the
notation set at the end of [Lalbb, §4.1.2]. One may also compare this to the proof of [Oh03, 2.6.9] where a
similar simplification is made.
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The Manin-Drinfeld splitting induces a splitting of the sequence of $*-modules
0— Tap — Tp, — Aoeg — 0 (4.1.15)
after tensoring with QQ(Ap). This induces a splitting of the sequence
0 — Sap ®np Q(Ao) = Py @4, Q(Ao) = Q(Ao)eg — 0

and we let ¢ : Q(Ap)es — Pp ®a, Q(Ao) denote the splitting. Lafferty’s computation shows

that t(eg) = Uy, Ep where U € A, and so the congruence module of this sequence is

Aotg/(RGS(Pg N t(Q(A@)29>> = A(f)/ég(o).

Remark 4.1.11. We point out an oversight in [Lal5b| and [Lalba] related to the discussion
above and the last remark. In [Lalbb, §5], it is claimed that for a general ring O D Z,
containing the values of 6 and 1, there is a form F' € M, such that Res(F') = ¢y, where
Res denotes the residue map My, — Cj_. The issue here is that it is not clear that this
is so without the stronger assumption that O additionally contains all Npp(N)th roots of

unity.* Under this assumption, as explained above, the exact sequence of A,,-modules

O—)SAW%MAW—IES%CAOO—)O

descends to an exact sequence of Ap-modules,
0= Srp, = My, = Cyrp, — 0,

and the surjectivity of My, — Cj, provides such an F'. Without this assumption on O, we

may not immediately claim that the residue map descends to a map from My, to Cy,,.

The argument used in [Lalba, §3.3| does not seem to work, as we now explain. Lafferty

defines P = Res™ ' (Apegy) N My, (where Res is defined on M, ). The inclusion P — My,

4The issue of this remark is distinct from the issue of the previous remark, as the argument that Lafferty
attempts to employ does not seem to make use of the claim that eg is indeed an element of Cp,, or that Res
descends to a map My, — Ch,,. It is however the case that both issues are resolved simply by requiring that
O contain all Npp(N)th roots of unity.
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induces the inclusion P ®5, As — M. We have Sy, C P and Sy C P ®), A, 5O we

have a morphism of exact sequences

0 —— Sa. 7 P ®p, Ao — coker(j) —— 0

I J

0 —— SAoo — Res_l(Aooe97w) E— Aooeg’w — 0.

Lafferty makes the claim that
0— SAO QAo A — P ROro A — Aoeg’w Rro A — 0

is exact, which by the above is equivalent to the inclusion P ®y, Ay — Res™ ' (Aeq,) being
surjective. No further explanation is given, and it is not clear to me how this might be proven

abstractly, or whether it is true.

The sequence that we use above
O—>SAO —)Pg—)Aotg—)O

may be used in place of Lafferty’s so that the results in [Lalba, §85, 6] still hold with minor

modifications (essentially just extensions of scalars).

We compare the A- and Gg, -actions of 7}39751117 and Apey. Recall from Theorem 4.1.2
that o € I, acts on Ty, s by multiplication by &, (0)(kn,(c)) ™", while o € Gg acts on the
cuspidal group

Cho = € (lim HY (C,(N)g: 0))
by pullback. We recall from Lemma 3.2.1{ that

a Knp(0)a
o- = :

Cc Cc

and so from formulas (27) and (28) of [Lal5b]|, we find that Gg acts trivially on ¢y and that
(a)"teg = O(a)e for a € A.> We see then that if either 0|/« # w™" or 0|z/nz)< (p) # 1,

°That (a)~'es = 6(a)ey can be seen from the Hecke-equivariance of the residue map and from (a)~1&p =
0(a)&y. In [Lalbb, 4.1.2], his convention is to use the non-adjoint Hecke algebra with the Albanese functoriality
of the Jacobian which explains the difference in our notation.
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then the image of the splitting Q(Ap)ey — 7}9 ®np Q(Ao) intersects trivially with ﬁe,sub.
This implies that the bottom two horizontal sequences of 4.1.14 have isomorphic congruence
modules. We call the condition that 8](z/,z)x # w™" or 0](z/nz)x (p) # 1 the non-exceptionality
hypothesis for 6, after the terminology of [Oh03, 1.4.10].

We now choose a lift ¢y € 7}9 of ¢y and consider the product 59(0)3(09) € Tap ®@rp Q(No)
where s(cg) € Tap, @ap Q(Ao) is the image of ¢y under the Manin-Drinfeld splitting s on T,
(inside which Tp, sits). By the above paragraph, s(7p, ®x, Q(Ao))/To = Ao /(&) under
the non-exceptionality hypthesis, and so &g, s(cp) lies in TAo C T ®4, Q(Ao). We record

this as a proposition.

Proposition 4.1.12. Suppose that either 0|(z,z)x # w™tor 0lz/Nz)<(p) # 1. Then 59(0)3(09)
lies in Ta, C Tap @np Q(No).

As this construction will be essential for us, we suppose that the non-exceptionality

hypothesis holds going forward.

Hypothesis 4.1.13. We assume that 0 satisfies at least one of
(1) Oz ppzyx # w™'
(2) 0] z/Nz)<(p) # 1.
We now have the analog of [FK12, 6.2.4].
Proposition 4.1.14. The element &g, s(cg) is part of a Ao-basis of Tp,-

Proof. If we can show that s(7p,) is Ao-free, then as s(cg) would be part of a Ap-basis of
s(Tp,), the congruence module computation s(7p,)/Ta, = Ao/ (€6,,) Would give the claim.
Now, Ap is a regular local ring with 1 —~ € 9y, so that 3(7}0) is Ap-free if and only
if v — 1 is a non-zero-divisor of s(7p,) and s(7p,)/(y — 1) is O-free [SP, Tag 00NS]. Since
3(7}9) C Tao ®rp Q(Ao), 5(7}9) is Ap-torsion-free. We have perfect control of 7}9, in the
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sense that Tp, /(77 — 1) = 7~}e,r7 as it is an extension of Apey by Sy, both of which
satisfy perfect control. As the Manin-Drinfeld splitting is Hecke-equivariant, this implies that
5(7}9)/(1 —) = 51(7}0,1) C 7117@ ®o Q(O), and so 3(7}6)/(1 — ) is O-free. O

Corollary 4.1.15. The map (&o,5(ca), —)i,, * Tho — <A0’9/<£9(0)>)b(1) given by the reduction

of pairing against §9(0)3(09) is surjective and factors through Tx,.0/lp.

Proof. Surjectivity follows from perfectness of the pairing (—, —)a,, and from &y, s(c) being
part of a O-basis of Ty,. That the map factors through Ty, ¢/Iy follows from properties of
the pairing 4.1.7, and the fact that for a € A, we have (a) 'ey = 6(a)ey, and so (a) ¢y =
0(a)cy. O

We would like to determine the kernel of this surjection as an b} /Iy[Gig]-module. To this
end, we start with a splitting of the p-ordinary sequence of Ohta on Eisenstein #-eigenspaces.
We will need the following result of Lafferty, which also finishes the proof of Theorem 4.1.5
along with Corollary 4.1.15.

Proposition 4.1.16 ([Lalbb, Proposition 13|). There is a canonical isomorphism of Ao-

modules

o

bao/lo = No/(Eo)-

Denote by A, the decomposition group at p in A, and denote the prime-to-p part of A,
by A7 and the p-Sylow part by AP,

Proposition 4.1.17. If wf is nontrivial on A}, then the sequence of b} 4 p-modules
0— 7;\075Ub79:E - 77\(9,9,E — 7;\o,qu0,9,E' — 0 (4116)

splits. If w6 is nontrivial on AZ(,p), then the sequence splits after tensoring with Q,.

Proof. Consider an element o € I, < Gg,. We know from Theorem 4.1.2 that o acts on Tg,

by k(o) (knp(0)) ™! and on Tqyu, trivially. Define
S=S,={zxeT|ox=uz}
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We'd like to see whether this maps surjectively onto 7. Consider then an element z € T,
and write ox = x + z for some 2z € Tg,,. We are interested in finding an element y € S so

that vy + Tsup =  + Tsup- For a general y € S, we have
oy —x)=o0y—ox=y—(z+2),

and to have y — z be in Tou means o(y — x) = k,(0){knp(c)) ' (y — ). Note that T is
h*-torsion-free by Lemma 3.3.9 and Theorem 4.1.2 so that 7 <— T ®y Q(h*) =T @4 Q(A).

Thus, for any x € T, the element
y =+ (1= rp(0){knp(0)) ) T2 €T @1 Q(A)

is in 7 if and only if there is a lift of  + Tgu, in S. If 1 — k,(0){knp(c)) ™ were invertible in
b*, then we would have a splitting. This leads us to considering direct factors of h* where
this element, for an appropriate choice of o € I,,, is invertible. Let 6 = 0|as be the restriction

of 6 to the prime-to-p part of A. When 0'|/z)« # w!

, if we choose a o € I, so that
knp(0) € (Z/pZ)* C 7 y is nontrivial, we see that 1 — r,(0){knp(0)) ™" in b} 4 is of the
form 1 — ¢ for ¢ a nontrivial (p — 1)th root of unity and is therefore invertible in the direct

factor of h*. In this case, the exact sequence
0= Tauor = Tor = Tauopr = 0

splits, and this implies that the corresponding sequence for 6 in place of €' is itself exact and

splits.

For direct subfactors of by, when ¢'|(z/pz)x = w~!, we can consider instead the action of a
Frobenius ®, € Gg, at p. By [FK12, §1.8], we know ®,, acts on Tg, as U,, and therefore it
acts on Toup by Uy~ iy (@) (kinp(Pp)) ', This time, we define

Se, ={r €T | ox = U},

and by the same computation, we seek to identify sufficient conditions characterizing direct

factors of h* so that Uy — Uy kp(®,)(knp(Pp)) " is invertible in that direct factor. We
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ultimately will only care about Eisenstein local direct factors, those local subfactors of
by m- We have in fact that, after extending scalars to contain O, the Hecke algebra b} o g
is a local ring. This follows from the facts that any maximal ideal of b}  must contain
a uniformizer of the coefficient ring as b3, is flat over Ap, that the quotient by — bj
is an isomorphism modulo a uniformizer, and that b} ,/ls = Ao/(&s,) is local. The
element U™y (®,) (knp(Pp)) ™" € b, o Is invertible if and only if its image in the residue
field of b}, o p is nonzero. We have that Uy = 1 in the residue field, and so we are
concerned with 1 — ,(®,)(rkn,(P,)) " being nonzero in the residue field. We choose @,
so that it restricts to the trivial automorphism of Q(s,~)/Q, and so k,(®,) = 1 and
knp(Pp) =p € (Z/NZ)* C Z, 5. The non-exceptionality hypothesis 4.1.13 on ¢ in this case
says that 6|z nz)x (p) # 1. This, however, is not enough to guarantee invertibility in the case
that p | p(N), as we see that 1 — 0z nz)x (p) is a unit if and only if 6z Nz~ (p) is not a pth
power root of unity. This of course is unavoidable at times, for example if N = p?" — 1 for
r > 1, then the order of p € (Z/NZ)* is a power of p. As in the first case, the splitting of
the sequence along Eisenstein #’-components implies exactness and splitness of the sequence

on f-components.

If wh is nontrivial on Al(yp ), then the same argument gives a splitting of the sequence with

p inverted (except one considers instead the residue field of b} 4 x[1/p]). O

In what follows, we will only explicitly address sequence 4.1.16 with p not inverted, leaving

implicit all analogous claims for the p-inverted sequence.

We have now established that when w#@ is nontrivial on A;, the sequence
0— 7;\o,sub,9,E — 7;\0,9,E — 7;\o,qu0,9,E' — 0

is exact and splits as a sequence of b}, p-modules. Note that Ta,er/lsp = Ta,/lo as
bi,/lo is local, and similarly for the sub and quotient modules. Consider the map of
b,/ 6[Gq,]-modules

$(60): )5,

£+ Taomn/ o = Tao/To 20 (5o 1eq 1 (1) = (B30 /16 ().
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The induced map Tj,,quo/Ip — coker(f) is surjective, but o € Gg, acts nontrivially as multi-
plication by k,(c){kn,(0)) " on coker(f) and trivially on Ta, quo/Is, S0 by the assumptions
on 6, the cokernel must be trivial. Using Theorem 4.1.2, we see that the map f is then a sur-
jection of free rank 1 b3 | /Iy-modules; and so is an isomorphism. This implies that the kernel
P of (€,5(ca), —)ro On Ta,/Ip may be identified with Ta, quo/lo as b3, /Ip[Gg,]-modules.
Denoting Q := (b}, /1p)"(1), it follows that

0P —=>T/lh -Q—0

is split as a sequence of h*[Gg,|-modules.

We would like to determine the full action of Gg on P, and we do so by comparing
the determinant of the action on 7 with the action on (). The argument is exactly as in
[FK12, 6.3.15], but we give the explanation here as the discussion leads to contructions that
will be relevant for the next section. To declutter the notation, we suppress the subscript Ap

attached to the various objects of interest.

Using the splitting 7o £ = Tquo 0.5 ® Tsubp,, We consider the generalized matrix algebra

components of Gg — GLy; (To.r)

a(o) b(o)
GQ S0 —
c(o) d(o)
where
a(0) € Endy; , (Tquop,r), (o) € Homye  (Toun,0,5, Tquo0,E)
c(o) € Homhg,E(’Kiuo,G,Ev7;ub,6,E)a d(o) € Endh;ﬂE<7;ub,0,E)~
In order to make sense of the notion of the determinant on 7, we choose elements e_ =1 €

bo.5 = Tawo.e and ey € Tquop,r such that e, generates Tquop,z @y Q(H*) as a Q(bj )-module,

which is possible as Tquo = Homy, (h*, Ap) by Theorem 4.1.2 and Proposition 3.3.7.5 Using

6The subscripts of e_,e, correspond to the eigenvalue of the action of complex conjugation on the
reductions modulo I of Tgup and Tguo, respectively.
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Hecke-torsion-freeness of 7 from Lemma 3.3.9, we may identify a(c),b(c), c(o), and d(o)

12

with elements of Q(bj ;). We have that d(o) lies in by, as does a(c), since Tquo = Sa
Homy (h*, A) so that
Enda (Tquo) = Homy (Homy (5%, A), Homy (h*, A))
= HomA(HomA(h*, A) ®h* b*, A)
=~ Homy (Homy (h*, A), A)

and this last term is canonically isomorphic to h* due to the A-freeness of h*. Inside Q(bj ),

for o € Gp, we may define the determinant
det(o) = a(o)d(o) — b(o)c(o) € by g

We have then that b(o)c(o) € b g, and as ¢(o) = 0 mod Iy g from the fact that Tqu./Ip is
Galois-stable in T'/Iy, we have a(0)d(0) = rp(0)(knp(0)) ™" mod Iy g in bj ;. Finally, we
know that d(c) = k,(0)(knp(0)) ! mod Iy g, so that a(c) = 1 mod Iy p. This gives us that
the action of Gg on P is trivial. This allows us to further identify P as the conjugation-fixed
part (7 /Ip)* and Q = (T /I5)~ since the action of complex conjugation on Q = (h*/I,)"(1)

is —(—1) = —1. We record the results of this discussion below.

Proposition 4.1.18. If w6 is nontrivial on A}, then the natural map

ﬁ\@,sub/IH — (AO/(ga(o)))b<1)

is an isomorphism of b*[Gg,|-modules. Moreover, the kernel of

(59(0)5(09)7 _)fxo : 7;\0/[9 - (AO/(’S9(0>))b(1)

is isomorphic to Tay quo/lo as b*[Go,|-modules and is a Gg-module with trivial action.

If w is nontrivial on AL, then the natural map Taosub/Lo[1/p] — (A@/(ég(o)))b(l)[l/p]

is an isomorphism of h*[Gg,|-modules. Moreover, the kernel of

(€00)5(c0)s )i * Tao/Lo[1/p] = (Mo /(Eog,)))" (L)[L/p)
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is isomorphic to Tay quo/Lo[1/p] as b*[Gg,]-modules and is a Gg-module with trivial action.

In either case, the sequence in consideration is therefore split as a sequence of h*[Gg,]-

modules.

Our construction of Y then must break into two cases depending on whether wf=!
is nontrivial on A7 or on Aép ). Note that taken together these conditions are simply

Hypothesis 4.1.13.

4.2 T

In this section, we define T.
Definition 4.2.1. Let Q := (Ao /(&))" (1) = (b3, /16)"(1) and define
P i=tker (0, 5(c0): )ao : Tao /1o = Q)
Consider the exact sequence of b}  /Is[Ggl-modules
0—= P —Ta,/lp = Q—0. (4.2.1)

We start off in this section with the assumption that w6 is nontrivial on A}, and we will later
address the case when is it nontrivial on Aép ) while possibly being trivial on A}, We then
have identifications P = Ty, quo/lo and Q = Ta, sun/Ilp as b*/Iy|Gg,]-modules obtained in
Proposition 4.1.18 which give a splitting as h*[Gg,|-modules. We again opt to suppress the
subscript Ap from our notation for purposes of readability. Sequence 4.2.1 gives rise to a
cocycle

b:Gg — Homy-(Q, P); 0= {Q >+ (0 —1)7 € P}

where £ € T /Iy is any lift of x. This cocycle is the reduction modulo I, of the map

b: Go — Homp (Taubo.5, Tquoo.r) Of the previous section. Moreover, it forms the top-right
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component of the “generalized matrix representation”

Endy-(P)  Homy«(Q, P)

p GQ —
Homy+«(P, Q)  Endy-(Q)
with
a(o) b(o)
o+
0 d(o)

where @ and d are the reductions of the maps a and d that were defined analogously to b

from the previous section. Explicitly, we have a(o) = 1 and d(0) = k,(0)(kn,(0))

For the remainder of the dissertation, we set F' = Q(un,)**“? and redefine A = Gal(F/Q)
while viewing wf as a character of both (Z/NpZ)* and A. In the case that ) = w2,
we have that I = Q(p,), and the element §0,4)> With corresponding power series satisfying
f](g(lg) (v* = 1) = L,(00yw?, s), is a unit by [Wa97, Lemma 7.12|. In this case, Stickelberger’s
theorem tell us that the w-eigenspace under the action of Gal(Q(u,)/Q) of the p-part of the
class group of Q(p,) is trivial, and so the same eigenspace of the unramified Iwasawa module
XQ(up),00 18 trivial by Nakayama’s lemma and Lemma 2.2.7, while Proposition 4.1.16 tells

us that h* /Iy is trivial, and so T in this case would be a map between two trivial modules.

Therefore, we assume going forward that 6o # w™>.

Let F., be the cyclotomic Z,-extension of F, and define T' = Gal(F,,/Q) with the usual
decomposition T' = Gal(F/Q) x I. We may make sense of det(p) by noting that Endy.(P)
and Endy+(Q) are both isomorphic to h*/Iy.

Lemma 4.2.2 ([Oh00, 3.3.8]). We have Fy, = Q")

Proof. We have F' C @ker(det(p)), and we seek to show that the cyclotomic Z,-extension Q, of

Q is also contained in Q"""

), Suppose otherwise, so that the image of ker(det(p)) under
the reduction map Gal(Q.,/Q) is nontrivial. Then some power v*" of v € I' & Gal(Q./Q)

satisfies

(o (e

P T =1eb /I
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and g(g(l(?)(T) | " (1+T)"" —1in O[[T]] & Ap by Proposition 4.1.16. The roots of v#" (1 +
T)P" — 1 are of the form ¢y~ — 1, where ( is a p"th root of unity. On the other hand, for a

character € € T such that e(y) = ¢, we have that

Gy (C17 = 1) = Ly(60)w’€,0) # 0

0)
by [Wa97, Theorem 4.9] and our assumption that 0o # w™>. O

—ker

Let K = Q ®) o that Gal(K/F,) is an abelian pro-p group. The cocycle b visibly

restricts to a homomorphism of groups on Gr_ and induces a map which we also denote as b
b: Gal(K/F,) — Homy:(Q, P).

We find by direct computation that b gives a morphism of T-modules with respect to the
natural left conjugation action of G on G and the given left Gg-action on Hom(Q, P).
We further use the isomorphism @ 2 (h*/I4)’(1) induced by Proposition 4.1.16 and identify
Homy-(Q, P) = P*(—1) as h*[GgJ-modules, where the superscript ¢ indicates a A-module

equipped with a Galois action via Gg 3 0+ [ry,(0)] " € A.

Lemma 4.2.3. The restriction

b: Gp, — Homy(Q, P) = P*(—1)
is a morphism of T-modules. That is, foroc € T, 7 € Gr,,, and any lift 6 € Gg of o, we have
b(aT6 ") = K, (3) (kNp(3))(T).

We have an isomorphism O[[Gal(F/F)]] = O[[X]] where 1 + X corresponds to the
topological generator of Gal(F,/F') which maps to 1+ p = 7 under the cyclotomic character
kp. This Galois-theoretic Iwasawa algebra is related to the Hecke-theoretic Iwasawa algebra
of adjoint diamond operators Ap = O][T]] through their actions on P*(—1) and is given by
the above lemma by the isomorphism 1+ X +— =11 4+ 7))~ %
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Remark 4.2.4. Ohta and Lafferty use the variable T" as well for the Galois-theoretic algebra
and so view the isomorphism of Iwasawa algebras as an involutive automorphism of O[[T]].
On the other hand, the conventions of [FK12| and [FKS15| for their Hecke-theoretic algebra
differ from ours and Ohta’s and Lafferty’s in that their algebra acts via the usual diamond
operators on 7 and its subquotients. This leads to an agreement between the Galois-theoretic

and Hecke-theoretic Iwasawa module structures on the codomain of T, cf. [FKS15, 2.5.6].

Recall from the introduction that the other map w of Sharifi’s conjecture was shown to have
image contained in Hy, g (Foo/F, Zy(2)), the Sy-ramified Iwasawa cohomology group [FK12,
Theorem 5.3.5]. We therefore ultimately want to define a map T on Hfmsp (Fs/F,Z,(2)),
and so we want to determine when the homomorphism b factors through the S-split Iwasawa
module Yr g, which is to say that K/F. is completely split at all places, as its twist Ypg(1)
sits inside this cohomology group by Lemma 2.3.3. By the above lemma, we have that
necessarily b would then factor through Yrsw-10-1, the w0 1-eigenspace with respect to
the action of Gal(F/Q). By Hypothesis 4.1.13 and Lemma 2.3.3, we have that the w=1671-
eigenspaces of Y g and H12W7 SP(FOO /F,Z,(1)) agree. By the same hypothesis, we also have that
Xroow-10-1 = Yrg,-19-1, so it is sufficient to identify conditions when the homomorphism b

is everywhere unramified, i.e., when K/F,, is everywhere unramified.

As T as a Gg-module is classically known to be unramified outside of Np [Ig59], we need
only check places above Np. For places above p, this is implied by the Gg,-splitting discussed
above. To handle (necessarily tame) inertia at places dividing N, we consider for each prime
['| N the maximal subextension K (I) of K/F,, that is unramified at all places of Fi, above [,
of which we remark there are only finitely many. Equivalently, this is the fixed subfield of K
corresponding to the subgroup generated by the inertia subgroups in Gal(K/F,,) at places
above [. Note that this shows that Gal(K/K (1)) is a T-submodule of Gal(K/F,).

Lemma 4.2.5. We have that the image of Gal(K/K (1)) inside P*(—1) is a cyclic Gal(Fy /F)-
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module annihilated by
bi(T) == (1+ 1)V — 0, (1)I~* € O[[T)]

of the Hecke-theoretic Twasawa algebra. As a Galois-theoretic Twasawa module, Gal(K /K (1))

18 annthilated by

b(X) = (1+X)'D — 9wl € O[[X]).

Proof. Class field theory tells us that Gal(K/K(l)) is a quotient of the inverse limit along

norm maps

im [T oF ,

" SpoAl
where F). are the intermediate extensions of F.,/F with Gal(F,/F') = Z/p"Z, the product runs

through all primes A of F, dividing [, and Op, ) is the A-adic completion of Op,. Moreover,
class field theory tells us that the action of I on Gal(K/K (1)) is compatible via this quotient
map with the natural action of I' on Wm [Ts, 530 OF, A As Gal(K/K(l)) is pro-p, the
quotient map necessarily factors through
im ] w()"
T SEoAl

where k(\) denotes the residue field of O, . Thus, Gal(K/K(l)) is unramified at [ as a
Gal(F/Q)-module.

A geometric Frobenius ®; € Gal(K/Q) acts on the image of Gal(K/K (1)) in P*(—1) by
multiplication by 16(q)(1){x, w(l)) by Lemma 4.2.3 and acts on Jm [Ls,, 5o 5(A), written
additively, by multiplication by [~!. Therefore, as a Gal(F,,/Q)-module, the image of
Gal(K/K(l)) is annihilated by (1 + X)) — 9(_0;(l)l_2. Under the isomorphism 1 + T
v 114 X)7Y b(T) is sent to a unit-multiple of b;(X).

Cyclicity follows from pro-cyclicity of the terms of the inverse limit and the transitive

action of Gal(F,,/Q) on the places of F, over . O

The following corollary gives us the conditions we seek.
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Corollary 4.2.6. If 0qw?(l) is not a p-power root of unity, then Gal(K/K(l)) is trivial and
K/F, is unramified at places above l. In general, Gal(K/K(l)) is finite so that P*(—1)[1/p]

is everywhere unramified as a Gg_-module and b is unramified as a homomorphism on Gg._.

Proof. If §g)w?(l) is not a p-power root of unity, then b;(X) is a unit in O[[X]] as its constant
term 1 — wo)(1)! is a unit.

(1)
00

root of unity. Then the roots of b;(T') are of the form v~2( — 1 for  a p-power root of unity,

In general, we claim that b;(T") is coprime to g,  (T). Suppose that 6gw?(l) is a p-power

as v/ = [w=1(1). However, for a character € € I such that €() = ¢, we have that

Gy (Y€ = 1) = Ly (B0, 1)

which is nonzero by [Wa97, Corollary 5.30] and our assumption that gy # w2

Thus, for each I | N the inclusion Gal(K/K(l)) < P'(—1) of O[[X]]-modules factors
though a pseudo-null module so that Gal(X/K (1)) must be finite. O

We remark that in fact when w6 is nontrivial as a character on the prime-to-p part of
the decomposition subgroup at [ of (Z/NpZ)*, then sequence 4.2.1 splits as h*[Gg,]-modules.
The splitting of the sequence is a priori stronger than the statement that b factors through
to Yr g, w-19-1 and can be used to try to view T as a connecting morphism in a long exact
sequence of Galois cohomology as in [Sh22| and [FK12, 9.4.4]. For this, one only needs to
have splittings at primes [ | cond(f). However one must also have unramifiedness of 7 /I
as a Gg,-module for all primes, which is a priori stronger than the unramifiedness of b as a
homomorphism on G of the corollary. Thus, there is an obstruction to defining T as a
connecting morphism when there is an [ { cond(¢) such that w6 (1) is a p-power root of unity
or when w# is trivial on prime-to-p decomposition at [ but nontrivial on the p-part of inertia
at [. In these cases, we do not obviously have a splitting as Gg,-modules or unramifiedness of

T /1 at | even after inverting p.
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We address the case when w6 is nontrivial on A](gp ). In this case, we may consider the
localized representation p = “p[1/p]” of Gg induced by the localizations P — P[1/p] and
Q — Q[1/p] along with the corresponding cocycle b= “b[1/p]”. We may again make sense of
det(p) using the identications of P[1/p] and Q[1/p] afforded by Proposition 4.1.18, and we find

—ker(det(

Fo.=Q #) by the same argument as in the proof of Lemma 4.2.2. The splitting field K=

@ker 2 of pis contained in K in general, with the difference coming from possible ramification

at primes above [ | N in K/Foo. The arguments of Lemma 4.2.5 and Corollary 4.2.6 then
show that K /F is everywhere unramified so that basa homomormophism on G, factors

through Xp g, ,-19-1.

Definition 4.2.7. We say that we are in Case A if neither w6y (p) nor w*6o)(l) for 1| N

are p-power roots of unity, and we say we are in Case B otherwise.

In Case A, the map b : Gp_ — P'(—1) induces a morphism of (Galois-theoretic) Ao-
modules

T: XF’SNp’wflgfl(]_) ®Zp[0] O — P

In Case B, the composite Gg, — P'(—1) — P*(=1)[1/p] induces a morphism of (Galois-

theoretic) Ao-modules
T : Xpgy,w16-1(1) ®z,19 O[1/p] — P[1/p]
which we also denote Y.

We consider the domain of T.

Lemma 4.2.8. Write y = w071, Under the non-exceptionality hypothesis 4.1.13, we have

isomorphisms

XF7001X = YFvsI%X = HI2W,SP (FOO/F7 Zp(l))X7 (4‘2'2)

Xa(unpoon = Yo S = Hivy s, (Quinp=) /QUpinp) Zp(1)) - (4.2.3)
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Proof. We have an exact sequence of Z,[Gal(F/Q)]-modules

B Dy = Xpoo = Yis, 0

vlp
where the sum is over primes v of F,, over p and where D, denotes the corresponding
decomposition subgroup of v in Xp . We may view the decomposition subgroup A, of p in
Gal(F'/Q) as a subgroup of the decomposition group at p of the abelian Gal(F,,/Q), and so
we see that the action of A, on Xp leaves each D, stable. Moreover, the action of A, on
each D, is trivial as H,/Fy is unramified so that, choosing any place w of H., lying over v,
the group Gal(Hx . /Q) is abelian. Thus, taking y-components (i.e., maximal submodules on
which A acts via x) followed by taking x-eigenspaces of the sequence above gives the desired
isomorphism between the unramified and S,-split Iwasawa modules, as Hypothesis 4.1.13 is

exactly the statement that wé is nontrivial on A,

Next, recall the exact sequence of Lemma 2.3.3

0= Yis, & His (Fu/FZ,(1) = @D z,%12,-0,

weSFooaP,f

where the direct sum is over places w of F,, lying over p with the action of Gal(F/Q) C
Gal(F/Q) given by permutation of summands corresponding to the natural action on places.

We truncate the sequence on the right to obtain a short exact sequence,

) 0
0= Yig, = Hiys (Fuo/FZ,(1) = | @ Z,| -0
wESFoo,p,f
where @0 denotes the submodule of tuples that sum to 0. As A, lies inside the decomposition
subgroup at p of Gal(F/Q), we have that A, acts trivially on the direct sum term, and

so the non-exceptionality hypothesis tells us that the y-component (@O

X —=0]i
WESFeo p, f Zy) 01s

trivial. Thus, we have an isomorphism Yz = H}, s, (Foo/ F, Zy(1))X, which then gives an

isomorphism on y-eigenspaces.

The same arguments apply with Q(uy,) in place of F. ]
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For brevity, we write H7, g (Q(uny)) for Hy, 5 (Q(unp=)/Q(uny), Zy(1)) and Hy, 5, (F)
for HIQW,SNP(FOO/F7 Zy(1)).

Corollary 4.2.9. Write x = w07, Corestriction induces an isomorphism of right exact

Sequences

0
YQ(uNp),&x B H12w SNP(Q(/'LNP))X E— ED Ly —0

wes@(uNpoo),Np,f

|

(F)y ——— GBO Z,] —— 0.

WESFo, Np, f

2
_
YF,S,X HIW SN

X

We have then that Yeg, ,-19-1(1) = Hy, g (Q(unp=)/Q(pinp), Zy(2))s-1 so that T is a
map

T : Hiy s, (QUunp=)/Qlinp), Zp(2))o-1 @2z, O — P*. (4.2.4)

The appropriate generalization of Sharifi’s conjecture then is that T is an isomorphism.

4.3 Surjectivity of T

Having defined the maps T, we now explain how Ohta’s argument in [Oh20, Part II, §6]
combined with Viguié’s proof of a main conjecture for imaginary quadratic fields in [Vil6]
implies that T is surjective, conditioned upon a certain Zariski density result of Hida (see
the discussion before Theorem 4.3.4). We will only explicitly address Case A, as Case B may

be treated similarly.
Consider the map b ® Q(h*) : Gog — Hom(Teubp.5, Tquoo.2) Qb Q(b*) = Q(b*) of sec-

1 € Taumoe =
(h*). Then

tion 4.1.4, where the isomorphism is provided by choosing basis elements e_
bo.r and e; € Tquop,r- Let B denote the h*-span of the image of b inside @

Be, is an h*[Ggl-submodule of Ty 5, and its reduction modulo Iy is the h*-span of the
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Y

image of the cocycle b : Gg — P*(—1) & Tquwo/Ip. Thus, surjectivity of T is equivalent by
Nakayama’s lemma to the equality of the containment Be, C Ty . Note that it follows
that Tquoe.r/Bey is an h*/Iy|Ggl-module. Let M C Ty g be the h*[Gg]-submodule generated
by (the Gg,-submodule) Tgubg,£. Then we have M = Tgup 0.2 ® Bey, and so we equivalently
wish to show that M coincides with 7. We do this by considering the quotient by (y) — 1

and Nakayama’s lemma, which brings us to the study of the curve X;(Np) and its Jacobian.

The argument of [Oh20] uses particular properties of the curve X!'(Np) of section 3.1, so
we first translate from our model to his. One may wish to compare the discussion here to
[FK12, §1.4, 1.7.16]. Recall that we have an isomorphism of h*-modules

v T = lim He (XY (Np")g Z,(1))™ = T"(1)

which satisfies 0 o v = (knp(0)) 0o v oo for ¢ € Gg, where T#(1) is given its natural

Galois-module structure. This induces an isomorphism of short exact sequences of h*-modules

0 —— Taub s T > Tquo — 0

| | l
0—— T7H (1) — TH1) —— T+

sub

where T}, (1) is the image of Tgy, under v and T

quo

(1) is the cokernel.

It follows that 7, may be identified with the inertia-fixed part of 7# as a Gg,-module.
Indeed, if y € T* such that o(y) = y for all o € I, < Gg,, then writing 7#(1) > y = v(x)
for a unique z € T, we have that v(z) = k,(0) to(v(z)) = Ky(o) Hrnp(o))v(o(x)) =
v(kp(0) Hrnp(o))o(x)). Therefore, o(z) = /{p(a)@f]_\,;(a))m, and so x € Tyy,. We also point
out that the determinant of the action of o € Gg on T* is given by k,(c) ' {kn,(0)), which

also describes the action of Gg, on Tk, /Iy.

We then consider the sequence of Gg,-modules

1 1 1
0= Tawor = Tor — 7T,

quo,f,FE — 07

which is then necessarily split, and we consider the analogous map V" : Go — Q(h*) with

respect to the basis v(e_) and v(ey ), and denote by B* the h*-span of its image. We see
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that the h*[Gig]-module M* generated by T y  coincides with the image of M under v,
which follows from the compatibility relation between v and the action of Gig. Furthermore,
the coincidence of M with Ty g occurs if and only if M* coincides with 7;“  if and only if
Bhv(ey) coincides with T4,z C Q(h*). The takeaway is that we may work with either

model, and with any twist of coefficients, in determining the surjectivity of T (or even in

constructing it for that matter).

4.3.1 Modular Jacobians

We continue with the explanation of Ohta’s argument. We have that ¢ € Gg acts on

Tlio,@,E/BMU(e-i-)a being a quotient of 7:1“

q 0.0,/ To, as multiplication by
kp(0) " HEnp(0)) =w 107 (o) (mod my)
where my is the maximal ideal of h*/I,. Recall that we have an isomorphism

T"/((7) = 1) = Ho (XY (Np)g. Z,)".

Let m) be the maximal ideal of b5(Np; O) which pulls back to my under the composition h* —
h5(Np; 0)°d — b3 (Np; O). Nontriviality of To.p/ M is equivalent by Nakayama’s lemma to
nontriviality of 7',/ M*" @y h*/my, and the latter is a quotient of Hy (X1 (Np)g, Zp)/my as
(v) —1emy.

Next, recall the canonical identification of groups
Hy, (X1 (Np)g, 0) = Homo(T,,(J1'(Np))o, O) (4.3.1)

where J{'(Np) := Jac(X{(Np)g) is the Jacobian variety over Q and where T,,(J;' (Np)) :=

Jm JI'(Np)(Q)[p"] is the p-adic Tate module. This isomorphism comes from a combination

of Poincaré duality

Hg (XY (Np)g, Zy) — Homg, (Hg (X1 (Np)g, Zy(1)), Zp)
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which is Galois-equivariant, but exchanges Hecke operators for their adjoints, and the

identification

Hy (XY (Np)g, Gn) = Ji' (Np)(Q)
which is Galois-equivariant, but which also exchanges Hecke operators for their adjoints, where
we view the Jacobian as a Hecke-module via the covariant /Albanese action of correspondences,

cf. Remark 3.2.15. Thus, the isomorphism 4.3.1 is both Hecke- and Galois-equivariant (though

note that the Galois action on the dual is by precomposition with the inverse).

Now, assume that 7', / M#*®j-h* /my is nontrivial. Then the module Hg (X{(Np)g, O)/my
admits a nontrivial h3(Np; O)[Gg]-module quotient on which o € Gy acts as multiplication
by w™'67!(s), and so the same holds for Home(T,(J4'(Np))o,O)/m). Let 71 € O be a
uniformizer, and let ko denote the residue field of O. As T,(J}'(Np)) is finitely generated

and free as a Z,-module, we have

Homo (T,(J{' (Np))o, 0)/(w) = Homo (T, (J1 (Np))o/ (7). ko)

= Homy,, (J1'(Np)[pl(Q) ®r, ko, ko)

which we may then further quotient to obtain

Homy,, (J{' (Np)[pl(Q) ®=, ko, ko)/mg = Homy, ((J1 (Np)[pl(Q) @x, ko)[mg], ko)

where here we write my to also denote the maximal ideal of bj /(7). We conclude that
(J(Np)[p)(Q) ®r, ko)[my] admits a nontrivial h3(Np; O)[Ggl-submodule on which o € Gg

acts as multiplication by wf(o).

As J'(Np)[p] is a finite étale elementary abelian p-group scheme (i.e., of type “(p, p, . .., p)”)
over Q, we have a bijective correspondence between subgroup schemes of J{'(Np)[p] and
F,[Gg]-submodules of Ji'(Np)[p](Q). For technical reasons which we will be later explained,
we define A := ker(6|z/pz)x) and suppose that A is a nontrivial subgroup of (Z/pZ)*.

Consider the submodule

O () JL (Np)[pl(Q)

acA
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of J{'(Np)[p](Q). We have observed that under our assumption that 7",/ M* @y~ h* /my is
nontrivial, the wh-isotypic component of the above submodule is nontrivial. Let H be the
corresponding subgroup scheme of J{'(Np), and let k4 be the compositum Q () - Q(s,)*.
Then the pullback Hy, is a nontrivial p-type subgroup scheme of J;(Np)g, on which (a) acts
trivially for a € A, where the notion of u-type is in the sense of [Ma77, §1.3] and [Oh20],
which is to say it is finite, flat, and has constant Cartier dual. This contradicts the following

theorem, which was proved by Ohta in the case that p{ (V) and p 1 [ky : Q] [Oh20, Theorem
5.1.4]

Theorem 4.3.1. Let p be an odd prime, N a positive integer such that p { N, and 0 a
Dirichlet character of modulus Np such that the kernel ker (0| pzy=) =: A is nontrivial. Let
ko/Q be a finite abelian extension in which p is unramified, and set ka := ko - Q(p,). Then
there are no nontrivial u-type ka-subgroup schemes of Ji'(Np)x, of p-power order on which

(a) acts trivially for all a € A.

The remainder of the dissertation is dedicated to the proof of this theorem. We largely
follow the proof of [Oh20] and indicate how we may remove the hypothesis that p t o(N)[ko : Q]
(we take kg = Q(un) to prove surjectivity of T, so the condition that p t [y : Q] is equivalent
to p1 @(N) for us, but in general it is a separate condition that may also be removed). The
method of proof is due to Vatsal, who proved a similar claim for the Jacobian of the curve
Xo(Np) in [Va05| by showing that the existence of certain nontrivial u-type subgroups of the
Jacobian contradicts Theorem 3.1.5 of Thara. The connection between p-type subgroups of
the Jacobian Jac(X) of a smooth, proper curve X and unramified abelian coverings of X is
standard geometric class field theory as in [Se88, Ch. VI|. We will describe an instance of

the general correspondence below.

We first point out that any p-type group scheme of type (p,p,...,p) over a number field
is simply a product of copies of the group scheme i, as the corresponding Galois module

over F, decomposes into a product of copies of [F, (i), where (i) denotes the ith Tate twist,
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and we must have that ¢ = 1 for each copy so that its Cartier dual is constant. Thus, we may

assume that we have an embedding i, , < Ji' (Np)k,.

Let X{'(Np; A)g be the quotient of X{'(Np)g by the action of A through the diamond
operators, and let Ji'(Np; A) be the Jacobian over Q of this curve. We will work with
JI'(Np; A) and X} (Np; A)g as the latter has semi-stable reduction at p over Q(p,)” [Oh20,
Corollary 5.2.5|, and so finite subgroup schemes of p-power order of the former may be
compared with finite subgroup schemes of p-power order of the finite characteristic fibers of
its Néron model by work of Raynaud when A is nontrivial [Oh20, §11.4.2|. The quotient map
induces an isogeny Ji'(Np; A), — Ji'(Np)x, of degree prime to p which has p, in its image,
and by pullback, we then have an embedding i, 5, < Ji'(Np; A)x, (alternatively, one may

take the image of p1,x, under the dual isogeny).

Consider the short exact sequence of commutative group schemes over k4
0= pps, = JV(Np; A, = JU(Np; Ay / tip s — 0 (4.3.2)
and its dual sequence
0= Z/pZ, — (JI(Np; Ay /Hpa) = J{ (Nps Ay = 0 (4.3.3)

where we have identified Ji'(Np; A);, with its dual and have used the fact that kernels of

A
dual isogenies are Cartier dual to one another. Let S = Spec(Oy,[1/Np]), and define Js
and J{'(Np; A)s to be the Néron models over S of (Ji'(Np; A)k, /ttpr,)’ and Ji'(Np; A)g,,
respectively [BLR9I0, §1.4 Theorem 3|, [Oh20, I1.5.3]. Note also that L/pZ is the Néron

model of Z/ pL, over S.
————ka

As X} (Np; A)s is smooth over S, we have that J/'(Np;A)s is an abelian scheme
over S, i.e., it is proper with geometrically connected fibers over S (in addition to be-
ing a smooth commutative group scheme over S) [BLR90, §1.4 Proposition 2|. The map
(JI(Np; Ay tprn)” — Ji(Np; A)g, extends to an isogeny (a morphism which is fiberwise

over S finite and surjective on connected components) of Néron models as p is invertible in
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S by [BLR90, §7.3 Proposition 6].” Then as J{'(Np; A)g is an abelian scheme over S, so
must be the isogenous Jg. By [Oh20, Lemma 4.1.5], we then have a short exact sequence of

commutative group schemes over S®
0—Z/pZ, — Ts = J{'(Np; A)s — 0. (4.3.4)

The pullback along the natural map X} (Np; A)s — J'(Np; A)s using the S-rational point

oo then produces a geometrically irreducible smooth, proper curve Zg over S and a covering

with Galois group Z/pZ by |Oh20, Proposition 4.1.6].

We restate Thara’s theorem from section 3.1.2 for convenience. Below, ¢ is a prime not
dividing M and X (M) is a particular twist of X (M ), such that the supersingular points
q

are all F2-rational.

Theorem 4.3.2 ([Th75, MT 2|). There is no nontrivial finite abelian covering Y — X (M)ghare
q
by a geometrically irreducible, smooth, proper curve Y over Fp in which all supersingular

points of X (M )%thra are completely split.
q

We remind the reader that we say that a point z of X (M )]}igra is completely split if the
fiber of x along the covering map Y — X (M) is a disjoint union of copies of the residue

field of z.

Our goal then is to find an appropriate rational prime ¢ = +1 mod Np for which the fiber

at a prime above ¢ of the covering 4.3.5 produces a covering

Z]Fq2 — X{L(Np, A>1Fq2 (436)

"Though [BLR90, §7.3 Proposition 6] works with the local Néron model over a DVR, their proof works for
Néron models over Dedekind domains (see [BLR90, §1.2 Definition 1] for the notion of Néron models over a
Dedekind base).

8We do not need the assumption that A is nontrivial in applying [Oh20, Lemma 4.1.5], as p is invertible
on S.
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which is completely split at the supersingular points of X}'(Np; A)]qu. We would then pull

back along the bottom composition of morphisms of the following diagram

1 \ /
—>
Z]Fq2 7 Z]FqQ ZFL]2

| l l . (437)

X (Np)ae = X (Np)g") —— X{'(Np)s,, — X{'(Np; A,

to obtain such a cover of X(Np)](FC;V”), where we use that in the case that ¢ = 1 mod Np,
q

we may identify X (Np)pa@ = X (N p)](;;v ») as explained in section 3.1.2. Note also that this
q q

condition on ¢ tells us that all supersingular points of X{'(Np)r , and X{'(Np; A)r , are also

[F ;2-rational.

Let’s see why the pullback of a geometrically irreducible, finite, abelian covering Z]Fq2 of

X (Npj; A)ng2 in which all supersingular points split completely gives such a covering ZI’F/q2 of

X(N p)IIFh?;m by pullback. The finiteness and abelianness are automatic, so only the other two
q

properties need to be addressed.

Geometric irreducibility holds under pullback along the quotient map X} (N ][))Fq2 —
X{(Np; A)ng2 as the degree of this morphism is prime to the degree p of the covering, since
A < (Z/pZ)* has order prime to p (recall that geometric disconnectedness arises precisely
from the coefficient field F ;2 being non-algebraically closed inside the field of rational functions
K (Z{Fq2) of ZI,quv and geometric connectedness is equivalent to geometric irreducibility for

smooth varieties). It also holds under pullback along the map X (N p)](FQQV RIS e 1 (ND)F 2

as this covering is totally ramified at the point oo, so that there is a closed point z of Zg ,
for which the preimage in Zﬁ?/qg consists of a single point y with degree equal to that of
X(N p)I(éZ” ) XN P)r,.- We may pass to F, without changing ramification behavior, and

we have that the geometric connected component of y must map to Z% with that same
q

degree, proving connectedness of qu.

Finally, the splitting behavior at supersingular points holds as the supersingular points of

X (Np)gara are all Fpe-rational, so the fibers of supersingular points of X (Np)fa® in Zy |
q q q
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are isomorphic to those of X{'(Np; A)p , in Zp ,.

Determining the structure of the fibers of the covering 4.3.6 at supersingular points is
the difficult part of Ohta’s and Vatsal’s argument. Vatsal had the inspired idea of using the
Iwasawa theory at an auxiliary prime [ # p of an auxiliary imaginary quadratic field K in
which prime divisors of Np are totally split to understand the splitting behavior at CM points
of the modular curve over the ring of integers of the global field k4. He then related this to
the splitting behavior at supersingular points of the special fibers using the surjectivity of
a reduction map from the CM points defined over the ring class field of K of conductor "
to the supersingular points in the fiber at particular primes ¢ for sufficiently large n. This
latter result was in fact at the time recently obtained by Vatsal and Cornut. Generalizing
Vatsal and Cornut’s result, who worked only with the curve Xo(Np), Ohta showed that all
supersingular points of X} (N P)r,. are the reductions of certain CM points on X} (Np)g. Let
us set up notation to precisely state this result. We will opt to state the results as generally
as they appear in [Oh20| and refrain from making particular choices until we are set to apply

the result to our case in hand.

4.3.2 Surjection of CM points

Let K be an imaginary quadratic field such that Ox = {£1}, and let M be a positive integer
for which all prime divisors of M split completely in K. Let m be an integral ideal of O
such that Og/m = Z/MZ. Fix a prime [ 1 M and define H,, to be the ring class field of K of
conductor " for each n > 0 (so that Gal(H,/K) is naturally isomorphic to the class group
of the order O n := Ok + ["Ok of conductor " of Ok), and define H,, = |J,, H,. Fix an
elliptic curve E/C with CM by Og and define £; to be the set of all subgroups of E(Q) of
order some power of [. Let C'= E(C)[m], which is a cyclic subgroup of order M. Then we

may define a map producing CM points on Xo(M)p,:

M1 L — Xo(M)(Hs) by H(X) = [E/X — E/(X +C)).
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Let g 1 IM be any prime that is inert in K. Then class field theory tells us that ¢ splits
completely in H,,/K so that the residue field of any prime 9 of H, lying over ¢ is isomorphic

to Fp2. We thus have a reduction map
redy : Xo(M)(Heo) = Xo(M)zi ) (Onpn) = X§ (Mg, (Fg2) C Xo(M)g, (Fg2),

where Oy g is the ring of integers of the completion of Hy, at Q and where the inclusion
follows from the valuative criterion of properness (whence our need to base change to Z[1/M]),
which lands in the subset of points of the supersingular locus X§*(M) as ¢ is inert in K, by a
classical result of Deuring [La87a, Ch. 13 Theorem 12|. Let m denote the conjugate ideal
in Ok of m, and let K (m) denote the ray class field of K of modulus m. Then any point of
X1 (Np) lying over a point in the image of red, o H is defined over the field H.  := Hy - K (m)
by [Oh20, Lemma 3.2.1]. Define Xo(M)(Hs )™ to be the image of H in Xo(M)(H), and
define X! (M)(H! )™ to be the preimage of Xo(M)(H.)“™ induced by the natural map
X{'(M) — Xo(M) which on points sends (E/T,(: uyr — E[M]) to (E/T,im(5)). For
any prime ¢ M1 inert in K and completely split in K (m)/K, we may similarly define the
reduction map

red; : X{'(M)(H,,) — X{"SS(M)]FQ2 (Fp2).

We state Ohta’s result for the map red; together with the original result of Vatsal and Cornut

for red,.

Theorem 4.3.3 (|Co02, Theorem 3.1|, [Oh20, Proposition 3.2.5]). The composite map
redq oH : ﬁl — XO(M)E‘SQQ (qu)

18 surjective. The supersingular points of X{‘(]W)ng2 are all F2-rational, and the map red;

induces a surjection

X{(M)(HL )™ = X{™(M)s,, (Fg2).-
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4.3.3 Anticyclotomic analog of Washington’s theorem

Finally, we look at the anticyclotomic Iwasawa theory of imaginary quadratic fields in order
to control the splitting behavior of the CM points X' (Np)(H., )™ in the covering 4.3.5 over
S = Spec(Og,[1/Np]). The key is to prove and use an anticyclotomic analog of Washington’s
result on the boundedness of the p-parts of class groups up a cyclotomic Z;-tower of an
abelian number field for [ # p. The proof of this requires Hida’s result on the non-vanishing
mod p of special values of L-functions associated with Hecke characters of the imaginary
quadratic field (with certain conditions imposed on the characters) and (an affirmative answer
to) the single-variable p-ramified main conjecture for the imaginary quadratic field, the latter

of which was addressed in Theorem 2.4.6 of section 2.4.2.

As we did with the previous theorem, we continue to work generally, though we reuse
notation in a manner that indicates how we intend to apply the results. Let K be an imaginary
quadratic field with Ox = {£1}, and let p be an odd prime which splits as (p) = pp in K.

Let [ # p be an odd prime unramified in K such that

p1(l—1) if [ splitsin K,

pt(l+1) iflisinertin K.
Denote by H,, the ring class field of K of conductor " and set Hy, = |J,, H,,. The conditions
on K and [ imply that restriction Gal(H,,/K) — Gal(H,,/K) induces an isomorphism on
the p-parts for n > m > 0 by Lemma 2.4.2. Let ﬁo/Hﬂ be a finite abelian extension such

that H, /K is unramified at primes above [ and such that primes that ramify in H, /K are
split in K/Q, and set ﬁn = ﬁfo -H, for 1 <n < oo.

We have the following result which was proved by Ohta under the assumption that
p 1 [ffo : Hpy| [Oh20, Theorem 2.1.6] and Vatsal under the assumption that Hy, = H,
[Va05, Proposition 3.1.9].

Theorem 4.3.4. Let f],‘;r be the maximal unramified abelian pro-p extension of f[n for

0 <n < oo. Then conditioned upon [Hi04, Propositions 2.7, 2.8/, there exists an ng such
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that I:jq‘f = ﬁl;jg - H, forn > ng. In particular, f{rgg is a finite extension of Ha.

Proof. We remark that the results [Hi04, Propositions 2.7, 2.8] were fundamentally used in
the arguments of Ohta [Oh20, pg. 381] and Vatsal [Va05, Theorem 3.13|, and at the time the
results were believed to be true. A preprint [Hi23] of Hida explains a hole in the argument
pointed out by Venkatesh and proves a result which is weaker than that which is required by

Ohta and Vatsal.

Let A,, denote the p-part of the class group of ﬁn and let X, , denote the p-ramified
Iwasawa module of H, as in Definition 2.4.5. Denote by P the prime ideal of Og, . For
X € Gal(/]:ln\/K ) a character which is nontrivial modulo P, we have that the vanishing of
X, n,y implies the vanishing of A,, ,. Indeed, a nontrivial abelian unramified extension of F,
on which Gal(F,/K) acts via y would be linearly disjoint from H, - K*, where K” is the
Z,-extension of K unramified outside of p, as Gal(H,, - K"/H,) carries the trivial action of
Gal(H,/K).

Corollary 2.2.6 tells us that X, ,, = X, ., and A, , = A, for any n > m > cond(y)

—

(viewing x as an element of both Gal(H,/K) and Gal(H,,/K) by inflation). We may then
view x € lim Gal(H,/K), and as we wish to show that A, stabilizes as n increases, we may
consider A, , and try to show that these vanish for all but finitely many x (viewed inside the

direct limit). By the above paragraph, our goal then is to show that X, , , vanishes for all
but finitely many y (cf. [Va05, 3.3|).

We show that X, is trivial by showing that the y-component Xy, is trivial. This
would follow from the vanishing of the characteristic ideal of X, ,, ,» for each x’ = x mod P
together with the fact that Xy, contains no nontrivial finite Zp[[Gal(ﬁn .K¥/H,)]]-submodules
[Gr78, §4].

Suppose that the prime-to-p part of the conductor of y is nontrivial. Then by Corol-
lary 2.4.11, the characteristic ideal of X, ®z, R in R[[T]] = R[[Gal(H, - K*/H,)]] is given

by the p-adic Hecke L-function f, € R[[T]], where R is the integer ring of the completion of
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Q" (x) and the isomorphism is given by [yo] — 1 <+ T" for a choice of topological generator
Yo € Gal(H, - K*/H,).

Note that as Hy/Hy is linearly disjoint from H,,/Hy, characters of Gal(H,/K) may be
written as products of characters of Gal(Hy/K) with those of Gal(H,/K). We now shift
viewpoints and vary over characters of the latter groups. Let g., denote the direct limit of the
character groups of Gal(H,,/K) along the dual of restriction maps. Let ¢ be any character of
Gal(Hy/K), and note that under the assumptions on Hy/K, the conductor of ¢ is prime to I

and is comprised of primes which split in K/Q.

By our assumption that O = {£1}, there exists a Hecke character of K of conductor
Ok and infinity type (2,0) [Oh20, proof of Theorem I1.2.3.5]. We take a large enough
power & of this character so that the associated character £ of Gal(K(p>°)/K) factors
through Gal(K*/K). This auxiliary £ allows us to consider p-adic Hecke L-functions as in
Theorem 2.4.8. Finally, Corollary 2.4.9, [Oh20, Proposition 11.1.2.3|, and [Oh20, Theorem I,
the latter of which is conditioned upon the veracity of [Hi04, Propositions 2.7, 2.8], tell us

that for all but finitely many characters ¢ € g, of nontrivial conductor, the constant term

fsoE(fp (70) — 1)

is a p-adic unit, so that f,. is a unit power series.

O

Corollary 4.3.5 ([Oh20, Corollary 2.1.7|). Let X be a finite set of primes of K which are
split in K/Q and which do not divide p. Let My 5 be the mazimal X-ramified abelian pro-p
extension of Ha. Then Gal(Moo,g/floo) is finitely generated as a Z,-module.

Proof. The group Gal(Moog/ﬁoo) surjects onto Gal(ﬁg‘é/ﬁoo), which is finite by Theo-
rem 4.3.4, and has kernel generated by the inertia subgroups of primes of ﬁoo lying above

those in ¥. We will show that the kernel is also finitely generated as a Z,-module.

Any prime of K which is split over Q cannot split completely in the anticyclotomic
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Zy-extension of K [Br07, Theorem 2|, and therefore it only finitely splits in Ha, /K. Let § be
a prime of H,, lying over a prime of . The inertia subgroup of § in Gal(Mus/H.) arises
from tame inertia and so is at most rank 1 as a Z,-module. There are only finitely many

such primes §, so Gal(Mu s/ Ho) has finite Z,-rank. O

The following allows us to choose an appropriate prime ¢ in order to contradict Thara’s

theorem 4.3.2.

Corollary 4.3.6 (|JOh20, Corollary 2.1.8|). Let the notation be as in the above theorem.
Fiz anr > 1, and let L, be the compositum of all -ramified abelian extensions of H, of

degree dividing p”. Then each En/ﬁn s a finite extension, and there exists an ny such that

Ly, = Ly, - H, for alln>n,.

Proof. The groups Gal(zn/f[n) for n > 0 are quotients of Gal(MOO,g/roo) of Corollary 4.3.5

of exponent dividing p”. Thus, they must eventually stabilize as n increases. m

We now return to our covering
Zs = X1 (Np; A)s, (4.3.8)

where S = Spec(Oy,[1/Np]), and make our choices of auxiliary field K and prime [. We fix
an imaginary quadratic field K in which all primes which ramify in k4/Q are split in K/Q,
all primes dividing Np are split in K/Q, and O = {£1}. We then fix an odd prime [ { Np
unramified in K and in k4 such that p{ (I — 1) if [ is split in K and pt (I 4 1) if [ is inert
in K, and as before we denote by H, and H, the fields occuring in the tower of ring class
fields of conductor {" of K. Let m be an integral ideal of Ok such that Ox/m = Z/NpZ.
With this we may then consider the set of CM points X} (M)(H. )™ as above. We set
Hy = ky - K(W) and define H, := H, - H, so that the points of X! (Np) and X! (Np; A)
lying over X/ (M)(Ho,)®™ are all rational over Ha,. We let

X{(Np)(Hoo)™ and X} (Np; A)(Hoo)™M
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denote the inverse images of X (Np)(H.)™ in X*(Np) and X*(Np; A), respectively.

Let L, denote the compositum of all Sy-ramified abelian extensions of degree p of H, for

ecach 0 < n < oo. Then Zn / f[n is finite by the above corollary.

Lemma 4.3.7 ([Oh20, Lemma 5.3.8|). For any x € X"(Np; A)(Hx)™, the points in the

fiber of Zy, — X"(Np; A)r, over x are rational over L.

Note that in particular the residue fields occuring in the fiber of x are unramified over x
at places above p. The proof of this critically uses the technical hypothesis that the group
A < (Z/pZ)* is nontrivial in order to invoke the fact that one can extend an exact sequence
of abelian varieties over a p-adic local field to an exact sequence of Néron models over a
DVR provided that the absolute ramification index over Z, is strictly less than p — 1; see

[Oh20, Proposition 4.2.1] and [BLR90, §7.5 Theorem 4| for more precise statements.

We may now choose a prime ¢ { Npl which is inert in K and splits completely in Zm,
where n; is as in Corollary 4.3.6. Then as ¢ is inert in K/Q, by class field theory it must split
completely in the union of ring class fields H., [Br07, pg. 2132| and so it splits completely
in L. Fixing a place Q of H., over ¢, we may pullback Zg — X1 (Np; A)s along the
residue field of 9 to obtain a geometrically irreducible covering (cf. the discussion after
equation 4.3.7)

2y, = X1 (Np; A,

in which we claim all supersingular points of X{'(Np; A)FqQ are completely split. Indeed, we
have surjections

XY (Np)(Hoo) ™ = X (Np)s, (Fp2)

and

X{(Np; A)(Hoo)™M = X{5(Np; A)g, (F,2)

onto the supersingular loci from Theorem 4.3.3 so that € X{"**(Np; A)p , (Fg2) occurs as

the special fiber of a Spec(Op g )-point & of X{'(Np; A)s for some n. Lemma 4.3.7 tells us
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that the fiber along 7 of Zg — X} (Np; A)g is the spectrum of a valuation ring of a subfield

of Eoo at a place over ¢, and thus its residue field is isomorphic to F .

Finally, note that K(m) C ﬁg so that the condition that ¢ is inert in K and split in
Zm forces ¢ = £1 mod Np. For such ¢, we have an identification of models X (N p)qu =
X(N p)%gtzra as explained in section 3.1.2. As X(N p)ﬁzra has all supersingular points ratio-
nal over [Fp» by construction, we may pull back the covering Zp, = X{'(Npj A)]Fq2 along
X(Np)r,, = X{(Np; Az , to obtain a geometrically connected Z/pZ-covering of X (N p)IIFl:;‘ra

in which all supersingular points are completely split, as explained in the discussion following

equation 4.3.7. This contradicts Ihara’s theorem, Theorem 4.3.2.

Recall that our goal at the start of section 4.3 was to show that T is surjective. We
explained in section 4.3.1 that this would follow from Theorem 4.3.1, and that our strategy
to prove Theorem 4.3.1 was to assume otherwise and to arrive at a contradiction of Ihara’s
theorem with M = Np and an appropriately chosen ¢q. The above contradiction therefore
concludes the proof of Theorem 4.3.1 and the proof of surjectivity of T (conditioned upon
the veracity of the claims of [Hi04, Propositions 2.7, 2.8|, which as of now is still an open

question).

We remark that Ohta proves T is an isomorphism in [Oh20] by invoking the main
conjecture. Surjectivity of T tells us that (§p,, ) 2 char(P*) inside Ap, or Ap[1/p] in Case B,
but as we have only defined T for non-exceptional characters, we cannot use the class number
formula to deduce the main conjecture from these divisibilities alone. However, we have the

following, conditioned upon the veracity of the claims of [Hi04, Propositions 2.7, 2.8|.

Theorem 4.3.8. If p{ p(N), then Y is an isomorphism. In general, the map Y[1/p] is an

tsomorphism.

Proof. We have already shown that T is surjective in both Case A and Case B in the
terminology of Definition 4.2.7. The main conjecture, Theorem 2.2.8, tells us that T is a

pseudo-isomorphism. In general, by the vanishing of the p-invariant of Yz g, ,-1-1 [FWT9],
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one has that there are no nontrivial finite Ap-submodules of Yg g, o-19-1(1) ®z,0) O[1/p].
Thus, Y[1/p] is an isomorphism. In the case that p 1 ¢(IV), we may use the fact that
YF,55,w-16-1 has no p-torsion, which follows from [Wa97, Propositions 13.26, 13.28] and

Lemma 4.2.8, to conclude that T is an isomorphism.
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