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1 The bosonic o-model

I have been asked to give a brief introduction to supersymmetric o-models in
two space-time dimensions.

Let us recall first the properties of the bosonic o-models. Let z*, 1 = 0,1
be the two-dimensional coordinates. The fields

¢ (z) i=1,...,N (1.1)

are valued in a Riemannian manifold of metric G;;(¢), called the target space.
The action is

1= —1 [ 265(8)8,4 ()0 (). (1.2

A simple example can be obtained by starting from the free theory
1
I= —/szEaﬂd)“a"qb“ a=1,...,N+1 (1.3)

and imposing the constraint

Y ¢t =1 (1.4)
Solving for ¢¥+! we obtain an action of the form (1.2) where
¢'¢’ y
Gi;(9) =5ij+T:W, ijhk=1,...,N (1.5)

is the metric on the sphere SV.
Another well-known example is the chiral model given by the action

I= -é [ &2t 3,0 @V (z), (1.6)

where U is a matrix representation of a (usually compact) Lie group and tr
denotes the trace. This also can be written in the form (1.2) by introducing
parameters ¢ on the group manifold.

A change of coordinates on the Riemannian manifold ¢* — ¢",G;j(¢) —
Gi;(¢'), where

¢' = ¢'(¢), (1.7)
, , a k a 1
. Gi;(¢) =‘5%%le(¢), (1.8)

leaves the action (1.2) invariant. This reparameterization invariance gives
the action a geometric meaning. Isometries of the metric of the Riemannian
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manifold correspond to the internal symmetries of the model. Let us recall
that an isometry is given in infinitesimal form by

56 = £(9), o L9)
Dile+Dy§ = 0, (1.10)
Di& = 0i& —I'(9)&, (1.11)

where T, is the Levi-Civita connection

. 1 .

ik = §G“(aijl + 0kGjt — OGijk)- (1.12)
(1.10) is Killing’s equation. It should be obvious which are the isometries

for the above examples of the spherical model and of the chiral model.

It is often convenient to introduce light-cone coordinates in two dimensions

r* = _\%__2_(2:0 + ). (1.13)
When written in light cone coordinates the action (1.2) is invariant under
the transformation z* — z'*(z%),z~ — z/~(z~) (in the Euclidean setting
the light-cone coordinates become two complex conjugate coordinates z and
Z and the action is invariant under holomorphic transformations of these
coordinates). A special case of this transformation is the scale transformation
¥ — z'# = Az* where ) is a constant.

One can add to the action (1.2) the interaction

1 L
Iwzw = =3 [ e By(6)0,8'0,, (1.14)
where
€n=—€w=1 ¢€p=en=0, (1.15)
B,-J-(¢) = —B_,-,-(qb). (1.16)

This interaction is usually called the Wess-Zumino-Witten (WZW) term [1]
[2]. The entire action is invariant under reparameterization of the field man-
ifold, which can be written in infinitesimal form as

6Bij(¢) = D;Vj(¢)— D;Vi(4)

= Vi) -oVile) (1)
¢ = —Vi(9) ‘ (1.18)
0Gij(¢) = DiVj(¢)+ D;Vi(4). (1.19)

The antisymmetric quantity B;; may not transform like a tensor when we go
from one coordinate patch to another on the field manifold, but may change
by a gauge transformation (1.17). If the manifold has a nontrivial topology
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the WZW term may become multivalued and need to be multiplied by a
quantized coefficient so that the exponentiated action in the functional path
integral is single valued.

Let us write the total action in light-cone coordinates

I= /d$+d.’L‘_(G,‘j - ng)a+¢ia_¢j. (120)
It is easy to see that the corresponding equations of motion are
0,0_¢' + (Fijk + Hijk)3+¢i3_¢k =0, (1.21)
1
Hijk(d’) = 5(6,-3,-,; + ajBk,' + 6kB,-,-), (1.22)
ie. X ‘ A .
D,6_¢'=0 or D_0,¢'=0, (1.23)

where f)i are defined with the connection
f‘:tz 7k = Fijk :l: Hijk, (1.24) )

which is not symmetric in j and k. The antisymmetric part of the connection
is the torsion tensor (which in this case is totally antisymmetric in all three
indices, when the upper index is lowered). One can say that the WZW term
introduces torsion on the field manifold, the torsion being given by the curl
of B;; as in (1.22).

2 Supersymmetry in two dimensions

In Minkowski two-dimensional space-time, Majorana-Weyl spinors transform
as

v oo eyl (2.1)

i o ealyl (2.2)
under Lorentz transformations of parameter [. Here + and — denote the two
different chiralities. Vectors, e.g. vy, = 05¢', transform as

vf:l_ — e’vi,‘ (2.3)

T S (2.4)

The (1,1) supersymmetry algebra has two fermionic generators Q, and
()— which satisfy '

Q=P =-id;, Q =P =-id_, Q:Q-+Q_-Q,=0. (2.5)
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Other brackets vanish, e.g. [Q+, Px] =0, etc. (In general, the notation (a,b)
means that there are a femionic generators of positive and b of negative chi-
rality.) A representation of the algebra in terms of fields can be obtained by
introducing a superspace of bosonic coordinates zt,z~ and fermionic (Grass-
mannian) coordinates 6,0_. A superfield can be expanded

O(z",27,604,0-) = ¢(z) +ib-vp:(z) +b49-(2) +16,0-F(z).  (2.6)

where the coefficient (component) fields have obvious statistics and Lorentz
properties. F(z) is a nonpropagating auxiliary filed, whose equations of mo-
tion are algebraic, i.e. contain no derivatives of F(z). On superfields the
supersymmetry generators are represented as

0 0
Q+ = Zae 0_6+, Q_ = lﬁ - 0+6_. (27)
The “supercovariant” derivatives
Dy =i0- +6.0,, D_=i0+6,0 2.8)
+ T e T P T, TS '

anticommute with both Q@’s and satisfy
D =idy, D> =id-, D,D_+D.D,=0. (2.9)
The action can be written as a superspace integral
I= / dz*dz™df_df,Gi;(®)D+ ' D_&7, (2.10)

where the Grassmannian integrals can be defined, accofding to Berezin, as

/d0+ = ao+ /do_ = ao (2.11)

In order to find the ordinary space-time Lagranglan one must perform the
integration over the Grassmannian variables and eliminate the auxnhary fields
by using their equations of motion.

A convenient way to evaluate the action (2.10) in component form is to
observe that the 8 integrations, in the form of 4 derivatives, can be replaced by
supercovariant derivatives, because the additional x derivatives one introduces
in this way integrate to zero upon z integration. So one can compute the

Langrangian as .
[D+D-—(G11D+¢1D-— )]o=o- (2.12)

In doing the computatlon one must use the algebra (2.9) and the relations

[@o=0 = &', [D+P'|o=0 = —wi, [D4+D-_®Yg— = —iF". (2.13)
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This method is especially convenient when the superfield satisfies superco-
variant constraints, which is not the case here, but will be the case below (see
Section 4, Eq. (4.10)).

The result for the Lagrangian (2.12) is
L = Gyd,¢'0_¢ +iGy(¥iD_v} + v Diyl) +
+2iFkPl:-j'l,[)i’¢]_ + G,‘jFiFj + akalG,'j’(/)i‘(ﬁLd)i_’(ﬁ_, (2.14)

where T is the Levi-Civita connection and the covariant derivatives on the
spinors are defined by

D ¢ = 8_¢ + T30 ¢Fgh, Dyl =8,¢ + 065,  (2.15)

Using standard formulas of Riemannian geometry the last three terms in
(2.14) can be rearranged to give

L = G;;0,¢'0_.¢' + iGij(T/}iD_’(/)‘i + 4t D, y)
1 o
+§R'ijkl¢:.¢'-7}-"/1f."/1£.
+Gi(F + TS L) (F7 + T g7 yr). (2.16)

In either form (2.14) or (2.16) we see that the equations of motion for the

auxiliary fields are . .
Fi+ilykyl =0. (2.17)

Using these equations the Lagrangian reduces to the first three terms in (2.16),
which have an obvious geometric meaning, and the action is given by (3]

I = / dztdz[Gj(044'0-¢ + i D_y). + i Dyl )
5 Rowl gt ol ] - (1)

This model is invariant under supersymmetry transformations which, in
superspace, are given by

6" = —ie_Q4 +£4Q-) ¥, (2.19)

where £_ and e, are Grassmannian infinitesimal parameters. The action
(2.10) was constructed with supercovariant derivatives so that this be true.
In terms of component fields the transformations become

8¢° = ey +igl, (2.20)
Syl = —e_04¢' —e F', YL = —£,0_¢' +e_F, (2.21)
OF' = —ie_0iv¢_ +ie 0 1,. (2.22)
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The algebra of these transformations closes: the commutator of two transfor-
mations ¢ and ¢’ of parameters 4 and € is a two-dimensional translation of
parameter 2ie’_e_, 2ie!, €. For instance,

(8'6 — 68') ¢ = 2ic’ e_B, 0" + 2ie',e,8_¢'. (2.23)

One can shorten (2.20) to (2.21) by replacing the auxiliar fields by their value
from the equations of motion, i.e. taking '

oY, = —e30:0" £ il kol (2.24)

The action is still invariant under (2.20) with (2.24). However now the algebra
closes only on the mass shell, i.e. by use of the spinor fields equations of
motion.

For certain geometries of the target space, the (1,1) supersymmetry can
be enlarged to a (2,2) supersymmetry (when the Riemannian manifold is a
complex Kahler manifold) or even to a (4,4) supersymmetry (when it is a
hyper-Kahler manifold). This is discussed in the next two sections.

3 Complex manifolds

In this section I discuss briefly those properties of complex manifolds which
will be needed later [4]. An almost complex structure on a real 2n-dimensional
differentiable orientable manifold is a tensor field J(¢) such that

T I = 6. . (3.1)

A manifold endowed with an almost complex structure is called an almost
complex manifold. One defines the Nijenhuis torsion of J to be the tensor

field
Ny = 2(JR0pJH — JAORJ' — T4, 0% + T8 Jh) = —Nby,  (3.2)

where 0, is the ordinary partial derivative. It is remarkable that N is actually
a tensor. When N vanishes, J is called a complex structure and the manifold
a complex manifold. In this case it is possible to define in local patches n
complex coordinates ¢ and their complex conjugates ¢ such that J¢ =
—i¢, J@ = i¢. The transition functions between different coordinate patches
are holomorphic functions of the coordinates ¢ (anti-holomorphic functions
of ¢).

If the 2n-dimensional manifold is a Riemannian manifold one can require
the complex structure to satisfy

GijJiijl = Gk[, . (3.3)
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(invariance of the metric) and
DkJij = akJZJ + Fillej - Jilrljk == O, (3.4)

(the tensor J is covariantly constant) where I' is the Levi-Civita connection.
With these conditions the complex manifold is called a Kihler manifold. No-
tice that the vanishing of the Nijenhuis torsion (3.2) follows from (3.4) and
the symmetry of T, i.e. the absence of torsion on the Riemannian manifold.

The Riemann tensor can be defined by considering the action of the com-
mutator of two covariant derivatives on tensors. Using this definition and
(3.4), one can easily show that the complex structure satisfies

Rijkljkaln = Rijmn = RklanﬁJlj. ) (35)
In terms of the complex coordinates (3.3) implies that the metric satisfies

Gos($,8) = Gap(9,8) =0,
Gos($,8) = Gja(,9), (3.6)

while from (3.4) one can derive that the two-form
Q = —2iG,3d¢* A dgP | (3.7)
is closed, i.e.

6 Gﬂ—-y = a’[jGary, a‘Gﬂﬁ - B'Gﬁa, . (3 8)
where 8, = 8/0¢*, O; = 0/0¢°. These equations imply that one can find
locally a real function K such that

Gas(9,8) = 005K (6, D). (3.9)

Q is called the Kahler form, and K is called the Kahler potential. K does not
transform like a scalar from one patch to another and is defined only up to
so-called Kahler transformations

K(4,9) = K(¢,9) + f() + F($) (3.10)

which leave the metric invariant. The Kahler potentials in two patches will
in general be connected by a suitable Kihler transformation.

If a Kahler manifold admits two complex structures J! and J? which an-

ticommute
(T (I + (F2) (I = 0, (3.11)

then the product J® = J'J? satisfies all conditions (3.1), (3.3) and (3 4) and
is also a complex structure. For instance

(J*)? = J1J2J1J2 ~J'INR)? = -1 (3.12)
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Furthermore

J2J3____J2J1J2=_J1J2J2=J1=_J3J2

PBIl=J"Pl == =0 =-JJ (3.13)
So the tensors J*,J2 and J3 satisfy (by matrix multiplication) the hyper-

complex algebra of the quanternion units. The manifold is called a hyper-
Kéahler manifold; its real dimension is necessarily a multiple 4n of four.

4 The Kihler and hyper-Kihler case

If the scalar fields of a supersymmetric o-model are valued in a Kahler man-
ifold, the Lagrangian of (2.18) is invariant under the transformation

b @ =0 by =Ty, voovl=-Jy,  (41)

where we have omitted the target space indices. This is easy to see using the
equations (3.3) to (3.5). As a consequence one can define a second supersym-
metry transformation

8¢ =ie' Y +iclyl, &yL= —0s¢el F F'el,, (4.2)
where the value of the new auxiliary field is taken to be
F* = —iT%, ylly™. (4.3)

With some algebra one can check that the two supersymmetry transforma-
tions (2.20) with (2.24) and (4.2) commute (on the mass shell of the auxiliary
fields). Thus the (1, 1) supersymmetry is enlarged to a (2, 2) supersymmetry
(5] v

If one does not want to use the equation of motion of the auxiliary fields
one can complete the transformation (4.1) by

F* 5 F* = F* 4+ iM% ' y™, (4.4)
where

Mklm[‘]] = (al']kn - aﬂ']kl)']nm’ (4'5)
and (4.2) by

§'F' = —ig! 0,4, +ic',0_v,. (4.6)

Using (4.1) and (4.4), the two equations of motion (2.17) and (4.3) go into
each other.
"Notice that the inverse of the relation (4.4) between F' and F’ has the same
form
F* = F* +iM5 gy (4.7)
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Also, comparing with (3.2), we see that
1
Mklm - Mkml = §Nk;m (48)

which vanishes for a complex structure. Therefore M¥,, is symmetric in [, m.

The (2,2) model can be formulated more symmetrically by introducing
from the beginning all four supersymmetry generators. This was indeed the
first example of a geometric formulation of nonlinear o-models [6]. In a su-
perspace of coordinates zt, =, 6, 6_, 8, 6_, the generators and the
supercovariant derivatives satisfy B

[Q:b Q:h]+ = [Qﬂ:? Q=F]+ = 0 [Qi)—Q_d:]+ = 2P:t

0 S R—
Qe = 1_60; —0:0:, Qi= 1—39; — 0504,
6 0
= =i— + 68 4.
D:i: ae:F +0;F61, D:}: Zao; + Bi ( 9)

A “chiral” superfield (necessarily complex) satisfies
&(z*,r7,0,,0_,0,,0_), Di®=0, D d=0. (4.10)

These constraints can be solved by observing that the four combinations
y* = 2% + 106 and 6 are annihilated by Dy, so that we can take

Syt y,04,0-) = oyt yT) + 0y (yt,yT) +i0_vu(vt,y7)
+104 6_F(y*,y7). | (4.11)

The superspace action takes the extremely simple form
I = / dz* dz~df, df_ B, di_ K (&, 3%)

= / dz*dz=Gop(046°0_ 3P + O_¢°0,8P) + ...,
G5 = 0.0;K, (4.12)

where the dots denote additional terms involving also fermions (see [6]). It is
easy to see that the action is invariant under the Kahler transformation (3.10).
It should be noticed that (4.9) to (4.12) parallel very closely the formulas
for the N = 1 (four Majorana components) supersymmetry in four space-

- time dimensions. Indeed the present model can be obtained by dimensional
reduction from the four-dimensional model, simply by assuming that all fields
are independent of the two space coordinates 22 and z3. This is especially
clear if the four-dimensional theory is formulated using the van der Waerden
two-component spinor notation.
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If the manifold admits more than one complex-structure, one can define
more supersymmetries. For the hyper-Kéahler case
8% . = el + eyl
Syt = FeLF® —etdid, |
0°F* = —ie?0,yY? +ield_yf, - (4.13)

where a = 1, 2, 3. Here

v = xJ%a,
F* = F+iM[J., (4.14)

the omitted target space index structure being obvious. The three new aux-
iliary fields are related by '

F¥ 4 F% = §(8J%, — 0I5 )iy (4.15)

plus the two equations obtained by rotating cyclically the indices 1,2, 3. The
three supersymmetries 6° commute with each other and with the original ¢
of (2.20) to (2.22). Thus the algebra of the four super-generators is now

[@°, Q")+ = 26¢ P, (4.16)

where a = 0, 1,2, 3 and Q° is the generator of the original supersymmetry é.
The (1,1) supersymmetry has been enhanced to a (4,4) supersymmetry [5].

Just as a natural way to understand the Kihler N = 2 supersymmetry
model in two dimensions is to relate it to the N = 1 model in four dimensions
[6], the N = 4 model in two dimensions can be obtained by dimensional
reduction from the N = 1 in six, or the N = 2 in four. The N = 1 in
six dimensions has been studied in [7] [8], where a more detailed description
of hyper-Kéhler manifolds was given than we have done here, and the six
dimensional Lagrangian (on the auxiliary shell, no other is known) was written
out explicitly. Various dimensional reductions can be obtained from it.

5 Chiral supersymmetries

In two dimensions one can formulate various supersymmetric models which
have only supersymmetry generators of given chirality [10]. For instance, using
a superspace of coordinates z%,z~ and 6_ and using the superfield

B(z*,z7,0-) = $(a*t,z7) + by (z¥,57), (5.1)
one can write the action for the chiral model (1,0) with torsion
I = [dz*ds=do_(Gyj(®) - By(®))D+ &9
= [ do*dz((G(8) — Bis(#))0:6°0-¢/ +iGis(p)wiD_vd),
Doyl = ogi+19 ,0.¢%, | (5.2)
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where the connection is I, = IV, — H’,, as in (1.24).

In absence of torsion, if the manifold admits a complex structure and is
Kébhler, the (1,0) model can be elevated to a (2,0) model by a procedure
analagous to that we employed above to go from (1,1) to (2,2). In presence
of torsion the complex structure must satisfy

D (9) = 0, EE)

where D; is the covariant derivative with torsion. It is easy to see that in
complex coordinates this implies 05Gos — 0uGpy = —2Hop5, Hapy = 0, s0
that the manifold is not Kahler (which would require Hopy = 0). With a
little algebra one can show that the metric can be written locally as Go5 =
8a X 5 + 05X.. The (2,0) model with torsion is specified by the superspace
action [11]

I= é / da+dz~df_dB_ (X,0_3* — X50_87) (5.4)
(for the Kihler case, i.e. no torsion, X, oc 9,K(®,®)), and the constraints
D, = D=0,
Dy = i +6.8,, Dj=im +8.0
+ = 289___ -0, + =50 )
{D,,D;} = 2id,. (5.5)

The (1,0) model can be coupled to a fermionic multiplet of negative chi-
rality [10], by using the spinor superfield

A_(z%,z7,0_)=A_(z%,z7)+6_F(zt,z7). (5.6)

One can make the model more interesting by assuming that this superfield
belongs to a representation V of a gauge group, A2(4 = 1,...,P), with
gauge field A;4(®), and introducing a metric G 45(®). Then we can add to
the action given in (5.2) the action-

Iy = —i / dz*de=do_Gap(®)AA (D, + AL)EAC, (A,)E = AED, &

(5.7)
In component form the total action is
I = /d.’17+d$_[(Gij - Bij)6+¢i6_¢7 + lG,J'l/):_b_'(/)‘z,_
1 .
- FiGaMAVLAE 4+ §'EjAB¢;.'¢'-]+-)\f/\E], (5.8)

where the field strength and gauge covariant derivative are
Fijas = (8i4; - 0;Ai+ A, 4j]-) 45 (5.9)

. 1 _
As = Ap+5G"Grci Vic =040+ A4,00,4". (5.10)
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In general Gyj, B;; and A;%; are independent external fields. In the particular
case in which the gauge group is the structure group of the field manifold
(tangent space group) the indices A, B, ... becomes the tangent space indices
a,b,...,A;% = w;% and F;§ = R,;%, so the present model reduces to the
model (1, 1) with torsion described earlier, but now in tangent space notation.
There exists also an interesting modification of the (2,2) model described
earlier, where the superfield satisfies the chirality constraints (4.10). It is the
(2.2) twisted model [14] where the superfield X satisfies the twisted chirality
constraints
Dy X=D_X=0 D, X=D_X=0. (5.11)
A general classification of (2,2) models with torsion is given in [9], where
an off shell formulation can be found.

6 Concluding Remarks

The qualitative lesson to be learned from the above discussion is that the
number of supersymmetries is intimately related to the geometric structure
of the target space manifold: more geometric structure corresponds to more
supersymmetries.

The list of publications in the present article is very incomplete. A variety
of other supersymmetric o-models can be constructed (see, e.g., [12], [13]). An
excellent review up to 1986 is that of S. Mukhi [15] which contains numerous
references. He also discusses the cancellations of ultraviolet divergences due
to supersymmetry and some of the relevance to string theory. After 1986 the
literature on the subject has exploded and no comprehensive review is known
to me. I would like to mention only two relatively more recent references, [16]
and [17], on the ultraviolet divergences respectively of the (4,0) model with
torsion and of the (2,2) model without torsion. These papers contain also
numerous references. .

Acknowledgements. I am very grateful to Bogdan Morariu and Laura
Scott fo considerable help. This work was supported in part by the Direc-
tor, Office of Energy Research, Office of High Energy and Nuclear Physics,
Division of High Energy Physics of the U.S. Department of Energy under
DE-AC03-76SF00098 and in part by the National Science Foundation under
grant PHY-95-14797.

References

[1] Wess, J. and Zumino, B., Phys. Lett. 37B, 95 (1971).




o-models 13

[2] Witten, E., Comm. Math. Phys. 92, 455 (1984).
[3] Freedman, D.Z., and Townsend, P.K., Nucl. Phys. B177, 433 (1981).

[4] Kobayashi, S., and Nomizu, K., Foundations of Differential Geometry,
Vol. II, Interscience (1969).

[5] Alvarez-Gaumé, L., and Freedman, D.Z., Comm. Math. Phys. 80, 443
(1981).

[6] Zumino, B., Phys. Lett. 87B, 203 (1979).
[7] Rozansky, L., and Witten, E., IASSN-HEP-96/128, hep-th/9612216.

8] Figuef/oa-O’Farrill, J.M., Kéhl, C., and Spence, B., Nucl. Phys. B503
[PM], 614 (1997).

[9] Sevrin, A., and Troost, J., Nucl. Phys. B492 [PM], 623 (1997);
VUB/TENA /96/07, hep-th/9610103.

[10] Hull, C.M., and Witten, E., Phys. Lett. 160B, 398 (1985).

[11] Brooks, R., Muhammad, F., and Gates, S.J., Nucl. Phys. B268, 599
(1986). |

[12] Curtwright, T., and Zachos, C.K., Phys. Rev. Lett. 53, 1799 (1984).
[13] Hull, C.M., Nucl. Phys. B267, 266 (1986).
[14] Gates, S.J., Hull, C.M., and Rocek, M., Nucl. Phys. B248, 157 (1984).

[15] Mukhi, S., in Proceedings of the Panchgani Winter 1986 Indian School
in Theoretical Physics, V. Singh and S. Wadia, eds., World Scientific,
pp. 111-144 (1987).

{16] Howe, P.S., and Papadopoulos, G., Nucl. Phys. B381, 360 (1992).

[17] Jack, I., Jones, D.R.T., and Panvel, J., Int. J. Mod. Phys. A8, 2591
(1993). |



% T .

EREET GRAEE LATRENEE OEEEEY
- (@093 BVELERREN READ | EERREEY, @AFEENA 9478T

. .
%
= -
° M
s
-
s, o
o
p
a
G =
-
) o
° o
o
s 4 i
a = w
N
s
P
v 42
+ 0 -
- ]
S
-] ,®
. o
> ° @, a
.
»
o
? .
o =
»
-
o
* u - @
N
S
- N f
a Cl
a
] a u
B o .
% a
: &z
N
2 [
- B ¢ ]
-] o . s
B . 4
o f . a
-

W cparcaliodthe]UTSHDCpartm en QT EN I gyaun deiGONtractINOSDEMAGO 35765 EO00O8]






